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REFLECTING BROWNIAN MOTION IN TWO
DIMENSIONS: EXACT ASYMPTOTICS FOR THE
STATIONARY DISTRIBUTION

By J. G. DA AND MASAKIYO MIYAZAWA

Georgia Institute of Technology and Tokyo University of Science

We consider a two-dimensional semimartingale reflecting Brow-
nian motion (SRBM) in the nonnegative quadrant. The data of the
SRBM consists of a two-dimensional drift vector, a 2 X 2 positive
definite covariance matrix, and a 2 x 2 reflection matrix. Assuming
the SRBM is positive recurrent, we are interested in tail asymptotic
of its marginal stationary distribution along each direction in the
quadrant. For a given direction, the marginal tail distribution has
the exact asymptotic of the form bz" exp(—ax) as x goes to infinity,
where a and b are positive constants and x takes one of the values
—3/2, —=1/2, 0, or 1; both the decay rate a and the power x can be
computed explicitly from the given direction and the SRBM data.

A key tool in our proof is a relationship governing the moment gen-
erating function of the two-dimensional stationary distribution and
two moment generating functions of the associated one-dimensional
boundary measures. This relationship allows us to characterize the
convergence domain of the two-dimensional moment generating func-
tion. For a given direction ¢, the line in this direction intersects the
boundary of the convergence domain at one point, and that point
uniquely determines the decay rate .. The one-dimensional moment
generating function of the marginal distribution along direction ¢ has
a singularity at «. Using analytic extension in complex analysis, we
characterize the precise nature of the singularity there. Using that
characterization and complex inversion techniques, we obtain the ex-
act asymptotic of the marginal tail distribution.

1. Introduction. This paper is concerned with the asymptotic tail be-
havior of the stationary distributions of two-dimensional semimartingale
reflecting Brownian motions (SRBMs). As background for this study, we
briefly discuss general multidimensional SRBMs. They are diffusion pro-
cesses that arise as approximations for queueing networks of various kinds, cf.
[12] and [30, 31]. The state space for a d-dimensional SRBM Z = {Z(t), t >
0} is ]Ri (the non-negative orthant). The data of the process are a drift vec-

Received November 2010.

AMS 2000 subject classifications: Primary 60J60, 60K65; secondary 60K25, 60G42,
90C33.

Keywords and phrases: Diffusion process, heavy traffic, queueing network, tail behavior,
large deviations.

146


http://www.i-journals.org/ssy/
http://dx.doi.org/10.1214/10-SSY022

Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 10:14 . For personal use only, all rights reserved.

EXACT ASYMPTOTICS FOR SRBMS 147

tor p, a non-singular covariance matrix X, and a d x d “reflection matrix” R
that specifies boundary behavior. In the interior of the orthant, Z behaves
as an ordinary Brownian motion with parameters pu and X, and Z is pushed
in direction R/ whenever the boundary surface {z € Ri : zj = 0} is hit,
where R’ is the jth column of R, for j = 1,...,d. To make this description
more precise, one represents Z in the form

(1.1) Z(t)=X(t)+RY(t), t>0,

where X is an unconstrained Brownian motion with drift vector u, covari-
ance matrix %, and Z(0) = X(0) € R%, and Y is a d-dimensional process
with components Y7, ..., Yy such that

(1.2) Y is continuous and non-decreasing with Y (0) = 0,
(1.3) Y; only increases at times ¢t for which Z;(t) =0, j=1,...,d, and
(1.4) Z(t) e RY, t>0.

The complete definition of the diffusion process Z will be given in Sec-
tion A.1.

A d x d matrix R is said to be an S-matriz if there exists a d-vector w > 0
such that Rw > 0 (or equivalently, if there exists w > 0 such that Rw > 0),
and R is said to be completely-S if each of its principal sub-matrices is an
S-matrix. (For a vector v, we write v > 0 to mean that each component of
v is positive, and we write v > 0 to mean that each component of v is non-
negative.) Taylor and Williams [29] and Reiman and Williams [27] show that
for a given data set (3, u, R) with ¥ being positive definite, there exists an
SRBM for each initial distribution of Z(0) if and only if R is completely-S.
Furthermore, when R is completely-S, the SRBM Z is unique in distribution
for each given initial distribution. A necessary condition of the existence of
the stationary distribution for Z is

(1.5) R is non-singular and R™'y < 0.

If R is an M-matrix as defined in Chapter 6 of [2], then (1.5) is known to be
necessary and sufficient for the existence and uniqueness of a stationary dis-
tribution of Z; Harrison and Williams [13] prove that result and explain how
the M-matrix structure arises naturally in queueing network applications.
A square matrix is said to be a P-matrix if all of its principal minors are
positive (that is, each principal submatrix of R has a positive determinant).
Obviously, M-matrix is a special case of P-matrix. For a two-dimensional
SRBM, Harrison and Hasenbein [11] show that condition (1.5) and R be-
ing a P matrix are necessary and sufficient for the existence of a stationary
distribution.
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In this paper we are concerned with two-dimensional SRBMs. Throughput
this paper, we assume R is a P matrix and (R, i) satisfy (1.5). Therefore,
such an SRBM has a unique stationary distribution. We are interested in
the asymptotic tail behavior of the stationary distribution. Let Z(c0) =
(Z1(0), Z2(0)) be a random vector that has the stationary distribution of
the SRBM. Let ¢ € Ri be a directional vector, i.e., a nonnegative vector in
R? such that ||c|| = \/(c,c¢) = 1, where (z,) is the inner product of vectors x
and y. We are interested in the asymptotic tail behavior of P{(c, Z(c0)) > z}
as ¢ — 00. For a given direction ¢, if there exists a function f.(x) such that

i BUEZ(09) > 0
T—00 fe(z)

=1,

then the function P({c, Z(o0)) > x) is said to have exact asymptotic f.(x).
Our major interest is to compute exact asymptotics in any given direction ¢
from the primitive data (X, s, R). In this paper we will prove that, for each
c € R%, f.(z) can be taken to be

(1.6) fe(x) = balce™ ",
for some constant b > 0. That is,
(1.7)  P{{c,Z(c0)) > x} = bae " + o(x"ce” ¥") as T — 0o.

The exponent a. > 0 is known as the decay rate. The decay rate a,. and
the constant k. can be computed explicitly from the primitive data, and k.
must take one of the values —3/2, —1/2, 0, or 1. The complete results are
stated in Section 2.

Although our major interest is in the exact asymptotics of the tail proba-
bility, for many cases we have actually obtained the exact asymptotic for the
density of the random variable (¢, Z(00)). In these cases, it will be proven
that for each direction ¢, the density p.(x) exists, p.(z) is continuous in x
on [0,00), and

(1.8) pe(T) = acbae " + o(xce” ¥") as r — 00,

with the same b, k. and «a, as in (1.7). In these cases, we first establish (1.8)
and then obtain (1.7) from (1.8) as shown in Lemma D.5. In other cases,
we are not able to establish (1.8) and will work with the tail probabilities
directly.

To get the exact asymptotics, we use the moment generating function of
the random variable (¢, Z(00)). Let

Pe(N) = E (M2,
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Intuitively, the decay rate in (1.6) should be
sup{A > 0: ¢.(\) < oo}.

(This will be proved as a consequence of our Theorem 2.1.) Equivalently,
the decay rate is the first singular point ¢.(z) on the real axis when v.(2)
is viewed as a complex function of z. Let

(1.9) (61, 02) = E (7))
be the two-dimensional moment generating function of
Z(00) = (Z1(0), Z3(0)).

Since ¥.(A) = ¢(Ac) for X € R, the singularity of ¢(zc) is used to determine
the decay rate for each direction c. It turns out the singularity of p(zc) allows
us to apply a complex inversion technique to get the exact asymptotics.

To find the singularities of moment generating functions, one tries to de-
rive closed form expressions of these functions. This is the approach used in
[20]. That paper studied a tandem queue whose input is driven by a Lévy
process that does not have negative jumps; this input process includes Brow-
nian motion as a special case. However, exact asymptotic results there have
not been fully proved yet (see Section 1 of [26] for some more discussions).
For a two-dimensional reflecting random walk on the lattice with skip-free
transitions, the book [8] (see also [16]) derived certain expressions for the
generating function of the stationary distribution from a certain stationary
equation that is analogous to our (2.3). Their techniques either use ana-
lytic extensions on Riemann surfaces or reduce the problem to the Riemann
boundary value problem. These techniques may be useful to our problem in
this paper, but we have not explored them here.

A recent paper [26] pioneered another analytic approach for a special case
of SRBM. That SRBM arises from a similar tandem queue as in [10, 19]
but with an intermediate input, for which an explicit form is only partially
available for the moment generating function of the stationary distribution.
The authors first find the convergence domain of the moment generating
function, namely,

D = interior of {§ € R? : ¢(f) < oo}.

From the convergence domain, it is relatively easy to find the singularities
of p(zc) for each direction c. In this paper we take this analytic approach
and show its full potential. As in [26], we consider some boundary moment
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generating functions that capture the reflections on the boundary faces. Un-
like [26], we need to carefully study a relationship governing these moment
generating functions. In this paper we do not assume any a priori informa-
tion on the stationary distribution, whereas in [26] the marginal stationary
distribution corresponding to the first node of the tandem queue is known.
This forces us to seek a precise relationship among these moment generating
functions (Lemma 4.1). This relationship is critical for us to characterize the
convergence domain in Theorem 2.1.

Once the convergence domain is obtained, we employ analytic function
theory to arrive at our main results, Theorems 2.2 and 2.3. Interestingly, it
turns out that we can go beyond these results for some cases, obtaining a
refinement of the exact asymptotics in (1.7). For example, the refinement
can take the form

(1.10)  P{{c,Z(0)) > x} = bex"ce” YT 4 bga"de”*

+ o(min(z"ce” %" ghde~T))  as x — o0,

where 0 < a. < aq and b, by, k. and kg are some constants. We will briefly
discuss this type of refinement in Section 8.

Determining exact asymptotics for two-dimensional SRBMs has been a
difficult problem. Harrison and Williams [14] proved that when ¥ and R sat-
isfy the so-called skew symmetry condition, the stationary distribution of a
d-dimensional SRBM has a product-form, each marginal being exponential.
As a consequence, when the skew symmetry condition is satisfied, the tail
asymptotic function f.(z) has the form z"e~“* where k takes one of the in-
tegers in 0, 1,...,d— 1. Dieker and Moriarty [4] proved that when d = 2 and
a certain condition on ¥ and R is satisfied, the two-dimensional stationary
density is a finite sum of exponentials. Thus, the exact asymptotic in any
direction c¢ is known. For an SRBM arising from a tandem queue, Harrison
[10] derives an explicit form for the two-dimensional stationary density. In
this case, the exact asymptotic can also be computed; this is carried out
in [19]. Except for these special cases and the one studied in [26], the ex-
act asymptotics for two-dimensional SRBMs are not known. A part of the
present results have recently been conjectured by Miyazawa and Kobayashi
[25], which also includes conjectures for SRBMs in d > 3 dimensions.

The analytic approach that is fully explored in this paper is general and
should be applicable to discrete time reflecting random walks as well, as long
as they are “skip free”. When a random walk is not skip free, additional
difficulties will show up. In such a case, the Markov additive approach (see,
for example, [9]) will likely play a major role, although our analytic approach
is still relevant; see [17, 18].
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Our results are closely related to the large deviations rate function I(v)
for v € R2. The rate function I(v) is defined as a lower semi-continuous
function that satisfies

1
(1.11) limsup — logP(Z(c0) € uB) < — inf I(v),
u—oo U vEB
1
' oL > _
(1.12) lbni}ggf » logP(Z(o0) € uB) > vleanO I(v)

for any measurable B C R?, where B and B° are closure and interior of
B. When (1.11) and (1.12) are satisfied for a positive recurrent SRBM, it
is said that the large deviations principle (LDP) holds with rate function
I(v). The LDP is verified by Majewski [21, 22] for an SRBM when R is an
M matrix and R~'y < 0. When the latter two conditions are satisfied, the
rate function I(v) is characterized as a solution to a variational problem.
This M-matrix condition can be relaxed (see, e.g., [6]), but there is no LDP
established in the literature when R is a completely-S matrix. Despite the
lack of such an LDP, [1, 11] studied the corresponding variational problem
and derived an implicit characterization of its solution. Denoting

B. = {:E € R?l—a <C733> > 1}7

as a consequence of our results, we have that the limit

o1
— uh_)rrgo " log P(Z(>0) € uB,)
exists and equals to the constant a.. Thus, we have verified the large de-
viations limit for B., and the decay rate a. is also referred to as a rough
asymptotic or logarithmic asymptotic. More discussion on LDP will be pre-
sented in Section 8.

In Section 2, we introduce various geometric objects that are associated
with an SRBM. For an SRBM that has a stationary distribution, we classify
it into one of the three categories, I, IT and III, based on some properties of
these geometric objects. The characterization of the convergence domain D is
stated in Theorem 2.1. The domain has a geometric description that uses the
fixed point equations (2.8) and (2.9). Theorem 2.2 states exact asymptotic
results for SRBMs in Category I, and Theorem 2.3 states exact asymptotic
results for SRBMs in Category II. The results and proofs for Category III are
omitted because it is symmetric to Category II. Section 3 gives a constructive
procedure to solve the fixed point equations. This procedure is critical for us
to iteratively identify parts of the convergence domain. Section 4 studies a
key relationship among moment generating functions. This relationship and
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the iterative procedure in Section 3 allow us to identify the extreme points
of the convergence domain D in Section 5. Section 6 presents some complex
analysis preliminaries to the proofs of our main results. Section 7 devotes to
the proofs of Theorems 2.1-2.3. Section 8 presents some concluding remarks.

2. Geometric properties and the main results. In this paper we
consider a two-dimensional SRBM Z with data (X, u, R). Setting

R_ (7“11 7“12) ’
21 722
throughout the paper except for Lemma 2.1, we assume that R is a P-matrix
and (R, p) satisfy (1.5); namely,

(2.1) r11 >0, 7rea >0, 71722 — 712721 > 0,
(2.2) roopr1 — ri2p2 < 0, and  ryypg —rorpr <O0.

A P-matrix is a completely-S matrix; see [2]. Thus, it follows from [29]
that, under condition (2.1), the SRBM exists and is unique in distribution.
Together, conditions (2.1) and (2.2) are necessary and sufficient for the two-
dimensional SRBM to have a stationary distribution [15, 11]. When it
exists, the stationary distribution is unique. As before, we use Z(o0) to de-
note a two-dimensional random vector that has the stationary distribution.

As discussed in Section 1, the convergence domain (1) of the two-dimen-
sional moment generating function ¢(¢) defined in (1.9) is of primary im-
portance in determining the asymptotic tail of P{(c, Z(o0)) > u} as u — oo.
It turns out that the moment generating function ¢(0) is closely related to
two boundary moment generating functions that we now define. For that,
we first introduce two boundary measures. It follows from Proposition 3 of
[3] that each component of E,(Y (1)) is finite, where E,(-) denotes the con-
ditional expectation given that Z(0) follows the stationary distribution .
For a Borel set A C R?,_, define

1
vi(A) = E, /0 L zmenydYi(u), i=1,2.
Clearly, v; defines a finite measure on ]Ri, which has a support on boundary

{z e R% : z; = 0}.
Let ¢; be the moment generating function for v;; namely,

©1(62) :/]R
ea(0) = [

1
2y (dr) = EW/ 222() 4y, (u),
2 0
+
1
661x1,/2(d$) = EW/ 121 (u) dYs(u).

2
2 0
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'92 Y1 (49) =0
T o gen 7(60) =0
o) (0)=0
(1, pi2) V2
> 6,
0
N

Fic 1. An ellipse for u1n < 0 and p2 > 0: the ellipse v(0) = 0 intersects ray v1(0) = 0 at
02" and ray Y2(0) =0 at 0" | Its tangent at the origin is orthogonal to p = (1, p2)-
Condition (2.2) means that the angle formed by vector p and ray v1(0) = 0 is more than
w/2, k =1,2. The shaded regions I'1 and I'y are open sets defined in (2.7).

The pair ¢1 and @y are referred to as the boundary moment generating
functions.

We will prove the following facts in Proposition 4.1. For any 6 = (61,05) €
R? with () < oo, we have that ¢y (f2) < co and ¢1(f2) < co. Furthermore,
the following key relationship among moment generating functions holds:

(2.3) Y(0)p(0) = y1(0)p1(02) + Y2(0)p2(01),

where

1
7(0) = _<97M> - §<9729>7
Y1(0) = 71161 + 12162 = (R, 0), Y2(0) = 11261 + r22bs = (R%,6),

and RF is again the kth column of R. Now we define some geometric objects
that will play an important role for us to fully explore the key relationship
(2.3) to characterize the convergence domain D defined in (1). Because X is
nonsingular, y(f) = 0 defines an ellipse OT" that passes through the origin.
We use I' to denote the interior of the ellipse; namely,

I'={0cR*:y() > 0}.

Define T' to be the closure of I'. From the definition of O, u = (u1, p2)
is orthogonal to the tangent of the ellipse at the origin; see Figure 1. It is
clear that v, (#) = 0 is a line passing through the origin, k¥ = 1, 2. For future
purpose, we assign a direction for each line. For the line 1 (#) = 0, the direc-
tion is (—rg1,711). For the line v5(0) = 0, the direction is (re2, —712). Each
directional line is called a ray. We use the terms line and ray interchangeably.
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LEMMA 2.1. Assume that 111 > 0 and rog > 0. Then, condition (2.2)
holds true if and only if for each k = 1,2 line v(0) = 0 intersects the ellipse
(0) = 0 at a point OG=FY) with Hgl’r) > 0 and Géz’r) > 0. Furthermore, if
(2.1) and (2.2) are satisfied, then either one of uy or us is negative.

PrOOF. Let v(Y) = (—rg1,711) and v® = (rgy, —713). Then, tvo") with
variable ¢t > 0 represents ray 1 with the 2nd coordinate to be positive, and
tv( represents ray 2 with the 1st coordinate to be positive.

Since vector u = (p1, pi2) is orthogonal to the tangent of the ellipse v(0) =
0 at the origin and directed to the outside of ellipse, the conditions:

(24) W py <0, @ ) <0

are equivalent to that ray 1 intersects the ellipse at a point  with 5 > 0
and ray 2 intersects the ellipse at a point 6 with ¢; > 0. Clearly, (2.4) is
identical with (2.2). Thus, the first claim is proved.

Suppose both of p; and p9 are nonnegative under (2.1) and (2.2). Then,
both of 715 and 79; must be positive by (2.2). Multiplying the left and the
right inequalities of (2.2) by r11 and ri2, respectively, and then adding them
together, we have

(roar11 — ri2r21)p < 0.
But this is impossible because of (2.1). Hence, the second claim is proved. [

We use 017 =£ 0 to denote the intersecting point of the ray ~v2(0) = 0 and
the ellipse v(#) = 0, and similarly use 021) £ 0 to denote the intersecting
point of the ray v1(#) = 0 and the ellipse v(6) = 0. Here r is mnemonic for
ray. The unconventional index scheme for ") will be made clear in the
next lemma: it derives from the fact that 6(1%) is close to the 6y axis and
621 is close to the 0, axis.

LEMMA 2.2. Let 5,(;) € [—m, | be the angle of ray vi(0) = 0, measured
counter clockwise starting from the 01 axis. Then,

2.5 —z<ﬁr)<—z, 0<BY <,
2 2 2 1

and

(2.6) A < g,

that is, ray v1(0) = 0 is “above” ray v2(0) = 0.
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ProoOF. Condition (2.5) is immediate from Lemma 2.1 because r1; > 0
and r9o > 0 are always assumed. If ﬁzr) € (—m/2,0] or ﬁlr) € [r/2,7),
clearly (2.6) holds. Now we assume that 0 < ﬁir), Bér) < /2. Because R! =
(r11,721)" is orthogonal to v1(f) = 0, we have ry; < 0. Similarly, we have
r12 < 0. Thus line v1(f) = 0 has slope —r11/791 and line ~2(6) has slope
—r12/T92. Condition (2.1) implies that r11799 > 719791 O

which implies (2.6). O
Define open sets

Iy ={0 €R?: 4(0) >0, 72(d) < 0},

(2.7) Iy = {0 cR*:v(0) >0, v1(h) <0}

Clearly, they are nonempty. To abuse notation slightly, we define

Oy ={0 €0l :y(f) <0}, Oy ={0€dl:y(0) <0}

Then OI'; is the portion of boundary OI" that is below line y2(#) = 0. Simi-
larly, 0T is the portion of boundary OT" that is above line 71 (0) = 0.
The following pair of fixed points (71, 72) plays a critical role in this paper:

(2.8) T = max{Hl (91,92) S 81“1,92 < 7'2}
(2.9) Ty = max{02 (91,9 ) € 0l'y,0; < Tl}
To characterize the solution (71,72) to the fixed point equations (2.8) and
(2.9), we classify the SRBM data (X, u, R) into three categories. For this,

define (1) = = argmax (g, g,)ear, 01 to be the right-most point on dI'y and

e(2T) — argmax g, g,)ear, 02 to be the highest point on 0I's. One can verify
that

p(LT) _ g(L.r) if gmax) & 9T, | fo0) _ 9(2.r) if g(2max) o o1,
p(Lmax) ;¢ g(1,max) € ory, g(2;max) if g(2,max) € 90,

where

0(2,max)

g(lmax) argmax g g,)cor 1 and = argmax g g,)cor 02

are the right-most point and the highest point, respectively, on 0I'. Depend-
ing on the relative positions of #F) and D) we introduce the following
three categories (see [24]):
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2,1") _ p(2,max
P A 71(0) =0 oy
] 7(6) =0 HDJp(tma)
i e(l,max)
i Y2(0) =0
¥o(1.T) — p(L.r)
: v g,
F1c 2. Convergence domains for Category I and Category II
6, 1(0)=0
0(271‘):0(10 0(25max)
(2)
T2 N>‘A """" 3 :: 77 C
i A
________ - X 1
O Q1 N\
e I77(1)
i 9(1,max)
gLT) — g(La)p
72(0) =0

FIG 3. Two cases in Category I when 7 < 63"

Category I: 9§2’F) < 9§1’F) and 951,1“) < 95271“)’
Category II: 1) < g(L.h)
Category III: (b1 < g(1)

Figure 2 illustrates Categories I and II. Because (1) = 921 cannot hap-
pen, these three categories are mutually exclusive. We note that it is impos-
sible to have the case where 9§2’F) > 9§1,F) and 951’1“) > 952’F). This fact is
proved in Lemma B.1 of Appendix B. Thus, these three categories indeed
cover all SRBM data (X, i, R). The following lemma characterizes the fixed
point solution 7 = (71, 72); see Figures 3-6 for illustration of the characteri-

zation. This important lemma will be proved in Section 3.
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= (2 ) [%
02 Y1 (0) 0 (2,max ‘2 - (9) =0 9(2,max) )
77(2) _______________________ -0
(Y ST ——— = p(2.T) — g(2,r)”
e Y2(0) = ‘
Lo 1,max)
L p(Lm (L)
7 '— (1)
# : c c
// ] QcC
= i, 9
0 T1 !
FiG 4. Two cases in Category I when 7 = 03"
92 9(2,n)ax) 72(6) —0 92 9(27max)
p(L.r)
max (1,max)
(0) =0 s N ’

/ Y2(0) =0

™ =AW = 5@ 3D QeC T = =n®

/(20 _p\(2.r) //,/’ T2 — (L)
c

0 1 b1 0 T1 b1

Fic 5. Two cases in Category II when 71 < 951""‘”)

LEMMA 2.3.  There exists a unique solution 7 = (11, T2) to the fized point
equation (2.8) and (2.9). The solution T is given by

(9(1,1“) 9(27F)) for Category 1,

(2.10) 7= (F1(65),657)  for Category I,
(9§1,r ’?2(9§1,r))) for Category III.

Here, f, is the function that represents the upper half of the ellipse JT,
and similarly f; is the function that represents the right half of the ellipse
OT'. For future purposes, we also let S, be the function that represents the
lower half of the ellipse OI' and f be the function that represents the left
half of the ellipse dI". Explicit expression for i is given in (6.2) in Section 6.
Expressions for other functions are given similarly.
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b 6) =0 0
" (0) =0 9(2,max) 72( ) " (9) -0 0(2,max)
’)/2(19) =0
RN gD\ gtimax) — gRDLHRE  p(11)  g(Lmax)| _ (L)
2 77(1) — 77(2) T2 == - n(g)
c i c
Pa.c
>0, Tll -0,

Fic 6. Two cases in Category II when 71 = Qﬁl’max)

Setting
Liax = {0 € R%: 0 < 0 for some 6 such that v(0) > 0},
we have the following theorem characterizing of the convergence domain D.

THEOREM 2.1.  Assume that conditions (2.1) and (2.2) hold. Then,

max

D =T =N {9 — (01,05) €R2: 0, <71 and 6, < 72}.

It follows from Theorem 2.1 that when 7 € T, the convergence domain
D is an (infinite) rectangle that has two pieces of boundary: §; = 7 and
0y = . When 7 is outside I', the boundary 0D consists of three pieces
(Figures 3-4); they are ¢4 = 71, 03 = 7o, and the part of the ellipse O
between two points ") and n?, where

(2.11) N = (1, fa(m)) and 9 = (Fy(72), 7).

For Categories IT and III, 7 € OI' must hold (Figures 5-6). It is possible
that 7 € I" for Category I (see Figure 10 in Section 6 for an example). As a
convention, when 7 € I, we set

(2.12) M =n? =7
We now give the tail probability asymptotic of the convex combination
c121(00) + c2Z3(00) = (¢, Z(0))

for each direction vector ¢ € Ri. For a point = # 0 in R?, by “line 2”7 we
simply mean the line passing through the origin and x. Recall that a. is
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used to denote the exponent in the exact asymptotic (1.6). Following the
discussion in Section 1 and (1), a. should be given by

(2.13) a. = a > 0 such that ac € 9D NR3.

Indeed, throughout this paper, a. is defined through (2.13). To compute «.,
the intersection of the line ¢ with 0D is important. In particular, it is helpful
to see in which part of the boundary 9D N Ri this intersection is located.
For this, let 85 be the angle of line n*), measured counter clockwise starting
from 6; axis, and let 8 be the angle of line c. Point ¢ is said to be below line
n®) if B < By, and above line n®) if 8 > B;,. To give an analytic expression
for a, let z. be the nonzero solution of v(z¢) = 0. Then, o, of (2.13) is given
by
70—_17 0< 5 < Bl)
(214) Qe = Zcy /81 < /8 < /827
2 Bo < B < 3.

c2”’
We first consider Category I. Recall the definition of 7" and 5® in
(2.11) and (2.12). By Lemma 2.3, condition ") # #(bmaX) is equivalent to
condition 71 < 9§17max)7 which is further equivalent to §(1ma%) & AT, .

THEOREM 2.2.  Assume that conditions (2.1) and (2.2) hold and that the
SRBM data is in Category I. Let ¢ € R% be a direction. Then, P((c, Z(c0)) >
x) has the exact asymptotic bf.(x) with some constant b > 0 and f.(z) being
given below.

(a) When c is below line nW, e, 0< B < B,

Qe if ,’7(1) ?é 9(1,max)’
fc(w) = 71/ 2p—acx if ,’7(1) — p(l,max) _ 9(1,r)’
x—3/2e—acx if 77(1) — Q(I,max) 75 9(1,1‘).

(b1) When c is on line nW£n@ ie., =< fo,

e~ %t if 77(1) 7& 9(1,max)’
fc(x) = e_acx, Zf 77(1) = 0(17max) = 9(171‘)’
l,/n—l/2e—ozcm7 ’if 77(1) _ H(I,max) 75 9(1,1‘).

(b2) When c is on line =0 i, B = pi=fa,

f() = {xe‘o‘cx, if T €l

e~ ¥*  if T € the interior of T.
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(b3) When c is above line nV) and below line n?), i.e., B1 < < fa,
fe(x) = e ",

(b4) When c is on line n?), the case is symmetric to (b1).
(c) When c is above line ), the case is symmetric to (a).

REMARK 2.1. 7™ can not be above n@ by their definitions. If 8, < 0,
then case (a) can not occur. Similarly, if , > 7, then case (c) can not occur.

For Categories II and III, we only consider Category II because of their
symmetry. In Category 11, 7o = 9;2’r), = f1(m), nM =@ =71 = (1, 7).

THEOREM 2.3. Assume that conditions (2.1) and (2.2) hold and the
SRBM data is in Category II. Let c € R% be a direction. Then, P({c,Z) > x)
has the exact asymptotic bf.(x) with some constant b > 0 and f.(z) being
given below.

(a) When c is below line T (= 7](1)), e, 0< B8 < py,

et if T # 00 and 1 #£ 9(1max)
or if T = gltmax) = g(Lx)
fe(z) = —aex . (1,r) (1,max)
xe~det, if T=0"" #£ fLhmax)

xV2emaer if 7 = glimax) £ g(Lr)
(b) When c is on line 7, i.e., f = B,
fe(x) = xe™ .
(c) When c is above line T, i.e, f1 < < 7/2,
fol) = e

Theorem 2.1 will be proved in Section 7.1. Theorem 2.2 will be proved in
Section 7.2, and Theorem 2.3 will be proved in Section 7.3.

3. Solution to the fixed point equations. Lemma 2.3 in Section 2
is an important lemma that establishes the existence and uniqueness of the
solution 7 to the fixed point equations. In this section, we prove this lemma.
We separate the proof into two lemmas that are given below.

LEMMA 3.1.  If there is a solution T = (11, T2) # 0 to fixed point equations
(2.8) and (2.9), T must be given by (2.10).
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PROOF. Let 7 = (1,72) be a fixed point satisfying (2.8) and (2.9). We
now show that 7 must be given by formula (2.10). In the following argu-
ment, the two figures in Figure 2 are helpful. It follows from (2.8), (2.9)
and the definition of #*-1) that 7, < ngkr) for £ = 1,2. One can verify that
(11, f,(m1)) € 9l'1 and (f,(72),72) € O's. Thus, by (2.8) and (2.9) we have
fo(m) < and f(r2) <71

Assume first that 7 < 9(1 D We claim f (11) = 72. To see this, suppose
that f (11) < T2. Then one can find a § > 0 small enough such that 71 +0 <

9(1 ") and fo(11+0) < 7. The former inequality implies that (71 +9, f, (71 +
5)) e or'y. Th1s together with the fact that f,(m +0) < 7, contradlcts

with the definition of 71 in (2.8). Therefore, we have proved that 7 < 9%1 D)

(2,1)

implies that f 2(7'1) = 79. Similarly, we can prove that 7 < 6,/ implies that

L (12) = 11. Now we claim that 7 < Ggl’F) and 7 < 952’” cannot happen
simultaneously. Otherwise, f (m2) = 71 and f,(71) = 72, and therefore

(3.1) (il(Tg),Tg) = (T1,£2(T1)) € oI'y N oIy ﬂRi.

However, this is possible only for 71 = 75 = 0 because ['1 N Ty N ]R%r = {0}
by Lemma 2.2. Now 7 = 0 contradicts the assumption that 7 # 0 and thus
the claim is proved.

Hence, 7 < 9%1” (20)

implies that f,(m1) = 7 = 657 ’. In this case, it is

impossible to have Hél’F) < 9§Z’F) since the latter implies 71 = Hgl’F) by

(2.8). Thus, we have Hél’F) > 952”. On the other hand, 7 = 9§2I) implies
f(r2) = 9%2’”, SO

0" = £, (m) < < 0",

Hence, we have 01 < (L) Thus, 952,1“) < 951,1“) < 952’max), and therefore
952’F) must be ng’r). Thus, 7 = 95271”)‘ Because, (11,72) € OI', 71 must be
either f (72) or f(72). The former is impossible because it leads to (3.1).

Therefore, we have proved that if 71 < Hgl’F)

(2,r)

furthermore, we have 7 = 6,

when 7 < Hgl’F)

, we must have Category II;
and 71 = f(72). Thus, we have proved that
, T is given in (2.10) for Category II. Similarly, we can prove
that when 7 < 9%2’”, T is given in (2.10) for Category III.

The remaining possibility is that 7 = 9(1 D and Ty = 9(2’F). We have
9(2 D= =f() <m = 9( ) and 9(1 D= =fo(n) <= 9( ) . Since we can
2,1

not simultaneously have f (72) = 71 and f,(71) = 72, either 9% < 711 Or



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 10:14 . For personal use only, all rights reserved.

162 J. G. DAI AND M. MIYAZAWA

951,1“) < 79 holds. Thus 7 is given in (2.10) for Category I if 9%2” < 9§1’F) and

Hél’r) < 9%2’”. Otherwise, 7 is given in (2.10) for Category II or Category 111

(2,1 Hgl,f‘)

if o) = o3 or 921 =

holds, respectively. O

The following lemma is similar to Lemma 3.4 of [17] (see also Corollary 4.1
of [24]), but a proof in our setting is simpler.

LEMMA 3.2. There is a nonnegative solution T = (11,72) # 0 to fized
point equations (2.8) and (2.9).

PrOOF. Let 70 = (0,0). For n > 1 define 7‘1(") and 72(“) recursively via

(3.2) 7™ = max{0; : (61,05) € Ty, 6 < 75"V,
(3.3) 7'2(”) = max{92 :(01,02) € 9Ty, 61 < 7'1(”_1)}.
One can check that (3.2) and (3.3) are equivalent to the following
(3.4) 7" =max{6; € [0,6{""], f,(61) <"V},
(3.5) 7" =max{6 € [0,687] £, (62) <"V}

We now use induction to show that

(3.6) D) ) gD o
(3.7) LAy <o and f (A7) <.

For n = 1, clearly (3.6) holds. By the definition of 7'1(1), we have i2(7'1(1)) <
0< 7'1(1). Similarly, we have fl(T2(1)) <0< 7'2(1). Thus, (3.7) holds for n = 1.

Suppose that (3.6) and (3.7) hold for n. We would like to show that (3.6)
and (3.7) hold for n 4 1. Because 0 < 7'1(") < 9?’1) and £2(Tl(n)) < 7'2(")
by the induction assumption, it follows from definition (3.4) that 7'1(") <

T1(n+1) < 9517”. Similarly, we have Tz(n) < Tz(nH) < 95271“)_ Thus, we have

proved (3.6) for n + 1. Now, by the definition of T1(n+1) and 7'2(n+1), we have

i2(7'1("+1)) < 72(") < 7'2("+1) and il(T2(n+l)) < Tl(n) < 7'1(n+1)7 proving (3.7) for
n+ 1.

By (3.6), the two sequences {Tl(n) :n > 0} and {Tl(n) :n > 0} are
nondecreasing and bounded. Thus

(3.8) 7o = lim 7"

n— oo
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is well defined. We now prove that
1,0
mn= max{91 S [O,Q% )], iz(al) < 7'2}.

Let i = max{6; € [0,9§I’F)], f,(01) < T2 }. It suffices to prove that

T = 77. Since f,(01) is decreasing in [0%1’min),9§2’min)] and increasing in

[9(2,min)7 Hgl,max)]

1 , we have

71 = max{6; € [0§2’min),9§1’r)], f,(01) < T2}

If iz(ﬁ) = 79, by the monotonicity of ig? 7 = 71. Assume that iz(ﬁ) < 7.
By the continuity of f 5> there exists an N > 0 such that for n > N,

INGRIRE )

Since Tl(n) satisfies (3.4), we have Tl(n) = 951,1“)‘ Thus, iz(ﬁg’r)) < 72(“_1) for

n > N. Letting n — oo, we have 7] = 9§1,F) and iz(ég’r)) < 9. The latter

_ Hil’r)

implies that 77 . Thus, we have 7 = 7. We can prove similarly that

Ty = max{Hg € [0,9%2’F)], £1(92) < 7'1}.

Therefore, we have proved that 71 and 7 satisfy (2.8) and (2.9).
It remains to show that 7 = (7, 72) # (0,0). For this, it suffices to prove
that 7(1) % (0,0). Recall that

7V = max{6; : (61,0,) € Ty, 6, < 0},
7-2(1) = max{fs : (61,02) € 9Ty, 61 < 0}.

Since vector (1, p2) is orthogonal to the tangent of the ellipse OI' at the
origin and at least one of u; and ps is negative because of Lemma 2.1, the
ellipse OI' intersects at least one of the two regions {(f1,6:) € R? : 6; <
0, 0o > 0} and {(6,62) € R? : §; > 0, 63 < 0}. This implies that at least
(1) 1)

one of 7,7 and 7‘2( must be positive. This concludes 7(!) # 0. O

4. A key relationship among generating functions. In this sec-
tion, we prove the key relationship (2.3) among the moment generating
functions. The following lemma proves the relationship under several sets of
conditions. This lemma is the key to the proofs of Theorems 2.1-2.3. Recall
that I'y and I'y are defined in (2.7).
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LEMMA 4.1.  Assume that conditions (2.1) and (2.2) hold. (a) For each
0 € R? with ¢(0) < 0o, p1(62) < 0o and @2(01) < oo, the key relationship
(2.8) holds. (b) For each 6 € R?, p() < oo implies that p1(f2) < oo and
w2(01) < 0. (¢) For each 0 € T, ¢1(02) < oo and ¢a(01) < oo imply
that p(0) < oo. (d) For each 0 € T'1, p1(02) < oo implies that p(0) < oo.
Similarly, for each 0 € T'a, @2(01) < oo implies that p(0) < co.

We will present the proof of this lemma later in this section. The tool
for the proof is the basic adjoint relationship (4.1) below that governs the
stationary distribution 7 and the corresponding boundary measures v; and
1. To state the basic adjoint relationship, let C’g(Ri) be the set of twice
continuously differentiable functions f on Ri such that f and its first- and
second-order derivatives are bounded. For each f € CZ(R%), define

2 af
ZZ “a ax H;’“a

Dy f(x) = mg—i@) “215%(””) — (R, Vf(x)),
Do () = Mg (e) + 1 g (2) = (F2, V£ ().

Then the basic adjoint relationship takes the following form:

(4.1) / 7(dz) —I—Z z)vi(dr) =0 for each f € CZ(R2).
RQ

The basic adjoint relationship (4.1) is now standard in the SRBM literature.
It was first proved in [13] for an SRBM in RZ for any integer d > 1 when R is
an M matrix. Extension to a general SRBM, when its stationary distribution
exists, can be found, for example, in [3].

PROOF OF LEMMA 4.1. (a) Assume that ¢(f) < oo, p1(f2) < oo and
w2(61) < 00. Define

(4.2) flx1,20) = ehmit0zme for 0 ]R%r.

This f is generally not in CZ(R? ), and thus (4.1) can not be applied directly.
To overcome this difficulty, we construct a sequence of functions {f,} C
C’g(Ri) to approximate f. To this end, for each positive integer n, define
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function g,, as

1, s<mn,
(s) 1-1(s—n)? n<s<n+l,
S) =
In F(n+2—s)% n+l<s<n+2,
0, s>n+ 2.
Then, g, is continuously differentiable on R. We then define h,, as
u
_ fo gn(s)ds, u >0,
fin (1) { u, u < 0.

Clearly, for each fixed n, h,(u) is twice continuously differentiable. Further-
more, for each u € Ry, hy(u) and g, (u) are monotone in n, and

nh_)ngo hn(u) = u, nll_{go gn(u) = 1.
For each n, define
fale) = (),
Because hy(u) is a constant for u > n + 2, f, € CZ(Ry). Clearly f, — f
monotonously as n — co. Plugging f,, into (4.1), one has
2 2

(43) %;szeﬂj [, (60,2 + 61((0.2)) fu(we(ao)
1=1 9= +

E
+ ;Niei /]R2+ gn ({0, 7)) fr(x)m(dz)

+ (r1101 + r2162) /

. In(0222) fn(0, 22)v1 (d)

+
+ (ra202 + r1261) /2 gn(0171) fr(21,0)v2(dx) = 0.
R+
For each n, one can verify that —1 < ¢/ (s) < 0 for all s € R; and
fo(@1,22) < f(z1,22) for all (z1,22) € RZ. Because p(f) < oo and
lim,, 00 g),(s) = 0 for each s € R, by dominated convergence theorem,

(4.4) lim [~ g,((0,2))fn(z)7(dz) = 0.

n—oo 2
R

Taking limit on both sides of (4.3) as n — oo and using monotone conver-
gence theorem and (4.4), one has

—7(0)@(0) +71(0)p1(02) +72(0)p2(01) = 0,
proving (2.3).
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(b) Assume () < oo. We first show that ¢o(61) < oo. If §; < 0, the
conclusion is trivial. Now we assume 67 > 0. Without loss of generality, we
assume that

(4.5) 0y < —64 |T12| .

22

From inequality (4.5), we have y2(f) < 0 and ¢;(62) < co. Letting n — oo
in both sides of (4.3) as in the proof of part (a), we conclude the finiteness
of p2(01). The proof for ¢1(62) < oo is similar.

(c) Assume 6 € T, p1(62) < oo and ¢a(f1) < oco. We would like to
show that ¢(f) < oco. For this, we again use (4.3). Applying the facts that
0<g,((0,2)) <1, (0,%0) > 0 and g, ((f,z)) <0 to (4.3) yields

<%<9729> + <M79>> /R2 gn (0, )) fo ()7 (d)

2
£0(60) [ 90(6u0)f(0,22)01 (d)
R+
+9206) [ n(Br1) (o1, Opa(de) > .
R+
Since $(0,%0) + (u,0) = —y(f) < 0, the monotone convergence theorem
yields

Y(0)(8) < 711(8)p1(02) + 72(0)p2(61) < oo.

This completes the proof since v(6) > 0.

(d) Assume 6 € T'; and ¢1(62) < co. We would like to show that ¢(6) <
oo. For this, we again use (4.3). Applying the facts that v2(0) < 0, 0 <
an((0,2)) <1, (0,360) > 0 and g,,((#,z)) <0 to (4.3) yields

<%<9729> + <M79>> /2 gn (0, )) fo ()7 (d)

R+
+71(0) /2 Gn(0222) fn (0, z2)1v1 (dz) > 0.
R+
Again using the fact that %(9, ¥0) + (u,0) = —v(0) < 0 and the monotone

convergence theorem, we have

Y(0)p(0) < v1(0)p1(02) < oc.

This completes the proof since v(0) > 0 and ¢p(f2) < co. Similarly, for each
0 € T'y with ¢9(61) < 00, we can prove ¢(f) < oo. O
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5. Extreme points of the convergence domain. This section is a
preliminary to the proof of Theorem 2.1. In this section, we identify extreme
points of the convergence domain D defined in (1). For this, we establish two
lemmas, Lemmas 5.1 and 5.2. A consequence of Lemma 5.1 and part (c) of
Lemma 4.1 is that FE{QX C D, where FE{QX is defined in (2.1). To prove
Theorem 2.1, we need to show the converse D C I’ E;Zx Lemma 5.2 shows a
partial converse. We can not fully establish this converse in this section. To
establish converse D C Fggx, we need to use complex variable functions and
their analytic extensions as discussed in Section 6.

LEMMA 5.1.  Condition 61 < 11 implies p2(01) < 0o, and condition 0y <
To implies p1(02) < 0.

PROOF. We use Lemma 4.1 to iteratively expand a confirmed region on
which ¢(f) < oco. Recall two sequences {7'1(") :n > 0} and {72(“) :n > 0}
defined in the proof of Lemma 3.2 in Section 3. We use induction to prove
that, for each n > 0, condition #; < Tl(n) implies ¢2(#1) < oo, and condition
(n) (0) (0)

Ty < Ty ' implies ¢i(f2) < oco. Since 77 = 7, * = 0, the conclusion holds
for n = 0 because ¢ (0) = vx(R%) < co. Assume that condition ¢ < Tl(n_l)

implies ¢2(f1) < oo, and condition 6y < 72(“_1) implies ¢;1(f2) < oco. We

first assume 60y < 7'2(n). If 7’2”) =0, ¢1(62) < 0 clearly holds. Assume that

7‘2(") > 0. Because

fl(TQ(n)) < Tl(n_l) and 0y < 72("),

we can choose some 6 such that 6y < 0y < 7'2(") and f 1(52) < Tl(n_l). Pick

§ > 0 small enough so that ; = § —l—il(ég) < 7'1("_1). Then 6 = (61,0) €

Fg"_l), where Fén_l) =TIy N {91 < Tl(n_l)}. By part (d) of Lemma 4.1,

©(6) < 0o because 0 € I‘én_l) and () < oo. Therefore, p(A) < oo, which
implies that 1 (f2) < oo by part (a) of Lemma 4.1. Because 6y < 0, we have
©1(02) < 0o. We can prove similarly that 6; < Tl(n) implies p9(01) < oco. This
completes the induction argument. Now the conclusion of part (a) follows
from (3.8), Lemmas 3.1 and 3.2. O

In the following lemma, 6 > #(") means that 6; > Hgl’r) and 6y > Gél’r).

LEMMA 5.2. (a) If 11 = 9§1’r), then 0 > U1 implies () = oco.
Similarly, if 79 = 952’r), then 6 > 0% implies p(8) = oo. (b) If 7 =
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02

9(2,max)

FIG 7. The area for 0 < n,me < 72, |In — 05D < 6,71 (n) > 0,72(n) > 0

o5 < 01" and 05 < 3, then ps(61) = oo for 61 > 7. Similarly, if

Ty = Héz’r) < Héz’max) and 052@ < 11, then p1(02) = 0o for 3 > 7.

PROOF. (a) By the symmetry, it is sufficient to prove ¢(0) = oo for 6 >
0(L1) when 7, = Ggl’r). Because 7(6(11) = 0, v9(0(51) = 0, and v, (51 > 0,
for each € > 0 we can find an 7 € R? such that

In—0 <e, ) <0, M) >0, ) >0,

where, for a 2 € R?, ||z|| denotes the Euclidean norm of z. Suppose that
©(n) < oo. Then, p1(n2) < oo and @a(m) < oo by part (b) of Lemma 4.1 for
7. Thus, the key relationship (2.3) holds, but its left side is negative while its
right side is positive. This is a contradiction. Thus, we must have ¢(n) = co,
which implies ¢(f) = oo for any € > 7. Since € can be an arbitrary small
positive number, we have proved (a).

(b) Assume 11 = Hgl’r) < Hgl’max) and Gél’r) < 79. For each € > 0, we can
find a point 5 € T such that n > 00", 1y < 75 and

=00 <e, ) >0,  A2(n) >0.

See Figure 7. From Lemma 5.1, p1(n2) < oo. Now we claim @2(n;) = oc.
To see this, suppose on the contrary that ¢o(n1) < oo. Then part (c) of
Lemma 4.1 implies ¢(n) < oo, but this contradicts part (a) of this lemma
because 7 > 01" Thus, we have ¢o(17;) = co. Because € can be an arbitrary
positive small number, we concludes ¢3(61) = oo for 6; > Hgl’r) = 71. The
remaining case can be proved analogously by symmetry. O
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In the case when 7 € T" (see Figure 10), Lemma 5.2 gives a complete con-
verse. Therefore, Lemmas 5.1 and 5.2 give a complete proof of Theorem 2.1
when 7 € I['; namely,

D={lecR*: 0 <71}

In general, to establish the complete converse D C Fg;x, in addition to

Lemma 5.2, we need to show that ¢5(61) = oo when 6; > 7y in the case of
T = Hgl’max) or 71 = f1(72) and that ¢;(f2) = co when o > 7 in the case
of p = 952’max) or 75 = fo(r1). We also need to verify that, if # > 7 and
0 & I'nax, then ¢(0) = oo. These cases will be covered in Section 7.1 after
the discussion of complex variable functions and their analytic extensions in

the next section.

6. Analytic extensions and singular points. Recall that a complex
function g(z) is said to be analytic at zp € C if there exists a sequence
{an} C C and some € > 0 such that

o
Z an(z — 20)"
n=0

is absolutely convergent and is equal to g(z) for each z € C with |z — 29| < e.
A point z € C is said to be a singular point of a (complex variable) function
if the function is not analytic at z. A moment generating function for a non-
negative random variable can be considered as a function of complex variable
z € C that is analytic, at least when the real part Rz of z is negative. We use
complex variable functions to identify the convergence domain D through
their singular points. To this end, the following lemma is useful although
it is elementary. The lemma corresponds with Pringsheim’s theorem for a
generating function (e.g., see Theorem 17.13 in Volume 1 of [23]).

LEMMA 6.1.  Let g(A) = [;° e’dF(z) be the moment generating func-
tion of a probability distribution F on Ry with real variable . Define the
convergence parameter of g as

cp(g) = sup{A > 0;g(\) < oo}

Then, the complex variable function g(z) is analytic on {z € C; Rz < ¢,(9)}
and is singular at z = cy(g).

REMARK 6.1. For a complex function g : C — C that is singular at
z = zg € C, g(z9) may be finite at zp, but Lemma 6.1 shows that, if g(z) is
a moment generating function, then g(z) = oo for x € (Rzg, 00).

The following corollary is immediate from this lemma.
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COROLLARY 6.1. Under the same notation of Lemma 6.1, we have the
following two facts.

(a) If g is analytically extendable from {z € C;Rz < 0} to an open set
including a real segment [0, \1] for some A1 > 0, then g(\;) < cc.
(b) If g(2) is singular at z = Ao for some real number \g, then \g >

cp(9)

From Lemmas 5.1 and 6.1 and (c) of Lemma 4.1, we have the following
lemma.

LEMMA 6.2. The complex function pi(z) is analytic for Rz < 71, the
complez function a(2) is analytic for Rz < 7o.

The remaining of this section is to prove that ¢ (2) is singular at z = 7y
and to determine the nature of singularity at z = 7, & = 1,2. For that,
we are going to relate ¢1(z) and @o(z) through (2.3). This motivates us
to study the roots of v(#) = 0. For that, it is convenient to have function
representations for different segments of the ellipse OI', which is defined by
the equation (6y,6) = 0 for (A1,02) € R% Recall that f,(01) represents
the lower half of the ellipse I' and f (02) represents the left half of the
ellipse OI'. As it will be clear from (6.9) and (6.8) below that f, and f, play
key roles for finding the singularities of 1(z) and ¢2(z). Recall again that
9(1max) s the right-most point on OT' and 6(™#%) ig the highest point on
OT. Define (™) £ be the left-most point on AT and 6™ to be lowest
point on OI'. Then, f, : [0§1,m1n)’ 9§l’max)] — [Géz’mm), 952’max)] is well defined,
and is given by formula

(6.1) f,(01) = %22 <—(,U2 + 312601)

— \/(N2 + $12601)? — Lo (X116 + 2#191)>

for 6; € [Hgl’mm), 9&1’max)]. A formula for f (62) can be written down simi-
larly. B

The following lemma says that i2(z) has an analytic extension. Recall
that, for a multi-valued function f(z) on C, a point 2y € C is said to be
a branch point of f if there exists a neighborhood such that an arbitrary
closed continuous curve around zq in the neighborhood carries each branch
of f to another branch of f (see Section 11 in Volume I of [23] for its precise
definition). For example, f(z) = (z—2)"/™ with integer n > 2 is an n-valued
function with branch point zy. The integer n is referred to as the multiplicity
of the branch point. Obviously, each branch of this function is analytic on
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Gs(z0), where, for 6 € [0,7/2),
Gs(z0) ={2 € C: 2 # 20, |arg(z —20)| > 6},

and argz € (—m,m) is the principal part of the argument of a complex
number z.
Since f,(2) is multivalued for complex number 2 € C, we take its branch

such that f,(z) = f,(Rz) for z € (Gg’mm), Hgl’max)). We use the same nota-
tion f,(z) for this branch throughout the paper.

LEMMA 6.3. f2 is analytic on the whole complex plain except for the

two half real lines (—oo, 9gl’min)) and (Hgl’max), o0), and has branch points at

le,min) and egl,max)

z = , each with multiplicity two. Furthermore,

(62) Rf,(x) < f,(R2). Rz (7,0,
(63) %iQ(Z) < eél,max)’ = gé(egl,max)) N {u c (c; Ru > egl,min)}7
for some 6 € [0, 7).

PROOF BecaUSe 0(1 mln) nd 9§1,max)

tion

are two roots of the quadratic equa-

(12 + S12m)° — S22 (S1umt + 2pm) = 0,
the quadratic function must be equal to

det(Z) (771 . egl,min)) (Q(l,max) _ 771)7

where det(X) = X199 — 2%2. Thus the complex variable version of i ) in
(6.2) must have the following representation:

—+ > d t min) max
(64) i2(z) _ MZ 222122 4/ ae \/ 0(1 (9517 ) Z).

Let

Q(Z) _ \/(Z . Hgl,min)) (Hgl,max) . Z).

Then, from our choice of the branch of f,, g(z) can be written as

65) VIO )z — 0 exp <%> ,

where wy (z) = arg(z — 95Lmin)) and w_(z) = arg(@?’max) —z) (see Figure 8).
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z=x+ Yyl

777777777777777777777777777777777777777777777777777 >

Hﬁl,min) 0 agl,max)

FIG 8. wy (2) = arg(z — 01"™) > 0 and w_(z) = arg(6"™™) — 2) < 0

Thus, f, is analytic except for the two half lines, and has two branch

points at 9%1’min) and 9§1,max) as claimed. Note that w_(z),w4(z) € (—m,m)

and their signs are different if 2 is not on the real line. Hence, —5 <
M < 5. This and the fact that

Rg(2) = VIO —2)(z — 07 con (“EL T )

imply Rg(z) > 0 for z not on the two half lines.

We now prove (6.2). For this, it suffices to prove that for any z € C with
Rz € (07, 011)), Rg(2) > g(Rz).

For z € C satisfying Rz € (Hgl’min),ﬁg’max)), w_(z),wy(2) € (-5,
we have coswy(z) > 0 and cosw_(z) > 0. Hence,

(Hgl,max) . %2)(%2 . Hgl,min)) _
|(9§1’max) —2)(z — 9§1’min))| cosw_(z) coswy(z) > 0.
Thus, Rg(z) > g(Rz) is obtained if we show that
(cos wi(2) +w_(2)
2
This indeed holds because

(cos wy = %(1 + cos(w—_(z) + w+(z))>

SIE]

), SO

>2 > cosw_(z) coswy(z).

= % (1 + cosw_(z) coswy(z) — sinw_(z) sin w+(z))
= cosw_(z)coswy(z)

+ % (1 — (cosw_(2) cosw(z) + sinw_(z) sin w+(z)))
= cosw_(z)coswy(z)

+ %(1 —cos(w_(2) —w4(2))) > cosw_(z) cos w(z).
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It remains to prove (6.3). From (6.4) and (6.5), we have

2122
Y29

det(X) - Larg(—z) + arg(z + 6;)
—Tm\/\ZHZ‘FHHGXP i 5 ,

where 0 = Hgl’max) — Hgl’min). Let z € C satisfy Rz > 0 and z is not real.
Then, z can be expressed as z = re™0 with » > 0 and wy € -5, 5]\ {0}.
Similarly, let z + 6 = se*! with wy € [-F, 5] \ {0}. Clearly, r < s. Since z
and z + 67 have the same imaginary component, wy and w; have the same
sign. Hence, it is sufficient to consider for wg, w1 > 0 to prove the right side of
(6.6) to be less than zero. In this case, it is easy to see that arg(—z) = wg—7
and wy < wg. Using these notation, it follows from (6.6) that

(6:6) o=+ 07""") = 057" =

(6.7) §Ri2(z + 9§1,max)) _ egl,max)
Y12 det(X) (WO g w1>
+——/rscos | ————
Y92 Vrs

= ———Trcoswy —

22 2
)Y Vdet(Z) —
22 Yo
< - Y19 coswy + /det(X) % sin <ﬂ>
Yo r 2
< _EL (212 coswp + /det(X) sin (%)) .
22

If 315 > 0, then the last term of this inequality is negative, and therefore
(6.6) is negative. Hence, (6.3) holds for ¢ = 0. Otherwise, we choose § €
(0, %) such that

sin (g) det(X)
cos 0 |X12]

)

which is possible because its left side goes to infinity as § 1 5. Then, for
wo > 0, we have, by the monotonicity of sine and cosine functions on the
interval [0, 7],

sin (42) _ sin (%) det(X)
> >
COS W cosd |X12]

This implies that the right side of (6.7) is negative. Thus, combining this
result with (6.2), we obtain (6.3). This completes the proof. O
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From Lemma 6.2, ¢1(z) is analytic in Rz < 7o and p2(z) is analytic in
Rz < 7. Clearly f,(z) has an analytic extension that is similar to the one
in Lemma 6.3 for f,(z). Using f (z) and f,(2), we now consider analytic
extensions for ¢1(z) and ¢2(z). Note that f (m2) < 71 and f,(m1) < 72. In
the case when the inequalities are strict, the following lemma shows that
©1(2) and p2(2) can be extended analytically to strictly larger domains.

LEMMA 6.4.  (a) The complex variable function v2(z, f,(2)) is analytic
on

C\ (—o0, 6™ U 6], 00).
(b) @2 is analytically extendable for z € C\ (—oo,@%l’min)] U [9§l’max),oo)
satisfying v2(z, f,(2)) # 0 and Rf,(2) < 72, and

71(2, £, (2)e1(f,(2))
Y2(z, ()

(6.8) pa(2) = —

Similarly, v1 is analytically extendable for z € C\(—o0, 952’min)]u[0§2’max), 00)
satisfying Rf (2) <71 and 11 (f,(2),2) # 0, and has the ezpression:

(), 2)ea(f, (2)
N, @)

(6.9) p1(z) =

PROOF. Whenever f,(2) is analytic at a point z, so is 12(z, f,(2)). Thus,
we have (a). To prove (b), we first prove (6.8). We claim that for 0 < Rz < 7,

(6.10) 12(2, £ (2))p2(2) = —m(z, £, (2))e1(f,(2)).
To see this, observe that both sides of (6.10) is analytic in 0 < Rz < 7
because f, is analytic in C\ ((—o0, 9§1’mm)] U [0§1,max), 00)), ¢1(z) is analytic

in Rz < 1, pa(z) is analytic in Rz < 7, iZ(Hl) < 19 for 0; € [0,71], and
(6.2) holds. For each 61 € (0,71), we have f,(01) < 72. Choose € > 0 small
enough such that f,(61) + € < 7 and (61, f,(61) + €) € I'. By part (c) of
Lemma 4.1, (6) < oo for 6 = (01, f,(61) + €). It follows that ¢(¢) < oo for
0 = (61, f,(01)). Since y(0) = 0 for 6 = (61, f,(01)), it follows from (2.3) that
(6.10) holds for #; € (0,71). By unique analytic extension, (6.10) holds for
0 < Rz < 71, proving the claim. Thus, (6.8) holds for 0 < Rz < 7 satisfying

72(z, f,(2)) # 0. Because the left side of (6.10) is analytic in ®z < 7 and
the right side of (6.10) is analytic for z € C\ (—o0, 952’min)] U [952’max), 00)
satisfying Rf,(2) < 72 and 72(2, f,(2)) # 0, we have (6.8) for the specified
region. The proof of (6.9) is analogous. O
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02 p2max)  11(0) =0

0(2,1‘)
b1
72(6) >0
72(9) 0
0(1,r) 9(1,max)
72(0) =0

Fic 9. An ezample in which point 8% is on the lower half of the ellipse, but eg“) >

gél,max)

Representations (6.8) and (6.9) play a key role in determining the singu-
larities of p1(2) and p2(z). The following lemma tells when the denominators
in (6.8) and (6.9) are zero.

LEMMA 6.5. (a) 2 =0 is a root of 2(z, f,(2)) = 0. It has another root,

which is equal to z = Hgl’r), if and only if v2(80™#)) > 0. (b) Assume that
Yo (§2X)) > 0, Let

oy = [ L6 =), i a6,
72(Z) o {72(17i§(9§1,r)))’ ZfZ _ egl,r).

Then 75 is analytic at z = Hgl’r). (c) 72(051”) # 0. Thus, 1/72(z, f,(2)) has

a simple pole at z = Hgl’r) when v2(1™2)) > 0. Analogous results also hold

for m(f,(2),2).

PrOOF. To prove (a), note that each root of ¥2(z, f,(z)) = 0 must be
a root of a quadratic equation with real coefficients. Thus, there are at
most two roots for y2(z, f,(2)) = 0. Since z = 0 is a solution, the other
solution must also be real. Note that 4o((:™2)) > 0 if and only if the
point 81) is on the lower half of the ellipse; see Figure 9 for an illustration.
Thus, when o (#1™2%)) > 0, 9§1’r) is the other root. When 42 (#(m2%) < 0,
the line v2(f) = 0 does not intersect with the lower half of the ellipse OI'
except at the origin. Thus, 72(2, f,(2)) = 0 has no other root. Part (a)
yields part (b) because of part (a) of Lemma 6.4. Part (c¢) holds because the
tangent of the ellipse at §(*) cannot be orthogonal to line y2(#) = 0 when
p(Lr) & p(Lmax) 0
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The following lemma classifies the singularity of ¢2(z) at z = 71 when

T < egl,max). For an x > 0 and zy € C, we denote the ball in C that has
center zg and radius x by By(29), that is, By(z0) = {z € C: |z — 2| < z}.

LEMMA 6.6. Assume that 71 < 9§17max)_ (a) In Categories I and III,

T = le,r) and p2(2) has a simple pole at z = 71. (b) In Category II, ps(2)

9&1”. It has a double pole at z = 11

has a simple pole at z = 1 if 7 #
if m o= Hgl’r). (¢c) There exists an € > 0 such that @a(z) is analytic for

Rz < 71 + € except for z =11 and for each a > 0

(6.11) sup  |pa(2)| < 0.

2¢€Ba(T1)
RNz<T11+e€

PROOF. Assume 71 < Hgl’max). We first prove (a) and (c) for Categories

I and III. In this case, 7 = 9§1’r) and v (6™2)) > 0. By Lemma 6.4,
©2(z) has representation (6.8). The numerator of (6.8) is analytic on on
C\ (—o0, Hgl’mm)] as long as Rf,(2) < 72. The latter condition is satisfied if
9§l’min) <Rz < 9§1’max) and

(6.12) f,(Rz) <7,

because of (6.2).
When 75 > Gél’max), condition (6.12) is satisfied if 0 < Rz < 9§1’max), and
we choose € > 0 to satisfy

T + 2€ = 9§l’max).

When m < 951’max), condition (6.12) is satisfied if 0 < Rz < f,(72) (see,
Figure 10 for a case in Category I). Now we argue that

(6.13) 71 < f1(72) when 75 < 9§l’ma"’ and 7 < 9§l’max).

To prove (6.13) we note that f,(z) is strictly increasing in [65™", 051’max)].

Thus, when 7 < 9%2’min), we have f(mp) > 71(052’“11)) = 9%2’min) > It

> 9§2,min) Hél,max)

remains to prove (6.13) when 7 and 1 < . Assume that
9%2’mm) <7 < Hgl’max) and 7 < Hél’max). In this case, 71(f2(7-1)) = 71.

Because fg’min < foln) £ < Hél’maj), by the increasing property of
function f,, we have that condition 71 < f;(72) is equivalent to f,(71) < 7.

(1,max)

The latter condition is satisfied for Category I when 71 < 6, . Condition
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_ 1192 9(2,max)
fz(Tl) (&= mmmm
71(6) =0 |
i e(l,mdx)
g 472 -
L/ (0 =0
pL)! 12(0)
| 76 > 01
™ fi(72)

F1c 10. A case in Category I: p2(z) has a simple pole at 1 and has the second singularity
T (1,max)
at f1(72) € (11,6, )

f,(11) < 72 is also satisfied for Category III, because 75 = folr1) > fo(m)

when Gg’mm) <1< Hgl’max). Thus, we have proved (6.13). Therefore, when
T < Gél’max), we can choose € > 0 to satisfy

T + 26 = f1(m2).

In either case, with our choices of € > 0, (6.2) implies that the numerator
of (6.8) is analytic on 0 < Rz < 71 + 2. Since 42(A1™*)) > 0 in either
Category I or III, by Lemma 6.5, 12(z, f,(2)) = ¥2(2)(11 — 2), where 7,(2)
is analytic in 0 < Rz < 71 + 2¢ and 75(z) # 0 in the region. It follows from
(6.8) that po(z) is analytic on Rz < 7 + 2¢ except at z = 71 and it has a

simple pole at z = 1. Because f,(71 +€) < 72, we have

(6.14) o1(f,(r +€)) < oo.

Also, by Lemma 6.5, for any a > 0,

z, f.(z
(6.15) sup M < 0.
2¢Ba(71) /72(z7i2(z))
0<Rz<T7]+€

The bound (6.11) follows from (6.8), (6.14), and (6.15).
Now we prove (b) and (c) for Category II. In this case,

Ty = 9§Z’r) < min(@él’r), 951’1%)()) and 7 = f,(m).

Because 0 < 71 < Hgl’max) by assumption, f,(z) is analytic at z = 7 and

fy(m) =7 < Hél’max). One can check that fi(m1) # 0 because of 71 #
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0 9(2,max)
e(l,max)
fa(m1)
72(0) =0
71(0) =0
T
S o
T 7 (T 61
L fi(fa(m)

Fic 11. A case in Category I1: p2(z) has a pole, either simple or double, at 71 and has

the second singularity at f,(f,(m1)) € (r1, pitma)y

9%2’min). The latter follows from the fact that 7 = 9§2’min) implies 7 =
fy(r) = Géz’mm) < 0, which is impossible. By parts (a) and (c¢) of Lemma 6.7,
¢1(2) has a simple pole at z = . Thus, ¢1(f,(2)) has a simple pole at

z = 7. By (6.8) and Lemma 6.5, ¢3(2) has a simple pole at z = 7y if
T # 9%”’ and a double pole if 71 = levr).
It remains to prove that (6.11) holds for each a > 0. Since f, (1) = 72 and

< 9§1’max), we can choose an €; > 0 small enough such that i2(7'1 +e)<

T2 + €, where € is the constant in (6.7) in Lemma 6.7 below, where parts (a)
and (c) of Lemma 6.7 can be proved in exactly the same way for proving
parts (a) and (c) of this lemma; the proof for parts (a) and (c) of this lemma
has been completed earlier. Because supg, < |¢2(2)| < o0, it suffices to prove

sup  |p2(2)] < o0
ZgBa(Tl)
0<R2<T7)+ey

for each a > 0. Because
]

egl,mm) szsegl,max)

and f,(2) — 72 # 0 for z ¢ B,(71) with 9§1’mm) <Rz < 9§l’max), there exists
an aj > 0 such that

(6.16) ‘fz(z) - 7'2‘ > a
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for z € B,(m1) with Hgl’min) <Rz < 9§1’max). It follows from (6.16) and (6.2)
that

(6.17) sup @£, £ swp i (2)] < o0,
2ZBa(T1) ZfBal(TQ)
0<Rz<7]+€7 0<Rz<79+e€

where the last inequality follows from (6.7). When 7 = 9&1”, bound (6.11)
with € = ¢; follows from (6.8), (6.15), and (6.17). When 7 < 9&1”, choose

€1 > 0 small enough so that 71 +¢; < le,r) in addition to i2(7'1 +e1) < ote.
Then, by Lemma 6.5,

Nz £y(2))

12(2, £5(2))

(6.18) sup
0<Rz<T11+€1

< oQ.

Thus, when 7 < Hgl’r) bounds (6.18) and (6.17) imply (6.11) with € = €;.
When 7 > Hgl’r), Lemma 6.5 implies that
m(z f,(2)

(6.19) sup SN IR
egl,min)gngegl,max) 72(Z7i2(z))

This time, bounds (6.19) and (6.17) imply (6.11) with € = €;. This completes
the proof of the lemma. O

< 0.

Similarly, the following lemma classify the singularity of ¢1(2) at z = 1

(2,max)
2

when 7 < 0 . Its proof is analogous to the proof of Lemma 6.6, and is

omitted.
LEMMA 6.7. Assume that 75 < 952’max). (a) In Categories I and II,

Ty = Héz’r) and ¢1(z) has a simple pole at z = 79. (b) In Category III, p1(z)

)

has a simple pole at z = 1o if 7o # Géz’r . It has a double pole at z = o if

Ty = Géz’r). (¢) There exists an € > 0 such that for each a > 0,
sup |ei1(2)| < oc.

2¢Ba(T2)
RNz<T19+e

The following lemma shows that (2 (2) is singular at 7 when 7 = Hgl’max).
LEMMA 6.8. Assume that 71 = Hgl’max). (a) p2(z) is analytic in Qg(@%l’max)),
where § € [0,7/2) is chosen in Lemma 6.3. (b) For each a > 0,

sup lp2(2)] < oo.
zegé(egl,max))

2¢Baq (95”))
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(c) In Category I, if 6(01) = gUmax) thep

(6.20) lim (0" = 2)20a(2) £ 0,
2\ Ex s
zeg(s(egl,max))

and, if 1) £ gllmax) - 4p oy

p2(2) — pa(6™)

(6.21) e (g1 70
zegs(oitma))
(d) In Category II, if 60") = gUmax) thep,
(6.22) Tm (6P = 2)ea(e) £0,
z;fegl’m“’))
and, if 1) £ gllmax) - 4p oy
(6.23) lim (0" = 2)3 (pa(2) — a6 ) £ 0.

Zﬁegl,max)

2696(9§1,max))

REMARK 6.2. Limits in (6.20)-(6.23) show that ¢2(2) must be singular at
z = 9§1,max)‘ Limits (6.20), (6.21) (6.23) suggest a branch-type singularity

at z = Hgl’max)
5= 0%1,max)

, whereas limit (6.22) suggests a pole-type singularity at

. We have not attempted to characterize the exact nature of the

singularity at z = Hgl’max) for each case.

PROOF. Assume that 7 = Hgl’max). We first prove that ¢o(2) is analytic
on z € Gs(71), where § € [0,7/2) is the constant in Lemma 6.3. Because

pa(z) is always analytic for Rz < 71 and 73 > 0 > 9§1’min), it is sufficient

to prove po(z) is analytic for z € gg(egl’max)) N{zeC: Rz > Hgl’min)}.
Because f,(2) is analytic and Rfz(2) < 9§l’max) on g5(9§1’ma")) N{z e C:
Rz > 9§1’mm)} by Lemma 6.3, ¢1(f,(2)) is analytic on g5(9§1’ma"))m{z eC:
Rz > 9§l’mm)}. Because 7 = Hgl’max), we have ~(#(b™2%)) < (. Therefore,
by Lemma 6.5, 72(z, f(2)) # 0 on g5(9§1’m3")) N{z: RNz > Hgl’min)}. Hence,
the right side of (6.8) is analytic on g5(9§1’max)) N{zeC: Rz > Hgl’max)}.
The bound (6.8) follows from (6.15) and Lemma 6.3.
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We next prove (6.20) and (6.21). Indeed we now prove the following. If
gLr) = glimax) " thep

,max 1,max
(6.24) lim (levmax) _ Z)% (2) = Yooy1 (™2X)) oy (95 ))
zanlymaX)’ Foo \/th 1 (1,max) 9§Z,max))

zEQa(Ggl'max))

and, if 011 £ g(lmax) " thep

1,max
625) tm P23 22(61"")
zaegl'max), (eglvmax) o Z)%
zegé(egl,max))
- n (9(1,max)) (1 max) (1 max) (2,max)
= —72 ()5 \/det — 05 ).

Here, ¢} (62) is the derivative of ¢;(f2) and we have used the fact that
¢ (z) is well defined for z € C with Rz < 79, and ¢/ (z) — gp’l(Hél’maX)) as
RN eél,max) :i2(0§1,max)).

To prove (6.24) and (6.25), we first note that @1(951’]%)()) < oo by the

assumption Hél’max) < 719 and Lemma 5.1. Since iZ(Hgl’maX)) = Hél’max), it is
easy to see from the definition of f, that, for z € gé(ggl,max)) N{z eC;Rz >
9(1,min)}

1 )

max Y12 (1,max) det(z)

6.26 2) — o5t = S it _ oy L VO

(626 f,(2) =05 = S (o[ ) - o
‘(egl,max) _ (e Hgl,min))‘% exp <Z.w_(z) —;—w+(z)> |

We also note that

Y2(z, f,(2)) = riez+raaf,(2)
— oz + T22Hél,maX) + T22(i2(2) N Hél,max))
)

= 9l 05) ra(f,(2) - 57).
Hence, if (1) = 9(lmax)  then 72(2,951“&")) = rio(z — Hgl’max)), which
linearly vanishes as z — Hgl’max). Therefore we have (6.24) from (6.8) and

(6.26). Tf 911 £ 9Ulmax) “then ~y(z, 951’max)) converges to y2(A1™2%)) =£ 0 as

(l,max))

z— egl,max)' Thus, we need to consider a(2) — 2(6; , which vanishes
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as z — 9%1’max). In this case, we have
a(2) — o (057 Nz £5(2)e1£(2) | N (OG9)p (657)
2(2) — 2 = -
1 ,72(z’i2(z)) 72(9(1,11’1&){))
1
_ 2, 2)) — e(l,max) >
72(2, £,(2))2(00m) [<%( £5(z) =m( )>
p1(f,(2))72(00m))
#9100 (1(£,(2)) = 01 (657) )22 017
(0o (£,(01)) (122 £,(2)) - ww“max’))] .
Thus,
b 92(2) = ea(6])
i, (g _ )T
zegé(egl,max))
O afy() e (6)
== lim

Y (O ma) (im0, (O 2y

2695(9(1’"‘ax))

max _ p(1,max)
_ _’71(0(1’ )) / (9(1,max)) li iQ(Z) 02
- gLmax)) Y1172 ey (pLmax) 7
72( ) z~>91 ? s (01 — Z) 2
2696(9(1 max))
(9(1 max) 1 ,max) 1 ,max) (2,max)
= det(X — 05 :
,72(9(1 max))z2 \/ ¢ )

Thus, we have obtained (6.25).

Now we prove (6.22) and (6.23). Assume Category II and 7
We actually prove the following. If (1) = g(lmax) thep

S5 (64 (600 ia (077

_ 9§1,max)'

(6.27) lim (9&1’max) — 2)pa(z) =

9(1 max) Adet(E)(H:(Ll’maX) N HéZ,max)) ’
205 (9(1 max))
and if (11) £ glmax) they
(6.28) lim (0™~ 2)20(2)

Zﬁeil,max)’

zegg(ofh ™))
B 222,}/1 (9(1 max)) (9(2,1")) (0§2,r))
A’72(9(1 max) \/det 9(1 max) 952,max))
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where

et 9§2’r)212 + 952@222

A =721
H1 + 952;)221 + 9§2’r)211

r11.

To prove (6.27) and (6.28), we assume that 7 = Hgl’max). In this case,

Ty = Hél’max) = f,(m1). By Category II assumption, (f,(72),72) = 621 In
particular,

£1(m) = £, (f,m) = 077 <o) =7,
Substituting (6.9) into (6.8), we have
(2 £(2)) 22 (£, (), £5(2))

(6.29) wa(z) = ’YZ(ZazZ(Z)) ’Yl(: — ) _2(2))902@1@2(2)))

for Rz < 7, as long as the denominators are nonzero. One can check that

12(2, f,(2)) # 0 and n(f(£,(2)), £,(2)) # 0 for z € G5(n) N {Rz > 7 }.
It follows from (6.29) that ¢2(z) can be analytically extendable to z €

Gs(11) N{Rz > 71 }. Because (f,(f,(11)), [, (1)) = (f,(r2),72) = 6@ and
(Tl’iz(ﬁ)) — p(lmax) _ 9(1,r)’

=
—
—~
~
no
o
[~

Y2 (f,(12), 2) = v2(03)) > 0,
Y1(71, fo (1)) = A (0D > 0.

N(f, (1), 72) =11 (03 =
Ya(r1, £, (1)) = 72 (007) =

Now we evaluate the limit in (6.27). Because

0,
0,

im  oo(f,(£,()) = e2(65") < o0,

Zﬁe(l,max)
1 )

zGQé(Ggl’max))

it suffices to evaluate the limit

lim 72(2’£2(2))71 (il(iz(z))aiz(z))
zﬁgglvmaX), (egl,max) B Z)

Zegé(egl,max))

wEfE) L nEEE)LLE)

= lim
1 1
ZH9§1,max)7 (95{ 7max) _ 2)1/2 ZH9§1,max)7 (05 7maX) _ 2)1/2
2695(9§1’max)) 2695(9§1’max))

Because

vo(z, £ (2)) = (2 = 01" )r1a + (£, (2) — 65 ),
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we have

. 72(2, £,(2)
lim (1,max)
cpfbman)  (g{bmax) _ 172

2695(9§1’max))

o 0 () — 0

; 1,
Zgwgl,maux)7 (9% max) _ Z)1/2
eil,max))

z€Gs(

— 1/ det(5) (9™ — 9@y L o,

Similarly, because

Y (f (o () £,(2) = (f, (£, (2)) = 077) 11 + (£, (2) — 65 Yo,

we have

N, (f,(2), f

lim 2

Z*wgl,maux)7 (9§I7maX)

(2))

Zegé(egl,max))

(f, (£, (2)) = 0511+ (£,(2) — 65 )ran

= lim

1

Z‘)9§1,max), (eglvmax) _ Z)§
z€g6(9§1,max))

_ Sty - 67)

2:‘)9§1,max)7 (eglvmax) _ Z)%

Zegé(egl,max))

= (fll(TZ)Tll + T21)\/det(2)(9§1’max) . 9§Z’max)),

where

2 + 952;)212 + 952;)222

11,
1+ 952@221 + 9§2’r)211

rinfi (1) 4121 =121 —

which cannot vanish because the line 75(6) = 0 is not tangent to the ellipse

v(#) = 0 at 1), This proves (6.27).
Now we assume that §(:") = 9(1max) T that case, (f, (£, (1)), £, (1))

(f,(r2),m2) = 630, but (71, f, (1)) = 0m2) 2£ 000) thus y5(71, f,(71))
0. Now (6.28) follows from the proof of (6.27).

[ N
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7. Proofs of the theorems. In this section, we prove Theorems 2.1,
2.2 and 2.3. The ideas of proofs have the same spirit as those in [26] (see
also [17]), but we need more ideas. The proofs use the analytic extensions of
complex variable functions developed in Section 6, complex inversion tech-
niques in Appendix C, and decompositions of moment generating functions
in Appendix D.

7.1. The proof of Theorem 2.1 . The next lemma partially characterizes
the boundary of the domain D.

LEMMA 7.1.  For any 6 € R%, p(0) = oo if either 01 > 71 or O > 7.

PRrROOF. By the symmetric role of the coordinates, we only need to prove
that 67 > 71 implies ¢(f) = co. Since 71 < 9§17max)7 either 7 < Hgl’max) or
T = 9%1’max) holds. We separately consider these two cases. First consider

the case where 7 < Hgl’max). In this case, 71 = 9%1’” for Category I or

Category III, and 7 = il (952;)) for Category II. When 7 = Hgl’r), we have
p(f) = oo for 3 > 11, by Lemma 5.2. Otherwise, we have Category II.

Since 11 < Hgl’max), ©2(z) has a pole at z = 71 by Lemma 6.6. This implies
w2(01) = oo for 61 > 71, so p(f) = 0o for 61 > 7 by (b) of Lemma 4.1.

We next consider the case where 7 = 9§1’max). By Lemma 6.8, ¢o(z) is

singular at z = 71. Hence, ¢3(61) = oo if 6; > 71. This implies ¢(6) = oo by
(b) of Lemma 4.1. O

We are now ready to prove Theorem 2.1. By Lemma 5.1, ¢2(6;) < oo and
©2(01) < oo for @ < 7, and hence, p(f) < oo for § € {n € R? : n < 7} NTax
by part (c) of Lemma 4.1. We claim that ¢(#) = oo for § < 7 and 0 & Tyax
(see Figure 12), where Tmax is the closure of T'yay. If this claim holds true,
we have Theorem 2.1 by Lemma 7.1.

We first note that, if 7 € T, there is no 6 such that § < 7 and 6 & Ta.
Hence, we can assume that 7 ¢ I'. We then must be in Category I and

n§2) < 7751), where %) is defined in (2.11); see also Figure 12. Let

Ot = {(01, F2(61)) : 61 € (0™, n{")}

be the segment of the ellipse OI' that is within both the upper half and the
right half of the ellipse and is below 7. In Figure 12, OI'" is the piece of
the ellipse that borders the shaded region. To prove that claim, it suffices
to prove that for each relatively open neighborhood B C OI'T, there exists
a 6 € B such that () = oo because § > 0 implies p(f) = co.
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02

F1c 12. The area of {0 € R%2:.0 < 73\ Tinax

Assume on the contrary that there exists a relatively open neighborhood
B ={(01, f5(01)) : 61 € (by,bg)} C OTT

with 7752) < b <by< ngl) such that ¢(f) < oo for each # € B. Then, it
follows from (a) and (b) of Lemma 4.1 that

(7.1)  72(01, F2(01))p2(01) = =1 (01, f2(01)e1(F2(01)), 61 € (b1, ba).

We analytically expand the domain for (7.1). For this, we replace 61 by
complex number z, and consider

(7.2) 122, f2(2))2(2) = —n(2, [2(2))e1(fa(2))

for z in some domain in C. Using similar arguments in Lemma 6.3, we can see

that fo(z) is analytic for Rz € (Hgl’min), le’max)). Because fo(f;) is strictly

decreasing in (11, n{")), we have f(01) < 72 for each 0; € (nj”,01""™).

Hence, for each sufficiently small € > 0, Rf,(2) < 7 for z € G, where
G= {z =x+yiecC:ze (779 + e,@%l’max) —€),y€E (—e,e)}.

Therefore, the right side of (7.2) is analytic for z € G. We assume € >

0 is small enough so that (b1,b2) C (ngz) + e,ngl) —¢€). By (7.1) and the
analytic extension of complex functions, the left side of (7.2) is analytically

extendable on G. This implies that (7.2) holds for z = = + yi with = €
(7]9 + 6,?’]&1) —€) and y € (—e€,€) since pa(f1) < oo for 1 < 71 = ngl).
Furthermore, if vo(z, fo(z)) # 0 for all z € G, then ¢5(2) is analytic on G.

Now we argue that under condition (7.1) it must be true that 7 = Hgl’max)

(2,max)
2

and 5 = 0 . Suppose on the contrary that 7 < Hgl’max). Then the line
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72(0) = 0 intersects the lower half of the ellipse, and thus vo(z, fo(2)) # 0
for z € G. Thus, p2(2) is analytic on G, and in particular at z = Hgl’max) —2e,

which is larger than n&l) = 71 for € > 0 small enough, contradicting part (b)

of Lemma 5.2. Thus we have proved that 71 = 9%1’max)

_ 0§Z,max)

. Exchanging the role
of 61 and 65, we also have 7 . Because ¢ > 0 can be arbitrarily

small, we have proved that (7.2) holds for z = 6, € (9%2’max), Hgl’max)). Also,
by Lemma 2.2, 6 and %) must be on the upper ellipse curve from
glmax) o g(2max) i) guch a way that 827 is above 67 and therefore

pRma) < g2n) _ lin) o gllmax)
Thus, (7.2) holds for z = 6, € (9%2’7“, 9%1’7“), contradicting the facts that
(01, f2(01)) > 0, 7201, f2(01)) >0, @1(f5(01)) < oo, 2(f1) <o
for 0, € (9%2”, Hgl’r)). This completes the proof of the theorem. O

7.2. The proof of Theorem 2.2. We now start to prove Theorem 2.2.
From (1.9), the definition of . in (2.13), Lemma 6.1, and Theorem 2.1, we
know that the moment generating function 1.(z) for ¢1Z; + coZs is analytic
for Rz < a. and is singular at a.. Again from Theorem 2.1,

ae < min(ry/c1,m2/c2).

Thus, ¢1(c22), w2(c12) and p(c1z, c22) are all finite for z € C with Rz < a.
Hence, from (2.3), we have

Y(ze)e(2) = y1(z0)p1(c2z) + y2(z¢)pa(c1z)  for Rz < ..

Recall that z is the nonzero root of v(zc) = 0. Let (c(z) = —(3(c,Sc)z +
(¢, ). Then, z. is the root of (.(z) = 0, and

w(ze) _wmle) ;
e Gty e O Ok

Therefore,

Y1(e)p1(c22) +y2(c)pa(c12)
Ce(2)

for Rz < a, and z # z., where it can be checked that (7.3) is valid for z = 0.
The numerator in the right side of (7.3) is analytic for Rz < min(7y /¢y, 72/c2)
because of Lemma 6.2. Because 1.(z) is analytic for Rz < a., 2 = z. must

(73) ¢c(2) =
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be a removable singularity of the right side of (7.3) if z. < a.. Hence, if
Ze < ., we have

T1(c)p1(caze) + y2(c)p2(crze) = 0,
and therefore
(7'4) T;Z)c(z) = _71(6)h1 (Z) - ’72(6)]12(2), Rz < A,

where

_ pile2ze) — pi(ez) L) = P2laze) — pa(er2)
nE=TT 0 MO

If z. > a, from (7.3), it is easy to see that the moment generating function
1c(z) can be expressed as a linear combination of the form in (D.2) with
kE=1.1f z. < a, from (7.4), 1.(z) can be expressed as a linear combination
of the form in (D.3). By Lemmas D.2 and D.3, each term in these two linear
decompositions is the moment generating function of a continuous density
since 1 and @9 are the moment generating functions of the measures 14
and vy, respectively, and both 14 and s have densities (see [3, 13]). Thus,
by Lemma D.1, the distribution of (¢, Z(c0)) also has a continuous density
pe(z) on [0, 00).

In the following proof, for many cases we actually prove that the density
pe(z) has an exact asymptotic, which implies that the exact asymptotic for
the tail distribution

qe(r) = P((c, Z(0)) 2 ), x>0

by Lemma D.5. However, in some cases, we are not able to establish the
exact asymptotic for density p.(z). In these cases, we work with the moment
generating function .(z) of the tail probability ¢.(x) directly, where

Tul(z) = / B (e, Z(00)) > x)di = / e o (z)dz
0 0
One can check that

(7.5) P (z) = 22 for Rz <
and z = 0 is a removable singularity of 1.(2).

(a) Assume that 0 < 8 < (. In this case a. = 71/c¢1. We now show that
n_n

(7.6) e = i
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Inequality (7.6) clearly holds when 7 = nM = @ because f < B;. When

B < B1 < Ba, we have -
n_fn) _n
C1 C2 C2

I

where the second inequality follows from fo(71) < 7o because 31 < fo.
Therefore, we have proved (7.6). By (7.6) and Lemma 6.2, 1 (c22) is analytic
at ag.

(a.i) Assume that 7 # 9% . In this case, Category I implies that
951” < 951’max) and 7 = 9&1”. We first consider the case that a.c = (1),
In this case, v2(c) = 0 and a.c € JI'. Hence z. = a. and (.(z.) = 0. By
(7.3), we have

1,max)

_ mn(e)ei(ez)
(77) 1/}0(22) - CC(’Z) .

Therefore, 1¢.(z) has a simple pole at z = 2. = a.. By Lemma D.4, we
conclude that p.(z) has exact asymptotic given by

(7.8) fe(x) =e %"  for x> 0.

Now consider the case that aec # 00, In this case, v2(c) # 0 and
v(aec) # 0. The latter is equivalent to (.(a.) # 0. Therefore, z. # ac
and 1/(c(2) is analytic at z = a.. We now work with 1,.(2) to obtain tail

asymptotic for g.(z). By (7.5), ¥.(z) is analytic on Rz < a.. It follows from
(7.3) and (7.5) that

— o\ _ nl9eileez) | nlc)pa(az) 1 or Rz < «
(7.9) Ye(z) = 2Ce(2) * 2(c(2) z for iz < a

except at z = 0 and z = z. if z. < .. Since Ec(z) is analytic at points
z=0and z = z. if z. < a., 2z =0 and z = z if z. < a, must be removable
singularities of the right side of (7.9). Since ¢1(c22) is analytic at z = a, it
follows from Lemma 6.6 that there exists an 0 < € < ¢y/c; such that ¢;(ce2)
and p9(c12) are analytic in Rz < . + 2¢ except at z = o, where ¢y > 0 is
the constant in Lemma 6.6. Thus, 1.(2) is analytic in Rz < a. + 2¢ except
at z = . Furthermore, Lemma 6.6 implies that v,(z) has a simple pole at
z = a.. Thus, ¥,(z) satisfies condition (Cla) of Lemma C.1 with m = 1 and
ko = 1. Next, we verify that 1).(z) satisfies condition (Clc) of Lemma C.1,
namely,

(7.10) / e~ W) (o + € +iy)dy  converges uniformly

—00
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for # > T some T > 0. To prove (7.10), we separately consider three in-
tegrals, each corresponding to one of the three terms on the right side of
(7.9). The last integral converges uniformly following the computation on
page 237 of [5]. Because of (6.11) and (6.7), there are constants a,b > 0 such
that

(7.11) [P(2) +1/2] < aflz|*  for |Sz| > band Rz <0 < a. +e,

where 3z is the imaginary part of z. Hence, similar to condition (C.4), the
integrals of the first two terms on the right side of (7.9) uniformly converges.
Thus, (Clc) of Lemma C.1 is verified while (C1b) of the same lemma is
immediate from (7.11). By Lemma C.1, ¢.(x) has exact asymptotic that is
given by (7.8).

Note that when a.c # 8", we are unable to verify condition (7.10) for
1c(2), and hence not able to obtain the exact asymptotic for p.(x).

(a.ii) Assume that 7 = Hgl’max). In this case we apply Lemma C.2 in ad-
dition to Lemma D.4 to get exact asymptotics. Now we examine the details.
Because 11 = 9§l’max), we have z. < a. and hence (.(a.) < 0. Thus, we can
use the expression (7.4) with functions hy and hy of (7.2). Because ¢1(c22)
is analytic at z = a., hi(a. + ¢€) is finite, for some € > 0. By Lemma D.3, hy
is a moment generating function of a signed measure &;. Because hy (o + ¢€)

is finite, the tail of & decays as
(7.12) &1([x,00)) = o(e™@TI)T) a5 1 — 0.

On the other hand, the function hsy is singular at z = «.. The analytical
behavior hg(z) around z = «. is identical to that of ¢3(c1z). We apply
Lemma 6.8 to find the analytical behavior of p2(c12) at a,.. We consider two
separate cases.

We first consider the case that () = g(max) —£ g(Lr) By part (a) of
Lemma 6.8, ¢2(c12) is analytic on Gs(a.). Thus ha(z) is analytic on Gs(a.),
and therefore h,(z) satisfies condition (C2a) of Lemma C.2. From (6.25)
of Lemma 6.8 and the fact that cia. = Hgl’max)
constant K7 > 0,

, it follows that, for some

pa(c12) — pa(croe)

7.13 lim —Kj.
(7.13) €0y (e (ae — 2)1/2
Since

Cc(ac) - (c(Z)
gc(ac)gc(z) 7

ha(2) — ha(ae) = pa(crae) — pa(c12)

20 + (p2(c12¢) — pa(crac))
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we have
h — ha(ae K
ILm 2(2) 21(/024 ) _ 1 < 0.
zezgét();cc) (Oéc - Z) (c(ac)

Hence, hy(z) satisfies conditions (C2c). One can check that condition (C2b)
is also satisfied for hs(z) because of (6.8). Thus, applying Lemma C.2 with
A= —%, one yields that the measure for ho has the exact tail asymptotic
273/% exp(—a.x). Since this dominates that of £; in (7.12) and y2(c) < 0, by
Lemma D.1, p.(x) has exact asymptotic

folz) = 2732 exp(—aex)  for z > 0.

We next consider the case n(t) = g(:max) — g(Lr) This case is exactly the
same as the previous one except that, for some Ko > 0,

1/2

lim (. —2)"/“pa(c12) = Ko

Z—rae
z€Gs(ae)

by Lemma 6.8. Since this implies

—-K
lim (0 — 2)?ho(z) = —2 >0,
2605 (ove) Ce(ae)

Lemma C.2 implies that the measure for ho has the exact tail asymptotic
212 exp(—ae ). Hence, again by Lemma D.1 and (7.12), p.(z) has the
exact asymptotic

(7.14) fo(z) = 27 Y2 exp(—aex)  for z > 0.

(b1) Assume that 8 = 1< (2. In this case, either M £ gltmax) (1) —
gUmax) £ g(Lr) op (1) = gllmax) — g(1.r) Note that n(!) is above A(1:max)
and 011 for (M) £ g(hmax) When a.c = n(1) # #1m8) - 0 (2) has a simple
pole at z = 71 and thus 1.(z) has a double pole because z. = a.. Therefore,
by Lemmas 6.6 and C.1, ¢.(x) has the exact tail asymptotic f.(x) given by

(7.15) felz) =ze**  for x> 0.

We now consider apc = nt) = glmax) £ g(Lr) Tn this case, Celae) =0
while 1 (¢) > 0 and ~2(c) < 0. Since

(7.16) Ce(2) = = (¢, 2e) (2 — ),
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the same argument as in case (a.ii) when 0 < 8 < (31 shows that ha(z) is
analytic in Gs(a.), condition (C2b) is satisfied for ho(z), and

m (ac— 2)P2hy(z) = — 22 gy P22 7 9021(/21%)
zega(éc) <C7 EC> zegé(éc) (ac - Z)

Applying Lemma C.2 with A = 1/2, we have that p.(x) has the exact tail
asymptotic f.(x) given by (7.14).

We consider the remaining case that a.c = n") = (:max) = g(Lr) In this
case, we have representation (7.7), and therefore ¢.(z) has a simple pole at
. Hence, the proof is identical to case (a.i) when a.c = () and p.(x)
has exact asymptotic given by (7.8).

(b2) Assume § = 1 = Bo. In this case (1) = n® = 7, ~45(c) > 0 and
~v1(e) > 0. We first claim 71 < Hgl’max). Otherwise, 7 = 9gl’max), which

1,max 1,
_ gime) _ p(uD)

implies that 7 and we must have Category II, leading

to a contradiction. Thus, 7 < Hgl’max) and hence ¢y(c12) has a simple pole

at a,. by Lemma 6.6. Similarly, we can prove that 7 < 952’max) and hence
and ¢1(c2z) has a simple pole at a. by Lemma 6.7. We consider two cases
separately. When a.c & OT", we have (.(a.) > 0. It follows from (7.9) in part
(a.i) of the proof of Theorem 2.2 that 9.(z) has a simple pole at z = a. It
follows from Lemma C.1 that ¢.(x) has exact asymptotic f.(x) that is given
by (7.8). When a.c = 1) € aI, ¢.(a.) = 0. It follows from (7.9) that i, (2)
has a double pole at z = . = 2z.. Thus, 1(2) satisfies condition (Cla) of
Lemma C.1 for m = 1 and ky = 2. Condition (C.4) is satisfied exactly as
in the proof of (a.i). By Lemma C.1, ¢.(x) has the exact asymptotic f.(z)
given by (7.15).

(b3) Assume that 81 < 8 < (. In this case, the ray ¢ intersects OI" at a.c.
Thus, a, = 2z, < min(7y /c1,72/c2) and ((c.) = 0. Therefore, the numerator
of (7.3) is analytic at .. If the numerator of the right side of (7.3) vanishes
at z = a., then z = a. is a removable singularity for .. This implies that
1. is analytic at a., leading to a contradiction. Therefore, from (7.3), 1.(c)
has a simple pole at z = a.. Applying Lemma D.4, we immediately see that
pe(x) has the exact asymptotic in (7.8).

(b4) Assume that 5 = 2. This case is symmetric to (bl).

It remains to consider case (c) when 8y < 8 < . This case is exactly the
same as case (a). This completes the proof of Theorem 2.2.

7.3. The proof of Theorem 2.3. Similar to the proof of Theorem 2.2, we
employ (7.3) or (7.4) to prove Theorem 2.3. Since the convergence domain
D is a rectangle for Category II, we have

nM =n® =recor
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and «, = min(m /¢, 72/c2). We again consider three cases. Case (a) is for
0 < B < By, case (b) is for = (1, and case (c¢) is for f; < 5 < 7/2. As
in the proof of Theorem 2.2, for some cases we are not able to establish the
exact asymptotic for density p.(z). In these cases, we work with the moment
generating function v,(z) of the tail probability q.(z) directly, where ()
is related to .(z) through (7.9).

(a) We assume that 0 < 8 < ;. In this case, a. = 71/c1, pa(c12) is
singular at z = a, while ¢1(c2z) is analytic at z = .. Furthermore, a.c #
011 and z. < a. because 3 < ;. Therefore, Ce(ae) # 0 and ~2(c) # 0.

(a.i) Assume that 7 # 9§1’max), namely, nV) # (m2%) We first consider
the case when n(!) # (7). By Lemma 6.6, ©2(c12) has a simple pole at
z = a, and @1 (c22) is analytic at z = a.. Using the exact same proof as the
proof of (a.i) in Theorem 2.2, we prove that ¢.(z) has the exact asymptotic
given by (7.8).

We next consider the case when n(1) = (1) In this case, by Lemma 6.6,
2(z) has a double pole at z = 71, thus ¢2(c12) has a double pole at z = a.
Using the representation (7.9), we see that 1.(z) has a double pole at z =
ac. One can check, just as in the proof of case (a.i) in Theorem 2.2, that
conditions (Cla), (C1b) and (Cbc) are satisfied for v,(z) with m = 1 and
ko = 2. By Lemma C.1, ¢.(z) has exact asymptotic that is given by (7.15).
(a.ii) Assume that 7 = 9§1’max), namely, n(V) = 9(Lmax)  The proof is
similar to the proof of (a.ii) in Theorem 2.2. When §(10) = g(lmax) (7))
has exact asymptotic that is given by (7.8), where we have critically used
(6.27) instead of (6.24). When 9(1r) £ gllmax) ", (1) has exact asymptotic
that is given by (7.14), where we have critically used (6.28) instead of (6.25).

(b) We assume = (. In this case, we always have (.(a.) = 0. We
first consider the case 7 = (1), In this case, acc = 7 = 009, which
implies 72 (c) = 0. Thus, ¥.(z) has representation (7.7). Because (.(a.) = 0,
71(c) > 0, and it follows from (7.7), (7.5), and (7.16) that for some € > 0

— v mle) ¢ilez) 1
Y.(z) = 5 o —2) 2 for 0 < Rz < ae + 2¢

except at z = a. By Lemma 6.7, ¢1(c22) has a simple pole at z = a,. Thus,
1.(2) has a double pole at z = .. Hence, 1.(z) satisfies condition (Cla) of
Lemma C.1 with m = 1 and kyp = 2. Similar to the proof for case (a.i) of
Theorem 2.2, we can prove that conditions (C1b) and (Clc) of Lemma C.1
are satisfied for 1.(z). Therefore, Lemma C.1 implies that q.(x) has the
exact asymptotic given by (7.15).

We next consider the case 7 # (1" for 8 = ;. In this case Celae) =0,

v2(c) > 0, and v1(c) > 0. When 7 < 9§17max)7 both ¢1(c2z) and a(c12)
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have a simple pole at z = a., and v¥,(z) has representation (7.9). Because
Ce(ae) = 0, it follows from (7.9) that 1.(2) has a double pole at 2z = .
Hence, v,(z) satisfies condition (Cla) of Lemma C.1 with m = 1 and kg = 2.
Following the proof as in case (a.i) of Theorem 2.2, conditions (C1b) and
(Clc) of Lemma C.1 are satisfied for ,(z). Thus, Lemma C.1 implies that
gc(z) has the exact asymptotic given by (7.15). When 7 = 9§1,max)’ v1(c22)
has a simple pole at z = a., and pa(c;2) is analytic in Gs(a.), but is singular
at z = a.. By Lemma D.2,

ﬁgﬁl(@z) and Cc}z) pa(c12)

are moment generating functions for some finite measures & and &, re-
spectively. Similar to (7.5), there exists an € > 0 such that the moment
generating function for & ([x,00)) is given by

1

z

) = 1 (e - c0n©) = - 222000,

(e, 3¢) z(ae — 2)

for Nz < a. + 2¢ except at z = a.. Because Category II implies that <
952’max), by Lemma 6.7, one can check that 1, (z) satisfies condition (Cla)
of Lemma C.1 with m = 1 and kg = 2. Following the same proof as in case
(a.i) of Theorem 2.2, we can prove that 1, (z) satisfies conditions( C1b) and
(Clc) of Lemma C.1. Thus, by Lemma C.1, & ([x, o)) has exact asymptotic
re~*? ag x — 00. For the second moment generating function, it is analytic
in Gs(a), thus it satisfies condition (C2a) of Lemma C.2. Lemma 6.8 implies

that

. /2
ATl
exists and is nonzero by (7.13). Thus, the moment generating function satis-
fies condition (C2c) of Lemma C.2. Also, inequality (6.11) implies condition
(C2b) of Lemma C.2. Thus, we can apply Lemma C.2 to conclude that
&5([x,00)) has exact asymptotic z~1/2e~%*. Because v1(c) > 0, ya(c) > 0
and z. = ag, by (7.3) and Lemma D.1, the exact asymptotic of ¢.(z) is given
by (7.15).

(c) We assume (3 < 8 < 7/2. In this case, ca. = 7 and v (6>7) = 0.
Because a, < 11/¢1, p2(c12) is analytic at z = a,. If § = ﬁér), then v1(¢) =0
but y2(¢) > 0. Thus, (7.3) reduces to

(1.17) 0e(z) = 2z,
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Since (.(a.) = 0, we can apply Lemma D.4, and therefore p.(x) has the

exact asymptotic given by (7.8). If g # Bgr), then (.(a.) # 0. We here can
not have 71(¢) = 0 because the latter would imply (7.17), contradicting
the fact that 1.(2) is singular at z = a,. Therefore, we have (.(c.) # 0 and
y1(c) # 0. Therefore, 1.(2) has representation (7.9), from which we conclude
that 1.(z) has a simple pole at z = a... Following the same proof as in (a.i)
of Theorem 2.2, we conclude that ¢.(x) has exact asymptotic f.(z) that is
given by (7.8). This completes the proof of Theorem 2.3.

8. Concluding remarks. In this section, we briefly discuss four topics.
They are the non-singular assumption on the covariance matrix X, the large
deviations rate function, the fine exact asymptotics, and an extension to
SRBMs in more than two dimensions.

Singular covariance matrix. Throughout this paper, we have assumed
that X is positive definite, which is equivalent to be non-singular. In appli-
cations, the covariance matrix ¥ may be singular. Consider, for example, a
tandem queue that has a single Poisson arrival process at station 1. Each
station has a single server, and the service times at each station are de-
terministic. In this case, the two-dimensional queue length process can be
modeled by an SRBM that has a singular covariance matrix [12]. When X
is singular, the ellipse OI' becomes a parabolic curve and the set I' is not
bounded. The exact asymptotics analysis should be analogous to the analysis
in this paper, but the detailed analysis is not attempted in this paper.

Large deviations. We next consider the connection of convergence do-
main D with large deviations. As we discussed in Section 1, the rough asymp-
totics of P(Z(c0) € uB) may be interesting for B € B(R? ). We here consider
the large deviations rate function 7 in (1.11) and (1.12). Let B be any con-
vex, closed set of ]R%r and u be a positive number. Since Z(o0) € uB implies

u ig}fB(vﬁ) < (#,Z(c0)) for each # € R?,
we have
e“inf”€B<”’6>]I”(Z(oo) cuB) < E(e<9’z(°°)>) = (),
where inf,cp(v,0) may be —oo, for which the above inequality is trivial.

Hence, as long as ¢(0) < oo, that is, 8 € D,

lim sup E log P(Z(o0) € uB) < — inf (v,0),

u—oo U veEB

and therefore, letting Dy, = {0 € D; 6, > Gg’mm), 0y > 052’min)}, we have

1
(8.1) limsup —logP(Z € uB) < —sup inf (v,6) < — sup inf(v,0).
u—oo U 9eDvEB 0D yin VEB
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0>

0: contact point
0(1,min)

e(l,max)

Y2(0) =0

Y (0) =0 0(2,min)

FiG 13. The supremum of (v,0) for 6 € D attains on Dmin

Since Dy,ip is a bounded convex set and (v,6) is a continuous concave-
convex function when either 6 or v is fixed, by Corollary 37.3.2 of [28], we
have

sup inf (v,0) = inf sup (v,0).
0€Dmin veB veB 0EDmin

Furthermore, from the fact that (6,v) for § € D attains the supremum on
the closure of Dy, for any v € R% (see Figure 13), the right side of the
above inequality equals inf,cp supyep (v, 6). Hence, (8.1) yields

1
(8.2) limsup — logP(Z € uB) < — inf sup(v, 0).
u—oco U vEB gD

Thus, if the rate function I exists, then, from (1.12), we have

(8.3) I(v) > J(v) = zgg(v,c%.

Furthermore, comparing (8.2) with the rate function I in (1.11), we can
say this J is a very good candidate for the rate function I. One may ask
whether J is indeed the rate function using the I obtained in [1, 11]. This
question is also related to how the optimal path in the sample path large
deviations is related to the present results. These questions will be answered
in a subsequent paper. In particular, it will be shown that the equality in
(8.3) holds if and only if 7 ¢ D.

Another interesting question related to the large deviations is the exact
asymptotics of P(Z(c0) € zv + B) for each directional vector v > 0 and a
closed subset B of Rﬁ_. This is a harder problem. It will also be investigated
in the subsequent paper.
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Fine exact asymptotics. For each direction ¢ € R%_, we have derived the
exact tail asymptotics for tail probability g.(x) in the form z"e~** through
the left-most singular point of .. If we carefully examine our proofs in
Section 7.2, we can find its second left-most singular point in many cases.
This suggests a possibility to obtain a finer asymptotic function than the
one given in (1.6). That is, we may refine the tail asymptotics in the form of
(1.10). However, it is notable that constants b, by there can not be obtained
in general. Here, we present fine asymptotics f.(x) for g.(z) as x — oo for
three cases. They illustrate the potential and difficulty for pursuing general
cases.

We assume 7 ¢ T. Thus, we are always in Category I. Furthermore, 1!
can not be identical with 7(?), and line 7 is strictly above n(!) and strictly
below 7(?). We further assume that 71 < Hgl’max) and 7 < 952’max) (see
Figure 3).

(i) ¢ is strictly above n(1) and below or on line 7: (see case (b) of Theo-
rem 2.2):
We first assume that c is strictly below line 7. The left-most singular
point o of 1.(z) is the root of (.(z) by (7.3). Hence, 1.(z) has a simple
pole at z = z.. The next singularity of 1.(z) occurs when either 1 (c2)
or @y(cyz) is singular at z. Because c is below line 7, we have o < 2.
Then, ¢y(c12) is singular at point z = %, which is smaller than Z—z,
the singular point of ¢1(c22). Therefore, z = 7+ is the second left-most
singular point of .(z). We decompose 1. of (7.3) as

Ye(2) = go(2) + g1(2)

where

@ () (ere) + (D1 (€22))
72(c)

go(2) =
91(2) = &0 (p2(c12) — pa(crac)) -

It is easy to see that go(z) has a simple pole at z = a,, and is analytic
for Rz < Z—z except for this pole. On the other hand, ¢;(z) has a
removable pole at z = «., and is analytically extendable for Rz < 2—1,
and singular at z = % In this case, pa(c1z) has a simple pole there

by Lemma 6.6 because of the assumption 73 < 9§1,max)' Hence, by

applying Lemma D.4 for gy and Lemma C.1 for g;, we have
1

(8.4) fo(m) = bee %% + bge 1™,

where b. and by are positive constants.
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(ii) ¢ is on line 7:

In this case, 71 = 72. Hence, both of ¢1(c22) and ¢2(c12) have singu-
larity at z = & = 2. We then can use a similar argument as in (i) to

arrive at the same Cﬁne asymptotic (8.4).
(iii) ¢ is on line n(V):

In this case, z. = a. = 11/c; and pa(z) has a simple pole at z = 7.
Hence, the leftmost singularity of ¢.(z) is a double pole at z = «,
and we need to find the singular point which has a smallest real part
from ¢1(c2z) and @2(cy2) for Rz > .. However, finding the second
singularity of ps(c12) is a bit complicated. To determine its second sin-
gularity, we use (6.8). Because 19 > ¢y > Hél’max), following the proof
of Lemma 6.6, except at z = 71, p2(z) has an analytic extension for

Rz < Hgl’max). Therefore, except at z = 71/c1, @2(c12) has an analytic
extension for Rz < Hgl’max)/cl. If 5 /co < 9§17max)/617 then 75 /¢y is the
second left-most singularity of ¥.(z). By applying Lemma C.1, the tail
distribution g.(z) has the exact asymptotic:

T2

fo(x) = bexe % + bge 2",
Because f,(2) has a branch point at z = Hgl’max), 2(c12) should be

§1,max) /Cl '

singular at z = 6 However, we are not able to verify this

claim. Therefore, when 79/co > Hgl’max)/ c1, we are not able to obtain
a fine asymptotic.

High dimensional SRBMs. The results in this paper may be extended
to cover SRBMs in d dimensions, where d > 3. Indeed, Miyazawa and
Kobayashi [25] have conjectured such extensions. We hope the technical
results in the present paper will be useful to prove these challenging conjec-
tures.

APPENDIX A: DEFINITION OF AN SRBM

In this section, we present the standard definition of a semimartingale
reflecting Brownian motion (SRBM) in the d-dimensional orthant Ri, where
d is a positive integer. We also review the standard definition of positive
recurrence for an SRBM, connecting it with the alternative definition used
in Section 1.

Recall from Section 1 that p is a constant vector in R% ¥ is a d x d
symmetric and strictly positive definite matrix, and R is a d X d matrix.
We shall define an SRBM associated with the data (le_, u, I, R). For this, a
triple (Q, F, {F;}) will be called a filtered space if € is a set, F is a o-field of
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subsets of Q, and {F;} = {F;,t > 0} is an increasing family of sub-o-fields
of F, i.e., a filtration.

DEFINITION A.1. An SRBM associated with (Ri,u,F, R) is a continu-
ous {F;}-adapted d-dimensional process Z = {Z(t),t > 0}, together with a
family of probability measures {P,,x € S}, defined on some filtered space
(Q, F,{F:}) such that, for each z € S, under P, (1.1) and (1.4) hold, where,
writing W (t) = X (t) — ut for t > 0, W is a d-dimensional Brownian motion
with covariance matrix ¥, an {F;}-martingale such that W(0) = x P,-a.s.,
and Y is an {F;}-adapted d-dimensional process such that P -a.s. (1.2) and
(1.3) hold. Here (1.2) is interpreted to hold for each component of Y, and
(1.3) is defined to be

t
(Al) / 1{Zi(s)7$0} dY;(S) =0 forallt > 0.
0

Definition A.1 gives the so-called weak formulation of an SRBM. It is a
standard definition adopted in the literature; see, for example, [7] and [30].
Note that condition (A.1) is equivalent to the condition that, for each ¢ > 0,
Z;(t) > 0 implies Y;(t — ) = Y;(t + 6) for some § > 0. [27] showed that a
necessary condition for a (Ri, i, 2, R)-SRBM to exist is that the reflection
matrix R is completely-S (this term was defined in Section 1). [29] showed
that when R is completely-S, a (Ri, i, X, R)-SRBM Z exists and Z is unique
in law under P, for each = € S. Furthermore, Z, together with the family
of probability measures {P,,z € le_}, is a Feller continuous strong Markov
process.

APPENDIX B: IMPOSSIBLE CATEGORY

We show that the other category than Categories I, IT and III is impossi-
ble.

LEMMA B.1.  The following category cannot occur:
(B.1) 6" > o apa o80T > 630

PROOF. Assume that (B.1) holds. Since 2(#11)) < 0 and v, (§31)) <0,
we have

0&2”7’11 + 9§2I)7’21 <0, le’F)Tlg + Qél’F)ng <0.
Since 711,792 > 0, then (B.1) implies that

0&1”7’11 + 9§2I)7’21 <0, le’r)ﬁg + ng’F)ng < 0.
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These inequalities imply 791,712 < 0 since ngk’r) > 0. It follows that

ler) (7’117’22 — T12T21) < 0.

This is impossible because of Hgl’F) > 0 and the stability condition (2.2). [

APPENDIX C: COMPLEX INVERSION TECHNIQUE

As we planed in Section 6, we use complex variable moment generating
functions for proving Theorems 2.2 and 2.3. In this section, we first present
classical results for obtaining exact tail asymptotics from a complex variable
moment generating function. For this, we refer to Doetsch [5] similarly to
[26].

Let f be a nonnegative valued, continuous and integrable function on
[0,00), and define the complex variable function g as

(C.1) g9(z) = / e** f(x) dx, Rz < o,
0

where ag = ¢p(g)(= sup{f > 0: g(f) < co}). By Lemma 6.1, o is the left-

most singular point of g(z), and g(z) is analytic for Rz < «p. We analytically

expand this function g, which is also denoted by g. We are interested in the

following two cases for ag > 0.

(C1) g(z) has a pole at z = ap, and there is a positive number a; > ag
such that g(z) is analytic except for this pole for Rz < a;.

(C2) g(z) has a branch point at z = ag, and there is an angle § € [0, %71)
such that g(z) is analytic on the set Gs(ag) = {z € C: z # ay, | arg(z —
ap)| >}, where arg z € (—m, 7) is the principal part of the argument
of complex number z.

The basic idea for case (C1) is extracting a suitable function go(z) from
g(z) so that g(z) — go(2) is analytic 8z < a;. From the assumptions in (C1),
go(z) has a pole at z = ag. Let k£ > 1 be the order of this pole. Then,

o

z)= ———
2 = fag 27
for some constant ¢y > 0. Choose @ such that ag < @ < «ay. Let L, be the
boundary of the rectangle {z € C;0 < Rz < @, |Sz| < v} for each v > 0.
Then, from the Cauchy integral formula, we have
1 Co

- —2T g, k—1_—apz > 0.
57 ngo(z)e z F(k‘)x e , T >
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Denote the right side function by fy(t), and decompose g as

9(2) = go(2) + g(2) — go(2).

Because g(z) — go(2) is analytic on the rectangle,
(©2) | e 0 — ooz o

Under the assumption (C1): f is nonnegative, [ f(z)dz < oo and f(z) is
continuous in (0, 00), the inversion formula

“+700
fa) = = / e g(2)dz

T omi )
always holds. Assume that

lim  sup |g(z+iy)| =0,

|y|—o00 €[, 1]

and the integral fj;o e~ ™Y g(a + iy)dy converges at a fixed z > 0. Applying
the counter integral on L, to both sides of equation (C.2) and letting v — oo,
we have for z > 0

+100 a—+100
f(z) = ! / e **g(z)dz = fo(z) + ! / e "g(z)dz

211 — 00 2mi a—100

1 _ too
= fo(x) + 5 e_o‘x/ e "Yg(a +iy)dy.
— 0o

If the integral fj;o e~ g(a+iy)dy uniformly converges for z > T, where
T > 0 is some constant, by the Riemann-Lebesgue Lemma (c.f. [5, Theorem

23.3]),
—+00

lim e~ g(@ + iy)dy = 0.
z—00 |
Because @ > ag, we have f(z) = fo(z) + o(e”%*) as x — oo.
We can similarly prove the following lemma, which is a special case of
Theorem 35.1 in [5].

LEMMA C.1.  Let g be the moment generating function of a nonnegative,
continuous and integrable function f. If the following conditions are satisfied
for some integer m > 1 and some number o, > 0,
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(Cla) there is a complex variable function go(z) such that, some in-
tegers kj and some numbers cj, o for j = 0,1,...m — 1 such that
O<ap<ag < <Om_q <y and

—_

m—

go(Z) = Z (Ozjiijz)kl’

i=0

and g(z) — go(2) is analytic for Rz < a,,
(C1b) g(z) uniformly converges to 0 as z — oo for 0 < Rz < ayp,
(Clc) the integral

400 .
/ e " g(am +iy)dy
— 0o

uniformly converges for x > T for some T > 0,

then

—_

m—

(C3)  fla)=Y" Fféj)xkj—le—ajf Fo(e @),z — o0,
j=

where conditions (C1b) and (Clc) are satisfied if, for some constants
a,b,6 >0,

a
(C.4) lg(2)] < Eizk Rz € [0, am], |Sz| > 0.

For case (C2), the situation is a bit complicated, but the idea is essen-
tially the same. We need the counter integral along the boundary of Gs(a)
instead of Fourier inversion formula. The following lemma is a special case
of Theorem 37.1 of Doetsch [5].

LEMMA C.2.  For the f,g of Lemma C.1, if the following two conditions
hold for some a > 0 and some § € [0, 5):

(C2a) g(z) is analytic on Gs(),
(C2b) g(z) = 0 as |z| = oo for z € Gs(a),
(C2c) for some a € R, A € R and ¢y € R,
(C.5) lim (o —2)*(g(2) — a) = o,

z—a
2€Gs(a)

(C.6) fz) = Fig\)w’\_le_ax(l +o(1)).
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where, T'(X\) is the Gamma function as defined in Section 53 of Volume II of
[23] (see also Theorem 10.14 in its Section 54 for its integral representation),
and by convention ﬁ =0 when A=0,—-1,-2,....

APPENDIX D: DECOMPOSING A MOMENT GENERATING
FUNCTION

In application of Lemmas C.1 and C.2, we need to verify that the density
function f is continuous in (0, c0). Furthermore, we may need to decompose
the moment generating function ¢ of interest into the linear combination
of moment generating functions for which those lemmas are applicable. We
present their details in this appendix. For convenience, we refer to an inte-
grable nonnegative function as a density. We first note the following basic
fact.

LEMMA D.1. Let g1 and go be the moment generating functions of finite
measures 1 and & on [0,00). For any non zero real constants dy and da, let

g(s) =digi(s) +daga(s)  fors <O0.

Then g is the moment generating function of the signed measure & defined
by

§(B) = di&(B) + d2&2(B), B € B([0,0)).
In particular, if & and & have densities f1 and fo, then & has density f

(D.1) f(z) =difi(z) +dafa(x) foraxz>0.

In verifying the continuity of densities as well as decomposing moment
generating functions, the following two results are useful.

LEMMA D.2. Assume that g is the moment generating function of a
finite measure £ on [0,00). Let so > 0 be fized. Define, for k € {1,2,...},

g(s)
(D2) h(S) = m fOT S S 0.
Then h is the moment generating function of some density function on
[0,00). In particular, this density is continuous if & has has no atom.

PRrROOF. Let g1(s) = (so/(s0 — 5))¥ for s < 0. Then gi(s) is the mo-
ment generating function of the Erlang distribution with order & and mean
(kso)~t. Clearly, h(s) = g1(s)ga(s) for s < 0, where ga(s) = g(s)/sk is the
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moment generating function of measure £/ 8’5. Therefore, h is the moment
generating function of the convolution of measure £/ slg and the Erlang dis-
tribution. Since the Erlang distribution has a density, this convolution must
have a density. The remaining statement is immediate from this convolution
and the fact that £ has no atom. O

LEMMA D.3. Let g be the same as in Lemma D.2, and assume g(s1) is
finite for some constant s1 € R. Let

s1) —g(s
(D.3) h(s) = M, s < s1.

S1— S
Then h is also the moment generating function of a density function on
[0,00), and has the same convergence parameter as g (see Lemma 6.1 for
its definition). In particular, this density is continuous if & has no atom.

PROOF. The statement on the convergence parameter is immediate from
the definition of h. For s < s1,

s—s1)u _

ooe(
h(s) = /0 71651“5(6121)

S — 81

= / /e(s_sl)xduesluﬁ(du)
0o Jo

= / / et D) E (du)es® du.
0 T

Hence, h(s) is the moment generating function of the density e~*!* f;o estt x
&(du), which is continuous in zx if £ has no atom. O

In application of Lemma C.1, the condition (C1b) is annoying. In our
application, the following result is sufficient.

LEMMA D.4.  Assume a complex variable function h is given by (D.2)
with g such that & has no atom. Denote a continuous density on [0,00)
whose moment generating function is h by f. If g(so + €) < oo for some
€ >0, then

(D.4) f(a:) = 7(5(;901))':Ek_16_50x + o(azk_le_sox), T — 00.

Proor. For k =1, we decompose g as

50 g(s0)  g(s0) —g(2)
hz) = (so —2) so so—z
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By Lemmas D.2 and D.3, it is clear that g is a linear combination of moment
generating functions. Since so/(so — 2) is the moment generating function of
the exponential distribution with mean 1/(so) and (g(so) — g(2))/(so — 2) is
the moment generating function of the density ¢(sg)e 0 f;o €€ (dy) (see
the proof of Lemma D.3), it follows from the above decomposition and the
no atom assumption that

F(x) = g(so)e™"" — g (sg)e 0 / eovE (dy),

which clearly implies (D.4). For k > 2, we can apply Lemma C.1 since (C.4)
is satisfied and g(z) is bounded for Rz < s¢ + €/2. Hence, we get (D.4). O

Once we get an asymptotic of the form z"e~*" for a density, we can get
the same asymptotic for the corresponding tail probability by the following
lemma.

LEMMA D.5. Let p(z) be a measurable function on [0,00). If p(x) =
baz" e~ + o(z e~ ") as x — oo for some bya > 0 and some real number
K, then

(D.5) / p(u)du = bx"e™* + o(z"e” )  as x — 0.

PROOF. Let € > 0 be fixed. From the assumption on the p, there is an
xo > 0 such that

au

Ip(u) — bau™e™ ™| < eaue” for u > x.

Integrating both sides from x to oo, we have, for any x > xg,

/ p(u)du—b/ u ae” “du

o0 o0
/ uwfoae”du = e + / kutle=dy,
x x

(D.6)

(o)
< e/ uwFae” ™ du.
xr

Since

and, by 'Hopital’s rule,
1 o] _kwﬁ—le—ax
lim ku""te %du = lim =0,
z—00 pre—oT [ T—00 (—aw“ + kxn—l)e—ax

it follows from (D.6) that

1

:I:He—O!SC

lim
Tr—r00

/ p(u)du — b‘ <e.

This implies (D.5) since € > 0 can be arbitrarily small. O
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