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Abstract. This paper provides a comprehensive overview of quantile-parameterized dis-
tributions (QPDs) as a tool for capturing expert predictions and parametric judgments.
We survey a range of methods for constructing distributions that are parameterized by a
set of quantile-probability pairs and describe an approach to generalizing them to
enhance their tail flexibility. Furthermore, we explore the extension of QPDs to the multi-
variate setting, surveying the approaches to construct bivariate distributions, which can

be adopted to obtain distributions with quantile-parameterized margins. Through this
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review and synthesis of the previously proposed methods, we aim to enhance the under-

standing and utilization of QPDs in various domains.
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1. Introduction

Judgment plays a crucial role in transforming raw data
into meaningful insights. To be useful, judgment must
be translated into mathematical models and assump-
tions. These models are designed to capture the
expert’s understanding of the world, including the
causal links between relevant entities. The models
serve as a representation of this understanding while
also addressing knowledge limitations, treated as
uncertainties. Elicitation involves translating qualita-
tive understanding into quantitative models offering
valuable insights.

Most of the expert elicitation protocols described in the
literature (Spetzler and Staél Von Holstein 1975, O'Hagan
et al. 2006, Morgan 2014, Gosling 2018, Hemming et al.
2018, Welsh and Begg 2018, Hanea et al. 2021) encode
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expert judgments about the parameter or quantity of
interest as an ordered set of quantiles with corresponding
probabilities. This typically includes measures such as
the median and the upper and lower quartiles. Assessors
are then encouraged to select a probability distribution
that reasonably fits the elicited quantile-probability pairs
and validate the choice with the expert (Gosling 2018). A
distribution is selected from a predefined set of “simple
and convenient” distributions (O’'Hagan et al. 2006) with
boundedness that accounts for the nature of the elicited
quantity.

Several specialized distributions have been devel-
oped to facilitate smooth interpolation of probabilistic
assessments. These distributions, parameterized by
quantile-probability pairs, ensure that the elicited
quantile-probability pairs (QPPs) are preserved exactly
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(Keelin and Powley 2011, Powley 2013, Keelin 2016, Had-
lock 2017, Wilson et al. 2023). Quantile-parameterized
distributions are particularly valuable thanks to the inter-
pretability of their parameters. By leveraging the elicited
quantiles, these distributions enable precise capturing of
expert knowledge while maintaining a high level of flexi-
bility in modeling.

We believe that the primary utility of QPDs lies in
their ability to simplify the specification of probability
distributions for model parameters, known as prior elic-
itation (Mikkola et al. 2023). However, these same dis-
tributions can also be employed to describe an expert’s
predictions for the next observation, referred to as pre-
dictive elicitation (Kadane 1980, Winkler 1980, Akbarov
2009, Hartmann et al. 2020), or to capture both uncer-
tainty and variability through a two-dimensional prob-
ability distribution in hybrid elicitation (Perepolkin et al.
2024).

With this work, we aim to introduce quantile-
parameterized distributions (QPDs) to a wide readership.
The literature review and the findings are presented
through the perspective of quantile functions, building
upon the theoretical foundations established by Parzen
(1979) and Gilchrist (2000). The derivatives and inverses
for each of the quantile functions discussed in this paper
are provided in the Supplementary Materials, serving as
a valuable reference for future research. Through our
comprehensive review and identification of research
gaps, we aim to contribute to the development of flexible
and extensible distributions that can effectively capture
expert knowledge.

1.1. Paper Structure

In Section 2, we revisit the approaches to quantile
parameterization of probability distributions and ex-
plore how QPDs can effectively describe expert beliefs
regarding model parameters or predictions. In Section
3, we conduct a comprehensive review and compari-
son of various continuous univariate QPDs found in
the literature. Specifically, we focus on the Myerson
distribution and its generalization accommodating
different tail thicknesses. We compare the robust
moments of QPDs to assess their flexibility and behav-
ior. This comparative analysis can guide the selection
of an appropriate distribution to characterize the
quantity of interest. In Section 4, we explore several
methods for extending univariate distributions to a

multivariate setting. These methods include the utili-
zation of standard multivariate distributions, copulas,
and bivariate quantiles. We show how these techni-
ques can be applied to develop a bivariate version of
the Generalized Myerson distribution and demon-
strate its application in parametric and predictive elici-
tation. Finally, in Section 5, we discuss future research
directions and potential applications of QPDs in Bayes-
ian analysis.

2. Quantile Parameterization of
Probability Distributions

A fundamental principle in Bayesian data analysis is
that learning from data involves more than formulat-
ing hypotheses and models. It necessitates articulating
prior beliefs, expressing existing knowledge mathe-
matically, and translating it into probability distribu-
tions for model parameters.

To accurately translate knowledge into the language
of statistical models, the encoding distribution needs to
be flexible, the process should be transparent, and the
results must be interpretable. For continuous distribu-
tions, elicitation often consists of capturing a series of
quantile-probability pairs (QPPs) (Kadane and Wolfson
1998, Morgan 2014) and then fitting a distribution to
these pairs (O'Hagan 2019). However, in practice, the
choice of a parametric distribution to fit the elicited QPPs
is often influenced by concerns about conjugacy with
the selected statistical model that represents the data-
generative process (the likelihood function) and/or the
availability of required distribution functions and fitting
algorithms in the software employed. Frequently, the
selected distribution possesses fewer parameters than
the number of elicited QPPs, which can result in a less-
than-perfect fit (O’'Hagan 2019). For instance, it is com-
mon to elicit three quantiles (the median along with an
upper and lower quartile) and subsequently attempt to
fit a normal or lognormal distribution (which features
two parameters) to these points.

An alternative approach to characterizing the distribu-
tion of predictions or parameters is through quantile-
parameterized distributions (QPDs). These distributions
are parameterized by the QPPs, allowing the elicited
values to directly define the distribution, thereby ensur-
ing a good fit and interpretability of parameters. The
QPDs examined in this paper can accommodate a wide
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range of shapes and boundedness, making them valu-
able for accurately representing experts’ prior beliefs.

QPDs are constructed using the quantile function,
either by transforming simpler quantile functions or
by simultaneous fitting of parameterizing quantiles, as
described below.

Let Y be a random variable with a (cumulative) dis-
tribution function (CDF) denoted as Fy(y|0). The
quantile function (QF) Qy(u | 6) for Y is defined as

Qy(u|6)=inf{y : Fy(y|6) = u}, uc(0,1]

Here, O represents the distribution parameter, and the
subscript y indicates that the depth u corresponds to
the observation of the random variable Y. The interme-
diate cumulative probability u is referred to as the
depth because it indicates how “deep” an observation
is into the distribution (Perepolkin et al. 2023).

Both the CDF and the QF are considered equally
valid ways of defining a distribution (Tukey 1965). For
a distribution function that is right-continuous and
strictly increasing over the support of Y, the quantile
function Qy(u) is simply the inverse of the distribution
function, denoted as Qy(u|6)=Fy!(u|6). Therefore,
the quantile function is often referred to as the inverse
CDF.

The derivative of the quantile function, known as
the quantile density function (QDF), is denoted as q(u) =
d%’”). It is reciprocally related to the probability density
function (PDF) f(x) such that f[Q(u)]g(u)=1. The
quantity fy[Qy(u|0)] = [qy(ulﬁ)]f1 is referred to as
the density quantile function (Parzen 1979) or p-pdf
(Gilchrist 2000). The relationships between these func-
tions are concisely illustrated in the probability func-
tion Mobius strip (Figure 1).

Although many of the distributions discussed in
Section 3 have closed-form cumulative distribution
functions (CDFs) and probability density functions
(PDFs), the functional form of the quantile function
(QF) is often simpler and can be reasoned about in
terms of other quantile functions, following Gilchrist’s
QF transformation rules summarized in Table 1.

The quantile-parameterized distributions in this
paper are categorized into two groups based on their
construction method. The first group comprises distri-
butions that are directly parameterized by the quantile-
probability pairs (QPPs). This group includes the Myerson

Figure 1. (Color online) Mdbius Strip of Probability Functions
(Perepolkin et al. 2023)
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distribution (Myerson 2005), and the Johnson Quantile-
Parameterized Distribution (Hadlock and Bickel 2017,
2019). These distributions are constructed by reparame-
terizing or transforming existing distributions, following
Gilchrist rules (Table 1). The transformations used to con-
struct them are detailed in the next section.

The other group of distributions is indirectly parame-
terized by the QPPs. They require a fitting step where
the quantile-probability pairs are translated into distri-
bution parameters, usually through optimization or
least-squares methods. This group includes the Simple
Q-Normal (Keelin and Powley 2011), Metalog (Keelin
2016), and the quantile-parameterized Triangular
(Two-Sided Power) distribution by Kotz and Van
Dorp (2004). Each distribution’s fitting method is
described in the respective subsections below.

3. Univariate Quantile-Parameterized
Distributions

This section reviews various continuous univariate
QPDs and discusses the generalized form for these dis-
tributions based on the variations of these QPDs
appearing in the literature. For each distribution, we
present its quantile function and discuss the parame-
terization and feasibility conditions. The derivative
and inverse of each distribution can be found in the
Supplementary Materials.
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Table 1. Gilchrist’s Quantile Function Transformation Rules (Gilchrist 2000)

Original QF Rule Resulting QF Resulting variable

Qy(u) Reflection rule —Q(1 —u) QF of -Y

Qy(u) Reciprocal rule 1/Q(1 —u) QF of 1/Y

Q1(u), Qa(u) Addition rule Q1(u) + Qa(u) valid QF

Q1(u), Qx(u) Linear combination rule aQ1(u) +bQ,(u) valid QF for a,b>0

Q1(u), Q2(u) >0 Multiplication rule Q1(u)Qz(u) valid QF

Qy(u) Q-transformation T(Qy(u)) QF of T(Y), T(Y) nondecreasing

Qy(u) p-transformation Qy(H(u)) p-transformation of Qy(u), H(z) nondecreasing

3.1. Myerson Distribution

One of the earliest examples of a distribution parame-
terized by quantiles is the generalized log-normal distri-
bution defined by the median and the upper and lower
quartiles proposed by Myerson (2005). It relies on a
transformation of the normal quantile function.

The Myerson distribution can be viewed as parame-
terized by three quantile values {g1,4>,43}, which cor-
respond to the cumulative probabilities {a,0.5,1 — a}.
These quantiles are symmetrical around the median
and are defined by the tail parameter 0 < @ < 0.5. This
type of parameterization is known as the Symmetric
Percentile Triplet (SPT, a-level SPT or a-SPT) parame-
terization. It is also used in several other QPDs that we
describe below. The Myerson quantile function is

e P SW)

pP=4s—q2p qz—ql’K(u) SA-a)

K(Ll)_l
Qy(ulql,qz,qa,a)={‘72+p go1 0 Pl
72 + px(u), =1

Here, u represents the depth of the observations of the
random variable Y given the parameterizing a-SPT
{71,92,93,a}, with 0 < a < 0.5. The parameter p is the
upper p-difference, and p is the ratio of the inter-
percentile ranges, known as the skewness ratio (Gilchrist
2000, p. 72). The kernel quantile function S(u) is equal
to the quantile function of the standard normal dis-
tribution, also known as the probit, defined as
S(u) = @ (1), where ®(Y) denotes the CDF of the stan-
dard normal distribution. The formulas for the deriva-
tive and the inverse quantile function of the Myerson
QPD can be found in the Supplementary Materials.

It is important to note that although the Myerson
distribution includes the normal distribution as a

special case when the skewness parameter § = 1, it can
exhibit right-skewness or left-skewness for other
values of . In the symmetrical case, the range of the
quantile function is (—oo, 00). For the right-skewed dis-
tribution (B > 1), the range is (g, — l%’ 00), and for the
left-skewed distribution (0 < < 1), the range is
(—00,42 — 3%7). The limiting case of the skewed Myer-
son distribution lim,_oQy(u|60) for f>1 (and the
other limit for 0 < p < 1) possesses some important
properties that we discuss in Section 3.3.2 below.

The basic quantile function (Gilchrist 2000, Lampasi
2008) S(u) underlying the Myerson distribution is a
simple probit, S(u)= @ '(u), transformed using the
exponentiation function T(x) = g* (Table 1), where >
0 represents the skewness ratio (Gilchrist 2000). The
quantile parameterization is facilitated by (i), which
takes values {—1,0,1} for the three quantiles {71,492, 43}
such that Q(a) = g1, Q(0.5) = g2, and Q(1 — @) = g3.

3.2. Johnson Quantile-Parameterized Distribution
Hadlock (2017) reviewed the existing quantile-
parameterized distributions and proposed the quantile
parameterization of the Johnson SU family of distribu-
tions (Johnson et al. 1994). Hadlock and Bickel (2017)
presented two versions of the distribution: the
bounded (J-QPD-B) and the semibounded (J-QPD-S),
both parameterized by an SPT {g1,42,93,a} and the
bound(s).

The J-QPD-B distribution is obtained by applying
the inverse-probit transformation to the Johnson SU
quantile function Qs (1) = & + Asinh[6(S(u) + )], where
0 and y are two shape parameters. This function is then
rescaled to the compact interval [I;,up]. The J-QPD-B
quantile function is

_ J1+7rS7Qsu(u)],n #0
Qp(u) = { [+rS7[B S+u1<S(u)],n =0
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where
Qsu(u) = &+ Asinh[6(S(u) + )]
H-L
r=(p—1);, y=nc k=
Sw)=d (u); c=S(1-a);
L—S(ql _lb>‘ B_S<‘72_lb>.
a ! B up — lb !

Up — Iy
H=s<‘73—_lb>; n=sgn(L+H — 2B)

2c

up — Iy
L, n=1,
&= { B, n=0,
H, n=-1,
1 H-L
0= cosh (Zmin(B “LH- B))

- sinh(26c¢)

The left panel in Figure 2 showcases the ]-QPD-B quan-
tile function, which is parameterized using 0.25-SPT
and 0.01-SPT assessments of the proportion of fruit
infested with Citripestis sagittiferella, as elicited by
EFSA et al. (2023). The dashed line represents the Beta
distribution fitted by the authors. The J-QPD-B, being
parameterized by an SPT, effectively captures three of
the five parameterizing quantiles, whereas the Beta
distribution provides only an approximation. Besides,
finding parameters of the Beta distribution requires an
optimization step.

The J-QPD-S distribution is a semi-bounded variant
of the distribution that employs exponentiated hyper-
bolic arcsine transformations of the Johnson’s SU

quantile function Qsy,(1) = &+ Asinh[asinh(6S(u)) +
asinh(6y)] located at & = 0 (Hadlock and Bickel 2017)

_ [ I+ 0exp[Qsuu(u)],n+0
Qs(u) = { ZZ +0 exp[/\gg(u)],n =0

where

Qsua(1t) = Asinh[asinh(0S(u)) + asinh(6y)]
H-L

r=wp—1); v=nc x=

Su) =0 '(u); c=S1-a)

L=In(q1 —1I;); B=In(g2—1);
H=In(g3—1y); n=sgn(L+H—2B)

ql_lb/ nzlr
Gz{qz_lb/ nzol

=1, n=-1,

2c

0= sinh [COSh (Zmin(B “LH- B)ﬂ

A= émin(H —B,B-1L)
When 1 = sgn(L + H — 2B) evaluates to zero, the result
is a lognormal distribution with parameters u=
In(0) = In(g2 — ;) and 0 = A6 = (H — B) /c. This distribu-
tion has support on the interval [/, co].

The right panel in Figure 2 depicts the J-QPD-S
quantile function, which is parameterized using 0.25-
SPT and 0.01-SPT assessments of the total trade flow
for citrus fruit imported by the EU from Indonesia,
Malaysia, Thailand, and Vietnam in tons/year (EFSA
et al. 2023).

Figure 2. (Color online) Fitted J-QPD-B (Left) and J-QPD-S (Right) Distribution for Prevalence at Origin and Total Trade Flow,

Respectively
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3.3. Generalizations of QPDs

3.3.1. Generalized Johnson Quantile-Parameterized
Distribution. Hadlock and Bickel (2019) introduced the
generalized version of the Johnson Quantile-Parameterized
Distribution system, denoted as G-QPD, by replacing S(u)
the probit at the core of the Johnson SU quantile function
with the quantile functions of the logistic and Cauchy
distributions. The standard quantile function and distri-
bution function of the logistic distribution are given by
S(u)=In(), F(y) = [exp(—y)+ 117!, The standard
quantile function and distribution function of the
Cauchy distribution are given by S(u) = tan[n(u —1)],
F(y) = Larctan(y) +1.

Hadlock and Bickel (2019) showed that the kernel
quantile function S(u) can be any standardized
(5(0.5) =0), symmetrical (s(u)=s(1—u)), and un-
bounded (S(u) € (—o0;0)) quantile function with a
smooth quantile density dS(u)/du = s(u1). These authors
further showed that if S(u) and S~!(y) are expressible
in closed-form, then the quantile function and distribu-
tion function of G-QPD will also be closed-form.

For the logistic kernel, the G-QPD-S represents the
generalized log-logistic distribution, characterized by
two shape parameters, A and 6. For the Cauchy kernel,
the G-QPD-S corresponds to the shifted log-Cauchy
distribution (Hadlock and Bickel 2019).

3.3.2. Generalized Myerson Distributions. Following
the approach in Hadlock and Bickel (2019), the Myer-
son distribution can be generalized by substituting the
normal kernel quantile function S(u) = @~ Y(u) with an

alternative symmetrical quantile function based on the
depth u. Below, we discuss possible kernels and the
resulting distributions:

3.3.2.1. Logit-Myerson Distribution. Recently, Wilson
et al. (2023) reparameterized the log-logistic distribution
in terms of a symmetric percentile triplet. Even though
the authors did not recognize it as such, the resulting
quantile-parameterized distribution was a Myerson dis-
tribution with the logit kernel QF S(u) = In (7).

There could be several reasons why one might pre-
fer the logit function over the probit function (Berkson
1951). For example, distribution based on logit may
exhibit greater numerical stability because of its simple
closed-form quantile function, which does not rely on
numerical approximation during sampling. Logit-
Myerson distribution displays slightly heavier tails
compared with the standard (probit-based) Myerson
distribution (Figure 3).

3.3.2.2. Sech-Myerson Distribution. Following the
same principle, a variant of Myerson distribution may
be created using the hyperbolic secant quantile func-
tion S(u) = In[tan (Fu)].

The Sech-Myerson distribution possesses even thicker
tails than the Logit-Myerson distribution for the same
parameterizing SPT {-5,4,16,0.25} (Figure 3). In Sec-
tion 3.6, we conduct a comparative analysis of different
variations of the Generalized Myerson distribution
alongside their parametric counterparts and other
quantile distributions.

Figure 3. (Color online) Quantile Function and Quantile Density of Generalized Myerson Distributions
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Theoretically, there is an infinite range of quantile
function kernels that can be utilized to generate new
variations of the Generalized Myerson distribution.
These candidate kernel distributions can even include
shape parameters as long as the resulting S(u) remains
standardized, symmetrical, and unbounded, as speci-
fied above. For instance, it is possible to incorporate
the basic QF of the Tukey Lambda distribution S(u |
A)=ut — (1 —u)" for a fixed A # 0, or the Cauchy dis-
tribution S(u) = tan[n(u — 0.5)], as employed by Had-
lock and Bickel (2019). However, not all standard
quantile functions are created equal. To illustrate the
issue of unreliable kernels, let us consider Myerson
distributions based on the Cauchy and Tukey Lambda
quantile functions (for A = —0.5). As can be observed
in Figure 4, the density of the Generalized Myerson
distribution with these kernels exhibits unexpected
spike near the lower bound.

Whereas all right-skewed Generalized Myerson dis-
tributions are bounded on the left at lim,—,Q(u | 0) =
g2 — pﬁ%l regardless of the kernel used, the quantile
density at the left limit lim,o[q(u | 0)]! is not inde-
pendent of the kernel. Although we can assume that
4(0) = oo, the lower tail of the density quantile function
[q(u)]f1 may exhibit a curling effect for certain kernels,
resulting in an increase in density for lower values of
u. This effect is caused by the nonmonotonic behavior
of the quantile convexity function c(u) = dq(u)/du. This
can be easily verified by taking the second derivative
of B5® for B > 0. Although such kernels are mathemati-
cally valid and yield a nondecreasing Generalized
Myerson QF, we believe that they may be less useful

because of the counterintuitive concentration of den-
sity in the bounded tail. Consequently, we do not rec-
ommend using Cauchy or Tukey Lambda kernels in
practical applications.

3.4. Simple Q-Normal, Metalog Distributions

An alternative system of quantile-parameterized distri-
butions was proposed by Keelin and Powley (2011) and
Powley (2013). Their approach relied on the finite Taylor
expansion of parameters in standardized quantile func-
tions. Within this framework, two distributions were
introduced: the Simple Q-Normal distribution and the
Metalog distribution.

The Simple Q-Normal (SQN) distribution was devel-
oped by expanding the parameters in the normal
quantile function. Keelin and Powley (2011) used this
method to express the parameters of the normal quan-
tile function Q(u | u,0) = u+0z(u) as linear functions
of the depth u. Specifically, u(u) =a; +asu and o(u) =
ay + azu, where z(u) = ® (1) denotes the standard nor-
mal quantile function. Therefore, the quantile function
of the SQN distribution can be expressed as

Q(u) = a1 + axz(u) + azuz(u) + agu

where z(1) = @ }(u), and a = {a1, a2, a3, a4} represents a
vector of parameters.

Consider a quantile-probability tuple of size 4,
denoted as {p,q},, which consists of an ordered vector
of cumulative probabilities p = {p1,p2,p3,ps} and an
ordered vector of corresponding quantiles q ={q1,
42,93,q4} (Perepolkin et al. 2024). Substituting these
vectors into the SQN quantile function for 1 and Q(u),

Figure 4. (Color online) Quantile Function and Quantile Density of Generalized Myerson Distributions with Unreliable Kernels
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respectively, we obtain the matrix equation q=Pa,
where a = {ay,a,,a3,a4} represents the parameter vector
of the SQN distribution and

1 z(p1) piz(p1) p
z(p2) p2z(p2) P2
z(p3) psz(ps) ps
z(ps) paz(ps) pa

[

The parameter vector a can be obtained by solving the
matrix equation above, given the four-element quantile-
probability tuple {p,q}, (Keelin and Powley 2011, Pere-
polkin et al. 2024).

The same approach was later employed by Keelin
(2016) in creating the metalog (meta-logistic) distribu-
tion. Starting with the quantile function of the logistic
distribution Q(u | u,s) = p +slogit(11), where u corre-
sponds to the mean and s is proportional to the stan-
dard deviation o = s7t/V3, Keelin (2016) expanded the
parameters u and s using a finite Taylor series centered
at 0.5. Specifically, p(u)=a1+asli + asit’> +..., and
s(u) = a, +asit +agit> + ..., where it =u — 0.5 and a;, i =
{1,2,...,n} are real constants.

Therefore, the metalog quantile function is

Q(u) = a1 + arlogit(u)+
aztilogit(u) + asit + asit® -,

where i is the centered depth #=u—-0J5, and
logit(1) = In(u) — In(1 — u).

Given a QPT of size m denoted by {p.q},,, where p
and q are ordered vectors of cumulative probabilities
and corresponding quantiles, respectively, the vector
of coefficients a =aj,...,a, can be determined by solv-
ing the matrix equation q =Pa, where p, q, and a are
column vectors, and P is an m X n matrix:

1 logit(p1) }:71logit(p1) 1:71
P 1 logit(p2) p,logit(p2) P,

1 logit(py) P, logit(pm) P,

The vector of coefficients a can be determined as
a=[PTP] 'PTq. If P is a square matrix, meaning that
the number of terms 7 is equal to the size of the param-
eterizing QPT m, then the equation can be further sim-
plified to a =P~'q. Metalog is said to be approximated
when the number of quantile-probability pairs used
for parameterization exceeds the number of terms in
the metalog QF (Keelin 2016, Perepolkin et al. 2024).

The SON and Metalog distributions are families of
extended distributions that, in theory, can have an arbi-
trary number of terms. Keelin (2016) demonstrated the
flexibility of the metalog distribution and its ability to
approximate arbitrarily complex probability density
functions with high precision, given enough terms in the
metalog specification. In practice, 10 — 15 terms are suffi-
cient to approximate the distributional shapes of virtu-
ally any complexity (Keelin and Howard 2021). Keelin
(2016) introduced the bounded logit-metalog, the semi-
bounded log-metalog, and a special case of a three-term
metalog parameterized by a-SPT (SPT-metalog).

However, not all combinations of parameters a in
metalog and SQN distributions result in a feasible
(nondecreasing) quantile function. For an arbitrary
a-vector, feasibility must be checked (Keelin and Pow-
ley 2011). In the case of three-term metalogs, the feasi-
bility conditions are straightforward (Keelin 2016).
However, as the number of terms increases, these con-
ditions become increasingly complex (Keelin 2017).
Dealing with such feasibility requirements stands in
contrast with QFs that are constructed using Gilchrist
rules (Table 1), which guarantee feasibility.

3.5. Other Distributions

Many classical parametric distributions can be identi-
fied using a set of quantiles, although they may not be
strictly “quantile-parameterized.” That is, these distri-
butions might not have a closed-form quantile function
expressed in terms of a Quantile-Probability Tuple
(QPT), but they can still have a unique set of para-
meters corresponding to a QPT of matching size.

Cook (2010) demonstrated that any distribution
from the location-scale family can be parameterized
using two quantiles. Consider a distribution with a
quantile function Q(u) = u + 0S(u), where S(-) is a basic
quantile function. Given a quantile-probability tuple
{p.q}, composed of quantile values q ={g1,42} and
probabilities p = {p1,p2}, where x1 < x, and p1 < po,
the scale parameter o can be computed as

_ PN
7= S(p) — S(p)

Similarly, the location parameter u can be computed as

_ 115(p2) = 425(p1)
S(p2) — S(p1)
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This means that distributions from the location-scale
family can be expressed using the quantile function

[915(p2) — 925(p1)] + [q2 — 9115 ()
S(Pz) - S(Pl)

Cook (2010) also provides examples of quantile-matching
for other two-parameter distributions, where one or both
parameters may be shape parameters. Some distributions,
like the Weibull, have closed-form solutions, whereas
others, such as the Beta distribution, require numerical
optimization or root-finding algorithms. Van Dorp and
Mazzuchi (2000) proved the existence of a solution for the
Beta distribution parameters based on two quantiles,
whereas Shih (2015) demonstrated the uniqueness of that
solution. Van Dorp and Mazzuchi (2000) outlined the
procedure for determining Beta distribution parameters
using two quantiles.

Kotz and Van Dorp (2004) described the procedure
for quantile parameterization of the triangular distri-
bution (Johnson 1997). This bounded distribution is
widely used in finance and insurance and has been
popularized by the @Risk software package (Palisade
Corp 2009). The triangular distribution is parameter-
ized by the two quantiles g, and g, and the mode m,
subject to the constraint that a <q, <m < g, <b,
where a and b represent the lower and upper bounds,
respectively. The standard quantile function for the tri-
angular distribution is expressed in terms of the
bounds a and b and the mode m,

Nudd d
Q(u): {ﬂ-l— ”dld,forO <u SE

Qlu) =

—+/(1 —u)d,d, otherwise,

whered=b—a,;dj=m—a;d, =b—m.

Kotz and Van Dorp (2004) showed that given the
two parameterizing quantile-probability pairs {q,,p.}
and {g;,pp} and the mode value m, there exists a
unique value of depth p, < p < p, corresponding to
the root of the function

(m — g2)(1 — 13
—m) (1 —t)+(m—g)A—1) "

T
where 1, = /722, 7, =, /B

The root value p € (pa, pp) of the function g(p) can be
found using any of the bracketing root-finding algo-
rithms (Perepolkin et al. 2023). It can then be substituted
into the following expressions to find the lower a and

g(p) = @

upper b limit parameters of the triangular distribution

alp) =T, alp) < g,
m

bp) =", bip) >,
b

1- 1P Pa

where 1, = /77 =

Section 4.3.3 in Kotz and Van Dorp (2004) provides an
algorithm for fitting a four-parameter generalization of
the triangular distribution, called the Two-Sided Power
Distribution (TSP), using three quantile-probability pairs
and a mode value. By allowing the TSP power parame-
ter n — oo, Kotz and van Dorp (2005) developed an
algorithm for identifying the parameters of the Asym-
metric Laplace distribution with unbounded support.
Additionally, van Dorp and Mazzuchi (2021) proved
that a lower quantile, a mode, and an upper quantile
uniquely determine the left and right branch power
parameters m,n > 0 of a Generalized Two-Sided Power
(GTSP) distribution (Herrerias-Velasco et al. 2009), given
a fixed bounded support [a, b]. An algorithm to solve for
the power parameters 1,1 > 0 of the GTSP distribution
is also provided in van Dorp and Mazzuchi (2021). More
recently, van Dorp and Shittu (2023) applied the same
algorithm to solve for the left and right branch power
parameters m,n > 0 of the Generalized Two-Sided Beta
(GTSB) distribution, which serves as a smooth alterna-
tive to the GTSP distribution.

,and T, = \/%.

3.6. Choosing Quantile-Parameterized
Distribution

A common approach to assess the properties of proba-

bility distributions is through central moments, denoted

by u, =E[(Y - 1)¥], where u represents the expected

value of Y. Karl Pearson introduced a classification sys-

tem for distributions using moment ratios associated

with skewness and kurtosis (Fiori and Zenga 2009):
2

hr= uz P2= uz

Although computing moments using the quantile
function is straightforward (the n-th raw moment is
Wy = fol Q) du), it may not be possible to calculate
higher-order moments for certain distributions.
Instead, robust alternatives to moments can be uti-
lized, such as the sample median p,, the interquartile
range oy, the quartile-based robust coefficient of skew-
ness s, (Kim and White 2004), also known as Bowley’s
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skewness (Bowley 1920) or Galton’s skewness (Gilchr-
ist 2000), and the octile-based robust coefficient of kur-
tosis x,, also known as Moors’ kurtosis (Moors 1988):

i, =Q(1/2)

o, =Q(3/4) — Q(1/4)

, - Q6/4)+00/4)-200/2)

Or
., = 27/8) — Q(5/8) +Q(3/8) — Q(1/8)
Oy
Kim and White (2004) and Arachchige et al. (2022)
have proposed to standardize robust moments to facil-
itate their comparison with the corresponding robust
moments of the standard normal distribution. Groene-
veld (1998) and Jones et al. (2011) have introduced gen-
eralizations of robust moments to other quantiles.
Unlike moments, quantiles are always well defined,

and because QPDs are parameterized by quantile-
probability pairs, quantile-based robust moments can
sometimes be directly computed from the parameters.
For instance, if the basic quantile function S(u) in
Q(u) = p + 0S(u) is standardized (such that 5(0.5) = 0),
where i and o are the location and scale parameters,
respectively, of Q(u)then u, =u. Moreover, o, is
always independent of location, and s, and «, are inde-
pendent of both location and scale.

Figures 5, 6, and 7 resemble the Cullen et al. (1999)
plots (also known as the Pearson plots), but instead of
using central moments they employ quartile/octile-
based robust metrics of skewness s, and kurtosis x, to
compare the quantile-parameterized distributions to
some of their parametric counterparts.

In these plots, Metalog3 and Metalog4 refer to three-
and four-term metalog distributions, respectively, and
GLDcsw refers to Chalabi et al. (2012) parameteriza-
tion of the Generalized Lambda Distribution (GLD).
As can be seen in Figure 5, all generalizations of Myerson
distributions have higher robust kurtosis for the same
robust skewness, which indicates heavier tails outside of
parameterizing quantiles. Additionally, GLD CSW is
more flexible than the unbounded four-term metalog.
The log-transformed metalog distribution appears to be
the most flexible among the semi-bounded distributions
(Figure 6). Furthermore, the flexibility of the bounded J-
QPD-B is at least as good as that of the Beta and Kumar-
aswamy distributions (Figure 7).

The practical choice of a distribution is often guided
by information elicited from an expert. Many elicita-
tion protocols result in a symmetric triplet of quantile-
probability pairs (SPT), such as the 25th, 50th, and 75th
percentiles or the 10th, 50th, and 90th percentiles. In

Figure 5. (Color online) Robust Skewness vs. Robust Kurtosis for Some Unbounded Distributions
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Figure 6. (Color online) Robust Skewness vs. Robust Kurtosis for Some Left-Bounded Distributions
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such cases, a wide variety of QPDs are available to =~ whereas Myerson distributions have implicit lower and
encode quantities of interest based on different bound-  upper bounds, the other SPT-parameterized distribu-
edness conditions. tions have explicit bounds, which must be provided by

Figure 8 illustrates the selection of SPT-parameterized  the expert. The distributions are listed roughly in increas-
distributions for each type of boundedness. Note that  ing order of robust kurtosis for the same level of robust

Figure 7. (Color online) Robust Skewness vs. Robust Kurtosis for Some Bounded Distributions
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Figure 8. (Color online) Concept Map for Choosing Quantile-Parameterized Distribution
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- 3quantiles + mode:  Two-Sided Power distribution (Kotz & van Dorp, 2004)
Asymmetric Laplace distribution (Kotz & van Dorp, 2005)

skewness. This consideration may prove useful during
the validation phase of the elicitation process, especially
when the assessor wishes to query the expert about a
higher or lower quantile outside the initial parameteriz-
ing triplet. If the tail of the originally selected distribution
is found to be too light (i.e., the expert provides a higher
or lower quantile that exceeds the value implied by the
selected distribution), then the next distribution in the
ordering of robust kurtosis might be more appropriate.
Note that whereas this additional quantile may not be
matched exactly, the newly chosen distribution might
approximate it more closely.

If the elicited quantiles are asymmetrical around the
median (Figure 8), or if a higher number of quantiles
need to be matched (e.g., the assessor decides to match
an additional upper or lower quantile along with the pre-
viously elicited SPT), then the Metalog distribution is the
only available option (out of the QPDs with an explicit
quantile function discussed in this paper). This highly
flexible distribution supports all types of distribution
boundedness and can accommodate more than a dozen
quantile-probability pairs. However, a limitation of the

Metalog distribution is that it may not always be feasible
for any given QPT, meaning that in practice some quan-
tiles might need to be approximated rather than matched
exactly.

All distributions presented in this paper are imple-
mented in gpd package (Perepolkin 2019) in R. In addi-
tion, Metalog implementation can be found in rmetalog
(Faber and Jung 2021) and pymetalog (Smith et al. 2021)
for R and Python, respectively. J-QPD distributions are
available through rjqpd package (Ingram 2020) in R and
jgpd package (Khan 2020) in Python.

4. Multivariate Quantile-Parameterized
Distributions

Quantile-parameterized distributions can serve as
marginal distributions in multivariate models, where
the dependency structure is captured by a standard
(parametric) multivariate distribution, a copula, or
described by bivariate quantiles. The marginal distri-
butions alone are insufficient to determine the corre-
sponding bivariate distribution, resulting in an infinite
number of bivariate distributions with the same
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margins (Gumbel 1960, 1961). In this section, we
describe several methods for extending the distribu-
tions parameterized by the quantile-probability pairs
to become Multivariate Quantile-Parameterized Distri-
butions (MQPDs).

4.1. MQPDs Based on Standard Multivariate
Distributions

4.1.1. Normal Distribution. In the simplest case, multi-
variate Quantile-Parameterized Distributions (MQPDs)
can be created using the multivariate normal distri-
bution, following the approach of Hoff (2007). The
Myerson, J-QPD, and SQN quantile functions are
Q-transformations of the probit Q(z(u)|6), where
z(u) = @ '(u) represents the standard normal quantile
function. The multivariate versions of these distribu-
tions can be viewed as the Q-transformations of the
multivariate normal distribution. To extend these
QPDs to | dimensions using the multivariate normal
distribution, we employ the method outlined in Dro-
vandi and Pettitt (2011).

The i-th component of a single observation y; can be
described by the quantile function y; = Q(z(1;) | 0;), for
i=1,...,], where 0; represents the set of parameters
for component i (e.g., {91,92.93.a};) for Myerson or
J-QPD distributions). The vector [z(ul),...,z(u]-)]T~
N(0,%), where ¥ denotes the covariance matrix. For
invertible distributions, the inverse quantile function
is the cumulative distribution function (CDF)
Q (v 0) =F(y; | 0); otherwise, the inverse can be
computed numerically as F (yl |0)=Q~ 1(y, | 6) (Pere-
polkin et al. 2023).

Drovandi and Pettitt (2011) showed that the joint
density of a single (multivariate) observation (y;, ..., yj)
can be expressed as

fyr,...y10)= [Z(Q_l(% 101)),.

dQ (v | 6y)
X
H ayi

-, 2(Q Ny 16); ]

where z(Q ' (y; | 0:)) =z, ¢(z1,...,2; L) represents the
multivariate normal density w1th a mean of zero and a
covariance matrix of ¥, and %2 yfy £ =f(y;) is the proba-
bility density function (PDF) of the QPD (refer to the

Supplementary Materials).

For distributions without a PDF, the same joint den-
sity can be expressed as a joint density quantile function,

]
[qGus, ... up] ™" = @lz(w), - .., 2(u); 2] x ] [1gGu: 1 017,
i=1

because Q '(y;|0;)=u; and f(y;|6;) = [q(u;| 6]
(Gilchrist 2000).

It is worth noting that this method of creating multi-
variate distributions does not require every component
to follow the same distributional form. As illustrated
earlier, it is entirely possible to combine several differ-
ent QPDs using the multivariate Gaussian distribution
(Drovandi and Pettitt 2011).

To use the MQPD for the prior, both the density of
the multivariate normal and the marginal densities
need to be explicitly added to the log-likelihood. This
is possible when the marginal QPDs used to define the
multivariate prior are invertible, such as Myerson and
J-QPD, because both the CDF Q~!(y;|6;) and PDF
dQ Y(y; ] 6,)/dy; are required. When a quantile-based
prior specification is used, only the multivariate nor-
mal log-density needs to be added because the Jaco-
bian for the marginal QF transformation is reciprocal
to the DQF of the prior (Perepolkin et al. 2023).

4.1.2. Logistic Distribution. The same approach of
joining the marginal QPDs can be applied by using the
base quantile functions of other distributions. For
instance, the Logit-Myerson distribution (Wilson et al.
2023) is based on the logistic quantile function. Two
Logit-Myerson distributions can be connected using
the bivariate logistic distribution. Gumbel (1961) pro-
posed three different formulations for the bivariate
logistic distribution. The Type II distribution from the
Morgenstern family (Sajeevkumar and Irshad 2014,
Basikhasteh et al. 2021) has the following joint distribu-
tion and density functions:

F(y1,y2 | B) = F1(y1)F2(y2)
X [1+ (1 = F1(y1))(1 — F2(y2))]
f,y2 | B) = ily)f(v2)
X [1+4 B(1 = 2F1(y1))(1 — 2F2(y2))]
where Fi(y;) and fi(y;) for i € {1,2} refer to the univariate

logistic distribution and density functions, respectively,
and —1 < B < 1. Because y; = Q;(u;), we can express the
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bivariate density in the quantile form

FIQ(u1), Quz) | B = 1l Q1) 1f2[ Q(u2)]
X [1+ (1 —2F1[Q1(u1)])
X (1 —2F[Qa(u2)])]
(7,2 | B = [q1 ()] [g2(u2)]
X [1+B(1 —2up)(1 —2uy)]

For logistic distribution with Q(u) = In(u) — In(1 — u)
and [q(u)]f1 =u(l —u), the bivariate logistic density
quantile function can be expressed as

[qe(ur, 2 | )] = 11 (1 — ur)ua(1 — up)
x[1+p(1— 2u71)(1 — 2uy)]

If we combine the QPD marginals, the result is the joint
quantile-based density for the bivariate logistic-based
QPD, where the dependency is captured by the bivari-
ate logistic distribution with the coupling parameter f3,
and the margins are QPDs. The joint density quantile
function is given by

[qumopp (1,12 | 01,02, 8)] " = ur(1 — uy)un(1 — up)
X [1+B(1 —2up)(1 —2uy)]

X [q1(u1 ] 00)] ' [g2(u2 1 02)]7,

where [q:(;| 6,)]", for i =1,2, are the marginal QPD
density quantile functions, such as the density quantile
function (DQF) of the Logit-Myerson distribution (see
the Supplementary Materials).

This way of constructing a bivariate distribution is
illustrated in Figure 9 with the Bivariate Logit-Myerson
Distribution, parameterized by ® = {61, 0, p}, where the

Figure 9. (Color online) Density of Generalized Myerson Dis-
tributions Joined by Type II Bivariate Logistic Distribution

10

y ~ Myerson(-9, -3, 2; 0.10)
o

W= === = — -

6 9 12
x ~ Myerson(3,7,10; 0.25)

marginal Myerson distributions are given by y;=
Qi(z(uy),0;) for j=1,2, with parameter vectors
61 =1{3,7,10;0.25}, 0, ={1,10,20;0.1}, and the depen-
dence parameter § = 0.6.

4.2. Copula-Based MQPDs

The approach we have used so far is similar to con-
structing the joint distribution using the Gaussian cop-
ula (Hoff 2007). Copulas provide a general approach to
modeling joint distributions, separating the bivariate
dependence from the effects of marginal distributions
(Kurowicka and Cooke 2006). The literature describes
a wide range of copulas (Genest and Favre 2007, Kuro-
wicka and Joe 2011, Smith 2013), and new copulas can
be created using generator functions (Durrleman et al.
2000). When a copula is used to connect QPDs, the
joint density is calculated as

fmorp(W1,y2 | 01,02, E) = c[F(y1 | 01), F(y2 | 02) | E]
X fily1 | O1)f2(y2 | 02),

where c[-] represents the copula density function with
parameter =, and F(y; | 6;) and fi(y: | 0;) are the CDF
and PDF, respectively, of the marginal quantile-
parameterized distributions.

The same density can be expressed in a quantile-
based form (Perepolkin et al. 2023):

[amopp(u1,uz | 0,8)]7" = cluy, uz | E]
x [q1(u1 | 00)] [q2(u2 | )],

where c[-] is the copula density function with parame-
ter 2, and [g;(u; | 61)]_1, for i=1,2, are the marginal
DQFs of QPDs. Figure 10 presents 10,000 samples from
the bivariate Myerson distribution joined by the Joe
copula with 6 = 3.

Elicitation of multivariate distributions may require
a specialized approach (Elfadaly and Garthwaite 2017,
Wilson et al. 2021). For examples of expert-specified
multivariate distributions encoded with copulas, we
refer to the relevant literature (Aas et al. 2009, Sharma
and Das 2018, Wilson 2018, Holzhauer et al. 2022).
When fitting copulas to empirical observations, the
blanket goodness of fit measure (Wang and Wells 2000)
based on Kendall’s transform (Genest et al. 2006, 2009)
can be used.
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Figure 10. (Color online) Samples from the Bivariate Myerson
Distribution Joined by the Joe Copula (0 = 3)

y ~Myerson(-9, -3, 2; 0.10)
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-40 -20 0
x ~Myerson(3,7,10; 0.25)

4.3. Bivariate Quantiles

The formal definition of bivariate quantile functions
and the method for constructing bivariate quantile dis-
tributions using marginal and conditional quantile
functions are provided by Nair and Vineshkumar
(2023) and Vineshkumar and Nair (2019). They defined
the bivariate quantile function (bQF) of (Xi,X>) as the
pair Q(u1,u2) = [Q1(u1), Qu(u2 [u1)], where Qq(u1) =
inf{x1 : F1(X1) > 1/!1}, Uy € [O, 1] and Q21(1/l2 | 1/l1) = iI‘lf{XZ :
F21(Q1,x2) > uz}.

The conditional quantile function Qi (1> | #1) can be
obtained by inverting the conditional distribution
function F»;(x1,x2), which is computed from the factor-
ization of the joint survival function. The joint survival
function is defined as F(x1,x;) = P(X; > x1)P(Xy > x2
| X1 > x1) = F(x1)F21(x1,x2). Note that the joint survival
function f(xl,xz) =1—F1(x1) — F2(x2) + F(x1,x2), and
the conditional survival function Foi(xq,x)=1—
Fo1(x1,x2).

Another approach for creating bivariate quantile
functions is through Gilchrist’s QF transformation
rules (Gilchrist 2000), which can be generalized to
bivariate quantile functions. According to Nair and
Vineshkumar (2023) (Property 6), the conditional QF
can be constructed as a sum of two univariate QFs:
Qo1(uz | u1) = Q1(111) + Q2(uz). This means that the pair
[Q1(u1); Q1(11) + Qa(up)] is a valid bivariate quantile
function, which generalizes Gilchrist's addition rule
(Table 1). The addition rule also works for quantile
density functions (Property 7). If Q; is left-bounded at

zero, that is, Q1(0) = 0, then the margins of such a bQF
are X1 = Qq(u1) and X, = Qx(up). Otherwise, the mar-
ginal distribution of X, will be lim,,—0Qo21(u2 | 111),
which in many cases is not tractable.

If Qi1(u1) and Q»(uy) are positive on u; € [0,1], then
their product is also a valid conditional QF (Property
8), generalizing Gilchrist’'s “product rule.” Finally,
Property 9 generalizes the “Q-transformation rule,”
stating that for every increasing transformation func-
tions Ty and Ty, [T1(Q1(u1)), T1(Q1(11)) + T2(Q2(u2))] is
also a valid bQF.

Therefore, valid bivariate quantile-parameterized
QFs can be created by constructing the conditional
quantile functions as Gilchrist combinations of univari-
ate quantile-parameterized QFs. Figure 11 shows 1,000
samples from the bivariate distribution created by add-
ing together two Myerson distributions. Note that in
this case, only the marginal distribution of x; = Q1(u1)
is available in closed form:

(1, 12) 2% [Qu(11), Qi (1) + Qa(u2)]
Q1(u1) ~ Myerson(3,7,10;0.1)
Qa(uz) ~ Myerson(—9, — 3,2;0.25)

This bQF is easy to elicit and interpret, because Q»(1)
can be thought of as a random adjustment to the value
of Qi(u1). In fact, the conditional quantile function
Q21(u2 | u1) can be thought of as having the classical
form  Qu(uz | u1) = u(u1) +0Qz(up) (Gilchrist 2000),
where the location is randomly varying with u(u;) =
Q1(u1) and the scale parameter o = 1. First, the mar-
ginal distribution Qq(u1) is elicited, and then the

Figure 11. (Color online) Samples from the Bivariate Myerson
Quantile Function
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difference between the values x; and x, can be elicited
as a QPT and encoded as Q; (7).

5. Discussion

Quantile-based distributions have garnered significant
attention in the research community. Several distribu-
tions, such as the Generalized Lambda Distribution
(GLD) (Ramberg and Schmeiser 1974, Freimer et al.
1988), the g-and-k distribution (Haynes et al. 1997,
Haynes and Mengersen 2005, Prangle 2017), the g-and-
h distribution (Mac Gillivray 1992, Rayner and MacGil-
livray 2002, Field and Genton 2006), and the Wakeby
distribution (Jeong-Soo 2005, Tarsitano 2005, Rahman
et al. 2015), have been studied extensively and docu-
mented in the literature. These distributions are
defined by noninvertible quantile functions (Pere-
polkin et al. 2023). However, the research on quantile-
parameterized distributions remains relatively unex-
plored. These distributions offer interpretable para-
meters that are defined on the same scale as the
quantities of interest, simplifying the elicitation pro-
cess for experts. Many popular elicitation protocols for
both predictive and parametric elicitation rely on the
assessment of quantile-probability pairs (QPPs).
Instead of fitting a parametric distribution to the eli-
cited QPPs (O’'Hagan 2019, Best et al. 2020), assessors
could directly use the elicited QPPs as inputs into one
of the QPD quantile functions, which can be easily
employed in both quantile-parameterized and para-
metric models.

Provided that the expert and the elicitor agree on the
scientific model to be used for representing the expert’s
understanding of the world (Burgman et al. 2021), sev-
eral types of inputs may be required to inform the
model. Among those are the expert’s judgement about
the model parameters (O'Hagan 2019, Mikkola et al.
2023) and their predictions of the next observation
(Winkler 1980, Kadane and Wolfson 1998, Akbarov
2009). Both parametric and predictive judgments
should be captured together with corresponding
uncertainties to reflect the expert’s state of knowledge.

Quantile-parameterized distributions offer distinct
advantages as high-fidelity priors that precisely cap-
ture expert assessments. These distributions are parti-
cularly beneficial for domain experts who may not be
well-versed in statistics, because they provide high

flexibility while retaining parameter interpretability.
As a result, QPDs can faithfully represent an expert’s
beliefs without compromising convenience or precision.

Quantile-parameterized distributions with unbounded
support do not control the heaviness of the tail beyond
the most extreme quantile specified. Therefore, different
QPDs fitted to the same set of quantile-probability pairs
may exhibit slight variations in shape. The tail heaviness
of such distributions is determined by the parametric ker-
nel distribution underlying the quantile parameterization.
However, given the diverse range of QPDs proposed in
the literature, a knowledgeable assessor should be able to
select an appropriate distribution and validate the choice
with the expert, taking into account the thickness of the
distribution tails.

Most QPDs we reviewed are parameterized by a
symmetric percentile triplet (SPT). These distributions
rely on the symmetric property of underlying kernel
distributions and can be generalized by swapping the
distribution with another one that exhibits different
tail shapes. Hadlock and Bickel (2019) utilized this
method to generalize Johnson Quantile Parameterized
distributions (J-QPDs). We show that the variants of
Myerson distribution appearing in the literature
(Myerson 2005, Wilson et al. 2023) represent similar
generalization. This principle can be extended to
include other kernels that result in varying thickness
of the tails.

5.1. Quantile Function Perspective

The distributions discussed in this paper are defined
using the quantile function, and therefore, they can be
considered quantile-based quantile-parameterized dis-
tributions. Myerson, J-QPD, and several other
quantile-parameterized distributions reparameterize
conventional distributions, utilizing Gilchrist’s trans-
formations (Table 1).

Perepolkin et al. (2023) demonstrated that the distri-
butions defined by quantile function can be used both
as prior and as likelihood in Bayesian models. Priors
defined by quantile function eliminate the need to
compute prior density. The quantile function acts as a
nonlinear transformation of a uniform degenerate ran-
dom variate with the resulting Jacobian adjustment
reciprocal to the density quantile function. Therefore,
both the Jacobian and the density quantile function are
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omitted from the Bayesian updating equation (Pere-
polkin et al. 2023). When using quantile-based QPDs as
likelihood, special care needs to be taken with regard to
the suitable prior for the QPP parameters. Perepolkin
et al. (2024) used the Dirichet-based prior for the metalog
likelihood model and described the hybrid elicitation pro-
cess for encoding the expert judgments into the two-
dimensional prior distribution implied by the model.
Alternatively, Wilson et al. (2023) used multivariate nor-
mal distribution for the inter-quantile distances. This
approach requires specification of the covariance struc-
ture, which might be difficult to elicit.

Not all QPDs are equally reliable in approximating
the underlying distributions. Violating the QF transfor-
mation rules imposes additional constraints on the fea-
sibility of parameters because certain combinations of
parameters may result in locally decreasing quantile
functions (Keelin 2016, Hadlock 2017).

5.2. Multivariate Extensions

Quantile-parameterized distributions can be readily
extended to the multivariate setting by leveraging tra-
ditional multivariate distributions. The combination of
quantile-based marginal distributions joined by the
multivariate normal has been discussed previously in
the literature (Hoff 2007, Drovandi and Pettitt 2011).
Building on this approach, we proposed the use of
Gumbel’s bivariate logistic distribution (Gumbel 1961)
to combine quantile-parameterized Logit-Myerson dis-
tributions (Wilson et al. 2023).

Copulas offer a natural extension of univariate
QPDs into the multivariate domain. Bivariate copulas
can be assembled into more complex structures using
vine copulas (Kurowicka and Joe 2011, Wilson 2018,
Czado 2019). Flexible QPDs serve as a viable alterna-
tive to empirical copulas, where the margins are repre-
sented by kernel density estimation (KDE) or other
nonparametric approaches. Poorly fitted marginal dis-
tributions mean a less-than-ideal starting point for cop-
ula modeling because of potential deviations from
uniformality of the copula margins.

Quantile-parameterized distributions defined by
quantile function are particularly well-suited for con-
structing new distributions using bivariate quantiles
(Vineshkumar and Nair 2019, Nair and Vineshkumar
2023). The ability to construct a conditional quantile

function as a linear combination of univariate quantile
functions offers a convenient and interpretable approach
to defining bivariate distributions, especially when the
univariate quantile functions are parameterized by quan-
tiles. These distributions are easy to sample from and
construct. However, fitting these distributions to data
can be challenging. As shown by Castillo et al. (1997) the
fitting process requires all marginal and conditional
quantile functions to be available in closed form, which
is often unattainable.

5.3. Further Research

There appears to be a limited availability of unbounded
quantile-parameterized distributions in the current litera-
ture. Among the distributions we examined, only the
metalog distribution can extend across the entire real
line. The G-QPD system provides clear distributional
bounds defined explicitly by the expert during elicitation.
In contrast, the (Generalized) Myerson distribution sys-
tem relies on implicit bounds that need to be communi-
cated to the expert. Most of the distributions we
reviewed are characterized by a symmetrical percentile
triplet (SPT) because they rely on the symmetrical prop-
erty of their kernels. However, there may be situations
where an arbitrary (nonsymmetrical) quantile parameter-
ization could prove valuable (as shown by Perepolkin
et al. 2024). The development of flexible quantile-
parameterized distributions defined by an arbitrary set
of quantile-probability pairs can enhance versatility of
QPDs and facilitate their broader adoption.

In conclusion, quantile-parameterized distributions
offer a valuable framework for capturing expert assess-
ments and incorporating them into statistical models.
They provide high flexibility and parameter interpret-
ability, making them particularly beneficial for domain
experts. The diverse range of quantile-parameterized dis-
tributions explored in the literature allows for custom-
ized modeling approaches that align with the expert’s
beliefs and uncertainties. By embracing these innovative
distributions, researchers and practitioners can enhance
the accuracy and reliability of their statistical models
while leveraging expert knowledge effectively.
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