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ASYMPTOTIC EXPANSION OF STATIONARY
DISTRIBUTION FOR REFLECTED BROWNIAN MOTION
IN THE QUARTER PLANE VIA ANALYTIC APPROACH

BY SANDRO FRANCESCHI* AND IRINA KOURKOVAT

Université de Tours® and Université Pierre et Marie Curiel

Brownian motion in R3 with covariance matrix ¥ and drift p
in the interior and reflection matrix R from the axes is considered.
The asymptotic expansion of the stationary distribution density along
all paths in R is found and its main term is identified depending
on parameters (3, u, R). For this purpose the analytic approach of
Fayolle, Tasnogorodski and Malyshev in [12] and [36], restricted es-
sentially up to now to discrete random walks in Z3 with jumps to
the nearest-neighbors in the interior is developed in this article for
diffusion processes on R} with reflections on the axes.

1. Introduction and main results.

1.1. Context. Two-dimensional semimartingale reflecting Brownian mo-
tion (SRBM) in the quarter plane received a lot of attention from the math-
ematical community. Problems such as SRBM existence [39, 40], station-
ary distribution conditions [19, 22|, explicit forms of stationary distribution
in special cases [7, 8, 19, 23, 30], large deviations [1, 7, 33, 34] construc-
tion of Lyapunov functions [10], and queueing networks approximations
[19, 21, 31, 32, 43] have been intensively studied in the literature. Refer-
ences cited above are non-exhaustive, see also [42] for a survey of some of
these topics. Many results on two-dimensional SRBM have been fully or
partially generalized to higher dimensions.

In this article we consider stationary SRBMs in the quarter plane and
focus on the asymptotics of their stationary distribution along any path in
R2. Let Z(00) = (Z1(o0), Za(o0)) be a random vector that has the station-
ary distribution of the SRBM. In [6], Dai et Myazawa obtain the following
asymptotic result: for a given directional vector ¢ € Ri they find the func-
tion f.(x) such that
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i PUe] Z(0)) > 2)

300 fo(2) =1

where (- | -) is the inner product. In [7] they compute the exact asymptotics
of two boundary stationary measures on the axes associated with Z(o0).
In this article we solve a harder problem arisen in [6, §8 p.196], the one to
compute the asymptotics of

P(Z(x) € zc+ B), as © — oo,

where ¢ € Ri is any directional vector and B C R2+ is a compact subset.
Furthermore, our objective is to find the full asymptotic expansion of the
density w(x1,x2) of Z(00) as x1,x9 — 00 and x9/x1 — tan(«) for any given
angle o €]0,7/2].

Our main tool is the analytic method developed by V. Malyshev in [36]
to compute the asymptotics of stationary probabilities for discrete random
walks in Z%r with jumps to the nearest-neighbors in the interior and reflec-
tions on the axes. This method proved to be fruitful for the analysis of Green
functions and Martin boundary [26, 28], and also useful for studying some
joining the shortest queue models [29]. The article [36] has been a part of
Malyshev’s global analytic approach to study discrete-time random walks
in Zi with four domains of spatial homogeneity (the interior of Zi, the
axes and the origin). Namely, in the book [35] he made explicit their sta-
tionary probability generating functions as solutions of boundary problems
on the universal covering of the associated Riemann surface and studied the
nature of these functions depending on parameters. G. Fayolle and R. Iasno-
gorodski [11] determined these generating functions as solutions of boundary
problems of Riemann-Hilbert-Carleman type on the complex plane. Fayolle,
Tansogorodski and Malyshev merged together and deepened their methods
in the book [12]. The latter is entirely devoted to the explicit form of sta-
tionary probabilities generating functions for discrete random walks in Zi
with nearest-neighbor jumps in the interior. The analytic approach of this
book has been further applied to the analysis of random walks absorbed on
the axes in [26]. It has been also especially efficient in combinatorics, where
it allowed to study all models of walks in Z2+ with small steps by making
explicit the generating functions of the numbers of paths and clarifying their
nature, see [38] and [27].

However, the methods of [12] and [36] seem to be essentially restricted to
discrete-time models of walks in the quarter plane with jumps in the interior
only to the nearest-neighbors. They can hardly be extended to discrete mod-
els with bigger jumps, even at distance 2, nevertheless some attempts in this
direction have been done in [13]. In fact, while for jumps at distance 1 the
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Riemann surface associated with the random walk is the torus, bigger jumps
lead to Riemann surfaces of higher genus, where the analytic procedures of
[12] seem much more difficult to carry out. Up to now, as far as we know,
neither the analytic approach of [12], nor the asymptotic results [36] have
been translated to the continuous analogs of random walks in Zi, such as
SRBMs in R2, except for some special cases in [2] and in [16]. This article
is the first one in this direction. Namely, the asymptotic expansion of the
stationary distribution density for SRBMs is obtained by methods strongly
inspired by [36]. The aim of this work goes beyond the solution of this par-
ticular problem. It provides the basis for the development of the analytic
approach of [12] for diffusion processes in cones of Ri which is continued
in the next articles [17] and [18]. In [18] the first author and K. Raschel
make explicit Laplace transform of the invariant measure for SRBMs in the
quarter plane with general parameters of the drift, covariance and reflection
matrices. Following [12], they express it in an integral form as a solution of
a boundary value problem and then discuss possible simplifications of this
integral formula for some particular sets of parameters. The special case of
orthogonal reflections from the axes is the subject of [17]. Let us note that
the analytic approach for SRBMs in Ri which is developed in the present
paper and continued by the next ones [17] and [18], looks more transparent
than the one for discrete models and deprived of many second order details.
Last but not the least, contrary to random walks in Zi with jumps at dis-
tance 1, it can be easily extended to diffusions in any cones of R? via linear
transformations, as we observe in the concluding remarks, see Section 5.3.

1.2. Reflected Brownian motion in the quarter plane. We now define
properly the two-dimensional SRBM and present our results. Let

o011 012 . . .
Y= < > € R?*? be a non-singular covariance matrix,

012 022
p= " ) €R2 bea drift,
12

1T
R=(RYR?) = ( e ) € R?*2 be a reflection matrix.
T2l 722

DEFINITION 1.  The stochastic process Z(t) = (Z1(t), Z?(t)) is said to be
a reflected Brownian motion with drift in the quarter plane Ri associated
with data (3, p, R) if

Z(t)=Zo+W(t) +put+ RL(t) € R%,
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where

(i) (W(t))ier+ is an unconstrained planar Brownian motion with covari-
ance matriz X3, starting from 0;

(ii) L(t) = (L'(t),L*(t)); for i = 1,2, Li(t) is a continuous and non-
decreasing process that increases only at time t such as Z'(t) = 0,
namely fot 1{zi(s)2opd L' (s) = 0 Vt > 0;

(iit) Z(t) € R3 Vt > 0.

Process Z(t) exists if and only if 711 > 0, r92 > 0 and either ri2,79; > 0
or 111792 — 12721 > 0 (see [40] and [39] which obtain an existence criterion
in any dimension). In this case the process is unique in distribution for each
given initial distribution of Zj.

Columns R! and R? represent the directions where the Brownian motion
is pushed when it reaches the axes, see Figure 1.

A

Vl\
/

/

FIG 1. Drift u and reflection vectors R* and R?

PROPOSITION 2. The reflected Brownian motion Z(t) associated with
(3, 1, R) is well defined, and its stationary distribution 11 exists and is unique
if and only if the data satisfy the following conditions:

(1) ri1 >0, 7122 >0, riree —rierar >0,
(2) roopr — ri2p2 < 0, Ti1pe —r21p1 < 0.

The proof and some more detailed statements can be found in [24, 41,
20]. From now on we assume that conditions (1) and (2) are satisfied. The

stationary distribution II is absolutely continuous with respect to Lebesgue
measure as it is shown in [22] and [4]. We denote its density by 7(x1, z2).

1.3. Functional equation for the stationary distribution. Let A be the
generator of (W;+ut)i=o. For each f € CZ(R?) (the set of twice continuously
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differentiable functions f on R% such that f and its first and second order
derivatives are bounded) one has

2 2

1 O*f of
Af(z) =5 > O’mm(z) + ZW%(Z)-

ij=1 ¢

Let us define for i =1, 2,

Dif(z) = (R'|Vf)

that may be interpreted as generators on the axes. We define now v; and vy
two finite boundary measures with their support on the axes: for any Borel
set B C Ri,

1
w(B) = Bal | 1(zemdl W),
By deﬁnltlon of stationary distribution, for all ¢ non nega‘mve En[f(Z(t))] =
ng II(dz). A similar formula holds true for v;: Er| fo Z(u))dLi(u)] =

t ng x)vi(dx). Therefore v; and vo may be viewed as a kind of boundary

1nvar1ant measures. The basic adjoint relationship takes the following form:
for each f € CZ(R2),

(3) Z 2)vi(dz) = 0.

2
R i=1,2

The proof can be found in [22] in some particular cases and then has been
extended to a general case, for example in [5]. We now define ¢(f) the
two-dimensional Laplace transform of II also called its moment generating
function. Let

5(60) = Enfexp((0]2))] // exp((0]2)T1(d2)

for all @ = (61,62) € C? such that the integral converges. It does of course
for any 6 with ®6; < 0, R0, < 0. We have set (0|Z) = 612! +0572. Likewise
we define the moment generating functions for v;(62) and v»(6,) on C:

1
02(61) = Eq] / M ZEALA (1)) = / 21y (dz),

0 R2
1
p1(602) =Enl [ ZaLl(n) = [ (o).
0 R2

Function () exists a priori for any 6; with ®6; < 0. It is proved in [6]
that it also does for 6, with R0, € [0,¢;], up to its first singularity ¢; > 0,
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the same is true for ¢1(62). The following key functional equation (proven
in [6]) results from the basic adjoint relationship (3).

THEOREM 3.  For any 6 € R? such () < oo, p2(01) < 00 and ¢1(62) <
oo we have the following fundamental functional equation:

(4) Y(0)p(0) = 71(0)p1(02) + 72(0)p2(01),
where
1(6) = —3(6]26) — (8]n)
= —1(01160% + 02203 + 20120102) — (1161 + poba),

11(0) = (RY6) = r1161 + ra162,
’)/2(9) = R2|9> = r1201 + ’1“2292.

This equation holds true a priori for any § = (01, 602) with R6; < 0,R 62 <
0. It plays a crucial role in the analysis of the stationary distribution.

1.4. Results. Our aim is to obtain the asymptotic expansion of the sta-
tionary distribution density m(x) = w(z1,22) as x1,x2 — oo and z2/x] —
tan (ap) for any given angle o € [0,7/2].

Notation. We write the asymptotic expansion f(z) ~ > 7, gx(x) as @ —
xo if gp(z) = o(gk—1(x)) as ¢ — xo for all &k = 1,...,n and f(x) —
Y oh—o 9k(x) = o(gn(x)) as © — xo.

It will be more convenient to expand m(rcosa,rsina) as r — oo and
a — ag. We give our final results in Section 5, Theorems 22-25: we find the
expansion of 7(r cos a, rsin a) as r — oo and prove it uniform for « fixed in
a small neighborhood O(«g) C|0, 7/2] of ag €]0, 7/2].

In this section, Theorem 4 below announces the main term of the expan-
sion depending on parameters (u, 3, R) and a given direction «p. Next, in
Section 1.5 we sketch our analytic approach following the main lines of this
paper in order to get the full asymptotic expansion of w. We present at the
same time the organization of the article.

Now we need to introduce some notations. The quadratic form ~(6) is
defined in (4) via the covariance matrix ¥ and the drift x4 of the process in
the interior of R2. Let us restrict ourselves on § € R?. The equation v(8) = 0
determines an ellipse £ on R? passing through the origin, its tangent in it is
orthogonal to vector p, see Figure 2. Stability conditions (1) and (2) imply
the negativity of at least one of coordinates of y, see [6, Lemma 2.1]. In this
article, in order to shorten the number of pictures and cases of parameters
to consider, we restrict ourselves to the case
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(5) 1 < 0 and pg <0,

although our methods can be applied without any difficulty to other cases,
we briefly sketch some different details at the end of Section 2.4.

F1G 2. Ellipse &, straight lines y1(0) = 0, v2(0) = 0, points 0*,0**, n0*, (0"

Let us call s7 = (61(s]),02(s])) € € the point of the ellipse with the
maximal first coordinate: 61 (s]) = sup{f1 : y(61,02) = 0}. Let us call s5
the point of the ellipse with the maximal second coordinate. Let A be the
arc of the ellipse with endpoints sf, s; not passing through the origin, see
Figure 3. For a given angle a € [0,7/2] let us define the point #(«) on the
arc A as

(6) 0(«) = argmaxge 4(0 | eq) where e, = (cosa, sina).

Note that 6(0) = s{, 6(7/2) = s5, and 0(«) is an isomorphism between
[0,7/2] and A. Coordinates of §(«) are given explicitly in (49). One can also
construct 6() geometrically: first draw a ray 7(a) on R? that forms the
angle o with ;-axis, and then the straight line I(a)) orthogonal to this ray
and tangent to the ellipse. Then #(«) is the point where [(«) is tangent to
the ellipse, see Figure 3.

Secondly, consider the straight lines v1(6) = 0, y2(#) = 0 defined in (4) via
the reflection matrix R. They cross the ellipse £ in the origin. Furthermore,
due to stability conditions (1) and (2) the line v1(6) = 0 [resp. 12(0) = 0]
intersects the ellipse at the second point 0* = (67, 05) (resp. 0** = (67*,605%))
where 65 > 0 (resp. 6;* > 0). Stability conditions also imply that the ray
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A N
0 A

S0

Ca l(e) '
a

SON 01

Fic 3. Arc A and point 0(c) on &

~v1(6) = 0 is always “above” the ray v2(6) = 0, see [6, Lemma 2.2]. To present
our results, we need to define the images of these points via the so-called
Galois automorphisms ¢ and n of £. Namely, for point 0* = (67,05) € £
there exists a unique point n6* = (n67,65) € £ that has the same second
coordinate. Clearly, 6] and nf] are two roots of the second degree equation
v(+,05) = 0. In the same way for point 0** = (07*,05*) € £ there exists a
unique point (0** = (07*,(65*) € £ with the same first coordinate. Points
05* and (605" are two roots of the second degree equation v(67*,-) = 0. Points
0*, 0**, nf* and (0** are pictured on Figure 2. Their coordinates are made
explicit in (32) and (33).

Finally let s; = (0, —25—;2) be the point of intersection of the ellipse £ with
f2-axis and let s{j = (—Qﬁ—ﬁ, 0) be the point of intersection of the ellipse with
01-axis, see Figure 3. The following theorem provides the main asymptotic
term of 7(r cos o, rsin ).

THEOREM 4. Let ag €]0,7/2[. Let () be defined in (6). Let {0(c), s} }
(resp. {s(,0(c)}) be the arc of the ellipse £ with end points s, and 6(cy)
(resp. s§ and 6(ap)) not passing through the origin. We have the following
results.

(1) IfCO** ¢ {0(aw), s} andnb* ¢ {s(,0(cw)}, then there exists a constant
c(ag) such that

cosa, rsina) ~ clao)
(7) m(rcosa, ) NG

exp (—T‘<€a | 9(04))) T — 00, — Q.
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The function c(a) varies continuously on [0,7/2] and limy—o c(a) =
lim,_, /o c(a) = 0.

(2) If CO** €}0(a), sy} and no* ¢ {s(,0(ao){, then with some constant
c1 >0

(8) m(rcosa,rsina) ~ cjexp ( —r{eq | CH**)) T — 00, — .

(3) If CO** ¢}0(c), sy}t and no* € {s§,0(ap){, then with some constant
co >0

(9) m(rcosa,rsina) ~ cyexp < —r{eq | 770*)) T — 00, — Q.

(4) Let ¢6™ €}6(an), 55} and nd* € {sg,6(c0){. If (C6 | eag) < (nd" |
€ay), then the asymptotics (8) is valid with some constant ¢; > 0. If
(CO™ | eqq) > (MO* | €qy), then the asymptotics (9) is valid with some
constant ca > 0. If (CO™ | eqy) = (0" | eq,), then then with some
constants ¢c1 > 0 and co >0

(10) 7(rcosa,rsina) ~ ¢ exp < —r{eq | CH**))
+ coexp ( —7r{eq | 779*)) T — 00, — Q.

See Figure 4 for the different cases. (The arcs }a, b} or {a, b{ of € are those
not passing through the origin where the left or the right end respectively
is excluded).

Let us note that the exponents in Theorem 4 are the same as in the large
deviation rate function found in [7, Thm 3.2]. The same phenomenon is
observed for discrete random walks, cf. [36] and [25].

1.5. Sketch of the analytic approach. Organization of the paper. The
starting point of our approach is the main functional equation (4) valid for
any 0 = (01,02) € C? with R6; < 0, R0 < 0. The function v(6;,02) in the
left-hand side is a polynomial of the second order of #; and 6. The algebraic
function ©1(f3) defined by v(©1(62),02) = 0 is 2-valued and its Riemann
surface Sy, is of genus 0. The same is true about the 2-valued algebraic
function ©2(0;) defined by v(01,02(01)) = 0 and its Riemann surface Sy,.
The surfaces Sy, and Sy, being equivalent, we will consider just one surface
S defined by the equation (61, 62) = 0 with two different coverings. Each
point s € S has two “coordinates” (0;(s),02(s)), both of them are complex
or infinite and satisfy (01(s),02(s)) = 0. For any point s = (61,602) € S,
there exits a unique point s’ = (61,65) € S with the same first coordinate
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o ” ¢
¢ o U e
9** 9%*
7 so” ) so” 0,

Fic 4. Cases (1),(2),(3),(4)

and there exists a unique point s” = (67, 62) € S with the same second coor-
dinate. We say that s’ = (s, i.e. s’ and s are related by Galois automorphism
¢ of S that leaves untouched the first coordinate, and that s” = ns, i.e. s”
and s are related by Galois automorphism 7 of S that leaves untouched the
second coordinate. Clearly (2 = Id, n? = Id and the branch points of ©1(6s)
and of ©2(0;) are fixed points of ¢ and 7 respectively. The ellipse £ is the
set of points of S where both “coordinates” are real. The construction of S
and definition of Galois automorphisms are carried out in Section 2.

Next, unknown functions ¢;(f2) and p2(6;) are lifted in the domains of
S where {s € S : Rb(s) < 0} and {s € S: R6:1(s) < 0} respectively. The
intersection of these domains on S is non-empty, both o and ; are well
defined in it. Since for any s = (61(s),02(s)) € S we have v(61(s),02(s)) = 0,
the main functional equation (4) implies that Vs € S, R6;(s) < 0,Rb(s) <
0:

Y1(01(s), 02(s))p1(02(5)) + 72(01(s), 02(s))p2(61(s)) = 0.

Using this relation, Galois automorphisms and the facts that ¢1 and @9
depend just on one “coordinate” (¢; depends on # and @2 on 6 only),
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we continue ; and (o explicitly as meromorphic on the whole of S. This
meromorphic continuation procedure is the crucial step of our approach, it
is the subject of Section 3.1. It allows to recover (7 and @9 on the complex
plane as multivalued functions and determines all poles of all its branches.
Namely, it shows that poles of 1 and 2 may be only at images of zeros of v;
and 7 by automorphisms 1 and ¢ applied several times. We are in particular
interested in the poles of their first (main) branch, and more precisely in the
most “important” pole (from the asymptotic point of view, to be explained
below), that turns out to be at one of points (6** or n0* defined above. The
detailed analysis of the “main” poles of 1 and 9 is furnished in Section 3.2.

Let us now turn to the asymptotic expansion of the density 7(x1,x2). Its
Laplace transform comes from the right-hand side of the main equation (4)
divided by the kernel (61, 62). By inversion formula the density 7(x1,x2)
is then represented as a double integral on {6 : 6, = ROy = 0}. In Sec-
tion 4.1, using the residues of the function m or m we transform this
double integral into a sum of two single integrals along two cycles on S,
those where R6;(s) = 0 or Rz(s) = 0. Putting (z1,x2) = req we get the
representation of the density as a sum of two single integrals along some
contours on S:

0(s)) —r(o(s)lea) g

S

(11) m(rea) 27rV11et by ( /I+ QPZ(S)’Y;(
Me*’r<0(s)|ea> S
\/.’Z\:JF d ).

S

We would like to compute their asymptotic expansion as r — co and prove
it to be uniform for « fixed in a small neighborhood O(ay), ag €]0,7/2].

These two integrals are typical to apply the saddle-point method, see
[15, 37]. The point O(a) € £ defined above is the saddle-point for both of
them, this is the subject of Section 4.2. The integration contours on S are
then shifted to new ones I'y, , and Iy, , which are constructed in such a way
that they pass through the saddle-point 6(«), follow the steepest-descent
curve in its neighborhood O(f(«)) and are “higher” than the saddle-point
w.r.t. the level curves of the function (6(s) | e,) outside O(6(«)), see Section
4.3. Applying Cauchy Theorem, the density is finally represented as a sum
of integrals along these new contours and the sum of residues at poles of the
integrands we encounter deforming the initial ones:

m(req) = res 01 (s 727@6_7’<9(p)|€“>
(12) siree) = 3 somenl0(o) 25
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PEP" o d(62(p))

1 / 2(5)72(005)) —r(o(s)lea) g6
2rvdet 2 T S

P1(8)1(0(5)) —rio(s)lea) g
n /F ds |.

S

01,

0o,

Here P/, (resp. P”,) is the set of poles of the first order of ¢1 (resp. p2)
that are found when shifting the initial contour Iét to the new one I'y, ,
(resp. I;; to I'g, ), all of them are on the arc {sg,6(a)} (resp. {6(c), s(})
of ellipse £.

The asymptotic expansion of integrals along I'g, o, and I'y, , is made ex-
plicit by the standard saddle-point method in Section 4.4. The set of poles
PL UP", is analyzed in Section 4.5. In Case (1) of Theorem 4 this set is
empty, thus the asymptotic expansion of the density is determined by the
saddle-point, its first term is given in Theorem 4. In Cases (2), (3) and (4)
this set is not empty. The residues at poles over P/, UP”, in (12) bring all
more important contribution to the asymptotic expansion of m(re,) than
the integrals along I'g, , and I'g, . Taking into account the monotonicity
of function (6 | e,) on the arcs {s,f0(«)} and on {f(«a), s}, they can be
ranked in order of their importance: clearly, the term associated with a pole
p’ is more important than the one with p” if (p’ | en) < (p” | €a). In Case
(2) (resp. (3)) the most important pole is (0** (resp. n0*), as announced
in Theorem 4. In Case (4) the most important of them is among (6** and
nd*, as stated in Theorem 4 as well. The expansion of integrals in (12) along
[y, .« and I'g, o via the saddle-point method provides all smaller asymptotic
terms than those coming from the poles. Section 5 is devoted to the results:
they are stated from two points of view in Sections 5.1 and 5.2 respectively.
First, given an angle «g, we find the uniform asymptotic expansion of the
density 7(rcos(a),rsin(a)) as r — oo and a € O(ap) depending on pa-
rameters (X, p, R): Theorems 22-25 of Section 5.1 state it in all cases of
parameters (1)—(4). Second, in Section 5.2, given a set parameters (3, u, R),
we compute the asymptotics of the density for all angles ag €]0,7/2], see
Theorems 26-28.

Remark. The constants mentioned in Theorem 4 and all those in asymp-
totic expansions of Theorems 22-28 are specified in terms of functions
and (. In the present paper we leave unknown these functions in their ini-
tial domains of definition although we carry out explicitly their meromorphic



Downloaded from informs.org by [216.73.217.54] on 26 June 2026, at 09:58 . For personal use only, all rights reserved.

44 S. FRANCESCHI AND I. KOURKOVA

continuation procedure and find all their poles. In [18] the first author and
K. Raschel make explicit these functions solving some boundary value prob-
lems. This determines the constants in asymptotic expansions in Theorems
4, 22-28.

Future works. The case of parameters such that (0" = 6(a) and n6* ¢
{sf,0(a){ or the case such that nf* = 0(a) and (0** & {s{,0(a){ are not
treated in Theorem 4. Theorem 25 gives a partial result but not at all as
satisfactory as in all other cases. In fact, in these cases the saddle-point 6(«)
coincides with the “main” pole of ¢; or ¢2. The analysis is then reduced to
a technical problem of computing the asymptotics of an integral whenever
the saddle-point coincides with a pole of the integrand or approaches to it.
We leave it for the future work.

In the cases @ = 0 and a = 7/2, the tail asymptotics of the boundary mea-
sures v; and v, has been found in [7] and the constants have been specified
in [18]. It would be also possible to find the asymptotics of 7 (r cos a, rsin «)
where 7 — oo and a — 0 or @ — 7/2. This problem is reduced to obtaining
the asymptotics of an integral when the saddle-point #(0) or 6(m/2) coin-
cides with a branch point of the integrand ¢ or ¢s. It can be solved by the
same methods as in [26] for discrete random walks.

2. Riemann surface S.

2.1. Kernel y(01,62). The kernel of the main functional equation

1
v(01,62) = 5(0119% + 09203 + 201260162) + 111601 + poba
can be written as
(01, 02) = @(62)67 + b(62)01 + &(02) = a(61)65 + b(61)02 + c(61)

where
a(02) = 3011, b(02) = 01202 + 1,  E(02) = 202203 + p26s,
a(th) = 3022, b(01) = 01201 + p2, c(61) = 301107 + 1.
The equation (01, 62) = 0 defines a two-valued algebraic function ©1(62)

such that v(©1(02),62) = 0 and a two-valued algebraic function ©2(6;) such
that v(61,02(61) = 0. These functions have two branches:

—b(62)++/d(6 — —b(02)—/d(6
oF (0,) = 1 22);[92) G2 o7 () = 1 22)&(62) 2,

and
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—b(01)++/d(61) — —b(01)—+/d(6
05 (01) = VIO g (py) = MO VIO,
where
d(02) = 03(c
d(61) = 03(o
The discriminant d(6;) (resp. d(62)) has two zeros 65, 87 (resp. 65 and 65 )
that are both real and of opposite signs:

5 — 011092) + 209 (1012 — p2o1) + P,
5 — 011092) + 201 (ua012 — p1092) + 3.

=N N

- (p2012—p1022)—V D1 (p2o12—p1022)++/'D
0; = det s <0, 6= dets - >0,

— (p1o12—p2011)—+v/Da (p1o12—p2011)+VD
by = det s <0, 03 = det s = >0,

with notations D = (M2012 —,U,1022)2+/L% det X and Dy = (,ulalg —M2011)2+
13 det . Then O5(6;) (resp. ©1(2)) has two branch points: §; and 7 (resp
05 and 63 ). We can compute:

po12 — pooin + g2/ Dy

pio12 — pooi — 22

> L0+ 022
05 (0;) = S , 050 = St ’
@i(e ) 12012 — (1022 +Z 0_11 212\ /Dy @i(eJr) 2012 — (110922 — o_—ﬁ
det® ’ dot >

Furthermore, d(6;) (resp. d(f2)) being positive on 07,6, [ (resp. 65,605 ])
and negative on R\ [0, 6] (resp. R\ [f5 ,05]), both branches ©F (8;) (resp.
O (62)) take real values on [0, 67] (resp. [05,605]) and complex values on
R\ [07, 0] (resp. R\ [0;,63]).

(23 sy
0 05 (61) 05 9 ;_3 N
JEREOES g 2 N £
- \
B O !
$ 5 Or () 16/ (6:)
I ' !
: / /
S1 4 / /
! /oy ) | L
\ -
— -7 o 0,9 % 0,
- 4 b‘_)
0, o7 6 2

FIG 5. Functions ©F (1) and ©F (62

) on [0 ,67] and (05,63

2.2. Construction of the Riemann surface S. 'We now construct the Rie-

mann surface S of the algebraic function ©3(6;). For this purpose we take
two Riemann spheres (Cé1 U{oo} and (Cg1 U{o0’}, say Sél and 8217 cut along
([—oo", 077 U [0],001]), and we glue them together along the borders of
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these cuts, joining the lower border of the cut on Sél to the upper border
of the same cut on Sgl and vice versa. This procedure can be viewed as
gluing together two half-spheres, see Figure 6. The resulting surface S is
homeomorphic to a sphere (i.e., a compact Riemann surface of genus 0) and
is projected on the Riemann sphere C U {oco} by a canonical covering map
hg, : S — CU {oo}. In a standard way, we can lift the function ©3(6;) to
S, by setting Oa(s) = OF (he,(s)) if s € Sg, € S and Oy(s) = O3 (hy, (s)) if
s € Sgl C S.

In a similar way one constructs the Riemann surface of the function
©1(02), by gluing together two copies Séz and 852 of the Riemann sphere S
cut along ([—0o), 65 ]U[A7, 00)]). We obtain again a surface homeomorphic
to a sphere where we lift function ©;(62).

Sco Soo

1
S,

o7 o7

S5, é o 5ed' S5,
7
J

67 oy

Fic 6. Construction of the Riemann surface S

Since the Riemann surfaces of O1(f2) and ©2(0;) are equivalent, we can
and will work on a single Riemann surface S, with two different covering
maps hg,, hg, : S — CU {oo}. Then, for s € S, we set 01(s) = hg,(s) and
02(s) = hg,(s). We will often represent a point s € S by the pair of its
coordinates (01(s),02(s)). These coordinates are of course not independent,
because the equation (61 (s), 02(s)) = 0 is valid for any s € S. One can see S

912 912
X X 1+t M1012—M2011:F@\/D1 + u2012—,u1022:|:a—11\/D2 +
with points s77 = (67, R ), 55 = ( s 7922)7
Sco = (00,00), Soor = (00',00") on Figure 7. It is the union of S; and Sj

glued along the contour Ry, = {s: 01(s) € R\]#;,0] [} that goes from su
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to S via s] and back to s via s It is also the union of SéQ and 832

glued along the contour Ry, = {s : fa(s) € R\|65,05[}. This contour goes
from s to s and back as well, but via s; and s;. Let £ be the set of
points of S where both coordinates 6 (s) and 6s(s) are real. Then

E={s€S:0:1(s) € 0,0} ={s€S:0s(s) €[65,05]}.

One can see £ on Figures 5 and 7, it contains all branch points sf and sét.

Fic 7. Points of S with 61(s) or 02(s) real

2.3. Galois automorphisms n and (. Now we need to introduce Galois
automorphisms on S. For any s € S\S% there is a unique s’ # s € S\sli such

that 01(s) = 61(s’). Furthermore, if s € S then s’ € S§ and vice versa. On

the other hand, whenever s = s; or s = 57 (i.e. #1(s) = 67 is one of branch

points of ©2(61)) we have s = s'. Also, since (61(s),02(s)) = 0, O2(s) and
05(s’) represent both values of function (1) at 81 = 61(s) = 61(s). By

Vieta’s theorem we obtain 62(s)02(s") = 2%218%

Similarly, for any s € S\ s3, there exists a unique s” # s € S\ s3 such
that 0a(s) = 62(s”). If s € Sy, then s’ € SF and vice versa. On the other
hand, if s = s; or s = s§ (i.e. f2(s) = 65 is one of branch points of ©1(6z))
we have s = s”. Moreover, since v(01(s),02(s)) = 0, 61(s) and 0;(s”) give
both values of function ©1(02) at 02 = 63(s) = 62(s”). Again, by Vieta’s
theorem 61 (s)61(s") = gizz((i))%

With the previous notations we now define the mappings ( : S — S and
n:S— S by
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(s=1s" if O1(s) = 01(s'),
ns =s" if O5(s) = 02(s")

Following [35] we call them Galois automorphisms of S. Then (? = n? = Id,
and

02(¢s) = Saen w119 = SR -
Points s; and s] (resp. s, and sj) are fixed points for ¢ (resp. n).

It is known that conformal automorphisms of a sphere (that can be iden-
tified to C U c0) are transformations of type z — ZZZIZ where a,b, c,d are
any complex numbers satisfying ad — bc # 0. The automorphisms ¢ and 7,
which are conformal automorphisms of S, have each two fixed points and are
involutions (because (2 = n? = Id). We can deduce from it that ¢ (resp. ) is
a symmetry w.r.t. the axis A; (resp. Az) that passes through fixed points s
and s{ (resp. s and s3 ). In other words ¢ (resp. 1) is a rotation of angle T,
around D; (resp. Ag), see Figure 8. Let us draw the axis A orthogonal to the
plane generated by the axes A1 and Ay and passing through the intersection
point of A; and A,. We denote by g the angle between the axes A; and As.
Automorphisms n¢ and (n are then rotations of angle 28 and —28 around
the axis A. This axis goes through points so, and so, which are fixed points
for n¢ and (n, see Figure 8.

In the particular case ¥ = Id, we have n{ = (7, the axes A; and As are
orthogonal. We deduce that 3 = 5 and that n¢ and (n are symmetries w.r.t.
the axis A.

Fi1G 8. Azes A1, A2 and A of Galois automorphisms , n and (n respectively
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2.4. Domains of initial definition of p1 and @2 on S. We would like to
lift functions ¢1(02) and ¢2(61) on S naturally as ¢1(s) = ¢1(62(s)) and
wa2(s) = ¢2(01(s)). But it can not be done for all s € S, p1(#2) and ¢2(61)
being not defined on the whole of C. Nevertheless, we are able to do it
for points s where 6s(s) or 0(s) respectively have non-positive real parts.
Therefore, in this section we study the domains on S where it holds true.

For any #; € C with R(6;) = 0, ©2(6;) takes two values ©F (6;). Let us
observe that under assumption that the second coordinate of the interior
drift is negative, i.e 2 < 0 we have RO, (61) < 0 and ROJ (61) > 0.
Furthermore RO, (1) = 0 only at ¢; = 0, and then ©5(0;) = 0. The
domain

A ={se€S: ROi(s) <0}

is simply connected and bounded by the contour Zy, = {s: R#1(s) = 0}.

The contour Zy, can be represented as the union of Z,, UI(;E ; where 7, =
{s : Rb1(s) = 0,Rb2(s) < 0}, Iet = {s : ROi(s) = 0,R02(s) > 0}, see
Figure 9.

The contour Z, goes from s t0 Soc/ crossing the set of real points £ at
so = (0,0), while Iét goes from soo t0 Seos crossing & at s = (0, -2212)
where the second coordinate is positive.

In the same way, under assumption that the first coordinate of the interior
drift is negative, i.e. 1 < 0, for any 6, € C with R(62) = 0, ©1(02) takes two
values OF (6), where ROT (A2) < 0 and RO7 (62) > 0, moreover RO (f2) =
0 only at 6 = 0, and then O] (62) = 0. The domain

Ay ={s € S:Rbs) <0}

is simply connected and bounded by the contour Zy, = {s : Rbz(s) = 0}.
The contour Zy, can be represented as the union of 10_2 UI(;; , Where 19_2 ={s:
Rba(s) = 0,RO:1(s) < 0}, I;; = {s: Rbz2(s) = 0,Rb:1(s) > 0}. The contour
Z,, goes from soo t0 Soos crossing the set of real points € at sp = (0,0), while
I;; goes from soo t0 seos crossing £ at sg = (=244, 0), see Figure 9.

Assume now that the interior drift has both coordinates negative, i.e. (5).
From what said above, Z, \ so C Az and Z, \ so C A;. The intersection
A1 N As consists of two connected components, both bounded by 1y, and
Ie_2 . The union A; U As is a connected domain, but not simply connected
because of the point sg. The domain A U Ay U sq is open, simply connected
and bounded by I;; and Ig;, see Figure 9. We set A = A U As.

Note that in the cases of stationary SRBM with drift x having one of
coordinates non-negative, the location of contours IHJE » Ly, IHE ; Ly, on S
is different. For example, assume that po > 0. Then RO, (1) < 0 and



Downloaded from informs.org by [216.73.217.54] on 26 June 2026, at 09:58 . For personal use only, all rights reserved.

50 S. FRANCESCHI AND I. KOURKOVA

R@;(Gl) > 0, the contour 1'9_1 goes from so t0 Soos crossing the set of real
points £ at s, = (0, —2;"—222) where the second coordinate is negative, while
I;; goes from s. t0 Soes crossing € at sg = (0,0). In order to shorten the
number of cases and pictures, we restrict ourselves in this paper to the case
(5) of both coordinates of i negative, although all our methods work in these
other cases as well.

Fi1G 9. Pure imaginary points of S

2.5. Parametrization of S. It is difficult to visualize on three-dimensional
sphere different points, contours, automorphisms and domains introduced
above that will be used in future steps. For this reason we propose here an
explicit and practical parametrisation of S. Namely we identify S to CU{oo}
and in the next proposition we explicitly define hy, and hy, two recoveries
introduced in Section 2.2. Such a parametrisation allows to visualize better
in two dimensions the sphere S = CU{oco} and all sets we are interested in,
as we can see in Figure 10.

ProproOSITION 5. We set the following covering maps
hg,: CU{oc}=S — CU{oo}
e g
s > hg (s)=01(s) = 16, ;—91 + 50 491 (s+ 1)
and
hg,: CU{x} =S — CU{oo}

e g ;
s — hoy(s) = Oa(s) = 230 4 B le (o4
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where
012

V011022 '

The equation v(01(s),02(s)) = 0 is valid for any s € S. Galois automor-
phisms can be written

[ = arccos —

218

C(S) = %7 77(8) = "5
0 of angle 20 (resp. —2f3)

e

and n¢ (resp. ¢n) is a rotation around Ss
according to counterclockwise direction.

PROOF. We set hg, (s) = 01(s) := 07 +0r + a0 (s + 1). One can notice
that he, (1) = 0, hg,(=1) = 07, hy (1 ) =0, h/l( 1)=0. "This parametriza-
tion is practical because it leads to a similar rational recovery hg,. In order
to make the equation v(0;(s),02(s)) = 0 valid for any s € S we naturally set

—b(01(s)) + /d(01(s
0a(s) = O (01(5)) = — 1(2)0,)@1(3))( 1(5))
: 05 +65 T s | i
and we are gomg to show that 6a(s) 3 + 2 (eiﬁ + -) where

B = arccos — . We note that d(61(s)) is the opp081te of the square of
vV 01102
a rational fraction

d(01(s)) = — det X(01(s) — 0])(01(s) — 0;)

a4 Dy s D)
e L)
Then we have
(13) 02(s) = €5 (01(s)
— ~ou I B (s 4 L) — gy ivder (D) (s 5).
022

Furthermore this parametrization leads to simple expressions for Galois
automorphisms 1 and (. We derive immediately that 61(s) = 61(1) and
02(1) = ©5 (61(s)). Then we have
1
C(s) =~
Next we search 1 as an automorphism of the form ns = % Since 05(s) is
of the form 6(s) = us + ¥ + w with constants u, v, w defined by (13), then
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02(s) = 02(£) with K = %. This leads to

n(s) = 5 with K = —o12 —ivdet >
S —012 —i—Z\/m

After setting
012

V011022

K = e*¥ with 8 = arccos —

we have

and then

n¢(s) = e*Ps, (n(s) = e %Ps.

It follows that n¢ and (7 are just rotations for angles 23 et —2 respectively.
By symmetry considerations we can now rewrite

0y(s) = m(\/‘s—g + g) +w

_ 07 407
0 — 0, fou [ s +\/E +—012(1J§1)—u2
VK s 022 '

4 099
- +_ g — 9D — ;
For i = 1,2 we have 0" — 0, = 255 and 011D1 = 022D2. Then we obtain

of+or

+_p— +_p— _ 1%y + o+ +g— +. -

070 [on _ 030, Moreover o12(t5)—pe _ ©5(0)+05(07) _ 0340,
4 022 4 : 022 2 2

(the last equality follows from elementary geometric properties of an ellipse).
It implies

:«92++9;+92+—9;( s +\/E
2 4 VK s

concluding the proof. O

ho, (s) = 62(s) )

Figure 10 shows different sets we are interested in according to the para-
metrization we have just introduced. We have 61(1) = 67, 01(—1) = 6,
02(eP) = 05 et O2(e!™H8)) = 05, 61(0) = 02(0) = o0, H1(c0) = b2(00) = 0.
Then we write sf =1,s =-1, s; = eiﬁ, S5 = ei(”+5), Soo = 0, 851 = 0.
It is easy to see that

£={seCl|s| =1},

and ‘
Rg, =R, Ry, = ¢"R.
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&
Iy,
U
S0
Ry
S1 =
7y S0~ -
- v /
- P /
' /
I»u - /
e s; /
/
% /
"
7/ 50
Ro, - !
N !
- /
s / IV:
/

Fic 10. Parametrization of S

We can determine the equation of the analytic curves of pure imaginary
points of #;. We have Zy, = {s € S|01(s) € iR}. If We Write s = e with

w = a+ib € C we find that R(0:(s)) = o +9 + 8 cos(a) cosh(b). It
follows that
W . 9+ + 0_
Ty, ={s=e" €Slw=a+ib,a € R,beR,cos(a)cosh(b) = o 9+}
Similarly we have
w . 9+ -+ 0_
Ty, ={s=e" € Slw=a+ib,a € R,b € R,cos(a) cosh(b) = 0. 6+}

We can easily notice that
(T, =15, (I; =T, and 0T, = I}, nT; =1, .
3. Meromorphic continuation of ¢; and ¢2 on S.

3.1. Lifting of v1 and w3 on S and their meromomorphic continuation.

Lifting of p1 and p2 on S.. Since the function §; — 2(6;) is holomorphic
on the set {6 € C: RO, < 0} and continuous up to its boundary, we can
lift it to Ay ={s € S : Rb;(s) <0} as

©2(s) = pa(01(s)), Vs € Ay
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In the same way we can lift 1 to Ay as

©1(s) = p1(0a(s)), Vs € As.

Moreover, by definition of Galois automorphisms, functions ¢ and o are
invariant w.r.t. n and  respectively:

02(Cs) = p2(01(C5)) = p2(61(5)) = pa(s), Vs € Ay,
e1(ns) = p1(02(ns)) = 1(2(s)) = ¢1(s), Vs € Ao.
Functions «; and 2 can be lifted naturally on the whole of S as
71(8) = 71(01(5),02(s)),  y2(s) = 12(01(s),62(s)) Vs e€S.

Since y(61(s),62(s)) = 0, then the right-hand side in the main functional
equation (4) equals zero for any 6 = (61(s),02(s)) such that s € A N As.
Thus we have

(15) 11(5)o(s) +72(5)p2(s) =0, Vs e AjnNAs.

Continuation of ¢; and @2 on A.

(14)

LEMMA 6. Functions p1 and @y (defined on Ag and A4 respectively) can
be meromorphically continued on AU {so} by setting

pr(s) = —2Sea(s) if s €A,
and
— _nls) ;
(102(8) = Y2(3) 901(3) if s € As.
Furthermore,
(16) 71(8)p1(s) +72(s)p2(s) =0 Vs € AU {so},
(17) p1(s) =p(ns),  ¢2(s) = p(Cs) Vs € AU{so}.

PrOOF. The open set A; N Ay is non-empty and bounded by the curve
7, UZ, . Functional equation (15) is valid for s € A; N Ag. It allows us to
continue functions 1 and (9 as meromorphic on A as stated in this lemma.
The functional equation (15) is then valid on the whole of A, as well as the
invariance formulas (17). O

The function ¢;(s) is defined in a neighborhood O(sg) of s as ¢1(02(s))
for any s € Ay N O(sp) and —1?8 2(01(s)) for any s € Ay N O(sp). Fur-
thermore,

1
lim  1(s) = Br( | dL)

$—80,8€ A2
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by definition of the function ¢p. It is easy to see that function 138 has
a removable singularity at so and to compute limg_,s, ﬁg = :ﬁ/’g::ziﬁi
Hence
1

. . Y2(s) To2jl1 — T1242 / 2

lim s)= lim -— 0i(s)) = ———FE dL;).
$—350,8€A1 1(s) 5—380,5€A1 vl(s)m( 1(s)) T11f2 — T21 /41 g 0 !
For any s € A1 N Ay N O(sp), by (15) pi1(s) = —nggcpg(s), from where
limg s scn, @1(s) = limg g, sen, ¢1(s). Hence, function ¢;(s) has a re-

movable singularity at sp, and so is 2(s) by the same arguments.
Functions (1 and 9 can be then of course continued to A. Moreover we
have the following lemma.

LEMMA 7. The domains A UnCA and AU (nA are simply connected.

PROOF. Since n¢ and (n are just rotations for a certain angle 23 or
—20, it suffices to check that nCIét C A and that CnIg; € A. In fact,
(I;; =1, C As. Since nAy = Ao, it follows that nZy, C Ay C A. By the
same arguments CnIg; € A. One can refer to Figure 11. O

Iy,

50

/
P R NI )

Fia 11. A and nCA

Now we would like to continue function (1 (resp. ¢2) on n¢A (resp. (nA)
as ¢1(s) = G(8)p1(¢ns) for all s € nCA, where G(s) is a known function and



Downloaded from informs.org by [216.73.217.54] on 26 June 2026, at 09:58 . For personal use only, all rights reserved.

56 S. FRANCESCHI AND I. KOURKOVA

©1(¢ns) is well defined since (s € A. We could then continue this procedure
for (n¢)2A, (n¢)3A, (resp. (¢n)?A, (¢n)3A) etc and hence to define o1 (resp.
2) on the whole of S. Unfortunately, the domain A is closed, from where
it will be difficult to establish that the function is meromorphic. From the
other hand, neither A Un¢A nor (AUsy)UnC(AUsg) are simply connected,
there is a “gap” at s{j. See figure 11. To avoid this technical complication,
we will first continue 1 and 9 on a slightly bigger open domain A€ defined
as follows. Let

(18) A] = {s: Rb:i(s) < €}, 5 ={s:Rba(s) < ¢}
and
(19) A€ = AS U AS

Let us fix any € > 0 small enough. For any 6; € C with Rf; = e,
the function ©(f;) takes two values ©F(6;) where R(05 (1)) < 0 and
R(©2(01)) > 0. The domain A§ is bounded by the contour Z§ = Zp'~ UI(;’1+

where Ig’;, Z;’l+ both go from Sso t0 Seer, I;f C As and I;fr NA = 0. See
Figure 12. The same is true about the contour Z; = Ig;_ U I;;r limiting
AS, namely Zy~ C Ay and I;’; NA=0.

A

Fic 12. Iy~ and Iy*

LEMMA 8. Functions p1(s) and pa(s) can be continued as meromorphic
functions on AS. Moreover equation (16) and the invariance formulas (17)
remain valid.

PROOF. For any s € A\ A, we have (s € Ay C A, except for s = s, for
which (s, = so. Anyway, function p2(s) can be continued as meromorphic
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function on A§/A as:

pa(s) = ¢2(Cs), Vs € AT\ A

Then ¢1(s) can be continued on the same domain by (16):

v1(s) = —W(S) wa(s) Vs e AT\ A.

Similarly, the formulas

ei(s) = i), (o) = -2 Te) Voe A5\A

determine the meromorphic continuation of ¢1(s) and @a(s) on AS\ A. O

LEMMA 9. The domains A® N nCA¢ and A N (nA€ are open simply
connected domains. Function ¢i(s) can be continued as meromorphic on
A€ UnCAC by the formula:

(20)
1(Cns)ya(ns)

v1(¢ns), Vs € nCAC continuation by rotation of 2/3.
V2(¢ns)71(ns)

e1(s) =
Function pa(s) can be continued as meromorphic on A°U (nA€ by the for-
mula:

(21)

12(n€s)71(Cs)
71 (n€s)72(Cs)

PrOOF. We have shown in the proof of Lemma 7 that nCI;rl C ACAS
and that CUI;Q C A C A¢. Since (n and ¢ are just rotations, this implies
that A°NnC A€ and A°NCnA€ are non-empty open simply connected domains,
and that A°UnCA€ and A° U (nA€ are simply connected.

Let us take s € A° N nCA€. Then (ns € A° N (nA° and we can write by
(16)

(22) Y1(Cns)1(¢ns) + v2(Cns)w2(¢ns) = 0.

Furthermore, we have shown in the proof of Lemma 7 that CnI;; c Al Tt
follows that for all € small enough (7]1';’;“ € Ay, and hence A“N¢nA° C AfS.
Since (A{ = A{, then ((A°N{nA°) C A C A.. Then ((¢ns) = ns € A€
and we can write (16) and (17) at this point as well:

pa(s) = w2(nCs), Vs € (nA° continuation by rotation of—2p0.

(23) Y1(ns)e1(ns) + va(ns)pa(ns) = 0.



Downloaded from informs.org by [216.73.217.54] on 26 June 2026, at 09:58 . For personal use only, all rights reserved.

58 S. FRANCESCHI AND I. KOURKOVA

(24) p1(ns) = p1(s)
(25) pa(ns) = pa(¢ns).

Combining (24) and (23) we get 1(s) = —y2(ns)p2(ns)/~v1(ns) from where
by (25)

(26) r(s) = =20 ).
Due to (22)
(27) a(gns) = =201 (G,

Substituting (27) into (26), we obtain the formula (20) valid for any s €
A€ N nCA€. By principle of analytic continuation this allows to continue ¢
on n¢A€ as meromorphic function. The proof is completely analogous for
p2. O

We may now in the same way, using formulas (20) and (21), continue
function 1(s) (resp. 2(s)) as meromorphic on (n¢)2A¢, (n¢)3A€ (resp.
(Cn)2AE, (¢n)2A€) etc proceeding each time by rotation for the angle 23
[resp. —2(]. Namely we have the following lemma.

LEMMA 10. For any n > 1 the domains A°UnCA“U---U (n¢)"Ac and
ACUCNASU--- (Cn)" A are open simply connected domains. Function pi(s)
can be continued as meromorphic subsequently on nCAS, (n¢)2A€, - - - (n¢)" A€
by the formulas:

Y1(¢ns)y2(ns)

TGy (ys) P CMS) Ts € (nO)FA k=1,2,...,n,

(28) pa(s) =
continuation by rotation of 2.

Function 3(s) can be continued as meromorphic on (nA¢,((n)?A¢,

()" AC by the formulas:

Y2(n¢s)1(¢s)

71(77(8—)72((2)902(”(5)’ Vs € (CU)kAE,k: 19 m,

(29) pals) =

continuation by rotation of — 2[5.

PrRoOOF. We proceed by induction on k = 1,2,...n. For k = 1, this is the
subject of the previous lemma. For any k = 2,...,n, assume the formula
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(28) for any s € (n¢)*~1A. The domain (n¢)*tAN(n¢)FAS = (nO)*—1(AN
nCA®) is a non empty open domain by Lemma 9, (n¢)*~! being just the
rotation for the angle 2(k — 1)8. The formula (28) is valid for any s €
(nO)*—1A N (n¢)*A¢ by induction assumption. Hence, by the principle of
meromorphic continuation it is valid for any s € (n¢)*A¢. The same is true
for the formula (29). O

Proceeding as in Lemma 10 by rotations, we will continue ¢1 soon on the
first half of S, that is Ség, then the whole of S and go further, turning around
S for the second time, for the third, etc up to infinity. In fact, each time we
complete this procedure on one of two halves of S, we recover a new branch
of the function ¢, as function of #; € C. So, going back to the complex plane,
we continue this function as multivalued and determine all its branches. The
same is true for o if we proceed by rotations in the opposite direction. This
procedure could be presented better on the universal covering of S, but for
the purpose of the present paper it is enough to complete it only on one-
half of S, that is to study just the first (main) branch of ¢; and ¢. We
summarize this result in the following theorem. We recall that S = S1 U 82
and we denote by S} the half that contains s{, (and not s, as (sg = 80) In
the same way S = 892 U SgQ and we denote by 812 the half that contains s{
(and not sg, as nsg = s(), see Figure 10.

THEOREM 11.  For any s € Sy there exists n > 0 such that (Cn)"s € A.
Let us define

Y1 ((m)"s) ... v1(Cns) 2 (n(Cn)"Ls) ... 72(ns)
Y2(({n)s) ... y2(Cns) yi(nén)™=ts) ... y1(ns)

Then the function ¢1(s) is meromorphic on S1 For any s € Sél, there
exists n > 0 such that (n¢)"s € A. Let us deﬁne

(30)  ¢u(s) = p1((Cn)"s)

12((16)"s) - - - 72(n¢s) M(CMO)"'s) ... (ns) ng
B 22l) = 5 (0s) - (e a(n0)1s) aa(cs) £
Then the function @a(s) is meromorphic on Sél.

ProoF. It is a direct corollary of Lemma 7 and Lemma 10. U

3.2. Poles of functions p1 and ws on S. It follows from meromorphic
continuation procedure that all poles of 1 (s) and p2(s) on S are located on
the ellipse &, they are images of zeros of 7; and 2 by automorphisms 7 and
¢ applied several times. Then all poles of all branches of ¢a(s) (resp. pa(s))
on Cy, (resp. Cy,) are on the real segment [0;, 0] (resp. [0;,605]).
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Notations of arcs on £. Let us remind that we denote by {si,s2} an arc
of the ellipse £ with ends at s; and sy not passing through the origin, see
Theorem 4. From now on, we will denote in square brackets |s1, sa[ or [s1, s2]
an arc of £ going in the anticlockwise direction from s; to ss.

In order to compute the asymptotic expansion of stationary distribution

density, we are interested in poles of 1 on the arc |sj ,s; [ and in those

of 9 on the arc |s], sh[. To determine the main asymptotic term, we are
particularly interested in the pole of ¢1(62(s)) on ]sj, s5 [ closest to s and
in the one of pa(61(s)) on |si,sh[ closest to sj. We identify them in this
section.

We remind that 6* is a zero of v1(s) on £ different from sg and that 6**

is a zero of y2(s) on &£ different from sg. Their coordinates are

T21f41 — T11[42
*
0= 2 5 D) —T21,711),
(32) 731011 — 2111721012 + 711022
T2p2 — T22/41
kok
0" = 2 5 22, —T12
T59011 — 2192712012 + r'{5022

Their images by automorphisms n and ¢ have the following coordinates:
T11
0" = (— 09205 + 2 279*>,
U vy (02202 + 2412), 02
O = (91 y———(onbi" + 2#1))-

022712

(33)

LEMMA 12. (1) If 0** €]so,s] |, then (0** is a pole of p2(01(s)) on
51, o[-
(2) If 0* €]s5, so[, then n0* is a pole of p1(02(s)) on ]sg, s

Proor. By meromorphic continuation procedure

ey 72007 )y1(07)02(n0*)
(34) P2(C07) = Y2(6**)v1 (nf**)

Let us check that the numerator in (34) is non zero, this will prove the
statement (1) the lemma.

It is clear that ;1 (6**) # 0 due to stability conditions (1) and (2).

Suppose that y5(n6**) = 0. This could be only if n0** = 0** €]sg, s |,
thus 6** = s, where 02(s; ) < 0 and consequently ¢;(nf**) < oo. But by
meromorphic continuation of p2(01(s)) to the arc {s € £ : #2(s) < 0} we

have: pa2(n07*) = —%, from where by (34)

a(60™) = =2 or )
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Then (0** is clearly a pole of 9, this finishes the proof of statement (1) of
the lemma in this particular case. Otherwise 5 (n0**) # 0.

Let us finally check that ¢o(n0**) # 0. First we observe that p2(01(s)) # 0
for any s € £ with one of two coordinates non-positive. In fact, if the
first coordinate 601(s) of s is non-positive, then p3(61(s)) # 0 by its defi-

nition. If s has the second coordinate 62(s) non-positive, then p9(60;(s)) =
_n(s)

Y2(s)
non-positive by stability conditions and neither ¢;(62(s)) by its definition.

Hence, p2(61(s)) # 0 on the arc {s € £ : 01(s) < 0 or fa(s) < 0}.

It remains to consider the case where both coordinates of n** are positive,
i.e. 0** €]nsy, s; | where the parameters are such that sé’+ > 6y(ns;) > 0
and to show that ¢a(n67*) # 0. Suppose the contrary, that ya(n6**) = 0.
Then there are zeros of ¢ on |ns], sj[ and among these zeros there exists
6° the closest one to s(- By meromorphic continuation

Y2(n¢6°)71(C6°)p2(n¢6°)
Y2(COD) Y (n¢H)

where 1n¢0° €]60, s§]. First of all, we note that 2(1n¢6°) # 0 if n¢6° € [0y, sp|,
since 00 is the closest zero to s, and pa(n¢8°) # 0 if n¢6° € [s), sj], be-
cause one of coordinates of 7" is non-positive within this segment. Hence,
©2(n¢°) # 0 for any point n¢8° €]6o, sj|.

Furthermore, since n¢6° €]6y, s, then n¢6° # 6** and thus ~2(n¢6°) # 0
except for nA° = so. As for this particular case n¢° = sg, we would have
©2(0°) = —71(s)p1(s0) 75 L(s4) # 0, so that 8° = (nsy can not be a zero of
$2.

The point ¢0° € ¢[nd**, sj] = (nnsh,0**] that is the segment [nsf, 6**]
rotated for the angle —23. Hence (#° is located on & below 6**. Then
71(¢0°) = 0 combined with v5(6**) = 0 is impossible by stability conditions
(1) and (2). Thus v1(¢6°) # 0. It follows from (35) that ¢o(69) # 0. Thus
there exist no zeros of ¢o on |nst+, si[ and finally o (n6**) # 0. Therefore
the numerator in (34) is non zero, hence (6** is a pole of pa.

The reasoning for 6* is the same. O

©1(02(s)) where ~1(s) can not have zeros with the second coordinate

(35) p2(6)) =

LEMMA 13. (i) Assume that 0P €]s], sb[ is a pole of pa(61) and it is
the closest pole to sj,.
If the parameters (3, ) are such that 62(s{) < 0, or the parameters
(3, i1, R) are such that 02(s]) > 0 but nCOP &ns], so[, then y2(¢P) =0
where COP €]sT, so[ and 0P is a pole of the first oder.
If the parameters (X, pu, R) are such that Oo(s) > 0 and n¢6P €
InsT, sol, then either 42(COP) = 0 where COP €]sg, s{ [ or v1(n¢oP) = 0.
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Furthermore, in this case, if v2(COP) and v1(nCOP) do not equal zero
stmultaneously, then 6P is a pole of the first order.

(ii) Assume that 0P €]sj,s5 | is a pole of p1(02) and it is the closest pole
to sg.
If the parameters (3, ) are such that 61(s3) < 0, or the parameters
(3, i, R) are such that 01(s3) > 0 but (ndP ¢]so, (sq [, then y1(ndP) = 0
where nfP €)sg, s3 [ and 6P is a pole of the first oder.
If the parameters (3, u, R) are such that 61(s3) > 0 and (nf® €
150,187, [, then either 1 (ndP) = 0 where nfP €]s3 , so| or 2(¢noP) = 0.
Furthermore, in this case, if y1(n6P) and v2({nbP) do not equal zero
simultaneously, then 6P is a pole of the first order.

PROOF. Due to meromorphic continuation procedure we have

Y2(nCOP)y1(COP) 2 (nCHY)
Y2(COP)y1(nCoP)

(36) pa(07) =

where n(0P €]0P, s].

Assume that n(6P €]6P, so[. In this case point n¢HP has the second coor-
dinate positive and so does (0P € [sg, s] [. It follows that f2(s]) > 0 and
n¢oP € n)so, s7[N{0 : 0 > 0} =|nsT, sol.

Thus, if the parameters (3, p1) are such that 6(s]) < 0, or the parameters
(2, u, R) are such that a(s{) > 0 but n¢6” &nsy,so[, then the second
coordinate of n¢6P is non-positive, i.e. nCP € [so, sj]. In this case

(37) 2 (1CO7) = —%wmw)
from where by (36)

o n(CO”) 1 (nC65)
(38) pa(0}) = — ,YQ(C;p) =

Since ¢1(n¢HY) is finite for for any n¢OP € [so, s§] by its initial definition, the
formula (38) implies that v2(¢#”) = 0 and the pole 67 is of the first order.
If parameters (X, u, R) are such that 6(s7) > 0 and n¢6P €]nsy, sol,
then either n¢6P € [s(), so] or nCOP €]sp, 6P[. In the first case we have (38) as
previously from where v2((6P) = 0 and the pole (6P is of the first order. Let
us turn to the second case n¢OP €]6P, so[ for which we will use the formula
(36). The pole 67 being the closest to s, then n(#P can not be a pole of ¢y
on |0P, si[. It can neither be a pole of vy on [sf, so], since this function is
initially well defined on this segment. Hence in formula (36) ¢2(n¢0)) # o
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for n¢OP €]6P, si[. It follows from (36) that either 2 (COP) = 0 or 1 (n(6P) = 0
and if these two equalities do not hold simultaneously, then pole 67 must be
of the first order.

The proof in the case (ii) is symmetric. O

Figure 13 gives two illustrations of Lemmas 12 and 13.

On the left figure the parameters are such that 61(s3) > 0 and 02(s]) >
0. Let us look at zeros 6* of «; and 6** of o different from sg. We see
0* E]s;, so[, then nf* is the first candidate for the closest pole of ¢; to s(
on ]sy, s5[. We also see 0** & [so,(sq], then there are no other candidates.
Hence the closest pole of ¢ to sf on |sf,s3 [ is nf*. Since 60** €]sg, s |,
then (6** is the first candidate for the closest pole of w2 to sf on ]s7, sf|.
Furthermore, 6% €]ns;, so[, so that (nf* is the second candidate to be the
closest pole of ¢y to s, on ]sf, so[. We see at the picture that (nf* is closer
to s; than ¢n**.

On the right figure the parameters are such that 6;(s5) < 0 and f2(s]) <
0. We see 0* G]S;, so[, then n0* is immediately the closest pole of ¢ to sj
on |sy, s3[. Since 0** &]so, s{[, then there are no poles of g on ]s], sh|.

6> 52 (o 3
: !

/ : - S0

4 .
7 ns, 5 " 7o’

n : e
6" : ne”*

.+
72 51

FIG 13. On the left figure: n0* is the closest pole of 1 to sy on |sy,sT [, ¢nd* is the
closest pole of @2 to s, on]st,so[. On the right figure: n0* is the closest pole of p1 to sy
on ]sy, s3[, there are no poles of w2 on |s7, sol

We will also need the following two lemmas.

LEMMA 14. (1) Assume that 02(s1) > 0. Then for any s €ns{, so| we
have 82(¢ns) > 02(ns).

(2) Assume that 01(s3) > 0. Then for any s €]so, (s [ we have 61(n(s) >
01(Cs).
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PROOF. Since 0o(s{) > 0, then 65(Cnso) — 62(nse) > 0. Consider the
function f(s) = 02(Cs) — a(s) for s € [sf],s]]. It depends continuously on
s on this arc. We note that f(sj) = 02(¢nso) — O2(nso) > 0, f(sl) = 0.

Furthermore, since s; & [sf, s{], then f(s) # 0 for all s E]so,s +]. Hence
f(s) >0 for all s E]so, s7], from where 62(({ns) — 02(ns) = f(ns) > 0 for any
s € n|sh, s7] = [nsT, so[. The proof in the other case is symmetric. O

LEMMA 15.  Assume that v2(s) has a zero 6** €sg, s{ | and v1(s) has a

zero 0* 6]5;, so[. Then one of the following three assertions holds true:

(i) The closest pole of w2(01(s )) to s on ]sf, sol s CO**, the closest pole
of p1(02(s)) to si onlsy, sy [ is nB*, both of them are of the first order.

(i) The closest pole of p2(61(s)) to s, on ]sf, sol is CO**, it is of the first
order. The closest pole of p1(62(s)) to sj on ]30,32[ is nCO** where
01(nCo™) > 01(¢CO™).

(i4i) The closest pole of p2(01(s)) to sy on|s], 36[ is (nb* where 62({nb*) >
02(n0*). The closest pole of p1(02(s)) to sy on |sy, sy [ is n0*, it is of
the first order.

The case (ii) is illustrated on Figure 13.

PRrROOF. By Lemma 12 there exist poles of the function ¢i(f2(s)) on
150, s5 [ By Lemma 13 under parameters such that 61(s3) < 0 or 61(s3) > 0
and 0** ¢]sg, (s5 [, n0* is the closest pole to s{j and it is of the first order. By
the same lemma under parameters such that 61(s3) > 0 and 0** €]so, (s5 |,
either n* or n{0** is the closest pole to s{,. By Lemma 13, if 71 (¢6*) # 0, pole
n6* is of the first order. Condition ~;(¢0*) # 0 is equivalent to (0* # 0**.
This means just that pole n8* is different from n¢0** which is another can-
didate for the closest pole to sj. By Lemma 14 01(n¢6**) > 61(¢6**) To
summarize, one of two followmg statements holds true:

(al) Point nf* is the closest pole of ¢1(62(s)) to s on |sfj, s3 [ and it is of

the first order;

(bl) The parameters are such that 61(s3) > 0 and 0** €]sg, (s [. Point
n¢O** is the closest pole of p1(f2(s)) to s on s, sy [ and 01 (nC0**) >
01(CO*).

By Lemmas 12, 13, 14 and the same considerations, one of the following
statements about ¢2(61) holds true:

(a2) Pole 6** is the closest pole of pa(01(s)) to sy on |s], sh[ and it is of
the first order.

(b2) The parameters are such that 02(51 ) > 0, 0* €]nsy, so[, point ¢no* is
the closest pole of 2(0;1(s)) to sf on ]s7, syl and 62(¢nb*) > Oa(nb*)
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Let us finally prove that (bl) and (b2) can not hold true simultaneously.
Assume that 0(s1) > 0, 0* €]nsy, so[, 61(s5) > 0, ** €]sp, sy [ and e.g.
(b2), that is (nf* is the closest pole to sp. Note that in this case (60 €
153, s6[- Then (nd* is closer to sf, than the pole (6** on this segment or
coincides with it. Hence 6;(¢{nf*) < 61(¢0**) and 62(¢nb*) < 62(¢O**). By
Lemma 14 61 (n6*) = 01({n6*) and 6 (¢0*) < 01(nC6*), 62(nd*) < O2(Cno*)
and 02(CO™) = 02(n¢0™). Then 61 (n6*) < 01(nCo™), b2(nb*) < O2(nCH™).
This means that that n0* is the closest pole of ¢;(62(s)) to s, nd* # n(o**,
so that (bl) is impossible for ¢1(62(s)), then we have (al).

In the same way assumption (bl) leads to (a2). Thus (bl), (b2) can not
hold true simultaneously, the lemma is proved. O

4. Contribution of the saddle-point and of the poles to the
asymptotic expansion.

4.1. Stationary distribution density as a sum of integrals on S . By the
functional equation (4) and the inversion formula of Laplace transform (we
refer to [9] and [3]), the density m(z1,22) can be represented as a double
integral

m(ry, z0) = e 1017220259, 9,)d6,db,
0) 1 (0 0) o (0
(39) _ / / 71‘191 x292’yl( )SO]-( 2)+72( )@2( 1)d0 d92
(2mi)? —ico v(0)

We now reduce it to a sum of single integrals.
LEMMA 16.  For any (z1,22) € R2

7'(‘(1‘1,3)2) = Il(ZUl,l'Q) + IQ(:E1,$2)

where

(40)  Li(z1,22) = L/ 2(61)72(01, O3 (61))e =101~ 2205 (O) 101

270 ) oo d(61)
and

1 [ de
) Beran) = 5 [ (B (O] (), fa)e O 0w T2

oo \/ 67(92)‘

PROOF. By inversion formula (39)
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(21, x2) = _—1/ ¢2(91)€—x191<i/ Me—£292d92>d91

2mi —100 2mi —100 7(9)
-1 700 3 1 100 (0) 3
- x2bo [~ gi! x161
+ omi i (,01(92)6 (27”; /_Zoo 7(9) (& d91>d92.
Now it suffices to show the following formulas
(42) _—1 100 ’}/2(0)6_55292 , = '72(917 @;(91)) 6_x2@;'(91)’
2mi ) oo Y(0) d(61)
100 —x10 +
I e e
T J —ico 'Y d(6-)

Let us prove (42). For any 6, € iR\ {0}, the function v(0) = %32(02 —
O3 (61))(02 — ©5 (61)) has two zeros ©F (1) and O, (61). Their real parts
are of opposite signs: (05 (61)) < 0 and R(OF (1)) > 0. Thus for any fixed

01 € iR\ {0}, function 2207202 iy argument 03 has two poles on the

v(6)
complex plane Cy,, one at ©; (#1) with negative real part and another one at
O (61) with positive real part. Let us construct a contour Cg = [—iR,iR] U

{Re | t €]—n/2,7/2[} composed of the purely imaginary segment [—iR, i R]
and the half of the circle with radius R and center 0 on Cy,, see Figure 14.
For R large enough @;(01) is inside the contour. The integral of 12(0)er2%2
over this contour taken in the counter-clockwise direction equals the residue

at the unique pole of the integrand:

—x2602
i. na(B)e df
21 Jep, ~(0)

_ 2(0)e 2%
= ]:'6802:9;(91) 7(9)

B 72(61,03 (61)) o—7203 (61)
(022/2)(03 (61) — ©5 (61))
+
(44) = Me_me;(el) for all large enough R > 0.

d(6y)
Let us take the limit of this integral as R — co:

Vo () e~ 2202 Ry (0)e 202

45 lim df, = — lim do
R N (B =) AR B
—x2602
v lim w0)e "

R—o0 J(peitie]-z,z13  V(0)
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Cy,

Fic 14. Contour Cr on Cg,.

The last term equals
(46)
—x202 z it
2(0)e” = dfy = lim * 020, Re”) Re' )
R—o00 —z 7(91,R61t)

it v2(01,Re?) |

. _ it
lim e w2 peit gt

R—oo J(Reitpe]-z,zp V(0)

We note that supp.q supte]_%%[]iRe < oo and we have

) v(01,Re') ,
SUP R~ SUPye] -7 x| le=™2Re"| 1 . Furthermore |e~#2f€"| = ¢=w2Rcost _,
as R — oo for all t €] — 7, §[. Then by dominated convergence theorem the

limit (46) equals 0 as R — oo. Hence, due to (44) and (45)
Yo (61,07 (61)) 205 (0) — Lim / Yo ()20 i,
Cr

(022/2)(83 (61) — ©5 (61)) R—oc ~(0)
_ 100 72((9)6—30292
B /zoo Y 9) d62’

(
that proves (42) for any #; € iR\ {0}. The proof of (43)
Note also that the integral
1 i00 + déq
- 9 0 ®+ 0 —$191—3}2@2 (01)
omi ) o Pa(6h)y2(61, O3 (61))e NG

is absolutely convergent. In fact supg, ;g |¢2(61)] < v2(R3) by definition of

is analogous.

. It is elementary to see that supg, ¢;g [72(61, O3 (01))d~1/2(61)] < oco. Fur-
thermore, for any 6; € iR, ROJ (1) = 00y (—p2 + R1/d(61)), thus for some
constant ¢ > 0 we have RO (1) > ¢|360;|. Then the integral is absolutely
convergent. This concludes the proof of formula (40). The proof of (41) is
completely analogous. ]
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Remark. These integrals are equal to those on the Riemann surface S
along properly oriented contours I;; and Ig; respectively. Thanks to the
parametrization of Section 2.5 we have

d(91 d92 ids

JaOr) Ji) T Vet

Then we can write for z = (21,72) € R? the density 7(z1,22) as a sum of
two integrals on S:

(47)

L+ 1= 9(5)) 67<9(s)|z>d8

1 / p2(s)72(
2mvdet X2 Igrl s
0(s)) — o)) g

S.

N 1 / o1(s)7(
2rvdet X I;; S

4.2. Saddle-point. Let us put (z1,x2) = req = r(cos(a),sin(a)) where
a €]0,7/2[. Our aim now is to find the asymptotic expansion of 7(rey ), that
is the one of the sum

(48) I, 41— 0(5)) —r(0(s)le) 4

1 / ©a(s)ya(
2/ det 2 Ijl S

0(8)) e—r<9(8)|ea>d8

N 1 / o1(s)71(
2mvdet X Iég s

as r — oo and to prove that for any ag €]0, 7/2[ this asymptotic expansion
is uniform in a small neighborhood O(ayg) €]0, 7/2].

These integrals are typical to apply the saddle-point method, see [15] or
[37]. Let us study the function (6(s) | e4) on S and its critical points.

LEMMA 17. (i) For any « €)0, /2] function (0(s) | eq) has two crit-
ical points on S denoted by 07 (a) and 0~ («). Both of them are on
ellipse £, 07 (a) €]s],s5[, 0= (a) €]sy,s,[. Both of them are non-
degenerate.

(i) The coordinates of 67 (a) = (6] (), 05 (a)) are given by formulas:

12012 — [11022 1 Dr
0F (o) = +
tan(a)?
det X det ¥A| 1 4+ —(JQQ—tan?a)au)? det X

(49)

6% (o) = 11012 — [2011 1 Do
2 det 2 det 1—}-%(161}2

o11—tan(a)o12)
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where notations Dy = (2012 — p1022)* + p3 det X and Do = (1012 —
poo11)? + p2 det Y are used. With the parametrization of Section 2.5
the corresponding points on S are such that:

o cosa(ff —07) +sina(df — 05 )e

s+(@)” = cosa(ff —07) +sina(fy — 05 )e B’
(i4i) Function 07 () is an isomorphism between [0, 7/2] and A = [s1F, s27]
and we have limq_0 07 (o) = s, lim, ;007 () = s3. Functzon
0~ (a) is an isomorphism between [0,7/2] and [sb,s*7]. We have

limg 007 (o) = 57, limg_yr /0 07 () = 55

(i) Function (0(s) | eq) is strictly increasing on the arc [0~ (), 01 (a)] of
& and strictly decreasing on the arc [07 (a),0” («)]. Namely, 6 () is
its mazimum on € and 0~ («) is its minimum:

6% () = argmax,ce (6(s) | ea) 07 (a) = argmin, ¢(6(s) | ea).

PROOF. Let us look for critical points with coordinates (61, 62) of (6(s) \
ea) on S. Equation (61 cos(a) +02(61) sin(a))y, = 0 implies tan(a )d =—1.
Substituting it into equation (61, 02(61))p, = 0 and writing also (61 )

0 we get the system of two equations

{ —0o1101 tan(a) + 09909 + 01201 — 01202 tan(a) — W1 tan(a) +uz =0
01103 + 09203 + 201260102 + 11601 + p2bs =0

from where we compute 6~ («) = (] (), 05 () and 67 () = (6] (), 05 ()
explicitly as announced in (49). We check directly that d 92 # 0 at these
points, so they are non-degenerate critical points. It is also easy to see from
(49) that 6] (o) is strictly increasing from branch point 6] to 6;(6;) and
that 60, () is strictly decreasing from branch point 6 to 61(65) when «
runs the segment [0, 7/2]. In the same way 6, («) is strictly decreasing from
02(07) to 0, and 65 («) is strictly increasing from 6(67) to 65 when o runs
the segment [0, 7/2]. This proves assertions (i)—(iii).

Finally, since there are no critical points on &€ except for 6% («) and
0~ (), function (6(s) | es) is monotonous on the arcs [0~ (a), 8" (a)] and
07 (a),0” ()]. In view of the inequality (07 () | eq) > (07 () | eq), asser-
tion (iv) follows. O

Notation of the saddle-point. From now one we are interested in point
0% () that we denote by 6(«) for shortness.

The steepest-descent contour 7,. The level curves {s : R(0(s) | en) =
(0() | eq)} are orthogonal at 6(«) and subdivide its neighborhood into four
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sections. The curves of steepest descent {s : I(0(s) | eo) = 0} on S are

orthogonal at #(«) as well, see Lemma 1.3, Chapter IV in [14]. One of them
coincides with £. We denote the other one by v,. The real part R(0(s) | «)
is strictly increasing on 7y, as s goes far away from 6(«), see [15, Section
4.2]. The level curves of functions R(6(s) | e,) and I(0(s) | eq) are pictured
in Figure 15.

3.57 \3.73 \3.88

D T T e R e T B
112 14 16 18 2 22 24 26 28 3 32 34 112 14 16 18 2 22 24 26 28 3 32 34
F1G 15. Level sets of I(0(s) | ea) and R(6(s) | ea)

Let zo+ = (01(20,4),02(2a,+)) and z4,— = (01(za,— ), 02(2a,—)) be the end
points of 7, where 361 (zq,—) > 0 and 36 (z4,—) < 0. We can fix end points
Za,— and z, 4+ in such a way that Yo € O(ag) and some small € > 0

R(zax | €a) = (0(a) | €q) + €.

For technical reasons we choose € small enough such that R61 (2 +) €]07, 0] [
and Rba(za+) €)05, 051

4.3. Shifting the integration contours. Our aim now is to shift the in-
tegration contours I(;t and IHJ; in (48) up to new contours I'p, , and I'y, o
respectively which coincide with 7, in a neighborhood of f(«) on S and are
“higher” than 6(«) in the sense of level curves of the function R(6(s) | eq),
that is $(0(s) | ea) > RN(O(a) | €q) + € for any s € Iy, o \ 7o With i = 1,2.
When shifting the contours we should of course take into account the poles
of the integrands and the residues at them.

Let us construct I'g, o and Ty, . We set

Lyt = {s:RO.(s) = RO (20, 1), S01(20.1) < 301(s) < V(a)}

01,
where V(«) > 0 will be defined later. Then the end points of Féfa are zo, 4
and Z, + where R0 (2q,4) = R01(Za ), $61(Za,+) = V(a). Next

T2t = {s:30:(s) = V(),0 < RO (s) < RO (20.1)}

01,
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if RO1(zq,4+) > 0 and
T, = {s:S01(s) = V(2),0 = RO1(5) > RO: (20,4)}

if R01(2a,+) < 0. This contour goes from Z,  up to Z3 , on Iy, with
R(01(s)) = 0, I(01(s)) = V(«). Finally F2’1+a coincides with I(;t from ZJ ,
up to infinity:

3 = {s:R0,(s) = 0,30(s) = V(a)}.

61,0
We define in the same way Fé’lja = {s: RO1(s) = RO1(2q,—), —V () < s
361 (2a,—)}- The end points of Fé’;a are zo,— and Z, _ where R0;(z4,—)
ROt (Za,-), $01(Za,-) = =V (a). Next I = {s : Sbu(s) = —V(a),0
RO1(s) < RNb1(20,—)} or Fg;a = {s : Q0i(s) = =V(a),0 = RO:(s)
R01(za,—)} according to the sign of R0 (zq,—). It goes from Z, _ to Z3 _
on Sy, with R(61(Z5_)) =0, 3(61(25 _)) = —V(a). Finally I';"", coincides
with Iét from Z&, up to infinity. Then contour I'g, o = 3~ urd ury— u

01,0 01, 01,
Yo U Féfra UFZ’fa U F2’1+a C Sél. One can visualize this contour on Figure 16:
in the left picture it is drawn on parametrized S, in the right picture it is

projected on the complex plane Cg,.

N

VoA

3.+ C
r[/].u b1

A2,
16\.1\

V(o) 4
| T
1?; 0, (24\. i )

Ch Oi(ar) 0,

01(2a,-)
| .
—iV(a) ¢ bra

<2,
I 01,0 I O,

F1c 16. Contour I'g, o on parametrized S and projected on Ceg, .

The contour I'g, , is constructed analogously with respect to f2-coordinate
and we have T'g, o =Ty UTy~ Ul Uy, UTy " T Tyt s
The curve of steepest descent v, is common for I'g, o and I'g, .

Let us recall that poles of ¢1(s) and ¢2(s) on S may occur only at £. Let
us also recall the convention that an arc }a,b{ on £ is the one with ends a
and b which does not include s = (0,0).
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Notation of the sets of poles P/ and P/. Let P', be the set of poles
of the first order of the function ¢2(0;(s)) on the arc }0(«), s({. Let P”,
be the set of poles of the first order of the function ¢;(f2(s)) on the arc

10(a), sp{-

Then the following lemma holds true.

LEMMA 18.  Let o €]0, /2] be such that 0(cv) is not a pole of p1(02(s))
neither of p2(01(s)). If P'a UP", is not empty, then for any o € O(a)

(50) mlrea) = 3 resppa(Bh(s) 2Ll

pEP’ o d(91 (p))
- ves, o1 (0a(5)) — LB e=r(0wlea)
PEP" o d(6s(p))

1 ©2(5)72(0(5)) _rio(s)lea)
+ L R EANA VN T S)|€a d
27T\/m(/1;91,a s

P1(8)71(0(3)) —r(o(s)lea)) 4
+/F )ds.

S

S

0o,

If P'UP”, is empty, representation (50) stays valid where the corresponding
sums over p € P'y, and p € P, are omitted.

ProoF. It follows from the assumption of the lemma that 6(«) is not a
pole of p1(02(s)) neither of p2(01(s)) for any « in a small enough neighbor-
hood O(ap). Then we use the representation of the density (48) and apply
Cauchy theorem shifting the contours to I'g, o, and Iy, ,. O

In order to find the asymptotic expansion of the density 7 (re, ), we have
to evaluate now the contribution of the residues at poles in (50) and the one
of integrals along shifted contours I'y, o, and I'g, . This is the subject of the
next two sections.

4.4. Asymptotics of integrals along shifted contours I'g, o, and I'g, . To
finish the construction of I'y, o and Iy, o, it remains to specify V' («). For
that purpose we consider closer the function

fa(s) =(0(s) | eq) = 01(s) cos o + O2(s) sin av.
Let us define the projection of this function on Cp,:

fa(01) =01 cosa + @;(01) sina, 6 € Cy,.
Clearly fa(s) = fa(61(5)) = (6(s) | ea) on S},
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LEMMA 19. (i) For any fived u € [0],07] the function v — R(fa(u +
iv)) 1is increasing on [0, 00[ and decreasing on | — 0o, 0].
(ii) There exist constants dy < 0, do >0 and V > 0 such that:

(51) inf  R(folu+iv)) = di + dosin(a)|v]
u€(07 ,07]

Yo 2V and Vv < =V, Va €]0,7/2].

ProOF. We compute:

R(fo(t + i0)) = cos(@)u + 2 (o — iy + R/d(a T 0))

022

with the discriminant d(u + iv) = (det X)(u + iv — 07 ) (6] — u — iv). Then

RV d(u+iv) =
Vdet E\/|(u + v — 07) (07 — u — iv)| cos(

w_(u + ) + wi(u + iv)
2

)

where w_(u+iv) et wy(u+iv) are defined as w_ (u +iv) = arg(d] — u — iv)
and w; (u + iv) = arg(u + iv — 6] ), see Figure 17. We have

w-<u+z‘v)-;w+<““”>) = \/lcos(w_<u+z‘v)+w+(u+iv>>+%

cos( 5

— \/% cos(w—(u +iv))cos(w(u+iv)) —% sin(w_ (u + iv))sin(w (u + iv)) +%

:\/ (u—67)(BF —w) —v(=v) 1

2|(u+iv — 07)(0F —u —iv)| 2
Thus

sin(a)

R(folu +iv)) = cos(a)u + X

022

(—algu—uﬁ\/%\/(u —00)(67 )+ 02+ (i — 67)(0F —u—iv)))

Both statements of the lemma follow directly from this representation. [

We may now choose V() and such that

{6(e) | €a>+e—d1)

(52) V(a) = max (V, 4y sin(a)



Downloaded from informs.org by [216.73.217.54] on 26 June 2026, at 09:58 . For personal use only, all rights reserved.

74 S. FRANCESCHI AND I. KOURKOVA

Fic 17. w_(u +iv) et wi(u+ )

in accordance with notations of Lemma 19. This concludes the construction
of F91,a and Fgg,a.

The asymptotic expansion of integrals along these contours is given in the
following lemma. The main contribution comes from the integrals along ~,,
while all other parts of integrals are proved to be exponentially negligible
by construction.

LEMMA 20. Let o €]0,7/2[ and O(ag) a small enough neighborhood of
ag. Then when r — oo uniformly for a € O(ag) we have

k
$)12(0(5)) —r(6(s)lea) g 3 cp, (@) o—r(0(@)]ea)

1
53 e )
(53) 2mv/det X /rgw s =0 riy/r
kol
1 P1(5)71(0()) —1(0(s)[ea) g, (@) g
(54 2V det ¥ Jr, s lzo: riy/r
The constants clgl(a), 0192 (), 1 =0,1,2,... depend continuously of o and

can be made explicit in terms of functions p1 and w2 and their derivatives
at 6(a). Namely

Y (a) _ 1 902(3 O‘))’Y?(H(a))
o V2rdetY s(a

(

W Ta(s(@)
S - L eilsla)n6@)
02 V2rdet X s(a)y/f!(s(a))

PROOF. By Lemma 19 (i) and by (47) for any r > 0.

(55) ‘/ 5))72(s )eXp—’r‘<0(s)|ea> ds‘
1i s det
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wp [£202De(0)
ery | /A0(5)

< 2V() 0@ lea) -7

The length of Fi ., being smaller than (6;" — 6, ), by Lemma 19 (ii) and
by (47) for any r > 0

(56) ‘/ P2(01(5)(5) - —rio(o)lea) ds‘
g, s det

w2200
SEF?)’;& d(01(s))

< (01&- o 91_) —r(d1+dz sin(a)V (a))

where due to the choice (52) of V(a)

(57) e (ditdzsin(@)V(e)) o= (B(a)lea)—re,
i 3,4
Finally note that for any s € Fel o

0 ), SO /T
Vali(s)  A(s 2a(61(s))/d(01(s))
where $0;1(s) = 0, S61(s) = V. Then there exists a constant D > 0 such

that [y2(s)d~1/2(61(s))| < D for any s € Fe o and any a €]0, w/2[. Moreover
lp2(61(s))| < vi(Ry) for any s € Zp,. Thus by Lemma 19 (i) and by (47)

(58) ‘/ 5))72(s )eXp—T<0(s)|ea> ds‘
r“ﬂ s det

o
2Dl/1 RJr / r(di+da Sln(a)’u)d,U

V(a

=

1 .
<2Dv(Ry))——M— —r(di+dz sin(a)V(a))
vi(R+) csin(a)V(a) ¢

1
< 2DV1 (R+)

e—r(@(a)\ea>—r5
csin(a)V(a) '
The contours F o+ ,, for i = 1,2 being far away from poles of 2 and zeros
©2(01(s))y2(s)
d(61(s))
i = 1,2, and of course supaeo(ao)(sm(a)V(a))_ and SUPaeco(ay) V(@) are
finite as well. It follows that for some constant C' > 0, any » > 0 and any
a € O(ay)

of d(01(s)) for all & € O(w), SUPLeO(ag) SUP e+

9]_04
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(59) ‘ / 902(01 (5))72(8) efr(0(5)|ea)ds < Cefr(G(a)|ea>fr€.
ryurpturgt svdety

As for the contour 7, of the steepest descent of the function (0(s) | en), we

apply the standard saddle-point method, see e.g. Theorem 1.7, Chapter IV

n [14]: for any k& > 0 when r — oo, uniformly Va € O(«y),

ko
() proielea) g5~ 3 (@) —rip(@)lea)

(60) N ,
=0 Tl\/F

1 / pa(s)72(6
2mvdet X J, S
where 681 (c) is given explicitly in the statement of the lemma and all other
constants clgl(a) can be written in terms of the same functions and their
derivatives at 8(«). Thus (53) is proved and the proof of (54) for the integral
over I'p, o is absolutely analogous. O

4.5. Contribution of poles into the asymptotics of m(rcos(a),rsin(a)).
Once Lemma 20 established the asymptotics of integrals along shifted con-
tours I'g, o and I'g, o, let us come back to Lemma 18 and evaluate the con-
tribution to the density of residues at poles over P/ U P/. There are two
possibilities:

(i) P, UPY is empty, then the asymptotics of the density is determined
by the saddle-point via Lemma 20.

(ii) P!, UPY is not empty. Then due to monotonicity of the function (f(s) |
eq) on &, see Lemma 17 (iv), for any p € P, U PY we have (0(p) |
eq) < (6() | eq). Hence all residues at poles p € P!, U P/ bring more
important contribution to the asymptotic expansion as r — oo than
integrals over I'g, o and I'g, 4.

First of all, we would like to distinguish the set of parameters (X, 1, R) under
which (i) or (ii) hold true. Secondly, under (ii), we would like to find the most
important pole from the asymptotic point of view. Let us look closer at the
arc {s),0(a)}. Under parameters such that 0 (s5) < 0 we have s, €]s{, s3],
see Figure 18, the left picture. Then for some o’ €]0,7/2[ 6(a’) = s;,. This
arc written in square brackets in the anticlockwise direction is |s(, 6(«)] for
any « €]a/,7/2[ and the function (0(s) | es) is increasing when s runs from
st to @(cv). For any o € [0, /[ this arc is written ]0(«), s;[ and the function
(0(s) | eq) is decreasing when s runs from 6(«) so sj. Under parameters
such that 61(s5) > 0, we have sf, ¢]s{, s5 [, see Figure 18 the right picture,
from where this arc is written ]0(«), s[ for any a €]0,7/2[. The function
(0(s) | eq) is decreasing when s runs from () to s;.
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01
sy = 0(m/2)

0

S0

/

A

sy = 0(m/2)
A

Fic 18. The arc A = [s},s2+] if 01(s]) < 0, O2(s]) < 0 on the left picture, if 61(s3) > 0,
02(s1) > 0 on the right picture

The important conclusion is that in all cases, the pole p of w5 on the arc
{sp,0(a)} with the smallest (0(p) | eq) is the closest to sf. In the same way
we can consider the arc {s{,0(a)} and find out, due to monotonicity of the
function (6(s) | eq), that the pole of ¢; with the smallest (6(p) | eq) is the
closest to sj. We know from Lemmas 12-15 the way that these poles are
related to zeros of y; and 2. Now we summarize this information in the
following theorem.

THEOREM 21.

(61)

(a) Let CO** & {0(a), sy}, no* € {0(c),sh)}. Then Py
and P",, are both empty, O(«) is not a pole of p1 and neither of ¢s.
(b) Let CO0** €}0(w), sy}t and nb* €}0(«), si}. Then

min
pEP! LUP

(0(p) | ea)

(€07 | ea)

and this minimum over P’ U P”, is achieved at the unique element
p = (O which is a pole of the first order of po.
(¢) Let CO* &€}0(w), sy} and nb* € {sg,0(a){. Then

(62)

min
PEP QUP" o

(0(p) | ea)

(0 | eq)

and this minimum over P’ U P, is achieved at the unique element
p = nb* which is a pole of the first order of p1.

(d) Let 0™ €}0(), sy} and no* € {sf, 0(a){.
If (CO™ | eq) < (MO | eq), then (61) is valid. If (C0* | eq) > (n0** |
€qa), then (62) is valid. In both cases the minimum over P’y U P,
is achieved at the unique element which is the pole of the first order
p = (O™ of pa or the pole of the first order p = n8* of 1 respectively.
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If (C0** | ea) = (n0" | €a), then

i 0 = (CO** = (nb* .
63)  _min (0(0) | o) = (07 | ca) = (08" | ca)
This minimum over P'o U P”, is achieved at exactly two elements
p = (0" and p = nd* which are poles of the first order of w1 and po
respectively.

PROOF. (a) Let 01(s5) < 0 and let a > o' defined above. Then 6; () < 0
and all points of the arc {6(«),sy{ have the first coordinate negative, so
that function ¢o(0;(s)) is initially well defined at them and holomorphic.
Let now 61(s3) < 0 and « €]0, /[ or #1(s5) > 0. Then 6;(a) > 0 and the
arc {6(«), s} written in the anticlockwise direction is [#(«), s]. Assume that
©2(01(s)) has poles on [f(«), sp[ and 67 is the closest to s,. Then by Lemma
13 either 72(¢OP) = 0 or parameters are such that f2(s]) > 0, n¢6P €]nsy, sol
and 1 (n¢HP) = 0. In the first case (AP = 0** is a zero of ~ different from
so. This implies 67 = (6** € [A(«)s(| which is impossible by assumptions.
In the second case nC6P = 0* is a zero of ~; different from sg. This implies
COP = no* € ninsy, so[=]sh, 57 [Clsh, 0(a)[=}0(a), sy{ that contradicts the
assumptions as well. Hence ¢2(0;(s)) has no poles on the open arc }6(«), sy {
and neither at 6(«), P, is empty, The reasoning for P”,, is the same.

(b) By stability conditions (1) and (2) 67" > 0, then (67 > 0. Thus
01(c) > 0, in the case 61(s3) < 0 the angle & must be smaller than o’ and
the arc }0(a), s{{ should be written |0(«), sy[. By Lemma 12 there exist
poles of function s(61(s)) on this arc and (6** is one among them. By
Lemma 13 (6** can not be the closest pole to s{, only if the parameters are
such that f2(s]) > 0 and for some 67 €]6(a), sy| such that n¢éP €|nsi, sof
v1(n¢OP) = 0. But then n¢hP? = 6* is a zero of 7 different from s¢. It follows
COP = no* € nnst, so[=]sy, sT[C)sh, 0(a)[=10(a), sf{ that is impossible by
assumptions. Hence by Lemma 13 (6** is the closest pole to sj, of p2(01(s))
and it is of the first order. The function (6(s) | e,) being decreasing on
10(c), sj[ when s runs the arc in the anticlockwise direction, thus

(64) min (0(p) | €a) = (C07 | €a),
PEP o
and the minimum is achieved on the unique element (6**.

If P/ is empty then the statement (b) is proved.

Assume that P/ is not empty. Then there exist poles of ¢1(f2(s)) on the
arc }0(a),sg{. Since function ¢1(f2(s)) is initially well defined and holo-
morphic at all points with the second coordinate negative, then 62(a) > 0
and the arc is |s(j, 0(«)[ when written in the anticlockwise direction. Let 6P
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be a pole of ¢;1(f2(s)) which is the closest to s(j. Then by Lemma 13 either
71(nP) = 0 or parameters are such that 01(s3) > 0, (néP €]so,(sy[ and
v2(¢{nbP) = 0. In the first case P = 0* is a zero of 7y different from sg.
This implies 07 = nf* €]s{, #(a)[ which is impossible by assumptions. In the
second case (nfP = 0** where n? = (0** € (]so,(sq [=]sq, sH[C]O(), sp].
Thus 6P = n(h** is the closest pole to sj. Hence, the closest pole of the
first order coincides with it or is further away from s{j. Since the function
< 6(s) | eq > is increasing on |sj, f(a)[ when s is running from s{j to 0(«),
we derive

in (6 o) = (€O | eq).
prer;;,r}a<(p)!e> (nCO™ | ea)

But by Lemma 14

01(nCO™) > 01(CO™), 02(nCO™) = 02(¢O™)

from where
<77C€*>k | 6a> > (CG** | 6a>'

Thus, whenever P”,, is non empty,

min (0(p) | ea) > (€6 | €a).
pEP o
This inequality combined with (64) finishes the proof of (b).

The proof of (¢) is symmetric.

(d) Since 05 = n6; > 0 and 07" = (67" > 0 by stability conditions (1) and
(2), then 6(a) has both coordinates positive. The corresponding arcs written
in the anticlockwise direction are ]0(a), sh[C]s], sh[ and ]sf, 0(a)[C]sh, s5 |-
By Lemma 13 (6** is a pole of ¢2(60i(s)) on the first of these arcs while
nd* is a pole of ¢1(62(s)) on the second one. Then one of the statements of
Lemma 15 (i), (ii) or (iii) holds true.

Under the statement (i), taking into account the monotonicity of the
function (0(s) | eq) on the arcs, we derive immediately that min,cpr (0(p) |
eq) = (C0** | eq), and this minimum is achieved on the unique element p =
¢6**. We derive also that min,cpr_ (8(p) | ea) = (16 | e) and this minimum
is achieved on the unique element p = nf*. Thus, under the statement (i) of
Lemma 15, the theorem is immediate.

Assume now (ii) of Lemma 15. Again by monotonicity of (0(s) | eq) we
deduce minyepr, (0(p) | ea) = (C6** | eq) where the minimum is achieved at
the unique element (#**. Under (ii) all poles of ¢1(02(s)) on ]s, ()| are
not closer to sjj than n{0**, so that either P”, is empty or

min (O(p) | ea) = (€O | €qa).
pEP @
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By Lemma 14 61 (n¢0**) > 01(C0**), 02(nCO™*) = 62(C6**) from where (n¢0** |
eq) > (C0* | eq). Hence

min (0(0) | €a) > (CO7 | ca),
pEP” o

and finally

65 i 0 = (¢CO™

(65) i (00) | e0) = (¢ | o)

where the minimum is achieved on the unique element (6**. From the other
hand, the pole n0* €]s(j,0()[ of p1(02(s)) in this case is not closer to s;
than n¢6**. Then the inequality

(66) (n0” | ea) = (nCO™ | ea) > (O | €a)

is valid.

Under the statement (iii) of Lemma 15, by symmetric arguments,
min,epr upr, (0(p) | ea) = (M0* | eq) where the minimum is achieved on
the unique element n6*, while (nf* | eq) < (C6** | eq). The concludes the
proof of the lemma. O

5. Asymptotic expansion of the density 7 (r cos(a), rsin(a)), r —
o0, a € O(ay).

5.1. Given angle oy, asymptotic expansion of the density as a function of
parameters (3, u, R).  We are now ready to formulate and prove the results.
In this section we fix an angle oy €]0, 7/2[ and give the asymptotic expansion
of the density of stationary distribution depending on parameters (X, u, R),
and more precisely on the position of zeros of v; and 5 on ellipse £.

In the first theorem parameters (X, u, R) are such that the asymptotic
expansion is determined by the saddle-point.

THEOREM 22. Let o €]0,7/2[, O(a) is a small enough neighborhood
of ag. Assume that C0** & {0(w), sy}, n0* & {0(cw),sy)}. Then there exist
constants c(a), 1 = 0,1,2, ..., such that for any k > 0:

- Q) ip)len)
(67) m(rcos(a),rsin(a)) ~ e ,

as r — oo, wuniformly for a € O(ayp).

k
l

Constants (o) 1 = 0,1,2, ... depend continuously on o and can be expressed
in terms of functions ¢1 and o and their derivatives at 6(«). Namely
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(68) (a) = cp, (@) + g, (a)
where cgl(a) and 082 (a) are defined in Lemma 20.

PROOF. By Lemma 17 (iii) 6(«) depends continuously on «, then (60** ¢
{0(a), s(}, n* & {0(a), si} for all a € O(ag). By Theorem 21 (a) the sets
P’ and P”, are both empty, furthermore, #(«) is not a pole of ¢ and
neither of py. Then by Lemma 18 the density equals the sum of integrals
along shifted contours I'g, o and Iy, , the asymptotics of which is found in
Lemma 20, c/(a) = ¢ (a) + ¢ (a), 1 =0,1,2,.... O

In the second theorem parameters (X, u, R) are such that the most im-
portant terms of the asymptotic expansion come from the poles of 1 or o
and the smaller ones come from the saddle-point.

THEOREM 23. Let o €]0,7/2[, O(aw) is a small enough neighborhood
of . Assume that (0™ €}0(a), sy} or nd* €}0(), sg}. Assume also that
O(cv) is not a pole of p1(02(s)) neither of pa(61(s)). Then for any k > 0
when r — oo, uniformly for a € O(ap) we have

m(rcos(a), rsin(a ~ resyp2(01(s 727@@_’"(9(?)'5@
(r cos(a) () p;;ao ©2(01(s)) D)

+ Z resy1(02(s)) 71—@6*7'<0(p)|ea>
PP d(0a(p))

ko
c'(a) —r(0(c)|es)
69 + E e ol
(99) 1=0 rivr

Constants cl(oz) 1=0,1,2,... are the same as in Theorem 22. Furthermore

(i) If O™ €}0(ap), s(} and nb* €}0(ap), sy}, then the main term in the

expansion (69) is at p = CO**.

(it) If If CO** &}0(aw), syt and nb* €}0(ap), sy}, then the main term in
(69) is at p = nb*.

(iii) Let (0™ €}0(ap), sy} and nd* €}0(ap), st If (COF | eqy) < (nO* |
€ay), then the main term in (69) is at p = (6**.
If (CO™ | eqy) > (NO* | €qy), then main term in (69) is at p = no*.
If (CO*™ | eqy) = (MO* | €qy), then two the most important terms in the
expansion (69) are at p = (0** and at p = nh*.

PROOF. Point 6(ag) being not a pole of ¢; neither of ¢3, one can choose
O(ap) small enough such that §(«) is not a pole of no one of these functions
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and P,UP, = P, UPy, forall « € O(ag). By assumptions ¢60** €}0(ao), sy}
or nd* €}6(ap), sy}, then by Theorem 21 (b), (c) or (d) P, U Py, is not
empty. Finally by virtue of Lemma 18 and Lemma 20 the representation
(69) holds true.

Let us study the main asymptotic term. Statements (i), (ii) and (iii) for
a = o follow directly from Theorem 21 (b), (¢) and (d). They remain valid
for any o € O(a) due to the continuity of the functions o — (6(p) | e, for
any p € P, UPy, . O

Remark. Under parameters such that (60** €}6(a), so}, n6* €}6(ow), s
and (CO0™ | eqy) = (0" | eqy) (case (iil)), for any fixed angle o < v, the
main asymptotic term is at nf* and the second one is at (6**; for any fixed
angle o > g the pole (6** provides the main asymptotic term and nf* gives
the second one. If r — oo and o — «, both of these terms should be taken
into account.

In Theorem 23 0(cy) is assumed not to be a pole of ¢; and neither of
2, that is why Lemma 18 applies. Nevertheless, it may happen (for a very
few angles and under some sets of parameters) that 6(ag) is a pole of one of
these functions. In this case the following theorem holds true.

THEOREM 24. Let ag €]0,7/2[. Assume that (6** €}0(a), so} or nd* €
}0(ao). s4)}-

Assume also that 0(c) is a pole of p1(02(s)) or of w2(61(s)).

Then for any 6 > 0 there exists a small enough neighborhood O(ayg) such
that

m(rcos(a), rsin(a)) ~ res 01(s L@e_r<9(p)‘ea>
(70)  m(rcos(a), (@) p;;ao pp2(01(s)) 20:0))

PEP" o d(62(p))
+ o(e7TWO@lea)=0)y -y s o0, uniformly Va € O(ay)

Furthermore, the main term in this expansion is the same as in Theorem
23, cases (i), (ii) and (iii).

PROOF. For any 6 > 0 one can choose 7" €}s(), 0(ao){ and 7”7 €} s, 0(ap){
close enough to 6(ag) so that P, C}sy,7'{ and P, C}sg,7”{. Furthermore
7/ and 7”7 can be chosen close enough to ag so that (6(ap) | €ay) — (7" | €ay) <
§/4 and (0(ap) | €ay) — (7" | €ay) < 6/4. Then by continuity of the functions
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a— B(a) ] eq), a = (7] ea), @« = (7" | €q) one can fix a small enough
neighborhood O(ayg) such that

(1)

0(a) | ea) — (7' | ea) <3/2, (B(a) ] ea) — (7" ] ea) < 6/2, Va € Oap).

Next, we shift the integration contours in (48) I;E and Ig; to the new
ones I'y  and I'j _ going through 7’ and 7" respectively that we con-
1,& 2,

struct as follows: I, =T U2 UT>E where T = {s : ROy(s) =
01, 01, 01, 61, 61

ROL(7"), =V () < Sb1(s) < V(a)}, Ffl’i = {s : Q01(s) = £V (a),0 <

ROy (s) < RO1(7)} if RO1(r') > 0 and Ty7y = {5 : SOi(s) = £V(a),0 >

RO1(s) = ROL(7")} if RO1(7") < 0, finally I‘/e?;’:(: = {s: RO1(s) = 0,301(s) >

V(a)}, D2~ = {s: R (s) = 0,361 (s) < =V (a)}. The construction of I

Hl,a 92704
is analogous. The value V' («) is fixed as:

(7" | ea) —d1 (7" ] €a) — dl)

(72) V(a) = max <V’ dosin(a) ' dgsin(a)

with notations from Lemma 19. Thanks to the representation (48) and
Cauchy theorem

(73) mlrea) = 3 resppa(f(s)— 2Bl ~rOmlen)

PEP oy d(91 (p))
Y resp (fa(s) L o)
PP a0 d(6s(p))

1 ©2(5)712(0(8)) _r(0(s)[ea)
_|_ o re\9) 2V, T S)|€a dS
v ) s

1 ©1(5)71(0(5)) _ria(s)lea)
4 T 2 e TLS)1€a ds.
2m/det 3 / T

"1

01,
1"+2 /£3
02,00 ~ 01,a

Applying Lemma 19 (i) for the estimation of integrals along Fgll’ o and I
and the same lemma (ii) for the estimation of those along F/ojf%l r

and I‘gji exactly as in Lemma 20 and in view of (72) we can show that with

some constant C' > 0

‘ / 902(3)72(9(3))e—r(9(5)|ea)ds‘ < C€_T<T/|ea>,
Lo a 5

‘/ —(’02(8)75(9(8))e_Tw(S)'e")ds‘ < Ce ) wr > 0,V € O(ap).
FgL
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Hence, by (71)

(74) // Me—rwwe@dﬂ/” Me—rw(sﬂea)ds

S S
61,a 0o,

— oeT(0@)lea) -0))

as r — oo uniformly Vo € O(ag). This finishes the proof of the representa-
tion (70). The analysis of the main term is the same as in Theorem 23. [

It remains to study the cases of parameters such that

(01) ¢0™* = 6(a) and no* & {sp,0(c0){
(02) nb* = 0(ap) and CO** & {s(,0(ap){.

By Lemma 12 this means that («g) is a pole of one of functions ¢; or
2. Since in both cases nd* & {s,0(a){, (0™ & {s7,0(a){, we derive by the
same reasoning as in Theorem 21 (a) that P}, UP,, is empty. The following
theorem is valid.

THEOREM 25. Assume that o is such that the assumptions on parame-
ters (O1) or (0O2) are valid. Then for any 6 > 0 there exists a small enough
neighborhood O(ay) such that
(75)

7(r cos(a), rsin(a)) = o(e "0@leal =0y 1 s 0 uniformly Yo € O(ap).

PROOF. We choose 7/ and 7 according to (71) and proceed exactly as in
the proof of Theorem 24. O

Remark. In Theorems 24 and 25 () is a pole of one of the functions ¢
or ¢z, hence at least one of the integrals (48) can not be shifted to I'g, o,
or I'g, oy going through #(ag). Furthermore, although for any a € O(«y),
a # «ap, this shift is possible, the uniform asymptotic expansion by the
saddle-point method as in Lemma 20 does not stay valid, that is why we
are not able to specify small asymptotic terms in Theorem 24 neither to
obtain a more precise result in Theorem 25. This should be possible if we
consider the double asymptotics » — oo and o« — g and apply the (more
advanced) saddle-point method in the special case when the saddle-point is
approaching a pole of the integrand. We do not do it in the present paper.

Remark. Assumptions of theorems 22 — 25 are expressed in terms of po-
sitions on ellipse £ of points (6** and n8* that are images of zeros of v; and
v on £ by Galois automorphisms. They can be also expressed in terms of
the following simple inequalities.
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Under parameters such that 6;(ag) > 0, we have (60** # {s(,0(ap)} iff
0 # {s0,(0(ap)} that is equivalent to v2(¢A(c)) < 0. Under parameters
such that 61 (ap) < 0, we have always (0™ # {s(, 0(ap)} because 61 (C6™) >
0 by stability conditions, in this case we have also v2((f(ap)) > 0. We come
to the following conclusions.

(i) Assumption ¢6** # {s(,0(ao)} is equivalent to the one that
72(49(@0)) <0or 91(0[0) <0.
Assumption (0" € {s{,0(ap){ is equivalent to the one that
v2(C0(c)) > 0 and 01 (ap) > 0.

(ii) Assumption nf* # {sj,0(ap)} is equivalent to the one that
Y1 (nf(cv)) < 0 or O2(cy) < 0.
Assumption n0** € {s{,0(a){ is equivalent to the one that
y1(nf(ap)) > 0 and O2(ag) > 0.

5.2. Given parameters (X, u, R), density asymptotics for all angles ag €
10,7/2[ . In this section we state the asymptotics of the density for all angles
ap €]0, 7/2[ once parameters (3, i, R) are fixed. Theorems 26 — 28 below are
direct corollaries of Theorems 22 — 25 and elementary geometric properties
of ellipse £ and straight lines v;(#) = 0 and ~2(6) = 0, therefore we do
not give their proofs. To shorten the presentation, we restrict ourselves to
the main term in the formulations of the results, although of course further
terms of the expansions could be written. The different cases of Theorem 26
are illustrated by Figures 19-25.

0> . -/ M L2
2

Saddle point

sy

0(a)

01 I

F1Gc 19. Theorem 26 case (i)

THEOREM 26. Let 01(s3) > 0, O2(s{) > 0.
(i) Let y2(s{) <0 and v1(s5) < 0 Then for any ag €)0,7/2[ we have:
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2]

nsy

+ o0

Z2

Pole (6**

Z1

F1G 20. Theorem 26 case (#a) and (iva)

c(ap)

NG

where the constant c(cg) depends continuously on oy €]0,7/2] and
limga, 0 ¢(ap) = limy, 7 /2 c(ag) = 0.
(ii) Let vo(sT) > 0 and v1(s3) < 0.

(76) m(rcosa,rsina) ~ exp(—r{f(a) | eq)), r— 00,0 — ay,

©3 (61)

(iia) Let v2(Cs3) = 0 or equivalently dT > 0. Then for any

9**
ag €]0,7/2[ we have '
(77)

m(rcosa,rsina) ~ dy exp(—r{C0* | en)), T — 00, = ap,

with some constant di > 0.

dod (1)

o GT*< 0. Define

(iib) Let v2(Cs3) < 0 or equivalently A** =
ay = arctan(—1/A**) €]0,7/2[. Then for any agp €]0, a1| we have

(77) and for any o €|aq, w/2] we have (76).
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X2

Pole nb*

F1Gc 21. Theorem 26 case (iiia) and (ivb)

(iii) Let vo(s7) < 0 and vy1(s3) = 0.
(iiia) Let v1(ns]) = 0 or equivalently %0(292) ‘032 0. Then for any
ap €]0,7/2[ we have
(78) m(rcosa,rsina) ~ daexp(—r(nd* | eq)), ™ — 00,0 = ap,
with some constant ds > 0.

+
(iiib) Let ’yl(nsf) < 0 or equivalently A* = dgc}g(g%)

< 0. Define
63

ay = arctan(—A*) €]0,7/2[. Then for any ap €]0, as[ we have
(76) and for any o €|ag, m/2] we have (78).
(iv) Let y2(s]) > 0 and v1(s5) > 0.
(iva) Let 01(C6**) < 01(n6*) and 02((0**) < O2(nb*) where at least one
of inequalities is strict. Then for any ag €]0,7/2[ we have (77).
(ivb) Let 01(CO0™) = 01(n0*) and 02(CO**) = O2(nd*) where at least one
of inequalities is strict. Then for any o €)0, /2] we have (78).
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0 sT pee n X2
2 > (0 + )
Saddle point
o
o
0(«) !
T4 I /0% I sf
: ¢
+
- Pole ¢0**
e
e
2 61 x1
Fi1G 22. Theorem 26 case (iib)
it Y2 T
) iy 5; | N 2 s
X : no B
n . *
0 Pole no
UETE 4 I S S st
Saddle point
: 0()
(€3
6, Y

F1G 23. Theorem 26 case (iiib)

(ivc) Let 01(CO0*) < 601(n0*) and 02(CO**) = 02(n*) where at least one of
the inequalities is strict. Let us define Bg = arctan W
Then for any og €]0, Bo| we have (77), for any oy €]Bo, /2] we

have (78) and for ag = By we have

(79) w(rcosa,rsina) ~ dyexp(—r(C0** | eq))
+ doexp(—r(nd* | eq)), r — 00, = ap.

(ivd) Let 61(C0™*) = 01(n0*) and 02(C6**) < 03(nd*). Let us define
angles ap and ag as in (i) and (iii). Then 0 < a1 < ag < w/2;
for any ag €]0, 1] we have (77), for any oy €|ai, as[ we have
(76) and for any ag €|ag, /2] we have (78).

THEOREM 27. Let 61(s3) <0, 62(s) < 0.
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T2
Bo
Pole nb*
Pole (0"
Iy
Fi1G 24. Theorem 26 case (ivc)
b2 s L2 “
A
o Pole n6*
EEN g
nsi o st gy Saddle point
L - 0(a)
o a1
e Pole (6™
sy
V2 61 o1

Fic 25. Theorem 26 case (ivd)

(i) Let y2(s{) <0 and v1(s3) <0 Then for any ag €]0,7/2 the asymp-
totics (76) is valid.
+
(i) Let v2(s7) > 0 and y1(s5) < 0. Let A = % o’ Then oy =
1

arctan(—1/A**) €]0,7/2[. For any ag €]0, o[ the asymptotics (77) is
valid and and for any o €|ay, /2] the asymptotics (76) holds true.

(i4i) Let vo(s7) < 0 and y1(s3) = 0. Let A* = %0(292) ‘9*. Then ag =
arctan(—A*) €]0,7/2[. For any oy €]0,az| the asym;totics (76) is
valid and for any o €]ag, 7/2[ the asymptotics (78) holds true.

(iv) Let y2(sf) > 0 and vy1(s3) > 0. Then either 61(C0**) < 61(n6*) and
02(CO*) > O2(nd*), or 01(CO™) > 61(nf*) and 62(CO™) < 62(nb*), or
finally 01(¢07) = 61(nd") and 62(C6™) = O2(nb”).
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(iva) Let 01(CO0*) < 01(no*) and 02(CO™) > 02(nb*). Let us define
Bo = arctan % Then for any ag €0, So| we have (77),
for any ag €|Bo, /2] we have (78) and for ag = Py we have (79).

(ivb) Let 01(C6**) > 01(n*) and 02((0**) < O2(nb*) or 61(C6**) =
01(n0*) and 02((0**) = O2(nb*) Let us define angles a1 and ay as
in (11) and (iit). Then 0 < aq < ag < 7/2; for any ag €]0, aq]
we have (77), for any oy €)ai,az] we have (76) and for any
ap €lag, /2] we have (78).

THEOREM 28. Let 61(s3) > 0, 62(s) < 0.

(i) Let v2(s7) < 0 and y1(s5) < 0 Then for any ag €]0,7/2] the asymp-
totics (76) is valid.
(ii) Let yo(s) > 0 and v1(s3) < 0.

+
(iia) Let v2(Cs3) = 0 or equivalently d®d29(191) )0**2 0. Then for any
1

ap €]0,7/2[ the asymptotics (77) is valid.

+
(iib) Let v2(Cs3) < 0 or equivalently A** = dejTﬁgl) e 0. Define
1

ay = arctan(—1/A**) €]0,7/2[. Then for any agp €]0, a1| we have
(77) and for any o €|aq, w/2] we have (76).

(iii) Let yo(s7) < 0 and v1(s3) > 0. Let A* = %0(292) ‘
arctan(—A*) €]0,7/2[. For any agp €]0,as| the asym;totz'cs (76) is
valid and for any a €]ag, w/2[ the asymptotics (78) holds true.

(iv) Let vo(s{) > 0 and y1(s§) > 0. Then either 61(C0**) < 61(nf*) and
02(CO*) < O2(nd*), or 01(CO™) < 61(nd*) and 02(CO™) > ba(nb*),
or 01(CO0™) > 01(n0*) and 62(CO) < b2(nd*), or finally 61(C6**) =
01(n6*) and 02((6**) = O2(nb*).

(iva) Let 01(C0*) < 01(n6*) and 02((0**) < O2(no*) where at least one
of inequalities is strict. Then for any ag €]0,7/2[ we have (77).

(ivb) Let 01(C6**) < 61(n0*) and 62(CO*) > O2(nh*). Let us define
By = arctan % Then for any ag €]0, Bo[ we have (77),
for any o €|Po, /2] we have (78) and for cy = By we have (79).

(ive) Let 0,(CO™) > 61(nf%) and 02(CO™) < Oa(nf*) or 61(CO™) =
01(n6*) and 03(CO*) = O2(nb*) Let us define angles aq and oo as
in (i) and (iii). Then 0 < oy < ag < 7/2; for any ap €]0, a1
we have (77), for any oy €|aq, as] we have (76) and for any
ap €lag, /2] we have (78).

. Then oy =
9*

The symmetric theorem for the case 61(s3) < 0, f2(s]) > 0 holds.
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5.3. Concluding remarks. Let us remark that the approach of this article
applies to the SRBM in any cone of R?. Thanks to a linear transformation
T € R?*2 it is easy to transform Z(t), a reflected Brownian motion of
parameters (3, i, R) in a cone into T'Z(t) a reflected Brownian motion of
parameters (TST?, Tu, TR) in the quarter plane. For example if the initial
cone is the set {(z,y)|z > 0 and y < az} for some a > 0, we may just
take T = <é _15> The process T'Z(t) lives in a quarter plane. Then the
approach of this article applies and its results can be converted to the initial
cone by the inverse linear transformation. The analytic approach for discrete
random walks is essentially restricted to those with jumps to the nearest
neighbors in the interior of the quarter plane. Since a linear transformation
can not generally keep the length of jumps, this procedure does not work
in the discrete case. That is why the analytic approach in R? has a more
general scope of applications.

To conclude this article, we sketch the way of recovering the asymptotic
results of Dai and Miyazawa [6] via the approach of this article. Given a di-
rectional vector ¢ = (c1,c2) € R%, thanks to the representation of Lemma 16
we obtain

P({c| Z(0)) > R) = 2150, 2350 m(x1, z2)dzridas

cix1+cex2>R

:/ 11(5(31,562)(1331(1932"‘/

7120, 220 120, 220
c1xi+coxa>R cizi+coxa>R

_Egl _E@*’(gl)
1 e a'df —co/cie 2 2V do
80 = [ o0y or o+ [ a2 1
€,+

IQ(L)Bl, ﬂ?g)dZL‘ldSL‘Q

N 0105 (01) — 622 O3 (61)(03 (01) — 012)
Ty, o1

—cl/cze_gef(%)deg
OF (62)(07 (62) — 625L)°

— Ly,

1 e 2 deg
81 O)———— 0
s+ [ ol Voraam [ (6

I;’;' ;,24—
where
H 6 ,®+ 0 9 ®+ 0 ’9
91(61) = ©2(01)72(01 2( 1))7 g2(0s) = ©1(02)71( 1( 2) 2)'

d(6h) d(62)

The first term in (80) is just the Laplace transform of the function hi(6;) =

gﬂ&ﬂ%W, its asymptotics is determined by the smallest real sin-
PASEVARS

gularity of h1(61), see e.g. [9]. This may be either the branch point 6] of
©2(61), or the smallest pole of hy(61) on ]0, 6, [ whenever it exists, the natural
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candidates are (6**, (nf* due to Lemmas 12-15 or a point 6¢ = (6{, 65) such
that 65 = ©F (6%) = 0722 To determine the asymptotics of the second inte-
gral in (80), we shift the integration contour to the new one passing through
the saddle-point 6)1(9;r ) and take into account the poles of the integrand
we encounter, the most important of these poles are those listed above. The
asymptotics of two terms in (81) is determined in the same way. Combining

all these results together we derive the main asymptotic term depending on
_Rgt _Rgt

the parameters that can be either e <1'' | e @ 2 preceding by R~/ or

3/2 . —LBo¢ Lo —L(cor);

R~3/2 with some constant, or e et ! =e2 2 ¢ , €

preceding by some constant and the factor R in some critical cases. This

analysis leads to the results of [6].

_ R (o,
o (nf )Z’Z': 1,2
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