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DIRECTED RANDOM GRAPHS WITH
GIVEN DEGREE DISTRIBUTIONS

By NINGYUAN CHEN AND MARIANA OLVERA-CRAVIOTO
Columbia University

Given two distributions F' and G on the nonnegative integers we
propose an algorithm to construct in- and out-degree sequences from
samples of i.i.d. observations from F' and G, respectively, that with
high probability will be graphical, that is, from which a simple di-
rected graph can be drawn. We then analyze a directed version of the
configuration model and show that, provided that F' and G have finite
variance, the probability of obtaining a simple graph is bounded away
from zero as the number of nodes grows. We show that conditional
on the resulting graph being simple, the in- and out-degree distribu-
tions are (approximately) F' and G for large size graphs. Moreover,
when the degree distributions have only finite mean we show that
the elimination of self-loops and multiple edges does not significantly
change the degree distributions in the resulting simple graph.

1. Introduction. In order to study complex systems such as the World
Wide Web (WWW)! or the Twitter network we propose a model for gener-
ating a simple directed random graph with prescribed degree distributions.
The ability to match degree distributions to real graphs is perhaps the first
characteristic one would desire from a model, and although several models
that accomplish this for undirected graphs have been proposed in the recent
literature [8, 10, 11, 20], not much has been done for the directed case. In
the WWW example that motivates this work, vertices represent webpages
and the edges represent the links between them; for the Twitter graph ver-
tices represent people and an edge from one vertex to another means that
the first person is “following” the second. Empirical studies (e.g., [9, 15])
suggest that both the in-degree and out-degree, number of links pointing to
a page and the number of outbound links of a page, respectively, follow a
power-law distribution, a characteristic often referred to as the scale-free

property.
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! Although the WWW graph does in general contain self-links and multiple links from
one page to another, some algorithms, such as Google’s PageRank, discount their effects,
so for this purpose it is useful to think of the WWW graph as being simple.
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The model we propose in this paper is closely related to the work in [8] for
undirected graphs, where given a probability distribution F', the goal is to
provide an algorithm to generate a simple random graph whose degree dis-
tribution is approximately F. Two of the models presented in [8], as well as
the model in [26], are in turn related to the well-known configuration model
[6, 27], where vertices are given stubs or half-edges according to a degree
sequence {d;} and these stubs are then randomly paired to form edges. The
configuration model has already proven to be of great theoretical value in
the analysis of undirected random graph phenomena, where it has allowed
precise descriptions of complex characteristics such as phase transitions, ex-
istence/size of giant components [22, 23], mean component size, cluster sizes
[23], typical distances between nodes [23, 26], etc.

To obtain a prescribed degree distribution, the degree sequence {d;} is
chosen as i.i.d. random variables having distribution F. This method allows
great flexibility in terms of the generality of F', which is very important in
the applications we have in mind. The most general of the results presented
here require only that the degree distributions have finite (1 + ¢)th moment,
and are therefore applicable to a great variety of examples, including the
WWW and the Twitter network.

For a directed random graph there are two distributions that need to
be chosen, the in-degree and out-degree distributions, denoted respectively
F={fr:k>0}and G = {gx : k£ > 0}. The in-degree of a node corresponds
to the number of edges pointing to it, while the out-degree is the number of
edges pointing out. To follow the ideas from [8, 26], we propose to draw the
in-degree and out-degree sequences as i.i.d. observations from distributions
F and G. Unlike the undirected case where the only main problem with this
approach is that the sum of the degrees might not be even, which is nec-
essary to draw an undirected graph, in the directed case the corresponding
condition is that the sum of the in-degrees and the sum of the out-degrees
be the same. Since the probability that two i.i.d. sequences will have the
same sum, even if their means are equal, converges to zero as the number
of nodes grows to infinity, the first part of the paper focuses on how to
construct valid degree sequences without significantly destroying their i.i.d.
properties. Once we have valid degree sequences the problem is how to ob-
tain a simple graph, since the random pairing may produce self-loops and
multiple edges in the same direction. This problem is addressed in two ways,
the first of which consists in showing sufficient conditions under which the
probability of generating a simple graph through random pairing is strictly
positive, which in turn suggests repeating the pairing process until a simple
graph is obtained. The second approach is to simply erase the self-loops and
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multiple edges of the resulting graph. In both cases, one must show that the
degree distributions in the final simple graph remain essentially unchanged.
In particular, if we let fén) be the probability that a randomly chosen node
from a graph of size n has in-degree k, and let g,(gn) be the corresponding
probability for the out-degree, then we will show that,

S fe and g 5 g,

as n — 0o. We also prove a similar result for the empirical distributions.

The question of whether a given pair of in- and out-degree sequences
({m;},{d;}) is graphical, i.e., from which it is possible to draw a simple
directed graph, has been recently studied in [13, 18], where algorithms to
realize such graphs have also been analyzed. Random directed graphs with
arbitrary degree distributions have been studied in [23] via generating func-
tions, which can be used to formalize concepts such as “in-components” and
“out-components” as well as to estimate their average size. Models of grow-
ing networks that can be calibrated to mimic the power-law behavior of the
WWW have been analyzed using statistical physics techniques in [16, 17].
The approach followed in this paper focuses on one hand on the generation
of in- and out-degree sequences that are close to being i.i.d. and that are
graphical with high probability, and on the other hand on providing condi-
tions under which a simple graph can be obtained through random pairing.
The directed configuration model with (close to) i.i.d. degree sequences, al-
though not a growing network model, has the advantage of being analytically
tractable and easy to simulate.

The rest of the paper is organized as follows. In Section 2 we introduce a
model to construct in- and out-degree sequences that are very close to being
two independent sequences of i.i.d. random variables having distributions
F and G, respectively, but whose sums are the same; in the same spirit as
the results in [1] we also show that the suggested method produces with
high probability a graphical pair of degree sequences. Section 3 gives a brief
description of the undirected configuration model and Section 4 contains
all our results for the directed version. In Subsection 4.1 we prove sufficient
conditions under which the probability that the directed configuration model
will produce a simple graph will be bounded away from zero, and show
that conditional on the resulting graph being simple, the degree sequences
have asymptotically the correct distributions. In Subsection 4.2 we show
that under very mild conditions, the process of simply erasing self-loops
and multiple edges results in a graph whose degree distributions are still
asymptotically F' and G.
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2. Graphs and degree sequences. As mentioned in the introduction,
the goal of this paper is to provide an algorithm for generating a random
directed graph with n nodes with the property that its in-degrees and out-
degrees have some prespecified distributions F' and G, respectively. More-
over, we would like the resulting graph to be simple, that is, it should not con-
tain self-loops or multiple edges in the same direction. The two models that
we propose are based on the so-called configuration or pairing model, which
produces a random undirected graph from a degree sequence {dy,ds, ..., d,}.
In [8, 26] the prescribed degree distribution is obtained by drawing the de-
gree sequence {d;} as i.i.d. random variables from that distribution. More
details about the configuration model can be found in Section 3 and 4.

Following the same idea of using a sequence of i.i.d. random variables to
generate the degree sequence of an undirected graph, the natural extension
to the directed case would be to draw two i.i.d. sequences from given dis-
tributions F' and G. We note that in the undirected setting the two main
problems with this approach are: 1) that the sum of the degrees may be
odd, in which case it is impossible to draw a graph, and 2) that there may
not exist a simple graph having the prescribed degree sequence. The first
problem is easily fixed by either sampling the i.i.d. sequence until its sum
is even (which will happen with probability 1/2 asymptotically), or simply
adding one to the last random number in the sequence. The second problem,
although related to the verification of graphicality criteria (e.g., the Erdds-
Gallai criterion [12]), turns out to be negligible as the number of nodes goes
to infinity, as the work in [1] shows. For directed graphs a graphicality crite-
rion also exists, and the second problem turns out to be negligible for large
graphs just as in the undirected case. Nonetheless, the equivalent of the
first problem is now that the potential in-degree and out-degree sequences
must have the same sum, which is considerably harder to fix. Before pro-
ceeding with the formulation of our proposed algorithm we give some basic
definitions which will be used throughout the paper.

DEFINITION 2.1. We denote by é(V, E) a directed graph on n nodes or
vertices, V' = {v1,v9,...,v,}, connected via the set of directed edges E.

DEFINITION 2.2. We say that é(V, E) is simple if any pair of nodes are
connected by at most one edge in each direction, and if there are no edges
in between a node and itself.

DEFINITION 2.3. The in-degree m;, respectively, out-degree d;, of node
v; € V is the total number of edges from other nodes to v;, respectively,
from v; to other nodes. The pair of sequences (m,d) = ({my,ma,...,my},
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{dy,ds,...,d,}) of nonnegative integers is called a bi-degree-sequence if m;
and d; correspond to the in-degree and out-degree, respectively, of node v;.

DEFINITION 2.4. A bi-degree-sequence (m,d) is said to be graphical if
there exists a simple directed graph é(V, E) on the set of nodes V' such that
the in-degree and out-degree sequences together form (m,d). In this case
we say that G realizes the bi-degree-sequence.

In view of these definitions our goal is to generate the sequences {m;}
and {d;} from i.i.d. samples of given distributions F' = {fy : k£ > 0} and
G = {gx : k > 0}, respectively. Both F' and G are assumed to be probability
distributions with support on the nonnegative integers with a finite common
mean p. Note that although the Strong Law of Large Numbers (SLLN)
guarantees that if we simply sample i.i.d. random variables {71, ...,7,} from
F and, independently, i.i.d. random variables {{1,...,§,} from G, then

(Jlfgo " Z% =t Z@) -1

it is also true that in general

nli_)n;()P (Zn:’y, — Zn:& = O) =0.
i=1 i=1

One potential idea to fix the problem is to sample one of the two sequences,
say the in-degrees, as i.i.d. observations {71, ...,7,} from F and then sample
the second sequence from the conditional distribution G given that its sum is
I',, = >, ;. This approach has the major drawback that this conditional
distribution may be ill-behaved, in the sense that the probability of the
conditioning event, the sum being equal to I'j,, converges to zero in most
cases. It follows that we need a different mechanism to sample the degree
sequences. The precise algorithm we propose is described below; we focus
on first sampling two independent i.i.d. sequences and then add in- or out-
degrees as needed to match their sums.

The following definition will be needed throughout the rest of the paper.

DEFINITION 2.5. We say that a function L(-) is slowly varying at infinity
iflim, oo L(tx)/L(z) = 1 for all fixed ¢ > 0. A distribution function F' is said
to be regularly varying with index a > 0, F € R_,, if F(z) =1 — F(z) =
x~*L(x) with L(-) slowly varying.
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We will also use the notation = to denote convergence in distribution,

4 to denote convergence in probability, and N = {1,2,3,...} to refer to
the positive integers.

2.1. Algorithm to generate degree sequences. We assume that the target
degree distributions F' and G have support on the nonnegative integers and
have common mean p > 0. Moreover, suppose that there exist slowly varying
functions Lp(-) and Lg(+) such that

(1) F(x)= Z f <2 %Lp(z) and G(z) = ng <z PLg(x),

k>x k>x

for all x > 0, where o, 5 > 1.

We refer the reader to [4] for all the properties of slowly varying functions
that will be used in the proofs. However, we do point out here that the
tail conditions in (1) ensure that F' has finite moments of order s for all
0 < s < a, and G has finite moments of order s for all 0 < s < . The
constant

k=min{l —a~ 1,1 - 371 1/2},

will play an important role throughout the paper. The algorithm is given
below.

1. Fix 0 < dg < k.
2. Sample an i.i.d. sequence {v1,...,7v,} from distribution F; let T';, =

2 i1 Vi

3. Sample an i.i.d. sequence {{1,...,&,} from distribution G; let Z,, =
Z?:l i

4. Define A, =T, —E,. If |A,| < n!=r+% proceed to step 5; otherwise
repeat from step 2.

5. Choose randomly |A,| nodes {i1,i2,...,7a,|} Without remplacement
and let

M; =~ + i, D; =& + X, 1=1,2,...,n,

where

{1 if A, >0and i€ {i1,io,...,in,},
Xi = 0 and

otherwise,

1 ifAn<0andi€{il,i2,...,i|An|},
T =
! 0 otherwise.
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REMARK. (i) This algorithm constructs a bi-degree-sequence (M, D)
having the property that L, = Y. M; = >, D;. (ii) Note that we
have used the capital letters M; and D; to denote the in-degree and out-
degree, respectively, of node i, as opposed to using the notation m; and
d; from Definition 2.4; we do this to emphasize the randomness of the bi-
degree-sequence itself. (iii) Clearly, neither {My, ..., My} nor {Dy,...,D,}
are i.i.d. sequences, nor are they independent of each other, but we will
show in the next section that asymptotically as n grows to infinity they
have the same joint distribution as ({7;},{&}). (iv) Regarding the condi-
tion |A,| < n!7F+% in step 4, we note that it provides a way to ensure that
the number of in-degrees or out-degrees that we add in step 5 is negligible
with respect to n; the polynomial rate at which we are requiring |A,|/n to
converge to zero is nevertheless not essential, but it has the advantage of
allowing us to keep the calculations throughout the paper simple. We will
show that the probability of satisfying |A,| < n!=#+% converges to one as
n grows in the following section. (v) Note that we always choose to add
degrees, rather than fixing one sequence and always adjust the other one, to
avoid having problems with nodes with in- or out-degree zero.

2.2. Asymptotic behavior of the degree sequence. We now provide some
results about the asymptotic behavior of the bi-degree-sequence obtained
from the algorithm we propose. The first thing we need to prove is that the
algorithm will always end in finite time, and the only step where we need to
be careful is in step 4, since it may not be obvious that we can always draw
two independent i.i.d. sequences satisfying |A,| < n'~#t% in a reasonable
amount of time. The first lemma we give establishes that this is indeed the
case by showing that the probability of satisfying condition |A,| < n!'~*+%
converges to one as the size of the graph grows. All the proofs in this section
can be found in Subsection 5.1.

LEMMA 2.1. Define D,, = {|A,| < n'="+%} then

lim P(D,,) = 1.
n—oo
We point out that it is possible to construct a bi-degree-sequence (M, D)
such that |A,,|/n converges to zero in probability under the weaker assump-
tion that «, 8 > 1 and F' and G have finite mean. This weaker condition
would also be necessary, since one can construct examples where a = 5 =1
and either F' or G have infinite mean, such that A,,/n converges in distribu-
tion to a non-degenerate random variable. Our condition (1) with a, 5 > 1
is therefore close to the best possible in terms of ensuring that |A,|/n con-
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verges to zero, and it is necessary to obtain the polynomial rate n=%%%,

which greatly simplifies the calculations throughout the paper.

Since with our proposed construction the sums of the in-degrees and out-
degrees are the same, we can always draw a graph, but this is not enough to
guarantee that we can draw a simple graph. In other words, we need to deter-
mine with what probability will the bi-degree-sequence (M, D) be graphical,
and to do this we first need an appropriate criterion, e.g., a directed ver-
sion of the Erdos-Gallai criterion for undirected graphs. The following result
(Corollary 1 on p. 110 in [3]) gives necessary and sufficient conditions for a
bi-degree-sequence to be graphical; the original statement is for more gen-
eral p-graphs, where up to p parallel edges in the same direction are allowed.
The notation |A| denotes the cardinality of set A.

THEOREM 2.2.  Given a set of n vertices V.= {v1,...,v,}, having bi-
degree-sequence (m,d) = ({m,...,my}, {d1,...,dn}), a necessary and suf-
ficient condition for (m,d) to be graphical is

n n
1. Zm, = Zdi’ and
i=1 i=1

2. Zmin{di, |A —{v;}|} > Z m; for any A C V.

=1 UiEA

We now state a result that shows that for large n, the bi-degree-sequence
(M, D) constructed in Subsection 2.1 is with high probability graphical.
Related results for undirected graphs can be found in [1], which includes the
case when the degree distribution has infinite mean.

THEOREM 2.3. For the bi-degree-sequence (M, D) constructed in Sec-
tion 2.1 we have
lim P ((M,D) is graphical) = 1.
n—oo
The second property of (M,D) that we want to show is that despite
the fact that the sequences {M;} and {D;} are no longer independent nor
individually i.i.d., they are still asymptotically so as the number of vertices
n goes to infinity. The intuition behind this result is that the number of
degrees that need to be added to one of the i.i.d. sequences {~;} or {{} to
match their sum is small compared to n, and therefore the sequences {M;}
and {D;} are almost i.i.d. and independent of each other. This feature makes
the bi-degree-sequence (M, D) we propose an approximate equivalent of the
i.i.d. degree sequence considered in [1, 8, 26] for undirected graphs.
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THEOREM 2.4. The bi-degree-sequence (M, D) constructed in Subsec-
tion 2.1 satisfies that for any fized r,s € N,

(Mi17"'7Mir-7Dj17"'7Dj5) = (’yl,...,’yr,fl,...,gs)

as n — oo, where {7v;} and {§;} are independent sequences of i.i.d. random
variables having distributions F and G, respectively.

To end this section, we give a result that establishes regularity conditions
of the bi-degree-sequence (M, D) which will be important in the sequel.

PROPOSITION 2.5. The bi-degree-sequence (M, D) constructed in Sub-
section 2.1 satisfies

1 n
“S UM =i, Dy = §) 5 figg, for alli,j € NU{0},
nk:l
lzn:MLE[ ] lzn:D-iE[g] and lZn:M-Dqu[ &)
i Y1), ni:1 i 1) n i Y1<1)s

n
i=1 i=1

as n — oo, and provided E[y} + &3] < oo,

1 — P 1 — P
—N M? E[? d =Y D? E[¢?
TL; e [71]7 an Tl; e [61]7

as n — 00.

3. The undirected configuration model. In the previous section we
introduced a model for the generation of a bi-degree-sequence (M, D) that
is close to being a pair of independent sequences of i.i.d. random variables,
but yet has the property of being graphical with probability close to one
as the size of the graph goes to infinity. We now turn our attention to the
problem of obtaining a realization of such sequence, in particular, of drawing
a simple graph having (M, D) as its bi-degree-sequence.

The approach that we follow is a directed version of the configuration
model. The configuration, or pairing model, was introduced in [6, 27|, al-
though earlier related ideas based on symmetric matrices with {0, 1} entries
go back to the early 70’s; see [7, 28] for a survey of the history as well as ad-
ditional references. The configuration model is based on the following idea:
given a degree sequence d = {dy,...,d,}, to each node v;, 1 <i < n, assign
d; stubs or half-edges, and then pair half-edges to form an edge in the graph
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by randomly selecting with equal probability from the remaining set of un-
paired half-edges. This procedure results in a multigraph on n nodes having
d as its degree sequence, where the term multigraph refers to the possibility
of self-loops and multiple edges. Although this algorithm does not produce
a multigraph uniformly chosen at random from the set of all multigraphs
having degree sequence d, a simple graph uniformly chosen at random can
be obtained by choosing a pairing uniformly at random and discarding the
outcome if it has self-loops or multiple edges [28]. The question that be-
comes important then is to estimate the probability with which the pairing
model will produce a simple graph. For the undirected graph setting we have
described, such results were given in [2, 6, 21, 24, 27] for regular d-graphs
(graphs where each node has exactly degree d), and in [19, 21, 25| for general
graphical degree sequences. From the previous discussion, it should be clear
that it is important to determine conditions under which the probability of
obtaining a simple graph in the pairing model is bounded away from zero as
n — 00. Such conditions are essentially bounds on the rate of growth of the
maximum (minimum) degree and/or the existence of certain limits (see, e.g.,
[19, 21, 25]). The set of conditions given below is taken from [25], and we
include it here as a reference for the directed version discussed in this paper.

CONDITION 3.1.  Given a degree sequence d = {dy,...,d,}, let D" be
the degree of a randomly chosen node in the corresponding undirected graph,
ie.,

1
P(DM =k) == "1(d; = k).
i=1
1. Weak convergence. There exists a finite random variable D taking
values on the positive integers such that

D"l = D, n — o0o.
2. Conwvergence of the first moment.

lim E[D"] = E[D).

n—oo

3. Convergence of the second moment.

lim E[(D")?] = E[D?.

n— oo

REMARK. It is straightforward to verify that if the degree sequence is
chosen as an i.i.d. sample {Dy,...,D,} from some distribution F' on the
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positive integers having finite first moment, then parts (a) and (b) of Con-
dition 3.1 are satisfied, and if F' has finite second moment then also part (c)
is satisfied; the adjustment made to ensure that the sum of the degrees is
even, if needed, can be shown to be negligible.

Condition 3.1 guarantees that the probability of obtaining a simple graph
in the pairing model is bounded away from zero (see, e.g., [25]), in which
case we can obtain a uniformly simple realization of the (graphical) degree
sequence {d;} by repeating the random pairing until a simple graph is ob-
tained. When part (c) of Condition 3.1 fails, then an alternative is to simply
erase the self-loops and multiple edges. These two approaches give rise to
the repeated an erased configuration models, respectively.

4. The directed configuration model. Having given a brief descrip-
tion of the configuration model for undirected graphs, we will now discuss
how to adapt it to draw directed graphs. The idea is basically the same, given
a bi-degree-sequence (m,d), to each node v; assign m; inbound half-edges
and d; outbound half-edges; then, proceed to match inbound half-edges to
outbound half-edges to form directed edges. To be more precise, for each
unpaired inbound half-edge of node v; choose randomly from all the avail-
able unpaired outbound half-edges, and if the selected outbound half-edge
belongs to node, say, v;, then add a directed edge from v; to v; to the graph;
proceed in this way until all unpaired inbound half-edges are matched. The
following result shows that conditional on the graph being simple, it is uni-
formly chosen among all simple directed graphs having bi-degree-sequence
(m, d). This directed version of the configuration model had previously been
studied in [14], along with the result about its uniformity; we give here a
short proof for completeness. All the proofs of Section 4 can be found in
Subsection 5.2.

PROPOSITION 4.1.  Given a graphical bi-degree-sequence (m,d), generate
a directed graph according to the directed configuration model. Then, condi-
tional on the obtained graph being simple, it is uniformly distributed among
all simple directed graphs having bi-degree-sequence (m,d).

The question is now under what conditions will the probability of obtain-
ing a simple graph be bounded away from zero as the number of nodes, n,
goes to infinity. When this probability is bounded away from zero we can re-
peat the random pairing until we draw a simple graph: the repeated model;
otherwise, we can always erase the self-loops and multiple edges in the same
direction to obtain a simple graph: the erased model. These two models are
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discussed in more detail in the following two subsections, where we also pro-
vide sufficient conditions under which the probability of obtaining a simple
graph will be bounded away from zero.

We end this section by mentioning that another important line of prob-
lems related to the drawing of simple graphs (directed or undirected) is the
development of efficient simulation algorithms, see for example the recent
work in [5] using importance sampling techniques for drawing a simple graph
with prescribed degree sequence {d;}; similar ideas should also be applicable
to the directed model.

4.1. Repeated directed configuration model. In this section we analyze
the directed configuration model using the bi-degree-sequence (M, D) con-
structed in Subsection 2.1. In order to do so we will first need to establish suf-
ficient conditions under which the probability that the directed configuration
model produces a simple graph is bounded away from zero as the number of
nodes goes to infinity. Since this property does not directly depend on the
specific bi-degree-sequence (M, D), we will prove the result for general bi-
degree-sequences (m, d) satisfying an analogue of Condition 3.1. As one may
expect, we will require the existence of certain limits related to the (joint)
distribution of the in-degree and out-degree of a randomly chosen node.
Also, since the sequences {m;} and {d;} need to have the same sum, we pre-
fer to consider a sequence of bi-degree-sequences, i.e., {(m,,d,)}neny where
(my,,d,) = {mn1,- -y munt, {dn1, ..., dun}), since otherwise the equal sum
constraint would greatly restrict the type of sequences we can use. For exam-
ple, suppose that the bi-degree sequence ({mq,...,m;},{dy,...,d;}) satis-
fies the equal sums condition, then the only possible choice for the (i + 1)th
node would be m;y1 = d;11, so a bi-degree-sequence satisfying the equal
sums condition would need to have m; = d; for all i € N. Note that for the
undirected case the equivalent condition would be to require that the sum
of the degrees is always even, a problem that can be avoided by simply ig-
noring those values of n for which the sum of {dy,...,d,} is odd (e.g., in the
case of i.i.d. degrees, roughly half of the values of n). The use of a sequence
of degree sequences rather than a single degree sequence is nevertheless not
new, even for undirected graphs (see, e.g., [22]).

The corresponding version of Condition 3.1 for the directed case is given
below.

CONDITION 4.1.  Given a sequence of bi-degree-sequences {(m,,, d,,) }nen

satisfying
n n
Z My = Z dni for all n,
i=1 i=1
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let (M ["],D["]) denote the in-degree and out-degree of a randomly chosen
node, i.e.,
1 n
P((M™ DY = (5.5) = =N  1(mpg = 4, dpp = 7).
(( ) ) (Z7])) n; (m k 1, Gpk J)

1. Weak convergence. There exist finite random variables v and ¢ taking
values on the nonnegative integers and satisfying E[y] = FE[{] > 0 such
that

(MM, D) = (7,6),  n— oo,

2. Convergence of the first moments.

lim E[M™] = E[y]  and lim E[D"] = E[¢].

n—o0 n—o0

3. Convergence of the covariance.

lim E[MP DM = Ele.

n—o0

4. Convergence of the second moments.

lim E[(M™)% = E[,?]  and lim E[(D")?] = E[¢?).
n—o0 n—oo

We now state a result that says that the number of self-loops and the
number of multiple edges produced by the random pairing converge jointly,
as n — 00, to a pair of independent Poisson random variables. As a corollary
we obtain that the probability of the resulting graph being simple converges
to a positive number, and is therefore bounded away from zero. The proof
is an adaptation of the proof of Proposition 7.9 in [25].

Consider the multigraph obtained through the directed configuration model
from the bi-degree-sequence (m,,,d,), and let S,, be the number of self-loops
and T, be the number of multiple edges in the same direction, that is, if
there are k > 2 (directed) edges from node v; to node v;, they contribute
(k—1) to T,,.

PROPOSITION 4.2.  (Poisson limit of self-loops and multiple edges) If
{(my,,dy,) }nen satisfies Condition 4.1 with E[y] = E[{] = u > 0, then

(Sn,Th) = (S,T)

as n — oo, where S and T are two independent Poisson random variables
with means

A = ——= and Ny = Ely(y - 1)]?[&(5 - 1)],
K 2/

respectively.



Downloaded from informs.org by [216.73.217.54] on 26 June 2026, at 11:59 . For personal use only, all rights reserved.

160 N. CHEN AND M. OLVERA-CRAVIOTO

Since the probability of the graph being simple is P(S,, = 0,7, = 0), we
obtain as a consequence the following theorem.

THEOREM 4.3.  Under the assumptions of Proposition 4.2,

nll_}H(;lo P(graph obtained from (m,,,d,,) is simple) = e *~*2 > 0.

It is clear from Proposition 2.5 that Condition 4.1 is satisfied by the bi-
degree-sequence (M, D) proposed in Subsection 2.1 whenever F' and G have
finite variance. This implies that one way of obtaining a simple directed
graph on n nodes is by first sampling the bi-degree-sequence (M, D) ac-
cording to Subsection 2.1, then checking if it is graphical, and if it is, use
the directed pairing model to draw a graph, discarding any realizations that
are not simple. Alternatively, since the probability of (M, D) being graphi-
cal converges to one, then one could skip the verification of graphicality and
re-sample (M, D) each time the pairing needs to be repeated. The algorithm
is summarized below:

1. Generate bi-degree-sequence according to Section 2.1, with F' and G
having finite variance.

2. (Optional) Verify graphicality using Theorem 2.2.

Randomly pair the in-degrees and out-degrees.

4. If the resulting graph is not simple, repeat from step 3 (or from step
1 if skipping step 2).

&

The last thing we show in this section is that the degree distributions of
the resulting simple graph will have with high probability the prescribed de-
gree distributions F and G, as required. More specifically, if we let (M("), D))
be the bi-degree-sequence of the final simple graph obtained through the re-
peated directed configuration model with bi-degree-sequence (M, D), then
we will show that the joint distribution

h(n)(l,]):EZP(M]g):Z,D](Q):]) ,7=0,1,2,...,
k=1

converges to f;g;, and the empirical distributions,

~n) 1 (r) ~ (n) 1 ¢ (r) _
_—_g (MY =k _—E 1(D;’ = k=0,1,2,...
fk n = ( i ) and 9k n = ( i k) 07 IR )

converge in probability to fi and gi, respectively. The same result was shown
in [8] for the undirected case with i.i.d. degree sequence {D,}.
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PROPOSITION 4.4. For the repeated directed configuration model with
bi-degree-sequence (M, D), as constructed in Subsection 2.1 with F' and G
having finite variance, we have:

1. KM (i, §) — fig; as n — 00, 0,5 =0,1,2,..., and
2. forallk=0,1,2,...,

J?k (n)

£, I& and gAk(") L, ks n — 00.

REMARK. Note that by the continuous mapping theorem, (a) implies
that the marginal distributions of the in-degrees and out-degrees,

1 — 1 —
M) — = P (r) — M)y — = P D(T) —
(@) - kE:l (M7 =i) and g™ (j) - g_l (D" =3),

converge to f; and g;, respectively. The same arguments used in the proof
also give that the joint empirical distribution converges to f;g; in probability.

4.2. Erased directed configuration model. In this section we consider the
erased directed configuration model, which is particularly useful when the
probability of drawing a simple graph converges to zero as the number of
nodes increases, which could happen, for example, when £ or G doesn’t
have finite variance and Condition 4.1 (d) fails. Given a bi-degree-sequence
(m, d), the erased model consists in first obtaining a multigraph according
to the directed configuration model and then erase all self-loops and merge
multiple edges in the same direction into a single edge, with the result being
a simple graph. Note that the graph obtained through this process no longer
has (m,d) as its bi-degree-sequence. The algorithm is summarized below:

1. Generate bi-degree-sequence according to Section 2.1.
2. Randomly pair the in-degrees and out-degrees.
3. Erase self-loops and merge multiple edges in the same direction.

As for the repeated model, let (M(e),D(e)) be the bi-degree-sequence of
the simple graph obtained through the erased directed configuration model
with bi-degree-sequence (M, D). Define the joint distribution

1 n
(1,7) nZP(Mk i,D,” = j) i,7=0,1,2,...,
k=1
and the empirical distributions,

B = (M =k) and g}("):% 1D =k) k=0,1,2,....
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The following result is the analogue of Proposition 4.4 for the erased model;
note that in this case we do not require F' and G to have finite variance.

PROPOSITION 4.5. For the erased directed configuration model with bi-
degree-sequence (M, D), as constructed in Subsection 2.1, we have:

1. W™ (i, j) — fig; asn— 00, 4,5 =0,1,2,..., and
2. forallk=0,1,2,...,

5. Proofs. In this section we give the proofs of all the results in the pa-
per. We divide the proofs into two subsections, one containing those belong-
ing to Section 2 and those belonging to Section 4. Throughout the remainder
of the paper we use the following notation: g(z) ~ f(z)if lim,_ . g(x)/f(x) =
1, g(@) = O(f(@)) if limsup,_,, g(x)/f(z) < o0, and g(x) = o f(x)) if
lim, 00 g(x)/ f(2z) = 0.

5.1. Degree Sequences. This subsection contains the proofs of Lemma 2.1,
Theorems 2.3 and 2.4, and Proposition 2.5.

PROOF OF LEMMA 2.1. Let Z; = ~; —&; and note that the {Z;} are i.i.d.
mean zero random variables. If E[Z?] < oo, then Chebyshev’s inequality
gives

>

. n1+260
=1

P@@:P(

as n — oo.

Suppose now that E[Z?] = oo, which implies that x = 1-max{a~!,371} €
(0,1/2]. Let # = max{a~t, 371}, define t,, = n+<, 0 < € < min{dp, 0~! — 6},
and let {Z;} be a sequence of i.i.d. random variables having distribution
P(Zy < z) = P(Z, < z||Z| < t). Then,

P( >M*”ﬂzp<

>z >z
i=1 i=1
ip (

>z
<p ( S Bl

i=1
i=1
+P (max |Zi| > tn> .
1<i<n

>nﬂﬂ%><fﬂﬁﬁ@2200f%%:ou)

>nkﬁ%)mwﬂgmw

> nl7rT00 max | Z] > t,
1<i<n

+n|E[Z1]] > nl_“+50>
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By the union bound,

P <1H<1'a<X |ZZ| > tn> < nP(|Z1| > tn) < nP(71 + & > tn)
<nP(y1 > t,/2) + nP(& > t,/2)
< n(tn/2) “Lr(tn/2) + n(tn/2) P La(tn/2)

=0 (1700 Lp(ty,) + 0O L t,))
~0 (n—%L p(ta) + n‘BELg(tn)>

as n — oo, which converges to zero by basic properties of slowly varying
functions (see, e.g., Proposition 1.3.6 in [4]). Next, note that since E[Z;] = 0,

|E[Z11(1Z1] > tn)]]

P(‘Zﬂ < tn)
Bl Z11(12:1] > tn)]
N P(‘Zﬂ < tn)

< (1+0(1)) <tnp<yzlw > ) + /too P(2Z| > z)dz> ,

|B[Z1]| =

where in the last inequality we used integration by parts for the numerator
and the fact that P(|Z1] <t,) = 1+0(1) as n — oo. To estimate the integral
note that

/too P(|Z1| > z)d=
< /tOO(P(’}q > 2/2) + P(& > 2/2))dz

< 2/ (u_O‘LF(u) + U_BL(;(U)> du
tn/2

~ 2 (@ = )7 (/2 Lr(ta/2) + (8 = 1) (ta/2)7 P La(ta/2))
-0 (n—(a—l>(6+e> Li(ty) + n—(F-D0+) La(tn)) 7
where in the third step we used Proposition 1.5.10 in [4]. Now note that
min{(a —1)(0+¢€),(B-1)(0+e)}=0""-1)0+e) =r+e0 ' —1),
from where it follows that

[B[21)| = O (n=" =" " D(Li(ta) + La(ta))) = o (n™™)
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as n — 0o. In view of this, we can use Chebyshev’s inequality to obtain

(2) P<

Finally, to see that this last bound converges to zero note that

Z Zz - nE[Zl]

i=1

- _ Var(Zy)
E[Z)]] > n'7rto0 | < .
+nlElZ]l > n ) = =250 (1 + o(1))

Var(Z1) < E[Z]] = m

< (1+o()E |23~ #2707+,

E[Z{1( 21| < tn)]

where we used again the observation that P(|Z;| < t,) = 1+ o(1) and the
inequality

—1_ _p—1 —1__. 9_p—1
|Zl|2 _ |Z1|9 E|Zl|2 0~ +e < |Zl|€ et% 0~ +e

for |Z1| < t,. Next note that by the remark following (1), E[|Z1| ' ~¢] < .
Hence, we conclude that (2) is of order

O <ti—971+6n2(n—50)—1) —0 (n(9+e)(2—e*1+e)+2(n—50)_1)
=o0 (n_2(6°_6)) =o(1)

as n — 0o. This completes the proof. O

Before giving the proof of Theorem 2.3 we will need the following prelim-
inary lemma.

LEMMA 5.1.  Let {Xy,...,X,} be an i.i.d. sequence of nonnegative ran-
dom variables having distribution function V, and let X denote the ith
order statistic. Then, for any k < n,

> B[x0] s/ min {nV (z), k} dz.
i=n—k+1 0
ProOOF. Note that

EB|x0) :/OOOP(X<i>>x)d:c:/OOO EH:

j=n—i+1

<?>V($)J' V()" da,
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from where it follows

zn: E[X(i)} = Zn: | Zn: <n> /OOOV(w)jV(w)”_jdx

i=n—k+1 i=n—k+1j=n—i+1 J
= Z min{j, k} <n> / Vi(z)V(z)" 7 da
= J/ Jo

_ /0 " B [min{B(n, V(2)), k}] dr,

where B(n, p) is a Binomial(n, p) random variable. Since the function u(t) =
min{t¢, k} is concave, Jensen’s inequality gives

E [min{B(n,V(z)),k}| <min{E[B(n,V(2))],k} = min {nV (z),k}.
O

PROOF OF THEOREM 2.3. Since by construction > " | M; =" | D;, it
follows from Theorem 2.2 that it suffices to show that

n
nh—>Holc>P max Z4Mi—z;min{Di,|A—{vi}|} >0 =0.
- ;€ 1=

Fix 0 < e < min{f—1,a—1,1/2}, define k,, = [n1+9/8| and use the union
bound to obtain

P glgaac %Mi—;mln{DﬂA—{”i}’} >0

B <P max | M- min{D;[A—{v}}]| >0
v;EA i=1

ACV |A|<kn
n
! P M; — in{D;,|A — {v; >0
@ TP achEk, ZA i Z;mm{ oA = {vid}

By conditioning on how many of the D; are larger than k, we obtain that
(4) is bounded by

n
P M; — in{D;, |A — {v; >0 D; <k
ACV Ak UZZE:A ‘ ;mm{ 1A =t} R

—l—P(maX D; > k‘n>
1<i<n
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n
<P max M; — D;| >0| +P( max D; >k
- ACV,|A|>ky, UZG:A ! Zz_; ! 1<i<n 07"

).

where D,, was defined in Lemma 2.1, and we used the fact that, by con-
struction, D; has the same distribution as &; + x; conditional on the event
D,,. (We use this observation several times throughout the paper.) Now note
that by the union bound we have

=P (1@%(& + Xi) > kn

P (f?fi}%(& + xi) > kn

Dn> < ! 'P<max(£i+Xi) >k7n>

(Dy) 1<i<n

e
=9

IN

P(D,,) “
1

(D
(n_ELG (n(1+6)/5>> = o(1),

as n — 00, where the last step follows from Lemma 2.1 and basic properties
of slowly varying functions (see, e.g., Chapter 1 in [4]).
Next, to analyze (3) note that we can write it as

Zp(fi‘i‘Xi > kn)
=1

IN
)

n(kn—1)" L (kn — 1)

Q

Ag\l},ﬁ}\(gkn 1% ;mln{ | {vidl} ] >0

n
< P | max max E MZ-—E min{D;, 1} | ,
ACV, 2<|A|<kn :
v;EA i=1

max (Mj - Zmin{Dn {oj} - {vi}\}> } > 0)

= P | max Z MY (M + D)™y — Zmin{Di,l} >0,
i=n—knp+1 i=1

where 2 is the ith smallest of {x1,...,z,}. Now let ap = E[min{&,1}] =

G(0) > 0 and split the last probability as follows

n n
Plmaxq > MY (M+D)™ 5 - min{D;,1} >0
i=n—kp+1 i=1
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i=n—kn+1

() <P (max { Z M® (M + D)(”)} > agn — nl/2te,

n
Z min{D;, 1} > apn — n1/2+6>

i=1
(6) +P (Z min{D;,1} < aon — n1/2+6> .
i=1

To bound (6) use D; > &; for all i = 1,...,n and Chebyshev’s inequality to
obtain

n
P (Z min{D;, 1} < apn — n1/2+6>
i=1

: p<71>n)P (Z(ao — min{§;, 1}) > W“)

n Var(min{&;, 1})
- P(Dn)nl+2e

0 (),

while the union bound gives that (5) is bounded by

P | max Z MO (M + D)™ § > b,
i=n—kn+1
<P< DRAR >bn) +P((M+D)<"> >bn),

i=n—kn+1

1/2+€

where b, = agn —n . For the second probability the union bound again

gives
P ((M + D)™ bn>
<P(M™ > bn/2> +P <D<"> > bn/Z)

1<i

< P(;n) (P <In,a<>%(% +7) > bn/2> +P <1I§?<}%(£i +xi) > bn/2>>

(P(’71 + 7 > bn/2) —|—P(£1 + x1 > bn/Q))
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as n — oo. Finally, by Markov’s inequality and Lemma 5.1,

n

P Z MO > p,

i=n—kp+1
<1 zn: E [M(i)} <1 Zn: E[9 +1)
S b, 2 = b,P(D,) 2
i=n—kn+1 i=n—kn+1

< %n) (/OOO min {nF(z), ky} dz + k;n)

agt(1+0(1)) /000 min {F(:ﬂ), n(HE)/B_l} dx + o(1)

|
=
3
e
—

IN

ag (1 + o(1)) <n<1+6>/ﬁ—1 + / min {K:E—W, n(1+6)/6_1} d:n> +o(1)
1

=o(1)+ 0O </ min {w‘o‘+€,n(1+e)/5_1} dx)
1

as n — 00, where K = sup;», t~“Lp(t) < oo. Since

/00 min {w“”e, n(1+6)/ﬁ_1} dx
1

_ (14031 (5 (8-1-0)/(Ble=0) _ 1) 4 / - ey
n(B—1—€)/(Bla=e))
—0 (n—(5—1—6)(a—1—6)/(6(a—6))) — o(1),
the proof is complete. O

The last two proofs of this section are those of Theorem 2.4 and Propo-
sition 2.5.

PROOF OF THEOREM 2.4. Let u : N'* — [~ H, H|, H > 0, be a contin-
uous bounded function, and let A,,, D,, be defined as in Lemma 2.1. Then,

|E [w(Mi,,...,M;.,Dj,,....,D;))] — Elu(y1,-- &1, 5)]]
= |E[u(%’1 + Tigy s Vi +7'im£j1 +Xj1"'-’£js +st)|Dn]
_E[u(%’p---a%nglv"'véjs)”
(1) <IEulyiy +Tigs - Yir + Tirn §i + X - -+ s + X))
~t(Yiys s Virs Eirs - -+ &42) [Pl
(8) HIE Wiy Y &jis -5 855) | Pnl — Elu(ys -3, €15 -5 &) -
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Let T'=3" 1 7, + > 41 Xj.- Since u is bounded then (7) is smaller than or
equal to

EHU("}/“ +Ti17--- s Vi +T’i7-7§j1 +Xj17"' 7§j5 +X]5)
_u(’}/ip"' 7’72'7-76]'17"' 7§j5)’ 1(T 2 1)’Dn]

<2HP(T >1|D,) < 2H (Z P(ri, = 1Dy) + > P(xj, = 1\Dn)>
t=1 t=1

2H " s
~ P(D,) <;E [1(mi, = L.Da)] + 3 BN, = LDn)]) .

t=1

To compute the last expectations let F,, = o(v1,...,Vn,&1,--.,&n) be the
o-algebra generated by the ~;’s and &;’s and note that

E[l(th = 17Dn)] - E[l(Dn)E[l(th = 1)’fn“
(A1)

()

— E|1(Dy, Ay > 0)

n

A,
=F {1(Dn,An > O)—] ,
and symmetrically,

E[l(r, =1,D,)| =F [1(Dn,An < O)%] ,

from where it follows that (7) is bounded by

2H <ZE {%1@“ > 0)' Dn] +ZS:E {'AH“H(A“ < 0)‘ DnD
t=1 t=1

< 2H(r + s)n~ "0 = o(1)

as n — o0o. To analyze (8) we first note that by Lemma 2.1, P(D,,) — 1 as
n — oo, hence

1
E[u(/ylw 77%75]17 76]3)|Dn] = P(D )E[U(Vla,%,fla 768)1(,1)”)]

= Eu(y, .78, 8)1(Dy)] 4 o(1).

Therefore, (8) is equal to
[Efulyr, €155 €)UDR)] +0(1)] < HP(Dy,) +0(1) = 0

as n — 0o, which completes the proof. O
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PROOF OF PROPOSITION 2.5. Fix € > 0 and let D,, = {|A,| < n!=r+%},
For the first limit fix 4,5 = 0,1,2,... and note that by the union bound,

P ( - )
n Dn)

% A+ =08 +xe=1J) — 1w =196 =J))
pn>

pn>

n
SP(; vk + 7 =4, & + xk = J) — L = 4,8 = J))| > €/2

k=1
where in the last step we used Chebyshev’s inequality. Clearly, Var(1(vy; =
i,&1 =74)) = fig;(1 — figj), and since by Lemma 2.1 P(D,,) — 1 as n — oo,
then the second term converges to zero. To analyze the first term note that
at most one of x; or 7, can be one, hence,

pn>

1 n
~> UMy =i, Dy = j) - fig;
k=1

> €/2

> €/2

1 . .
- Lvk = 4,8 = J) — fig;

+ Var(l(’yl = ivgl = j))>

P(Dy)n(e/2)?

P <%Z!l(%+m =0, &+ xk=J) — 1w =14,6 = J))| > €/2

k=1
Dn)

<P (%Zm(&kw =) =& = J)

k=1

+ 1k + 7% = 1) — Ly = 1)]) > €/2

as n — oo.
Next, for the average degrees we have

p< >E>

1 n
— E M; — E[y]
n <

i=1
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pn>
pn>
—f-c+5o > 6) ,

P

(vi +75) — E[n]| > ¢

(>
E DR

o (
symmetrically,
Pl EnjD- El¢)]
n 4 [ 1
(10) <

_P < Z@

and since 7;x; =0 for all 1 <1 < n,

1
p<_
n

4+ |An]

IN
v

> €

(9) =5

Z%

)

—f-c+5o > 6)
)

> M;Di — Enéil| >

1=

)
Jn)

1
=P < % ;(%fz + 7 + vixi — B[]
<P < Z%gz Elyi&]| + Z Ti&i + YiXi) > €
=1
(11) < ;)n ( Z’ngz ’Ylgl RO > 6)
")

1 « _
(12) + P (ﬁ Z;(Tzfz +vixi) > n g
1=
for any 09 < § < k. By Lemma 2.1, P(D,,) converges to one, and by the
Weak Law of Large Numbers (WLLN) we have that each of (9), (10) and
(11) converges to zero as n — 0o, as required. To see that (12) converges to
zero use Markov’s inequality to obtain

1 — _
P<E Z(ﬂfri—%’Xi) > R

1=1

°)

m) < it noalD]

E[(r1&1 +v1x1)1(Dy)]
p(Dn)n—n—M ’

(13) =
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Now let F,, = o(71,- -+ &1, - - -5 &n) to compute
El(ri& +mx1)1(Dyn)] = E[(§ E[n|Fn] + 1 Ex1|Fn])1(Dn)]

<FE |:(£1 +7) 1]

1(D,)| < 2un~r+o%,

which implies that (13) converges to zero.
Finally, provided that E[y} + ¢7] < oo, the WLLN combined with the
arguments used to bound (12) give

p< >E>

1 n
i=1

1 1 & 1 &
< P||= Z_ER+ = 2y + TP D,
_P(Dn) <n;’h [’Yl] +ni§:;(’y7-+7—z)>e7 )
<1 P ! 2”372 — B +n7"0 > e
~ P(D,) né "
1 n
Pl => @umn+7} —wH D,
+ (n;(77+7'l)>n )
E[(2v1 + 1)71|Dy)]
SO(1)+ n—k+o6
E[271 —|—1]

< o(1) (D)0 00

1 - 2 2
P<E;Di — E[¢}] >e> — 0,

as n — 00. O

and symmetrically,

5.2. Configuration Model. This subsection contains the proofs of Propo-
sition 4.1, which establishes the uniformity of simple graphs, Propositions 4.2
and 4.4, which concern the repeated directed configuration model, and Propo-
sition 4.5 which refers to the erased directed configuration model.

PROOF OF PROPOSITION 4.1. Suppose m and d have equal sum [,, and
number the inbound and outbound half-edges by 1,2, ...,[,. The process of
matching half edges in the configuration model is equivalent to a permuta-
tion (p(1),p(2),...,p(l,)) of the numbers (1,2,...,1,) where we pair the ith
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inbound half-edge to the p(i)th outbound half-edge, with all /,,! permuta-
tions being equally likely. Note that different permutations can actually lead
to the same graph, for example, if we switch the position of two outbound
half-edges of the same node, so not all multigraphs have the same prob-
ability. Nevertheless, a simple graph can only be produced by []"; d;!m;!
different permutations; to see this note that for each node v;, 7 = 1,...,n, we
can permute its m; inbound half-edges and its d; outbound half-edges with-
out changing the graph. It follows that since the number of permutations
leading to a simple graph is the same for all simple graphs, then conditional
on the resulting graph being simple, it is uniformly chosen among all simple
graphs having bi-degree-sequence (m, d). O

Next, we give the proofs of the results related to the repeated directed
configuration model. Before proceeding with the proof of Proposition 4.2 we
give the following preliminary lemma, which will be used to establish that
under Condition 4.1 the maximum in- and out-degrees cannot grow too fast.

LEMMA 5.2. Let {an;: 1 <k <n,n €N} be a triangular array of non-

negative integers, and suppose there exist nonnegative numbers {p; : j €
NU{0}} such that 3772 p; = 1,

n

1
nh_}rrgoﬁ ; Lany = j) =pj, forall j € NU{0}

1 —
and nh—%ogkzlank_zojpj < 00.
= ]:

Then,

. Ank
lim max — =0.
n—0 1<k<n N

PROOF. Define

1(ank < :L')
k=1

SRS

]
F(z) = ij and F,(z) =
=0

and note that F' and Fj, are both distribution functions with support on the
nonnegative integers. Define the pseudoinverse operator h=!(u) = inf{z >
0:u < h(x)} and let

X,=F;'(U) and X =F"YU),
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where U is a Uniform(0,1) random variable. It is easy to verify that X,, and
X have distributions F}, and F', respectively. Furthermore, the assumptions
imply that

X,—> X a.s.

as n — oo and
o0 1 n
ST STENIEE S9) SIS RS DB
j=0 k=1 liO

as n — oo, where the exchange of sums is justified by Fubini’s theorem. Now
note that by Fatou’s lemma,

lim inf B[X,1(X, < va)] > E [linrg inf X,,1(X,, < \/ﬁ)} — B[X],

n— oo

which implies that
lim E[X,1(X, >+/n)] =

n—oo
Finally,
Sl .
E[an(Xn > n)] = Z ]E 1(ank = ])
j= L\/_J+1 k=1
= = Z Z ank = ] Zankl ank > \/_)7
= Lj=|vn]+1

from where it follows that

ankl(ank > \/ﬁ)

lim max =0,
n—o0 1<k<n n
which in turn implies that
. Ank . n apkl(ape > /1
lim max —= < lim £+ max — (an V) =0.
n—oo1<k<n N n—00 n 1<k<n n

O

PROOF OF PROPOSITION 4.2. Following the proof of Proposition 7.9 in
[25], we define the random variable T}, to be the total number of pairs of
multiple edges in the same direction, e.g., if from node v; to node v; there
are k > 2 edges, their contribution to T, is (g) Note that T}, < Tn, with
strict inequality whenever there is at least one pair of nodes having three or
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more multiple edges in the same direction. We claim that T, n— Iy i) 0 as
n — 0o, which implies that

if (S, Th) = (S,7), then (S,,Ty) = (S,7T)

as n — oo. To prove the claim start by defining indicator random variables
for each of the possible self-loops and multiple edges in the same direction
that the multigraph can have. For the self-loops we use the notation u =
(r,t,i) to define

I, := 1(self-loop from rth outbound stub to ¢th inbound stub of node v;),

and for the pairs of multiple edges in the same direction we use w =
(ri,t1,79,t2,1,7) to define

Jw := 1(rsth outbound stub of node v; paired to tsth inbound stub
of node v;, s =1,2).
The sets of possible vectors u and w are given by
ZT=A{(rt,i): 1 <i<n,1<r<dy,1<t<my}, and

T =A{(ri,t1,r,t2,0,5): 1 < i # 5 <n, 1 <y < g <dpg, 1 <ty # tg <yt

respectively. It follows from this notation that

Sn:ZIu and T, = Z Jw-

uel weJ
Next, note that by the union bound,
P(Ty~Tu21)
< P (at least two nodes with three or more edges in the same direction)

1<i#j<n

< Z P (three or more edges from node v; to node v;)

dnz(dnz — 1)(an — 2)mn] (mnj — 1)(mm — 2)
< 2 1l = Db -2

1<i#j<n

1 1 n \° 1 1<
< [ = d..; _ . I R d2,._ 2
< (o) (Ramm) (75) 3 3

=o(1)
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as n — 0o, where for the last step we used Condition 4.1 and Lemma 5.2.

It follows that T, — T}, L4 0 as claimed.

We now proceed to prove that (Sn,Tn) = (5,T), where S and M are
independent Poisson random variables with means A1 and Ao, respectively.
To do this we use Theorem 2.6 in [25] which says that if for any p,q € N

lim F [(Sn)p(fn)q] = )\;1;/\37

n—oo

where (X), = X(X —1)--- (X —r 4 1), then (S,,T,,) = (S,T) as n — oc.
To compute the expectation we use Theorem 2.7 in [25], which gives

B [(Su)p(T0)d]
14 = Y Y P(ly=-=ly="Ju==Jw,=1),

ui,...,upEL Wi,...,.wg€J

where the sums are over all p-permutations, respectively g-permutations, of
the distinct indices in Z, respectively J.
Next, by the fact that all stubs are uniformly paired, we have that

1
5 =)

unless there is a conflict in the attachment rules, i.e., one stub is required

P(ly, = =1y =Jw, = =Jw,=1),=

to pair with two or more different stubs within the indices {uj,...,u,} and
{w1,..., Wy}, in which case
(15) P(lyy=-=Iy=Jw = =Jw,=1)=0.

Therefore, from (14) we obtain

BlisTl s Y Y e

ui,..,up€L wi,..,.wq€J

_ iz -1z - e+ DITI|T 1) - (T =g+ 1)
bn(ln = 1) - (In — (p+2¢ — 1)) ’

where |A| denotes the cardinality of set A. Now note that

(16)

n
|Z| = Z Mailng and
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dni dnz -1
|T| = Z %mm‘(mm’ -1)

1<i#j<n
1 n n
i=1 =1
1 n
i=1
By Lemma 5.2 and Condition 4.1 we have

me(mm — 1)dpi(dni — 1)
i—1

n
2
< | max my; max dy; Emld-zon
>~ <1§i§n ni i<i<n ni = ning ( )
1=

as n — oo. Hence, it follows from Condition 4.1 that

2L~ B + o)

W= L py - DBl - 1] +o(1),  and
T = o)
no M

as n — 00. Since p and ¢ remain fixed as n — oo, we have

lim sup B[(Sn)p(Ln)g) = <lim @>p < lim ’j\>q<hm 2>p+2q

o _ E;;: <E[v;: - 1?]}[5(& 7:0; ;nq ( ! >"+2‘1
— N

To prove the matching lower bound, we note that (15) occurs exactly when
there is a conflict in the attachment rules. Each time a conflict happens, the
numerator of (16) decreases by one. Therefore,

E [(Su)p(Ta)d]
Tz =1 (T = p+ DT = D) (T — g+ 1)
b(ly = 1) — (0 + 24— 1))
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Z Z 1(uy,...,up, Wi,...,w, have a conflict)
N pH2q—1 :
u17...7up€Iw1,...,wq€J H ( Z)
= M+ 0(1)
1 .
_ W Z Z 1(uyg,...,up,wy,...,w, have a conflict)

ui,...,up€L wi,...,.wq€J

as n — 00. To bound the total number of conflicts note that there are three
possibilities:

1. a stub is assigned to two different self-loops, or
2. a stub is assigned to a self-loop and a multiple edge, or
3. a stub is assigned to two different multiple edges.

We now discuss each of the cases separately. For conflicts of type (a) suppose
there is a conflict between the self-loops u, and uy; the remaining p — 2 self-
loops and ¢ pairs of multiple edges can be chosen freely. Then the number of
such conflicts is bounded by |Z|P~2| 7|7 = O (n?2472), hence it suffices to
show that the total number of conflicting pairs (u,,u) is o(n?) as n — oo.
Now, to see that this is indeed the case, first choose the node v; where the
conflicting pair is; if the conflict is that an outbound stub is assigned to two
different inbound stubs then we can choose the problematic outbound stub
in d,,; ways and the two inbound stubs in m;(m,,; — 1) ways, whereas if the
conflict is that an inbound stub is assigned to two different outbound stubs
then we can choose the problematic inbound stub in m,,; ways and the two
outbound stubs in d,;(d,; — 1) ways. Thus, the total number of conflicting
pairs is bounded by

ax
‘ 1<i<n
=1

Mps + max dnz) g Myl

For conflicts of type (b) suppose there is a conflict between the self-loop
u, and the pair of multiple edges wy; choose the remaining p — 1 self-loops
and ¢—1 multiple edges freely. Then, the number of such conflicts is bounded
by |Z|P~HT|7! = O (nP*?173), and it suffices to show that the number of
conflicting pairs (ug, wp) is o(n3) as n — oo. Similarly as in case (a), an
outbound stub of node v; can be paired to a self-loop and a multiple edge
to node v; in dpimpimy;(dni — 1)(mp; — 1) ways, and an inbound stub of
node v; can be paired to a self-loop and a multiple edge from node v; in
Mnipidnj(Mp; — 1)(dn; — 1) ways, and so the total number of conflicting
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pairs is bounded by

n n
Z Z(d%zmnlmgm + miidnidij)

i=1 j=1

2
< <11F£1?<}% My + max dm> (Z mm> (Z; dm->
= o(n”/?) = o(n3).

Finally, for conflicts of type (c) we first fix w, and w; and choose freely
the remaining p self-loops and ¢ — 2 multiple edges, which can be done in
less than |Z|P|7]772 = O (n?™24~*) ways. It then suffices to show that the
number of conflicting pairs (w,, wp,) is o(n?) as n — co. A similar reasoning
to that used in the previous cases gives that the total number of conflicting
pairs is bounded by

2262626 ddimi mzy, + midda )

i=1 j=1 k=1

<2 (s s ) (3o (zm) Lo (zdzi)
Z n
i=1 =1 =1

= o(n"/?) = o(n?).

We conclude that in any of the three cases the number of conflicts is
negligible, which completes the proof. O

PROOF OF PROPOSITION 4.4. Let &, be the event that the resulting
graph is simple, and note that the bi-degree-sequence (M(T),D(T)) is the
same as (M, D) given S,,.

To prove part (a) note that for any 7,7 =0,1,2,...,

1

mP(Ml = Z7D1 :J7Sn)7

h™ i, ) ZP (M =i, Dy = j|S,) =
i=1
since the {(My, Dy)}}l_, are identically distributed. Now condition on G, =
o(My,...,M,,Dy,...,D,) to obtain
from where it follows that
- E(My =i, D1 = j)(P(Sn|Gn) — P(Sn))]
h(") — f; ‘ < ?

+|P(My =i, Dy = j) — figj
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< |5

— -1 P(My =i,D1 =3j) — fig;|.
P(Sn) H +‘ ( 1 1, 1 j) fzg]‘
Theorem 2.4 gives that the second term converges to zero, and for the first
term use Theorem 4.3 to obtain that both P(S,,) and P(S,|G,) converge to
the same positive limit, so by dominated convergence,

P(S,|Gy) ] < B [hm P(Sn|Gn) _1H ~0.

lim F||————= —1
oo H P(S,) P(S,)

For part (b) we only show the proof for @™ since the proof for fk(n)
is symmetrical. Note that g’}f(") is a quantity defined on S,; recall that
D, = {|An| < nl_'”‘so} and that D; has the same distribution as & + x;
conditional on the event D,,. Fix € > 0 and use the union bound to obtain

P ([ -a > 4s)

n

1 1
§p<sn>P<ﬁ;1(Di:k)‘9k >6>
1 1 &
(< P(Sn)P<;;|1<si+xi=k>—1<@=k>| > /2 m)
" " i=1

By Theorem 4.3 and Lemma 2.1, P(S,,) and P(D,,) are bounded away from
zero, so we only need to show that the numerators converge to zero. The
arguments are the same as those used in the proof of Proposition 2.5; for
(18) use Chebyshev’s inequality to obtain that

P ( > 6/2> < w =0(n1),

n(e/2)?
as n — oo, and for (17)
pn>

1 n
521(&:’?)—%

P <%Zrl<&+xi — k)~ 1(& = k)| > /2
=1

>

<P (% > e/z‘ Dn> < 1(n~FH00 > ¢/9),

§P<%§:1(Xi:1)>5/2

i=1

which also converges to zero. This completes the proof. O
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Finally, the last result of the paper, which refers to the erased directed
configuration model, is given below. Since the technical part of the proof
is to show that the probability that no in-degrees or out-degrees of a fixed
node are removed during the erasing procedure, we split the proof of Propo-
sition 4.5 into two parts. The following lemma contains the more delicate
step.

LEMMA 5.3. Consider the graph obtained through the erased directed
configuration model using as bi-degree-sequence (M, D), as constructed in
Subsection 2.1. Let ET and E~ be the number of inbound stubs and outbound
stubs, respectively, that have been removed from node v1 during the erasing
procedure. Then,

lim P(ET=0)=1  and lim P(E~ =0)=1.
n—oo n—oo

PROOF. We only show the result for ET since the proof for £~ is sym-
metrical. Define the set

Py =A{(i1,. .. it) :2< iy #dg--- #4p <n, 1 <t <n},

and note that in order for all the inbound stubs of node v; to survive the
erasing procedure, it must have been that they were paired to outbound
stubs of M; different nodes from {vs, ..., v,}. Before we proceed it is helpful
to recall some definitions from Section 2, L, = > | M; =Y. | D;, I, =
Yo Vi En = D& Ay =T — 2y, and D, = {|A,] < n®}, where
s =1—k-+0dp; also, {7;} and {¢;} are independent sequences of i.i.d. random
variables having distributions F' and G, respectively. Now fix 0 <e <1 —s
and let G, = o(My,..., My, D1,...,D,). Then, since D; =& + x; > &,

P(ET=0)
=E[P(ET=0|G,)] > E[P(ET=0|G,)1(1 < My <n°)] + P(M; =0)
1(1 < My <n
=F ( _Lll_ ) Z DilDig"'DiMl(Ln_Ml)!
i ! (i1,82,-inr, ) EP
+ P(Ml = 0)
(1< +7n <nf
> g | X %Ln! 1 < nf) ST b biy (Lo - — 1)l Dy
(il,i2,-~-,i(«,1+7—1))€73:{

+%’(M1=0)
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(19)

1(1 <y <n1(mp =0)
=" L > G| D

(81,i2,.nying VEP

Next, condition on F,, = o(¥1, ..., Y, &1, - - -, &n) and note that

I'y r
1(A, <0) >

P(r =0|F,) =1(A, 20) + =——— >
(m =0 = 1A 2 0% § R ] T+ [An]

It follows that the expectation in (19) is equal to

BPr=0m) A= S g6, | D,

(11482,-viyy ) EPH

I'n 1(1 <y <nf)
2B ) e e D
B 'y + |An| (Fn + |An|)’71 Z 621522 élW1 n

(i1 i,..rin; )EPH

1(1 <y < 09T,
2P| S 2 b | D

(i11i2,..siyy JEP

1(D,)T,

€ .

>E[1(1<m<n9) ) E[W
(i1,i2,-0-vi9y JEPH

éhgig e Eiﬁl

0|

It follows by Fatou’s lemma, Lemma 2.1 and Theorem 2.4 that

"]

[1(1 <71 <nf)(n—1)! (D) Tpyn™
(Fn + ns)')’l'i‘l

=LK §1€2- - &y

(n—1—="p)nm

liminf P(E™ = 0)

n—o0

. 1(Dp)Tynt
> > T
E [1(71 1) hﬁn inf £ |:(Fn SO

6182 &y

’le + P11 =0).

Next, define the function u;” : N — [0, 00) as

1(|Tpo1 +t — Zp € n*)(Tpoy + )0t
(Cpe1 + ¢+ ns)ttt

UZ(t)ZE[ '5152"'&},
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and note that it only remains to show that liminf,, . u} () = 1 for all
teN.
Now let 0 < a < p and note that
1Ty +t — S| < 1%)
1t

ut(t) > E [ AR st] ~ P(Iyy < an)

(Fn—l + t)nt B
(Fn—l +t+ ’I’LS)H_I

~FE {1(rn_1 > an)

it 5152"'&]-

The SLLN and bounded convergence give lim,,_,o, P(I',—1 < an) = 0 and

- (D1 + t)nt 1

1 E 1T, > S P

17131_>sol<l)p { (Tp—1 > an) T F it ) * L i §1&2- - &
: (Fn—l + t)’l’Lt 1

<E 6] 1,

< [5152 & I Sup ‘ oot +t+no)Hl )

from where it follows that

1(|T,,— t—2=, <nf
liminf u} (t) > lim inf E { (o ¥ 7 2] = 7°) '5152"'&] .
n—oo n—roo /j,
The last step is to condition on &1,&>...,& and use Fatou’s Lemma again
to obtain
(| Ty +t —E,] <nf
liminfE[ (Ln1 + - n| < 1%) .5152...&]
n—oo M
zliminfE[&& Lip P(Tpo1 +t —Zy) §ns|£1,...,§t)}
n—oo /j,
> {6162 ‘& liminf P(|T'—1 +t — =, Snslfl,...,ft)] .
ILL n—oo

Finally, by the same reasoning used in the proof of Lemma 2.1, we obtain

lim P(|Dp—1+t—Z, <n’l&,....&) =1 a.s.

n—oo

Since E[&1& -+ &]/pt = 1, this completes the proof. O

PROOF OF PROPOSITION 4.5. To prove part (a) note that since the
{(Mi(e),Dge)) n  are identically distributed, then h((i,5) = P(Mle) =

1=

i,D§e) = j). It follows that

R (3, §) — figj( < (P(Mf‘f) =i, D\ = j) — P(M; =i, Dy = j)
+ |P(M; =1i,Dy = j) — figj] -
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By Theorem 2.4 we have that |P(M; =i, D1 = j) — figj| = 0, as n — oo,
and for the remaining term note that

P =i, DY = j) = P(My =i, D1 = j)
gEH (M(e)—z D() J) — (M =1, Dl—J)H
(200 <E H1(D§e) = j) —1(Dy :j)H v E H1(M1(e> — i)~ 1(M; = Z)H .

To bound the expectations in (20) let ET and E~ be the number of inbound
stubs and outbound stubs, respectively, that have been removed from node
v1 during the erasing procedure. Then,

IN
I\/

E[1(p{? = )~ 11 = )|

E Hl(Ml(e) — i)~ 1(M; = )H

P (E 1) and
P(E"

1).

IN
I\/

By Lemma 5.3,

lim P(E~>1)=0 and lim P(ET >1) =0,

n—oo n— oo

which completes the proof of part (a).

For part (b) we only show the proof for gﬁc(n), since the proof for fk(n) is
symmetrical. Fix € > 0 and use the triangle inequality and the union bound

to obtain
> e/2>

> e/2>.

From the proof of Proposition 4.4, we know that the second probability
converges to zero as n — oo, and for the first one use Markov’s inequality

to obtain
< > e/2>

( 2(1 (D9 = k) — 1(D; = k)‘ > e/2>

n

()=~ > 1(D =

1=1

—l—P('%il(Bi:k)—gk

i=1

P(Iéﬁc(k)—gk|>6)§P<g7c

l(DZ- — k)
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< 2B [t = k) 101 = b

2
<Ip(E->1)-0,
€

as n — oo, by Lemma 5.3. O
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