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Abstract. This paper analyzes the buying price of the tail event information that is gener
ated by the outcome of a simple event that identifies whether the value of a random pros
pect exceeds a critical threshold value. Our discussion begins with the analysis of perfect 
tail event information. We determine how the maximum amount a risk-averse decision 
maker is willing to pay changes as a function of this threshold value, and we discuss 
whether quick financial comparisons can be made between these information alterna
tives. We also provide results on the value of information calculus to measure how the 
buying price behaves as we increase our information content through acquisition of two 
or more tail event information alternatives. Our theoretical results indicate the correlation 
between the buying prices of simpler tail event information alternatives and more com
plex versions of event information. The focus of the article then shifts to modeling of an 
additional risk that may be encountered in information acquisition. In particular, we ana
lyze imperfect tail event information and discuss how the accuracy of the information 
source affects the corresponding buying price. Finally, we demonstrate our findings 
through examples and provide insights into our results.

Keywords: value of information • multiaction decision problems • event information • perfect information • imperfect information

1. Introduction
In an environment in which decisions are made under 
uncertainty, information has a serious potential to 
improve your decisions. It might make a significant dif
ference financially when the decision maker collects 
more information before committing to an action. From 
an economic perspective, perfect information that pro
vides the full resolution of uncertainty is clearly the 
most valuable information alternative though it may 
not be available. Therefore, the decision maker may 
search for other forms of information that offer only a 
partial resolution of uncertainty yet hold value compa
rable to the potential financial benefits of making an 
informed decision.

In this paper, we consider a simple static investment 
problem in which a decision maker faces a choice 
among multiple investment alternatives. If the decision 
maker chooses a risky alternative, the decision maker 
makes the commitment and faces the eventual outcome 
of the investment. The do-nothing alternative is also 
present, rendering no change in the decision maker’s 

wealth. Suppose the decision maker is interested in 
information motivated by a simple question: does the 
financial outcome of this investment alternative exceed 
some critical threshold amount? The answer is impor
tant if some minimum attractive return on an invest
ment is desired. For example, in the oil industry, the 
concept of minimum economic field size, which is 
introduced in Rose (2001) is defined as the minimum 
amount of extractable oil and gas necessary to offset 
the exploratory costs and establish the initial invest
ment as economically viable. As we demonstrate in 
this article, information collected to resolve this ques
tion imposes a unique mathematical structure that can 
be used as a building block to evaluate more complex 
information alternatives in finite decision problems 
under uncertainty.

The type of information alternative that we analyze 
is quantified as a simple collection of two complemen
tary events and is called tail event information. It is a 
special type of event information first introduced and 
discussed in Bakır and Klutke (2014). After paying to 
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acquire tail event information, the decision maker finds 
out whether the outcome of the investment alternative 
is greater than some predetermined threshold. Tail 
event information does not resolve completely the out
come of the underlying investment alternative. In this 
sense, tail event information is perfect partial informa
tion. We show that it is possible to construct more com
plex information alternatives using tail event information 
offering the same expected reward as the perfect infor
mation in finite decision problems. The idea may be 
traced back to the seminal work by Merkhofer (1977), 
which mathematically articulates how the value of infor
mation relates to the flexibility to act on it maximizing 
financial returns. Our contribution to this line of argu
ment is to introduce a relatively coarse information struc
ture that is generated by one or more simple questions 
(or events). This structure may offer an equivalent value 
to finer information alternatives in decision environ
ments with a finite number of actions.

Before we delve into the technical details, a brief lit
erature review on the value of information is presented 
in the next section.

2. Literature Review
The value of information has been widely explored in 
decision problems involving multiple courses of action. 
Portfolio decision analysis literature presents prime 
examples of such work, and we present only a few 
here. Most studies consider perfect information on one 
or more risky investment prospects or on some finan
cial signal that is correlated with these prospects. In a 
preliminary study, Mehrez and Stulman (1984) formulate 
the project selection problem with an objective of maxi
mizing the expected reward subject to an information- 
gathering budget constraint. This study concludes that 
selecting projects with the most rewarding perfect infor
mation content is equivalent to maximizing the portfo
lio’s expected value. In a follow-up study, Mehrez and 
Sethi (1989) extend this mathematical formulation to 
cover the case of perfect information on a financial signal 
that is probabilistically relevant to the projects’ outcomes. 
Keisler (2004) discusses several randomized strategies in 
the portfolio selection problem under various levels of 
information (perfect and imperfect) collection on project 
returns and investigates when information adds value to 
the process under risk neutrality. The risk-neutrality 
assumption is retained in Zan and Bickel (2013), who 

extend Keisler (2004) to identify how information gath
ered through signals brings value in relation to prioriti
zation rules used in risky project selection. Models with 
dependency between alternatives have been studied 
extensively as well (see, for example, Bhattacharjya et al. 
2013, Evangelou and Eidsvik 2017). Value of information 
methods have been widely applied also in healthcare 
decision making (for instance, Claxton 1999, Eckermann 
and Willan 2007), oil exploration (Bickel et al. 2006, Mor
osov and Bratvold 2022), and earth sciences (Bates et al. 
2014, Eidsvik et al. 2015, among others).

The underlying motivation for this article is mark
edly different from prior work. Given the most basic 
assumptions of the classic multiaction decision prob
lem under uncertainty, we consider a collection of 
information alternatives with a notably coarse struc
ture, constructed based on revelation of simple events 
that are relevant to the basic rules of thumb that may 
be developed in a risky decision. We begin with the 
assumption that information is perfect (though partial) 
and analyze different tail information alternatives com
paratively. We then proceed to identify the economic 
value relation between the elementary tail event infor
mation and more complex information generated by 
disjoint events. Research that investigates the relation
ship between structurally linked information alterna
tives is limited with a greater focus on analyzing 
perfect information acquired on different sources of 
uncertainty. For instance, Merkhofer (1977) presents a 
price–quantity problem in which the expected value of 
perfect information on two sources of uncertainty may 
be less than the sum of values of information acquired 
individually if there is no independence between these 
sources. Samson et al. (1989) study the conditions in 
which perfect information value is additive for risk- 
neutral decision makers when information is acquired 
on discrete random variables. Keisler (2005) extends this 
work to include decisions on multiple sources of uncer
tainty with normally distributed payoffs and derive con
ditions under which information value is superadditive. 
Results in these studies and Zan (2013) indicate that 
dependence between multiple sources of uncertainty has 
significant impact on additivity of information value.

Our study offers a distinct perspective on the rela
tionship between structurally similar information alter
natives, diverging in several important ways from the 
outlined past work. We focus on risk-averse decision 
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makers and acquisition of perfect partial information. 
Additionally, our analysis examines different forms of 
information about one source of uncertainty rather 
than on a single form of information about multiple 
sources of uncertainty. No distributional assumptions 
are made. Finally, our methodology employs the buy
ing price approach rather than the expected utility 
increase to evaluate information because it assigns a 
financial value, which is easier to interpret in practical 
applications.

A vital contribution of our article is the exploration of 
the degree to which imperfection leads to a loss in the 
value of information. Imperfect information is widely 
studied (as sample information). However, theoretical 
or empirical comparisons against perfect information 
are rare. Among a few studies that explore this relation 
are Bickel (2008) in a two-action decision problem, 
Canessa et al. (2015) in the context of evolutionary ecol
ogy, and Koski et al. (2020) in the context of environ
mental management. In practice, realizations of perfect 
information are rare; hence, we also analyze how sensi
tive information value is to deviations from perfect 
information.

The rest of this paper is organized as follows. Section 3
provides the notation and definitions. In Section 4, we 
examine the relationship between the value of tail event 
information and the critical threshold that generates it. 
The technical significance of this study is highlighted in 
Section 5, in which our main results are stated. Tail event 
information is not only of interest for its practical valid
ity, but also for its basic structure. An analytical argu
ment is made to illustrate this and to show the relation 
between the buying price of structurally more complex 
information and tail event information. In Section 6, we 
discuss the case in which information is not necessarily 
perfect. We state results that link the degree of imperfec
tion in tail event information to its value. Finally, Sec
tion 7 provides an overview of the implications of all 
the results and concludes. The proofs of the proposi
tions stated throughout the paper can be found in the 
appendix.

3. Formulation of the Decision Problem
The decision maker is an expected utility maximizer 
ranking alternatives according to a continuous and 
monotonically increasing utility function u : R→ R that 
has wealth as its only argument. The initial wealth level 

is w. A one-time decision should be made to choose one 
among n independent investment alternatives, each of 
which can be conveniently modeled as a lottery in the 
collection L � {Πi : Ω→ R, i � 1, : : : , n}. If no alternative 
is financially attractive, the decision maker may choose 
to do nothing; in this case, the terminal utility remains 
u(w). Otherwise, a risky alternative Πi ∈ L may be cho
sen, which, as a result, brings the terminal utility to 
u(w+Πi). The probability assessment on each Πi is 
represented with a cumulative distribution function Fi 
and a density function fi over the financial outcomes.

Suppose the decision maker acquires tail event infor
mation Ti(c) on one of the investment alternatives Πi in 
L generated by the event {Πi > c}. We call c the critical 
threshold that generates tail event information. After 
learning the outcome of the tail event information (i.e., 
whether Πi > c or Πi ≤ c), the decision maker reduces 
uncertainty regarding Πi, but the precise value of Πi 
remains unknown. We assume that all investment 
alternatives are probabilistically independent; hence, 
there is no updating of the prior probability assess
ments of the other alternatives. However, using the 
Bayesian rules, the distribution of Πi is revised given 
the outcome of Ti(c). Finally, the decision is made to 
maximize expected utility.

Multiple approaches exist for evaluating informa
tion: expected utility increase, selling price, probability 
price, certainty equivalent, and buying price. They all 
account for the risky nature of information acquisition 
and the risk preferences of the decision maker; how
ever, they do not agree in comparative evaluation of 
information alternatives (see Hazen and Sounderpan
dian 1999, Bakır and Klutke 2011 for preference rever
sals). Among these, the buying and selling prices are 
expressed in monetary terms. Notably, the buying 
price is based on an expected utility formulation that 
assumes an a priori payment for information. It consid
ers changes in risk preferences after an a priori pay
ment for information is made, which is not captured by 
the expected utility increase approach. In addition, 
monetary evaluation of information under risk aver
sion provides a more objective measurement of relative 
preferences and, therefore, is more suitable for applica
tions. This is the primary basis for the use of buying 
price to evaluate information.

The buying price Bi(w, c, u) of Ti(c) for a decision 
maker with utility function u and wealth w is the 
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maximum amount that the decision maker is willing 
to pay to acquire information. The notation can be 
simplified: we use a shorthand form bi(c) � Bi(w, c, u)
throughout the paper unless a more explicit notation 
is needed. The buying price bi is calculated using the 
following equation (adopted from La Valle 1968):

max max
k�1,: : :,n

E[u(w+Πk)], u(w)
� �

� P{Πi > c} ·max
(

max
j≠i

j�1,: : :,n,
E[u(w+Πj� bi(c))],

u(w� bi(c)), E[u(w+Πi� bi(c)) |Πi > c]

)

+P{Πi ≤ c} ·max
(

max
j≠i

j�1,: : :,n,
E[u(w+Πj � bi(c))],

u(w� bi(c)), E[u(w+Πi� bi(c)) |Πi ≤ c]

)

:

(1) 

In Equation (1), the buying price bi(c) is determined to 
make the expected utility of the optimal decision with
out information at the wealth level w and the expected 
utility of the decision with information at the reduced 
wealth level w� bi(c) equal. The right side of the equa
tion is where the benefit of information acquisition is 
evaluated; the main benefit is the flexibility to change 
the uninformed decision given one of the two events 
generating tail event information. Because all invest
ment alternatives are assumed independent, there are 
two possible ways a decision might change. If the infor
mation is acquired on the uninformed optimal, then the 
uninformed second best may become the best alterna
tive if the decision maker learns that uninformed opti
mal returns do not exceed c. In case the information is 
on some other alternative, then there could be a change 
of decision from the uninformed optimal to the invest
ment alternative upon which information is acquired.

Utilizing this formulation of the decision problem at 
hand, we analyze in the next section how different tail 
event information alternatives compare as a function of 
the critical threshold amount c.

4. Comparative Analysis of Tail Event 
Information

It is well-established in the value of information literature 
that information is valuable when it offers a potential 

decision change. In this regard, the initial uninformed 
decision has a significant influence on how much the deci
sion maker pays for information. Studies that demon
strate this fact are many. For example, in a two-action, 
accept–reject decision environment, Mehrez (1985) 
shows that a risk-neutral decision maker is willing to 
pay more for perfect information if the initial decision is 
to reject the lottery. Again for a risk-neutral decision 
maker, Eeckhoudt and Godfroid (2000) present an illus
trative example, a variant of the classic newsboy prob
lem, which shows that the amount a decision maker is 
willing to pay for information depends on the initial 
decision. In Delquié (2008), the reject decision outcome 
is also uncertain, and it is shown for certain information 
alternatives that their value is maximized when the 
decision maker is initially indifferent between two lot
teries. Abbas et al. (2013) investigate the relationship 
between the decision maker’s risk preferences and the 
value of information and concludes that presence of a 
monotonic relationship depends on the uninformed 
decision. Other studies that highlight the significance of 
the initial decision include Fatti et al. (1987) and Bickel 
(2008).

Against this background, it should come as no sur
prise that the sensitivity of the value of tail information 
depends on the initial decision. Recall that we are in a 
multiaction decision environment as described in Sec
tion 3. Tail information is acquired on only one invest
ment alternative Πi ∈ L. Define the functional B�i(b) �
max max

s≠i
s�1,: : :,n, E[u(w+Πs� b)], u(w� b)

� �

. B�i(b) is 

the expected utility of the best alternative other than Πi 
at the wealth level w � b. If Ti(c) is valuable, Equation 
(1) reduces to

max max
k�1,: : :,n

E[u(w+Πk)], u(w)
� �

� P{Πi > c} ·E[u(w+Πi � bi(c)) |Πi > c]

+P{Πi ≤ c} ·B�i(bi(c)): (2) 

Equation (2) holds because, irrespective of the initial 
decision, Ti(c) is valuable only when investment Πi is 
preferred upon the occurrence of {Πi > c} and is rejected 
otherwise. Any other scenario implies bi(c) � 0, which is 
not of much interest. Using Equation (2), we first com
pare the value of tail event information generated by dif
ferent values of c.

Bakır: Value of Tail Event Information 
92 Decision Analysis, 2025, vol. 22, no. 2, pp. 89–108, © 2025 INFORMS 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.7

2]
 o

n 
04

 J
un

e 
20

26
, a

t 1
5:

04
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



4.1. Comparing the Value of Tail Event 
Information Alternatives

In this multiaction investment decision problem, con
sider tail event information Ti(c1), Ti(c2), : : : ,Ti(cm), 
where c1< c2 <⋯< cm and, without loss of generality, 
c1 < 0, cm > 0. We define ck �maxi�1,: : :,m{ci : ci < 0}; then, 
it naturally follows that ck+1 �mini�1,: : :,m{ci : ci > 0}. The 
first result, which we state below, is an extension of prop
osition 3 in Bakır and Klutke (2014).

Corollary 1. Suppose a decision is made among n indepen
dent risky investment alternatives and the do-nothing alterna
tive by a decision maker with initial wealth w, and tail event 
information is collected on investment alternative Πi. If the ini
tial decision is to do nothing, and ca < cb < 0 or ca > cb > 0, 
then bi(ca) ≤ bi(cb).

Proof. When the initial decision is to do nothing, our 
problem resembles the information acquisition scenario 
discussed in Bakır and Klutke (2014) because of the inde
pendence between alternatives. We prove the first case 
here and skip the arguments for the other case on grounds 
of similarity. If ca < cb < 0, then {Πi ≤ ca} ⊂ {Πi ≤ cb}, and 
both {Πi ≤ ca} and {Πi ≤ cb} include outcomes of the 
same sign (negative). We apply proposition 3 of Bakır and 
Klutke (2014) and arrive at the conclusion. w

The immediate implication of Corollary 1 is an order
ing between bi(c1), : : : , bi(ck) and also between bi(ck+1), 
: : : , bi(cm): bi(c1) ≤ bi(c2) ≤ ⋯ ≤ bi(ck), and bi(ck+1) ≥

bi(ck+2) ≥⋯≥ bi(cm) when the initial decision is to do 
nothing. However, Corollary 1 does not clarify how we 
order buying prices of two tail event information alter
natives generated by critical thresholds having differ
ent signs (i.e., bi(ck) and bi(ck+1)). These comparisons 
are not straightforward, though, and depend on the 
risk attitude, uninformed initial decision, and condi
tional decision about the investment alternative for 
which we collect information. If do nothing is the unin
formed decision, then a workable result can be derived. 
In the opposite case with a risky investment choice, a 
practical result with readily verifiable conditions is 
elusive.

Proposition 1. Suppose a risk-averse decision maker is pre
sented with a decision among n independent risky investment 
alternatives and the do-nothing alternative at initial wealth w. 
Furthermore, tail event information on investment alternative 
Πi is collected. If the uninformed decision is do nothing, then 
for ca < 0 and cb > 0, the following results hold:

a. For a nonincreasingly risk-averse utility function, if 
do nothing is preferred over Πi given Πi ∈ (ca, cb], then 
bi(cb) ≥ bi(ca).

b. For a nondecreasingly risk-averse utility function, if 
Πi given Πi ∈ (ca, cb] is preferred over do nothing, then 
bi(cb) ≤ bi(ca).

Proof. We begin with the proof of (a). The condition in 
(a) states do nothing ≽Πi1(ca , cb], where 1(ca, cb] is the indica
tor function. This implies do nothing ≽Πi1(�∞, ca], and do 
nothing ≽Πi1(�∞, cb]. Since cb > 0, Πi1(cb,∞) ≽ do-nothing. 
These observations indicate that bi(cb) > 0. There is no 
indication how do nothing and Πi1(ca ,∞) compare, but if ca 
is small enough a number so that do nothing ≽Πi1(ca ,∞), 
then bi(ca) � 0, and the result follows automatically. There
fore, we handle the remaining and interesting case in 
which do nothing ≼Πi1(ca,∞), which yields the below 
equality:

u(w� bi(ca)) ·P{Πi ≤ ca} +

Z∞

ca

u(w+ x� bi(ca)) · fi(x)dx

� u(w� bi(cb)) ·P{Πi ≤ cb} +

Z∞

cb

u(w+ x� bi(cb)) · fi(x)dx:

If bi(ca) > bi(cb),

u(w� bi(cb)) ·P{Πi ≤ ca} +

Z∞

ca

u(w+ x� bi(cb)) · fi(x)dx

≥ u(w� bi(cb)) ·P{Πi ≤ cb} +

Z∞

cb

u(w+ x� bi(cb)) · fi(x)dx:

After a little arrangement, we obtain

Zcb

ca

u(w + x� bi(cb)) · fi(x)dx ≥ u(w� bi(cb))

· P{ca <Πi ≤ cb}: (3) 

Note that (3) is a comparison between a risky alternative 
and a certain alternative at a lower wealth level than w. 
The condition in (a) is such that do nothing is preferred 
over the risky alternative at wealth level w. This contradicts 
the nonincreasingly risk-averse nature of the utility func
tion, and therefore, (a) follows. The proof of (b) is similar. 
This time, we know do nothing ≼ Πi1(ca , cb], which brings 
the implication: do nothing ≼ Πi1(ca ,∞]. Then, assuming 
bi(cb) > bi(ca), and going through similar steps as in the 
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proof of (a), we obtain
Zcb

ca

u(w+ x� bi(cb)) · fi(x)dx ≤ u(w� bi(cb))

·P{ca <Πi ≤ cb}: (4) 

Inequality (4) is a contradiction for a nondecreasingly 
risk-averse u because the decision maker should retain 
preference for a risky alternative at a lower wealth. This 
concludes the proof of (b). w

The results in Proposition 1 are not extended to cover 
cases in which the direction of preference given Πi ∈

(ca, cb] is reversed for both types of utility functions. 
However, our numerical experiments indicate that, 
when conditional preferences on (ca, cb] are reversed in 
parts (a) and (b) of Proposition 1, an intuitive relation is 
observed between bi(cb) and bi(ca) in most cases. For 
example, for a nonincreasingly risk-averse linear plus 
exponential utility function, bi(cb) is less than bi(ca) in 
most cases when Πi is preferred over do nothing given 
Πi ∈ (ca, cb]. Exceptions are when Πi is only slightly bet
ter than do nothing on (ca, cb] to the degree that we 
observe a decision switch (i.e., do nothing becomes 
more preferable than Πi on (ca, cb]) even with a tiny 
reduction in the wealth level of the decision maker. 
Such theoretical violations for marginal decision set
tings are common in buying price value of information 
analysis. This is because evaluation of decisions made 
after paying the monetary amount for information is 
performed under a different risk preference than the 
evaluation before the payment is finalized.

Proposition 1 provides insights into information value 
when ca and cb have opposite signs. The condition that 
the do nothing alternative is the best alternative over 
(ca, cb] implicitly states that, in absolute terms, ca is large 
and cb is small. Under the sign restrictions for ca and cb, 
we may also refer to Πi ∈ (�∞, ca] as a sure-loss event 
and Πi ∈ (cb,∞) as a sure-gain event. The result in part 
(a) of the proposition is a reflection of the relative risk- 
taking attitude of a nonincreasingly risk-averse decision 
maker at higher wealth levels. This is because when 
both the uninformed decision is to do nothing and the 
relative absolute magnitude of ca is large compared with 
cb, a nonincreasingly risk-averse decision maker pays 
more for tail event information generated by the sure- 
gain event possibly to seize the potential financial 
benefits of Πi. In fact, a small value for cb makes the 

associated tail event information more valuable to the 
extent that, when cb � 0, information on Πi becomes as 
valuable as perfect information. In part (b) of the propo
sition, it is the nondecreasingly risk-averse decision 
maker who is willing to pay for tail event information 
on the sure-loss event. For example, within a mean- 
variance utility framework, information generated by 
the sure-loss event is more valuable because of the 
potential for a decision reversal after collecting informa
tion. Below is a short example to illustrate Proposition 1.

Example 1. Consider a decision maker with a linear plus 
exponential utility function u(x) � x� e�0:1x, where x is in 
millions of dollars. Accordingly, all monetary quantities 
are also in millions of dollars. For simplicity, we assume 
the initial wealth level of the decision maker is w � 0. The 
decision maker faces a decision between three risky pro
spects and the do-nothing alternative. Returns from these 
scaled beta distributed financial prospects are denoted by 
X1, X2, X3, where X1 ~ Beta(1, 3, �4:5, 2), X2 ~ Beta(1:5, 4, 
�4:5, 2), X3 ~ Beta(2, 5, �4:5, 2). The decision maker ini
tially selects the do nothing alternative. We compare the 
value of the tail event information generated by events 
X1 ∈ (�∞, ca ��0:2] and X1 ∈ (�∞, cb], cb > 0. Because 
ca < 0 and cb > 0, the comparative evaluation of tail event 
information alternatives generated by X1 ∈ (�∞, ca] and 
X1 ∈ (�∞, cb] is consistent with the assumptions in Propo
sition 1. For a fixed value of ca ��0:2 (i.e., ca is �$200 
thousand), we observe b1(ca) ≃ $13,497:31.

We also plot the value of tail event information gener
ated by the events X1 ∈ (�∞, cb] for values of cb ∈ [0, 0:25]
in Figure 1. Predictably, the value of information is 
decreasing in cb. Tail event information for X1 ∈ (�∞, 0] is 
equal to perfect information in value. As cb diverges from 
zero, the associated tail event information becomes less 
similar to perfect information. For validation of Proposi
tion 1, it is critical that we know the decision between the 
do-nothing alternative and X1 given X1 ∈ (ca, cb]. To keep 
things simple, ca is fixed at �0.2, whereas we sensitize cb 
in [0, 0:25]. The conditional decision on X1 ∈ (ca, cb] is to 
do nothing between cb � 0 and cb ~ 0:2312. The decision 
reversal to invest in X1 occurs when cb ∈ (0:2312, 0:2313). 
Despite this change, the value of information generated 
by the event X1 ∈ (�∞, cb] remains above the value of 
information generated by X1 ∈ (�∞, � 0:2]. Conversely, 
when cb > 0:2314, the value of information generated 
by X1 ∈ (�∞, � 0:2] exceeds the value of information 
generated by X1 ∈ (�∞, cb]. This is a demonstration 
of how results in Proposition 1 fail to hold in both 
directions. w
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In the next section, we shift our attention to the struc
tural relationship between the tail event information 
and other complex information alternatives and how 
this relation influences the buying price of information. 
In a generic setting under risk aversion and without dis
tributional restrictions, we seek to identify the changes 
in the value of perfect partial information as the content 
of information on one risky prospect changes in a sim
ple multiaction investment problem.

5. Buying Price for the Acquisition of 
Multiple Tail Event Information 
Alternatives

Our view of information agrees with the finance and 
economics literature, in which it is quantified by an 
algebra (or in many cases σ-algebra; see Allen 1983) 
generated by events. An algebra is a finite collection of 
events. This representation brings information calculus 
into the probability domain. Basic rules of probability 
suggest that more complex information alternatives 
can be generated by multiple tail events.

To elaborate on this argument, consider two tail event 
information alternatives, Ti(c1) and Ti(c2), acquired on 
the same investment Πi. Without loss of generality, let 
us assume that c1 > c2. If the decision maker pays a total 
sum to acquire both Ti(c1) and Ti(c2), then the decision 

maker learns whether one of the three following disjoint 
events occur: {Πi > c1}, {c2 <Πi ≤ c1}, and {Πi ≤ c2}. In 
other words, acquisition of Ti(c1) and Ti(c2) together is 
technically equivalent to acquisition of a more complex 
information alternative generated by the events {Πi >

c1}, {c2 <Πi ≤ c1}, and {Πi ≤ c2}. This is a finer parti
tion of the outcome space than the one imposed by indi
vidual tail event information alternatives, so acquisition 
of Ti(c1) and Ti(c2) together increases information con
tent in probabilistic terms as well. This finer partition 
can be represented by Ti(c1) ∪ Ti(c2).

Our discussion in this section begins with the behav
ior of the buying price based on the above structural 
relationship. The buying price is expected to increase 
with the informational content. However, as we argue 
next, the total amount that the decision maker should 
pay to acquire two tail event information alternatives is 
not necessarily greater than the individual buying 
prices of those tail event information alternatives.

5.1. Union of Two Tail Event Information 
Alternatives

Consider the acquisition of Ti(c1) and Ti(c2)with associ
ated buying prices bi, 1, and bi, 2, respectively. We retain 
the assumption c1 > c2 without loss of generality. The 
equations to determine the buying prices of the tail 

Figure 1. (Color online) Comparison of the Buying Price of Perfect Tail Event Information Generated by X1 ∈ (�∞, cb] for Values 
of cb ∈ [0, 0:25]Against the Information Generated by X1 ∈ (�∞, � 0:2] in Example 1
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event information alternatives Ti(c1) and Ti(c2) for the 
interesting case with bi(c1), bi(c2) > 0 are

max max
k�1,: : :,nE[u(w+Πk)], u(w)
� �

�

Z∞

c1

u(w+ x� bi(c1)) · fi(x)dx+P{Πi ≤ c1} ·B�i(bi(c1)),

max max
k�1,: : :,nE[u(w+Πk)], u(w)
� �

�

Z∞

c2

u(w+ x� bi(c2)) · fi(x)dx+P{Πi ≤ c2} ·B�i(bi(c2)):

We can rewrite the above equations as

max max
k�1,: : :,n

E[u(w +Πk)], u(w)
� �

�

Z∞

c1

u(w + x� bi(c1)) · fi(x)dx +
�
P{c2<Πi ≤ c1}

+ P{Πi ≤ c2}
�
· B�i(bi(c1)),

max max
k�1,: : :,n

E[u(w +Πk)], u(w)
� �

�

Z∞

c1

u(w + x� bi(c2)) · fi(x)dx +
Zc1

c2

u(w + x� bi(c2))

· fi(x)dx + P{Πi ≤ c2} · B�i(bi(c2)): (5) 

Equation (5) illustrates the decisions given {Πi > c1}, 
{c2 <Πi ≤ c1}, and {Πi ≤ c2}. This representation is 
useful to make a comparison with the buying price of 
acquiring Ti(c1) and Ti(c2) together. In particular, if the 
decision maker acquires Ti(c1) ∪ Ti(c2), then the buying 
price bi, 1∪2 is found by solving

max max
k�1,: : :,nE[u(w+Πk)], u(w)
� �

�

Z∞

c1

u(w+ x� bi, 1∪2) · fi(x)dx+P{Πi ≤ c2} ·B�i(bi, 1∪2)

+max
(Zc1

c2

u(w+ x� bi, 1∪2) · fi(x)dx,

P{c2 <Πi ≤ c1} ·B�i(bi, 1∪2)

)

: (6) 

A careful analysis of (5) and (6) reveals that, depending 
on the decision maker’s investment decision given 

{c2 <Πi ≤ c1}, Equation (6) is either identical to the 
first equation in (5) or the second. This follows because 
the ranking of investment alternatives other than Πi 
remains unchanged given any piece of information on 
Πi by the independence of investment alternatives in 
L. With this observation, we now state our first propo
sition of this section.

Proposition 2. Suppose a decision is made among n indepen
dent risky investment alternatives and the do-nothing alterna
tive by a risk-averse decision maker with utility function u and 
initial wealth w. Let bi(c1) and bi(c2) be the buying prices of 
the tail event information alternatives Ti(c1) and Ti(c2), respec
tively, and let bi, 1∪2 be the value of acquiring both Ti(c1) and 
Ti(c2) together. Then, bi, 1∪2 �max{bi(c1), bi(c2)}.

Proof. The line of arguments that we present so far shows 
that bi, 1∪2 is either equal to bi(c1) or bi(c2). Suppose first 
that bi, 1∪2 � bi(c1). This occurs if P{c2 <Πi ≤ c1} · u(w�
bi, 1∪2) ≥

R c1
c2

u(w+ x� bi, 1∪2) · fi(x)dx. If we modify the sec
ond equation in (5) and substitute bi(c1) for bi(c2), then the 
left-hand side must be greater. Therefore, bi(c2) < bi(c1) �

bi, 1∪2 to reestablish the inequality. This shows in this case 
that bi, 1∪2 �max{bi(c1), bi(c2)}. The result for the other 
case is handled similarly, so the proof is complete for the 
interesting case bi(c1), bi(c2) > 0. The other cases, in which 
at least one of bi(c1) or bi(c2) is zero, are handled in the 
appendix. w

This result is significant for one reason: tail event 
information can be used to construct other information 
alternatives generated by multiple events. Proposition 2
is the first step toward the establishment of the relation 
between the buying price of tail event information and 
more complex forms of information. In the next section, 
we extend Proposition 2 to compute the buying price of 
more generic information alternatives.

5.2. Value of the Union of Multiple Tail Event 
Information Alternatives

We now consider multiple tail information alternatives 
Ti(c1), : : : ,Ti(cn). Without loss of generality, we assume 
c1 > c2 >⋯> cn. Suppose the decision maker acquires 
Ti(c1), : : : ,Ti(cn) altogether (i.e., Ti(c1) ∪⋯∪ Ti(cn), which, 
for brevity, we call Fi in what follows). From a struc
tural point of view, this is equivalent to acquiring infor
mation generated by the disjoint intervals (�∞, cn], 
(cn, cn�1], : : : , (c1,∞). Let the buying price of this infor
mation bundle be bFi and define Ei, n � {Πi ≤ cn}, Ei, s �

{cs+1 <Πi ≤ cs} for s � 1, : : : , n� 1, and Ei, 0 � {Πi > c1}. 
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The buying price solves the below equation:

max max
k�1,: : :,n

E[u(w+Πk)], u(w)
� �

�
Xn

s�0
P{Ei, s} ·max

(

max
j≠i

j�1,: : :,n,
E[u(w+Πj� bFi)], u(w� bFi),

E[u(w+Πi� bFi) |Ei, s]

)

: (7) 

We rely on the independence assumption to determine 
the conditional decisions on Ei, s, s � 0, : : : , n. Assume 
that the uninformed decision is an alternative other 
than Πi and let CE(w� bFi) be the certainty equivalent 
of this uninformed optimal. Also, define ŝ as

ŝ �
� 0 if CE(w� bFi) ∈ (c1,∞),
� s if CE(w� bFi) ∈ (cs+1, cs], s � 1, : : : , n� 1,
� n if CE(w� bFi) ∈ (�∞, cn]:

8
><

>:

Then, for interim values of ŝ � 1, : : : , n� 1, Equation (7) 
is rewritten as

max max
k�1,: : :,n

E[u(w+Πk)],u(w)
� �

�
X̂s�1

s�0
P{Ei,s} ·E[u(w+Πi� bFi ) |Ei,s] +

Xn

s�ŝ+1
P{Ei,s}

·max
(

max
j�1,: : :,n,

j≠i

E[u(w+Πj� bFi)],u(w� bFi )

)

+P{Ei, ŝ}

·max
(

max
j�1,: : :,n,

j≠i

E[u(w+Πj� bFi)],u(w� bFi ),

E[u(w+Πi� bFi) |Ei, ŝ]

)

, (8) 

or

max max
k�1,: : :,nE[u(w+Πk)],u(w)
� �

�P{∪ŝ�1
s�0 Ei,s} ·E[u(w+Πi�bFi) | ∪

ŝ�1
s�0 Ei,s]+P{∪n

s�ŝ+1 Ei,s}

·max
(

max
j� 1,: : :,n,

j≠i

E[u(w+Πj�bFi)],u(w�bFi)

)

+P{Ei, ŝ}

·max
(

max
j� 1,: : :,n,

j≠i

E[u(w+Πj�bFi)],u(w�bFi),

E[u(w+Πi�bFi ) |Ei, ŝ]

)

: (9) 

Equation (9) has the same structure as the buying price 
equation in (6). To see this, consider two tail event 

information alternatives, Ti(cŝ ) and Ti(cŝ+1) generated 
by {Πi ≤ cŝ} and {Πi ≤ cŝ+1}. If the decision maker 
acquires both Ti(cŝ) and Ti(cŝ+1), then the buying price 
equation is

max max
k�1,: : :,nE[u(w+Πk)], u(w)
� �

�

Z∞

cŝ

u(w+ x� bi, ŝ∪ŝ+1) · fi(x)dx+P{Πi ≤ cŝ+1}

·B�i(bi, ŝ∪ŝ+1) +max

8
<

:

Zcŝ

cŝ+1

u(w+ x� bi, ŝ∪ŝ+1) · fi(x)dx,

P{cŝ+1 <Πi ≤ cŝ} ·B�i(bi, ŝ∪ŝ+1)

9
=

;
, (10) 

where bi, ŝ∪ŝ+1 is the buying price of Ti(cŝ ) ∪ Ti(cŝ+1). 
Because ∪ŝ�1

s�0 Ei, s � (cŝ ,∞) and ∪n
s�ŝ+1 Ei, s � (�∞, cŝ+1), 

Equations (9) and (10) are identical. Hence, bFi �

bi, ŝ∪ŝ+1, that is, the buying price of the complex infor
mation alternative generated by the tail event informa
tion alternatives Ti(c1), : : : ,Ti(cn) is linked to the buying 
price of a much simpler information alternative gener
ated by two tail event information alternatives. In 
Proposition 3, we take one more step and state that the 
information alternatives that are generated by a finite 
partition of the outcome space have the same value 
with a simple tail event information alternative provid
ing a coarser partition.

Proposition 3. Suppose a decision maker with initial wealth 
w and a risk-averse utility function u chooses between n inde
pendent risky investment alternatives and the do-nothing alter
native. This decision maker is also presented with perfect 
partial information Fi on some alternative Πi as a finite parti
tion of its outcome space generated by interval events of the 
form (�∞, cn], (cn, cn�1], : : : , (c1,∞). Define ŝ such that CE(w 
�bFi ) ∈ (cŝ+1, cŝ], where bFi is the buying price of Fi and 
CE(w� bFi ) is the certainty equivalent of the best investment 
alternative other than Πi at the wealth level w� bFi . Then, 

i. If ŝ ∈ {1, : : : , n� 1}, bFi �max{bi(cŝ), bi(cŝ+1)}.
ii. If ŝ � 0, bFi � bi(c1).

iii. If ŝ � n, bFi � bi(cn).

Proof. Here, we finish the proof of the case when the 
uninformed optimal is an alternative other than Πi and 
when ŝ ∈ {1, 2, : : : , n� 1}. The other cases are handled in 
the appendix. The buying price equation is already pre
sented in (9), and we have already argued that it is 
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identical to the buying price equation of the information 
alternative generated by the union of Ti(cŝ ) and Ti(cŝ+1). 
We now apply Proposition 2 and conclude that bFi �max 
{bi(cŝ ), bi(cŝ+1)}, where bi(cŝ ), and bi(cŝ+1) are the buying 
prices of Ti(cŝ ) and Ti(cŝ+1), respectively. w

Proposition 3 establishes an equivalence between 
information generated by a finite partition of the out
come space and tail event information. Such an equiva
lence is not only significant for making computational 
work easier, but also for its potential simplification in 
data collection. In particular, because tail event infor
mation alternatives are based on a two-piece partition 
of the outcome space, they may be less expensive and 
easier to collect. In practice, they may be based on 
expert opinion, and the elicitation process may, there
fore, be simpler. An example for illustrating Proposi
tion 3 is provided below.

Example 2. The background setup and the basic assump
tions in this example are similar to Example 1 in Section 
4.1 except that we discuss two separate cases. These cases 
are differentiated by the distribution parameters of the 
three risky prospects and an initial wealth level of w � $50 
million. In the first case, X1 ~ Beta(3, 1, � 4:5, 2), X2 ~ Beta 
(4, 1:5, � 4:5, 2), X3 ~ Beta(5, 2, � 4:5, 2). The most preferred 
alternative prior to information collection is X1; the expected 
utilities are 49.99326 for the do-nothing alternative and 
50.36844, 50.22064, and 50.13618 for the risky investment 
alternatives X1, X2 and X3, respectively.

Suppose three tail event information alternatives gen
erated by the events X1 ∈ (�∞, � 0:2], X1 ∈ (�∞, 0], and 
X1 ∈ (�∞, 0:15] and denoted, respectively, by T1(�0:2), 
T1(0), and T1(0:15) are available. If these alternatives are 
collected altogether, then a fourth, more complex, infor
mation alternative denoted by F is produced. The buying 
price of this bundle is numerically calculated as bF �

$0:453956 million. At the wealth level ew � w� bF ≃

$49.54604, the most preferred alternative is still X1, but 
the second best is investing in X2. The certainty equiva
lent of X2 at the wealth level ew is $0:227223 million. 
Because this quantity is greater than the threshold value 
for T1(�0:2), T1(0), and T1(0:15), by Proposition 3, the 
buying price of F is equal to the buying price of T1(0:15). 
Our numerical computation for the buying price of 
T1(0:15) yields $0:453949 million. To put this into perspec
tive, the buying prices of T1(0) and T1(�0:2) are $0:448755 
million and $0:434976 million, respectively. The difference 
between the financial values of F and T1(0:15) is on the 
order of magnitude of 10�5, which is negligible and can 

be reduced further by employing more precise computa
tional methods.

In the second case, two of the distribution parameters 
are modified to make the risky prospects financially less 
appealing. As such, we have X1 ~ Beta(3, 2, � 4:5, 2), X2 ~ 
Beta(4, 3, � 4:5, 2), X3 ~ Beta(5, 4, � 4:5, 2). The do-nothing 
alternative is better than all the risky alternatives at the 
initial wealth level w � $50 million. The expected utilities 
are 49:39278, 49:20695, and 49:10371 for investing in 
X1, X2 and X3, respectively. Note that the supports of the 
distributions are the same as the first case. Therefore, we 
use the same three threshold values for the tail information 
alternatives. Consequently, T1(�0:2), T1(0) and T1(0:15)
can be collected. When they are collected altogether, the 
monetary value is bF � $0:272965 million. Because linear 
plus exponential utility functions are nonincreasingly risk 
averse, the do-nothing alternative is surely preferred at the 
wealth level ew � w� bF ≃ 49.72704 with a certainty equiva
lent of $0. Then, by Proposition 3, the buying price of the 
combined information alternative is equal to the maximum 
value of T1(0) and T1(0:15). The numerical computations 
yield bT1(0) � $0.272924 million and bT1(0:15) � $0.26988 mil
lion, which indicate that the tail information generated by 
X1 ∈ (�∞, 0] has greater value. The value of T1(�0:2) is 
lower: 0:267457. As in the first case, whereas bF and bT 1(0)
are theoretically expected to be identical, a numerical differ
ence on the order of magnitude of 10�5 is observed between 
bT1(0) and bF in our computation. The discrepancy is within 
the acceptable tolerance for this analysis and can be low
ered by more precise root approximation algorithms. w

Up to this point, we assume that information is per
fect and, hence, fully accurate. Information sources are 
not always reliable, however, and therefore, informa
tion may be imperfect. Imperfect information is a com
mon occurrence in various decision contexts. In the 
next section, we relax the perfect information assump
tion and examine how the imperfect nature of tail event 
information affects its value.

6. Imperfect Tail Event Information
In reality, perfect information is uncommon regardless 
of the decision context. Despite its intuitive connection 
to a simple question that is fundamental to the under
lying decision problem and its partial nature, tail event 
information shares the same drawback. In this section, 
we, therefore, assume that our information source is 
not perfectly reliable. As such, there is a probability 
1�π > 0 such that incoming information is wrong. In 
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particular, for the imperfect tail event information eTi(c), 
this new assumption implies

P{“Πi ∈ (�∞, c]” |Πi ∈ (�∞, c]} � π, 

and
P{“Πi ∈ (�∞, c]” |Πi ∈ (c,∞)} � 1�π, 

where statement of information in quotation marks 
represents the imperfect information. Likewise, P{“Πi 
∈ (c,∞)” |Πi ∈ (�∞, c]} � 1�π and P{“Πi ∈ (c,∞)” |Πi ∈

(c,∞)} � π hold as well. In this case, a simple applica
tion of the standard Bayesian calculus yields

P Πi ∈ (�∞,c] |“Πi ∈ (�∞,c]”{ } �
πF(c)

πF(c)+ (1�π)(1�F(c)) , 

and

P Πi ∈ (c,∞)|“Πi ∈ (c,∞)”{ } �
π(1� F(c))

(1� π)F(c) + π(1� F(c))
:

To express the buying price equation for eTi(c), we also 
need to derive the conditional density function to calcu
late the conditional expected utility of Πi. Following 
the similar derivation steps for the probabilities above, 
we first calculate f (x |“(�∞, c]”) and f (x |“(c,∞)”) and 
then use them to calculate E[u(w+Πi)] under the con
ditions imposed by imperfect information:

E[u(w+Πi) |“(�∞, c]”]

�
π

πF(c) + (1�π)(1� F(c)) ·
Zc

�∞

u(w+ x) · f (x)dx

+
1�π

πF(c) + (1�π)(1� F(c)) ·
Z∞

c

u(w+ x) · f (x)dx, (11) 

and

E[u(w+Πi) |“(c,∞)”]

�
1�π

(1�π)F(c) +π(1� F(c))
·

Zc

�∞

u(w+ x) · f (x)dx

+
π

(1�π)F(c) +π(1� F(c)) ·
Z∞

c

u(w+ x) · f (x)dx: (12) 

Because the value of π is critical in writing the buying 
price equation, we now analyze the comparative pre
ferences between Πi and other alternatives as a func
tion of the accuracy of information. We observe that, as 

π increases, the weight of the first term in (11) increases. 
Conversely, an opposite relationship holds for the first 
term in (12). In the interesting case when the buying 
price of perfect Ti is positive, a sufficiently high value 
for π makes (11) less than the expected utility of the best 
alternative in the original decision problem, but a high 
value of π makes (12) greater. By continuity of 
the conditional expectation term, there should be a 
threshold value π∗(w) such that Πi1“(�∞, c]” is preferred 
over any other alternative if π < π∗(w) and vice versa 
if π > π∗(w). Recall the earlier definition B�i(b) �max 
n

max
s≠i

s�1,: : :,n,E[u(w+Πs� b)], u(w� b)
o

. Mathematically, 

π∗(w) satisfies

π∗(w)
π∗(w)F(c) + (1�π∗(w))(1� F(c))

·

Zc

�∞

u(w+ x) · f (x)dx

+
1�π∗(w)

π∗(w)F(c) + (1�π∗(w))(1� F(c))
·

Z∞

c

u(w+ x) · f (x)dx

� B�i(0): (13) 

Note that the weighted sum term in (13) is the same as 
(11) (after substituting π∗(w) in there). Similarly, there 
should be a eπ(w) that we can substitute in (12) such 
that

1� eπ(w)
(1� eπ(w))F(c) + eπ(w)(1� F(c))

·

Zc

�∞

u(w+ x) · f (x)dx

+
eπ(w)

(1� eπ(w))F(c) + eπ(w)(1� F(c))
·

Z∞

c

u(w+ x) · f (x)dx

� B�i(0): (14) 

It turns out, π∗(w) and eπ(w) are not only closely related, 
but also there is a wealth-independent linear relation 
between them. This relation is stated below.

Lemma 1. Suppose π∗(w) and eπ(w) satisfy Equations (13) 
and (14), respectively. Then, π∗(w) � 1� eπ(w).

Proof. See appendix. w

Lemma 1 is useful for identifying decisions given 
imperfect information in this problem. This is critical 
for formulating the buying price equations. At this 
point, we are ready to state the main results of this sec
tion. First, we state that imperfect tail event informa
tion is less valuable than perfect tail event information. 
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We also add that, for the utility functions that satisfy 
the one- or zero-switch property (see Bell 1988), the 
buying price of tail event information exhibits a mono
tonic behavior as a function of π, the probability of 
information accuracy.

Proposition 4. Suppose a risk-averse decision maker with a 
utility function u and initial wealth w makes a decision among 
n investment alternatives and the do-nothing alternative. 
Then, the buying price of perfect tail event information on 
Πi, bi(c), is greater than the value of imperfect tail event infor
mation. Moreover, if u is either one- or zero-switch and if 
π > 1

2, then ebi(c) > 0 is nondecreasing in π. In the opposite 
case, it is nonincreasing in π.

Proof. See appendix. w

In expected utility theory, wealth plays a crucial role 
in risk preferences except for zero-switch utility func
tions in which ranking of two risky alternatives does 
not depend on wealth. For the case of one-switch utility 
functions, the decision maker may change preference 
between two risky alternatives only once as a function 
of wealth. Accordingly, for two risky alternatives Π1 
and Π2, if there is a change of preferences, there is a 
wealth level w∗ such that, without loss of generality, the 
decision maker prefers Π1 over Π2 if a decision is made 
at a wealth level below w∗ and the reverse at a level 
above w∗. Proposition 4 confirms that a conjecture based 
on intuition holds for one- or zero-switch utility func
tions: the amount the decision maker is willing to pay 
to acquire imperfect tail event information is increasing 
in its accuracy. The maximum value of information is 
attained at the boundary values of π, specifically π � 1 
or π � 0. Perfect tail event information refers to the case 
π � 1; however, imperfect tail event information with 
π � 0 is also equivalent in informational content to per
fect tail event information. As anticipated, imperfect 
information with completely random accuracy, that is, 
when π � 1=2, does not bring an additional benefit to 
improve decision making. Therefore, resulting informa
tion is not worth paying a significant price.

In this article, we discuss the theory behind the value 
of tail event information. As we highlight in the introduc
tion, analysis of tail event information may be beneficial 
for the study of the financial outcomes of preliminary 
mineral or oil exploration activities. The next example is 
presented to illustrate the behavior of tail event informa
tion buying price in a numerical problem inspired from a 

practical application of an information-collection activ
ity for mineral or oil exploration. The backstory origi
nates from Bakır and Klutke (2014), but the information 
structure is modified to fit the tail event information 
framework.

Example 3. A mineral producer is faced with the deci
sion whether to drill a field to extract natural gas. The 
minimum field size required for economic profitability 
corresponds to a production rate of 30 million cubic feet 
per day. This rate must be sustained for 30 years. There 
are two alternative fields in which the company may 
invest. In field 1, company experts believe that the amount 
of natural gas extracted might be approximately 37 to 65 
million cubic feet per day. The degree of variation in this 
initial assessment is significant for the company; therefore, 
company executives are eager to perform a geological 
investigation. The alternative field, field 2, has even more 
variation in potential reservoir size: it is initially believed 
to yield approximately 23 to 92.5 million cubic feet per 
day. Suppose that the company makes an average of $1 
for each 1,000 cubic feet. This translates to a daily profit of 
approximately $30,000 and a monthly profit of around 
$900,000 at the minimum field size. We assume that the 
company decisions can be evaluated by a linear plus expo
nential utility function, u(x) � x� 10e�x, where x is in bil
lions of dollars. Current assets of the mineral company are 
estimated to be worth $100 billion. The company may 
choose to invest in and drill one of these two fields or opt 
to do nothing.

In light of the information above, ignoring the time 
value of money, we may estimate the 30-year profits from 
field 1, X1, to be approximately in the range of $400 to $700 
million (consistent with the daily production rates men
tioned in the previous paragraph). Similarly, X2 for field 2 
ranges between $250 million and $1 billion. The prior dis
tribution of X1 is scaled Beta with parameters r � 5 and 
k � 3, that is, X1 ~ Beta(5, 3, 400M, 700M), whereas X2 is 
distributed according to scaled Beta with parameters r � 3 
and k � 5, that is, X2 ~ Beta(3, 5, 250M, 1B). The initial deci
sion, without information collection, is to drill field 1. The 
expected utilities for the three decision alternatives drill 
field 1, drill field 2, and do nothing are 100:5871, 100:5308 
and 99:9995, respectively. The field 1 yield is less variable 
and is sure to bring profit higher than the minimum field 
size.

Figure 2 illustrates the value of perfect tail event infor
mation on the eventual profitability of both fields. In real
ity, the mineral producer can collect information through 
remote surveys, exploratory drilling, or geological map
ping, which may provide more precise information than 
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what is conveyed by typical tail event information. Nev
ertheless, as we contend in the article, when decisions 
involve a finite set of risky alternatives, tail event informa
tion can yield a financial benefit comparable, or even 
equivalent, to that obtained from more complex informa
tion structures. With this in mind, we illustrate the value 
of tail event information generated by the events {X1 ≤ c}
and {X2 ≤ c} for various values of c ∈ {250 Million, 
1 Billion}. The tail event information on X1 has much less 
value than the tail event information on X2 for two main 
reasons: (1) the uninformed decision is to develop field 1, 
and (2) the prior on the yield in field 1 has a much smaller 
variance, making field 1 development more appealing to 
the mineral producer unless the producer learns that the 
maximum yield is less than roughly $550M. The maxi
mum value of information on X1 is around $3 million. The 
mineral producer is more inclined to uncover the potential 
of field 2, as it can generate a higher yield than field 1, 
although the greater variability in financial outcomes 
reduces its priority against field 1. The value of informa
tion on X2 can go up to just below $30 million, which is 10 
times more than the maximum for field 1.

The behavior of the value of imperfect tail information 
on both fields is demonstrated in Figure 3. The plots in 
this figure illustrate how the buying price of tail event 
information varies as a function of π. Each plot show
cases information value across different values of c. 
Values of c were chosen so that the value of perfect tail 
event information on X2 is positive (because the values of 
c for a positive value of perfect tail information on X1 
constitute a very small interval). All plots look very similar 

despite the significant differences in the value of the cor
responding perfect tail information. First, it is already 
established that, if the buying price for perfect informa
tion is zero, the same holds true for its imperfect counter
part. Hence, plots for the information on X1 are flat at 
zero value except in Figure 3(a), in which perfect informa
tion is valuable. Second, the value of information exhibits 
a sharp decreasing trend as a function of π at both ends of 
the plot. The value of imperfect partial information on X2 
becomes zero when the probability on the accuracy of 
information is slightly less than 0:8. There is an intuitive 
symmetry when information accuracy is either with 
probability π or 1�π. Accordingly, the marginal case of 
π � 0 is just as informative as the perfect information. w

Our theoretical analysis of imperfect tail event informa
tion has assumed so far a constant probability of accuracy 
although this may not hold in practical decision-making 
contexts. Information accuracy may vary nonlinearly 
with changes in the threshold parameter of tail event 
information. Often, a full functional description of this 
relationship is unavailable with only limited observations 
at specific threshold parameter values. The following 
example examines a decision-making scenario of this 
kind, demonstrating how the value of tail event informa
tion changes in relation to the threshold parameter.
Example 4. We continue with the experimental setup 
of Example 3. Natural gas yields follow the same beta 
distributions; X1 ~ Beta(5, 3, 400M, 700M) and X2 ~ Beta 
(3, 5, 250M, 1B). Suppose now that the probabilities of 

Figure 2. (Color online) The Buying Price of Tail Event Information for Different Values of c, c in Billions of Dollars 
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accuracy of the imperfect tail event information collected 
on the potential of both fields depend on the threshold 
parameter. The functional relationship between the prob
ability of accuracy and the threshold parameter can be 
defined as gi(c) � P{“Xi ∈ (�∞, c]” |Xi ∈ (�∞, c]} and hi(c)
� P{“Xi ∈ (c,∞)” |Xi ∈ (c,∞)} for i � 1, 2. Complete elicita
tion of these probability of accuracy functions is not pos
sible for all values of c within the support range of the 
distributions. Nevertheless, we assume that expert opin
ion and past data provide realizations of both functions 
at a finite number of points, which are listed in Table 1. 
To estimate both functions, we rely on these data points 
and employ a quadratic polynomial fitting method. 
Accordingly, we obtain the following functional esti
mates using MATLAB Statistics and Machine Learning 
Toolbox: ĝ1(c) ��37:2774c2 + 40:3542c� 9:9782, ĥ1(c) �
�21:1469c2 + 22:687c� 5:1033, ĝ2(c) ��5:8104c2 + 7:0182c 
�1:1356, ĥ2(c) ��4:1868c2 + 4:9808c� 0:4838. The plots 
of these functional estimates against the scatterplot of 
data points in Table 1 are illustrated in Figure 4.

We use the functional estimates for the probabilities of 
accuracy for various levels of c to calculate the buying 
price of imperfect tail event information on both fields. 

The results are shown in Figure 5. Two of the plots repre
sent the values of imperfect information for both fields. A 
third plot is included to provide a comparative demon
stration against the value of perfect tail information on 

Figure 3. (Color online) Buying Price of Imperfect Tail Event Information for Different Values of π: The Probability That Informa
tion Is Accurate 

(a) (b)

(c) (d)

Notes. (a) Case 1: c � 0:55. (b) Case 2: c � 0:60. (c) Case 3: c � 0:65. (d) Case 4: c � 0:70.

Table 1. Realizations of the Probability of Accuracy 
Functions, g1(c), g2(c), h1(c), h2(c), for Various Values of the 
Threshold Parameter c in Example 4

c g1(c) h1(c) c g2(c) h2(c)

0.675 0.3 0.59 0.95 0.3 0.48
0.65 0.5 0.7 0.9 0.48 0.6
0.625 0.65 0.8 0.85 0.62 0.72
0.6 0.78 0.89 0.8 0.75 0.82
0.575 0.9 0.95 0.75 0.85 0.9
0.55 1 1 0.7 0.92 0.95
0.525 0.95 0.98 0.65 0.97 0.98
0.5 0.87 0.95 0.6 1 1
0.475 0.76 0.9 0.55 0.98 0.98
0.45 0.62 0.82 0.5 0.93 0.96
0.425 0.45 0.72 0.45 0.85 0.92

0.4 0.73 0.85
0.35 0.6 0.75
0.3 0.45 0.62
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Figure 4. (Color online) Plots for the Estimated Probability of Accuracy Functions Against the Scatterplots of Data Points in 
Table 1

(a) (b)

(c) (d)

Notes. (a) ĝ1. (b) ĥ1. (c) ĝ2. (d) ĥ2.

Figure 5. (Color online) Buying Price of Imperfect Tail Event Information for Different Values of c in Example 4
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field 2 as calculated in Example 3. The plots for the value 
of imperfect information fall below the plots graphing 
the value of perfect information for both fields; however, 
Figure 5 illustrates this specifically for field 2. Imperfect 
information holds value for the decision maker only 
when it is perceived as highly accurate with an accuracy 
probability of approximately 0.90 or higher. Example 3
also shows that imperfect information can be valuable 
even when it is known to be highly inaccurate. In this 
instance, however, the estimated probability of accuracy 
never reaches such low levels. w

7. Conclusion
Value in information collection lies in its potential to 
generate better outcomes than the uninformed deci
sion. In most decision-making situations, information 
is not available in its perfect form; therefore, the deci
sion maker’s investment of time and money for infor
mation collection yields only partial information. This 
is not entirely bad news, though, because, as in many 
strategic decision settings, only a finite set of alterna
tives is available. Under these conditions, partial infor
mation such as those generated by events or intervals 
of outcomes may be just as good as perfect information. 
In this context, examining partial information, its char
acteristics, and the relationships among different par
tial information structures—in both probabilistic terms 
and the value they generate—is essential.

An example of a partial information structure is tail 
event information that originates from a simple ques
tion on consequences of decision making: whether the 
stochastic outcomes exceed a critical threshold or not. 
This type of information is technically significant for 
numerous scenarios in which decisions are binary. 
Binary decisions are made in basic, invest-or-not types 
of financial investment problems. Tail event informa
tion makes practical sense in binary decision contexts 
in which simple decision rules can be developed. From 
a theoretical standpoint, tail event information has a 
simple structure. This convenience can be an advan
tage for making quick comparisons of buying price in 
many instances based on the critical threshold value 
that forms the outcome partition rendered by the tail 
event information. Furthermore, tail event information 
is of theoretical interest because of its relation to other 
more complex partial information alternatives. It is a 
standard measure theory exercise to show that multiple 

tail event information alternatives generate more com
plex information structures. We investigate whether 
that mathematical connection has any implications for 
the value of information calculus in multiaction decision 
environments. Consequently, we exploit this tractable 
relationship to calculate the value of more complex 
information alternatives (which we may call interval 
information) as a function of the buying price of tail 
event information alternatives that generate them.

A fundamental assumption that we adopt in our 
introductory analysis is that information may be partial, 
but it is perfect in the sense that there is absolute cer
tainty about the occurrence of the event we learn about. 
However, information may not be entirely reliable, and 
hence, one should consider the possibility of error. We 
extend our analysis to the case of imperfect information 
under this motivation. As such, we probe into the 
relation between imperfect and perfect tail event infor
mation and investigate how the value of imperfect infor
mation behaves as a function of the probability that it is 
accurate. An example that highlights an application on 
the value of oil exploration analysis shows that, even 
when information deviates slightly from perfect accu
racy, the value drops to zero. Theoretical results are 
obtained under the assumption that the probability of 
information accuracy is constant. As shown in Example 
4, however, it may be nonlinear as a function of the criti
cal threshold generating the tail event information. A 
valid direction for future research is to explore how the 
value of imperfect information behaves when the proba
bility of accuracy is variable rather than constant.

Another benefit of the study of tail event information 
is its natural relation to extreme outcomes in a decision 
problem that could have profound impacts on the con
sequences. Prediction of extreme events is inarguably 
becoming a necessity in weather science, public health, 
security, finance, and environment studies. Data col
lected to address this problem rarely provide a perfect 
outlook. Therefore, the extension in Section 6 to imper
fect partial information should be evaluated with the 
potential applicability of the results to these critical 
domains of research. A future research direction along 
this line is to explore how we can measure the value of 
data collection to uncover the likelihood of extremes 
and to evaluate the risk mitigation efforts against such 
extremes. This could be an instrumental contribution 
to the study of extreme events.
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There are other potential areas of research on this sub
ject. First, we do not directly explore the maximum buy
ing price of tail event information as a function of the 
critical threshold. Second, an implicit assumption is made 
in this and many other value of information–centered 
research that we know exactly the mathematical structure 
of information alternatives. In the context of tail event 
information, the decision maker is assumed to know the 
value of the critical threshold (albeit not the information 
outcome) beforehand although this may not be the case. 
Finally, extensions can be made into multiaction decision 
problems in which investment alternatives are correlated 
or tail events from multiple, distinct sources are collected 
at the same time. In sum, theoretical development and 
results suggest a promising avenue for further investiga
tion into tail event information.

Appendix
Proof of Proposition 2. We analyze multiple cases based 
on the initial decision. Suppose the initial decision is to 
choose an alternative other than Πi (i.e., do nothing or some 
other risky alternative). If bi(c1) � 0, this implies that Πi is not 
preferred even when Πi > c1. Therefore, there is no decision 
change given {Πi > c2} or in any other event critical to 
the determination of bi(c2) or bi, 1∪2. This implies bi(c2) �

bi, 1∪2 � 0, and the result holds in this case. If bi(c2) � 0, the 
decision given {Πi > c2} is not to prefer Πi; however, the 
decision given {Πi > c1} cannot be inferred. The implication 
of a decision to keep Πi second to some other alternative is 
already discussed (because that implies bi(c1) � 0), so we can 
argue that assuming {Πi > c1} implies a decision change 
favoring Πi. Then, both bi(c1) and bi, 1∪2 are positive, but the 
decision on {c2<Πi ≤ c1} should still be to reject Πi because, 
otherwise, we observe contradiction to the decision given 
{Πi > c2} (which is not to prefer Πi). Therefore, bi, 1∪2 � bi(c1), 
confirming the conclusion of the proposition.

Next, we discuss the case in which the initial (uninformed) 
decision is to choose Πi. In this case, bi(c2) � 0 implies that Πi 
is attractive even when Πi ≤ c2. As a result, we immediately 
conclude that Πi remains the best alternative given {Πi > c1}

or {Πi > c2} or {Πi ≤ c1}. All these inferences help us recog
nize that bi(c1) and bi, 1∪2 are both zero. On the other hand, if 
we begin our arguments with bi(c1) � 0, then Πi is the most 
preferred alternative even when {Πi ≤ c1} occurs. Nothing 
can be said about the decision on {Πi ≤ c2}. As in the previ
ous case of the above paragraph, acceptance of Πi given 
{Πi ≤ c2} renders bi(c2) � 0, but we already discussed this 
case. Accordingly, we may consider that Πi is no longer pre
ferred given {Πi ≤ c2}. This consideration yields bi(c2) > 0, 
and also bi, 1∪2 > 0. Moreover, bi, 1∪2 > 0 must be equal to 
bi(c2); note that the decision on {c2<Πi ≤ c1} is not reversed 
from the uninformed decision. This is because a reversal 

generates a contradiction to the initial assumption bi(c1) � 0. 
Consequently, bi, 1∪2 is the maximum of bi(c1) and bi(c2), and 
the proof is complete. w

Proof of Proposition 3. The next case is when the unin
formed optimal is other than Πi but ŝ is either zero or n. 
Because these two marginal cases are handled similarly, we 
only present the proof for ŝ � 0. When ŝ � 0, the buying 
price equation becomes

max max
k�1,: : :,nE[u(w+Πk)], u(w)
� �

� P{∪n
s�1 Ei, s} ·max

(

max
j�1,: : :,n,

j≠i

E[u(w+Πj � bFi )], u(w� bFi )

)

+P{Ei, 0} ·max
(

max
j�1,: : :,n,

j≠i

E[u(w+Πj � bFi )], u(w� bFi ),

E[u(w+Πi � bFi ) |Ei, 0]

)

: (A.1) 

Note that Ei, 0 � (c1,∞) and ∪n
s�1 Ei, s � (�∞, c1], which imme

diately implies that (A.1) is, in fact, the buying price equation 
for the tail event information Ti(c1), and therefore, bFi � bi(c1). 
Similar lines of argument establish bFi � bi(cn) when ŝ � n as 
well. w

Proof of Lemma 1. For brevity, define ℓ(w, c) �
R c
�∞

u(w+ x) ·
f (x)dx, ’(w, c) �

R∞
c u(w+ x) · f (x)dx, w“(�∞, c]”(π) � π

πF(c)+(1�π)(1�F(c)), 
and w“(c,∞)”(π) � 1�π

(1�π)F(c)+π(1�F(c)). Note that the right-hand 
sides of (13) and (14) are the same. Then, we can merge them 
to write

w“(�∞, c]”(π
∗(w)) · ℓ(w, c) + (1�w“(�∞, c]”(π

∗(w))) · ’(w, c)

� w“(c,∞)”(eπ(w)) · ℓ(w, c) + (1�w“(c,∞)”(eπ(w))) · ’(w, c):

After a quick arrangement, we obtain

[w“(�∞, c]”(π
∗(w))� w“(c,∞)”(eπ(w))] · ℓ(w, c)

� [w“(�∞, c]”(π
∗(w))� w“(c,∞)”(eπ(w))] · ’(w, c)

which holds if and only if w“(�∞, c]”(π∗(w)) � w“(c,∞)”(eπ(w)). 
This requires π∗(w) � 1� eπ(w). The proof is now complete. w

Proof of Proposition 4. We first establish that imperfect 
information has zero value when the buying price of perfect 
information is zero. Perfect information has zero value 
either if Πi is the preferred alternative (among the remain
ing n alternatives) even after we learn Πi ∈ (�∞, c] or if Πi is 
not preferred upon learning Πi ∈ (c,∞). In both cases, there 
is no solution π∗(w) to Equations (13) and (14) (recall that, 
here, eπ(w) � 1�π∗(w) by Lemma 1). In this case, imperfect 
information does not bring a decision change; hence, its 
buying price is zero as well.

Next, we continue with the interesting case when the 
value of perfect tail event information bi(c) > 0. In that case, 
π∗(·) exists at various wealth levels critical to the buying 
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price equation. There are many cases that we should care
fully analyze depending on the value of π∗(w�ebi(c)) and 
how π of the imperfect tail event information compares 
with π∗(w�ebi(c)). Those cases are listed below. In order to 
write the buying price equations in a concise manner, we 
employ the quantities defined in the proof of Lemma 1. We 
present the proof in its extensive form for one case and only 
sketch the steps in other cases for brevity.

Case A.1 ([π∗(w�ebi(c)) < 1
2 and π < π∗(w�ebi(c))]). The buy

ing price ebi(c) satisfies

max{ max
k�1, : : : ,n

E[u(w+Πk)], u(w)}

� P{“(�∞, c]”} · {w“(�∞, c]”(π) · ℓ(w�ebi(c), c)(1�w“(�∞, c]”(π))

· ’(w�ebi(c), c)} +P{(c,∞)} ·B�i(ebi(c)), 

which after a quick arrangement becomes

max max
k�1,: : :,n

E[u(w+Πk)], u(w)
� �

� π ·
Zc

�∞

u(w+ x�ebi(c)) · f (x)dx+ (1� F(c)) ·B�i(ebi(c))

2

4

3

5

+ (1�π) ·
Z∞

c

u(w+ x� ebi(c)) · f (x)dx+ F(c) ·B�i(ebi(c))

2

4

3

5:

(A.2) 
We observe that the second term in the right-hand side of 
the above equation in brackets is structurally identical to 
the right-hand side of the buying price equation for the per
fect tail information (except that bi(c) is substituted). In fact, 
we have

π ·
Zc

�∞

u(w+ x� ebi(c)) · f (x)dx+ (1� F(c)) ·B�i(ebi(c))

2

4

3

5

+ (1�π) ·
Z∞

c

u(w+ x�ebi(c)) · f (x)dx+ F(c) ·B�i(ebi(c))

2

4

3

5

�

Z∞

c

u(w+ x� bi(c)) · f (x)dx+ F(c) ·B�i(bi(c)):

Assume ebi(c) > bi(c), and substitute bi(c) for ebi(c) in the 
above equation, and we obtain

π ·
Zc

�∞

u(w+ x� bi(c)) · f (x)dx+ (1� F(c)) ·B�i(bi(c))

2

4

3

5

+ (1�π) ·
Z∞

c

u(w+ x� bi(c)) · f (x)dx+ F(c) ·B�i(bi(c))

2

4

3

5

>

Z∞

c

u(w+ x� bi(c)) · f (x)dx+ F(c) ·B�i(bi(c)):

This is a contradiction because, at the wealth level, w�
bi(c), 

R∞
c u(w+ x� bi(c)) · f (x)dx+ F(c) ·B�i(bi(c)) ≥

R c
�∞

u(w+
x� bi(c)) · f (x)dx+ (1� F(c)) ·B�i(bi(c)). This proves the rela
tion between the buying prices of perfect and imperfect 
information.

Now, we assume u is one- or zero-switch. A positive buying 
price for the perfect tail event information implies that the deci
sion maker’s optimal preferences at wealth levels w and w� bi(c)
are such that the investment alternative Πi is better than all 
the other alternatives if {Πi > c} but is worse if {Πi ≤ c}. 
Because u is one- or zero-switch, these preferences should be 
preserved at all wealth levels between w� bi(c) and w. Then, 
because bi(c) ≥ ebi(c), we should have

Zc

�∞

u(w+ x� ebi(c)) · f (x)dx+ (1� F(c)) ·B�i(ebi(c))

≤

Z∞

c

u(w+ x�ebi(c)) · f (x)dx+ F(c) ·B�i(ebi(c)):

If we increase the value of π in (A.2), the right-hand side 
decreases. In order to reestablish the inequality, the value of 
ebi(c)must be decreased. As π < 1=2 gets closer to 1=2, imper
fect tail information becomes less valuable in Case A.1.

Case A.2 ([π∗(w�ebi(c)) < 1
2 and π ∈ (π∗(w�ebi(c)), 1�π∗(w 

�ebi(c)))]). In this case, the decision after acquiring the 
imperfect tail event information remains as an alternative 
other than Πi. Therefore, ebi(c) � 0, and the result automati
cally follows.

Case A.3 ([π∗(w�ebi(c)) < 1
2 ,π > π∗(w�ebi(c)) and π > 1�π∗

(w�ebi(c)))]). In this case, the buying price equation for the 
imperfect tail event information is formulated based on the 
following conditional decisions: given “(�∞, c]”, an alterna
tive other than Πi is preferred; in the opposite case, Πi is 
preferred. After arrangements are made, the buying price 
equation becomes

max max
k�1,: : :,n

E[u(w+Πk)], u(w)
� �

� π ·
Z∞

c

u(w+ x�ebi(c)) · f (x)dx+ F(c) ·B�i(ebi(c))

2

4

3

5

+ (1�π) ·
Zc

�∞

u(w+ x�ebi(c)) · f (x)dx+ (1� F(c)) ·B�i(ebi(c))

2

4

3

5:

(A.3) 

Note that, the part in brackets of the first term on the right- 
hand side of the above equation is similar to the informed 
side of the buying price equation for the perfect tail event 
information except for different buying prices. We can 
exploit this similarity and follow the steps at the end of the 
proof of Case A.1 to complete the proof of this case.

Bakır: Value of Tail Event Information 
106 Decision Analysis, 2025, vol. 22, no. 2, pp. 89–108, © 2025 INFORMS 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.7

2]
 o

n 
04

 J
un

e 
20

26
, a

t 1
5:

04
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



Next, we assume u is one- or zero-switch. Note that π > 1=2 
in this case. As we did in Case A.1, we can now argue that the 
expected utility term multiplied by π in Equation (A.3) is 
greater than the similar term multiplied by 1�π. Then, an 
increase in π increases the right-hand side of (A.3). As a result, 
an increase in the value of ebi(c) reestablishes the equality. In 
other words, the buying price of imperfect tail information in 
Case A.3 is increasing in π as desired.

Case A.4 ([π∗(w� ebi(c)) > 1
2 ,π ∈ (1�π∗(w�ebi(c)),π∗(w�ebi 

(c)))]). As in Case A.2, the buying price of the imperfect tail 
event information is zero. This is because a decision change 
does not occur under imperfect information. The result follows.

Case A.5 ([π∗(w� ebi(c)) > 1
2 ,π<π∗(w�ebi(c)) and π<1�π∗

(w�ebi(c)))]). When π satisfies the conditions of Case A.5, 
the preferences reflected to the buying price equation of the 
imperfect tail event information are (i) given “(�∞, c]”,Πi is 
preferred, and (ii) given (c,∞), an alternative other than Πi 
is preferred. Hence, this case is identical to Case A.1, so the 
result follows for the relation between the values of perfect 
and imperfect tail event information.

To see that the result stated in the proposition for the rela
tion between tail event information accuracy and its buying 
price holds, we first observe that π<1=2 under Case A.5. As 
we argue in the previous paragraph, this case has the identi
cal buying price equation as in Case A.1. In our proof of 
Case A.1, we have already shown that ebi(c) is decreasing in 
π for one- or zero-switch u.

Case A.6 ([π∗(w� ebi(c)) > 1
2 , and π > π∗(w�ebi(c))]). One 

can immediately verify that Cases A.3 and A.6 require iden
tical imperfect tail event information buying price equations. 
Furthermore, π > 1

2 clearly holds. Observing the similarity of 
this case to Case A.3, we may jump to the conclusion we 
seek: ebi(c) is increasing in π for one- or zero-switch u. 
Because we are finished with all possible cases, the proof of 
the proposition is complete. w
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