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Abstract Particle methods provide a robust methodology for estimation and prediction. They
can also apply to traditional operations research areas by, for example, providing an
effective alternative for constructing Monte Carlo simulations of various systems and
for dynamic optimization. This tutorial explains the fundamental ideas behind particle
methods and how to use them in typical operations research contexts.

Keywords particle methods; simulation; optimization

1. Introduction

Particle methods have become a common approach to estimate the distribution of an
unknown state in a Markov process (i.e., a hidden Markov model) from noisy observations
with general nonlinear transitions. Whereas these techniques have considerable value for
estimation, they can also inform forward-looking operations research (OR) problems such
as simulation and optimization of complex systems. This tutorial provides an elementary
introduction to the topic and focuses on applications of simulation and optimization that
are common in the OR community.

Many other tutorials explain particle methods in the context of estimation. Examples
of these surveys include those by Andrieu and Doucet [3], Arulampalam et al. [4], Cappé
et al. [7], and Doucet and Johansen [11]. These surveys discuss various alternative strategies
as well as some of the theoretical developments in the methodology. In contrast, this tutorial
aims only to introduce the topic generally and to demonstrate how the basic methodology
can apply to typical situations in operations research. In particular, this paper aims to
motivate particle method and sequential Monte Carlo approaches for exploring rare event
probabilities and optimizing systems.

The tutorial begins by introducing particle methods as a basic estimation method in §2.
Section 3 then presents an example for estimating inventory position from noisy observations.
Section 4 then presents a broader view of particle methods that can be applied for sequential
importance sampling (SIS) in dynamic simulation experiments where standard Monte Carlo
methods may have difficulties, such as exploring tail behavior. Section 5 then presents an
extension for optimization. Section 6 presents conclusions.

2. Basic Method

The origin of particle methods is often given as Gordon et al. [13]. The discussion here essen-
tially follows that development. The objective is to obtain an estimate of the distribution X;
of a Markov process at a sequence of times t=1,...,T from a set of noisy observations Y;.
The initial state X; is assumed to have a known distribution p(z;) for an element x1, and
the distribution of transitions from X;_; to X; is given by f(x; | z;—1), which is also known,
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as is g(yz | ¢¢), the distribution of Y; given X;. For this exposition, we assume f and g are
stationary, although a general framework allows for time dependence. The fundamental issue
is that although the transitions and conditional distributions of the observations are known,
the distribution of X; conditional on observation realizations ¥, ...,y; may not have a sim-
ple representation even when y, f, and g belong to well-known distribution families. Particle
filtering methods provide a discrete representation of this distribution through the use of
a finite set of samples (particles). The related smoothing problem (with associated particle
smoothing methods) refers to finding the distribution of X; given all process observations
Yi, -5yt

This framework defines a hidden Markov model in which the true underlying process is not
directly observed and must only be inferred from the observations. The goal in filtering is to
find a distribution p(x1,...,7¢ | y1,-..,y:) (or, in more compact notation, p(x! | y*), where
2t = (z1,...,7) and y* = (y1,...,9:)), which can be evaluated in a Bayesian framework
starting with the prior 4 on x; as

ot [9) =pla's') /[ ol o) da, 1)
which can then be used to find
p(ae | 5) o / oy | z2) / F@e |z )p(e =y dat Y, 2)

where the proportionality refers to the problematic constant of integration (which, in (2),
is p(ys | y*~1)). The property exploited in this and other sequential Monte Carlo methods
is that Markov draws proportional to the mixing density converge to the true distribution
without requiring explicit knowledge of it. By repeatedly applying the observation in (2),
the fundamental relationship is then that

plae |y") ocp(@n)g(ys | 21) 1:[ f@sri|25)9(ysta | s 41). (3)
s=1

The essence of the algorithm is to apply (3) sequentially to samples of 411 using previous
samples of z, and then to weight these samples by ¢(ys+1 | s+1). The basic algorithm also
incorporates a resampling (or bootstrapping) step in which the samples are redrawn whenever
they become too concentrated (i.e., have excessive weight on a small number of particles).
The particle filtering method then proceeds as follows with an independent and identically
distributed draw z1,1,...,21, v with weights wo,; =1/N, j=1,..., N, from using p(z1 | y1),
which is given by

o [) =l )glr ) /[ uen)gton [ 22)don, (W

and the following general steps at each t =1,...,T — 1.
Particle filtering method: Sequential importance resampling (SIR).
(1) Propagate. Draw x41, 5, j=1,...,N from f(ziy1, ]2, ;)
(2) Reweight. Update weights, @ ;, j = 1,...,N, to W1,; = (we, j9(Y41 | Te41))/

(751 @, 9ot | wesn)) for j=1,....N.

(3) Resample. If a resampling condition is satisfied, draw N new samples x; ., ;, j =
1,...,N from x4, 5, j =1,..., N with probability distribution given by w41, ;,5=1,...,N;
let Tt41,4 Z.IQJFLJ- and wt-{-l,j ZI/N fOI‘jZl,...,N.

This basic algorithm can be generalized in a number of ways. First, the algorithm above
uses f(xy41 | 2¢) for propagation and reweighting, although generally this could include
dependence on y;i1 by, for example, explicitly drawing from g(yir1 | @e41)f(@eg1 | 1)/
p(yer1 | #1T1), which would generally be too difficult to find. Instead, the algorithm can
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use some approximation q(z¢11 | yi11,2t") of this distribution, in which case the weighting
multiplies g(ys11 | z¢4+1) by the ratio f(z441 | 2¢)/q(xe41 | yey1,2'F). For the resampling
condition, a common approach is based on an effective sample size (ESS) given by

N

ESS = <Z(1 Wi, j)Q) 1/27 (5)

=1

where resampling occurs if ESS < K for some K such that 1 < K < N (e.g., K = N/2).

The particle filtering method is an example of sequential importance sampling, a sequential
implementation of the importance sampling technique for reducing variance in Monte Carlo
estimation (see, e.g., Asmussen and Glynn [5]) such as evaluating an integral,

- / b(w)w(z) d, (6)
X

where p is a probability density over x and ¢ is some performance function. A crude Monte
Carlo estimate of I(¢,w) is given by

N

Ime(¢,w) =Y ¢(w:)/N, (7)

i=1

where the z; are independent draws from the distribution corresponding to w. Importance
sampling attempts to reduce the variance of I"¢(¢,w) by finding a function ¢ that approx-
imates ¢, where g(x) > 0 whenever w(x) > 0, and interpreting I(¢,w) as

[ I(q,w)o(x) w(z)q(x) -
W’w)‘/x @@ Iguw)

where I(q,w) = [ q(x)w(x) dx so that I(¢,w) =I((I(q,w)$)/q,(w-q)/I(q,w)). Importance
sampling then apphes crude Monte Carlo simulation to I((I(gq,w)$)/q,(w-q)/I(q,w)) =

I((I(q,w)¢)/q,m), where 7(z) = (w(x)q(x))/I(¢g,w), to obtain an estimate,

N
fisfw((b’ ’LU) _ Z I(Qaqqz);f;(xz) /N, (9)

i=1

(8)

which then has smaller variance than I¢(¢,w) if ¢ is close to ¢ (and zero variance if ¢ = ¢).
This process, however, requires finding I(¢q,w), which could be as difficult as finding (¢, w).
If ¢ is tuned for a single ¢, this is also problematic in sequential implementations where the
target ¢ may be changing. An alternative is to assume ¢ is a given density.

To remedy the problem of finding I(g,w), this can be replaced with 1"¢(g,w) to obtain
a biased (but consistent) estimate,

N

g =Y "q xZ)/N. (10)

i=1

This provides an implementable scheme even when I(g,w) is not available, because the
random draws of z; from a distribution proportional to w - ¢ can be obtained with Gibbs
sampling or, more generally, a Markov chain Monte Carlo method (following, e.g., Metropolis
et al. [19]) without knowledge of I(q,w).

The principle idea of the particle filter is to take advantage of this importance sampling
scheme and to apply it sequentially across time to estimate the distribution of the unob-
served quantities conditional on noisy observations. The typical estimation situation occurs
when 7 corresponds to p(z | y), w - g corresponds to p(x,y) (i.e., w corresponds to p(z)
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and ¢ to p(y|z)), and I(g,w) corresponds to p(y). The objective is then to find I(¢,7) =
I(¢(n/q),q) = I(d(w/I(w,q)),q) using

18— q al (b(l'z
fis=a(g,m) = 3 IO /N (1)
i=1

where w may also be given as 7/q. In this way, the observations z; drawn with the density
q are weighted by

R w(z;)
T = ) 12
ST () "
giving
IZS q ¢7 Z¢ xz i (13)

Particle methods employ this importance sampling procedure sequentially at each stage ¢,
so that

q(2") = g1 (z' qe(ay | 2'7) (14)
:ql('rl)HQS(xs Ixs_l)a (15)
s=2
ty (") —w 21 i (")
)= e T e S e g ) 1o
_ m(z) : ms(2°) (17)

a1 (z1) 1 moo1 (25 )gs (s [271)

which then provides the sequential updating procedure. Knowledge of ¢;(z; | z8~1) then
enables consistent estimates of m; and integrals with respect to criterion ¢. The SIR method
can then be seen to follow this sequential importance sampling method, where g;(z; | 2'~1) =
f(xy | 2'1) for all t and m; corresponds to p(zt,y) so that

m (") p(z',y")
18
F @ e [0 pla Ly fa e W) 1

Then the update of w; corresponding to (16) and (12) is
'th+1,j — wtng(yt“rl | ‘/Et“l’l) (19)

N N )
> i1 Wt 59 (Y1 | Tegr)

as given in the SIR method above.

3. An Inventory Example

As an example of how the method applies to sequential estimation, consider the common
operational problem of estimating inventory with imperfect observations (see DeHoratius
and Raman [9], DeHoratius et al. [10]). In this case, the imperfect inventory observations
are given by y;. The goal is then to estimate the distribution of the actual inventory state x;
(and to compute various performance measures such as the expected level and probability
of being stocked out). To use the SIR particle filter as given above, we suppose that the
transitions from one period to the next, f(z; | z¢—1) and the conditional distribution of the
observation noise g(y; | x¢) are known.
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To enable analytical comparisons, we assume the following linear dynamics and Gaussian
disturbances so that the process fits the linear, quadratic Gaussian (LQG) format:

xy = Fry_1 +ug,u ~N(0,Q), (20)
yt:H$t+Ut,UtNN(0,R), (21)

where F' and H are transition matrices, and N(u, X)) refers to a Gaussian (normal) distribu-
tion with mean g and covariance matrix X. With this specification, the Kalman [15] filter
gives

Tt |ytNN(x£/’PtH)’ (22)

where a2/ and P, are defined sequentially by the following steps given z} ; and P, ;:

vy =Faj (23)
P/=FP/" FT"+Q, (24)
2 =y — Haj, (25)
S=HP/HT +R, (26)
K=P/H"S™, (27)
zy =z, + Kwy, (28)
P/'=(I-KH)P,. (29)

To use the SIR particle filter method, we need the transition density f(x; | ;—1), which is
given by the normal density with mean Fx;_; and covariance R, and the conditional obser-
vation density g(y: | #), which is the normal density with mean Hz; and covariance @. The
Kalman filter provides the desired p(x; | y%) in the pure LQG case, but the particle filter
method applies generally and, therefore, can handle realistic situations such as truncation
at zero for stockouts or at some upper limit of stocking capacity.

The results of a single simulation path are given in Figure 1, which shows the actual x;
(designated by asterisks) and observed y; (designated by plus signs) values for 10 periods.
The Kalman filter distribution estimate of x1y given 3! is N(13.8,0.62). We compare this
distribution to the result of the SIR using N = 50 particles and resampling when ESS < 25 in

FIGURE 1. Actual and observed value for 10 periods.
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Fi1GURE 2. Kalman filter and SIR particle filter cumulative distribution functions.
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Figures 2 and 3. Figure 2 shows the cumulative distribution function from both the Kalman
filter (exact) and the SIR estimate, whereas Figure 3 provides histograms to show the relative
frequency of each with intervals of length 0.25. The plots of the distributions show that the
particle filter, which only assumes the one-step transition distribution and a distribution
on observation noise, provides a reasonably accurate representation of the true distribution
given by the Kalman filter. Of course, in this simple case, when the distribution is available
explicitly, the particle filter provides little advantage, but in other cases where computing
the true distribution is intractable, the particle filter provides an effective alternative.

4. Uses for Simulation

The central ideas in particle filtering are the uses of the importance step in reweighting
each new particle generated sequentially in time using the weight of the next observation

Frequency

FiGURE 3. Kalman filter and SIR particle filter frequency comparisons.
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distribution conditional on that particle and resampling when the weights on the branches
become too imbalanced. This general approach can be applied in many different simula-
tion settings. As the example in the previous section suggests, one possibility is to use
this approach in simulating possible sample paths that would be consistent with a set of
observations.

This sequential version of importance sampling can be particularly useful for situations,
such as risk management, where the central interest is in tail behavior (e.g., where ¢ is an
indicator of loss at a given level). Estimation of such risk measures suffers from high variance
because tail events are infrequently observed in standard Monte Carlo implementations.
Using SIS as in the particle filter method, samples of x; can be drawn from ¢ (2 | z:—1),
which focuses the samples on the area of interest, such as low x; values of a particular
asset or portfolio. The result is that many more samples occur in the tails of the overall
distribution of z;, lowering the variance in risk measure estimates.

As an example, Figure 4 compares the results of using a particle or sequential importance
sampling method to those using crude Monte Carlo simulation for estimating the probability
of a 50% loss after five periods for a portfolio with a normally distributed mean log return
of 5% and standard deviation of log return of 20% in each period (i.e., where returns are
log-normal with these parameters in each period). The figure shows the histograms of the
fraction of those samples with losses greater than 50% over five periods for 1,000 replications
of simulations with 200 particles or sample paths in each replication. For the importance
distribution ¢, the particle method also uses a log-normal return, but with zero mean log
return to more closely match the target distribution over the low-return range. For these
replications, the particle method replications have a mean of 1.76% (compared to a true value
of 1.75%) with a standard deviation of 0.52% (giving a standard error 0.0164%), whereas
the crude Monte Carlo sample probabilities have a mean of 1.80% with a standard deviation
of 0.93%. In this case, sequential importance sampling reduces the sampling standard error
by almost one-half. With other choices of the importance distribution tuned to criteria of
interest, much greater error reductions can be possible.

The particle filter method also relates to the importance splitting method (see, e.g.,
L’Ecuyer et al. [18], Glasserman et al. [12], Lagnoux [17], Morio et al. [20]) to obtain the

FIGURE 4. Histograms of particle method (SIS) and crude Monte Carlo (MC) results for probability
of 50% portfolio loss.
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probability (p(A)) of a rare event A by finding p(A) = p(4o) Hle P(A;| Ai—1), where Ag D
A; D+ D Ap = A using estimates of each P(A; | A;—1). This can be seen as a version of
particle filtering where g corresponds to an indicator of membership in A;. This then allows

estimates of the conditional survival rates using Zévzl Wy, j9(Yet1 | Te41) (see Amrein and
Kiinsch [2]).

5. Uses in Learning and Optimization

The particle filter method also applies to problems in which some of the dynamics are
unknown and must also be inferred from the observations. These approaches are known as
particle learning (see Polson et al. [23], Carvalho et al. [8]). In this case, we augment the
full state to z; = (x4, s¢,0), where s; is a sufficient statistic for the underlying parameters 6.
The method then follows the procedure below (from Carvalho et al. [8]).

Particle learning method.

(1) Resample. Draw N samples z; ;, j=1,...,N from z; j = (24,5, 5¢,;,0;) with weights
W, X P(Yea1 | 2t,5)-

(2) Propagate. Draw xty1 5, j=1,...,N using p(w¢y1]2; ;,Yer1)-

(3) Propagate. Draw s¢y1,5, j=1,..., N using p(si41 | Tjp1, 57, Yes1)-

(4) Sample. Draw 0;, j=1,...,N from p(0| s¢41).

The particle learning method then yields estimates of both the parameters and the
states x;. By examining the conditional mode of the distribution over 6, the process identi-
fies the most likely distribution consistent with the observations. Identifying the mode then
suggests an alternative for optimization by identifying a distribution with a density propor-
tional to an objective function. Sampling from this distribution then provides a Monte Carlo
optimization procedure as in simulated annealing (see, e.g., Kirkpatrick et al. [16], Aarts
and Korst [1]). This approach is described in Pincus [21, 22], where minimizing a function
@(x) over a set X with a unique optimum is obtained by sampling from the distribution
p(z, k) given by

p(x, k) ox e ") (30)

where increasing & concentrates the distribution around the mode (which also coincides
asymptotically with the mean). This approach can be applied with the particle filtering
apparatus by interpreting f(x: | #;—1) as any distribution that covers X and interpreting
g(y | *) as proportional to e*?(*). Various alternatives can also be designed with f also
including objective information and k being chosen adaptively.
As an example of this approach, consider finding the minimum value of the Rosenbrock [24]
function, given by
¢z = (z1,22)) = (1 = 21)* +100(w2 — 27)?, (31)

which has a global minimum at z* = (1,1), but which is notoriously difficult to obtain with
standard local search procedures. For this implementation, we use a specification for f from
the following updating method:

i v < e—R((w)/B(zi-1))
xt:{“ o ’ (32)
Ty_1 otherwise,

where u ~ U([—4,4]?), a uniform distribution over [—4,4] x [—4,4], and v ~ U([0,1]), a
standard uniform draw. This approach corresponds to the Metropolis—Hastings method of
Markov chain Monte Carlo estimation (see Metropolis et al. [19], Hastings [14]) using the
distribution proportional to e=#¢(#) for the acceptance criterion. In this case, we use the same
K as used in g (although in general they may be different). Figure 5, (a)—(c), shows the results
of using this method without resampling (the pure Metropolis—Hastings method is indicated
by circles) for T = 5,000 iterations with N =500 sample runs and for the same T' and N
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FIGURE 5. Results from pure Metropolis-Hastings (circles) and SIR methods (crosses) for the
Rosenbrock [24] function optimization with objective parameters, x = 2,10, and 100.
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with resampling (the SIR particle method indicated by crosses) whenever ESS < 250. The
figure shows how the results cluster more tightly around the optimal solution z* = (1,1) for
larger k values (noting that the scales change for the higher k values). The advantage of
resampling is shown by the lower dispersion of the crosses compared to the circles. This is
especially prominent for the high k values, where the results are most precise and it is most
valuable to avoid sample paths that have low objective weight.

This approach can be expanded further for dynamic optimization in which controls
are chosen conditional on the state variables z;. The process involves stepping forward to
obtain a new random component observation y; conditional on z; and u; and resampling u;
conditionally on that observation. This is applied in Birge and Polson [6], where it is shown
that this process provides unbiased estimates of optimal LQG controls and can be applied
consistently in more general dynamic contexts.

6. Conclusions

This tutorial has introduced the basic concepts in particle filtering methods, particularly the
ideas of sequential importance sampling and resampling, and their potential applications
in the operations research domains of Monte Carlo simulation and optimization. Examples
were given to illustrate how the methods work and their relative advantages in reducing the
variance of performance criteria and optimal solution estimates. As noted in the introduc-
tion, many other tutorials and the papers cited throughout give further background on the
theory underlying these methods and their applications for statistical estimation.
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