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Abstract. Altruistic preferences or the desire to improve the well-being of others even at
one’s own expense can be difficult to incorporate into traditional value and utility models.
It is straightforward to construct a multiattribute preference structure for one decision
maker that includes the outcomes experienced by others. However, when multiple in-
dividuals incorporate one another’s well-being into their decision making, this creates
complex interdependencies that must be resolved before the preference models can be

applied. We provide representation theorems for additive altruistic value functions for

Copyright: © 2020 INFORMS

two-person, n-person, and group outcomes in which multiple individuals are altruistic. We

find that in most cases it is possible to resolve the preference interdependencies and that
modeling the preferences of altruistic individuals and groups is tractable.

Keywords: altruism * preferences ¢ decision theory

1. Introduction

The economic concept of altruism refers to a person
making a decision to increase the well-being of others
despite incurring some individual cost. The existence of
altruism challenges the traditional definition of utility
over wealth or bundles of goods experienced as an
individual, since an altruistic person’s choices can vi-
olate axioms of single-attribute utility maximization
(Savage 1954). Altruism, however, is not incompatible
with models of rational choice; it simply requires a
multiattribute function that can incorporate the pref-
erences of other individuals, and it is well suited to
decision analysis techniques.

In this paper, we focus on ordinal value functions,
though the approach could be adapted to utility func-
tions over gambles with the development of suitable
representation theorems. To represent altruistic prefer-
ences, we will distinguish between a traditional single-
attribute value function over a decision maker’s indi-
vidual outcomes that disregards the outcomes of others
(what Bell and Keeney 2009 call an egotistical function)
and a multiattribute value function that is permitted to
contain another individual’s value as an attribute. In
particular, we allow an individual’s altruistic value
function to contain another individual’s altruistic value
rather than traditional value. That is, if two altruistic

189

individuals go out to dinner together, the altruistic
component of each one’s value function is permitted to
include not only the other individual’s enjoyment of the
meal, but also anything else that contributes to the other
individual’s value function, including altruism.
However, modeling altruistic preferences in this
way creates both mathematical and philosophical chal-
lenges. Two individuals who are altruistic toward one an-
other will have an interdependent pair of value func-
tions. If Person 1’s value depends on Person 2’s value,
which depends on Person 1’s value, which depends
on Person 2’s value, and so forth, how can this po-
tentially infinite sequence be resolved? To overcome
this hurdle and incorporate altruism in this case, it
must be possible for the individuals” altruistic values
to be consistent with one another, and for the sake of
prescriptive application, closed form value functions
are desirable. We will accomplish this in two steps.
First, we will develop representation theorems for
altruistic value functions that contain the other indi-
vidual’s traditional values as parameters. We examine
additive value functions as an example; other analo-
gous representation theorems could be developed for
other forms. Second, we will provide conditions un-
der which a set of altruistic value functions containing
the other individual’s altruistic values as parameters
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can be expressed in the simpler form to which the
representation theorems apply.

There are two advantages to this approach. The in-
clusion of another individual’s either traditional value
or altruistic value in a value function would be con-
sidered nonpaternalistic altruism (as opposed to pater-
nalistic altruism, which incorporates others’” outcomes
but not their preferences). We believe that using al-
truistic value as a parameter is truer to the spirit of
nonpaternalistic altruism in that it captures the other
individual’s preferences as accurately as possible. In
addition, it may be more natural to assess trade-offs
regarding another individual’s overall well-being rather
than another individual’s value achieved from a single
attribute; we will discuss this in Section 4.

We will then expand the approach to consider more
than two individuals. Although the theory generalizes
naturally, some of the conditions become more difficult
to check in practice, and assessment is more chal-
lenging. However, should the individuals be altruistic
because of their belonging to a common group, an
additional preference condition can greatly simplify
both modeling and preference elicitation. We will
also demonstrate the application of these altruistic
multiattribute value functions using simple illustra-
tive examples.

The remainder of the paper proceeds as follows.
Section 2 provides additional background and dis-
cusses related prior work. In Section 3.1, we consider
the case of two people, Section 3.2 considers n (more
than two) people, and Section 3.3 considers the addi-
tion of a “group outcome.” Section 4 discusses the as-
sessment of altruistic value functions. Section 5 presents
two examples of decisions involving altruistic prefer-
ences. Finally, Section 6 concludes the paper.

2. Background

Even in the simple case that considers only one indi-
vidual’s preferences, it is not immediately obvious that
an altruistic value function exists for that individual.
The conditions typically used to justify the existence
of a value function are rather strong when altruism is
included. Simon (2016) provides representation theo-
rems justifying the use of altruistic preference functions
in the two-person case that rely on weaker conditions;
the current paper extends these results to settings in
which interdependent altruism exists.

In contrast to our models, Bell and Keeney (2009)
limit their novel altruistic preference model to include
only the traditional value of the outcomes to multiple
individuals. In Bell and Keeney (2009), result 4, they
argue that only traditional values should be used, thus
avoiding a problem of double counting and infinite
comparisons. We resolve that problem by using the
implicit function theorem (IFT). We will discuss their
model at the end of Section 3.1. In this paper, we ex-
pand on Bell and Keeney (2009) to incorporate a more
general interpretation of altruism, nonlinear value func-
tions, and more than two individuals.

Bergstrom (1999) analyzes the interdependencies of
individuals’ altruistic preferences in an intergenera-
tional setting using an approach similar to our models
for individuals. He presents a result that is analogous
to a result from our second model (n > 2) that we reach
via the implicit function theorem. Bergstrom’s approach
imposes an additional requirement called coherence,
which is presented and discussed by Pearce (2008). We
do not require coherence directly; rather, we will argue
that it is straightforward for a decision analyst to elicit
coherent altruistic value functions from a decision
maker. Further details are provided in Sections 3.1, 3.2,
and 4. We also expand the result to a group setting,
which allows for a more easily applicable condition
based on the implicit function theorem.

Our paper develops models of pure altruism, as does
the aforementioned work of Bergstrom (1999), Bell and
Keeney (2009), and Simon (2016). Pure altruism is
distinct from value derived from the act of contributing
to another’s outcome or well-being. This dichotomy is
stated explicitly by Arrow (1975) and many subsequent
papers, including, for example, Andreoni (1990), Ribar
and Wilhelm (2002), McCardle et al. (2009), and Ottoni-
Wilhelm et al. (2017). Although it is certainly possi-
ble that a purely altruistic individual could apply the
value functions in this paper to charitable dona-
tions, they are not intended as descriptive models of
that setting.

We develop a model in Section 3.3 that involves
aggregation of individual values through the use of
group preferences. Some prior papers also examine an
individual’s interaction with the overall group rather
than with other individuals. Chen and Plott (2002)
discuss the aggregation of individual beliefs into
a single group belief. This idea is also analyzed by
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Forsythe et al. (1995, 1999). Nord et al. (1999) study
similar issues in the context of healthcare, evaluating
different health programs by assessing individuals’
preferences over the health outcomes of others, with
an emphasis placed on equity.

Any altruistic preference model depends, whether
implicitly or explicitly, on some form of interpersonal
comparison of value or utility, which some will argue is
impossible to achieve. This issue, which is central to
welfare economics, has been discussed by, for exam-
ple, Robbins (1938), Kaldor (1939), Harsanyi (1955),
Hammond (1976), and Binmore (2009). From a social
decision maker’s perspective, it is not clear that mean-
ingful trade-offs can be made between the value or utility
of two (or more) different individuals. In this paper, we
rely on interpersonal comparison of value only within
an individual’s preferences; that is, we do not attempt to
determine optimal social outcomes. Altruism is, in fact,
a specific type of externality. Consequently, most of the
ideas and results based on altruism in this paper can be
applied with minimal adjustments to externalities of
preferences in general.

We frame altruistic preferences as characteristics of
individual decision makers that can be captured for
prescriptive purposes. However, given the elusiveness
and controversy surrounding this topic, it is important
to note that there is a large stream of literature using
evolutionary models to explain and justify the exis-
tence of altruism in rational decision makers. To give
just a few examples, Trivers (1971), Alexander (1987),
Simon (1990), Bergstrom and Stark (1993), and Nowak
and Sigmund (2005) all provide compelling motivation
to understand and model altruistic preferences from a
decision analysis perspective.

3. Model and Theoretical Results

Contrary to the approach taken by many researchers in
the past, we aim to analyze altruistic preference models
in a normative fashion, with the goal of eventually
using the models in prescriptive settings. In particular,
we are interested in preference structures over out-
comes affecting multiple altruistic individuals. This
section is divided into three subsections corresponding
to the cases of two individuals, n individuals (n > 2),
and a group. Each subsection provides existence re-
sults for altruistic value functions. These value func-
tions could serve as inputs to a wide range of decision

settings, including individual decisions, group deci-
sions, bargaining models, or optimal social planning.

3.1. Two Individuals

Consider a decision made by Person 1, yielding out-
come x; for the decision maker, for which an outcome x»
is also experienced by Person 2. For example, suppose
Person 1 orders pizza for dinner for both individuals
or decides how large a gift to give to Person 2. Let X
denote the set of possible outcomes to Person 1 and
Person 2, where x € X can be expressed as x = (x1,x2)
with x; and x, within closed intervals of the real line.
The outcomes are expressed as vectors to allow for the
possibility that the two people experience different
outcomes; it is straightforward to restrict X to outcomes
in which x; = x, when appropriate.

There are two potential preference relations that
Person 1 might express over X. The first is a preference
relation over X that ignores x, (i.e., effectively a pref-
erence relation over X;: the set of possible levels of x7).
We denote this preference relation as x>, . The second is
a preference relation over X that takes into account both
x1 and x5, which we denote as Z- Similarly, Person 2
might express a preference relation x>, over X that
ignores x; and a preference relation x,, that takes into
account x1 and x,. In a two-person setting, Simon (2016)
defines an altruistic preference relation as one in
which a Pareto superior outcome is always preferred;
specifically, holding one person’s outcome fixed, a
change in the other person’s outcome that he or she
considers an improvement must lead to a more pre-
ferred outcome. We adopt that definition here. Note that
this assumption is not always made in settings with
multiple individuals; for instance, any model that in-
cludes social comparisons (e.g., Bolton 1991) implies
that an individual would be made better off when
others suffer (though the models generally are not
framed that way). A model that includes equity also
involves direct comparisons between individuals and
may have this implication as well.

Simon (2016) shows that, under relatively weak con-
ditions, altruistic preferences can be represented by an
ordinal altruistic value function V(x1, x3). (The conditions
are weaker versions of transitivity and continuity, and
when restricted to altruistic preferences only, they imply
transitivity, continuity, and completeness.) These condi-
tions also imply that V' is decomposable (Krantz et al. 1971)
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in that it can be expressed as V(x1, x2) = f(v1(x1), v2(x2)),
where v; and v, can be interpreted as single-attribute
value functions over X; and X, respectively. It is
straightforward to observe that, if Person 1 and Person 2
are both altruistic and the relevant preference conditions
are met, their altruistic preferences can thus be represented
by Vi (x1,x2)=f1(v11(x1),012(x2)) and Va(x1,x2)=f2(v21(x1),
v (x2)), respectively, where v;; is Person i’s single-attribute
value function over X;.

If the Thomsen condition or hexagon condition
(Karni and Safra 1998) holds for each individual,
then the altruistic value functions have the additive
form Vi (x1,x2) = w1011(x1) + w12012(x2) and Va(x1,x2) =
w101 (x1) + Wn0vxn(x2), where wj; is a weight placed by
Person i on the single-attribute value function over Xj,
and each single-attribute value function is unique up
to positive linear transformations. These conditions
assert that preferences over x; and x;, are additively
separable; they are cancellation conditions implying
that, when particular indifference judgments are
obtained from a decision maker, the trade-offs as-
sociated with those judgments can be concatenated to
yield other pairs of outcomes between which the
decision maker is indifferent.

However, when we consider a single decision setting
that affects both x; and x,, regardless of who is making
the decision or how they do so, there is no guarantee
that the two single-attribute value functions over X;
(v11 and vy) are related or similar in any way, nor are
those over X, (v12 and v;;). When the altruistic pref-
erences of both individuals are of interest, subsequent
analysis and assessment will be eased greatly if such a
relationship can be established. That is, we would like
Person 1’s preferences over X, to satisfy some type of
consistency with Person 2’s preferences over X, and
similarly for X;. The particular condition(s) required
will vary depending on the form of V; and V,. In this
paper, we present representation theorems for addi-
tive altruistic value functions. Analogous theorems for
other functional forms could certainly be developed
from other sets of preference conditions. To establish
relationships between v1; and vp; and between v, and
vy, we introduce the following condition.

Two altruistic individuals’ preferences are midvalue
consistent if, for any pair of individual outcomes
(x4, xF) for which a trade-off midvalue exists for both
individuals, if x} is a trade-off midvalue for one

individual, then it is also a trade-off midvalue for the
other individual (and similarly, for any pair (x5, x5)).

Intuitively, midvalue consistency asserts that, if one
individual considers the changes from x# to ¥ and
from xM to xP to be “equal” improvements, then the
other individual does so as well; see Harvey (1995) for
more detail on trade-off midvalues.

Theorem 1. Let x>, and ,, satisfy the conditions needed for
additive altruistic value functions to exist. There exist single-
attribute value functions vy and vy, unique up to positive
linear transformations, such that V1(x1,x2) = wi101(x1) +
wi02(x2) and Va(x1,x2) = wyv1(x1) + wanva(x2) if and
only if (iff) midvalue consistency holds.
A proof of Theorem 1 is given in the appendix. We will
refer to v1 and v, as traditional value functions throughout
the paper.

Thus, if the relevant preference conditions are satis-
fied, we can express Person 1’s altruistic value function
more generally as

Vi(x) = f(v1(x1), v2(x2)), (1)

and similarly for Person 2. We refer to this represen-
tation as specific altruism. We claim, however, that for
prescriptive purposes, the following expression would
be even more helpful:

Vi(x) = f(v1(x1), Va(x)). )

We refer to Equation (2) as general altruism. Both ex-
pressions reflect nonpaternalistic altruism. (Under pa-
ternalistic altruism, an individual has preferences di-
rectly over the other individual’s outcome, ignoring the
other individual’s preferences.) For our purposes, we
adopt Equation (2) as providing a more accurate rep-
resentation of altruistic value. Preferences over others’
traditional value could be viewed simply as a proxy for
preferences over the well-being of others without rely-
ing on such a rigid restriction on how that well-being is
derived. That is, one could argue that Equation (2) is
more consistent with the spirit of nonpaternalistic al-
truism than Equation (1). In addition, elicitation of
general altruistic preferences is rather straightforward,
as discussed in Section 4.

The mathematical challenge of general altruistic value
functions is that they involve complex interdepen-
dencies between the values of the individuals, making
it very difficult to develop a representation theorem
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that justifies their use. The major concern is that, given
assessed general altruistic value functions, it might
not be possible to resolve the interdependencies and
provide corresponding specific altruistic value func-
tions. That is, it is not guaranteed that the value
functions given in Equation (2) can be expressed in the
form of the value functions given in Equation (1),
which represent the two individuals” altruistic pref-
erences. In this paper, we prove existence results
showing that, by meeting a few basic conditions, it is
indeed possible to express general altruism only in
terms of v1(x1) and v;(x;) so that V7 (x) and V»(x) do not
contain one another as arguments. Paired with the
representation theorem provided for specific altruistic
value functions, this allows for the use of general al-
truistic value functions to represent altruistic preferences.
We will begin with a very simple case using an additive
form, and then expand to more general structures.

Consider additive general altruistic value functions
of the form

Vi(x) = aqo1(x1) + (1 — a1)Va(x)
Va(x) = aava(x2) + (1 — a2) Va(x) 3)

with 0 < a3, a, < 1. The first natural question is to
express Vi(x) and V,(x) only in terms of v;(x;) and
v2(x7); according to Theorem 1, such a form can be used
to represent altruistic preference relations. This can be
done provided that @; and «a, are not both equal to
zero. (The reason that we cannot have ay = @, =0 is
that it reduces the expressions to Vi(x) = V»(x) and
Va(x) = Vi(x), which provides no information about
the levels of value actually achieved.) More gener-
ally, as well understood, solving a linear system of n
equations with m > n unknowns requires the equations
to satisfy certain algebraic conditions. The result is the
following pair of additive altruistic value functions:

aq

O = - an )
(1 - 0(1)61(2
T an —ap) 2™
Val¥) = = (1- zj)(l - az)vz(xz)
P Y N

1-1-a)(1-a)

The weights capture the relative amounts of over-
all value derived from one’s own traditional value

function and the other individual’s traditional value
function. Note that this result includes the indi-
rect effects that arise from both individuals be-
ing altruistic.

The weights in the general altruistic value functions
in Equation (3) are required to sum to one. Though this
is often done simply by convention, it has an additional
benefit in this setting: it ensures coherence. Without
such a restriction, it is possible that any positive initial
levels of V; and V;, would lead to both increasing in-
definitely, and the only possible solutions would be
negative, with V; and V, decreasing in v; and v,
(Bergstrom 1989, Pearce 2008). (For instance, con-
sider the functions V1(x) = v1(x1) + 2V>(x) and V,(x) =
vp(x2) +2V1(x).) Analogous restrictions would need
to be imposed on any nonadditive form to en-
sure coherence.

If Person 1 and Person 2 both display general al-
truism, then both can be made better off as a result of
each other’s altruism. Bell and Keeney (2009) use the
example of a couple having a meal together. If Person 2
enjoys her meal, this makes Person 1 happier, which in
turn, makes Person 2 happier, which then makes
Person 1 happier, ad infinitum. A natural reaction to
this realization is that this infinite regress might mean
that two people exhibiting general altruism should con-
verge to identical value functions. In fact, this is not the
case. This can be checked by assuming that ay,a, > 0
and then, setting Vi(x) = V(x). It turns out that this
implies v1(x1) = vo(x7) for all possible outcomes, which
is highly implausible. Thus, incorporating both indi-
viduals’ altruism does not preclude the possibility that,
given two outcomes x* and x, one will prefer x*, and
the other will prefer x®. This conclusion seems to be
contrary to the sense of altruism; it implies that even
strongly altruistic individuals may prefer alternatives
that decrease the overall value of others. However, this
is undeniably true for the additive model. If Person 1
and Person 2 ever differ in their traditional preferences
over outcomes, then they will never have identical
altruistic value functions.'

This result shows that, excluding a degenerate
case, additive general altruistic value functions can
be expressed as specific altruistic value functions (for
which a representation theorem exists). The next
question is as follows: can we expand this result to
two-person altruistic preferences without relying on a



Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 02:54 . For personal use only, al rights reserved.

194

Simon, Saari, and Keller: Altruistic Preferences
Decision Analysis, 2020, vol. 17, no. 3, pp. 189-207, © 2020 INFORMS

specific structure? The desired approach is to express
these general value functions as

Vi(x) = fi(v1(x1), Va(x))
Va(x) = fo(va(x2), Vi(x)), )

and then express Vi(x) and V»(x) as functions that do
not contain one another as arguments. If we cannot do
this for a given x, this means either that there is no
possible pair of altruistic values that solves these two
expressions for that outcome or that there is no local
unique functional representation of V; and V,. The
former implies that the altruistic value functions of the
two individuals are in a sense “incompatible” at x,
meaning that it would be impossible for the individuals
to judge this particular outcome using this approach.
(This is unlikely to arise in practice; it cannot occur for
any commonly used form of value function.) The latter
implies that, at x, there are multiple possible functions
for V1 and V5, suggesting that they are underspecified.
A common demonstrative example of this phenome-
non is, given the relationship X+ yz =1, trying to
express y as a function of x. It is clear that the points
(1,0) and (-1, 0) are solutions to the equation, but there
is no single functional form for y that applies within an
open set containing either of them. In the context of
value functions, this presents a challenge, and we will
explore this case in more detail.

The assumptions required to resolve the altruistic
value interdependencies are now somewhat more in-
volved; they come from the IFT, which generalizes the
algebraic conditions that were needed in the case
of Equation (3). The IFT states that, for a continu-
ously differentiable function F(v) = (f1(v1, ..., Vnsm), - - -,
fa(©1, ..., Upem)) : R — R" (with variables vy, ...,v,,
Unsl, - - -, Unam), if the following two conditions hold at a
given point vy = (vg ,, Vo,m):

® F(vg) =0 and

h h
duy "t duy
e det|: - # 0, evaluated at v = v,
I %a
vy v,

then there exists a continuous function H:R" — R”
defined over a neighborhood about vy, such that
H(vo,m) = (vo,,) and F(H(vy,), vy) = 0. That is, for a point
that solves the initial system of equations, we can locally
express the first n variables as a function of the last m

variables, provided that the matrix of partial derivatives
of f with respect to the first n variables has full rank at
the specified point. The matrix of partial derivatives
provides a local linear approximation of the system of
equations; a determinant of zero is analogous to a; =
ap =0 in the additive case given by Equation (3). For
more details on this theorem, see Krantz and Parks
(2002). For our purposes, if the first n variables rep-
resent the general altruistic values (and the last m
variables represent the traditional values), the IFT
assures that, if both conditions hold over a connected
set of points (outcomes), then we have a unique func-
tional representation for the general altruistic values
on this set. This is extremely valuable for prescriptive
purposes because it implies that general altruistic value
functions can be assessed.

In the two-person case, the goal is to express V;(x)
and V5(x) as functions of the traditional values v (x1)
and v,(x,). (For notational simplicity in conditions and
proofs, we will write V;(x), Va(x), v1(x1), and v;(x2) as
V1, Va,v1, and vy, respectively, with the understanding
that they depend on their associated outcomes.) If a
solution exists for Equation (5) at a given x, then this
goal turns out to be possible provided that

ofi df
VaaVy 71 (6)

as evaluated at this point and, of course, that these
partial derivatives exist. See the appendix for the
derivation of (6). It should be apparent that this is not a
restrictive condition for a given solution; even a small
perturbation to the altruistic value functions would
resolve a violation of it. In other words, it is possible to
compute functions for V; and V; (at least locally) for a
wide range of general altruistic value forms.

Bell and Keeney (2009) raise an objection to general
altruism that is a legitimate concern: it leads to “double
counting” of value. That is, Person 1 is made better off
not only by an outcome that he enjoys, but also by the
positive effect that his resulting well-being has on
Person 2. When both individuals exhibit general al-
truism, this leads to an infinite mathematical process
for calculating the two values. However, the implicit
function theorem approach avoids this issue by solving
for the representation in a region at which the inter-
dependencies are satisfied, and can be viewed in this
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setting as a fixed point theorem. Although not a perfect
analogy, this is similar to the idea given by Nash (1951)
to solve directly for an equilibrium in a game theory
model, thus sidestepping a more complex analysis of a
sequence of best responses.

The issue of coherence raised by Pearce (2008) could
be resolved by asserting further that the left-hand side
of (6) cannot be greater than one, as explored further in
the following subsection. It is unlikely that such al-
truistic value functions would be elicited in practice;
for instance, in the case of additive value functions,
it would require that at least one of the functions
includes a weight greater than one.

3.2. More Than Two Individuals

The next step is to expand the model to more than two
altruistic value functions. We denote the set of out-
comes affecting Person i as X;, Person i’s preferences
over X; as Z. Person i’s altruistic preferences over X
as x,, and Person i’s traditional and altruistic value
functions as v; and V;, respectively. We adapt the
Pareto definition of altruistic preferences accordingly;
given two outcomes x* and x?, if x! > xf for all i, then
x4 Z, xB for all i, and if the strict relation holds for at
least one pair /! and %, then x* >, x? for all i.

Lemma 1. Forany individual i, there exists a continuous real-
walued function Vi(xi,...,x,) such that Vi(x‘l“, . ,x‘,‘,‘) >
Vi, o) i O, ) 2, (8, X)) ff 2, satisfies
the conditions of Simon (2016) adapted to n individuals (de-
tailed conditions are provided in the proof).

A proof of Lemma 1 is given in the appendix. The
conditions needed to satisfy Lemma 1 are weaker than
those typically needed for a multiattribute value
function; this is possible due to the restriction that
the preference relation must be altruistic. As in
the case of two individuals, these conditions im-
ply that V; is decomposable and can be expressed
as Vi(x, ..., xn) = f(v1(x1),...,vn(xy)), where vq,..., 0,
can be interpreted as traditional value functions. As
previously for the case where n = 2, we will provide a
representation theorem for additive altruistic value
functions for illustrative purposes; it is certainly pos-
sible that analogous representation theorems could be
developed for other functional forms.

When n = 2, if the Thomsen condition or hexagon
condition is satisfied, then the altruistic value function

will have an additive form. For n > 2, we instead use
the preferential independence condition (Debreu 1960),
which in this context, states that trade-offs that an
individual is willing to make between a subset of in-
dividuals” outcomes do not depend on the common set
of outcomes experienced by the other individuals. Note
that preferential independence of individuals” out-
comes precludes explicit considerations of equity or
social comparison. If this condition is satisfied, then
Person i’s altruistic value function has the form

Vilxy, ..., xy) = Zn] w;jvii(x;)- )
j=1

The concept of midvalue consistency extends naturally
to n individuals and allows us to state the follow-
ing theorem:

Theorem 2. Let > ,...,>  satisfy the conditions needed
for additive altruistic walue functions Vi,...,V, to ex-
ist. There exist single-attribute value functions vy, ..., vy,
unique up to positive linear transformations, such that
Vl-(xl,...,xn)=Zj’-1=1 w;vj(x;) for all i iff midvalue consis-
tency holds across ...,z .

See the appendix for a proof of Theorem 2.

For n > 2, we can again apply the IFT to obtain the
conditions required to be able to express each individ-
ual’s altruistic value function as V;(x) = fi(vi(x;), V1(x), ...,
Viii(x), Vs (x),..., V,u(x)). With n individuals, the sec-
ond IFT condition is somewhat more abstract. At a
given solution point, the following determinant must

be nonzero:

1 _%h B ]
vV, °° IV, oV,
% 4
(9V1
det| : . #0 (8)
— I 1 _ I
8V1 aVn
I Iy
- ¢9V1 - avn—l

(or equivalently, that this matrix has full rank or is in-
vertible) and again, that these partial derivatives all exist.
See the appendix for details (under Derivation of (8)). We
will refer to the matrix in (8) as D. Note that, in the case
of additive value functions, all of the partial derivatives
are constant and reflect the weight that an individual
places on another individual’s general altruistic value.

The interpretation of (8) is similar to that for the
two-person model. If the set of general altruistic value
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functions can be solved at a given point where D does
not have full rank, a unique representation of V; over a
neighborhood about this point is not guaranteed. It is
still possible to compute values for the V;; D having
lower rank would merely imply that they are under-
specified. If, however, D has full rank, then there is a
unique functional representation for the V;, and it is
possible to (locally) solve the n-person general altruistic
model and express V7,...,V, in terms of vy, ..., v,,.

Bergstrom (1999) states a similar result in the context
of intergenerational preferences. That result also
includes a restriction that imposes coherence (Pearce
2008) on the set of value functions, which would
be tantamount to requiring that all of the principal
minors in the matrix in (8) are positive. In economic
input-output models, it is known as the Hawkins-
Simon condition (Hawkins and Simon 1949). In the
context of this paper, such a restriction is generally not
necessary, because violations of it can be avoided when
the general altruistic value functions are elicited from
the decision maker as discussed in Section 4. For
commonly used forms of value functions, the con-
ventional weighting and scaling approaches used by
decision analysts ensure coherence.

The condition given by (8) is a promising but still
somewhat vague result in that it cannot be easily re-
duced to a simple intuitive expression of the partial
derivatives of f. However, of definite interest are the
types of cases where it is or is not satisfied. For the
determinant to be of lower rank, at least one row (or
column) can be expressed as a linear combination of the
others. When many of the partial derivatives in (8) are
equal to zero, it can be possible to construct simpler
expressions that guarantee existence of altruistic value
functions. This has an interesting implication: it sug-
gests that an individual’s value may be affected by
another individual’s value, even if the two never di-
rectly interact. This is a provocative trait of altruistic
models that does not arise in the two-person case and is
the motivation for the approach used in the follow-
ing subsection.

3.3. Group Preferences

We will now discuss an alternate formulation for n
individuals that fits very well into the general altruism
framework and has a simpler required condition while
still capturing the altruistic implications discussed

previously. We create an artificial “group entity” as
the n + 1st person and let each of the n individuals
display altruism only toward this group entity. That
is, the individuals are concerned with the success of
the group but not directly with the values of the other
individuals. It is similar in motive to the combina-
tion of self and group preferences used by Margolis
(1984), and Hamilton (1963) gives an evolutionary jus-
tification for preferences of this type. The group’s fun-
damental performance level can be defined and mea-
sured, and it will be considered as one element of any
outcome x. We assert that the overall success or well-
being of the group, however, is also permitted to depend
(partially) on the well-being of each individual. The
group formulation imposes a constraint on the pref-
erences of the n individuals. The benefit, however, is
that it will lead to altruistic value functions that are far
easier to assess.

As an example, consider a volunteer social action
group deciding on their next activity. Each individual
will have a higher level of value if the activity goes well.
However, the success of the group depends both on the
success of the activity in advancing the group’s cause
and on the individuals being happy and motivated to
dedicate their time and energy to it. Thus, we have the
same type of interrelated value dynamic that arose in the
previous models. This could be valuable when consid-
ering how people in individualistic versus collectivistic
cultures trade off individual and group outcomes.

Let x, € X, denote a group outcome. We can then
express an outcome x € X as xy,...,X,, Xg. AS previ-
ously, to let X be as general as possible, we allow any
combination of xi,..., Xy, X¢, recognizing that, in real-
ity, x, might be determined (or at least constrained) by
X1,...,%y. Let » denote a preference relation over X,
and > , denote a preference relation over X. We can
define altruism for Xz, as previously; the group entity
will always prefer Pareto superior outcomes (with x,
included as part of the outcomes). The representation
theorem given previously for V;(x) applies to V,(x) as
well, and we will again explore the additive case.

If Zy satisfies preferential independence, then

Vg(X) = WgqUgq(xg) + Z;; WeiUg; (1), ©)
=

and an adapted midvalue consistency condition can be
used as previously to establish that the single-attribute
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value functions for any specific individual are positive
linear transformations of one another such that

n

> wivj(x))

j=1

i wWeyv; ()

j=1

Vi(x) = + Wigvg (%)

Vg(x) =

+ WUy (X)- (10)

The group entity is, to this point, simply a differ-
ently labeled 7 + 1st individual. However, the follow-
ing condition will allow for a simpler form of the
altruistic value functions in this setting.

e Altruistic individuals’ preferences e 2 and
group preferences Z, that satisfy the conditions needed
for altruistic value functions to exist are group homoge-
neous if, for any individual i and outcomes (x;, x‘i‘i) and

(i, x%y), (i, x2) 2, (i, ) S (i, ) 2, (i, ).

Group homogeneity asserts that an 1nd1v1dual’s pref-
erences regarding other individuals” outcomes are de-
termined by the group entity’s preference over those
outcomes (i.e., the altruistic component of each indi-
vidual’s preferences must adhere to a common ordering
of outcomes). A clear implication of group homogeneity
is that, for any subset of individuals, each is willing to
make the same trade-offs between outcomes of indi-
viduals not in that subset. The purpose of this condition
is to require that the individuals in the group are al-
truistic only toward the group as a whole, not toward
other individuals directly. A decision analyst should
verify that the condition holds before using the ap-
proach in this subsection.

Theorem3. If> ,...,>

1’ 4 7 Nn// N ’
for additive altruistic value functzons to exist, then these
altruistic value functions have the form V;(x) = wjv;(x;) +

Ve(x) and V(x) = wégvg(xg) +2h w;,jV]-(x]-) iff group
homogeneity is satisfied and the applicable IFT condition
is met.

satisfy the conditions needed

A proof of Theorem 3 is given in the appendix. Unlike
the preceding representation theorems, it requires that
an IFT condition is met, as detailed in the proof. This
arises because Theorem 3 uses general altruistic value
functions. However, the IFT condition is much simpler
in the additive case, and in particular, it does not de-
pend on x. Note also that the weights, in general, are
not equal to the weights of the altruistic value functions
in (10).

The IFT condition presented in this section concerns
general altruistic value functions of the form

Vi(x) = fi(vi(x), Vg(x))
Vo(x) = fo(vg(xg), Va(x), ..., V(). (11)

Theorem 3 establishes conditions for the existence of
additive forms of V; and V, that satisfy (11); the IFT
condition will apply to any functional forms in which
no individual’s general altruistic value appears as an
argument in any other individual’s general altruistic
value function. The condition required to express V;
and V, as functions of vy, ..., v, and v, is simpler than
the condition given in the previous subsection. The
matrix that must now have full rank, as specified in the
IFT, is much sparser, and the required condition for a
local functional representation at a given solution point
reduces to

dfi If,
Zav axj ' (12)

Details can be found in the appendix. Intuitively, this
condition asserts that the effects of the individuals’
values on the group and the group value on the indi-
viduals cannot precisely cancel out. This is conceptu-
ally similar to Condition (6) in the two-person case. In
fact, the two-person case is mathematically equivalent
to the special case of the group model with one indi-
vidual (plus the artificial group entity). As long as this
condition holds, it is possible to express locally each
individual’s value and the group value as functions of
v1(x1), ..., Ua(xn) and vg(xg).

4. Assessment

In this section, we briefly discuss techniques that
can be used to elicit altruistic preference informa-
tion from decision makers. We will first present
standard approaches that can be adapted to this
setting with minimal modification, and we will
then explore the aspect of assessment unique to
general altruism.

The traditional single-attribute value functions can
be assessed using any of the techniques commonly used
by decision analysts for this purpose. For example,
midvalue splitting (Keeney and Raiffa 1976, Kirkwood
1997) can be applied repeatedly to approximate these
value functions to the desired degree of precision.
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Alternatively, the value functions can be fit to a
particular functional form if it is judged that prefer-
ences satisfy the conditions that give rise to the form.
Note that, in the context of altruistic decisions, it
would be necessary either to elicit traditional value
functions from multiple individuals or to assume that
one individual has an adequate understanding of the
other individuals” preferences.

If the general altruistic value functions are additive,
then standard weight assessment procedures can be
applied with little or no modification as well. For
example, the value trade-off method (Keeney and
Raiffa 1976, Eisenfiihr et al. 2010) can be used to
identify trade-offs between two individuals’ values
for which the decision maker (or another individual)
is indifferent, allowing the analyst to solve for a set
of weights. As for the traditional value functions,
either elicitation from multiple individuals or an
understanding of all individuals” preferences would
be necessary.

It should be noted, however, that the single-attribute
value functions and weights (or other parameters for
nonadditive forms) should be constructed such that the
set of general altruistic value functions will be coherent.
For additive forms, the standard approach among
decision analysts of using a set of nonnegative weights
that sum to one is sufficient, and no further restriction
is necessary. (A proof of this is straightforward because
all of the relevant partial derivatives are constant.)
Multilinear and multiplicative forms have similar
conventions regarding weights and scaling constants
that will ensure coherence. The general underlying
principle is that the altruistic value functions should be
scaled such that a marginal increase in V; does not
produce a greater increase in the other altruistic values.
The exact requirement will depend on the form of the
altruistic value functions, but the issue of coherence
does not pose a concern for the forms commonly used
by decision analysts to aggregate multiple sources
of value.

The task unique to general altruism is conducting
assessments that involve other individuals’ general
altruistic values. These general altruistic value func-
tions are undoubtedly opaque to decision makers, and
there is no clear natural or proxy measure that could be
used. However, the purpose and motivation of mod-
eling altruism in this way is that the concept itself is

quite accessible; it is simply a measure of an individual’s
overall level of satisfaction or well-being with regard
to the decision, regardless of how it is achieved. This
lends itself well to a constructed scale (Keeney and
Gregory 2005), where the minimum and maximum
levels of the scale reflect the least and greatest overall
value, respectively, that this individual can achieve in
this decision setting. The analyst can then check with
the decision maker to ensure that value over this
constructed scale is linear (e.g., via midvalue splitting),
and if it is not, a nonlinear single-attribute value func-
tion can be assessed over it.

With additive general altruistic value functions, the
value trade-off method can be applied using these
constructed scales. For example, in the two-individual
case, if the outcomes denote the amounts of leisure time
for each member of a married couple this weekend,
weights could be assessed by asking questions such as
“Would you be willing to decrease your leisure time
from four hours to two hours if it would change your
spouse’s overall value from its lowest possible value to
its highest possible value?” After the appropriate set of
indifference judgments is obtained, it is possible to
solve for weights as typically done when using the
value trade-off method.

Of course, for nonadditive forms of general altruistic
value functions, it is not guaranteed that the concept
of a “weight” would be meaningful, but this challenge
is not unique to the context of altruism.

5. Examples

In this section, we provide two example applications of
general altruistic preferences to demonstrate the ap-
plication of the concepts presented and the types of
insights that can be drawn. The first application is a
two-person model, and the second is a group model.

5.1. Dining Couple

Bell and Keeney (2009) provide an example of a couple
going out to eat, and use specific altruistic value
functions. We extend this to general altruistic value
functions. Consider the following value functions for
two individuals going out to dinner:

Vl(x) = O.ZUl(xl) + O.BVZ(X),
VQ(X) = 0.502(3(2) + O.5V1(X), (13)
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where v1(x1) = 4/x1 and v2(x2) = 1 — x». In this example, x
is a measure of how spicy the food at the restaurant is
(0 £ x < 1), where x; = xp = x. Person 1 prefers spicier
food (with diminishing returns) but cares much more
about Person 2’s overall value, whereas Person 2 pre-
fers less spicy food and places an equal weight on
Person 1’s overall value. The choices of value functions
are entirely for illustrative purposes.

We begin by choosing an arbitrary value of x:0 <
x <1 to demonstrate the first (and simpler) IFT con-
dition. Take, for instance, x = 0.5. A solution exists for
this outcome; it is given by

2+2V2
V1=—F, =75 V1=7\/‘,

5+‘/§ (14)
2 27 6 ’

12

2

(It is straightforward to show that a solution exists for
any x : 0 < x < 1.) Using the implicit function theorem
as described earlier, the requirement for a local func-
tional representation of V; and V; is that

dofi df

evaluated at this point. The product of the two partials
is 0.4 regardless of the value of x, so it is clear that unique
altruistic value functions exist. Based on the weights
and the traditional value functions, we can express the
general altruistic values as the following functions of
the traditional values:

2

1 5 1
Vlzgvl +§?Jz, VZZEUZ +g?]1. (16)

Figure 1. Dining Couple Example

1 +s
08 4

0.6 4

Value

04

The general altruistic values can also be expressed in
terms of x, keeping in mind that x; = x, = x:

V1:2—2;;+\/§/ 2:5—59;+\/E' )
The left panel of Figure 1 shows the resulting general
altruistic value functions along with the traditional
value functions (over x). For illustrative purposes,
the general altruistic value functions are rescaled in
Figure 1 to have a range of zero to one over the possible
outcomes (and the weights in the functions have been
adjusted accordingly). The right panel of Figure 1
zooms in on the upper left corner of the first graph,
omits the traditional value functions, and adds shading
to show the set of Pareto optimal values of x. For
x < 0.01, a slight increase in spiciness would be pref-
erable to both people, and for x > 0.06, a slight decrease
in spiciness would be preferable to both people. These
two individuals should undoubtedly choose a restau-
rant for which spiciness x is low, between 0.01 and 0.06.
The most desirable outcome within that range would
depend on either their relative bargaining powers or
some type of interpersonal comparison of value outside
the scope of this paper (see, e.g., Keeney 2013).

Note that we cannot rescale any of the value func-
tions individually without affecting the results. Any
permissible transformation (i.e., one that preserves the
preferences being represented) would have to be ap-
plied in conjunction with corresponding transforma-
tions of the other functions. For example, if we were to
rescale one of the traditional value functions using a

/

Value

Ki(x)

Vy(x)

0.8

0 02 04 06 08 1

0 0.05 0.1 0.15 02

Note. Value functions (left panel) and Pareto optimal outcomes x = 0.01 to x = 0.06 (right panel).
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positive linear transformation, the weights in that in-
dividual’s general altruistic function would have to be
adjusted accordingly.

5.2. Volunteers in a Social Action Group

In this example, we model a volunteer social action
group. There are eight individuals, each of whom has
the value function

Vi(x) = 0.750,(x;) + 0.25V(x), (18)

with v;(x;) = 1 — x;. The group value function is given by
8

Vg(x) = 0.604(xg) + > 0.05Vi(x), (19)
i=1

with vg(xg) = \/X;. In this context, x; represents the
proportion of waking hours that each individual spends
promoting the group’s next activity (0 < x; < 1); let x, be
the average value of x;. In isolation, each individual
prefers to spend as little time as possible doing this, but
this is counteracted somewhat by the positive effect that
it has on the group’s success. For simplicity, we allow
the individuals to consider only “fair” outcomes in
which each person devotes the same proportion of time
(i.e., x; is equal for all , and x, = x;). The group’s success
is determined mostly by the proportion of time that the
individuals spend doing promotion (with diminishing
returns) but also by the individuals” level of overall
well-being.

As in the two-individual example, we begin by ar-
bitrarily choosing x; = 0.5 to demonstrate the first IFT
condition. A solution exists for this outcome, given by

1 V2+5 .
vi_i' V= R fori=1,...,8,
\2 22 +1
UgZT, ng 6 . (20)

A local functional representation for the V; and V,
requires that the IFT condition in (12) is satisfied at this
point. It is straightforward to compute

i Iy _ -
5 a_‘}fi = (0.25)(0.05) = 0.0125. (21)

Because there are eight individuals,

o0 U _ )
>3y gy = G005 =01£1 @)

Thus, the IFT condition will not be violated for any
outcomes, and analogous to the two-individual case,
functional representations for V; and V, apply over the
range of possible outcomes. The general altruistic value
functions given initially can be expressed as

50i(xi) + vg(x:)

6 (23)

Vi(x) =

and

16vg(x;) + 22, vi(x;)

Velx) = 24

(24)
The resulting altruistic and traditional value functions
(over x;) are shown in Figure 2. As in the two-individual
example, V; and V, are rescaled to have a range of zero
to one over the possible outcomes for illustrative pur-
poses. The group’s traditional and altruistic values in-
crease with x; as individuals spend more time promoting.
From the altruistic perspective of the individuals in the
group, the most desirable choice of x; is x; = 0.01 as
indicated by the peak of the solid dark line in Figure 2
(equivalent to approximately 1.16 hours per week for an
individual sleeping 8 hours per night). If they were not
altruistic, their most desirable choice would be zero be-
cause their traditional values decrease monotonically as
they spend more time promoting. The effect of including
altruism is that a small amount of promotion by the
individuals is Pareto superior to none; it is preferred by all
individuals and improves the well-being of the group.

Figure 2. Social Action Group Example: The Individual and
Group Value Functions

1 s
0.8 1
Vi(x)
7 (%)
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x*=0.01 x; (proportion of time spent doing promotion)
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5.3. Discussion of Additional Examples

The two previous examples were chosen for simplicity
and ease of exposition. There are many other types of
decisions for which this approach is applicable.

For instance, Bergstrom (2006) explores an exam-
ple of a couple with (additive) altruistic preferences
choosing between two apartments. When the model of
altruistic preferences includes altruism only with re-
spect to the individuals’ values for the apartment itself,
they can justify paying for the larger apartment de-
spite its cost exceeding the sum of their individual
valuations. However, when their altruistic preferences
are expanded to include the individuals” values over
money as well, the larger apartment can be justified if
and only if the sum of their individual gains in valua-
tion exceeds the additional cost. This result is then expan-
ded to a broader analysis of public and private goods.

Game theory settings can also incorporate general
altruistic value functions. Ray and Vohra (2020) find
that, in such games, every Nash equilibrium is a Pareto
optimal solution provided that basic coherence con-
ditions are satisfied. Several examples are provided,
including firms’ decisions of whether to industrialize
and how introducing a public regulator affects the
model. (In the former case, the firms are not explicitly
altruistic; however, their payoffs all depend on national
income, which is affected by all of their payoffs, gen-
erating the same type of interdependent externalities.)

Though the current paper provides representation
theorems for additive specific altruistic value functions
only, the application of the approach is similar for
nonadditive functions. For instance, if we were to
modify the dining couple example from Section 5.1 as
follows, with Person 2 having a nonadditive general
altruistic value function,

v (X) = 0.2'01(361) + O.SVQ(JC),
Va(x) = v2(x2) Vi (). (25)
With v; and v, unchanged and x; = x, = x as previ-

ously, the corresponding specific altruistic value func-
tions become

_ 0.2?]1(X1)
Vi) = 10 80, 000)”
Va(x) = 0.201 (x1)v2(x2) (26)

1- 0.8?]2(.7(2) !

resulting in a Pareto optimal range of approximately
x € [0.13,0.25]. This range has shifted upward because
choices of x close to zero result in v1(x;) being close to
zero, which now, in turn, leads to V; being very small.
(It is straightforward to confirm that the IFT condition
is still satisfied for any choice of x, because v (x,) cannot
exceed one.)

6. Conclusion

Many people incorporate the well-being of others
into their own decision making, whether implicitly or
explicitly. A major obstacle in modeling and imple-
menting altruistic value functions is the often com-
plicated dynamic of interdependent value that can
occur. In this paper, we have examined the general
altruistic value concept, where value functions can
contain others” altruistic values as arguments, in several
different settings.

We provided illustrative representation theorems
for the existence of additive altruistic value functions.
We began with a two-person model, which had simple
conditions for the existence of general altruistic value
functions. We expanded this to a general altruistic
value model for more than two people, for which we
also determined required conditions. We then devel-
oped an alternative n-person general altruistic value
model using the concept of group preferences, which
simplified the required condition, and made clear that
it was not overly restrictive.

To resolve the interdependencies imposed by such
sets of altruistic value functions, we presented straight-
forward conditions based on the implicit function theo-
rem. These results, particularly in the second case (more
than two people), are similar to results obtained by
Bergstrom (1999) examining intergenerational prefer-
ences. The current paper is concerned with prescriptive
uses of altruistic preferences, and thus, it omits a con-
dition that is superfluous when the altruistic value
functions are developed using standard decision anal-
ysis approaches.

In addition, we have provided two illustrative ex-
amples of decisions with general altruistic prefer-
ences and guidance on how such preferences might
be assessed.

We have shown that, in general, incorporating al-
truism into preference models is not an analytically
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insurmountable task. It is nearly always possible to
resolve the value interdependencies. We hope that,
given these possibility results, further effort can be
made in the future to develop effective altruistic de-
cision models.

There are several possible avenues for further re-
search. First, this paper provides representation theo-
rems only for sets of additive altruistic value functions.
Representation theorems for other forms would ex-
pand the underlying theoretical framework of inter-
dependent altruistic preferences. In addition, all of
the theory and examples in this paper use only a
single attribute. Representation theorems for altru-
istic value functions in multiattribute settings would
provide a valuable foundation for a wider range of
decision problems.

This paper focuses on formulating and resolving the
preferences of multiple altruistic individuals; it would
also be useful to explore their impact on the actual
decision process. Interdependent altruistic preferences
could be incorporated into a group decision analysis
approach (Keeney 2013). It is also likely that insights
could be gained by incorporating such preferences
into cooperative game theory models and bargain-
ing problems.

When individuals are very intensely altruistic and
they are dividing up a private good, it is possible
even with coherent preferences that they will all pre-
fer less of the private good for themselves. This is
another compelling class of decision problems to ex-
plore further.

Appendix

Proof of Theorem 1. Let >, and %, satisfy midvalue con-
sistency. We can express the altruistic value functions as
V1 (x1,x2) = w1111 (x1) + w12012(x2) and V3 (o1, x2) = w1021 (x1) +
WU (x2). Arbitrarily, let (xf‘,xl) have a Common trade off

midvalue x}!. That means that there exist xit, x3H, x3L, 221 such

that (le\/I’sz) ~1 (xl /sz)/ (xl /sz) ~v (xl ’ H) (xl /xz ) ~r
(x4, x3), and (xB,x3L) ~p (2, x3M). Expressing these indif-
ference relations via the altruistic value functions yields

wllvll( 1 ) + wlzvlz(x%L) = wllvll( )+ wlzvlz(xz )
wnvn(X?) + wlz'UlZ(x;L) = wnvll( 1 ) + wlZUlz(x%H)
Wo1021 (XQA ) + W22 (X%L) = W1021 (x’f‘ ) + WU (X )
Wo1021 (Xlls) + W02 (XEL) = wzivzl( ) + W02 (X )

or after combining the first two and last two equations and
canceling out common terms,

o11(x}!) = 0.5(vrs (.

U21 (Xiw) = 0.5(0

Because x{' and x¥ were chosen arbitrarily and continuity of
the altruistic preference relations ensures that infinitesimally
similar levels will always have a trade-off midvalue (i.e., that
these equalities can be established), it must be true that the
functions v1; and v, are positive linear transformations of
one another. The analogous argument can be made to show
that v, and vy, are positive linear transformations of
one another.

To establish the converse, let trade-off midvalues xQA and
x} exist for Person 1 and Person 2, respectively, for arbitrary
(x{‘,xﬁ3 ), and let vy; = cv11, where ¢ > 0. Then,

M) + wipopa (3
1

)

wllvn(xf) + wlzfilz(xz
)
)

w21cvn(xllw + wzzvzz(
(

= wllvll(x’{\) + wizvlz(x;H)
(

=wnonm X?A) + wlzvlz(xz )

wllvll(x
L

X5 ) = W1€011 X‘f ) + wzz‘Uzz(X%H)

2L
2) (
wWy1C011 (X + WU X%L) = W»1C011 (XIIVI ) + WU (X%H).
After combining and canceling out common terms (note that c

disappears), we obtain

on (') = 0.5(0 (leq) o1 (x7))
Uii(xi/[)— 5(v1 (xiq) + o1 (x ))

or v11(x}) = v11(x}"). Therefore, by definition of v11, X} ~; ¥},
and the substitution condition of Simon (2016) ensures that x}!
is also a trade-off midvalue for Person 1. (If v11 is invertible, then
x} = xM.) Because the choices of x{' and x? were arbitrary and
the analogous argument can be made for arbitrary x5 and x5,
we can conclude that z and %, are midvalue consistent. O
Derivation of (6)

In this case, we have four variables (V1, V, v1,v;) and would
like to express Vi and V, as functions of v; and v,. By
moving all terms in (5) to the left-hand side, we obtain

—f(01,V2) =0
Vz —fz(vz, Vl) =0

We state the matrix D of partial derivatives of these two
equations with respect to V; and V5:

T
D= IV,
_9% 1
aV,




Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 02:54 . For personal use only, al rights reserved.

Simon, Saari, and Keller: Altruistic Preferences
Decision Analysis, 2020, vol. 17, no. 3, pp. 189-207, © 2020 INFORMS

203

From the implicit function theorem, we can express V;
and V; as functions of v; and v, if and only if the deter-
minant of D is nonzero. That is,

det(D) = %h =

dV, 9V
Thus, the determinant is nonzero provided that

O oh
av,av, 7L

which establishes (6).

Proof of Lemma 1. Let the traditional preferences . be
complete, transitive, and continuous. For the sake of simplicity,
we also assume that the traditional preferences are monotonic,
with greater values of x; preferred. Monotonicity is not re-
quired because the attributes can be transformed as needed,
but it will greatly reduce the notational burden.

We then restate the conditions of Simon (2016) adapted
for n individuals. (Without loss of generality, we will consider
the preferences of Person 1 for this proof.)

* x, satisfies the substitution property if, for any x4, xP e X
such that x4 ~1 xP, it holds that, for any x© € X, x* z , xC iff
xB zl,x and x© 51' xA iff x© Z xB

* x, satisfies the indifference property if, for any

x4, xP,x € X such that xAzl, x® and P 0 xC, there exists
a real number k € [0,1] such that x€ + km ~1 x®, where
= (xf —af, . xd =26,

The substitution condition states that outcomes between which
Person 1 is indifferent may be substituted for one another
without affecting the truth of a comparison. The indifference
condition is a specific type of solvability; it states that any “in-
termediate” outcome has an equally preferable outcome that is a
convex combination of the more and less preferred outcomes.
To establish that these conditions imply the existence of an
altruistic value function, we must show that, for altruistic >,
these conditions imply that x,, is complete, transitive, and
continuous over X in which case the results of Debreu (1954,

1964) will apply.

Completeness. Con51der x4, 2% € X If xf > f for all i, then
x4 z xP because x” is Pareto superior. The same argument
applies if x® is Pareto superior. We will focus on the non-
trivial case in which there exists at least one choice of i and j
such that x/! >; xP and xf >; x

Consider the outcomes x*,x° € X, where, for all i, x} = x{!
if x/'> xP. Otherwise, x7 = ¥/ and x) = x/! if xf » x}. Other-
wise xf = xP. That is, x* is the vector of more preferred
outcomes for all individuals, and x° is the vector of less
preferred outcomes for all individuals. Clearly, x* Z >, x4,

xB, x4 > %0, and xB z 20,

<

~1/

By the indifference condition, there exist convex combi-
nations ¥4 and x% of x* and 10 such that x4 ~; x4 and
¥ ~p xB. By deﬁnition of x* and 10, either x4 is Pareto
superior to x¥, or x% is Pareto superlor to x4 (or both),
which implies that x A2, 2%, 4P = x%, or both. Then, by the
substitution condition, it must be true that xAzl,x X Zl,xA
or both.

Continuity. Consider x*,xP € X such that x4 >, x, and let
x*,x° be defined as previously. The continuity condition
used here is that there exists some A >0 such that, if
max;(|x¢ — x4]) < A, thenxC >y, 2B, and if max;(]x& — xB|) < A,
then x4 >, xC. (That is, if x4 or xP is replaced by a distinct
but sufficiently similar outcome, the strict preference re-
lation will still hold.) If x4 is Pareto superior to xB, then
sucha A exists trivially by continuity of x . If x? isnot Pareto
superior to x2,, then it will suffice to show that there exist
x4 x% € X such that x4 is indifferent to x4 and Pareto
superior to x® and that x¥ is indifferent to x® and Pareto
inferior to x4. The indifference condition asserts that there
must be a convex combination of x® and x* to which x4
indifferent. Let x*" denote that convex combination. By
definition of x*, x*" is Pareto superior to x®. Similarly, the
indifference condition asserts that there must be a convex
combination of x4 and x° to which x? is indifferent, and
such a convex combination is Pareto inferior to x4 by
definition of x%; we denote it as x? Because the substltutlon
condition allows us to replace x4 and x* with x4 and x5,
respectively, in any comparisons of outcomes, this estab-
lishes continuity of x,,.

Transitivity. Consider x*,x”,x¢ € X such that x*»> x* and

xB> xC. By completeness and transitivity of x, there must

be alweak ordering on {x#!, x%,x¢} for all i. Let x denote the
most preferable of the three outcomes for 1nd1v1dual i, and
let 7 denote the least preferable. We now adapt x* and x°
slightly to incorporate three outcomes; they denote the
vector of x} and the vector of x?, respectively. As previ-
ously, the indifference condition implies the existence
of convex Combinations x4 xS of x* and 10 such that
XA~y x4, xB ~p AP and x 1/ xC. By the substitution con-
dition, because xA> xB and xB X C it must be true that
xA'gl,xB' and xBlzl,x and thus, by definition of x* and x
x? is Pareto superior to x4 and 2P is Pareto superior to x¢
Therefore, x*" is Pareto superior to x©, which 1mphes
xAlgl,xC'. By the substitution condition, xAzl,xC, which es-
tablishes transitivity. O

Proof of Theorem 2. Let Zprer 2y satisfy midvalue con-
sistency. We can express the altruistic value functions as
Vilxy ..., xy) = 2]’7:1 w;v;(x;) for all i. Let x_; denote a vector
of individual outcomes for everyone except Person k.
Arbitrarily, let (x{!, x¥) have a common trade-off midvalue x}

for Person k. That means that, for all individuals i,
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there exist (x'L), (xf) such that (x,x{) ~; (x4, xM) and
(x_k,xﬁd) ~ir (x_k, k). Expressing these indifference rela-
tions via the altruistic value functions yields, for Person i,

iH
> wyoy (),
Jj#k

iH
ZWIJU,] (x; )
ik

wlkvlk Z w,]v,]( ) = Wi Ojk (X?) +

wivy(xf) Z qug( ) = wyox(x}!) +
This pair of equahtles can be reduced to
o () = 0.504 () + 0.50(xF).

Similarly to the n = 2 case, because x{! and x? (and k) were
chosen arbitrarily and because the altruistic preference
relations are continuous, infinitesimally similar levels will
always have a trade-off midvalue (i.e., these equalities can
be established), and therefore, the single-attribute value
functions for any particular individual’s outcome must all
be positive linear transformations of one another.

We will now establish the converse. To ease the notational
burden, we will consider the preferences of Person 1 and
Person 2 without loss of generality. Let trade-off midvalues
ka and ka/ exist for Person 1 and Person 2, respectively, for
arbitrary (x{!,xP), and let vy = cvy,, where ¢ > 0. Then, for

some x'k, 2 ¥k and x2,

1H
wivw (') Zwljvlf( ) wyvik(x) + D wjoy (x, )
7k
1L 1H
W1k V1k xk Z wlﬂh]( ) wlkvlk Z w1015 (x] )
Jj#k j#k
L 2H
wocoy () + D Wiy (x ) wocoi(x) + D Wiy (x] )
J#k J#k
2H
warcv(xf) +) wzjvz]( ) worcor () + > Wiy (x]- )
P P

After combining and canceling out common terms (note
that ¢ disappears as it did when n = 2), we obtain

vik(x}") = 0.5 (U1k (x,f‘) + U1k (xf))
o(’) = 0. 5(vlk(xk) + vlk(xf))

or v1(xM) = vy (xM'). By definition of U]k, XM~ xM', and the
substitution condition ensures that xk is also a trade-off
midvalue for Person 1. (If vy is invertible, then x} "= M)
Because the choices of x{! and x? (and k) were arbitrary and
because the analogous argument can be made for any other
individual, we can conclude that XX, are midvalue
consistent. O

Derivation of (8)
In this case, we have 2n variables (V1,...,V,,v1,...,v,) and
would like to express Vi, ..., V, as functions of vy, . .., v,. By

moving all terms in the n general altruistic value functions
to the left-hand side, we obtain

Vi—fiwi, Vi,...,Vier, Visr, ..., Vi) =0

for i=1,...,n. To apply the implicit function theorem,
we require the matrix D of partial derivatives of these n
equations with respect to V7, ..., V,.. This matrix is given by

1 h _ A _9h]
v, IV, IVy
_9h 1
A%
D=| : .
_Ifu 1 _ I
3}71 s IV,
vy TV 1

As in the n = 2 case, the implicit function theorem states
that, if the determinant of D is nonzero, then a local
functional representation of Vi,..., V5 in terms of vy, ..., v,
exists as stated in (8).

Proof of Theorem 3. Let group homogeneity be satisfied.
We know that preferences satisfy conditions that allow for the
following form of altruistic value functions:

n
Vi(x) = > wioy(x)) + wigtg (x)
=1

Ve(x) = Z Wei0j(X7) + WegUg (Xg)-
=)

It is a straightforward consequence of group homogeneity
that, for all x4, x5,

Zw,jv]( )+w180?( ) Zwl]v]( f)+wigvg(x§)

if and only if
Zweﬂ’]( ) +w2gvg( ) ng}v/( ) +wggvg( g)
and therefore,
(wz’l/ v ooy Wi=1, Wi, -+« Win, wig)

= ki(wgl,...,

wgi—lr wgi+1/ ceey wgn/ wgg)

for some k; > 0 because these weight vectors are unique up to

positive linear transformations. This allows us to rewrite
Person s altruistic value function as

Vi(x) = w,»iv,»(xi) + ki

; Wei0; (X)) + WegVg (xg)}
] 1

or

Vi(x) = (wn' - k[wg[)vi(xi) +kiVs.
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If we let wj; = w;; — kjwg; and wfg = k;, then V;(x) has the form
stated in Theorem 3. Note that the case where w;; — k;jwg; = 0
arises iff > and z, are equivalent. When this happens,
Person i’s outcome can effectively be “combined” with the
group outcome because no other individuals distinguish
between the two. From this point on, we assume that no
individual’s altruistic preference relation is equivalent to Zy
that is, wj; # 0 for all i.

To obtain the desired form for V,(x), we first rewrite this
equation as

1 1
Vg(x) = E Vl-(x) - E (wi,‘ - kiwg,v)vl-(x,-).

Given that V;(x) can be expressed in the desired form as
given, to obtain the desired form for V,(x), it will suffice to
show that there exist wg,g and wéj, j=1,...,n, such that

Vg = We,Ug(x) + éwéj[(wﬁ - kngj) v; (x]-) + ijg],

which can be rearranged to yield

Vg = We Ug(x) + g wéj[ (w]-]- - k]-wg]-)v]- (x]-)],

n
=

or

W) + 1w (wy — ko) (x)

¢ =

ST
1= 2 weki

It is straightforward to use the initial expression for V, to
show that this is indeed possible if a simple condition is met.
Set wy, equal to wg, and wy; equal to wg;/(wj — kjtvg;). The
numerator is then equal to the initial expression for V,; all that
is required is

k]'ZUg]' # 1

= wjj — kjwgg

This is precisely the condition imposed by the implicit
function theorem. The summand is equal to

2% %
VeV’

as given in (12), which does not assume an additive form.
(Here, f is simply an additive function of the general altru-
istic values.) This summand can be crudely interpreted as a
measure of the relative importance that the group places on
Person j’s outcome compared with the relative importance
that Person j places on her own outcome, where a positive
number means that Person j cares about her own outcome
more than the group does. Analogously to the previous
applications of the implicit function theorem, this condition

states that the set of interactions between each individual and
the group does not precisely cancel out.

The converse can be shown easily by substitution us-
ing the same approach as in previous proofs, establishing
Theorem 3. O

Derivation of (12)
First, move all terms in (11) to the left side, yielding

V1 _fl ('Dl, Vg) =0

Per the IFT, we need to construct the n + 1 X n + 1 matrix of
partial derivatives. The partial derivative of the ith equation
(1 < i< n) with respect to V; is one. The partial derivative
with respect to V;(i # j,1 < j < n) is zero because V; does not
appear in any individual value functions other than the jth
one. The partial derivative with respect to Vy is —dfi/dV,.
The partial derivative of the last equation with respect to V;
is —df,/dV;, and the partial derivative with respect to V, is
one. Therefore, the matrix of partial derivatives is

1 0 ... 0 —%
0 1 )
I
1 -5
— % —_ z?fg 1
aV v,

Thatis, all entries are zero, except for the main diagonal, the
rightmost column, and the bottom row. Again, we require
that the determinant be nonzero. However, given this
structure, we can simplify the expression for the determi-
nant. The determinant of a k X k matrix D can be expressed as

Z sgn(o) I_I D s(i),

where the o are all possible permutations of k elements, and
sgn(o) is 1 for even permutations and —1 for odd permu-
tations. (The identity permutation is considered even.) This
is often overly complex to compute for large matrices.
However, in this matrix, nearly all of the permutations will
result in [T; D; 5 = 0. There are only n + 1 permutations for
which this product is nonzero. The identity permutation
yields a product of one. The other permutations are those
that involve only one switch, where one of the elements is
the n+1st element (these are odd permutations). The
resulting determinant is

- i 9
1_;avgavi’
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and therefore, provided that

249V, oV,

" of; 9
ST 4y,
a local functional representation for Vy,...,V,, V; exists.

Endnote

! There is prior work examining conditions under which individual
assessments of social preferences will converge to a common func-
tion. For instance, Lehrer (1978) examines an additive model in which
each person assigns a set of weights to each member of a group. If
weights are updated iteratively, all individuals will converge to a
common set of weights provided that every individual positively
influences every other individual (directly or indirectly). However,
these are social preferences, not individual preferences.
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