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HEAVY-TRAFFIC LIMITS FOR A FORK-JOIN
NETWORK IN THE HALFIN-WHITT REGIME

By HoncyuaN Lu AND GUODONG PANG
The Pennsylvania State University

We study a fork-join network with a single class of jobs, which
are forked into a fixed number of parallel tasks upon arrival to be pro-
cessed at the corresponding multi-server stations. After service com-
pletion, each task will join a buffer associated with the service station
waiting for synchronization, called “unsynchronized queue”. The syn-
chronization rule requires that all tasks from the same job must be
completed, referred to as “non-exchangeable synchronization”. Once
synchronized, jobs will leave the system immediately. Service times of
the parallel tasks of each job can be correlated and form a sequence
of i.i.d. random vectors with a general continuous joint distribution
function. We study the joint dynamics of the queueing and service
processes at all stations and the associated unsynchronized queueing
processes.

The main mathematical challenge lies in the “resequencing” of ar-
rival orders after service completion at each station. As in Lu and
Pang (2015) for the infinite-server fork-join network model, the dy-
namics of all the aforementioned processes can be represented via
a multiparameter sequential empirical process driven by the service
vectors for the parallel tasks of each job. We consider the system in
the Halfin-Whitt regime, and prove a functional law of large number
and a functional central limit theorem for queueing and synchroniza-
tion processes. In this regime, although the delay for service at each
station is asymptotically negligible, the delay for synchronization is
of the same order as the service times.

1. Introduction. We consider a fundamental fork-join network with a
single class of jobs that will fork into a fixed number of parallel tasks upon
their arrival, and then join after service completion. Each parallel task is pro-
cessed at a multi-server station under the first-come-first-serve (FCFS) and
non-idling service discipline, and will join a buffer waiting for synchroniza-
tion associated with the station after service completion. This buffer is called
“unsynchronized queue” or “waiting buffer for synchronization”. Tasks are
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only synchronized if all the parallel tasks of the same job are completed,
called “non-exchangeable synchronization” (NES) [3, 60, 61, 33]. After syn-
chronization, jobs will leave the system immediately (the synchronization
time is irrelevant in our model). Figure 1 depicts such a network model. Un-
like classical queueing models, there are two types of delays in this fork-join
network: delay for service and delay for synchronization. The objective of
this paper is to study the delay for synchronization when each service sta-
tion is operating in the Halfin-Whitt (Quality-and-Efficiencty-Driven, QED)
regime [18]. In this regime, the job arrival rate and the number of servers
in each service station get large appropriately while fixing service time dis-
tributions so that each station is asymptotically critically loaded, achieving
both high quality (low delay) and high efficiency (high utilization).

Fork Service Stations Unsynchronized Queues

Synchronization
Station

Arrivals

Fic 1. A fundamental fork-join network with finite servers.

Fork-join networks with NES are used in many applications, including
healthcare systems, parallel computing, MapReducing scheduling (e.g.,
large-scale parallel Web search), disassembly and reassembly systems in
manufacturing and so on. In patient flows of hospitals [2, 3, 22, 60, 61],
the treatment and discharge processes are typical examples of fork-join net-
works with NES: a patient must have all test results ready before a doctor
examination and these tests are conducted in different units/laboratories
and can never be mixed; a patient, after the discharge decision is made,
must wait for necessary procedures, pharmacy, transportation, etc., before
being physically discharged. In MapReduce scheduling [11, 31, 54, 57], jobs
are processed in two phases: in the map phase, a large-scale data input (e.g.,
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Web processing data) is distributed into individual computation nodes, and
each node processes one block of input data, and after the execution of all
blocks of the same data input, they will be joined as an output in the reduce
phase. In addition, fork-join networks with NES are also used in manufac-
turing and inventory systems [5, 6, 17, 27, 28, 40, 41, 49, 48, 53, 56], military
operations [26, 59] and law reinforcement [30].

The main mathematical challenge in analyzing the multi-server fork-join
network with NES is the resequencing of arrival orders after service comple-
tion at each service station due to the randomness of service times. Exact
analysis of this model is prohibitively difficult since it is necessary to track
the service completion times of all the parallel tasks of each job, which will
require an infinite dimensional state space. Many efforts have been made to
study the resequencing problems in the literature using the max-plus recur-
sions [21, 4, 12]. Here we develop a completely new approach to study the
resequencing problem in the fork-join networks with NES asymptotically
when each station is operating in the Halfin-Whitt regime.

In [33], we have studied a fork-join network with NES as described above
where each service station is operating in the quality-driven (QD) regime
(equivalent to having infinite numbers of servers at each station asymp-
totically). The approach developed in [33] solves the resequencing problem
when the number of servers at each station is infinite (no delay for ser-
vice). However, it cannot be extended directly to resolve the resequencing
problem when the number of servers at each station is finite. As shown in
[51, 50, 24, 25|, the queueing process for service itself in G/GI/N queues
in the Halfin—-Whitt regime already present substantial difficulties. In our
model, the delay for service also affects the resequencing of tasks after ser-
vice completion at each station, and as a consequence, the queueing pro-
cesses for synchronization. This complexity requires further development of
the methodology in [33].

In this paper we aim to solve the resequencing problem when all service
stations have multiple servers, operating in the Halfin-Whitt regime. Since
the service times for the parallel tasks for a job are correlated, the service
completion processes of the parallel tasks are dependent, which causes a
substantial amount of difficulties in the analysis of the resequencing of the
parallel tasks and the synchronization process, as well as the service dynam-
ics at all parallel stations jointly. In our approach, the key is a representation
of the service processes, the unsynchronized queueing processes and the syn-
chronized process via functionals of a multiparameter sequential empirical
process driven by the service vectors for the parallel tasks as well as the
arrival process and the initial quantities. With this representation, we first
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show a functional law of large numbers (FLLN), Theorem 3.1, for these pro-
cesses assuming that the system starts from empty when the arrival rate is
allowed to be time dependent. The fluid limit of the synchronized process
is an integral of the minimum of the fluid entering service processes at all
stations with respect to the joint service time distribution function. Numer-
ical examples are provided to illustrate the fluid approximations in §3.1.
We then prove a functional central limit theorem (FCLT), Theorem 4.1, for
these processes when the arrival rate is constant in the Halfin-Whitt regime
and when the number of parallel tasks is equal to two, under some station-
arity conditions on the initial quantities. The limits of the diffusion-scaled
processes are the unique solution to a set of stochastic integral equations
driven by the corresponding multiparameter Kiefer process, the arrival limit
process and the limiting initial quantities. One important term in the limits
of the synchronized process and the unsynchronized queues is an integral of
the limit of the diffusion-scaled minimum of “entering service” processes at
both stations with respect to the joint service time distribution.

Our results show that when all service stations operate in the Halfin-
Whitt regime and the arrival rate is scaled as O(n), the numbers of tasks
in the service stations and the numbers of tasks waiting for synchronization
are of the same order, O(n). This implies that waiting times for synchro-
nization are O(1), although waiting times for service are O(1/4/n). This is
an extremely important insight for the management of multi-server fork-join
networks with NES in the Halfin-Whitt regime. An intuitive interpretation
is that in steady state, for jobs whose tasks are waiting in the associated
buffer(s) for synchronization, their other parallel tasks must be already in
service with probability one asymptotically. Therefore, in order to minimize
the response time - the time duration from the arrival time to synchroniza-
tion, we conjecture that one must prioritize tasks in each service station
dynamically to reduce the waiting time for synchronization to a smaller
order.

1.1. Literature review and comparisons. Many studies on fork-join net-
works with synchronization constraints focus on service stations with a single
server; see, e.g., [15, 16, 5, 6, 21, 4, 12, 27, 28, 40, 41, 49, 48, 53, 56] and
references therein. We remark that in the single-server models with FCFS
discipline, the NES constraint is equivalent to the exchangeable synchro-
nization (ES), and thus, resequencing is not the mathematical challenge. A
single-class single-server fork-join network with feedback is recently stud-
ied in Atar et al. [3], where resequencing becomes the main mathematical
challenge due to task feedback. In the conventional heavy-traffic regime,
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they show that the system dynamics under NES and ES constraints become
asymptotically equivalent under a dynamic priority routing policy.

Very limited work has been done for fork-join networks with multi-server
service stations under the NES constraint. Ko and Serfozo [27] studied a
single-class multi-server fork-join model with NES as depicted in Figure
1, where the arrival process is Poisson and service times are independent
exponential, but their focus is on obtaining approximations for the steady-
state system response time. In [10] an exact simulation algorithm is provided
for the same Markovian model. Recently, in [8], an exact sampling algorithm
is developed to simulate the stationary distribution for a multi-server fork-
join model with NES that has renewal arrivals and i.i.d. service vectors.
Zaied [60] studied multiclass fork-join networks with NES, which have time-
inhomogeneous Poisson arrivals and infinite-server service stations, focusing
on the calculation of mean offered load functions. In addition to the work
in [3], Zviran [61] also studied the fork-join network with NES in Figure 1
with exponential service times under the conventional heavy-traffic regime,
and proved that the system dynamics under NES and ES are asymptotically
equivalent under the FCF'S discipline.

To the best of our knowledge, our work is the first to study (non-Marko-
vian) multi-server fork-join networks with NES in the Halfin-Whitt regime.
As mentioned earlier, we have developed an approach to study such net-
works in the QD regime in [33]. Specifically, we have shown that the service
processes and the queueing processes for synchronization can be represented
with a multiparameter sequential empirical process driven by the service vec-
tors for the parallel tasks of jobs, and as a consequence, can be approximated
by a multidimensional Gaussian process as a functional of the correspond-
ing multiparameter generalized Kiefer process driven by the service vectors.
In [34] and [35], we have further developed the model and methodology in
[33]. We have studied the infinite-server fork-join network model with NES,
where both the arrival and service processes are modulated by a finite-state
continuous-time Markov chain in [34]. For the infinite-server fork-join net-
work model with NES, when the service vectors of the parallel tasks satisfy
the strong-mixing (a-mixing) condition, a new approach has been developed
to prove the weak convergence of the aforementioned queueing processes in
[35]. In that model, the service component of the limit process is driven by
a multiparameter generalized Kiefer process accounting for the sequential
correlations among the service vectors. In addition, we have also studied
in the fork-join network model with disruptive services, which results in an
additional jump component in the limit process, requiring the Skorohod M;
topology for the weak convergence.
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Our approach in this paper is based on the conjecture that the system dy-
namics (queueing, service, waiting for synchronization, and synchronization)
in the multi-server fork-join network model with NES can be represented via
the corresponding infinite-server model dynamics, which is studied in [33].
However, to prove this conjecture, it requires novel methods to take into
account the multidimensionality and the dependence of the service dynam-
ics at all the service stations. Our approach is much relevant to the recent
development in the study of G/GI/N queues in the Halfin-Whitt regime. In
particular, Reed [51] proved an FCLT for the diffusion-scaled process count-
ing the number of jobs in the G/GI/N queues in the Halfin-Whitt regime,
under certain conditions on the initial quantities. He developed a novel ap-
proach to represent the finite-server model dynamics via the corresponding
infinite-server model dynamics, generalizing the approach for an infinite-
server model developed by Krichagina and Puhalskii [29]. Puhalskii and Reed
[50] extended that approach to allow for more general initial conditions and
non-critical loading, proving the convergence of finite-dimensional distribu-
tions for the process counting the number of jobs in the G/GI /N queues. Our
work generalizes the methodology in Reed [51] for many-server queues to the
multi-server fork-join network model with NES in the Halfin-Whitt regime.

1.2. Notation. Throughout the paper, the following notation will be
used. R and R, (R? and Ri, respectively) denote sets of real and real non-
negative numbers (d-dimensional vectors, respectively, d > 2). Z, is the set
of non-negative integers. N denotes the set of natural numbers. For a,b € R,
we denote a A b := min(a,b) and a V b := max(a,b). For z € R, let 2T :=
max{z,0} and = := —min{x, 0}. For any x € R, |x] is used to denote the
largest integer less than or equal to . We use bold letter to denote a vector,
e.g., x := (r1,...,zy) € RV, 0 denotes the vector whose components are all
0. For z,y € RY, we denote = < y, > y and = > y in the componentwise
sense, and let x Ay = (1 Ay, ...,zny Ayn). We use 1(A) to denote the indi-
cator function of a set A. The abbreviation a.s. means almost surely. For any
univariate distribution function F(-), we denote F°(-) = 1—F(-). For e € R%
and o € Ry, we call Ay () (resp. Ay(9)) is a d-grid of [0, a] X [0, aa] (resp.
[0,a]), if Aq(d) (resp. Ay(0)) is a finite partition of [0, 1] x [0, ag] (resp.
[0, a]), where each element of the partition is the rectangle [s,t1) X [s2,t2)
(resp. [s,t)), satisfying 0 < sp < tp < oy for k = 1,2 (resp. 0 < s < t), and
ming—1 2(ty — sk) > (resp. t — s > §). For two real-valued functions f and
g, we write f(z) = O(g(x)) if limsup,_,. | /(2)/g(x)| < 0.

All random variables and processes are defined on a common probability
space (2, F, P). For any two complete separable metric spaces S; and Sz, we
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denote S1 X Sy as their product space, endowed with the maximum metric,
i.e., the maximum of two metrics on S; and Ss. S* is used to represent k-
fold product space of any complete and separable metric space S for k£ € N.
For a complete separable metric space S, D([0,00),S) denotes the space of
all S-valued cadlag functions on [0, 00), and is endowed with the Skorohod
Ji topology (see, e.g., [7, 14, 58]). Denote D = D([0,00),R). The space
D(]0, 0),D), denoted as Dp, is endowed with the Skorohod .J; topology,
that is, both inside and outside ID spaces are endowed with the Skorohod J;
topology. For a complete separable metric space S, the space D([0, 00)?,S)
is the space of all S-valued “continuous from above with limits from below”
functions on [0,00)?, and is endowed with the same metric as defined by
[19]. Dy = D([0, 1]?,R) is denoted as the space of all “continuous from above
with limits from below” functions on the unit square [0, 1]? in the sense of
Neuhaus [39], and is endowed with the same metric dp, as in [39]. Weak
convergence of probability measures p, to g will be denoted as p, = pu.
For a sequence of processes {X™ : n > 1} and a process X, we use notation

d
X" =L X to denote the convergence in finite-dimensional distributions of X™
to X.

1.3. Organization of the paper. The paper is organized as follows. In
§2, we provide a detailed description of the model. In §3, we present the
FLLN for the system dynamics, and provide numerical examples in §3.1.
The FLLN is proved in §5. We state the FCLT for the system dynamics in
84 and provide its proof in §6. We make some concluding remarks in §7.
Some additional proofs are collected in the Appendix.

2. The multi-server fork-join network model. In this section, we
present a detailed description of our model. We consider a fork-join network
with a single class of jobs, and each job is forked into K (K > 1) parallel
tasks. Each task is processed in a service station with finite servers under
the non-idling FCF'S discipline. Namely, a newly arriving task immediately
gets served if there is an idle server in that station, and joins the back
of the queue otherwise, and the task waiting for the longest in the queue
enters service as soon as a server in that station becomes available. After
service completion, each task will join a waiting buffer for synchronization
associated with each service station, and when all tasks of the same job are
completed, they will be synchronized and leave the system. Here we assume
that the synchronization process takes zero amount of time.

Let A := {A(t) : t > 0} be the arrival process of jobs after time 0. Let 7;
be the arrival time of the i*" job, i € N, that is, A(t) = max{i > 1:7; <t}



Downloaded from informs.org by [216.73.217.81] on 24 June 2026, at 16:38 . For personal use only, all rights reserved.

526 H. LU AND G. PANG

for t > 0 and A(0) = 0. Let Ny be the number of servers at service station
k, k= 1,..., K. Each job brings in a K-dimensional service vector, repre-
senting the service time at each service station, which can be correlated. Let
n' := (n%,...,n%) be the service vector of the job that arrives at time 7;,
i € N, where 7}, is the service time at the k" service station. We assume
that the sequence {n’ : i > 1} is i.i.d., and let the joint distribution function
of n' be F(x) = F(x1,...,7x) for 7, >0, k =1,..., K. Let F¢(x) :== P(n} >
T1, .M > TK), for 1, ...,2x > 0. Their marginal distributions are Fj(-)
with mean 1/ € (0,00), for k = 1,..., K. Let ¢, := max{ni, ...,n%} and
Fon(x) := P(n;, < x) = P(n; < 2,Yj) = F(,...,x) for > 0. (Throughout
this paper, we use “m” to index quantities and processes associated with
the maximum.) We make a regularity assumption on the service time dis-
tributions for the parallel tasks. It is worth noting that in [50] and [51], the
service time distribution is allowed to be general for G/GI/N queues. Here
we require the continuity of the joint distribution function F', which is nec-
essary for Proposition 4.1 and the proof of the weak convergence in (6.55),
and thus the weak convergence in Theorems 3.1 and 4.1. As a consequence,
all the limits in the fluid and diffusion scales are continuous.

ASSUMPTION 1.  The joint distribution function F(x) of the service time
vector n', i € N, is continuous.

State Descriptors. Let Xy := {X(t) : ¢ > 0} be the process counting
the number of tasks at the service station k, and Yy := {Yi(t) : t > 0}
be the process counting the number of tasks in the waiting buffer for syn-
chronization (unsynchronized queue) after service completion at service sta-
tion k, k = 1,...,K. Denote X := (Xi1,...,Xk) and Y := (Y1,...,Yk).
Let S := {S(t) : t > 0} be the process counting the number of synchro-
nized jobs by each time ¢t > 0. In addition, let Qx := {Qx(t) : ¢ > 0}
and By, := {B(t) : £ > 0} be the processes representing the queue length
and the number of tasks in service at station k, respectively, k = 1, ..., K.
Let Dy := {Dg(t) : t > 0} be the cumulative service completion (depar-
ture) process at service station k, k = 1,..., K. Denote Q := (Q1, ..., Qk),
B = (Bl, ...,BK), and D := (Dl, ,DK)

A Sequence of Systems. We consider a sequence of the above fork-join net-
works, indexed by superscript n and let n — co. We assume that each service
station is operating in the many-server heavy-traffic asymptotic regimes,
where the arrival rate of jobs and the number of servers get large appro-
priately while the service time distributions are fixed. In establishing the
FLLN, we allow the arrival rate to be time-dependent. In establishing the
FCLT, we will assume that each service station is operating in the Halfin-
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Whitt (QED) regime, so that it is critically loaded with a constant arrival
rate (see Assumption 4 for the precise definition). For any process X', we
use X" to represent the associated process in the sequence of the fork-join
networks.

Some Fundamental Flow Balance Equations. For each service station k,
k =1,..,K, and for each t > 0, we have the following flow conservation
equations:

(2.1) Xi(t) = B (t) + @ (D),
(2.2) Xi (1) = Xg(0) + A™(¢) — D (b),
(2.3) Yi'(t) = Y (0) + Di () = S™(0).

The non-idling condition implies that for each k =1,..., K and t > 0,
(2.4) Bp(t) = Xp(t) ANy, Qr(t) = (XF(t) — Nt

In addition, we have the following flow balance equation, for each k, k' =
1,.,.K,k#k and t >0,

(2.5) X () + Yy (1) = X (1) + Vi (t),

that is, the total numbers of tasks in each service station and its associated
waiting buffer for synchronization are equal at all time, and are equal to the
total number of jobs in the system.

3. Fluid limit. In this section, we present the fluid limit for the fork-
join network. We assume that the system starts from empty and allow the
arrival rate to be time-dependent.

ASSUMPTION 2. There exists a continuous nondecreasing deterministic
real-valued function a(t) on [0,00) with a(0) = 0 such that

(3.1) A(t):=n"tA"t) = a(t) in D as n— oo.
We also make the following assumption on the numbers of servers.
ASSUMPTION 3. Fork=1,..,K, NJ':= N'/n — N >0 as n — .

Under the empty initial condition, we can write the processes XJ'(t),
Y,'(t), k=1,..,K, and S"(t) as
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An(t)
(32) Xpt) = Y AU +wp + > 1),
=1
An(p)
3.3) ' (t) = (P +wl 4nt < t, 74w +nt, > t, for some k' # k),
k % k Mk % k M,
=1
An(2)
(3.4) SMt)= Y1+ w4y <t, Vhk=1,..,K),
=1

for t > 0, where wZ’i is the waiting time of the i*" arrival at station k, i € N.

In addition, for k = 1,..., K, let E}'(t) be the number of tasks that have
entered service at station £ by time ¢, t > 0, and set E}! := {E}(t) : t > 0}.
Denote E" := (EY, ..., E}). For each service station £ = 1,.., K, we also
have the balance equation

ER(t) = A™(t) — QR() = A™(t) — (X7(t) = Np)*, ¢ >0.

Define the fluid-scaled processes X" := n =1 X" for X" = X", Y", S", E",
Q", B™, D". We now state the FLLN for the fluid-scaled processes.

THEOREM 3.1. Under Assumptions 1-3,
(A", X", Y",5" E",Q",B",D") = (a,X,Y,S,E,Q, B,D)
in DOEF2 g5 n — oo, where the limits are all deterministic continuous func-

tions: @ is the limit in (3.1), (E,X,Y,S) is the unique solution to the
following: fort >0 and k=1,..., K,

(3.5) mw—Aﬁm—wm$aéwm—ﬁ—mﬁwa

(3.6) Ey(t) = a(t) — (Xp(t) — Np)™,

(3.7) / /(kr{{u{ {Ekt—sk)}>dF(sl,...,sK),

(3.8) nU—APW—WM){A@M—ﬁde&@—ﬂm
and the limits Q, B and D satisfy
(3.9) Qu(t) = (Xk(t) = Np)™, Bi(t) = Xi(t) A Ny, Di(t) = a(t) — Xp(t).
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It is easy to check that for each k = 1, ..., K, the limit X} (¢) also satisfies
the following equation:

(3.10) Xp(t) = a(t) — /Ot Ey(t — s)dFy(s), t>0.

We remark that the fluid limit X for each k = 1,..., K depends only on
the marginal distribution Fj,, while the fluid limits Y, k = 1,..., K, and S
depend on the joint distribution F'. Specifically, each entering service fluid
limit Ej(¢) depends on the marginal distribution Fj, and the fluid limit S is a
multivariate integral of the minimum of the entering service fluid limits with
respect to the joint distribution function F. Since Yj(t) = Dy(t) — S(t) =
a(t) — Xi(t) — S(t) for t > 0 and k = 1, ..., K, it is a functional of both F},
and F. However, as the FCLT (Theorem 4.1) below shows, the limits for all
these processes in the diffusion scale will depend on the joint distribution F'.

When a(t) = f(f A(s)ds and the service times are exponential (independent
or dependent), where A(-) is a positive function, for each k = 1, ..., K, the
fluid limit X in (3.5) and (3.10) becomes an ordinary differential equation
(ODE) [42], but the fluid limit Y} in (3.8) does not have an ODE represen-
tation due to the dependence of the fluid limit S upon the minimum of the
entering service fluid limits of all the parallel stations.

When the arrival rate is constant and each service station is underloaded
or critically loaded, we give a corollary on the steady states of the fluid limits.
The proof follows from a direct calculation and is omitted. It is evident that
correlation among service times of parallel tasks only affects the steady state
of Y but not that of X.

COROLLARY 3.1.  Under Assumptions 1-3, if the arrival rate is constant,
a(t) = At, for X\ satisfying 0 < X < Ngpy, for allk=1,.., K,

(X(®),Y (1), Q(t), B(t)) — (X(0), Y (00),Q(0), B(c0)) as t— oo,

and
(D(t), E(t),S(t)) = A:=(\,..,\) as t— oo,

~ | =

where

X1 (00) = By(o0) = AE[n] = A e, Yi(00) = M E[ny]—Eng]), Qr(oc) = 0.

3.1. Numerical Examples. We give two numerical examples to show the
effectiveness of fluid approximations comparing with simulations, when K =
2. We let the arrival process be Poisson with time-varying rate A(t) =



Downloaded from informs.org by [216.73.217.81] on 24 June 2026, at 16:38 . For personal use only, all rights reserved.

530 H. LU AND G. PANG

350 : . ,

[—Sim. (corr.) —Approx. (corr.) - - Sim. (ind.) - - Approx. (ind.)]
300 1

X2’>
250 - /
200 Y1\ X,
150+ O TN AN
AN NN RN
100L ,’:/ \\:\ ,,’/ Y7 \\\\\ y /:/ 1 \\‘\\ A
50 ”i e N
/ S
/ Y
0lz L L 2
0 5 10 15 20
Time

Fic 2. Comparison of fluid approzimations with simulations when the service times have
the Marshall-Olkin bivariate exponential distributions with correlation p =0 and p = 0.5.
The figure shows the simulated values of X; and Y;, i = 1,2, and their corresponding fluid
approximations (solid lines for p = 0.5 and dashed lines for p = 0). The values for the X;
are the same when p = 0 and p = 0.5, while the values of Y; when p = 0.5 are smaller
than those when p = 0.

200 4 120sin(t), ¢ > 0. The numbers of servers in stations 1 and 2 are
N1 = 300 and No = 340, respectively. In the first numerical example, the ser-
vice times of the two parallel tasks are assumed to have a bivariate Marshall-
Olkin exponential distribution [37]. A bivariate Marshall-Olkin exponential
distribution function F'(z,y) for the random vector (71, 72) can be written as
Fe(z,y) :== P(m > x,m2 > y) = exp(—p1z—poy—p12(zVy)), z,y > 0, where
three parameters p1, o, p12 are such that the two marginals are exponential
with rates p1+p12 and po+ 12 and their correlation p = pia/(p1+pe+p12) €
[0,1]. We denote M O(A1, A2, p) for a bivariate Marshall-Olkin exponential
distribution, where A; and Ay are the rates for the marginals, and p is the
correlation parameter, for which the parameters p; = (A — pA2)/(1 + p),
p2 = (A2a—pA1)/(14p) and p12 = (p(A1+A2))/(1+p). For our first numerical
example, we set the service times to be MO(1,0.9, p) such that the service
times of the two parallel tasks have exponential marginals with means 1 and
10/9 in stations 1 and 2, respectively, and their correlation is p. The numer-
ical results with p = 0 and p = 0.5 are provided in Figure 2, marked with
“ind.” and “corr.”, respectively. In the second numerical example, we let the
service times of the two parallel tasks have a bivariate Marshall-Olkin hyper-
exponential distribution [44], which is a mixture of two independent bivari-
ate Marshall-Olkin exponential distributions. Specifically, we take a mixture
of MO(4/5,1, p1) with probability 0.4 and MO(6/5,27/32, p2) with prob-
ability 0.6, such that the two parallel service times have hyperexponential
marginals with the same means as the first example. By setting p1 = ps = 0,
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Fic 3. Comparison of fluid approximations with simulations when the service times have
the Marshall-Olkin bivariate hyperexponential distributions with correlation p = 0 and
p = 0.5 (solid lines for p = 0.5 and dashed lines for p = 0). The figure shows the simulated
values of X; and Y;, i = 1,2, and their corresponding fluid approximations. The same
observations can be made as in Figure 2.

we have two independent parallel service times, and by setting p; = 0.7 and
p2 = 521/1232, we get the correlation between the two parallel service times
to be 0.5. In Figure 3, we show the numerical results with p = 0 (“ind.”)
and p = 0.5 (“corr.”). To calculate the simulated values, we simulated the
system up to time 20 with 500 independent replications starting with an
empty system. We make two remarks from numerical results. First, the fluid
approximations match very well with the simulated results. Second, the pos-
itive correlation among parallel service times does not affect X}, but reduces
Y}, for k = 1,2. The maximum relative errors of the simulated values and the
corresponding numerical solutions of the fluid models over the time interval
[0, 20] are less than 3% in Figures 2 and 3.

4. FCLT in the Halfin-Whitt regime. In this section, we study the
fork-join network with NES in the Halfin-Whitt regime, which requires that
each service station operates in a critically loaded regime asymptotically.
Specifically, we assume the following. Let A" be the arrival rate of jobs such
that A" := A\"/n — XA > 0 as n — oo, and set N := nNg, where Nj, € N,
and p == \"/(upNj') for each k =1, ..., K.

ASSUMPTION 4. For each k = 1,..., K, A\ = Nypui and /n(1 — p}t) —
Br >0, as n — oo.

The arrival processes A" = {A"(t) : ¢t > 0} satisfy an FCLT.
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A~

ASSUMPTION 5. There exists a stochastic process A with continuous
sample paths satisfying

A™(t) — A"t A
Lé%l(t) in D as n— oc.
vn

It follows from (4.1) that we have the associated FLLN:

(4.1) A™(t) ==

A"(t)= X in D as n— oc.

We now describe the non-empty initial conditions. Due to the complexity
caused by initial conditions, we focus on the case of K = 2, but our ap-
proach can be extended to K > 2. For convenience, we use the notation &’
to denote its counterpart, i.e., ¥’ = 1 (k' = 2, respectively) if k =2 (k =1,
respectively), for k = 1,2. At time 0—, there are X' (0) tasks at service sta-
tion k, and Y;*(0) tasks in its associated waiting buffer for synchronization,
for £ = 1,2. Let X™(0) := (X7(0), X5(0)) and Y™(0) := (Y{*(0), Y5*(0)).
Recall the flow balance equation (2.5). At time 0—,

X (0) +Y5'(0) = Xi(0) + Vi (0),  k=1,2,

which is equal to the number of jobs in the system. Note that X'(0) > Y;(0)
for each k = 1,2, since tasks in the waiting buffer associated with station &’
for synchronization must be in station k, either in service or in queue. Let
B(0) := min(X}*(0), Nj*) and Q7(0) := (X}'(0) — NJ*)* be the number of
tasks in service (busy servers) and the queue length at station k at time 0—,
respectively, & = 1,2. We also assume that Y}}(0) < B}(0) for k = 1,2. This
is not a restrictive assumption, because in the Halfin-Whitt regime, waiting
times for service at each station are O(1/4/n) and service times are O(1),
and jobs that have completed tasks in one station and joined its waiting
buffer for synchronization have their associated tasks receiving service in
the other station with probability one asymptotically.

Let J™(0) := ming—1 2{ B}(0) — Y;7(0)} be the number of jobs whose both
tasks are in service at time 0—. Then Z}'(0) := B} (0) — Y7(0) — J"(0)
represents the number of jobs in the system at time 0— whose task k is
in service but whose task k' is in queue waiting for service, k = 1,2. Let
I"(0) := Q1(0) A Q%(0) be the number of jobs (if any) whose both tasks are
in queue at their service stations at time 0—. Then R}(0) := Q7 (0) — I™(0)
represents the number of jobs (if any) whose task k is waiting in queue for
service while whose task &’ is in service, k = 1, 2. (Note that our assumption
above implies that if a job is waiting in queue at station k, its parallel task
can be either in queue or in service at station k’.) By our definition, we
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can see that Z(0) = R},(0), k = 1,2. Set R"(0) := (R}(0), R3(0)) and
Z"(0) := (Z7(0), Z3(0)). We also obtain a decomposition for X;'(0):

(4.2)  X;(0) = By (0) + Qi (0) = ¥;3(0) + J"(0) + Z;(0) + I"(0) + Ry (0)

for k=1,2.

We let {tDZZ ci = 1,...,QF(0)} be the sequence of remaining waiting
times of the tasks in station k at time 0—, & = 1,2. It is in the order of
their positions in queue: ’lI)Z Uis the remaining waiting time of the task in

the front of the queue while w, Q0 is that for the task in the end of the
queue at station k at time 0—, k = 1,2. Let {7} : i = 1,..., B¥(0)} be the
sequence of remaining service times of the tasks in station k at time 0—, for
k=1,2. Let {77,1’62 ci=1,...,Q7(0)} be the sequence of service times of the
tasks in station k that are in queue at time 0—, k =1, 2. Without abuse of
notation, we use {ﬁ,i’y’“ ci=1,...,Y,.7(0)}, {ﬁ,i"] ci=1,..,J"(0)} and {”Z :
i=1,..,2Z7(0)}, which are partitioning subsets of {17/,’C ti=1,..,B2(0)}, to
represent the remaining service times of the tasks in station k at time 0—
corresponding to the quantities Y}(0), J"( ) and Z}}(0), respectively, k =
1,2. Similarly, we use {u?z’i’l ci=1,..,1"(0)} and {wm =1, ., RE(0)},
which are partitioning subsets of {wk 21 =1,...,Q7(0)}, to represent the
remaining waiting times of the tasks in station k at time 0— corresponding
to the quantities I"™(0) and R} (0), respectively, £ = 1,2. Finally, we use
{n,i’l ci=1,..,1"(0)} and {n,i’R c4=1,...,R(0)}, which are partitioning
subsets of {n,i’Q ci = 1,..,Q7(0)}, to represent the service times of the
tasks in station k corresponding to the quantities I™(0) and R}}(0) in queue
at time 0—, respectively, k = 1, 2. We assume that these initial quantities are
independent of the arrival process A" and the service times of new arrivals
after time 0.

We can now give a representation for the processes X", Y" and S™: for
t>0and k=1,2,

BL”(O) QZ (0) ' ‘
(4.3) XMt = 1@ > )+ > 1w + 9 > t)

i=1 =1

An(t) .
+ > 1wt oy > 1),
(4.4)
Yo Y7 (0) I (0)

St =Y AT <)+ > 1<+ Y 1T <tV))

i=1 =1 =1
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+ 3 1@ <t w4 ZR<t+Z1 ap et <y ? <)
]n(o) An(t

+ > 1@ gt <t V) 4+ ) 1wl 4l < 8Y),
] =1

and
(4.5) Yii(t) = Y'(0) + X (0) + A™(t) — Xp(t) — S™(1).

We use the convention that Z?Zl = 0 throughout the paper.
We impose the following assumptions on the initial quantities.

ASSUMPTION 6. There exists (Y1(0),Y2(0)) € R such that
(X"(0),Y"™(0)) := n™(X"(0),Y"(0)) = (X(0),Y(0))

in R* as n — oo, where X(p) = (N1, N2) and Y (0) := (Y1(0 ), Y>(0)).
There exist random vectors X (0) := (X1(0), X2(0)) € R? and Y(O) =
(Y1(0), Y2(0)) € R? such that

o) AN —

(X7(0),Y(0)) :== vn(X"(0) — X(0), Y"(0) = ¥(0)) = (X(0), Y(0))
in R* as n — oo.

This assumption implies that the associated fluid-scaled initial quantities

(J™(0), 2"(0), I"(0), R"(0)) := n~'(J"(0), 2"(0), I"(0), R"(0))
= (J(0), Z(0), 1(0), R(0))

in R% as n — oo, where

J(0) := Ny — Y5(0) = Ny — Y1(0), Z(0) := (Z1(0), Z2(0)) := (0,0),
I(0) := 0, R(0):=(0,0).

Define the associated diffusion-scaled quantities (.J™(0), Z
by

7o) = OO g0y 2L,
in) =9 fnio) = BiO) 21
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Then Assumption 6 implies that
(J(0). 2" (0). I"(0). B

n

in R% as n — oo, where

J(0) = min (~(X,(0))” = Vi (0)}, 1(0) i= min (Xu(0))""

Z1(0) 1= —(X3(0))” = Yir(0) — J(0), Ry(0) := (Xx(0))" — 1(0), k=1,2.
Let

1 t
Fpo(t) = —— [ FS(s)ds, t>0,
kelt) = gy [ Fetods, 2

be the equilibrium distribution associated with Fy, k = 1, 2.

ASSUMPTION 7. Fork =1,2, {fji : i € N} is a sequence of i.i.d. random

variables with distribution Fy . and for each i € N, f]i and ﬁ§ are indepen-
dent. {n,i’Q 1 € N} is a sequence of i.i.d. random variables with distribution
Fy for each i € N and k = 1,2. {(ni’],n;’l) 11 € N} is a sequence of i.i.d.
random vectors with a joint distribution F(-,-). {(n,i’R,ﬁZ’,Z) :i1 € N} isa
sequence of i.i.d. random vectors with independent components, k =1,2.

Note that in Assumption 6, we have assumed that the system starts from
stationarity (in the fluid-scale steady state). Here in Assumption 7, the re-
maining service times of the tasks in service are assumed to have the associ-
ated equilibrium distributions, and they are also assumed to be independent
for the two tasks. For jobs with both tasks in queue, we assume that their
service vectors have a joint distribution F(-,-), as the new arrivals. For jobs
with one task in service and the other in queue, we assume that the task
in service has the associated equilibrium distribution, the task in queue has
the same marginal distributions as the new arrivals, and both tasks are
independent. '

Finally, we also make an assumption for the residual waiting times {111:” :
i=1,..,Q(0)}, k=1,2.

ASSUMPTION 8. The residual waiting times of the tasks in queue {d)Z’i :
i=1,...,Q7(0)}, k =1,2, converge to zero a.s. as n — 0.

We define the diffusion-scaled processes X" = (X0, X)), Y = (Y, Y
and S” by
(4.6)
5 X (t)— N
X,?(t) = k( ) k

vn

V) = W, Sn(t) = S™(t) — S™(t)



Downloaded from informs.org by [216.73.217.81] on 24 June 2026, at 16:38 . For personal use only, all rights reserved.

536 H. LU AND G. PANG

for k. =1,2, and t > 0, where

(4.7) S™(t) :== nSO(t) + A" /Ot /Ot ((t —s1) A (t — s2))dF(s1,82),

(4.8) S0(t) == Ya(0) F1 o (t) + Y1(0) Foe(t) + J(0) F1e(t) Foo(t),

(4.9) Y(t) == nY(0) + Nt — S™(t).

From the balance equation for Y;" in (4.5), we can rewrite Yk” as

(4.10) V() = Y7 (0) + XP(0) + A™(t) — XP(t) — S™(t), t >0,
for k =1,2.

Recall E}(t) is defined as the cumulative number of tasks entering service
by time t > 0 at station k, kK = 1, 2, assuming the system starts empty in §3.
Without abuse of notation, in §4 and §6 related to the FCLT, we let E}(¢)
be the number of new arrivals after time 0 whose task k has entered service
by time ¢ > 0 at station k, k =1, 2.

Define the diffusion-scaled processes (En, Qn, Bn, ﬁn), E" = (E?,E;‘),

Qn = ( A?,QE‘), B" .= (B?,EQ} and D" = (ﬁ?,f)g), by
(n En(t) — A"t An 0
(4.11) Ep(t) = =" QR(t) == (XP(1)7,

A~ A\/ﬁ A A ~ A
By (1) == = (X ()™, Di(t) = Xp(0) + A™(t) — Xi (1),

for k=1,2 and k > 0. For s1,s9 > 0, let

(4.12) En(s1,80) = % ((ED(s1) A B2 (52)) — A™(s1 A s2))

= (EA{L(Sl) + (A"/\/ﬁ)(sl A A 82))
A (E§(82> + ()\n/\/’ﬁ)(SQ A NAY 82)).

Before we present the FCLT for the fork-join network with NES in the
Halfin-Whitt regime, we provide some preliminaries for the limit processes.
The limit processes will be functionals of a generalized multiparameter Kiefer
process, as a limit of the multiparameter sequential empirical process driven
by the service time vectors of new arrivals. Define the multiparameter se-
quential empirical processes K™ := {K"(t1,ts,x) : t; > 0,t3 > 0, € R? }
by

\_ntﬂ A |_nt2J

Y A <@)-F@)

=1

(413) K"t tax) =

S-
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We prove the convergence of K™ in the space D([0, 00)2, ([0, 00)?, R)) en-
dowed with a generalized Skorohod .J; topology defined in [19] in Proposition
4.1. This proposition generalizes Lemma 3.1 of [29] to the multiparameter
setting and Theorem 3.1 in [33], and its proof is provided in §6.1.

The processes K™ and their limit K are much relevant to the vast liter-
ature in empirical processes and Gaussian random fields (see, e.g., [55] and
[1]). It is worth noting that the time domain (¢1,%s) of the processes K"
and K are two-dimensional, unlike the standard sequential empirical pro-
cesses studied in the literature. This unique feature arises from the fork-join
network model, in order to provide representations for the system dynam-
ics and characterize the limit processes (see (4.24)—(4.25) in Theorem 4.1
and (5.6)). Sequential empirical processes have played an important role in
studying many-server queueing models, as first observed by Krichagina and
Puhalskii [29], and further developed in [51, 50, 38, 43, 45, 46, 47]. It is also
worth noting that in these papers, the weak convergence of the associated
sequential empirical processes in the space D([0,00),D) with the Skorohod
J1 topology is required as first observed in [29]. For the fork-join networks
with NES, the weak convergence in the space D([0, 00)?,D([0,00)?,R)) in a
generalized Skorohod J; topology is required in the proofs of the FCLT.

ProPOSITION 4.1. Under Assumption 1,
(4.14) K"(tl,tg,m) :>f((t1,t2,$)

in D(]0,00)2,D([0,00)%,R)) as n — oo, where K(t1,t2,x) is a continuous
Gaussian random field, called a generalized multiparameter Kiefer process,

with mean E[K (t1,t2,x)] =0 and covariance function

(4.15) Cov(K (s1, s2, @), K(t1,t2,Y))
=(s1AsaANti At)(F(xANy)— F(x)F(y)),

for st >0, k=1,2, and x,y ERa_.

We define the processes Wy := {Wi(t) : t > 0}, VAV[; = {W,f(t) :t >0}
and W := {W(t) : t > 0} as integral functionals of K: for t >0, k = 1,2,

t ot
(4.16) Wi (t) := / / / 1(sg + xp < t)dK(As1, Asa, x),
0 Jo JRZ

t ot
(4.17) W (t) ::/ / / 1(sj + xj < t,Vj)dK (As1, Asa, @),
0 Jo JR3
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and
WEL) = Wi(t) — W(t)

t t
(4.18) = / / / 1(sg + oz < t,sp + xpr > t)df((ASl, As2, ),
0 Jo Jr2

where the integrals are defined in the sense of mean-square limits (see the
precise definition in §6.2).

PrOPOSITION 4.2.  The processes W, W,ﬁ and W are well-defined con-
tinuous Gaussian processes with mean zero, and for 0 < s <t and k = 1,2,

E[(W()=Wi(s))?] :)\/O (Fj(t—u)—F(s—u))(1— Fj,(t—u)+ F(s—u))du,

t t
(4.19) E[(W(t) — W(s))?] :)\/ / [AF((s — s1,5 — s2); (t — $1,t — 52))]
X [1—AF((s —s1,8 — s2); (t — s1,t — 82))]d(s1 A s2),

E[(WE(t) = Wi()?] = E[(Wi(t) — Wi(s)*] + EI(W () = W(s))?]

—2)\// (t—s1,t—82) = Fipr(s — Sp,t — Spr)

+ (Fi(t — sk) — Fr(s — si))
X (F(s—s1,8—s2) — F(t — s1,t — s2))]d(s1 A\ s2),

and covariance functions
Cov(Wi(t), Wi (1))

= )\/Ot /Ot[F(t— s1,t — 89) — Fi(t — sg) Frr (t — spr)]d(s1 A s2),

Cov(Wi(t), W (t))

— )\/Ot /Ot[Fk(t —sk)F(t — s1,t — s9) — Fi(t — s) Fpr (t — spr)]d(s1 A s2),

Cov(Wi(t), W(t))

- )\/Ot /ot[F(t — 81,0 = 82) — Fi(t — s) F'(t — s1,t — s2)d(s1 A s2),
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Cov(WEt), W (t))
- )\/ / F(t— 51,1 — 59))2 — Felt — sp)F(t — 51t — s2)]d(51 A 52),
where Fy, i (z,y) := P(n, < z,nt, <y) for z,y € Ry, and
AF(z;y) = F(yi, y2) — F(21,92) = Fyr, 22) + F(a1, 22),
forx,y cR?, x<uy.

In addition, let U := {U(t) : t € R? ©} be a continuous two-parameter
Gaussian process with mean zero and covariance function:

(4.20)  Cov(U(s),U(t))
= (Fre(s1 At1)Foe(sa Ata) — Fre(s1)Foe(s2) F1e(t1) Foe(ta)),

for s := (s1,s2) € R% and ¢ := ({1,12) € R%. Define Uy, == {Ui(t) : t > 0},
for k=1,2, by

(4.21) Ui(t) :==U(t,00), Us(t) :=U(co,t), t>0,

and without abuse of notation, we denote U(t) = U(t,t), t > 0. Note that
the processes Wy, Wi and W are independent with U, as well as Uy, k = 1, 2.
We are now ready to state the FCLT.

THEOREM 4.1. Under Assumptions 1 and 4-8,
(122) (A" X" Y87 E"Q"B".D") > (AX.V.$.5,0.B.D)

in D as n — oo, where A is in (4.1), X, Y and S are the unique solutions
to the following set of stochastic integral equations: fort > 0 and k = 1,2,

(4.23) Xi(t) = XP(t) — NpBrFre(t) — J(0 )1/2Uk( t)
— Vi (0)"2 B i (Fie (1) — Wi(t)

+ /()t(Xk(t —8))TdF(s) + /Ot Fe(t — s)dfl(s),

(4.24) Vi(t) = Y2 (t) + NiBFre(t) — Yi(0)/? B o (Fi o(t))
+ J(0) 2 (Uk(t) — U(t) + Wi(t) — B (1)

- /t(Xk(t —8))TdFy(s) + /t Fi(t — s)dA(s),
0 0
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(425)  S(t) = S°(t) + Y2(0)/* Bo1 (F1e(t) + Y1(0)/? Bo o Fae(1))
+ JO)YV2U ) + W(t) + (1),

and E’n, Qn, B" and D" are given as follows:

~ A~

(4.26) E(t) = A(t) — (Xi(t)",  Di(t) = Xi(0) + A(t) — X (t),

~

Qu(t) = (X)), Bi(t) = —(Xx(t))™,

where

(4.27) XP(t) := Xi(0)Ff (1) + (Xr(0) " (F (b) — Ff (1),
2
(4.28) S°(t) := > (Vi (0)Fre(t) + Zis (0)Fi(t) Fro o (t))
k=1
+ J(0) e (8) Foe(t) + 1(0) Frn (1),

(4.29) V2(t) 1= Yi(0) + Xi(0) Fe(t) + (X5 (0)) " (Fi(t) — Fre(t)) — S°(2),

the processes Bo,k = {Boyk(t) :t >0}, k=1,2, are independent standard
Brownian bridges, the process U is a continuous two-parameter Gaussian
process defined above with the processes Uy and Us defined in (4.21), and the
processes Wy, Wi and W are defined in (4.16), (4.18) and (4.17), and By
is independent of U and Wy, W¢ and W, and the process W := {¥(t) : t > 0}
defined by

(4.30) (t) = /Ot /Otff(t — 51,1 — $9)dF(s1, 82),

1s a well-defined continuous process, where, for si,s2 > 0,

A~ ~

(4.31)  E(s1,s2) = FEi(s1)1(s1 < s9) + Ea(s2)1(s2 < 51)
+(E1(s1) A Ea(s9))1(s1 = s2).

It is worth noting that we have generalized the methodology in Reed [51]
for G/GI/N queues to non-Markovian multi-server fork-join networks with
NES. The limit processes are shown to be of convolution type, driven by
Gaussian random fields. We remark that the limit processes Xy, k = 1,2,
have the same structure as the unique solution to an integral convolution
equation, as shown in Reed [51], but are also different because they are both
driven by the same generalized multiparameter Kiefer process K defined in
Proposition 4.1. These two limiting processes Xk, k = 1,2, are correlated
because of the correlated service times of the parallel tasks of each job, which
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is captured by the process K , as well as the same arrival limit process A.
In fact, these two processes K and A as well as the limits associated with
the initial quantities are the driving stochastic components of all the limit
processes in (4.23)—(4.26).

5. Proof of fluid limit. In this section, we prove Theorem 3.1. For
conciseness, we only show the case when K = 2. The argument can be easily
generalized to the fork-join system with K > 2 parallel service stations. We
first give a representation for the fluid-scaled processes X", Y and S".
Recall that the systems are assumed to start from empty in Theorem 3.1.

LEMMA 5.1.  The processes X" in (3.2), Y™ in (3.3) and S™ in (3.4)
can be represented as

(5.1) XP(t) = Mp (1) + /O FE(t— s)dA™(s) + /O (XP(t—5) — NP dFi(s).

t

52 Y20 = [ Flt=s)aa"(s) = [ (Xp(t=5) = N)*an(s)

_/Ot/ot(E?(t—sl)AES(t—SQ))dF(SI,SZ)_M]?(t)_vn(t)’

t t
(53)  S'(H)=V(t)+ /0 /0 (ED(t — 51) A EJ(t — 52)) dF (51, 52),

fork=1,2, and t > 0, where

An(t)
(54) M) =Y (L wp > 1) = Fi(t - —wp)),
=1
() |
(5.5) Vi) = Y (A o <t k=1,2)
=1

— F(t— 1P —w' t =7 —wyh).

PRrOOF. The representation for X' in (5.1) follows from Proposition 2.1
in [51]. We first prove (5.3) holds. By (3.4) and (5.5), we have

A™(t)
S™(t) =V"(t) + F(t =71 —w" t =1 —wy™"), t>0.
=1
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Observe that, for ¢ > 0,

AN (t)

Z F(t—r1'— w?’i,t -7 - wé”)
i=1
A™(t)

t ot ,
= Z / / s <t—7 —wy', k=1,2)dF(s1,s2)
i=1 70 70

A (t

)t gt ,
= Z / / 1Ur) +w," <t—sp, k=1,2)dF(s1,s2)
i=1 Y0 70

) 4
:/ / Z 17 +wy' <t —sp, k=1,2)dF(s1, 52)
070 =1

:/0 /0 (ET(t — s1) N Ey(t — s2)) dF (s1,s2).

Thus, we have derived (5.3). Finally, (5.2) follows from (2.3), (5.1) and
(5.3). O

By Theorem 4.1 in [51], we have the following lemma for the convergence
of (X", E").

LEMMA 5.2.  Under Assumptions 1-3,
(X", E") = (X, E)
in D* as n — oo, where X and E are the unique solutions to (3.5) and

(3.6), respectively.

We next prove the convergence of S™. We observe that the process V" in
(5.5) can be represented as follows:

6.0 VO =n [ [ [ 16+ < L VDIRE 1), B s2). ),

for t > 0, where the process K™ := {K"(t1,ts, @) : t1 > 0,t2 > 0,z € R2}
is defined by
_ 1 -
K"(ty,ty,x) == %K”(tl,tg,m), ti,to € Ry, € R,
where K™(t1,t, x) is defined in (4.13). The integral in (5.6) is well-defined
as a Stieltjes integral. The following lemma follows directly from Proposition
4.1.
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LeEMMA 5.3.  Under Assumption 1,
K"=0 in D(0,00)% D([0,00)% R)) as n — oo.

Note that the processes K"(t1,t2, ) have the following decomposition:
for t1 > 0, tQZOandweRi,

K™(ty,ta, ) = KJ(t1,ta, ) + K5 (t1, 12, ),

where
(5.7)
\_ntlj/\l_ntgj
— 1 2.1 77 >u
K{(t1,t2, ) = - Zl ( n' <x) / / dF(“)) :
Lntlj/\LTLtQ o
(5.8) Kyt ta, @) = (/ / ' >w) )F( )d,F(u)>.

We then decompose V™ into two processes, G" := {G"(t) : t > 0} and
"= {H"(t): t > 0} as follows:

(5.9) V() = H(t) + G™(t), t>0,

where

(5.10) H"(t —n///RQ sj—i-a:jgth)dKl( "(s1), EY(s2), ),
(5.11)  G™(t) :—n/o /0 /Rz 1(sj + x5 < t,Y))dK3 (E} (s1), By (s2), ).

Define the fluid-scaled processes H" := n~'H™ and G" := n~'G™. We next
show the convergence of the processes H" and G".

LEMMA 5.4. Under Assumptions 1-3,
(H",G™) = (0,0) in D* as n— oco.

We first prove the convergence H" = 0in D as n — oo in Lemma 5.4.
Let %JW be the time at which task j of job i enters service after time 0, i.e.,

7 =inf{t > 0: E7(t) > i}, j=1,2.
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We denote F to be the distribution function of man(%;L’i—l—n;-) conditional on
7' and 757 e, F(t) == F(t—7"" t —73"") for t > 0. Note that /" depends
on n and ¢ and we omit n and ¢ below for conciseness. Let F¢ := 1 — F.
Define, for t > 0,

(5.12)  H™(t) = 1(n} <t — 7", Vy)

/77%/\@—?1"”5+ /77%/\(t—ﬁ;’i)+ 1 4P ()
0 0 Fe(u)

7“-;” + 71}) > ) P
Fe(u)

R s s S

and, for each k > 1,

EP(O)AED (t) Ak
(5.14) HMt):= > HM().

i=1

Denote H™ := {H™!(t) : t > 0}, H™ := {H™(t) : t > 0} and H? :=
{H](t) : t > 0}. Let {¢ := 7/* — 7", @ > 1} be the interarrival times
between the (i —1)" and i*" jobs arriving to the system. Define the filtration
H" :={H} :t >0} by

= o (10 < 5 — 7 ), 5 < ti =1, BY (1) A B3 (1))

(5.15)
\/U(EJT-L(S),S <tVj)Vo(&i=1) VN,

where N includes all the null sets. It is easy to verify that H" is actually a
filtration and satisfies the usual conditions [23]. We first state the martingale
property of H™* and H™" in Lemma 5.5, whose proof can be found in §7.

LEMMA 5.5. Under Assumptions 1-3, the processes H™' and H™ are
H"-martingales.

Next, we will show the process H™" is an martingale with respect to the
filtration H™.

LEMMA 5.6. Under Assumptions 1-3, for each k > 1, the process H}!
1s an H™-square-integrable martingale with predictable quadratic variation
process

ER(H)AER () Ak

HH6 = )

i=1

+

m A=) /nwtf;vi) ]
0 0

mdﬁ’(u), t>0.
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PROOF OF LEMMA 5.6. By the definition of H;' in (5.14) and Lemma
5.5, H is H"-adapted and an H"-martingale. Note that, for each ¢ > 0,

H™ (#)| <1 w1 dF
| (t)] < +/O /0 Folw) (w), a.s.

By Lemma 4.3 in [33], we have E [|[H™(t)|?] < oo, for t > 0.

It is easy to check that the second terms (without the minus) on the RHS
of (5.12) and (5.13) are predictable with respect to the filtration %", and thus
are compensators for the point process {1(maxj:1,2(7°f’i + 77;) <t):t>0}.
By the uniqueness of Doob-Mayer decomposition (see, e.g., Theorem 4.10 in
[23]) in the sense of indistinguishability, H™* and H™* are indistinguishable
and we can write

EP()AES () Ak
HMt)= Y. H™(t), t>0
i=1
Thus, it suffices to prove the following two claims:

(i) The predictable quadratic variation process of H™ is given by

t 1(max]-(%;"i +18) >u) -

() (1) = /0 e aF(u).

(ii) The martingales H™" and H™J are orthogonal for i # j, i.e., the
product H™*H™J is an H"-martingale, or equivalently, the predictable
quadratic covariation (H™ H™J)(t) = 0 for t > 0 (see Proposition
4.15 of Chapter I in Jacod and Shiryaev [20]).

The proof of claim (i) follows a similar argument as part 2 of Lemma A.1
in [51]. We provide the details here for completeness. Since the second term
on the RHS of (5.13) is H"-predictable, by Proposition 1 of Chapter 3.4 in
Liptser and Shiryaev [32], the H"-predictable measure of the jumps of the
process {1(7;"" + ?75- <t,Vj):t>0}is

dF (u)
Fe(u)

il ’ t Eiov

V(0,40 = {1 € C}/O 1(0 < u < max(7}" +17)

where C' is a Borel set in R, and thus, the predictable quadratic-variation
process of H™" is (see, e.g., Problem 11 of Chapter 4.1 in Liptser and

Shiryaev [32])
(H™) () = /O t /R R CTR B ( /R a:l/"’i({u},dx)>2

0<u<t
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:/O (0<u<m]ax( +77]))F ()

8 2
- Z 0<u<max( +77])) (AF(U)>

O<u<t J

[
0 Fe(u) T

This completes the proof of claim (i).
We now focus on the proof of claim (ii), i.e., the martingale property for
H™ H™J Tt is sufficient to show, for s < t, j < i,

(5.16) (A V 7 > 8)E [H™ () H™ (t)|H!] = 0
and
(5.17) LAYV 7 < 8) B [H™ () H™ (t)|H2] = H™ (s)H™ (s).

We first prove (5.16). Note that 7, is an H"- stoppmg tlme since o(E}(s),

s <t) C H} foreach t > 0, k = 1,2. This implies 7{""V7,"" is also a stopping
time with respect to H", and H?mvm*i is well-defined. We then have

T VT2

(A" v 230" > s)E[H™ () H™ (£)| 1"
=1V A > B [B Y 0 (1) M 0| 2]
T1 7'2

Note that
(5.18)
E [H™ () H™ (1) [ H, ]
1 2

=10 <A = {9 < A = 7B [HY O™ (0,0
10 > A=A g < At — 7B [H"’i(t)H”’j(t)|7—l?171,¢v%;,i}
TR A S L)Y [H”’i(t)H”’j(t)\?—[?ln,iv%;,i}
T U R S )Y [H” i(t)yH™ (t)\HZ{L,iW;,i} .

Since
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and
o <A =7 < 7 - ?”’])H"’J( )
(] < #0 —#07 p) < 70— AP Y H™ (8 A (317 V 750))

I
—

are 7—[’}”7ivm’i—measurable, it follows that

Ll < 7 = 7 m) < A = B [H () H™ (O H i |
= B [1(n] < 7" = {0 < & — ) HY OH O H ]|
p)
= 1] < A =AY < = ) H (O [HY O H 0]

and thus, the martingale property of H™* and Doob’s stopping theorem (see,
e.g., Theorem 1.39 in Chapter I of [23]) imply that

B[ HY () Hi | = B [H G V7] = 0.
2

Thus, the first term on the RHS of (5.18) is equal to 0. We now consider the
second term on the RHS of (5.18). It can be decomposed into two terms as
follows:

L > 7 = 0 < 85— BB [HYOH™ (6|

IA
>
N3

=10 < 3" =) E [H Y OH O H ]

— 1] <A =AY <A = BB [H O H™ ()M |

1V2

We only need to show the first term on the RHS of the above is equal to 0.
Since (7 < " — #9) and 1} < 7"~ #)H™ (1) = H™ (£ A7) are

both H?H iy -measurable,
T T

Lo < 7= FE [ OO ]
—_ E |:1(77% g ";vi _ %;Lyj)Hnyl(t)Hnaj( )|HAnz An2:|
_ 1(77%' < A;l,i _ %g’j)H”’j(t)E [Hn z( )|7‘anvml} .
1 VT

Since H™" is an H"-martingale, by Doob’s stopping theorem (see, e.g., The-
orem 1.39 in Chapter I of [23]),

B [H" ()2, o] = B[ VA =0,
p)
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Thus, we obtain that the second term on the RHS of (5.18) is equal to 0.
The proof that the third term on the RHS of (5.18) is 0 is analogous to that
for the second term, and is omitted.

We now consider the last term on the RHS of (5.18). On the event {17{ >
= & An’] > Ty — Ty g }, we have that task & of job j has finished service
after task k of JOb i arrives, and so the service time vector of job j has no
effect on %,? ’i, the time at which task k£ of job 7 enters service, for k = 1, 2.
Thus, 7/ and %ni are independent on the event {n] > #/"" — #/"7 nJ >
Ty - 72 7Y for k = 1,2. More precisely, there exist random Varlables o :
and 7,"', which are Borel functions of £*, r > 1, n?, p > 1,p # i,p # j, such
that {n] > "' =37 i > 7" =70} = {n] > A g > 7t - 7))
and {7, = e vm k=1 2} on either event. Thus, applylng Lemma 3.6 in [29]
and using the fact that n° and 1’ are independent of 7 Tk “and 7 T, J ,k=1,2,

we have

L > 77 = 7 > 3 = VB [H (O H () |
=1(p] > 7 = A > A — i)
B[00 > 7 =407 > 7 = ) H @) 4

vk’I;L ’L A’Vl,j Vk)

vnz AT, )

where H™' denotes H™ with 7" " substituted for 7 T “for k = 1,2. Further-
more, since i) is independent of Ty Z, 7’ and Ty J , k = 1,2, we have

(519) E [1(,’7{ > 7:1”72' _7A_1n7j¢77% > 7v_n,i An,j)Hn z( )Hn,]( )‘vnz ~n,j Vk‘]
= BIL0p] > 7 =4 g > 70— i ()54 VR
x E[H™ (t)|7", V).

By the definition of ™ and the fact that n’ is independent of 7, k=12,
we note that E[H™(t)|7",Vk] = 0, which implies that the RHS of (5.19)
is 0, and thus (5.16) holds.

We will now focus on the proof of (5.17). The proof proceeds similarly to
that in Lemma 5.5. Let RL be either < or >, the relationship between two
real numbers, for k = 1,2, and [ = i,j. We then have a decomposition for
(5.17) by

13"V 7" < s)E [H™ () H™ (1)|H]]

= Z (1 MRy (s — 71 ),s—f'g’iZO,Vk‘)
Ri,R%,RI RS
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X L({RY (s — #00), V) E [H™ (0 H™ (1) 12] ),

where the summation an - denotes the sum of all the cases for the
1 2

RERY,
relationships RL, for | = i,j and k = 1,2. In order to prove (5.17), it is
enough to check for each R and R, k = 1,2,

LR (s — 7). s — 7" > 0,Vk)
X LR (s — 707), Vk)E [H™ (t) H™ (t)|H"]
= 1Ry (s — 7")y s — 77" > 0,YE) LR (s — 717), VE)H™ (s) H™ (s).
Here we only focus on proving the following two equations:
(5200 1(ni <s—#"ms>s— 7" > 0)
x (] > s =" > 0,n) <5 — 7" E [HY (t)H™ ()| 1]
=1(n} <s— 7" > s — 77 > 0)
X 10y > s — 7 2 0,0 < s — 35 ) H™ (s)H™ (s),
and
(5.21) 1(n} >s— 7" > 0,15 > s — 75" > 0)
X (] > s — 7 > 0,1 > 5 — 757 > 0)E [H™ (¢) H™ (t)|H"]
=1(ni >s—7“‘{”' > 0,75 >s—?2n’i >0)
X 10 > s =77 20, > 5 = 73 > 0)H™ () H"™ (s),
and the proof of the other cases can be carried out similarly.

For (5.20), we first observe that

N

1, <s— 3" nh > s — 77" > 0)1(y] > s — 77 > 0,9} < s —7)

= 100k < = )~ 100k < 5= A < 5= 74)]
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Thus, we obtain
(5.22)
1(nf <s— 7" mh > 5 — 75 > 0)
X 1(77{ >s5—1 i > 772 <s—T, ’J)E [H"’(t)H"J(tH”Hﬁ

= 1(n} < s — 7L < s — 7 )E [H™ () H™ (1) |H]]

—lmiés—ﬁ”m2<8—%”)w§<8—5”)[Hm@ﬁﬂﬂﬂmﬂ

- 1(% <s— ””)1(771 <s— 7'1 772 <s— Téw) [H”Z(t)H”J(t)|H?]

+1(n) <s— A my < s— )

x (] < s =" my < s — 2B [H () H™ (1) H] .
Since 1(n} < s — "), 10 < s — 7, 10} < s — 7"V H™(t) = 1(n] <
s — 7Y H™(s) and 1(n), < s — 732 YH™I (1) = 1(n), < s — 737 )H™(s) are
‘H7-measurable, we then have
10 <5 =" < s — A"’J)E [H™ (t)H™ (1)[H]]
=1(ni <5 7" < s —75)
X B [1(n) < s - ﬁ“)HW(t) (1 < s — 7)™ (1) [z
— 107} < s~ #)Ln < s — 7YY H () HM(s).
Similarly, we can obtain the corresponding results for the other terms on
the RHS of (5.22), which completes the proof of (5.20).
Next, we focus on the proof of (5.21). Since
{5—%f’i 20,8—%;7i 20,7]{ > s—ﬁl’j,ng >5—%§’j}
C o > 9 = > - 7,

it follows as above that

(s =" > 0,8 =70 >0, >s— 7" ) > s — 737}

={s—F">0,s -7 >0, >s— 7 ) > s — 757}
and {%,? =70 '.Vk} on either event. Hence,

(5.23) 1(n} >s—7"" > 0,mh > s — 75" > 0)
X 1(ny] > s — 7 > 0,1 > s — 757 > 0)E [H™ (t) H™ (t)|H"]
:1(77% >s—7’17 20,7]2 >S—7‘§’i >0)
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X1y >s =" >0, >s— 77 > 0)E [H™ (t)H™ (t)|H?] ,

where i’ and 7/ are independent of 7" * and T J for k =1, 2. Analogous to
the proof of Lemma 5.5, we have

HEN ) > s — 77" > 0,VE} N {n] > s — 717 > 0,Vk}
Co(& r=1n"p=1p#ip#j) Vol i’ Vk) VN)
N{nt >s— Vm>0Vk‘}ﬂ{nk s—T’j>OVk}

where N includes all null sets. Applying (5.23) and Lemma 3.6 in [29], we
have

(5.24) 1(n} >s— 7" > 0,15 > s — 75" > 0)
X 1(77{ > 5 — %{L’j > 0,17% > 5 — %g’j >0)F [Hm(t)H”](t)rH?]
=1} >s— " > 0,75 > s — 7" > 0)
xl(n{ 3—713>0772 3—723>0)
X E[1(, > s = 7" = 0,9K)1(g] > 5 — 77 > 0,Vk)

X H™ () H™ ()| 7, 7, k]

=P (0> s =70 2 0, > s — 77 = 0,9K|7 709, k).

Recall that ° and 1’ are independent of T " and T I for k = 1,2. We then
obtain
E[1(n;; > s — 7> 0,VR)1(g] > s — 219 > 0,Vk)
% ]flnz( )Hn,j( ) ']z” AT,j Vk}

= E[1(n}, > s — 7" >0, wg)ﬁ"’i( t)7", k]
x E[1(n] > s — 717 > 0,Vk)H™ (t)|71 k],

and
(5.25) P (nk >s— 70 >0, > s — 7 >0,V A Vk)
=P (n}, > s — 7" = 0, V|7, k)

% P (0] > 5 = 9 = 0,YKIF, k)



Downloaded from informs.org by [216.73.217.81] on 24 June 2026, at 16:38 . For personal use only, all rights reserved.

552 H. LU AND G. PANG

By Lemma 3.6 of [29] and an analogous argument in the proof of Lemma
5.5, we have

E [1(% > 5 — # > 0, Vk)H™i(t )|7‘£’i,Vk]

l(nk>s—7‘]?z>0,Vk) - s T
P (n > s = 7" = 0,VKI7, V)

=1(n, > s — f,;” > 0,Vk)E [H™ (t)|H2]
and

E [1(% s —# > 0,Vk)H™I (t) A’”,Vk}

1(n] > s — 77 > 0,Vk)
P(nk>s—7 T >0, k|7 Vk)

= 1(n) > s — 717 > 0,YE)E[H™ (t)|HD].

Combining (5.24)-(5.25), and noting the fact that 7‘; = %,Z”, k=1,2, on
the event

{s— Am >0, 771: > 5 — %,?’j,Vk} ={s— an >0, 77k; > 5 — %g’j7Vk},
as well as the martingale property of H™ and H™J, we obtain

1(nt >s—7°1n’i>0 n§>s—%§’i>0)

x1(p] > s =77 > 0,0} >s— 77 > 0)E [H™ (t)H™ (t)|H?]
=1(ni > s — %,z” > 0,Vk)E[H™(t )\H?]

X 1(nk > s —Tk’] > 0,VE)E[H™ (t)|H"]
=1(n, >s— 7" >0,Vk)1 (nk > s —7'k"7 > 0,VEk)H™ (s)H™(s),

which completes the proof of (5.21). Thus, we have shown Lemma 5.6
holds. O

PROOF OF THE CONVERGENCE H" = 0 IN LEMMA 5.4. Fix T > 0. For
each € > 0, by Lemma 5.6, we have that for each k € N,

P( sup |H"(t)| > e) < P(E}(T)NEZ(T) > /<a)—|—P< sup |[HE (t)| > e).
0<t<T 0<t<T

Lemma 5.2 implies that the processes (Ef, E’g) are stochastically bounded,
and thus, for k sufficiently large, the first term on the RHS of the inequality
above goes to 0 as n — co. We only need to show the second term converges
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to 0 as n — oo. By the Lenglart-Rebolledo inequality [32], it follows that
for any v > 0,

P<oi‘2§’T ()] > e> < L P ((EZNT) > 7).

Recall from Lemma 5.6 that

EN(T)AES (T)A(kn)

3 1 77{/\(T—7A'f”’i)Jr A (T—75")+ 1
(H)(T) = — / / L ar(),
! n? ; 0 0 Fe(u)

Hence,
EN(T)AEY

(T) i i
— i mno 72 1 u
COES- DY [ e

Note that, by Fubini’s theorem,

/Oni /077% Fctu) JF ()

It follows by the FLLN that

[n-] i i
1 w1 ,
ﬁ;/o /0 Fc(u)dF(u)éO in D as n— oo

Thus, by Lemma 5.2, the continuous mapping theorem [7] and the random
time change theorem [7], we have

(5.26) E =1.

P ((FI,’;‘”)(T) > fy) —0 as n— oo,
which completes the proof. O

Next, we will prove the convergence G™ = 0in D as n — oo in Lemma 5.4.
We follow a similar argument in Lemma A.3 in [51] to prove the convergence
of G™, but generalize that to the multiparameter setting.

We introduce a multiparameter process 1™ := {T”(tl, to,x) i t1 > 0,19 >
0,z € R?} defined by

ET(t1)NE3 (t2)

(G21) () = (1(n' > z) — F(x)),

(]

i=1

for t1,t0 > 0, ¢ € R%r. Following a similar argument as in Lemma 5.3, we
obtain the following lemma.
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LEMMA 5.7.  Under Assumptions 1-3,
T" =0 in D([0,00)2,D([0,00)% R)) as n — oo.

We also define the mapping ¢ : D(]0, 00)?,D([0, 00)2, R)) — D by

- Ertu(t —ap,t — 29, 2)1(FE(x) > €) -
_/0 /0 Fe(z) dF (),

for some € € (0,1) and for ¢ > 0 and u € D([0, 00)?,D([0, 00)?, R)). The next
lemma shows the continuity property of this mapping.

LEMMA 5.8.  Suppose up,u € D([0,00)2,D(]0,00)%,R)) and u is contin-
wous. If up, — u as n — 0o, then ¢(u,) — d(u) as n — co.

PROOF. Since u is continuous, by the definition of ¢, ¢(u)(-) is also con-
tinuous in space D. To show the continuity of the mapping ¢, it is sufficient
to show that for T' > 0,

sup |¢(un)(t) — o(u)(t)] =0 as n— oo.
0<t<T

Denote the set A := {x € R} : F¢(z) > ¢} and let Cy := [, dF(x) > 0 be
a positive constant. Note that

sup [p(un)(t) — o(u)(?)]

0<t<T
t pt
— sup // (un(t_zl7t_$27m)_ugc_(§:l)7t_$27m))1(F (w)Ze)dF(m)’
o<t<T
B 1(F“(x) > €)
S sup |un(t17t25$) u(t17t27w)| dF( )
ogtl,tilg:r o Jo Fe(x)
g AS

Ca
< sup  |up(ty,te, ) — u(ty, to, ®)|—.
0<ty,t2<T €
zeA
The convergence of u, and the continuity of u imply that the RHS of the
above inequality goes to 0 as n — oo. Therefore, the continuity of the

mapping ¢ follows. ]

PROOF OF OF THE CONVERGENCE G™ = 0 IN LEMMA 5.4. We first re-
write G" in (5.11) as

//T t_"“’ —I22) i), >0,
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Fix € € (0,1). We decompose G™ as follows: for ¢t > 0,

G"(t) = GY“(t) + Gy (1),

where

/ / Tnt—xl,t—;"f(, )) (Fc(m)ze)dF(a:),
ne( T™(t — x1,t — z9, )1 (F(x) < €)
Gy / / Fe(x) dF (x).

Now it suffices to prove the following two claims:

(i) G7°(t) = 0in D as n — oc;
(ii) For each 6 >0 and T > 0,

lim lim P< sup |Gy *(t)] > 5) =0.
e—0n—o0 0<t<T
By Lemmas 5.7 and 5.8, we can conclude (i) holds. We now focus on
proving (ii). Without abuse of notation, we denote T"(t,x) := T"(t,t,x)
for t > 0 and & € R?. Recall the definition of T™ in (5.27). We obtain, for
any K > 0,

P< sup |GH(t)] > 5)

0<t<T
< P(E!T) > &T, W)
+ P (/ / ) sup ]Tn(tl,tQ,azﬂdF(:n) > 5)
0<t1,ta<kT

< P(EMT) > kT, Vz)

+P<// )( sup [Tty by, )|
0<t1 <to<kT

+ sup |T"<t1,t27m>|)dF<w>>6>

0<to<t1<kKT

< P(EMT) > kT, Vi)

) ™n é
+2P (/ / 0<stu§;T|T (t,z)|dF (x) > 2) .

For k sufficiently large, by Lemma 5.2, we have the first term on the RHS
of the above inequality converges to 0 as n — oco. For the second term, we
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proceed as that in Lemma 6.5 in [33] and can show this term also goes to 0
when n — oo and € — 0, which completes the proof. U

PrRoOOF OoF THEOREM 3.1. By Lemma 5.2, and the balance equations in
(2.1), (2.2) and (2.4), we obtain the joint convergence of
(A", X", E",Q",B",D") = (a,X,E,Q, B, D)

in D?X*+1 as n — oo, where the limits are given in (3.1), (3.5), (3.6) and
(3.9).
Now to show the weak convergence of S™, by (5.3), it is sufficient to show

(5.28) V'=0 in D as n— oo,

and
(5.29) /Ot /t (ET(t — s1) A EZ(t — s2)) dF(sq, s2)
:>/ / 1(t—s1) /\Eg(t—sz)) dF(s1,s2)

in D as n — oco. By the decomposition of V" in (5.9), Lemma 5.4 and the
continuous mapping theorem [7], we can conclude (5.28) holds.
To prove (5.29), we define a mapping 1 : D> — D by

¢ 33‘1,3]2 / / .1‘1 t— S1 /\1‘2(25—82)) dF(Sl,SQ)

for 21,29 € D and t > 0. By the weak convergence of E", it suffices to show
the mapping 1 is continuous at all continuity points in D? and thus, applying
the continuous mapping theorem [7], we can conclude the convergence in
(5.29). We now prove the continuity property of the mapping ). Suppose
xl, x5 € D satisfy

(21, 2%) = (z1,22) in D® as n— oo,

where x; is continuous in D for j = 1,2. Recall that we endow the product
metric space with the maximum metric of each component space. Since x;
is continuous, by the definition of ¢, 1 (z1,2z2)(+) is also continuous in D. To
show the continuity of the mapping, it is sufficient to show that for T' > 0,

sup [ (2], 23)(t) — (21, 22) ()] = 0, as n — oo,
0<t<T
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Note the fact that for a,b € R,
(5.30) aAb:%(a—l—b—|a—b|).
Now, for the fixed T > 0,

(5.31)

sup |ip(x7, 25)(t) — (w1, 22)(1))]

0<t<T

= sup
0<t<T

t pt
< sup / / |zT(t —s1) ANas(t — s2) — x1(t — s1) A xa(t — s2)|dF (s1,52)
0<t<T JO JO

/0 /0 [27(t — s1) Aay(t — s2) —x1(t — s1) A xa(t — s2)]dF (51, S2)

S Fp(T)  sup |7 (s1) Awy(s2) — z1(s1) A wa(s2)|
0<s1,52<T
Fo.(T
=T wup [ + 25 (s) — laf 1) — ()
0<s1,52<T

— (w1(s1) + wa(s2) = 1 (1) = wa(s2)])|

<

2
Fm2(T) (Z sup |2 (s) — xi(s)|

7 0<s<T

©oswp [lef(s) — af(s)] — fer(sr) - x2<s2>|\).
0<s1,52<T

Since

2

sup ||z (s1) — a5 (sa)| — |w1(s1) — wa(s2)|| <Y sup |} (s) — wi(s)],
0<s1,52<T i—1 0<s<T

we further obtain by (5.31),

2

sup_[(af,@3)(t) — (1, @2)(0)] < Fu(T) ) sup_ |2 (s) = ai(s)].

0<t<T i—1 0<s<T

The convergence of z} and zf and the continuity of z1 and z2 imply the
RHS of the above inequalty converges to 0 as n — oo, which completes the
proof of the continuity of the mapping 1.

Finally, the proof of the convergence of Y follows from the balance equa-
tion (2.3) and the continuous mapping theorem [7]. The uniqueness of all
these processes follows from the uniqueness of X, k =1, 2. O
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6. Proof of FCLT. In this section, we prove Theorem 4.1. We start by
proving Propositions 4.1 and 4.2 in §§6.1 and 6.2, respectively. We then give
some preliminary results in §6.3. We prove the convergence of the processes
Wn, W and W,:” “in §6.4, k = 1,2. The convergence of the initial quantities
is proved in §6.5. We complete the proof of Theorem 4.1 in §6.6.

6.1. Proof of Proposition 4.1. We first define a multiparameter sequen-
tial empirical process U™ := {U™(t1,t2,x) : t1 > 0,13 > 0,z € [0,1]2} by

1 [nt1 [N |nt2 ]
rn L 3
(6.1) U™ (t1, te, ) == NG ; (1(&' < ) — H(x)),
for t1,to > 0 and x € [0,1]%, where {£& := (&,&}) : i € N} is a sequence
of i.i.d. random vectors with joint distribution function H(-) and uniform
marginals over [0, 1]. Define F : R%Z — [0, 1]? with F(x) = (Fi(z1), Fo(x2)).
By Sklar’s theorem [52], for any multivariate distribution function F, there
exists a unique multivariate distribution function H (called “copula”) with
uniform marginals on [0, 1] such that F'(x) = H(F(x)) when the marginal
distribution functions F}, k = 1,2, are continuous. Then, we can write
R’”(tl,tg,w):(v]”(tl,tg,F(a:)), t1, 12 €R+, .’BERi.
To prove Proposition 4.1, it suffices to show that
U™(t1,tg, ) = Uty ta,2) in D([0,00)%,Dy) as n — oo,

where U(t,x) is a continuous Gaussian random field with mean E[U(ty, to,
x)] = 0 and covariance function

9 9

Cov(U(s1, 82, @), U(t1,ta,y)) = (s1 Asa Aty Ata)(H(x ANy) — H(x)H(y)).

We proceed by proving that the finite-dimensional distributions of U™ con-
verge weakly to those of U, and {U™ : n > 1} is tight. Denote U"(t1,t) :=
lu]"(tl,tg, -) for t1,ty € [0,00). Without abuse of notation, we let (7"(25) =
U"(t,t,-) for t > 0. In order to show the convergence of the finite-dimensional
distributions of U " it suffices to prove for any | € N and t* := (t’f, t’f), where
th tk € [0,00) and k = 1, ..., 1,

g gl 4l g el gl
(Un(tiv t%)? seey Un(tlv t2)) = (U(tia t%)? sy U(tlv t2))
in Dlz as n — 0o. By the definition of U™, it is equivalent to prove
(U™ (t] Atg), ., UME A D)) = (U (] Aty), ., U] Ath))

in D), as n — oo, which follows directly from Theorem 3.1 of [33].
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Now, we focus on the tightness of U™. From Corollary 4.2 of [19], it is
equivalent to show that there exists a sequence {a! := (af,ab) € R2 : 1 > 1}
satisfying ming afk — o0 as | — oo such that

(i) for each o and every € > 0 there exists a compact set M, C Dy such
that

P(U™(t1,t2) € My, ¥t € [0,a}] x [0,0b]) >1—¢, n>1;

(ii) for each [ > 1,
lim lim sup P(w?l(f]n) >¢€) =0,
0—0 npnooo
where

ol it .
U"):= inf n(B),
Wi (U7) = it s wun(B)

¥} 9]

and w, (B) 1= supg ¢ g dp, (U™ (51, 52), U™ (t1,12)), and dp, is the met-
ric in space Ds.

Recall from Theorem 3.1 of [33] that the processes U" := {U(t,x) =
U™(t,t,x) : t >0 and « € [0,1]?} are tight in D([0, 00),Dy). Let U™(t) :=
U"(t,-) for t > 0. From Corollary 4.1 of [19] we have that there exists a
sequence {al € Ry : 1> 1} satisfying o), — co as | — oo such that

(") for each aly and every € > 0 there exists a compact set M; . C Dy such
that )
P(U™(t) € My, Yt € [0,0b]) >1—¢, n>1;

(ii’) for each [ > 1,

l .
lim 1i P(wi®(U™) >¢)=0
lim 1TIln_>solip (ws°(U™) > ¢) )
where .
gy 1 1n .
w: (U™ := inf max W, (B),
5 (U") Aaé(é)BeAaZ{(ts) i (B)

and wip (B) 1= sup, ye s d, ((7(5), U7 (1)),
We set ol = (aby, aby) for I > 0. By the definition of U” in (6.1), we see that
conditions (1’) and (ii”) imply (i) and (ii) hold, respectively. Therefore, the
tightness of U™ holds, which completes the proof of Proposition 4.1. O

6.2. Proof of Proposition 4.2. Here we only focus on the process W,
and the other processes can be analyzed similarly. We first show W is well-
defined.
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We introduce some notations here. For a set J, let | 7| be the cardinality
of J. Let jkl and j]%,_k, be the partition of A := {1,..., N}, where N is
a positive integer, jkl N jﬁ,fk =, \jkl| = k and ‘jj%fﬂ = N — k. Let
® : RY — R. For x,y,2 € RV, define (I>‘7kl"71%’fk(a:;y) = ®(z), where
zj =uwxj for j € jkl and z; = y; for j € Jﬁ,_k. Then, we define

N

(62)  Ad(zy) =) (~1)F > oI INk ;).

k=0 \7,61,..7]%,7,6 partitions of A

In the rest of the paper, we will use AK™ and AK as defined in (6.2) when
N = 4. Notation AF is defined as (6.2) when N = 2.
By the definition of mean-square integrals, we have

lim E[(W(t) —WO@)) =0, t>0,

l—00

where

t t
03 W00 = [ [ ] 106k )
0o JO Ri

with

1 (s1,80,m) = Y D [U(sh g < s1 < shyshy < so < sh)L(ay <t — st vy)),

and 0 = s) < s < .. < s% t satisfying maxj<;<;|st — st ;| — 0 as

I — co. We call {s}:0 < i <1} is a partition of [0,#]. Define W )( t) and its
associated partition {s{ : 0 < i < ¢} of [0,#] similarly, ¢ > 0. To show W is
well-defined, it suffices to prove

(6.4) lim E[(WO@#) - WwO@w) =0, t>0.

[, 0—00

Without loss of generality, we assume that the partition {sf:0 < i < ¢} of
[O,t] is finer than the partition {s!: 0 < <1}. By (6.3), for t > 0,

D) - W)
l
=20 X X AR(Qspasgat—sit—s);

= =1 p.ql 4 £ l
i=1j 1psl 1<8p <st qs] 1<8g <sj

()\Sf;, )\sf;, t— sf;, t— sg)).
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By the definition of K, we can easily obtain that for 0 < s; <t1,0 < s9 <19
and 0 <z <y,

(6.5) E[(AK((s1, 2, @); (t1, t2,9)))?]
= [(t1 — 51) A (t2 — 82)|AF (23 y) (1 — AF(z;y)),

and for 0 <&} <), 0<s, <t),0<a' <y, t1 <5} and ty < s,
(66) E[AK((Slﬂ 527$); (tlatQ’y))Af{((sllv 5/23 wl)’ (t,17t/27y,))] =0.

By (6.5) and (6.6), we have, for t > 0,
E[(WO(t) - WO(1))?
!

ZZ 3 Al b)) A(sh - k)]

£ 4 l
Lj=1p:st 1<5p <st qs _1<84<s;

X AF((t — st t — sb); (8 — st — b))

p’ q

x (1—AF((t— skt — sé); (t— sf;,t - sg)))
l

I
< ZZ Z Z A(sp = sp_1) A (55— 5-1)]

=1 j=1 p:séfl<s£§sé q:s§.71<sg§sé

X AF((t — st t —sb); (t — sfﬂt - sg))

I
< ZZ Al(st = st_1) A (Sé - Sé‘ﬂ)]AF((t —sht— 3§)§ (t—si i, t— 3271))

< R/ L .
_lrggglg?glk[(s si—1) A (s5 = 85_1)]

Since max;<;<;(st—st_;) — 0 asl — oo, we have proved (6.4), which implies

that the process W is well-defined.

Recall from (4.14) that K is Gaussian with mean 0. Then, for a fixed t > 0,
WO (t) is normally distributed with mean 0. By the definition of W, W{®
converges to W in probability as I — co. Recall the fact that if a sequence of
normally distributed random variables in probability converges to a random
variable, the limit is also a normal random variable (see, e.g., Lemma 4.9.4
of [32]). Thus, W(t) is normally distributed, ¢ > 0, which implies the process
W is Gaussian.

Next, we will show (4.19) holds. By the definition of the process W, we
see

67)  BW(@) - W(s)?*) = im BVO@) - W0(s)?),
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where we assume the same partition {s! : 0 < i < I} of [0,¢] is applied for
WO(t) and W(l)(s) for 0 < s <t. By (6.3), it is easy to see that

O(t) = wO(s)

l

l
l l l l
ZZAK Si—1,5 ] 155 Si’S_S]) (Szvsyt_s t_S]))

i=1 j=1

for t > s > 0, where we set K(sl,SQ,ml,xg) =01if 21 < 0 or x5 < 0. Thus,
together with (6.5) and (6.6), we obtain

x (1= AF((s—st,s —sb); (t—st,t —sb)), t>s>0.

By Lebesgue’s theorem, we have

N

Jim E[(WO () - WO(s))?

_A// [AF((s — 51,5 — 52); (t — 51,1 — 52))

(1 -AF((s—s1,5—82);(t —s1,t —s2)))]d(s1 Nsa), t>s>0,

which by (6.7) implies that (4.19) holds.

We now prove the process W is continuous. Note that (4.19) indicates W
is continuous in probability. To show the process W has continuous sample
paths a.s., by Lemma 4.9.6 of [32], it is sufficent to prove that for any
partition {s!:0 <4 <1} of [0,1],

l
(6.8) lim lim supP<Z(W(s§) —W(st )% > L) = 0.

L—oo 400 =1

By Markov inequality and (4.19), we note that

w
HM~
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l
A t t
= 7 Z/ [AF((Si’_l — Sl,Sé_l — S9); (Si — 51, Sé — 59))

— Jo Jo
X (1= AF((st_y = s1,8t_1 — 52); (s} — 51,8} — 52)))|d(s1 A 52)

1
A Lot
= L Z/ / Al ((Séfl 31’3271 - $2); (Sé - 81785 — $2))]d(s1 A s2)
— Jo Jo
A

Therefore, we see (6.8) holds, which implies that W is a continuous process.
By an analogous approach proving (4.19), we can also show the covariance
functions among Wk, ka, k = 1,2, and W. We omit the details here for
brevity. [

6.3. Preliminaries. In this section, we will establish some preliminary
results in order to prove Theorem 4.1. We first give representations for the
processes X", Y™ and S". Define the empirical processes driven by the
residual service times {7 : i > 1}, for k = 1,2, by

InTpo))
Upf (@)= —= > Q™ <@) = Fiel@), 220,
=1

and define the empirical process driven by the residual service vector {n“ :
i > 1} as follows:

[n(J™(0))]

. 1 y

U'(z) := NG > Q@Y @) = Fre(n)Foe(as)), @ >0.
i=1

Without abuse of notation, we write U (t) = U (t,t) for t > 0. Let UP(t) :=
U™(t,00) and U3 (t) :== U"(oc0,t), t > 0.

LEMMA 6.1. The processes X", Y" and S" defined in (4.6) have the
following representations: fort >0 and k = 1,2,

(6.9)  XP(t) = X;"°(t) — Niv/n(1 — p) Fyo e (£)(2)
— U () = V) — O — Wi(t)

+ /0 FE(t — s)dA™(s) + /0 (X2 (t — s))tdFy(s),
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(6.10) Y(t) = V"0(t) — Up™ () + Nipv/n(1 — pf) Fe(t) + UR (1) — U (¢)
+ VOE) = VO (E) + We(t) — M™O(t) — I(1)

t R t .
+ [ Rt =sadts) - [ (- angs)

(6.11) S(t) = 8™0(t) + UMY (1) + UyY () + U™(t)
+ VO () + M™O () + W (t) + U™(¢),

where

(6.12) XO(t) == XP(0)FE (1) + (X7 (0) " (FE(t) — FE (1),

(6.13)  S™O(t) := Yo" (0) F1o(t) + Y7(0) Fae(t) + Z2(0) Fy(t) Fao(t)
+ ZHO0)Fy o (8) Fo(t) + J™(0) Fre () Foe(t) 4+ I™(0) Frn (1),
(6.14) VIOt) == Y(0) + XPH0) Fro(t)
+ (XP )T (Fi(t) — Fye(t) — S™0(1),

A™(t)
z 1 n,t i n n,t
(615) W (1) = —= > (AT +wp' +nj < 6) = F(t =7 —wi™),
i=1
1 A™(t) '
(6.16) W™(t) :== - (L(r! 4w + 0} < t,Y5)
=1
— F(t =7 =}t — 7 — ),

(6.17) Wie(t) = Wi () = W™ (),

1 A (t) ‘ .
(6.18) \i/n(t) == Ft—1 —w" t — 17" —wy™)

=1

_%/0 /0((t—sl)/\(t—52))dF(31,52)7
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Z1(0)
. 1 & .
(6.19)  M™O(t) = NG > (Fre(t)Fot — by ™) — Fy (8 Fa(t))
n =1
1 Z3(0)
+—= > (Fu(t — o)) Fae(t) — Fi(t) Faelt))
=1
1 17(0)
+—= > (Pt =t = ayt) — Fu(t),
n =1
1 Z (0)
(6.20) V()= —= (7 < t) = Fre(t)
=1
1 RIAQ
+ o= (@p" -+ < t) — Fy(t — o)),
=1
(6.21)
1 Z1(0)
VR0 = S A < 6 g <)~ R Bl )
i=1
| BO ,
+ o= S Q@ T < i <0 - Rt - ab ) F(t)
=1
1 () ) . .
+—= @@ 4yt <t,V5) — F(t—ap™ ¢ —ayh)).
=1

PRrOOF. From the system dynamic equation of X}'(¢) in (4.3) and the
decomposition of X}'(0) in (4.2), we obtain, for £k = 1,2, and ¢t > 0,

Xp(t) — NI
Y,71(0) Z7(0)
=A@ > 1) - FE(1) + Z @7 > t) — FE (1)
=1 =1
J™(0) Qg(o)
~1,J 7 ~nz
+ A > ) - Fe )+ D (gt +up? > ) — Fe(t —ap))
=1 =1
A (t)

+ A+ wp > 1) = Bt — 1 — wph) + Y (0)FE (1)
=1
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Q(0)
+ ZRO0)FE () + J"(0)FE () + Y Fi(t— i)
=1

)

An(t) ,
+ ) Ft -1 —wp') - N
=1
Q7 (0)
ATL,Y' An C C ~nz
= —VnU" (t) = VnU (t) — VW (t) + BE(0 V() + F(t —w,™)
=1
Q) o ‘
+ Z —FE0)+ D (M@ +np® > t) — Fe(t —aph))
=1
An( t) An(t)
+ Z (FE(t — 71 —w)') — FE(t — 1) + FE(t —1') — NP
=1
We then have
(6.22) XP(t) = N = /00 (8) + UR(t) + Wi(t) + V1)
Q1 (0)

+ By (0)F . (t) ZFkt—u";Z’

+ Z (Fe(t — 7" = wp™) = Fe(t — 7))

t
+/ Fy(t—s)dA"(s) — Np,
0

for t > 0. Note that, by Propostion 2.1 of [51], we have, for ¢ > 0 and
k=12,

A |
D (=7 = w) = Fi(t =)
=1
. Q1)
:/0 (XP(t—5) = NPYFdFy(s) — > (FE(t — i) — FE (1)

1

.
I

Thus, following from (6.22), we obtain, for ¢ > 0,

X () = NI = =Vn(U" (1) + Uf () + W) + V()
+ QR(0)F(t) + B (0)Fi o (t) — Ny

h<
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t

(6.23) + /O (XP(t — 5) — NP)TdFy(s) + /0 FE(t — 5)dA™(s).

Notice that, for £ > 0 and k£ =1, 2,

t
624)  QUOFL(O) + BROFE() = N + [ Fie = 9da"(s
= Q) Fi () + (X5 (0) — QE(0) Figo(t) — Ny
t
/ Fi(t = 5)d(A"(s) = X's) + X [ Fi(t = 5)ds
0
— Qp( — FE () + (X7 (0) = NP)FE (1)
t
= N A EL) Vi [ it - 9ddns)
0
Plugging (6.24) into (6.23), and dividing y/n on both sides of (6.23), we then
obtain (6.9) holds. )
Next, to derive the representation of S™, we center each term in (4.4) by

its mean conditional on arrival times, residual waiting times and waiting
times, and by some algebraic manipulations, we obtain, for ¢ > 0,

S™(t) — 5™ (t)

= (Y5'(0) = n¥2(0)) F1e(t) + (Y{"(0) — nY1(0)) Fae(t) + Z3 (0) Fi () Fo.e (1)
+ Z1(0) Fre () Fa(t) + (J7(0) = nJ (0)) A (J3'(0) — nJ (0)) Fie(t) Fa,e(t)
4 IM0)F(t) + v (U{"Y(t) FOPY () + U™(E) + VO0(t)

FW(E) + D08 + 87 (8))
Dividing /n on both sides of the previous equation, we then have (6.11).

_ To show the representation of Yk”, k =1,2, by (4.5) and the definition of
Y" in (4.9), we have, for t > 0,

(6.25) Yi'(t) = Y (t) = (¥;(0) — n¥3(0)) + (X{(0) — N)
+ (A™(t) = A"t) — (XE(t) — NE) — (S(t) = 5™(1)).

Dividing 1/n on both sides of (6.25), and plugging (6.9) and (6.11), we obtain
(6.10). 0

Let E,? = n_lE,TC‘, k = 1,2. The weak convergence of E?, k = 1,2, is
established in Lemma 6.2.
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LEMMA 6.2. Under Assumptions 1 and 4-8,
(B, EY) = (a,a) in D? as n — oo,
where a(t) = At, t > 0, is the fluid limit of the arrival process.

PRrOOF. Note that, for k = 1,2,
A"(t) — (XP(t) = NOYT < ER(t) < A™(t), t>0, a.s.
Thus, for each T"> 0 and € > 0,
(6.26)

P( s 1820 - att) > <)

0<t<T

< P< sup |A™(t) —a(t)| > E) —|—P< sup |Ep(t) — A™(t)] > E)
0<t<T 2 0<t<T 2

< p( sup |A™(t) —a(t)| > E) +P< sup |(X7(t) — Np)*H| > f).
0<t<T 2 0<t<T 2
From Assumptions 4 and 5, we first see that the first term on the RHS of
(6.26) goes to 0 as n — oo. Also, by Assumption 6 and Corollary 5.1 of [51],
we have X' = Ny in D as n — oo, which implies that (X7(t) — N)* = 0
in D as n — oo. Thus, the second term on the RHS of (6.26) converges to
0 as n — oo. Hence, we obtain that for £k = 1,2, E,? = ain D as n — oo.
Since a is a deterministic function in Ry, by Theorem 11.4.5 of [58] we see

that Lemma 6.2 holds. O

Lemma 6.2 directly implies the stochastic boundedness of the processes
Ep, k =1,2, which is stated below.

LEMMA 6.3. For each k = 1,2, and T > 0, there exists a k > 0 such
that B
PEL(T)> k) =0 as n— oo.

6.4. Convergence of W", W and W,? “ . Tt follows from the definitions
of W™ in (6.16), W} in (6.15), W, in (6.17) and E}, k = 1,2, that

(6.27) W”(t)—/o /O /R 1(s; + 5 < £, Y) AR (ED (51), B (s), ),

(6.28) W,?(t):/o/o/Rz (s, + ax < t)dK™(E7(s1), B3 (s2), ),
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and

W) =w, ()

-W
(6.29) ///R (s + 1k <t s+t > AR (B} (s1), B} (s2), @),

for t > 0.

The integrals above are well-defined as Stieltjes integrals for functions of
bounded variation as integrators. We will first prove the tightness of these
processes. Here we focus on showing the tightness of W”, as the tightness
of W,:L and W,? “, k= 1,2, follows from a similar argument.

Note that

f(n(tl,tg,$) = f(?(tl,tg,ib) —|—f(§‘(t1,t2,m), t1,t0 >0, ¢ € Ri’

where for t1,t5 > 0, x € Ri and i = 1,2,

KI'(t1, ta, @) := /nK(t1, ta, x),

and K'(t1,ts, ) are defined in (5.7) and (5.8). We then decompose wr
into two processes, G" := {G"(t) : t > 0} and H" := {H"(t) : t > 0} as
follows:

~

W™ (t) = H"(t) + G™(t), t>0,

where
(6.30)  H™(1) :///R 1(s; +a; < £,Y5)dK (B} (1), B3 (s), @),
o) aw=[ [ [ 065+ < LD E o0, B s2). ),

Set H" := {H"(t) : t > 0} and G™ := {G™(t) : t > 0}. We prove the
tightness property for H™ and G™ in the next lemma.

LEMMA 6.4.  Under Assumptions 1 and 4-8, the sequences {JEI” :n > 1}
and {G"™ :n > 1} are tight.

Before proving the lemma, we present some preliminary results. We use

the notation %]m to be the time at which task j of job ¢ enters service

after time 0—, i.e., %;” = inf{t > 0 : E}(t) > i}, j = 1,2. Recall the
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definition of the processes H™(t) in (5.12), t > 0. We define the filtration
"i={H}:t>0} by

o(X;(0),Y;"(0),Vj)
(6.32) ( < s— V), s < ti=1,.., BL (1) AEg(t))
VoI (s). s < 1Y)V olEli > 1) VN,

where N includes all the null sets. Note that here we include the initial
quantities in the filtration H" := {H} : ¢t > 0} in (5.15). It is easy to verify
that H" is a filtration and satisfies the usual conditions [23].
Define
) . By (A3 (OAs
(6.33) H}(t) == — H™ (t)
ik

for k € Nand ¢t > 0. Set H" := {H"(t) : t > 0}. We first state the martingale
property of H;? in Lemma 6.5. The proof is identical to that of Lemma 5.6,
so we omit the details here for brevity.

LEMMA 6.5. Under Assumptions 1 and 4-8, for each « > 1, the pro-
cess H}! is an ‘H™-square-integrable martingale with the predictable quadratic
variation process

(HAER(t

R 1 nint—+" NG )+ 1
n - - > 0.
() = Z / / LNy

Define a multiparameter process Tn = {T”(tl,tg,m) it >0,t0 >0, €
R2} b
+} Yy

1 ET(t1)AEF (t2)

T (ty, by, x) = NG Y (AW =z =) - F(=),
=1

for t1,t0 >0, x € R%r. We then obtain the convergence of the processes n
following from a similar argument as Proposition 4.1.

LEMMA 6.6. Under Assumptions 1 and 4-8,

T" =T in D([0,00)%,D([0,00)%,R)) as n — oo,
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where T(tl, to, x) is a continuous Gaussian random field with mean function
E[T(t1,t2,x)] = 0 and covariance function

Cov(T (tl,tg, x), T(sl,SQ,y)) = [(tiAt2) A (s1As2)[(F(xVy)—F°(x) F(y)),

forti,s; >0,i=1,2, and x,y eRi.

We can then rewrite G™ in (6.31) as

//T t_xl’ — )dF(:I:), t>0.

We are now ready to prove Lemma 6.4.

PROOF OF LEMMA 6.4. We first prove the tightness of { H"}. We follow
the argument of Lemma 3.7 of [29] by using Aldous’ sufficient condition (see,
e.g., [7]) to verify the tightness of {H™ : n > 1}. This requires us to check
for L > 0 and € > 0,

(6.34) lim limsupP< sup |H™(t)| > m> =0,
K= n—00 OStSL
and
(6.35) lim lim sup sup P( sup |H™(r +1t) — H™(t)| > e) =0,
6=0 n—oo reCy 0<t<s

where C} is the set of all H"-stopping times bounded by L, where the fil-
tration H" is defined in (6.32). Since the proofs of (6.34) and (6.35) are
analogous, we only verify (6.35) here. Fix T' > 0. For each € > 0 and k € N,
by Lemma 6.5, we have

P( sup |H"™(T +1t) — H"(1)| > e)

0<t<T

< P(E}NT)ANEZ(T) > k) +P< sup (T + 1) ﬁ,?n(r)‘>e>
0<t<T
Lemma 6.3 implies that for x sufficiently large, the first term on the RHS of
the inequality above goes to 0 as n — oco. Next, we only need to show the
second term converges to 0 as n — co. By the Lenglart-Rebolledo inequality
[32], it follows that for any v > 0,

P( sup ‘ﬁgn(T +1) — I:I:'n(’i')’ > 6)
0<t<T
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’)/ A A~
<+ P ({HE) T+ 1) = (HE) (1) > 7).

Note from Lemma 6.5 that

/\En

(HZ ) (7 4+T) = (HZ) (1) < % sup / m/

sSL,|t—s|§T /\E”

It follows (5.26) and the FLLN that

ntJ n
/ /QFC (u)=t in D as n— oo.

This convergence being uniform in ¢ on bounded intervals together with
Lemma 6.2 implies that

/\E"

1 g
lim lim sup P ( sup / / ) > 7) 0,
T—0 nooo 5<L,|t—s|§T E”(s NEZ (s

from which we obtain

P ((ﬁ,?nﬂT +7T)— <ﬁ:n>(7) > 7) —0 as n— oo,

which completes the proof of the tightness of {f[ ",
Next, we will prove the tightness of {G"}. For ¢ > 0 and ¢ > 0, we
decompose G" as

G"(t) = (1) + G “(t),

where

e Tt — x1,t — x9, )1 (F(x) > €)
G / / Fe(x) dF (x),

ne( Tt — x1,t — 29, 2)1(F(x) < €)
G / / Fe(z) dF (x).

To show the tightness of {G™}, by Lemma 3.32 of Chapter VI in [29], it
suffices to prove the following:

(i) {G7°:n > 1} is tight;

(ii) For each 6 >0 and T > 0,

lim lim P< sup |Gy(t)] > 5) =
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The rest of the proof proceeds analogously as in Lemma 6.6 of [33] and
Lemma 3.4 of [29] by applying Lemma 6.6. We omit the details here for
brevity. O

To proceed with the proof for the convergence of wn, W,? and Wg k=
1,2, we need to show the convergence of the finite-dimensional distributions
of Wn, Wg and WZ’C, k = 1,2. Recall Lemma 5.2 of [29]. For z1, 29 > 0 and
y = (y1,92) € R%, let Xi(z1,22,9), i € N, be real-valued bounded Borel
functions such that E[x;(z1, 2, n")] = 0. Define the processes (™ := {("(t) :
£> 0} and (7 = {(C7)(t) : t > O}, w €N, by

ET()AED (t)An
(6.36) Grt) = oo LA
i=1
EP()AED () Ak
() = Yoo Y,
i=1
where Yi(x1,22) = E[(xi(z1,22,1n"))2]. We also set the o-fields FJ* :=
G(FM A i 1 < i < [¢])VN and F = o(F1 v A A (71T DN W+,
Ty B (ONES (t)H) nNELOAEE®) > 1)V N, and define the filtrations F" :=
{.7-"" t >0} and F" := {F}": t > 0}, where A includes all the null sets.
We can then show the following results.

LEMMA 6.7. (1) Anl\/f';“ i=1,2,..., are F"-stopping times, and the
following inclusions hold: ffpiw;ﬂ D F, G C }'n where GI' 1=

o(BN{#M VA > )t > 0,8 e F);
(13) The process EY N EY := {E}(t) AN E5(t) : t > 0} is F"-predicatable;
(tit) The processes (2, k = 1,2, ..., are F"-square-integrable martingales
with the processes (CI') as predictable quadratic-variation processes.

PROOF. The proof follows from a similar argument as the proof of Lemma
5.2 of [29]. O

Now, we are ready to prove the convergence of wn, joint with W and
Wi k=1,2.

LEMMA 6.8. Under Assumptions 1 and 4-8,
(W, W, W Wb W) = (W, Wo, WE, WS, W) in D° as n— oo,
where Wy, W and W are defined in (4.16), (4.18) and (4.17), k = 1,2,

respectively.
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PrOOF. Lemma 6.4 imply the tightness of W". And a similar argument
can also be used to show the tightness of W,?, W,?’C, k = 1,2. Define the
processes W™ := {Wn(t) : t > 0}, W == {W[(t) : t > 0} and W"© :=
{(We(t) : t >0}, k=1,2, by

t gt
Wn(t) := / / / 1(sj +z; < t,Vj)dK"(As1, As2, ),
o Jo Jr2

t t
Wi (t) = / / / 1(sp + zp < £)dK™(As1, Asg, ), k=1,2,
0o Jo JrZ

and
Wre(t) == / / / 1(sg + xp <ty sp7 + xpr > t)dK" (As1, As2, ),
o Jo JrZ

for t > 0. Tightness of W™, W,? and W; “, k= 1,2, can be proved similarly.
It remains to establish their joint convergence in finite-dimensional dis-
tributions. For that, let

(6.37)

w0 (t)

l l
= Z Z AKR((E?(S§—1)7E;(Sé‘—l)70); (E?(Si)a Eg(sé%t - Séat - Sé‘))a
i=1 j=1
2-n,(l
W, Ot)
l l

=Y N ARG (B (si_1), E™(s5-1),0); (B} (s7), B3 (s}),t — si,t — s5)),
i=1 j=1

and
W@y = WO ) — w0 ),
for k = 1,2, where 0 = 56 < sll < e < 5% =t and maxj<i<; |si — s§_1| —
0 as I — oo, and f(a)(tl,tg,a:) = f(”(tl,tg,xl,oo) and K&)(tl,tg,:n) =
K"(tl,tg,oo,xg) for t1,to € Ry and @ € Ri.
We also define in analogy, for t > 0,

l l
WO () = 55T AR((Ask_y, Ash_y, 0); (Ash Ash £ — sl — L),
i=1 j=1
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l l
V() = ZZ Ko ((Ash_y, Ash 1,005 (Ash, Ash, t—sh t—s1)), k=12,
WD) =Wl - whe), k=1,2,

l l
=33 ART((Asl_y, Ash_y,0): (Ash At — skt — b)),
i=1 j=1
~ l l
WOy = S5 ARG (Asly, Ash 1, 0); (Asl, Ash, t—sl t—s1)), k=1,2,
i=1 j=1

and
(6.38) W) = wir W) - wnO), k=1,2,

where f{(l)(fl, tQ, :1}) = f{(tl, tQ, 1, OO) and K(Q) (tl, tz, 93) = K(tl, t2, oo, CCQ)
for t1,t € Ry and @ € R%. Set W;’(l) = {W:’(Z)(t) it > 0}, W:’C’(Z) =
UARORY >0} W = @) s> 0}, WO = (O e > o),
k=12, wn .= {W” O(t) : t >0} and WO .= {WO(#) : t > 0}. Since
W converges to W asl — oo in probability by definition, in order to show

the joint convergence in finite dimensional distributions it is sufficient to
show the following conditions:

) 1m0 i) ione(l) 1in d 20 13-, 13-¢,() t3-¢(
(a) (I/V(vll)()7W2()7W1 ()7W2 ()7W ’(l)) :é (Wl()aWQ()vwl()7W2()a
W) as n — oo
(b) For v >0 and t > 0,

(6.39) lim lim sup P(|W™O () — W (t)] > ~) =0,

=500 n—ooco

lim hmsupP(\W” () (t) — Wn(t)’ >7) =0,

=00 n—ooco

lim hmsupP(\W )—W,?(t)] >v)=0, k=12,

=500 n—ooco

hm hmsupP(\W ( t)y—Wit)|>~)=0, k=12,

=00 n—oo

lim limsup P(|W;""0(t) = Wre(6)| > v) =0, k=1,2;

=00 n—oo

(c) For T'> 0 and € > 0,

lim p( sup WO (1) — w0 ()] > 6) =0,
n—oo 0<t<T
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lim P< sup |W£’(l)(t) — W:’(l)(t)] > 6) =0, k=12,
n—o0 OStST

lim p( sup |[W W) — W) > e> =0, k=1,2.
n—oo 0<t<T

First, we focus on the proof of (a). For any t,, t2; t, > 0, c14, c2; and
¢p € R and positive integers I, I and I3, for i = 1,...,1;, j = 1,..., I and
p =1,..., I3, since the distribution function F' is contlnuous by Assumptlon
1, by the weak convergence of K" to K as n — oo and the continuity of K,
we immediately see that, as n — oo,

2 Iy

ZZC;“ t;“ —I-ZW”(Z) :>ZZC/“ t/“ +ZCP

k=1i=1 p=1 k=1 i=1

By the Cramér-Wold theorem (see, e.g., Theorem 3.95 of [13]), we see

(WO w0 im0y L 7O WO WOy as 0 oo

By (6.38) and (6.38), together with the continuous mapping theorem [7], we
conclude that (a) holds.

We will next prove (b). For brevity, we here only provide the proof for
(6.39), as other proofs follow similarly. For the points 0 = 36 <sh <. <
st = t satisfying max;<;<;[s! —sl_;| = 0 asl — oo, let

l l

Xi(T1, %2,y ZZI Sp 1<x1<s)1(sé~_1<x2§s§~)
p=1j=1
><(1(t—5p<y1St—azl,t—sé<y2<t—x2)

— AF((t —sh,t —sb); (t — 21, t — 29))).
Then it is easy to verify that

Xi(xh 332) = E[(Xi(xla L2, ni))Z]

Il
= ZZ (1(52,_1 <z < sé)l(sé-_l <x9 < sé)
p=1j=1
X AF((t — sé,t - sé»); (t —x1,t —x2))
X (1= AF((t = shyt = )i (t = 21,1 = 22))).
Recall from (6.36), by (6.27) and (6.37), for k € N,

%meww4Wmelwmmwws@
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Hence, we have

1. 1 ) )
Lmm < L S5 Ushoy < A < (sl < AT < o)
i=1 p=1 j=1
l ! l
xAF(t—sp,t j);(t—sp 15t sj_l))

p=1 j=1
x AF((t — sé,t - 82); (t— sé,,l t— sé 1)
< sup sup [(E7(sp) — E7(s5-1)) A (B3 (s5) — B (s51))]
1<p<l1<j<

Then, by Lemma 6.7 with the Lenglart-Rebolledo inequality (see, e.g., [32]),
we have that for any k € N, v > 0 and € > 0,

P(WV”*” (1)~ W (1) > )
PUE}(t) A B3 () > nw) + Pl IC(0)] > )
P(E}(t) AEY () > ) + 7

; P( sup  sup [(EP(sh) — BP(sh_1)) A (BB(sb) — B3(sh_ )] > )

1<p<l1<j<

By Lemma 6.2 and the fact that maxj<;<; \sﬁ — 3£_1| — 0 as | — oo, we have
both terms on the RHS of the above inequality vanish, i.e.,

lim limsup P(E}(t) A EX(t) > k) = 0,

K= p—oo

i sy P sup sup [(BF(5) — B (s ) A (B3 (6}) — B3 o4 )] >
=00 n—ooco 1<p<l 1<5<

which completes of the proof of (b). It is quite straightforward to see that
(c) also holds, since K is continuous.
In summary, we have shown that

(6.40) (W{L, W, W W, WIS W Wme Wie, W, W")
= (W, Wa, W, W, W Wig, W WS, W, )

in D0 as n — co. Thus Lemma 6.8 has been proved. U
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6.5. Convergence of the Initial Quantities. In this section, we prove the
weak convergence of the initial quantities. We first define £ := {£™¢(¢) :
t>0}, k=1,2, by

qo
1w, " >t), t>0, and & °(0):=0.

1

>3
—~

(6.41)  EC(t) =

ik

(2
Let M™0 := {M™0(t) : t > 0}, where M™0(t) for t > 0 is defined in (6.19).
LEMMA 6.9. Under Assumptions 1 and 4-8,
(EPC, &8¢, M™0) = (0,0,0) in D® as n— oo.

PROOF. By the definition of é,?’e, k = 1,2, it is sufficient to show that
fore > 0and 0 < Ty < To,

lim P( sup

n—00 T1<t<T,

&) > e> —0.

Recall that in the sequence {wgz ci=1,...,QF(0)}, 12)2’1 represents the

residual waiting time of the task in the front of the queue and wZ’Q?(O)

represents that of the task in the end of the queue at station k£ at time 0—,
k = 1,2. Under the non-idling FCFS discipline, k = 1, 2,

il ~n2 _
(6.42) Wy < Wt <L <y ,  a.s.

We thus obtain, for k = 1,2,

Pz o> ) < (o, oronei o))

<P (‘Q’,g(oﬂ(w,f’wo) > Tl)) > e)

= P (e @ > )| > e ay @O > 1)
(6.43) < PO > ).

Assumption 8 implies that the RHS of (6.43) converges to 0 as n — oo,

~

which completes the proof of the convergence of (€7, f:';’e).
Define M;"? := {M"°(t) : t > 0} by

Z3(0)
“rn 1 : ~M,0
M O(t) = /n D (Fre®)Fu(t — i) = Fre(Fu(t), k=12,

i=1
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and
Im(0)

MEO(t) f Z — =) = Fa(t),

for t > 0.

To show M™° = 0, by the definition of M™0 in (6.19), Theorem 11.4.5
of [58] and the continuous mapping theorem [7], it suffices to show that for
k=1,2,3,

M,:L’O:>O in D as n— oo

Here we only provide the proof for the weak convergence of M; 0 for brevity,
as the proofs for M} 0 and Mg 0 are similar.

Denote """ := max;— 120y Dfor 1 =1,---,1"(0). By (6.42), we first
obtain, for each t > 0,

(6.44) IMEO()] <

1"(0)
> (Fult) = Fnlt = 03)

0)(_ n(t) = F(t — @ O00)).

>§\H

<

~
—~

Note the fact that, under Assumption 8, the sequence of {wn’l’] HES

1,...,I"(0)} converges to 0 a.s. as n — oo, and Fy, is uniformly continu-
ous by Assumption 1 and Theorem 1 of [36]. Together with (6.44), it is easy
to see, when n is sufficiently large, for each ¢ > 0, |M§O(t)] < (0™, a.s.,
where {7" : n > 1} is a sequence of random variables converging to 0 a.s.
as n — o00. Moreover, we have that supy<;<r |M§lo(t)] < I"(0)y" for each
T > 0 a.s. Since 1"(0) = I(0) in R as n — oo, we have that I"(0)y" = 0
in R as n — oco. Therefore, we obtain that Mg’o = 0in D as n — oo. This
completes the proof of the Lemma. O

LEMMA 6.10.  Under Assumptions 1 and 4-8,
(V0 70 7m0y 5 (0,0,0) in DP as n— oo

PROOF. We start with the proof of the convergence of Vk"’o for k =1,2.
By Theorem 11.4.5 in [58] and the continuous mapping theorem in [7], it
suffices to show that for k =1, 2,

7(0)

1 k
(6.45) Z (77 <t) = Fro(t) =0 in D as n— oo,

’I’l
=1



Downloaded from informs.org by [216.73.217.81] on 24 June 2026, at 16:38 . For personal use only, all rights reserved.

580 H. LU AND G. PANG

and
(6.46)

Q5 (0)
1
7 S @@+ <t) - Ft—ap") =0 in D as - oo
i=1
We first prove (6.45) holds. Let

Op(t) = % S <) - Fio(), 20,
=1

and U := {U(t) : t > 0}. By Lemma 3.1 of [29] and Assumption 6, we
obtain

(TR(t), Z2(0)) = (Bog(Fre(t)),0) in DxR as n — oo.

Thus, the random time change theorem [7] implies (6.45) holds.

Before proving (6.46), we let E,?’Q(t) be the cumulative number of initial
jobs whose task k is in queue waiting for service at time 0—, and has entered
service by time ¢ > 0, k = 1,2. Set E,:,L’Q = {E,?Q(t) :t >0} and EZ’Q =
EZQ/n Note that, for k¥ = 1,2, 0 < EZ’Q(t) < Q(0) for t > 0, a.s. By
Assumption 6 we easily see that Q}(0) = 0 in R as n — oo, which implies
that for k =1, 2,

EnQ:O in D as n—oo.

For k =1,2, let
|ns]
Vi(s, x) == Z ZQ<x — Fy(z)), s,z >0.
\/_
We can rewrite the second term on the RHS of an,o in (6.20) by

QRO o
(L(@ + i@ < 1) — Fy(t —a}ph))

Bl

=1
:/t/t1(3+m<t)dvk( EM9(s),z), t>0.
0 JO

From Proposition 5.1 in [51], we see that

/ot /ot 1(s+z < t)dVy(s,z) = /ot /Ot Ho S Datle )
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in D as n — oo, where Vj, = {f/k(t,x) :t >0,z > 0} is a standard Kiefer
process, and the integral limit above is defined in the mean-square limit
sense, similar to those in §6.2. Furthermore, analogous to Lemma 6.8, we
obtain

t ot o
//1(s+xSt)de"(EZ’Q(s),a:)éO in D as n— oo,

which implies (6.46) holds.

In the rest of the proof, we will show the convergence V0 = 0. It suffices
to show each term in (6.21) weakly converges to 0. Since the first two terms
in (6.21) are symmetric, without loss of generality, we here only show

— @@ < a4 nht <) — Fi () Bt - wyt ) = 0

in D as n — co. We prove the convergence by showing the upper and lower
bounds in (6.47) and (6.48), respectively, converge to zero. Note that

21 (0)

(6.47) (1<m <ttty <) - PRt - ap )

Si-

S

._
E

(0)
( an_'_nl <t w;l,Z,R_i_n;,RSt)

%
I

_Fle(t_ ~an)F2( ~£L’LR))

| 2o
+_
v i=1

We first show the RHS of (6.47) weakly converges to 0 as n — oo. By
Theorem 11.4.5 in [58], it suffices to show the two terms on the RHS of
(6.47) weakly converge to 0 as n — oo separately. We first consider the first
term on the RHS of (6.47).

Denote

)
(Fie(t — o)) — Fio(t), t>0, a.s.

[nt]
K" (t, o) \/— Z = 1, 772 <o) — Fi e(x1)Fa(z2)),

fort > 0 and & € R2, and K" := {K"(t,x) : t > 0,2 € R2}. Let EZ’Z(t) be
the cumulative number of initial jobs whose task k is in queue waiting for
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service at time 0—, and has entered service by time ¢ > 0, but whose task &’
is in service at time 0—. Set E;"” := {EP?(t) : t > 0} and E}"” := E"7 /n.
Note that, for k =1,2, 0 < EZ’Z(t) < Z(0) for t > 0, a.s. By Assumption
6 we easily see that Z7(0) = 0 in R as n — oo, which implies that for
k=12,

E’Z’Z:O in D as n— oo.

We rewrite the first term on the RHS of (6.47) by

Z7(0
Z ( ~n’Z7R+ﬁiZ<twglR+772R<t)

%\

~n,z,R ~n,z,R
— Fo(t — @y Byt - ap "))
t
—// 1(s—|—xj§t,Vj)dK”(E;’Z(s),w).
0 JRZ

By Theorem 3.3 in [33], we obtain that
t 3 t :
/ / 1(s +z; <t,Vj)dK"(s,x) = / / 1(s +z; <t,Vj)dK(s, x)
0 JRZ 0 JRZ

in D as n — oo, where K := {K(t,x) : t > 0,z € R%} is a generalized
Kiefer process with mean 0, and the covariance structure, for s,t € Ry and
x,y € R?,

Cov(_f{(s,az),f((t,y))
= (s A t) (Fre(z1 Ay1)Fa(x2 Ay) — Fre(@1) Fa(z2) Fie(y1) Fa(y2))

and the integral limit above is defined in the mean-square limit sense, similar
to those in §6.2. Furthermore, analogous to Lemma 6.8, we obtain

t
// 1(s—|—xjSt,Vj)dK”(E;l’Z(s),w):,\0 in D as n— oo
RQ

Thus, the first term on the RHS of (6.47) weakly converges to 0 as n — oco.
The weak convergence of the second term on the RHS of (6.47) is similar
to the proof of the convergence M™0 = 0 in Lemma 6.9, and we omit the
details here for brevity.

On the other hand, we also have

[l

z7(0)
n,i,R

72 (1@ < 2y 40y < 8) = Ao Fo(t - wg "))



Downloaded from informs.org by [216.73.217.81] on 24 June 2026, at 16:38 . For personal use only, all rights reserved.

A FORK-JOIN NETWORK IN THE HALFIN-WHITT REGIME 583

n
Zl

- Z( 2t <) - FF)

=1

3

Z
(6.48) +— Z (Fy(t) — Fa(t — o)™ ™)), t>0, a.s.

Following an analogous argument to show the terms on the RHS of (6.47)
weakly converge to 0, we can also show the RHS of (6.48) weakly converges
to 0.

Now, we are ready to prove the convergence V10 = 0. It suffices to show
that for T'> 0 and € > 0,

| 2O ) P
lim P| sup |— 1(7 <tﬁ;’”’ + bt <t
lim (ogé)T 3 (1(ay 2y <)
— Pt )Fg(t—zb;”R))‘ > e) — 0.
Note that
| 2O
P<sup LS 0 <t iR < h) — Fy () Falt ;“’R»x)
0<t<T n i—1
Z7(0)

1 -
2 Y (Bl - Bt — a3 )| > )
n =1
| 4O | |
+P< sup |—= 3 (L@ 47 ? <ty 4t <)
o<i<r VN =
— Fue(t — by Y Byt — oy ™)
1 7
~n,z,R
v ; (Fue(t ) — Fl,e(t))\ > e>.

By the fact that the terms on the RHS of (6.48) and (6.47) weakly converge
to 0, we obtain that the RHS of the above inequality goes to 0 as n — oo.
Next, we will focus on proving that the third term in (6.21) weakly con-
verges to 0 as n — co. Let E,?’I(t) be the cumulative number of initial jobs,
whose task k has entered service by time ¢t > 0, but whose both tasks are
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in queue waiting for service at time 0—. Set E["’ := {E{(t) : ¢ > 0} and
EPMT = EM n, k = 1,2. Note that, for k = 1,2, 0 < EP(t) < I'(0) for
t > 0, a.s. Since by Assumption 6 I"(0) = 0 in R as n — oo, we have, for
k=1,2,

(6.49) E,Z’I =0 in D as n— oo
Let
Lntﬂ/\{ntzj
Yao) L i, .

for t1,t0 > 0, « € Ri. We can rewrite the third term on the RHS of V™0
in (6.21) by

1"(0)
1 , , . ‘
vn Z (1(12;;%@,1 + 77;;1 <tVj)—F(t— w?,z,l,t _ @3,1,1))

=1
t t
:/// 1(sj +z; < t, V) dV(E (s1), By (s9), ), t>0.
0 Jo JRZ

Analogous to Lemma 6.8, together with (6.49), we can see that the term on
the RHS of the previous equation weakly converges to 0 as n — oo, which
further implies the weak convergence of the third term on the RHS of Ym0
in (6.21) to 0. Thus, we have completed the proof of Lemma 6.10. O

LEMMA 6.11. Under Assumptions 1 and 4-8, we have
(O77 (0, U5 (), VI (), V30 (), V™0 (), M™0 (1), U™ (1))
= (V2(0)"* Bo(F1.e(1)), Y1(0)* Boa(F2 (1)), 0,0,0,0,.7(0) 2T (1)

in DO x D([0,00)%,R) as n — oo, where the processes Boy, == {Bog(t) : t >
0}, k = 1,2, and the process U := {U(t) : t € R2} are defined in Theorem
1.

PROOF. For k =1,2, let

i | o
U () = NG (A < 1) — Fre(t)),
=1
(6.50) | [nO)]
U™(t) := NG (1R < t) = Fre(ty) Fae(ta)).
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Set UMY = {UY (t) : t > 0}, k=1,2, and U™ := {U™(t) : t € RZ}.

By Lemma 3.1 of [29] and Assumption 6, with the random time change
theorem [7], since U, ,:L ’Y, k=1,2, and U™ are independent by definition, we
first obtain

UMY (1) = Vi (02 Bog(Fre(t) in D as n— oo,
U" = JO)V2U in D([0,00)%R) as n— oo,

and

(TP (), U3 (1), U™ (¢))
= (Y2(0)""* Boi (Fie(t)), Y1 (0)/* Boa(Fac()), J(0) /2T (8))
in D? x D([0, 00)%,R) as n — co. In order to prove the convergence of U,? Y,

U™, joint with U”Y U", k = 1,2, it suffices to check, for each T > 0 and
v >0,

lim P( sup |OY (1) — UMY ()] > 7> =0, k=12,
n—oo 0<t<T

lim P( sup |U”(t)—U”(t)\>'y>:0.

n—o0 0<ty1,t2<T

The above equations are evident as Bo,k(Fk,e(')) and U are all continuous,
k =1,2. Thus, we have

(O (1), T3 (1), UPY (1), Uy (1), U"(t), U™(1))
= (Y2(0)/* Bo1 (F1,.(t)), Y3 (0) /2302( (1)), Y2(0)? By .1 (FLe(1)),
Y1(0)"? Bop(Fae(t)), J(0)/20(#), J(0) /20 (t))

in D* x D?([0,00)%,R) as n — oco. Further, by Lemma 6.10, together with
Theorem 11.4.5 of [58], we obtain

(OFY (), 037 (1), U7 (1), U3 (), V0 (1), V0 (), VIO ),
MO, U (1), U7(#))
= (¥2(0)"?Bo1(Fie(t)), Y1(0)"? Boa(Fac(t)), Y2(0)/? Bo 1 (Fie(t)),
¥1(0)/2Boa(Fa.(1)), 0,0,0,0,.7(0) /20 (t), J(0) /20 (8))

in D® x D?([0,00)%,R) as n — oo, which completes the proof of Lemma
6.11. U
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We can now conclude the weak convergence of the processes associated

o, 1,0 o ~ ~ n,0 ~ ~
with the initial quantities X" := (X7°, X2%), ¥ .= (v/*°,¥7*%) and

570 in (4.27)-(4.29).
LEMMA 6.12.  Under Assumptions 1 and 4-8,
(Xn’o,f’n’o,g"’o) = (XO,IA/'O, SO) in D° as n— oo,
where X° = (X9, X9, v = (Y2, Y0) and S° are defined in Theorem 4.1.

6.6. Completing the Proof of Theorem 4.1. In this section, we complete
the proof of Theorem 4.1. We first provide the following lemmas for the
proof.

LEMMA 6.13. Under Assumptions 1 and 4-8,
An <-1,0 :-1,0 &m0 “rn,0 “rn,0 “rn in
(Are), X", Y™ (1), $m0(t), V0 (t), NI (), U7 (1), W (1),
N1 = g B (0, V0 (8), O3 (0, UF (0, W (), W (1), = 1,2)
= (A(t), X°1), Y°(1), 8°(4),0,0, J(0) /20 (), W (t), NiuBg Fie (£), 0,
Vi (0)/2 Bo g (Fi o (1)), J(0) /20 (8), Wi (1), WE (1), = 1,2)

in D?*2 as n — oo, where all the limiting processes are defined in Theorem

4.1.

PRrROOF. Let
UP(t) :=U"(t,00), Ug(t):=U"(c0,t), t>0,

where U" is defined in (6.50). Set U} := {UP(t) : t € Ry} and U} :=
{U3(t) : t € Ry}. Without abuse of notation, we let U™(t) = U™(t,t), t > 0.
Recall U is defined in (6.50), k = 1,2.

First, by Lemmas 6.11, 6.12 and 6.8, we obtain the convergence

( AnO ~ n,0 A

An(e), X0 (0), ¥ 0), 5M06). U (1), W (1), Niew/mn(1 = pf) Fie (1),
:’”() O (0. WL (0. W (1), k=1.2)
0 ~ 0 A

= (4. X0, Y1), 80, 70?0 (@), W0, N0,
Vi (0)2 Bo g (Fio (1)), T(0) /203 (1), Wi (), Wi (1), & =1,2)
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in D'® as n — oo, since (Xn’o(t), f/n’o(t), S’"“O(t)) and the other component
processes in the prelimit above are independent of each other.

Then, by (6.40) and the maximum topology we endow on the product
space, we obtain that in the above weak convergence W", U (), Ug ’Y, U i
W,?’c and W,?, k = 1,2, can be replaced by W™, U”(), U,?’Y, Ug, W,:LC and
W,?, k = 1,2. Recall from Lemma 6.11 that Vk”’o, k=1,2, V™0 and M™0
weakly converge to 0 as n — oco. Following from Theorem 11.4.5 of [58], we
have completed the proof of Lemma 6.13. O

Let I' be a continuous distribution function on R4 and let a € R. For each
x € D, we define the mapping ¢f : D — D by ¢{(z) = z for € D, where
z € D is a solution to the following

(6.51) z(t) = x(t) + /Ot(z(t —s)+a)tdl'(s), t>0.

The existence and uniqueness of the solution to (6.51) are proved in Propo-
sition 3.1 of [51]. We also define the mapping v : D3 — D? by

(6.52) (21, w2, 13) = (¢ (21), O, (22), 73), (21,72, 23) € D,

Recall that we endow the product metric space with the maximum metric
of each component metric space. Since the mappings qﬁ%l and (;5%2 are both
continuous in D, we immediately have the following.

LEMMA 6.14.  The mapping ¢ defined in (6.52) is continuous in (D3, J1).

Recall the definition of (., -) in (4.12). We then give a representation
for W™ := {W"(¢t) : t > 0} where U"(t), t > 0, is defined in (6.18).

LEMMA 6.15. The process {U"(t) : t > 0} has the following representa-
tion:

t t
‘I’n(t) = /0 /0 En(t — 81,0 — Sz)dF(Sl,SQ), t> 0.

Proor. Note that by the definition of E}', k = 1,2, for ¢t > 0,

AP (t

) gt
A 1 ;
\If”t_——g 1(sj <t —1" —w;" Vj)dF
() \/ﬁ i=1 /0 /0 (S] K Y ]) (31’52)

g ) Gt st
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( .
Z / / T —I—w?’zﬁt—sj,Vj)dF(sl,@)
/ / mm {t - sk}> dF(s1,s2)

\/—// IE {Ey t—Sk)})dF(SLSz)

/ / it = sk} ) dF(s1,52)

t rt
:/ / 5n(t—81,t—52)dF(51,82). O
0 JO

%\

PROOF OF THEOREM 4.1. First, by Lemma 6.13 and the continuous
mapping theorem [7], we have

(A" (), X0 (1) = Niw/n(1 = pp) Fiee(t) — Vi) = U7 (1)
—Up(t) - W), k=1,2)
2(t) = NiBiFio(t) — Vi (0)2Bo g (Fr o (t))
— J(O)?0,(t) - Wi(1), &k =1,2)

= (A(t), X
in D3 as n — o0o. Define the mapping ¢ : D — D° by
9(z1, 22, 23) == (g1(21), 92(22), g3(21), 94(x3), g5(1)),

for (z1,22,x3) € D?, where g1(z1) := z1, g2(x2) := @2, ga(z3) := 3,

g3(x1)(-) == /.Ff('—s)dl‘l(s)a and g5 (x1)( /Fz — s)dzi(s).

0

By Lemma A.9 in [51] and the metric we endow on the product metric
space, it is easy to see the mapping ¢ is continuous. Thus, by the continuous
mapping theorem [7], we see that

(A"( ), X 0(8) = Niw/n(1 = ) Fioe(t) = Vi () = U (1) = Up(t) = Wi (8),
/t FE(t—s)dA™(s), k= 1,2)
0

= (A<t>, XD(t) = NiBr Fie(£) — Yir(0)' 2 By (FE (1)) — T (0) 20 (1) — Wi(1),

/Ot F(t—s)dA(s), k= 1,2)
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in D° as n — oo, which by the continuous mapping theorem [7] again implies
that

(m@i#w—mwm—ﬁmAwwww—WWw4%&
— W (t) +/0 F(t —s)dA™(s), k=1, 2)

ﬁ(MW@m—Mmmﬂ%nwW@M@Am—ﬂmew

— Wi(t) + /Ot FE(t—s)dA(s), k=1, 2>

in D3 as n — oo. Thus, by applying the continuous mapping theorem for
the mapping ¢ defined in (6.52), we obtain

(6.53) (A”,X?,Xg)ﬁ(A,Xl,Xg) in D as n— oo,

where, for k =1, 2,
mm=&(@m—mmaxwdwmmw—m®maﬂmxn
—m@yﬂﬁh@M@)

which implies X}, is the unique solution to (4.23) by the definition of qb%k in
(6.51).

Now, by the definition of E}, k = 1,2, we have the balanced equation: for
t>0,

Ep () + (@' < t) = (XJ(0) = Ni)*+ A" (1) — (XE(t) = NE)™

Recall the definition of £ in (6.41). We further have
Eji(t) = A™(t) + E°(1) — (Xp ()™,

where the processes E’,’j, k = 1,2 are defined in (4.11). By Lemmas 6.13 and
6.9, Theorem 11.4.5 of [58] and (6.53), we obtain

A

(X"(0), A, X, X3, €14, E0°) = (X (0), A, X1, X2,0,0)
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in R x D% as n — oco. Together with the continuous mapping theorem [7],
we immediately obtain

6.54 E?Y EM) = (E1,Ey) in D* as n— oo
( ) (1’ 2) ( ’ ) ’

where the processes Ej, k = 1,2, are defined in (4.26).

By the definition of £7(-,-) in (4.12) and the joint weak convergence of
(Ep, EY), we easily obtain the weak convergence of £"(t1,ty) for each fixed
t1,t2 > 0:

E™(t1,t2) = E(t1,t2) in R as n — oo,

where £(-,-) is defined in (4.31). A
Before we establish the weak convergence of S™, we first show the conver-
gence of U™:

(6.55) " =T in D as n— oo

We first note that by the continuity of F' and the definition of ¥ in (4.30),
U has continuous sample paths. In order to prove (6.55), it suffices to show
that for any 7" > 0 and € > 0,

lim P< sup [U"(t) — (t)] > e> =0.

n—00 0<t<T

Note that, by Lemma 6.15,

(6.56)
P< sup |U"(t) — U(t)] > e>
0<t<T
( sup \/ / [EM(t — s1,t — s9) — E(t — 51,1 — 52)]dF (51, 59)] > e)
0<t<T
< sup \(‘f”(sl, S9) — 5(51,52)\ > e)
0<S1 so<T
< P< sup ]5" S1,82) — 3(51,52)] > €>
0<81,82<T
P( sup  |E"(s1,50) — E(s1,52)| > €/2>
0<51<52<T

i P( sup €751, 52) — E(s1,9)| > 6/2).

0<s2<5:<T

In the rest of the proof, we only focus on the first term on the RHS of
(6.56), as the way to deal with the second term is similar. By the definition
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of £"(-,-) in (4.12) and &(-,-) in (4.31), we present an upper bound for the
first term

P( sup \é"<sl,32>—é<sl,32>\>e/2)5o/f+a3,
0<s51<s2<T

where af and of are defined as follows:

=3

(ET(s1) — E1(s1))1(s1 < s2)

=P sup
0<51<s2<T

. n . . al —
+<k11n2 i (sk) m11112Ek(5k)>1(51 )

>6/2>,

+(E(s1) A EB(52))1(s1 = s2), 0 < 51 < 59 < T).

aly = P(f’”(sl, s9) = ET(s1)1(s1 < $2)

By (6.54) and the definition of £7(-,-) in (4.12), we immediately see that
ay — 0 as n — oo. By (5.30), we obtain that

af = P( sup ‘(E{‘(sl) — FE1(s1))1(s1 < s2)
0<s1,52<T

+|Er(s1) — Eg(Sg)l} ‘ > e/2>

< (4 swp |BT(5) - Ei(9)] +2 sup 1E5(6) = Ealo)] > )
0<s<T 0<s<T

By (6.54) and the fact that E}, has continuous sample paths, k£ = 1,2, we
obtain that for the fixed e,

P( sup |ER(s) — Er(s)] > e/8> =0, k=1,2,
0<s<T

which implies that o} — 0 as n — oo. Therefore, we have shown (6.55)
holds.
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Now, we are ready to prove the weak convergence of 5”. By (6.55), (6.53),
(6.54) and Lemma 6.13, we have

A~

(X", %" (0), A"(1), X7(1), X3, 07" (1), 03" (1),

U™ (1), V™O(t), M™0 (1), W™ (t), O™ (t), BT (¢), B3 (t))

A~

= (X(0),¥(0), A(t), X1 (1), Xa(t), ¥2(0)* Bo (F1.o(1)),

Y1(0)/2 Boa(Fae (1)), J(0) /20 (1), 0,0, (1), (1), B (1), Ba(t))

in R* x D2 as n. — oo. By the representation of S™ in (6.11) and the
continuous mapping theorem [7], we immediately see

(6.57) (X"(0),Y"(0), A", X7, X2, 8" B}, E%)
= (X(O)7 Y(O)v Aa Xla XZ? ,SA" Ela E2)

in R* x D% as n — co, where the process S is defined in (4.25).
Recall the representations of QF, B and D} in (4.11) and Y} in (4.10),
k = 1,2. The continuous mapping theorem [7] and (6.57) imply (4.22) holds.

The uniqueness of these processes follows from the uniqueness of X, k =
1,2. O

7. Concluding remarks. In this paper we have developed a method-
ology to study the multi-server fork-join networks with the NES constraints
in the Halfin—-Whitt regime. The fluid limits are proved for the networks
with an empty initial condition, in which each job is split into K > 2 paral-
lel tasks, and the arrival rate can be time-varying. In the diffusion scale, we
have restricted to the networks with a stationary initial condition, in which
each job is split into K = 2 parallel tasks, and the arrival rate is constant. It
is clear from the analysis that arbitrary initial conditions cause substantial
difficulties even in order to provide a concise representation of the system
dynamics when K > 2. We have generalized the methodology in [51] for
G/GI/N queues to the fork-join networks in the Halfin-Whitt regime with
K = 2. In this framework, we require that the system starts from stationar-
ity at time 0. Notably in [50], for the G/GI/N queues, the initial conditions
have been relaxed to be arbitrary, but only the finite-dimensional distribu-
tion convergence is proved. On the other hand, for G;/GI/N queues with any
arbitrary initial conditions, Kaspi and Ramanan [24, 25] have established the
FLLN and FCLT for the measure-valued processes that keep track of the
amount of service each job has received in the many-server heavy-traffic
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regimes. In future work it may be worth investigating if the measure-valued
processes approach can be used or developed to study multi-server fork-join
networks. In particular, it will be interesting to establish an FCLT when
K > 2 and the system starts from empty at time O.

APPENDIX: PROOF OF LEMMA 5.5

We first prove the martingale property of H™!. By the definition of H™*
in (6.33) and the construction of the filtration H™ in (5.15), H™! is H"-
adapted. Note that, for each ¢ > 0,

H™(t) <1 w1 dF
H™ (1) < +/0 /0 P, as

By Lemma 4.3 in [33], we have E[|H™(t)|] < oo, for ¢t > 0. We next show
the martingale property of H™?, i.e., for s < t,

E[H™(t)|H2] = H"'(s).

It suffices to show, for s < ¢,

(A1) (7P v 3y > s)E [H™(4)HD] =0,
and
(A.2) LAV # < s)E [H™ (4)[HE] = H™(s).

We first prove (A.1). By the construction of H™ in (5.15), @m is an H"-
stopping time, j = 1,2, which implies 7;"* V75" is also an H"-stopping time.
Thus, the o-field HZ"’iV%"’i is well-defined. Hence,

1

2

LAYV 7t > s)E [H™ ()| HY]

S
= LGPV > $)E [B[H ()M 0] 1H2]
T VTy
Then, we claim that

| E|H™ ()7 Y
(A.3) E [H"’l(t””;lf»iw;*i] - P[ni > 0|%;j”,\7j)}

)

where the last equality follows from (5.12) and the independence of n* and
7' 4 =1,2. In order to prove the first equality in (A.3), by Lemma 3.6 in
[29], we only need to show

7
(A.4)
Hzl"*iv%;*i N {’I’]Z > 0}
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c (a(n’",r > 1r£i)VoE™, j=1,2) Vo(,p>1) v/\/) n{n' > o}.
It is enough to check (A.4) for sets which generate HZWWW‘ By the def-
1 2
inition of H}, t > 0, in (5.15), we note that (use, e.g., the argument in
Appendix A.2 of Brémaud [9])

Hls s = a(ﬁ” = 1,2,1(n) < s A (G VAPT) =207 9)),

K51
§> 0,7 =1,..., EMEM) A EQ(%&”)) V(€ r > 1) VAN,
where N includes all the null sets. Then, for | = i,¢ + 1,..., p = 1,2, ...,

51,82, ..., 5 > 0 and Borel sets By, .., By, Cll, .. C’ll, 012, .. 02 and Gy, ..., G,
since E"(%{”) AEJ(#Y) > 1>, then 77" =+ r =i+ 1,..,1,j = 1,2,

J Tj
we have that

(Nt e By ) o (e n s = ﬂ
r=1

l
m( 1(n§§sTA( v%;l)—%fvr,j:1,2> eGr>m{ni>0}

/—/H

p l
~(Nes)n( N {7 =mmi-12})

r=1 r=i+1
i—1 l

N ”””ecﬂ,y—lz)m< c Y, —12)
(N Dn(N{erecti-1a)
i—1

ﬂ<ﬂ1<n§§3TA(Am\/%gl) ”7",j:1,2>eG,ﬂ>m{n">0},
r=1

when 0 € G, i <7 <[, and the LHS is () otherwise. We show that the event
on the RHS of the previous equation is in (U(T]T, r>1,r#i)V a(%}“,j =
1L,2)Vo(&,r > 1) VN))N{n’ > 0}. It is enough to prove that this holds

for the event (._ i+l {”” = 7", Vj} n{n* > 0}. We then can proceed just
as Lemma A.1 in [51], and We omit the details here. Thus, we have proved
(A.1) holds.

Next, we will show (A.2). The LHS of (A.2) has the following decompo-
sition:

(A.5) (7" < s)E [H™(t)|H!]

Anz
V Ty’
= 1(n} < s — 71", Vj)E [H™ (t)|H7]
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F1(nl < s — A0k > s — 7 > 0)E [H™ (t)|HD]
F1(n) > s — 7 > 0,mh < s — 70 E [HM(t)|HY]
+1(nf > s — #0>0,¥5) B [H™ (t)|H?] .
We start with the first term on the RHS of (A.5). Since 1(77;- < s— 71 g)
is H? measurable, by (5.12) we have that
1(nf < s — 7" V) H™ (1)
i AN, .
=1(n; <s— 7", V))

n,i\ 4

( v )/77%/\(5—%1"”‘)+ /né/\(s—f'g ) 1 dF( )
—1(nt <s— %n ot u).
77 / 0 0 Fe(u)

Thus, we obtain

(A6) 1(nj <s— 71", Vj)E [H™(t)|H]]
= 1(77; S s — 72]7‘7‘71)vj)

o ) MAG=FT A= T iF ()
—1n’-§s—7°m,j/ / u
’ Y 0 0 Fe(u)
= 1(n} < s — 7V HM(s).
For the second term of the RHS of (A.5), we first observe that
(A.7) 1(n) <s— 7" m5 > 5 — 737" > 0)E [H™ (t)|H?]
=1(ni <s— ") E [H™(t)[H1]
= 1(n; < 5= 7V E [H™ (1)HL]
Since 1(n} < s — 7"") is H7-measurable, we have, by the definition of H™’
n (5.12),
(A.8) L} < s = 7")E [H™ (0[] = L < s — 77 H™(s).

Combining (A.6), (A.7) and (A.8), we obtain

(A.9) 1 <s—7"mh > s — 7" > O)E [H™ (t)|H2]
= 1(771 <s5— Am,n2 >5— Ty > O)H’”(s)

Similar to (A.9), we can show for the third term on the RHS of (A.5)

(i > s = 7" = 0,my < s — 73" ) E [H™ ()| HY]
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= 1(771 > 5 — %{l’i >0,m5 <s— %;Z’i)H"’i(s),

and the details of its proof are omitted for brevity.
To complete the proof of (A.2), we only need to prove the following equa-
tion for the last term on the RHS of (A.5)

(A.10) 1(n} > s — 7" > 0,V§)E [H™ (t)|H}]
=10} > s — 7" > 0,¥j)H™(s).

Observe that on the event that both tasks of job i have not completed
service by time s, i.e., the event {77; > s — 7" > 0,Vj}, we have that n'
is independent of the entering-service processes E’f, 7 =1,2, up to time s.
Also, since n* is independent of i for | # i, we obtain that, on the event
{n;- > s —%f’i > 0,Vj}, by the definitions of #" in (5.15) and H™" in (5.12),
H™(t) is dependent on H? for t > s only through n* and %;L’i, 7 =12
More precisely, let Ejn(u), u > 0, be the number of tasks having entered
service in station j by time u that would have occured if tasks of the job
with service vector n° remained in service forever, j = 1, 2. Then, E'J" (u) is a
Borel function of £, 7 > 1, n”, p > 1, p # i, on the one hand, and coincides
with E7(u) for u < s on the event {17; > s — 7" > 0,Vj}, on the other

J
hand. Analogous to (A.4), we can see by the definition of H"

MO {n) > s — 7" > 0,5}
C (o r > 1) ValnP,p>1p#i) Vo, Vi) VN)
n{n: >s—+" >0,Vj},
where A includes all the null sets. Since 1(77; > s =7 > 0,V)) is HI-
measurable, by Lemma 3.6 of [29], we have

L(n} >s — 70 > 0,Y5) B [H™ (t)[H7]

J

P(ni > s — #M# V)

E 1} > s = 7 Vi) HY ()7,

:1(n§>s—%f’iZO,Vj) ,
where 0/0 = 0. Evaluating the RHS of the above using (5.12), we have
proved (A.10) holds. Thus, we have proved the martingale property of H™".

We next prove the martingale property of H™, By the definition of H & in
(5.13) and the construction of the filtration H" in (5.15), H™* is H"-adapted.
Note that, for each t > 0,

. oo 1(max; (7" + i) > u) -
[H™' ()] <1 +/ ( ](f ) )dF(u)7 a.s.
0 Fe(u)
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By Fubini’s theorem, we have E[\ﬁ”‘(t)” < oo, for ¢ > 0. We next show
the martingale property of H™?, i.e., for s < t,

E[H™\(t)|H?] = H™(s).

It suffices to show

(A.11) (7" v 73 > s)E[H™ (t)|H2] =0,
and
(A12) LV 3" < )E[HM(OIH] = H™(s).

The proofs of (A.11) and (A.12) follow the same argument as the proof of
(A.1) and (A.2), respectively, and the details are omitted here. This com-
pletes the proof. O
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