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ON THE SUPERPOSITION OF HETEROGENEOUS
TRAFFIC AT LARGE TIME SCALES

By Luis LOPEZ-OLIVEROS AND SIDNEY I. RESNICK
Cornell University

Various empirical and theoretical studies indicate that cumula-
tive network traffic is a Gaussian process. However, depending on
whether the intensity at which sessions are initiated is large or small
relative to the session duration tail, [25] and [15] have shown that
traffic at large time scales can be approximated by either fractional
Brownian motion (fBm) or stable Lévy motion. We study distribu-
tional properties of cumulative traffic that consists of a finite number
of independent streams and give an explanation of why Gaussian
examples abound in practice but not stable Lévy motion. We offer
an explanation of how much vertical aggregation is needed for the
Gaussian approximation to hold. Our results are expressed as limit
theorems for a sequence of cumulative traffic processes whose session
initiation intensities satisfy growth rates similar to those used in [25].

1. Introduction. Collection of data network measurements often uses
an algorithm for clustering packets with the same source and destination IP
addresses. Various criteria for grouping packets yield different entities, e.g.
connections, flows (or unidirectional connections), end-to-end streams, etc.
[See e.g. 33, Section 4]. These high-order constructs of packet clusters are
sometimes termed sessions. For now, think of a session as a user downloading
a file, streaming media, or accessing websites. For each session, summary
measurements are computed for the size (the number of bytes transmitted
in a session), the duration of the session and the average transfer rate. Data
sets of these summaries show some distinctive properties, such as heavy tails
for session size and duration [1, 7, 39] and sometimes rate [23, 29].

Typically, a time resolution or granularity is selected or imposed. Typical
resolutions are 1, 10 or 100 milliseconds, 1 second, 1 minute, 1 hour, etc.
Once a resolution is fixed, the number of bytes or number of packets per unit
time can be recorded and cumulative network loads over stationary time in-
tervals computed. These cumulative loads have been studied from empirical
and theoretical perspectives with the objectives of satisfying performance
criterion and offering adequate bandwidth provisioning [37] or predicting
properties of congestion events [14].
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Conventional wisdom based on empirical studies claims that a heavily
loaded network link subject to aggregation over many users should see Gaus-
sian traffic. This wisdom is considered a network invariant. Influential ex-
amples based on the Bellcore measurements [21] suggest that horizontal
aggregation, that is, working with a single on/off stream at sufficiently large
time scale justifies Gaussian modeling. See also [20] and [41].

However, mathematically it is known that with heavy tailed session du-
rations, cumulative load at large time scales can be approximated by either
fractional Brownian motion (fBm) or stable Lévy motion, depending on
whether the intensity at which sessions are initiated is large or small relative
to the size of the duration tails. See [25, 15, 36]. The stable approximation
has not been observed empirically [11] and use of Gaussian cumulative loads
has become dominant [17, 34, 13].

But why should traffic be Gaussian? According to the empirical study
[38], in addition to horizontal aggregation, the superposition of independent
traffic streams, that is, vertical aggregation, can justify a Gaussian model
and, in fact, the number of traffic streams need not be large to make cumu-
lative loads approximately Gaussian.

In this paper we

e study the distribution of the cumulative load in the presence of a finite
number of independent traffic streams;

e give an explanation for why Gaussian examples abound in practice but
not stable ones;

e answer how much vertical aggregation is needed to justify the use of
fBm.

Our findings suggest that cumulative load for aggregate traffic can be
approximated by fBm at large time scales provided the initiation intensity
of at least one of the traffic components is large. Network traffic in the wild
has several distinct constituents and we claim that in practice there is one
or more components with dominant large initiation intensities. For example,
this should be the case with web traffic using port 80 and this suggests why
Gaussian traffic should be pervasive [38].

Before discussing mathematical details, we illustrate the phenomena of
interest with a motivating example of a network trace captured at Cornell
University main campus servers during 55 days between November 2, 2009,
and January 15, 2010. Cornell’s data set is a collection of netflow records,
where all non-IP traffic has been discarded and only TCP and UPD traffic
is present in the trace. A netflow is a collection of packets with the same
source and destination IP addresses, source and destination ports, protocol,
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ingress interface and IP type of service [5]. In our data, TCP traffic accounts
for nearly 90% of the bytes, and over 80% of the total number of netflows,
mostly port 80 (http traffic) netflows. We have taken the part of the trace
corresponding to both outgoing and incoming traffic between 1 and 5 p.m.
local time, adding up to 220 hours of traffic. The anonymization procedure
used on the data obliterated the distinction between outgoing and incoming
flows.

We analyze the distribution of AT¢P) and AUPP) namely the cumulative
load generated by TCP and UDP bytes, respectively. For this purpose, we
separate the trace into TCP and UDP netflows and for £ = 1,...,220 we
count

A,(CTCP) := total number of TCP bytes captured in the kth hour,

A,iUDP) := total number of UDP bytes captured in the kth hour.

Due to the dates and times of collection, these counts exhibit both a trend
and a daily seasonality. Here we detrend and remove daily seasonality [see
e.g. 4, Section 1.4], but our conclusions are the same without this massage.

Figure 1 shows Gaussian QQ plots for ATCP) (left) and AUPP) (right).
A straight line fit is evident for the TCP cumulative input. However, the
UDP counterpart shows a significant departure from the straight line. Using
the p-values of the Anderson-Darling two-sided test also shows no evidence
against the normality of A(TCP) (p = 0.1369), but strong evidence against
a Gaussian model for AUPP) (p =9.8 x 10719).

We also check whether A(UPP) is a heavy-tailed random variable, in the
sense of its distribution tail being regularly varying with tail index « [9, 30].
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Fi1c 1. Normal QQ plots of cumulative inputs. Left: TCP traffic. Right: UDP traffic.
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F1G 2. Plots for the UDP cumulative input. Left: Hill plot of tail index with 95% confidence
interval. Right: Exponential QQ plot of the log data.

For instance, Figure 2 left shows a stable regime in the Hill plot of « [for
Hill plots, see e.g. 12, 10, 30]. Additionally, in Figure 2 right we present
the exponential QQ plot of log(A(UDP )) with a straight line fit through
the biggest 55 observations. This shows no evidence against approximating
the distribution of thresholded values of AUPP) by a Pareto (Recall that
the logarithm of Pareto random variable is exponential; see, for example,
[24, 30, 6].)

If we consider the aggregated cumulative load, A , the nor-
mal QQ plot in Figure 3 exhibits a straight line fit and the Anderson-Darling
test p—value is 0.2117, showing no evidence to reject normality. Without ac-
counting for centering and scaling, this result is rather counterintuitive due
to the nature of the individual tails of ATCP) and AWUDPP),

Our explanation to the above phenomenon starts by modeling the quan-
tity of data in windows of length T in Section 2. Analogously to the slow
and fast growths of [25], we define two different scenarios for the aggregated
traffic. A third scenario is defined similarly to the boundary case considered
in [15]. In Section 3 we obtain approximations and provide clarification of
the asymptotic behavior at large time scales. We let T — oo and see what
limits exist for the aggregated cumulative load. In Section 4 we study ex-
tensions to our model and finally Section 5 contains some technical results
used to prove our main theorems.

(TCP) 4 p(UDP)
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F1c 3. Normal QQ plot of the aggregated cumulative input.

1.1. Notation. In order to simplify the later presentation, we introduce
and collect some notation. References are provided for further reading.

F
F<—

f1~ fo

idi
T,

M+ (07 OO]
RV,

¢ =PRM(EY)

o

§

o0
FY?hL;

The right tail of the distribution function F, i.e. F=1—F.
The left continuous inverse of the distribution function F,
ie. F¥ (y) = inf{z : F(z) > y}.
limg 00 f1(2)/ f2(x) = 1.
Convergence of finite dimensional distributions.
Vague convergence of measures. See e.g. [16, 28].
The space of nonnegative Radon measures on (0, 0o].
The class of regularly varying functions with index ~.
See e.g. [3, 9, 27].
A Poisson random measure £ with mean measure E¢.
A compensated Poisson random measure with mean
measure F¢, i.e. 2‘ =¢— FE.

5, = PRM(ds - yu~ 0 du - hs(dr)) on R x (0,00)2,
where hs is a measure on (0, 00) such that hs[-, 00) € RV_;.

If hs(dr) = 6r~ D dr, we may simply write fve
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M, (dv) A y—stable random measure with
control measure m(dv) and stable index 1 < v < 2.

For ¢ = PRM(m(dv)w~ "tV dw), we can write

d T
My m(A) = (( cos 1) %) fAf w{‘ (dv, dw).
See e.g. [32, Chapter 3].
A() A ~—stable Lévy motion totally skewed to the right
with stable index 1 < v < 2.

In general, we can write

d
A (t) = (( cos 1) 2&2 17 ) Jo" Locvaty My m(dv).
See e.g. [32, Chapter 3].

Br() The standard fractional Brownian motion

with Hurst exponent H.

2. Model description and basic assumptions. Consider a network
that has an infinite number of nodes. At certain times, a node begins a
transmission session at a random rate that is fixed throughout the session.
Suppose network traffic consists of p distinct types which we call streams.
In practice, such a division of network traffic arises naturally; e.g. traffic can
be segmented by application type (web, email, streaming media, file-sharing
applications, etc.), by protocol (TCP, UDP, IMTP, etc.), and even by users.
We suppose the p streams are independent and that each follows an M /G /oo
input model. The overall load is obtained by aggregating over the p streams.
Thus, the basic assumptions are as follows:

e Sessions corresponding to the jth stream are initiated at homoge-
nous Poisson time points {Fg ) —oo < k < oo} with arrival intensity
AU) > 0. These points are labeled so that T (()J J<o0<T gj ) whence
{—-F(()j),ng), (Fgll - Fl(j), k # 0)} are iid exponential with parameter
AU). Thus, we have:

> i) = PRM(AD)ds).
k
We assume that these PRMs are independent.

e All the sessions in the network transmit data at positive random rates
that are iid with common distribution Fg. Let {R]g] )} be the rate of
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the kth session of the jth stream. Assume that either Fp € RV_,,,
l1<aprp<2,or E[(Rgl))z] < 00. In either case, define up := ERgl).

e Sessions in the jth stream have positive durations {D,gj)}, 7=1....p,
that are iid Fg), with Fg) € RV_ag), 1< a%) < 2, and ,u%) = Eng).
In general, not all the ag)s are equal.

e We also assume mutually independent durations across streams, and
that durations and rates are independent.

There is empirical evidence justifying the choices of ag)s and apg: See e.g.

[8, 40, 21, 29, 22]. For now, we adopt a network-centric approach by assuming

the rate of communication entirely depends on the state and speed of the

network. Studies supporting this assumption include [35] and [19].

We will need

p
(2.1) A=) A0,

j=1
(2.2) Z (AN FY),

and the quantile functions

(2.3) b9 (1) = (1/FS)(t) = (FY)= (1 - 1/),
. bo(t) = (1/Fp)* (1) = Fi (1—1/1),
(2.5) br(t) = (1/Fr)* (1) = F; (1 - 1/1),

Notice that Fp is the mixture model of the durations of the p streams, with
weights AU) /X, j =1,...,p. In fact, Fp is the distribution of the duration
of the sessions of the aggregated stream, and AU / A is the proportion of
the traffic that consists of sessions from the jth stream. We return to this
interpretation later.

Now consider (s, u,r) as a generic Poisson point representing a session that
starts at time s, has duration u and rate r. By augmentation, the counting
function of the session descriptors (I‘,(g ),D,(f ),R,(f )) of the jth stream on
R x [0,00)? is

NO=) €0 pW) RO
k

(2.6) = PRM(ADdsFY (du)Fr(dr)), j=1,...,p.
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By independence, the counting function of the session descriptors of the
aggregated stream is

N = Ep: N = PRM [ Ads Ep:(w JNFY (du) Fr(dr)
j=1 Jj=1
(2.7) = PRM(\dsFp(du)Fr(dr)).

Thus, the mean measures of the NU) and N are given by

ENYD(ds, du,dr) := \DdsFI (du)Fr(dr), j=1,...,p,
EN(ds,du,dr) := AdsFp(du)Fgr(dr).

In addition, let

t U
(28) Lt(37u) = ‘[Oat] N [37 s+ u” = /0 1[s,s+u] (y)dy = /0 1[0,t] (y + S)dy7

be the length of the subinterval of [0,¢] during which the session (s,u,r)
transmits data. In Lemma 5.4, we summarize several required properties of
Li(s,u).

For each j, define

AU)(t) := cumulative input in [0,#] from the jth stream

(2.9) / / / rLy(s,0) N (ds, du, dr),

and similarly

= cumulative input in [0,¢] from the aggregated stream

(2.10) / / / rLy(s,w)N (ds, du, dr).

([15] showed that these integrals are well defined using Campbell’s theorem
[18, Section 3.2].) Also,

EAD(t) =MD 0Dyt BA®) =3 AD 0B gt = Mupprt,
j=1

where
(2.11) np =Y (AP /)P

is the mean of the mixture model of the durations of the different streams.
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Observe that we can write the cumulative inputs as linear drift plus com-
pensated random Poisson fluctuation as follows:

(2.12) AW (@¢) = wmngH/ / / rLy(s,u)N (ds, du, dr),
—o0 J0 0
(2.13) A(t) :== Aupprt +/ / / rLt(s,u)]if(ds, du, dr).
—o0 J0 0

After scaling time by T', we think of Agz): = (AU(Tt),t >0),j=1,...,p
and Ar: = (A(Tt),t > 0) for large T, as the cumulative inputs on large
time scales. Thus, we consider a family of models indexed by the time scale
parameter T and from now on we let the arrival intensities depend on 1" so
that AU) := A\U)(T). If necessary, we let \;(T) — oo as T — oo (see (2.15)).

Dependence of the arrival intensities on 1" means A, Fp, bg) and bp as de-
fined in (2.1)—(2.4) depend on T' as well; however, notice that the tail indices
of the distribution of the duration, namely ag), remain independent of T
In practice, the fact that we focus on the stream at a particular time period,
say [0,T't], does not affect the tail index of the distribution of the sessions
duration, which is in accordance with our assumptions. For convenience, we
often suppress the subscript 7T'.

Fix j, 1 < j < p and in the Tth model, let A((;j)(t) be the centered and
scaled cumulative input of the jth stream in [0, 7¢], that is

. AD (T — D 9 Tt
(2.14) A0 ¢y = AT = Ny prTt
a(J)(T)

for a suitable a;(T') to be made precise below. Assuming limy_, o AT F g ) (T)
exists, the asymptotic behavior of AEJS) (t) as T'— oo, depends on whether the
arrival rate is large, moderate, or small, relative to the tail of the duration.

THEOREM 2.1.  [25, 15]. For any 1 < j < p, consider the following three
growth regimes of the arrival rate:

00, fast-growth.
) N () _
(2.15) lim ANITEI(T) = 81 hoderate-growth,
—00 J
0, slow-growth,

where ¢; € (0,00). (The form of the moderate-growth limit facilitates a
simple expression of the corresponding limit process.) Assume that either

Fr e RV_pp, R > ag) or E[(Rgl))ﬂ < oo. (If ag < ag), the limit process
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18 the same for all three growth regimes and the distinction among the growth
regimes is irrelevant [15, Theorem /].)
(a) Under fast-growth, we distinguish two subcases:
. 1
(i) If E[(R}")?] < oc,

fldl [(R(l)) ]1/2 (4) BH(J')(')7 T — oo,

(7)
Ac{s() B (])()

where ‘ ‘ '
aO(T) = NOTO R (1),

p— :_ .
0 (e =12 - a6 - af)

and By is a fractional Brownian motion with Hurst exponent

HY = (3—a))/2 € (1/2,1).
(ii) If Fr € RV_op,1 < o) <ap < 2, then
ADO) LIS Z 6 (), T,
ap’,a

where ' ‘
aUN(T) = Top(ATFY(T)),

) / / / rLi(s,u) N @) o o (ds, du),
O‘D ,aR

¢ ([ anmotl) 2 o))
T @) () X
ap (ap —1)
/ / Li(s,u)Mq, m(ds, du),

and Mg, m(ds,du) is a ap-stable random measure with control
measure

m(ds,du) = ds - ag)u_(ag)ﬂ)du.

Thus, the process Z_;) aR(t) is ap-stable and HY) -similar with
D >

gU — (g +1— ag))/aR € (1/ag,1).
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(b) Under moderate-growth
; idi
AD ) F Y, o) (fe), T = oc,

where

and o e e
Y (1) Z/ / / TLt(S,U)j{[a(J) . (ds, du, dr).
“p —c0Jo Jo C

(c) Under slow-growth

idi NOBYNG)
() 5 BIRDPS)DN (), T — o,

AU

CcS

where ' _ ‘
a (1) = bg)()\(J)T)7
A ) is an ag)-stable Lévy motion totally skewed to the right, which we
ap

can write as

j () o0 o0 © o OO
E[(Rﬁl))a‘g,wl/aé Aag>(t)=/ /0 /0 url{ocs<tyNo®) g, (ds, du, dr)

, NN

d ﬂa(D]) (2 — ag)) /eb

= — oS . . X
2 a(j)(ag) —1)

/ / rliocs<iyM ) (ds,dr),
—o00 J0 D>
€))

and M_) m(ds,dr) is an ay)’ -stable random measure with control mea-
D
sure

m(ds,dr) = dsFr(dr).

Real network traffic consists of several distinct types and in this paper we
are interested in the centered and scaled cumulative input of the superim-
posed streams in [0, T't], namely

A(Tt) — AppprTt
a(T) ’

for a suitable a(7"). In order to study the limit distribution of A.s(t) as
T — oo, let F, M, S be the subsets of indices of streams whose arrival
intensities behave under the fast-, moderate-, and slow-growth regimes, re-
spectively.

Assuming that all indices belong to one of these three classes, consider
the following scenarios.

(2.16) Aus(t) =
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Scenario F There is at least one stream whose arrival intensity satisfies
fast-growth; i.e. F # (). In this case, the aggregated stream’s arrival
intensity also satisfies fast-growth:

(2.17) ATFp(T) > S AITEY(T) = 0, T — o0,
JjeEF

Scenario M No stream’s arrival intensity satisfies fast-growth, but at least
one stream satisfies moderate-growth; i.e. 7 = () and M # (). Then,
the aggregated stream’s arrival intensity satisfies moderate growth,

since
(2.18) N Ep(T) — P71 T — oo,
where
p .
(2.19) ap = \ a¥
j=1
and
1/(ap—1)
ag)—l
(2.20) c=[Y ¢

JjEM
Scenario § All the stream’s arrival intensities satisfy slow growth, that is

S ={1,...,p}. In this case, the aggregated stream’s arrival intensity
also satisfies slow-growth:

(2.21) ATFp(T) =Y NITEY(T) »0, T - .
jes

The different growth regimes in Theorem 2.1 are specified by the arrival
intensity A¢), and the distribution Fg ) of the duration of the sessions of the
jth stream. While AU) = A0)/(T') — 00 as T — oo, Fg) does not vary with
T. However, the growth regimes described in Scenarios F, M and S are
given in terms of the arrival rate A\, and the distribution Fp of the duration
of the sessions of the aggregated stream and here both A\ and Fp vary with
T, as seen in (2.2). Therefore, we cannot directly apply Theorem 2.1 for the
aggregated stream when

(2.22) )\(j)/)\ = proportion of the sessions that belong to the jth stream,
j = 17 A 7p7
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are functions of T'. Nevertheless, in the special case that these proportions
are constant, Fp does not vary with 7', and a direct application of Theorem
2.1 yields the following result.

COROLLARY 2.2.  Suppose that for all T (or at least for T large enough),

the proportions )\(j)/)\ remain constant, j =1,...,p, so that
— P . — (s
Fp =Y (AW/NEY € RV_.,,
j=1

where ap is given in (2.19). Let the Scenarios F, M and S take the place
of the fast-, moderate- and slow-growth regimes.

If Fr € RV_np,,ar > ap or E[(Rgl))z] < 00, then Theorem 2.1 holds for
Acs(+), where ag), Fl()]) and c; are replaced by ap, Fp, and the constant c
in (2.20), respectively.

If Fr € RV_.,,ar < ap, the distinction among Scenarios F, M and S
1s 1rrelevant, and limit results are discussed in Section 4.

Implications of Corollary 2.2. This result provides a partial answer to
the question of how much aggregation is required for traffic to be Gaus-
sian at large time scales: Suppose that at least one traffic stream falls in
the fast-growth regime, thus generating a cumulative input that can be ap-
proximated by fractional Brownian motion. When applicable, Corollary 2.2
implies that the superimposed traffic load can also be approximated by frac-
tional Brownian motion.

In the case that the traffic also contains streams that satisfy the slow-
growth regime, Corollary 2.2 is somewhat counterintuitive due to the na-
ture of the distribution tails of the two limit processes. Although these slow-
growth streams produce cumulative inputs that are approximately stable
Lévy-motion when considered individually, with the inclusion of one single
stream that behaves under the fast-growth regime, the cumulative aggre-
gated input is approximately Gaussian.

Moreover, a sufficient condition for the fast-growth regime of Scenario F
is that a single stream, say the jth one, satisfies fast-growth, even if all the
other streams’ arrival intensities do not follow a growth regime at all. In this
sense, Scenario F is a robust assumption. We will see that as long as one
ag) < ap, the limit result of Corollary 2.2 is still valid.

In real networks, there are arguably streams with large initiation rates.
For instance, the arrival rates of http traffic must be large, since there are a
large number of users constantly accessing websites and this translates into
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Scenario F. Furthermore, even though some studies report or assume session
transmission rates have infinite variance, the assumption E [(Rgl))2] < 00
may be justified by rate constraint mechanisms required for congestion con-
trol. Although assumptions always deserve rigorous scrutiny, Corollary 2.2
provides a compelling explanation for the data example in Section 1.

We now address more general assumptions which allow the conclusions of
Corollary 2.2 to hold. While the assumption of constant proportions AU )/ A
may sometimes be reasonable, in general the proportions of sessions corre-
sponding to the p independent streams are not constant over time. We may
have that lim AU) /X exists or, more generally, that AU)/\ € (a,b) C (0,1)
varies with no limit whatsoever. Extending the conclusions of Corollary 2.2
to under weaker assumptions is the focus of the next section.

3. Behavior of cumulative load of aggregated streams. We prove
that the conclusion of Corollary 2.2 is still valid even when the proportion
of the sessions corresponding to the p independent streams is not constant.
Here is the result:

THEOREM 3.1. Assume that

my ©)
(3.1) thi)lO%f \/ AV N >0,
j:a(j)zaD
D

Let the Scenarios F, M and S take the place of the fast-, moderate- and
slow-growth regimes.
If Fp € RV_np,,ar > ap or E[(Rgl))z] < 00, then Theorem 2.1 holds for

Acs(+), where ag), Fg) and c; are respectively replaced by

» 1/(ap—1)

b , . RO
J=1 J=1 JjEM

If Fr € RV_,,,,ar < ap, the distinction among Scenarios F, M and S
is irrelevant, and limit results are discussed in Section 4.

Condition 3.1 implies that there exists d > 0 such that for all T sufficiently
large, there is at least one k = k(T such that a(Dk) = ap and A\*) /X > d.
Roughly speaking, this means that the proportion of the traffic with the
heaviest-tailed duration always remains greater than a positive quantity.

All the limits in Theorem 3.1 follow from the convergence of the char-
acteristic function of the finite-dimensional distributions (fidi chf) of the
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processes. Thus, let m > 1 represent the dimension, 0 < ty,...,t,, the
times, and 21, ..., 2z, arbitrary real numbers; we need

m m
g(s,u,r) = exp ZZ zjrLy;(s,u) p —1— ZZ zjr Ly, (s,u),
j=1 j=1

as defined in Proposition 5.6.
From the second integral in (2.8), we can compute the partial derivative
of L(s,u) with respect to u, which yields

0
s —wur) = gl
m m
(3.2) =1 | exp ’LZ zjrLy; (s —u,u) p — 1 Z 2k L10,4,1(8),
j=1 k=1

where g, is the partial derivative of g(s,u,r) with respect to u. Moreover,
putting together (5.4), (5.16), (5.18), the bounds in Lemmas 5.4 and 5.7, we
get
(3.3)
m m
exp iszTLtj(s —u,u) p — 1 < QZ |2 (t; Auw)rS, 0< ¢ <.
j=1 Jj=1

We will use three more relations in the proof of Theorem 3.1: For
0 < n < 1, there exists a number Ty = Ty(n) > 0 such that for T > Ty
and bD()\T) > TQ,
Fp(Tw)/Fp(T >Ty/T
(34) QD {u_ﬁvun}z _D( ’LL)/ D( )l u = 0/ 5
FD(bD()\T)u)/FD(bD()\T)), u > TQ/b()\T),

Fp(T
(3.5) F{;)((sz;) < ppT*P~ T w < Ty/T,
and
36)  TROoQDW) ATty < Ty by (AT).

Fp(bp(AT))

We can readily derive (3.4) from Lemma 5.3. Both (3.5) and (3.6) follow from
Markov’s Inequality and, for example, [28, Proposition 0.8] or [3, Proposi-
tion 1.3.6].
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PROOF OF THEOREM 3.1. We use the same framework as in [15]. How-
ever, generalizing [15]’s proofs from Pareto to the regularly varying case
induces technical difficulties.

First, we will prove parts (b) and (c). For both parts, set 0 <n < ap —1
and 0 < ¢ < 1 such that

ag, ifFr€ RV_4,,1<agr<2,

ap+n<14+(<
D ¢ {2, if E[(R")?] < oo.

Part (b). Under Scenario M, use a(7T') = T, apply Proposition 5.6, yield-
ing as T' — o0

:/OO /OO /oogu( AT Fp (T )?;(T))d duFp(dr)

_>/ / / gu —Uu,u 7’) ap—ly, aDdeuFR(dT)
e =t [T [ g ENg, | ds.dudr),
—oJo Jo ap PR

which is the log fidi chf of ¢Y,, (-/c), assuming we can take the limit inside
the integral, performing afterwards an integration by parts in u. Thus, it
suffices to justify taking the limit inside the integral.

First observe there exists a number T > 0 such that for T" > Tj,

(3.8) MNTEp(T) < Pt 49,

by the moderate-growth assumption. Together with (3.3)—(3.5) and a pos-
sibly larger Tj, the above implies that the integrand in the left side of (3.7)
is bounded in {u > Ty/T'} by

B>y (s,u,7) =

m m
AT am)u P @V ) YY1l fal (A w) T 4(s),
Jj=1k=1

and bounded in {u < Ty/T'} by

B, <) (s,u,r) =

m m
) o
2™ ) TP 3D 2 ekl =TI g () 1o 1) (),
7=1 k=1
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whenever T' > Tj. Here we used the bound
(3.9) ut < (Tp/T)ep~1Hmylte—an=n_ 0 <y < Ty/T.

Therefore, (3.7) follows by the dominated convergence theorem, since for
all T > T()

/ / / B, >)(8,u,7)dsduFg(dr)
—o0 JO 0

<4(c*P™! 4n) BI(RYY)H]x

m m 1 .
S afadted [ ucmo s [T,
0 1

k=1 j=1

/ / / By (<) (8, u,7)dsduFg(dr)

(Ocpl

and

77) aD 1+17

m m 1
S sl BR[| oo
j=1k=1 0

which are both finite by our choice of n and (.
Part (c). Under Scenario S, a(T) = bp(A\T), so we use Lemma 5.1 and
[25, Lemma 1] to get
lim T'/a(T) = 0.

T—o00

Thus, it follows from the definition of L:(s,u) in (2.8) that
Thm Lyz oy (sT/a(T) = u,u) = ulpg(s).

Now, apply Proposition 5.6, perform the change of variables r — ra(T)/T,
u— uT/a(T), and use the scaling property in Lemma 5.4 to get as T' — oo

In E exp sz cs ty

/ / / 9u< - T)7UG;T),GZ§)>Aa(T)FD(a(T)u)dsduFR(dr)
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/ / / xp Zzﬂ’LtT/a y(sT/a(T) —u,u) p — 1] x

Z zkrl(o tk)( )/\TFD((I(T)’LL)de’LLFR(dT),
—>/ / / exp szurl(()t)() -1 x
(3.10)

Z 26710, (8)u™ *Pdsdul'r(dr),

which is the log fidi chf of E[(Rgl))aD]l/aDAaD(-), assuming limit and inte-
gration can be interchanged to get the last line of (3.10). We justify passing
the limit inside the integral as follows.

First, by Lemma 5.2, there exists a number Ty > 0 such that for T" > Ty,
(3.11) AT Fp(a(T)) < 2.

Hence, by taking a possibly larger Tp, (3.3), (3.4) and (3.6) imply that
the integrand in the left side of (3.10) is bounded in {u > Ty/a(T)} by

Bs (>)(s,u,7) := 8u” P (u™"V u") Z |z]|<|zk| tj Aw)er +<1[Otk]( ),
and bounded in {u < Ty/a(T)} by

m m
1 P
Bs,(<)(8,u,7) == ATEP 7 3 2|z [ut P D g 4, ()1 0,1 (),
=1 k=1

whenever T' > Ty and a(T) > Tp, using
us < (Ty/a(T))er—trnylte=ap=n" 0 <y < Ty/a(T).

Therefore, (3.10) follows exactly as in part (b) from the dominated con-
vergence theorem.

Part (a). Under Scenario F and E[(Rgl))z] < oo, set a(T) = [NT3Fp(T)]"/2.
Use Proposition 5.6 and the change of variables r +— ra(T) /T, to write

m

InEexpXi Z ZmAcs(t5)

2FD(T’LL)
(3.12) / / / (5 = w07 a(T)) a(T) /T2 e dsduF ),
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where

(a(T)/T)? = \TFp(T) = 0o, T — oo,

by the fast-growth assumption.
By (3.2),as T — o0

Juls —u,u TT/a( ))(a(T)/T)?
—_ Z(ZZ i Lt] —u,u) +o (%) > ; 2kl (5) 2

Hence, assuming we can pass the limit inside the integral, we use Lemma
5.4 (iii) to write

Th_{réo In F exp{i Z ZmAcs(t;)}

iiz 2 / / / 2Ly, (s — u,u) g 4,1 (s)u™ P dsduF(dr)

Jj=1k=1

3 (1)
-~ ) o= a= ow>> )

{ZZz]zkﬁ ap 4 Z Z 22k ( ~(ty — tj)?)—aD) }

Jj=1k=j5+1

m m
1
N _§E[(R( 0B 2 Zzﬂ’fﬁ TR U e R
Jj=1k=1

where the last line follows by rearranging of the terms in the sum, O'2BH(1) is
given in (5.10) and H = (3 — ap)/2. It remains to prove that we can take
the limit inside the integral.

Let 0 <n < ap — 1. We use (3.3)—(3.5) with ¢ = 1 and a possibly larger
T, which imply that the integrand in (3.12) is bounded in {u > Ty/T'} by

Ms

m
B]:7(>) =4y ’LL v ’LL77 Z
7j=1

|22k | (25 /\U)T 1[0tk}( s),

B
Il

1

and bounded in {u < Ty/T} by

m m
1 P
By (<) =2T5" " up >3 |zizeul TP g 4 (5) 10,1y (w),
=1 k=1
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whenever T' > Ty. Here we used
u < (Tp/T)*>~1Fmy2=ep=n " 0 <y < Ty/T.

The result now follows by the dominated convergence theorem, since

/ / / Br (5(s,u,r)dsduFg(dr)

= 4E Z Z ’ZJZk‘tk{ / I_O‘D_”du + tjERgl) / u_O‘D-H?du}7
1

71=1k=1

/ / / B <) (s,u,r)dsduFg(dr)

m m 1
< 2T0aD_1+n:“DZZ |z 21|tk E[(R ( ))2]/ ul—ozp—nalu7
j=1k=1 0

and both bounds are finite by our choice of 7.

Finally, still under Scenario JF, assume Fr € RV_,,.,1 < ap < 2. Set
a(T) = Tbr(ATFp(T)). By Proposition 5.6, an integration by parts in u
and the change of variables s — s 4 u:

InEexp< ¢ Z ZmAcs(t5)

= )\TFD( ) ERr(br( AT Fp(T))) x

/ / / (5. 1)d FQ(Tdu) F}E(bR()\TFQ(T))dT)
Fp(T) Fr(br(ATFp(T)))

(3.13)
= )‘TFD (T)FR(bR()‘TFD(T))) {I(u>e,7‘>e) + [(u<e,r>e) + I(r<e)} )

where ¢ > 0 and we split the integral into three parts according to the
domains of integration {u > ¢,r > €}, {u < ¢,7 > €} and {r < €}, respec-
tively. To establish the limit result, we will take lim._,olim7_ . on both
sides of (3.13).

Fix € > 0 and start with the first integral. Let

- uFD(Tdu) TFR(bR()\TFD(T))dr)
ortawar) = (o Z ) (P TR )
v(du,dr) := apu” *Pduagr”*dr,

Glur) = [ glsur)ids,




Downloaded from informs.org by [216.73.217.72] on 04 June 2026, at 14:10 . For personal use only, all rights reserved.

SUPERPOSITION OF HETEROGENEOUS TRAFFIC 229

which allows writing

[(u>e,r>e) = / / G(u, T)VT(du, dT)

The fast-growth regime, regular variation of Fg, (5.3) and [2, Theorem
2.8] imply v = v as T — oo. Moreover, G(u,r) is jointly continuous and it
follows from Lemmas 5.4 and 5.7 that |G/(u,7)| < do Y%, |2;]t; < 0o, where
dy is a positive constant. Therefore:

Th—rgo I(u>e,r>e) = /E /6 G(u7 T)V(du7 d’f’)

(314) = / / / g(s’ u, T)ds . aDu_(aD+1)du X aR,r,—(aR-Fl)dr

Now let 0 < (,n < 1such that ap+n <1+ < ar. By Lemmas 5.4 and
5.7, there exists d¢ > 0 such that

- & FR(bR(/\TFD(T))d’r’) ¢ FD(Td’LL)
[Tweersol <dc Y I7lt; / et FrlbrOT Fp(T))) /OUHC Fp(T)

j=1
Furthermore, by fast-growth and regular variation of Fg, as T — oo

/OO 7‘1+< FI—%(bR(ATF[—)(T))dT) — QR /OO TC_aRdT‘ = 7&3 €1+<_OCR.
€ FR(bR()\TFD(T))) € aRp — 1 —C

Similarly, integration by parts and (3.5) with 7' > Ty such that e < Typ/T
yields

C ik Fp(Tdu) _ EUCFD(Tu) "
LR =00 |

€
<(1 —I—C),UDTOO‘D_Hn/ uS—eD Ny,
0

-1
< (1 + C)'UDT(?D +77 eltC—ap—n
- 1+(—ap—n

where we used the bound (3.9). Thus

(3.15) Hm sup | I« p»o)| < constant - 2O 7ar—an=¢
T—oc0 '

where the exponent of € is positive if we additionally let
(ag+ap+mn)/2 <1+
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For I(, ), use again Lemmas 5.4 and 5.7 to get a dy > 0 such that

el <

m ¢ Fr(br(\TFp(T))dr) Fp(Tdu)
h22 s [ TRy N B

Analogously to the bound for I(,<c ¢, it can be readily shown that there
exists Ty > 0 such that for T > Tj

/E 2F1_%(bR()\TF,2(T))dr) - 3urTy ™ 2-an
0 Fr(br(\TFp(T))) ~— 2-ar ’

and
o0 Fp(Td L Fp(Td < Fp(Td
/ (tk/\ )Mg/qﬁﬂ—ktk/ UM
0 Fp(T) 0 Fp(T) 1 Fp(T)
ap
< 3MDTO + 1 — )
2—ap ap —1
whence
(3.16) lim sup ‘I(KE)‘ < constant - €7OF,

T—o00

Also, by fast growth and the regular variation of Fg
(3.17) AT Fp(T)Fr(br(A\TFp(T))) — 1, T — 0.
Finally, we can put together (3.13)—(3.17) to write:

lim In FE = lim lim InF
T1_1>n n Fexp sz es( im lim In Fexp Zz] es(

e—0T—o00

/ / / (s,u,r)ds - apu —(@ptD) gy . qpr—(@rtD) gy,

4. Remaining choices of ap and ar. We first study what happens
if agr < ap, namely, ag < ag) for j = 1,...,p. Consider the centered and
scaled cumulative input of any of the streams, say the first one, for simplicity.
Set the normalizing term to a™™(T) = br(AT) (and the same for all other

streams). Write

( )
(1)
AL (t) bR )\T / / / rLpi(s,u)N (ds,du,dr)

/ / / rLr(Ts,u) N i )(Tds du, br(\T)dr).

O
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First, note from the definition of L;(s,u) in (2.8) that
lim Lpy(T's,u) = uljgy(s).
T—o0 ’

Thus, analogous to the proof of Proposition 5.6, it can be shown that the
log fidi chf of Ag) is

In E exp iszAg)(tj) =
j=1
A e
T)\TFR br(N\T') / / / exp ZTszLth(Ts,u) -1 x

j=1
(4.1)
Fr(br(A\T)r)

Frlbr(T)

Z 2L, (T's, u)dng) (du)
k=1

Now observe that, provided we can take the limit inside the integral

Th_rgo/ / / exp{erszTt (T's u)}l X

szLTt Ts,u)dsF (du )M

Fr(br(AT))
S (eS| 1)
(4.2) szul[()’tj]( )dsFl())(du) TORdr.

k=1
Since [A(M/A| < 1, then

(T :=InEexp Z 2j AL (¢

)\(1/ / / exp erz]ulot]() -1 x

Z zpuljo ) dsF( )(du)r_aR dr

(4.3) — 0, T — oo,
which yields the following result.
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THEOREM 4.1. Let W := W be the fidi chf of

S 2L B e e (0
7j=1
(4.4) o
4 ((— cos m;R> iiii;f?g) /—00/0 1[0,t}(8)uMaR(d8,du)a

where for each T, Ao, (-) is an ar—stable Lévy motion totally skewed to
the right with index ar and My, (ds, du) is ar—stable with control measure
m(ds,du) = dsFp(du). Then,

(4.5)  lim lnEexp{ Zzy L } InWy 4. (21,...,2m) p =0.

T—o00

In addition, if for 7 =1,...,p, the limits
(4.6) w? = lim AU /A

T—o00

exist, then the ﬁdz' chf of Acs(+) converges to the fidi chf of the process defined
by (4.4), with w9 and Zp wFY )() replacing \9) /X and Fp(-).

PRrOOF. By the independence of N(j),j =1,...,p,

In F exp Z 2j Acs( —

/ / / exp "Zzﬂl[m}() —1| x

Z ku]‘[O,tJ}( )dSFD(du)T_aRdT
k=1

p
(4.7) => I(T)=»0 T o0
j=1

Analogously to the proof of (5.13), the second integral in (4.7) is equal to
InWy,  +.(%1,...,2n). Thus, it only remains to justify taking the limit (4.3).
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Let 0 < ( < ¢ <lTand 0 < n < 1 such that 1 +( < ar —n and
ar +n < 14+ ¢ < ap. Similarly to (3.4) and (3.6), there exists
Ty := Tp(n) > 0 such that for T' > Ty and br(\T) > Ty,

Fr(bp(\T)r) - 2r= AR {pTMN Y} r > Ty/br(A\T),
FR(bR()\T)) o ;LRbR()\T)aR_1+nT_1, r € R.

Together with Lemmas 5.4 and 5.7, this implies that the integrand in the
left side of (4.2) is bounded in {r > 1}

By = 27y D Ll ek o (o) 00 ()
j=1 k=1
and bounded in {r < 1} by

m m
! —1 ’ /_ _ 4
Bioy =27 ppTg i iyt mon ZZ 1251 121 110,61 (8) 1 (0,1 (),
=1 k=1

whenever br(A\T") > Tj. Here we used
¢ < (Ty/(br(AT)) xR~y ap=n,

By our choice of {, ¢’ and 7, both bounds are integrable and we can use
dominated convergence to prove the result. O

In principle, it also is possible to have ap = apr. However, we cannot
say much except in the special case ap = ar = 2, in which case the limit
process is a Brownian motion provided (4.6) holds. We refer the reader to
[15, Theorem 4] for the formal statement of this case.

5. Technical proofs. This section contains a collection of technical re-
sults needed for our proofs. The first lemma establishes bounds for bp(-) =
(1/Fp)*<(-) which yield bp(N\T) — oo. This is not immediate since the func-
tion bp depends on T'.

LEMMA 5.1.  The quantile functions given (2.3) and (2.4) satisfy the
following inequality.

P ‘
(5.1) \/ b9 (AT > bp(AT) \/ b ADT), T > 0.
j=1

Hence
bp(A\T) — 00, T — oc.



Downloaded from informs.org by [216.73.217.72] on 04 June 2026, at 14:10 . For personal use only, all rights reserved.

234 L. LOPEZ-OLIVEROS AND S. I. RESNICK

PROOF. Since F g ) is decreasing for all j, then

=

P
7 \/b([J))(p)\(J)T) < ()\(J)/)\)Fg)(bg)(p)\(J)T))

<
Il
-

<
Il
-

Thus, the left side of (5.1) follows.
On the other hand, since Fp is right continuous, we have for each
j - 17 A 7p

A NFD (bp(AT)) f: AR N EE (b (AT)) < (AT) !
k=1

whence ‘ ‘
F§ (bp(AT)) < AVT) !
Therefore, the right side of (5.1) follows. O

The distribution Fp = Z§:1()\(j )/A\)F g ) of session durations of superim-
p_osed streams is a function of T since AY) and A depend on T'. Nevertheless,
Fp behaves as a regularly varying function.

LEMMA 5.2.  Under the assumption (3.1)
(5.2) Jim L0
T—oo Fp(T)
and therefore, in M, (0, 00],
F v
?(Tdu) NN
Fp(T)

= lim ATFEp(bp(AT)u) =u=*?, u >0,
T—o0

(5.3) pu~ @) gy, T — oc.

PRrOOF. Note that Fp € RV_,,, for each fixed T'. However, because Fpp
varies with 7', the limit is not straightforward.
Fix an arbitrary u > 0. We start by writing

Fp(Tu) Zj;ag:aD(A(j)/)\)Fg)(Tu)
Fp(T) Fp(T)

=B+ > A9/,

7: ag)>ocp
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and additionally write

o S 0 AP NS (T)
g — _|_
oo (AD/NES (Tw)
J:ep =A&p
=)
S 00 Fp (T)_(k)
j:ag)>aD ZkakzaD()‘k/)‘) D (Tu)
=: B+ Z (/\(J)/)\)Bg’j
j:ag)>ap

Thus, the first limit in (5.2) will follow by proving By — u®?, By j — 0

()

and Cj; — 0 as T' — oo, for all j such that al% > ap.

First, by Potter’s bounds applied to the regular variation of each F g ), we
have as T' — o0,

5 )y AP NP (T)
Bl ~ —D — = u*P,
Yo ADNEY (Tyuer

jiap =ap

Now, consider Bj; for o) > ap. Choose an arbitrarily large z >

(4) (4)
min{u‘o‘lg ,uo‘lg }. By regular variation, for T" sufficiently large:

~(k ~(k
Fp)(Tw)  FRT)
7 0) ) ’
Fi)(Tu) Fg)(T)

FY (Tu) @ Fg)(T) O
F)(Tu)
Furthermore, the assumption (3.1) means there exists d > 0 such that for

all T sufficiently large, there is some &’ := k’(T') such that a(Dk/) = ap and
ME) /X > d. Hence for T sufficiently large:

-1 _ Z & o (Tu) Z ) o EFp (Tw) Fy” (T'w)
P2 W F\(T) ) — " /A)FL({ '

k:ag):ap

> dz(u™P — 271,
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This shows that B, jl can be made arbitrarily large for T sufficiently large,
whence By ; — 0 as T — oc.
Similarly, consider C;, and

(k) (k) - (7)
_ Fy/ (T Fy7(T) (T)
Citz > MYMN—5 o > AN
R Fp/(Tu) G Fp'(T) Fy' (Tw)
k:ap’=ap k:ap’=ap

> dz(u? — z7h).

This shows that C’j_1 can be made arbitrarily large for T sufficiently large,
which completes the first part of the lemma.

For the second limit in (5.2), recall that z < bp(AT) iff 1/Fp(z) < AT for
each T'. For € > 0, setting z = bp(A\T)(1 —€) and z = bp(AT)(1 + €) yields

FD(bD()\T)(l + E)) < 1 < FD(bD()\T)(l — 6))
Fp(bp(AT)) = ATFp(bp(AT)) =  Fp(bp(AT))

Letting T' — oo and using Lemma 5.1 and the first limit gives

1
(L4 <

S Mrptpoay) =49

Because € is arbitrary, then

lim AT Fp(bp(AT)) = 1.

T—o0
Therefore
o -  Fp(bp(ATw) _
Jim ATFp(bp(AT)u) = lim ATFp(bp(AT)) lim o)

The final statement about vague convergence follows the proof of [30, The-
orem 3.6]. O

Even though Fp depends on T', a version of Potter’s bounds holds.

LEMMA 5.3. Let § > 0. Under the assumption (3.1), there exists
To = Tp(9) > 0 such that for all T > Ty, Tu > Tj:

Fg?%) < (1 +8)u? max{u% u’}.
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PRrROOF. Observe

; ()
_ PG D () EB ) »
Fy(r _ == W) i

(M) s oomEP @ Y R

By Potter bounds [See e.g. 3, Theorem 1.5.6], for all j = 1,...,p there
exists T; = T}(0) such that

i(7) .

Fy/(T )

M <(1+ 5)u_°‘(5) max{u "%, u’} < (14 6)u~*? max{u~°,u’},
D

for T' > T}, Tu > Tj. Therefore, the result holds for Ty = \/?z1 T;. U
We now study L (s, u), as defined in (2.8).
LEMMA 5.4. The length of the subinterval of [0,t] during which the ses-

sion (s,u,r) transmits data, namely L(s,u) in (2.8), satisfies the following
properties:

(i) Scaling property: For C > 0,
CLy(s,u) = Lot(Cs, Cu).
(ii) Bounds:
(5.4) Li(s,u) <t Au.

(iii) Integrals: For 1 <~ < 2 and nonnegative t1,ts,

/ Ly, (s,u)ds = uty,

—00

and
/ / Ltl(s_UJu)l[OJQ](S)u_'ydudS
—00 J0
1

BCENCERCEE) {(t;’-v ~ (=) Dl tg_vl“m}'

PROOF. The scaling property and the bounds follow directly from (2.8).
Now, the first part of Property (iii) is readily checked by using the first
integral in (2.8) after reversing the order of integration. Finally, the second
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part of Property (iii) can be derived by writing

(0, s<0ors>u+ty,
s, 0<s<uNty,

Ly (s —u,u) = ¢ t, t1 <s<u,
u, u<s< 1,
t1—s+u, uViti<s<u-+tiy,

and integrating accordingly. Observe that the four regions in which
L, (s — u,u) is nonzero correspond to those of the basic decomposition in
[25, (4.1)]. O

The next lemma helps obtain approximations to the cumulative input of
the aggregated streams.

LEMMA 5.5.  For any a,T > 0, we have

L (AT~ MpprTt) = / / / rLa(Ts, )N (Tds, du, dr)

= —/ / / rLt(s,u)N(Tds,Tdu, dr)
/ / / rLi(s,u) (Tds Tdu, (a/T)dr).

PrOOF. All the relations here follow from several ways to change variables
in (2.13) and using the scaling property of Li(s,u). See Lemma 5.4. O

Our limit theorems are proved by verifying convergence of finite dimen-
sional distributions for various processes. The following is required.

ProOPOSITION 5.6. For arbitrary m > 1, 0 < t1,...,t,, and real
21, ..., 2m, define
m m
(5.5) g(s,u,r) = exp ’LZ zirLy; (s,u) p —1—1 Z zjr Ly (s,u),
Jj=1 j
and
m m
(5.6) h(s,u,r) =1 |exp zZz urlo,;( -1 sz1[07tk](s)ru_aD.

j=1 k=1
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(a) For any a,T > 0, the characteristic function of the finite-dimensional
distributions (fidi chf) of the process {(1/a)(A(Tt) — AupprTt);t > 0}
is given by

m

) 1
In E'exp zsz {E(A(th) — A\upprTt))

67 = /_ Z /0 h /0 " y(s,u, ) EN(Tds, Tdu, (a)T)dr)
(58 = /_ Z /O h /O " a5 — 1, w, PINT Foy(Tu)dsduFr((a)/T)dr).

where g, 1s the partial derivative of g with respect to u.
(b) The fidi chf of the limit processes in Corollary 2.2 are given as follows.

(i) The fidi chf of the limit process wunder Scenario F and
E[(Rgl))z] < 00 is given by

InEexp i Z sz[(Rgl))2]1/ZJBH(1)BH(tj)
j=1

m m
1
— ——E PIY D zizioh, o 5 &+ 57 — |t — %),
Jj=1k=1

where By is fractional Brownian motion with

2
(aD — 1)(2 — aD)(3 - OéD)7

and H = (3 —ap)/2.

(ii) The fidi chf of the limit process under Scenario F and
Fr e RV_q,,1 <ar <2, is given by

m
In E exp ZZ 2 Zap,an(ti)

= /_ /O /O 9(87 u7 T)ENS%’Q/R (ds’ du’ d,r,)

(5.11)
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(iii) The fidi chf of the limit process under Scenario M is given by

In E exp ZZJ o(ti/c)

=P 1/ / / (s,u,7)ENGY g (ds, du, dr).

(iv) Finally, the fidi chf of the limit process under Scenario S is given
by

(5.12)

In E'exp ZZZ]E R(1 ap]l/ep A, o ()
7j=1

(5.13) _ /_ ) /0 - /0 s, u, ) dsduFp(dr).

PRrROOF. Given (5.7), (5.8) is readily derived using integration by parts
and the change of variables s +— s+ u. Moreover, (5.9) follows from the fact
that By is fractional Brownian motion. The remaining parts are a conse-
quence of the following property of Poisson random measures [See e.g. 31]:

In E exp {z/f(x)%(dw)} = / (eif(m) -1- zf(x)) E¢(dz),

[ (#26 io) etan <

For now, let us focus on (5.7), (5.11) and (5.12). By Lemma 5.5, the
exponent in the left side of (5.7) and (5.11) is of the form

(5.14) z/ / / Zz]rLt (s,u) ds du, dr),
—o0 J0 0

for a PRM &, while the exponent in the left side of (5.12) is ¢*P~! times
(5.14), using Lemma 5.4 and the change of variables s — s/c,u — u/c.
Thus, it suffices to check that

(5.15)

2

/ // zertj(s,u) /\k1

(s,u)| E¢(ds, du,dr) < oo
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Bounds and integral results for L;(s,u) in Lemma 5.4 (ii) and (iii) needed.
First observe that

/ / / ZZJTLt (s,u)| EN(Tds,Tdu, (a/T)dr)

m

T
<=3zl t
= ~ ‘Z]‘ HDHRLG,

which proves (5.7).

In order to prove (5.11), split the corresponding integral (5.15) into two
parts Iy and I(-), according to the two domains of integration
Doy = {ur <1} and D5y = {ur > 1}. This yields

m m 1/u
Iy < ZZ |zyzk|/ / / 2Lt (s,u)Ly,, (5, u)ENS] o (ds,du,dr)

P aRr —ap
and

m
Isy < Z z]\/ / / rLy; (8, u)ENGS o (ds, du,dr)

=1 1vu—1

m_m 1Vu~

+ ZZ |zjzk|/ / / rthj (s,u) Ly, (s, u) ENG] . (ds, du, dr)
=1 k=1 —oc0 J0 u~1
c§ b (1 1) 5t
ar —1 ar —ap aD (ap —1)(2 —ag)’

=1 ]:1 k=1

<.

whence (5.11) holds.

Similarily, split the integral (5.15) corresponding to the process (5.12) into
two parts J.y and J-), according to the two domains of integration D)
and D), which yields

ZZ |z]zk|/ / / 2Lt (s,u) Lty (8, u) ENGS g (ds, du,dr)

j=1k=1
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and

Jy < Z zj|/ / / 7L, (s,u) ENGS g, (ds,du,dr)

El50D gy i yeny,

MS Il

;op—1

<.
Il

This proves (5.12).
Finally, the exponent in the left side of (5.13) is

z/ / / Zz]urlot] N, FR(ds,du,dr).
—o0 JO0 0

Analogous to the proof of (5.12), the finiteness of

/// z]mm() A

can be readily shown, whence the left side of (5.13) is equal to

m

Z zurlp ;) (s)

k=1

ENg] rp(ds, du, dr)

k

/ /0 /0 exp {z Z zjur1[07tj}(s)} -1- Z zjurlp,;)(s) | X
o = ;

j=1
ENGY pp(ds,du, dr).

The result now follows after an integration by parts in the variable w. I

Finally, the following result is used to get upper bounds for some inte-
grands throughout the proof of Theorem 3.1.

LEMMA 5.7. For0< (<1 andx € R:

(5.16) le?® — 1] < 21¢z|,
(5.17) e — 1 —iz| < de|x|*T,
where d¢ > 0, and for real numbers x1,...,Tp:

m ¢ m
(5.18) (Lll) <X last
j=1 g=1
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PrROOF. Without loss of generality, fix  # 0. Define f : [0,1] — R,
f(Q)=(1—-¢In2+ (In|z|. We can readily check that

1n|eim_1| Sf(C)v 4':0717

by taking logarithms in both sides of |e® — 1| < 2 A |z|. Since f(() is linear
in ¢, f(C) is either nondecreasing or nonincreasing on [0, 1]. Hence, (5.16)
holds. Using a similar strategy, we can prove (5.17).

For (5.18), assume without loss of generality that 0 < |z1| < |xg|, thus
0 < |z1/x2] < 1. By Bernoulli’s inequality [see e.g. 26, p. 36]:

(1+ |21/22])¢ < 14wy /o] < 1+ |21 /22

Multiplying both sides by |z2|¢ proves (5.18) for m = 2 and the proof for
general m follows by induction. O
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