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Abstract Many inference and decision problems on networks involve solving hard algorithmic
problems on graphs. Even when the underlying problem admits a polynomial time
algorithm, such an algorithm can be impractical simply because of the sheer size of
the underlying network, as many technological, communication, and natural networks
may easily be of the order of millions or even billions of nodes. Thus one often has
to resort to faster distributed (local) algorithms, which can be run in parallel on the
underlying networks, providing the required time and computation effort scales. The
correlation decay property, which can be established for a broad class of networks
exhibiting random topology, random costs, or randomized decisions, is a tool that pro-
vides a rigorous justification for the validity of such local algorithms. In this tutorial
we illustrate algorithmic methods based on the correlation decay property on several
examples. Starting with the PageRank algorithm for search and navigation on the
Internet, we will proceed to applications of the correlation decay method to prob-
lems in wireless communication, combinatorial optimization problems on graphs, and,
finally, to the problem of network learning—a problem in the machine learning field.

Keywords networks; local algorithms; graphical models; long-range independence

1. Introduction
Many contemporary technological, communication, and social networks are of enormous
scale and are growing in size at a rapid speed. The World Wide Web graph involves about
a quarter of a billions of websites. The number of users of Facebook, Twitter, and similar
networks is on the order of hundreds of millions. Many naturally occurring networks have
enormous sizes as well. For example, the number of neurons in a human brain is of the
order of 100 billion. Inference, decision and optimization problems on such graphs often
involve solving NP-hard algorithmic problems, which renders these tasks problematic even
on the moderate size problems. Even when the underlying problems can be nominally solved
using polynomial time algorithms, the scale of the underlying networks often makes such
algorithms impractical. A viable alternative is to seek distributed algorithms that can be
run in parallel on different parts of the network using only local information, allowing for
computation times to be bounded as a function the network size. Traditionally, one of the
core computer science disciplines, the field of local algorithms has rapidly expanded recently
to other domains including operations research, electrical engineering, economics, physics,
and combinatorics as a way of dealing with network scales.

What makes it possible to build a local algorithm that is capable of solving say a global
optimization problem defined on some network? It turns out that the correlation decay
property, which can be established for a broad class of network models, provides a useful
rigorous justification for the validity of such local algorithms. Loosely speaking, the corre-
lation decay principle can be described as follows. Suppose every node i of a network that
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we view as a (simple) graph G with node set V and edge set E is associated with some
(possibly random) variable Xi. Loosely speaking, we say that the network G exhibits the
correlation decay property (sometimes also called the long-range independence property) if
the random variable Xi is asymptotically independent from the graph G outside of some
small neighborhood of i; namely, fix r > 0 and consider an arbitrary change of the graph G as
well as the associated random variables Xj outside of the depth r neighborhood B(i, r) of i.
The model exhibits the correlation decay property if the new random variable X̃i associated
with i is asymptotically close to Xi as r increases, in some appropriate sense. Clearly, having
such a property can be potentially very useful for inferring the values Xi, i∈ V , as one can
try to compute the values Xi based on a small size neighborhood B(i, r) containing i as
opposed to the entire graph G, resulting in a significant computation reduction. The cor-
relation decay property thus provides the justification for such an approximation. Whether
the model exhibits or does not exhibit the correlation decay property depends on model
details, and establishing such a property is an interesting technical challenge on its own.
The probabilistic aspects that underline the randomness of variables Xi and the associated
long-range independence property (or the lack of thereof) can be driven by many stochastic
primitives, including randomness of the topology of the underlying graph G, randomness of
the cost associated with some optimization problem for which Xi correspond to the optimal
decision variables, or randomization of the choices for decision variables Xi themselves, even
when the underlying problem is completely deterministic. All variants will be discussed in
this tutorial.

The concept of correlation decay principle was considered for the first time in the context
of statistical physics models. In particular, the problem of uniqueness of so-called Gibbs
measures on infinite graphs, studied for the first time by Dobrushin in his seminal papers
(Dobrushin [9]; for book references see Simon [31], Georgii [17]) by means of the correlation
decay method, led to the so-called Dobrushin–Shlosman mixing criteria. This criteria is one
of the earliest examples of the correlation decay property. Since then, however, the concept
of correlation decay expanded beyond statistical physics applications, and in this tutorial
we will discuss it in the context of problems closer to the operations research domain.

We will begin with a simple illustration of the idea based on the celebrated PageRank
algorithm used for navigation and search on the Internet. We will show that the rank assigned
to a node of a graph (websites) depends asymptotically only on a small graph-theoretic
neighborhood around this node. As a result, when viewed as probability weights assigned
to nodes, the ranks exhibit the correlation decay property. This observation leads to a very
simple distributed algorithm for computing ranks of nodes in the Internet graphs and the
algorithm for updating them when portions of the graph change. The latter is of particular
relevance, since the World Wide Web graph is extremely dynamic; changes occur all the time
and one cannot afford to recompute the PageRanks for all of the nodes simultaneously once
a few websites are added to or deleted from the Web. This example is the subject of §2. In §3,
we turn to the problem of capacity estimation in wireless networks. Using a broadly studied
independent set model of a wireless communication network, we will show that, although
nominally the problem involves solving a graph counting problem that is #P-hard, a fast local
approximation algorithm can be constructed for a certain range of the parameters for which
the model exhibits the correlation decay property. A combinatorial optimization problem
of finding a largest independent set of a graph is discussed in §4. Although the problem
is known to be NP-hard and is also known not to admit a polynomial time approximation
algorithm (namely, it is a so-called MAX-SNP-hard problem), we will discover that when the
nodes of the graph are equipped with random independent and identically distributed (i.i.d.)
weights, the problem in some cases surprisingly becomes tractable and admits a fast local
approximation algorithm, and in particular does admit a polynomial time approximation
scheme, for certain weight distributions, thanks again to the correlation decay property.
Finally, in §5 we turn to a topic that was recently very actively studied in the field ofD
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machine learning—graphical model reconstruction based on observed samples. Here the
problem formulation is reversed from problems discussed in previous sections, in the sense
that the distribution of Xu, u∈ V is assumed to be given either explicitly or in the form of
an empirical sample, and the goal is to faithfully reconstruct the underlying graph G. We
will show that the correlation decay property, when it takes place, can be used to achieve a
significant computational reduction in solving this problem.

2. PageRank Algorithm: A Warm-Up Example
One of the key tasks in providing high-quality Internet search outcomes is being able to rank
the Web pages according to their importance and relevance. The breakthrough idea that
underlies the Google search technology is to use the Internet graph itself as a proxy measure
for importance. As a first approximation, one could simply rank the Web pages according to,
for example, the number of other pages linked to it. This approach by itself would be too
simplistic since one can imagine a Web page with few links to it from other pages, but such
that these other pages have large connectivity themselves, thus still making the original
Web page potentially highly important. As a way to measure the importance of a Web page
beyond its immediate connectivity the following approach is used, which is the main idea
behind the PageRank algorithm. Let the Web be described as an undirected graph G with
nodes V , denoted for simplicity by 1,2, . . . , n, and edges E. A more appropriate model to
consider is a directed graph, since a link from page u to page v by no means implies a link
from v to u. We adopt here this (gross) simplifying assumption for the ease of illustration.
A parameter ε > 0 is fixed. A nonnegative vector R= (R1, . . . ,Rn) is defined to be a rank
vector if

∑
iRi = 1 and if it satisfies the identity

Ri =
ε

n
+ (1− ε)

∑
j: (j, i)∈E

d−1
j Rj ,

where dj is the degree of the node j. In matrix form R solves R= n−1εJ+(1− ε)MR, where
J is the vector of ones and the (j, i)th component of the matrix M is d−1

j if (j, i) is an
edge and zero otherwise; namely, R is the unique stationary distribution of the stochastic
matrix n−1εJ+(1− ε)M . One can also interpret this stationary distribution as a stationary
distribution of a “random surfer” who performs a random walk on a graph with transition
probability matrix M with probability 1 − ε, but with probability ε jumps to a random
uniformly chosen point on the graph. This interpretation underlies the random walk (surfer)
algorithm—one of the two main approaches for computing approximately the rank vector R
(Berkhin [4]). Another main approach, which is the original one proposed by the Google
inventors, is based on the following simple power iteration process. Set vector R0 to be
any stochastic vector (for example, set R0

i = 1/n for all i). Iteratively, use Rt+1 = n−1εJ +
(1− ε)MRt, until ‖Rt+1 −Rt‖ ≤ δ for some error tolerance δ and some norm choice ‖ · ‖.
It is important to note that, in light of the enormous size of the Web graph, solving the
rank problem exactly is a challenging task, even though, nominally, the problem of matrix
inversion is solvable in polynomial time as a function of the size of the graph. The reason
for the power iteration effectiveness comes from the following observation:∣∣∣∣Ridi − Rt+1

i

di

∣∣∣∣ = (1− ε)d−1
i

∣∣∣∣ ∑
j: (j, i)∈E

(d−1
j Rj − d−1

j Rtj)
∣∣∣∣

≤ (1− ε)d−1
i di max

1≤j≤n

∣∣d−1
j Rj − d−1

j Rtj
∣∣

= (1− ε) max
1≤j≤n

∣∣d−1
j Rj − d−1

j Rtj
∣∣,D
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where R is the solution of the matrix Equation (1), further implying a convenient contractive
property

max
i
|d−1
i Ri− d−1

i Rt+1
i | ≤ (1− ε) max

i
|d−1
i Ri− d−1

i Rti|.

In light of this observation and adopting a reasonable assumption of graph sparsity, namely,
that degrees di are bounded as a function of the graph size n, a target error tolerance level
δ can be reached by taking t so that (1− ε)t is of the order δ. In particular, the number of
iteration t remains bounded as a function of graph size n, again provided that the underlying
graph is sparse.

The power iteration algorithm based on computing Rt masks, however, an important
structural property of the ranks R in the graph. Observe that the values Rti computed by
the power iteration algorithm only depend on the nodes j of the graph that have distance at
most t from i; namely, if we were to change the graph G outside the B(i, t) size t neighbor-
hood around i, the value of Rti would remain the same. Here the size t neighborhood B(i, t)
denotes the subgraph induced by the set of nodes with graph-theoretic distance at most t
from i. On the other hand, since the difference of Rti and Ri is negligible as t becomes large,
then the value of Ri changes very little as we change the graph G in any way outside of
B(i, t); namely, the model exhibits the correlation decay property for the values Xi = Ri.
This observation enables a simple local algorithm for computing vector R—compute Rti for
each i by observing the neighborhood B(i, t) only ignoring the rest of the graph G\B(i, t).
Additionally, it simplifies the computation of the page ranks when a portion of a graph
changes. In this case it suffices to recompute the page ranks for the “affected” part of the
network—the set of nodes that have a distance at most t from the changed part of the graph,
where again t is tuned to a desired level of error tolerance δ.

With this simple demonstration of the correlation decay principle at hand, we now turn
to computationally more challenging problems in the context of wireless communications,
combinatorial optimization, and graphical model reconstruction examples.

3. Correlation Decay Method for Wireless Communication
We now turn to the field of wireless communication and the applications of the correlation
decay methods in this area. Our example will differ from the PageRank example in two
aspects. First, we will deal with a model where the values Xi exhibiting the correlation
decay property are random, and second, most importantly, the state space of the vector
X = (Xi,1≤ i≤ n) is exponentially large in n. Thus, unlike the PageRank example, where
the computation of the page ranks R can be done in time that is polynomial in the size of
the underlying graph, here the underlying computational task will fall into a ”problematic”
complexity class, namely, the #P-hard class, as we are about to see. In this situation, the
correlation decay property provides the saving grace in designing fast inference algorithms.

Wireless communication models deal with analyzing contention for wireless resources,
signal frequency and bandwidths being the most commonly considered. Assuming, for sim-
plicity, that a single frequency is used for all users, a very simple (though highly stylized)
combinatorial model of wireless communication is the following model based on independent
sets of a graph. Consider a finite undirected graph G with node set [n] = 1,2, . . . , n and edge
set E. Call requests arrive into nodes i according to an arrival process that is Poisson with
rate λi. The call durations at a node i are i.i.d. with exponentially distributed holding times
with parameter µi. No routing is assumed for this model (namely, the system is one hop).
The calls are accepted/rejected according to the following simple rule. When a call arrives
into some node i at some time t, it is accepted if and only if the node i and all of the
nodes j which are neighbors of i are not transmitting a signal at time t; namely, not only
the node i needs to be free from calls in progress, but all of the neighboring nodes need
to be free as well. Otherwise the call is rejected. In particular, no queueing is assumed for
this model, though several papers have incorporated queueing issues as well (Tassiulas andD
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Ephremides [33], Jiang et al. [22]). One of the earliest times the just introduced model was
analyzed in the work by Kelly [24, 25], though in the context of computer memory access
and allocation, as opposed to wireless communication. Some later works in the context of
communication networks include Ramanan et al. [29] and Galvin et al. [11].

Denoting by X(t) = (Xi(t),1≤ i≤ n) the indicator vector for the calls in progress (namely,
Xi(t) = 1 if the node i is transmitting at time t, and Xi(t) = 0 otherwise), we observe that at
every time t, the set I(t) 4= {i: Xi(t) = 1} is an independent set in G; that is, no two nodes of
I(t) are connected by an edge. The underlying stochastic process turns out to be reversible
(Kelly [24]), which leads to the following unique stationary distribution π as t→∞, which
is called the Gibbs distribution:

π(I) 4= lim
t→∞

P(X(t) = I) =Z−1
∏
i∈I

λi
µi
, (1)

when I is an independent set, and π(I) = 0 when I is not an independent set. Here, Z is
the normalization constant known as the partition function defined by

Z =
∑
I

∏
i∈I

λi
µi
,

where the sum is over all independent sets I of the graph G. This normalization is the essence
of the underlying computational hardness of the problem. Observe that in the special case
when λi = µi = 1, Z is the total number of independent sets in a graph. Computing the
total number of independent sets of a graph is a canonical #P-hard computational problem
(Valiant [35]). At the same time, knowing the value of Z is important for the performance
analysis of our model. Let us say we wish to compute the steady-state fraction of calls
which are accepted. A call arriving to a node i at time t is accepted if the independent set
I(t) observed at time t does not contain nodes B(i,1) = i∪N(i), where N(i) is the set of
neighbors of i. The probability of this event can be written as

P
(
I(t)∩ (i∪N(i)) = ∅

)
=Z−1

∑
I

∏
i

λi
µi
,

where the sum is over all independent sets I, satisfying I ∩ (i∪N(i)) = ∅. Since the calls
arrive at rates λi, 1≤ i≤ n, the time averaged fraction of accepted calls is

Z−1
∑
i

λi

(∑
I

∏
k

λk
µk

)
,

and therefore knowing Z is crucial for evaluating this performance measure. It can be shown
with more work that estimating Z is unavoidable for evaluating this and similar performance
measures. This means that being able to compute the fraction of accepted calls can be used
as for computing Z, and thus it is also a hard computational problem.

Nevertheless, in many cases the value of Z can be computed approximately. The first
polynomial time approximation algorithms for counting problems of the type above were con-
structed using the Markov chain Monte Carlo (MCMC) algorithm (Jerrum and Sinclair [21])
and have been applied to a broad variety of problems including counting independent sets,
matchings, graph colorings, computing a permanent of a matrix, etc. Recently, however, a
new class of algorithms was proposed that is based on the correlation decay property and
thus leads to local, and not just polynomial time, algorithms. As we will elaborate below,
it turns out, that when the ratios λi/µi are not “too large,” the model exhibits the cor-
relation decay property. This means that the steady-state probability that a given node i
transmits a signal is asymptotically independent of the portion of the graph G, outside ofD
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the size r neighborhood B(i, r) of the node i, provided that r is sufficiently large. Specifi-
cally, consider modifying a graph G into some new graph G̃ such that the subgraph B(i, r)
remains the same. Then, there exists B such that when maxi λi/µi ≤B we have

PG(i∈ I)≈ PG̃(i∈ I),

where the quality of the approximation≈ is controlled by the size of r. Here we emphasize
that the steady-state Gibbs probabilities depend on the underlying graphs G and G̃ and thus
use the corresponding graph as a subscript for the corresponding probability notation P.
The usefulness of this correlation decay property is obvious—to compute PG(i∈ I), compute
instead PG̃(i∈ I), where G̃ is, say, an empty graph outside B(i, r). If d is an upper bound
on the degree of the original graph G, then the size of B(i, r) is at most 1 + d + d2 +
· · · + dr = O(dr+1), which does not depend on n. The computation of PG̃(i∈ I) can be
done now on the graph B(i, r) alone in time, which is n-independent and in parallel for all
nodes i, say, using a brute-force enumeration. This approach will result in computation time
order O(2d

r

) per node, which while not depending on n, still has a very poor dependence
on d. It turns out (Weitz [36]) that one can have even a smarter algorithm that performs
the necessary computation only in time O(dr)—exponent gained. The idea is based on
establishing the correlation decay property on a so-called computation tree (Weitz [36],
Gamarnik and Katz [13]) as opposed to the original graph B(i, r). In the special case when
λi = λ and µi = µ, which without the loss of generality we can set to µ= 1, the following
bound is known to be tight for the onset of the correlation decay property (Weitz [36]):

λ< (d− 1)d−1/(d− 2)d. (2)

The approach was also tested numerically on a grid graphs (finite subgraphs of a lattice Zd)
in Gamarnik and Katz [12], which resulted in significantly improved bounds on the under-
lying partition function, compared to some earlier numerical estimates based on other tech-
niques. It would be of interest to develop a similar tight bound for the case of general λi
and µi, but we are not aware of such results in the literature.

The approach based on the correlation decay method was developed in Bandyopadhyay
and Gamarnik [3] and Weitz [36], but its roots go to much earlier works of Kelly [25],
Spitzer [32], and Zachary [38] on Gibbs measures associated with independent sets on trees,
and we now recall some of the findings in these papers because they provided the necessary
background for the methods developed in Bandyopadhyay and Gamarnik [3] and Weitz [36].
Consider a special case when graph G is a (d− 1)-ary tree with depth r; namely, we fix a
particular node 0 called the root of the tree. It has exactly d− 1 children. Each child has
exactly d− 1 children of their own, etc., until r generations. The rth generation nodes (and
we have precisely 1 + (d− 1) + · · ·+ (d− 1)r of them) are leaves and do not have children of
their own. Note that the degree of the root is d− 1, and the degree of every other nonleaf
node is d. We denote this graph by Td−1, r. Consider the Gibbs distribution in the special
case when λi = λ for all nodes for some fixed λ, and µi = 1; namely, consider the case for
which (2) was mentioned to be the critical value for the correlation decay property. Introduce
a notation pr = PTd−1, r

(0 /∈ I); namely, pr is the probability that the root node does not
belong to an independent set chosen according to the Gibbs distribution π defined by (1).
It turns out that pr satisfies the following simple recursive identity for every r≥ 0:

pr = (1 +λpd−1
r−1)−1.

The recursion suggests trying to find a solution to the fixed point equation

p= (1 +λpd−1)−1 (3)

and arguing that pr → p, as r→∞. That the fixed point equation has a unique solution
follows immediately from the fact that the right-hand side is a decreasing function of p. TheD

ow
nl

oa
de

d 
fr

om
 in

fo
rm

s.
or

g 
by

 [
21

6.
73

.2
16

.1
87

] 
on

 1
4 

Ju
ly

 2
02

6,
 a

t 1
2:

34
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



Gamarnik: Correlation Decay Method
114 Tutorials in Operations Research, c© 2013 INFORMS

issue of convergence however is more subtle. However, it turns out that the condition (2)
implies precisely the convergence pr→ p for every starting value p0. Furthermore, the result
is tight in the sense that if the condition (2) is violated, the recursions starting at p0 = 0
and p0 = 1 oscillate, and no convergence takes place. Thus we have at least solved the
inference problem of computing the probability pr that the root node is not transmitting
a signal in steady state, asymptotically as r→∞. With a little bit of extra work one can
compute similarly the steady-state probability that the root and all of its neighbors are not
transmitting a signal—which we need to estimate the probability that a signal arriving into
the root node is accepted. This still might seem like a modest progress, as our tree graph
Td−1, r is very specialized and the performance analysis problem was solved only for the
root node. Nevertheless, this result can be used in a much wider framework. Consider any
graph G that is d-regular and has r-locally treelike structure. What this means is that every
node has degree d, and the r-depth neighborhood B(i, r) of every node i= 1, . . . , n is graph
identical to (d− 1)-ary tree with depth r, with one modification that the root has degree d,
not d− 1. These graphs are not atypical. A standard result in the theory of random graphs
(Bollobas [6], Janson et al. [20], Alon and Spencer [1]) states that a graph chosen uniformly
at random from the space of all d-regular graph is nearly r=O(logn)-locally treelike, with
probability approaching one as n→∞. The result obtained above for the case of the tree
graph can be bootstrapped to show that, under assumption (2) the probability that a node i
in G is not transmitting a signal is asymptotically

PG(i /∈ I) = (1 +λpd)−1,

as n→∞, where p is the unique solution of the Equation (3). (The change in power for p in
the identity above is due to the degree d of i in G versus degree d−1 of the root of Td, r−1.)
The critical idea here is that if the convergence to the fixed point takes place, then the
value of P(i /∈ I) for the local tree and for the entire graph is approximately the same (the
correlation decay takes place), whereas if the recursion results in an oscillating system, then
no conclusion can be drawn. The details for this result can be found in Bandyopadhyay and
Gamarnik [3]. The result was also extended there for the case of nonregular locally treelike
graphs for some bounded degree graphs. The case of nonlocally treelike graphs was done by
Weitz [36] using the computation tree approach.

The model above is still very limited in that it ignores many important features of wireless
communications such as queueing and delays, multiple frequencies, signal strength, etc.
It would be interesting to see the extent to which the correlation decay methods apply to
these more realistic models of wireless communication.

4. Correlation Decay Method for Combinatorial Optimization
The algorithmic problem underlying the wireless communication model discussed in the pre-
vious section regards the problem of counting the number of independent sets of a graph—a
canonical #P-hard counting problem. In this section we discuss applications of the correla-
tion decay methods to the area of combinatorial optimization. Specifically, we will discuss
the problem of optimization on graphs, when the objective function is random, but the
underlying graph is arbitrary (nonrandom) subject to some restrictions, the bound on a
graph degree d being the most typical one.

Many combinatorial optimization problems on graphs not only fall into the NP-hard com-
plexity class, but also often do not admit a polynomial time algorithm that can produce
asymptotically optimal solutions. Examples include the problems of finding a largest (in car-
dinality) independent set in a graph, finding a maximum cut of a graph, finding a maximum
number of satisfiable clauses in an instance of a K-SAT problem, etc. For example, assum-
ing P 6= NP, no polynomial time algorithm exists for finding an independent set within a
multiplicative factor n1−ε of the optimal, for any ε > 0, where n is the number of nodesD
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in the graph (H̊astad [19]). Using the terminology of algorithmic complexity, this means
that the problem of finding a largest independent set of a graph is MAX-SNP-hard. Even
when one restricts the degree of the graph, the problem remains MAX-SNP-hard. For exam-
ple, it is known that even if the maximum degree of a graph is at most 3, there does not
exist a factor 1.0071 approximation algorithm for the maximum independent set problem,
unless P = NP (Berman and Karpinski [5]). A similar inapproximability result is known for
maximum degrees 4 and 5 (Berman and Karpinski [5]), as well as in the case when the
maximum degree bound d grows (Trevisan [34]).

Let us now modify the problem by assuming that each node i of the graph G = (V,E)
has a weight Wi > 0. The goal is finding a maximum-weight independent set problem,
where the weight W (I) of each independent set I is the sum of the weights of the nodes
in it—W (I) =

∑
i∈IWi. Furthermore, let us assume that Wi are random. If anything, this

should make the problem only harder. After all, a trivial special case Wi = 1 corresponds to
the problem of finding an independent set with maximum cardinality—the problem that is
already hard to solve approximately, as we have discussed above. However, it turns out that if
the weights Wi are independent and drawn according to some probability distributions, then,
surprisingly, the problems becomes tractable because of the correlation decay phenomena.
We now elaborate on this further. Suppose the underlying graph G has maximum degree ≤3,
and Wi are i.i.d. with an exponential distribution with rate µ for all nodes. Observe that
in this case there exists a unique independent set achieving the largest weight, which we
denote by I(G,W ) ⊂ V , where W = (Wi, i ∈ V ) is the vector of weights. This property
follows immediately from the continuity of the exponential distribution, which implies that
the probability that two distinct independent have the same weight is zero. In light of this we
have a well-defined indicator random variables Xi = 1(i ∈ I(G,W )), i ∈ V—the indicators
for whether nodes belong to the largest weighted independent set.

Now let us perform the following “experiment.” For each node i, consider the maximum-
weight independent set problem but defined now on the induced subgraph B(i, r), where, as
in the previous section, B(i, r) is size r graph-theoretic neighborhood around i. Define Xi, r

similarly to Xi above. It is an indicator whether the largest weight independent set in graph
B(i, r) includes i; namely, Xi, r = 1(i ∈ I(B(i, r),WB(i, r))). Here, WB(i, r) naturally denotes
a restriction of the weights of the graph to nodes in the neighborhood B(i, r). As it was
established in Gamarnik et al. [15], it turns out that Xi and Xi,r are likely to be equal as
r increases; namely, the model exhibits the correlation decay property. Formally, for every
graph sequence Gn such that every node has degree at most 3,

lim sup
n→∞

lim
r→∞

P(Xi, r 6=Xi) = 0. (4)

This is good news. It means that rather than solving the maximum-weight independent set
problem on the entire graph, we can solve it for much smaller graphs B(i, r) for each node i
and report the result. The radius r can be tuned to make the error probability P(Xi, r 6=Xi)
smaller than any tolerance level ε. The technique underlying (4) is constructive, and, more-
over, the rate of correlation decay is geometric. Denoting the correlation decay rate by ρ< 1,
this means that there exists a constant C > 0 such that the error probability is at most Cρr.
This allows for an explicit bound on r to achieve the target error rate ε. Specifically, one
should take r large enough so that Cρr < ε. Notice, that since we have a bound on the
degree d ≤ 3 and r only depends on ε and does not depend on the size of the graph, the
size of the neighborhood B(i, r) is also graph independent. Based on this one can construct
an algorithm that computes the optimal decision Xi, r by looking only at the neighbor-
hood B(i, r), as opposed to an entire graph. This problem is by itself nontrivial since it still
requires solving a hard optimization problem on an admittedly smaller graph B(i, r). The
proposed algorithm is based on a clever breadth-first search iteration, and showing that the
so-called computational tree resulting from the breadth-first search itself satisfies the cor-
relation decay property in some appropriate sense. As a result, the resulting running timeD
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of the algorithm is much smaller than one incurred by performing a brute-force search on
the graph B(i, r). The resulting algorithm has a linear running time O(n), where n is the
number of nodes in the graph, and, most importantly, it is local. As a result, it can be run
in parallel for all nodes.

The example above was restricted to graphs with degree at most 3. This is a nontrivial but
still very restrictive class of graphs. Can the correlation decay property (4) be generalized to
graphs with larger degrees and perhaps different distributions and, finally, perhaps to prob-
lems other than the independent set problem? The answer is yes for all of these questions.
Although for the case of exponential distribution the correlation decay property provably
fails when the graph degree is 5, as shown in Gamarnik et al. [16] (thus the case d= 4 is
still unresolved), the correlation decay property is established for larger d by appropriately
modifying the exponential distribution. In particular, as shown in Gamarnik et al. [15], for
each d there exists a finite mixture of exponential distributions such that the correlation
decay property (4) holds for the maximum-weight independent set problem.

What about problems other than the maximum-weight independent set problem? Con-
sider the following general decision problem defined on a graph G = (V,E), where again
V is the set of nodes and E is the set of edges. We envision agents associated with each
node i, each of whom needs to come up with one of two possible decisions Xi, encoded 0
and 1. The graph has degree at most d and is arbitrary otherwise. The objective function
J is assumed to be of the form

∑
iJi(Xi) +

∑
(i, j)∈E Ji, j(Xi,Xj) and is assumed to be

random. Here, Ji is the random reward associated with decision taken by agent i alone, and
Ji, j(Xi,Xj) is random revenue associated with the decision taken by a pair of agents i and
j who are connected by an edge. The goal for agents is to come up with decisions Xi, i∈ V ,
that maximize the total reward J . It is sometimes called an economic team decision-making
problem (Rusmevichientong and Van Roy [30], Marschak [27], Radner [28]), though it is a
general framework for many problems in optimization (specifically combinatorial optimiza-
tion), statistical inference (maximum likelihood estimation), and several other applications,
as discussed in Gamarnik et al. [15]. We refer to this problem as simply the network decision
problem. Since many combinatorial optimization problems can be cast as network decision
problems, it is NP-hard in general, unless additional assumptions are introduced. This is
where the assumption of randomness plays a key role and the correlation decay property
can be established. In particular, the following result is established in Gamarnik et al. [15].
Suppose for each node i, the reward for decision 0 is Ji(0) = 0, and the reward for decision 1
is Ji(1) is uniformly distributed over some symmetric interval [−I1, I1], independently for
all i. Similarly, suppose the rewards associated with edges have a uniform distribution over
some interval [−I2, I2] for all decisions; namely, for each edge (i, j), Ji, j(x, y), x, y= 0,1 are
uniformly distributed over [−I2, I2], independently for all x, y and all edges. Also suppose
these rewards are independent from the node-based rewards Ji(1). Letting β = 5I2/(2I1),
it is established in Gamarnik et al. [15] that under the assumption

β(d− 1)2 < 1,

the correlation decay property takes place. This leads to a fast decentralized local algorithm
for solving the underlying network decision problem, similar to the one described above for
the case of maximum-weight independent set problem. In particular, its running time is
only O(n). A similar result can be established for the case of Gaussian random weights, but
we omit the details in the interest of space and instead refer the reader to the aforementioned
reference.

The ideas of correlation decay have appeared in an implicit forms in an earlier paper
by Rusmevichientong and Van Roy [30] in the context of team decision making, when the
underlying graph is a line. Furthermore, again implicitly they appear in Kakade et al. [23]
in the context of the Fisher model of economic consumption and pricing defined on agentsD
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interacting through a random graph. Empirically, the authors have established that the
equilibrium prices in their model exhibit the correlation decay property by matching the
results obtainable from local approximate computations with correct values computed for
small size graphs for which the computation of equilibrium can be achieved. It would be
interesting to establish the correlation decay result for this model in a formal rigorous way.

We close this section by mentioning a recent work on negative results on the power of local
algorithms in contexts where the model does not exhibit the correlation decay property. In
particular, it was established in Gamarnik and Sudan [14] that no local algorithm within
a suitably defined framework of local algorithms can find a nearly optimal independent set
in sparse random graphs. Although there are many negative results on the power of local
algorithms on more contrived examples of graphs or graphs with some prescribed global
structure (for example, bipartite graphs), this is the first negative result on a broad family
of graphs—sparse random graphs.

5. Correlation Decay Method for the Network Learning Problem
The network questions we have investigated above either in the context of optimization or
in the context of inference problems were of the type where the network itself is known.
We now switch to the question that has a reversed nature. Suppose we are given random
observations Xi, i∈ V , associated with nodes i in some graph G = (V,E). Suppose we have
an access to the joint distribution of Xi, but at the same time the underlying graph G is
not known. Can we reconstruct the underlying graph? This question, sometimes dubbed as
graph tomography, is a basis of a very active area of research in the machine learning and
statistics fields (Chow and Liu [8], Bresler et al. [7], Anandkumar and Valluvan [2]) and has
many applications, for example, in biology (Friedman [10]), in natural language processing
(Anandkumar and Valluvan [2]), and in the field of organizational structures and homeland
security (Yu et al. [37]).

To discuss the graph learning problem in a rigorous way, we first need to explain what
it means that the variables Xi are associated with nodes of a graph and, in particular, the
meaning of the edges of a graph. For this purpose we introduce now a model known as a
graphical model or Markov random field (Lauritzen [26], Grimmett [18])—a widely studied
object in the field of machine learning and statistics. A graphical model is defined as a
graph G = (V,E), together with a set of (generally dependent) random variables Xi, i∈ V ,
satisfying the following property. For every node i, as before, let N(i) be the set of neighbors
of i. In our earlier terminology, N(i) is the set of nodes of the graph B(i,1) minus node i
itself. The model is defined to be a graphical model if the random variable Xi is independent
from random variables Xl, l /∈B(i,1), conditional on Xj , j ∈N(i). Formally,

P
(
Xi |Xj , j ∈ V \{i}

)
= P
(
Xi |Xj , j ∈N(i)

)
. (5)

This property is sometimes called a spatial Markovian property.
What are examples of graphical models? It turns out that one example is just an ordi-

nary Markov chain. Given a Markov chain Xt evolving over discrete times t = 0,1,2, . . . ,
think of this Markov chain instead sitting on a line graph with nodes 0,1, . . . , T and edges
(0,1), (1,2), . . . , (T −1, T ) (we assumed a finite graph/time horizon T for convenience). The
node i has neighbors i− 1 and i+ 1 for i = 1,2, . . . , T − 1. Then the property (5) can be
rewritten as P(Xt |X0, . . . ,Xt−1,Xt+1, . . . ,XT ) = P(Xt |Xt−1,Xt+1)—one of the basic prop-
erties of Markov chains. The observation applies to the cases i= 0 and i= T as well, except
in this case each node has only one neighbor. Thus the Markov chain Xt, 0 ≤ t ≤ T is a
graphical model. But, of course, there are more interesting examples of graphical models.
As it turns out, both the Gibbs distribution on the set of independent sets discussed in
§3 and maximum-weight independent set model with random weights discussed in §4 areD
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examples of graphical models. To convince ourselves of this, start with the second example—
maximum-weight independent set I on a graph G, when the weights are random Wi with
an arbitrary distribution such that Wi is positive with probability one. As before, let Xi

denote the indicator variables for the maximum-weight independent set I; that is, Xi = 1
if i ∈ I and 0 otherwise. Given i, let us consider P(Xi | Xj , j ∈ N(i)). Observe that if at
least one of Xj = 1 for j ∈N(j), then Xi has to be zero by the independent set property,
regardless of the values of the variables Xl outside of N(i). On the other hand, if Xj = 0 for
all j ∈N(i), then Xi = 1, since we are choosing the maximum-weight independent set, and
Wi is positive. Again this holds regardless of the values of Xl for nodes l outside of N(i).
Thus, indeed Xi, i∈ V , is a graphical model.

We can verify the spatial Markovian property for the model considered in §3—randomly
chosen independent set—as well. Instead, let us consider a more general model, which we
also call graphical model, for the reasons to be justified below. This alternative definition
can be introduced as follows. We are given an undirected graph G = (V,E), a q-size alphabet
with elements [q] 4= {0,1, . . . , q − 1}, a sequence of node potentials Φi: [q]→ R+ for every
node i∈ V , and a sequence of edge potentials Φu, v: [q]2→R+ for every edge (i, j)∈E. For
every vector x = (xi, i∈ V ) with entries xi ∈ [q], we associate a probability weight

p(x) =Z−1
∏
i∈V

Φi(xi)
∏

(i, j)∈E

Φi, j(xi, xj).

Here, Z is a normalizing constant called partition function defined by

Z =
∑
x

∏
i∈V

Φi(xi)
∏

(i, j)∈E

Φi, j(xi, xj).

We assume that Z > 0, since otherwise the model is not well defined. The distribution
above is called Gibbs distribution with potentials Φi, Φi, j . This is not a particularly new
model, as we have already seen a special case of it in §3. Recall the probability distribution
defined on independent sets of a graph described by the identity (1). Notice that it is a
special case of the model above for the case q= 1, Φi(0) = 1, Φi(1) = λi/µi for every node i,
and Φi, j(xi, xj) = 0 when xi = xj = 1 and 1 otherwise. The definition of Φi, j ensures that
only independent sets have a positive probability mass attached to them. The definition of
Φi ensures that each independent set I has probability mass proportional to the product∏
i∈I λi/µi. Hence the equivalence with model (1).
It is a rather straightforward exercise to check that the model above satisfies the spatial

Markovian property (5). Perhaps a more surprising fact is that for a broad class of models
it is equivalent to it. Specifically, suppose the graph G = (V,E) is triangle free (no three
nodes i, j, l can be found such that (i, j), (j, l), (i, l) ∈ E), suppose the range of values of
each Xi is a discrete finite set denoted by 0,1, . . . , q−1, and suppose that a graphical model
Xi, i ∈ V is such that P(x) > 0 for all vectors x (this example unfortunately excludes the
independent set model since every x not corresponding to an independent set has probability
mass zero). Then there exists a set of node and edge potentials Φi, i ∈ V, Φi, j , (i, j) ∈ E,
such that the probability distribution P( · ) underlying the graphical model is the Gibbs
distribution with potentials Φi,Φi, j . Thus in this case the two definitions are equivalent.
The equivalency can be extended to graphs with triangles but at the expense of introducing
potentials ΦK associated with cliques (complete subgraphs) of G. In the case of triangle-free
graphs, the only cliques are nodes and edges, and thus the node and edge potentials suffice
to describe the joint probability distribution.

Given a graphical model X = (Xi, i∈ V ) defined on a graph G, the graph reconstruction
model is defined as follows: given r i.i.d. samples X1, . . . ,Xr from the joint distribution
described by the underlying graphical model, reconstruct the graph G. One of the earliest
papers that considered this question was by Chow and Liu in 1960s (Chow and Liu [8])
for the case when the underlying graph is a tree. They proposed a maximum weight span-
ning tree-based algorithm for reconstructing the underlying tree, with pairwise correlationsD
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serving as edge weights. In general, although one does not expect a fast algorithm for
reconstructing an arbitrary graph (although the author is not aware of any formal hard-
ness results for this problem), in the case of bounded degree graphs, a polynomial time
reconstruction algorithm is known. The idea is very simple. Whenever (i, j) is not an edge,
the set of neighbors of i is a “separator” of Xi from Xj in the sense of conditional inde-
pendence; namely, thanks to the property (5), we have that Xi and Xj are independent,
conditional on Xl, l ∈N(i). This suggests a very straightforward algorithm: for every pair
of nodes i, j and every set of nodes S ⊂ V with cardinality |S| ≤ d, compute the sample
correlation between Xi and Xj , conditional on Xl, l ∈ S, based on the available sample
of vectors Xk,1 ≤ k ≤ r. One fixes an error level ε > 0. Given i and j, if a set S is found
such that the sample correlation is less than ε, then (i, j) is declared not to be an edge.
Conversely, (i, j) is declared to be an edge if for every subset S, |S| ≤ d, the conditional
independence test fails. As it was shown in Bresler et al. [7], this algorithm succeeds in recon-
structing the underlying graph G with high probability when the sample size is r=O(logn)
in O(nd+2 logn) operations. One needs an additional assumption than that the correlation
between Xi and Xj is larger than ε whenever (i, j) is an edge. (Clearly, an assumption of
this sort is necessary, since otherwise the notion of an edge is not particularly meaningful.)
The running time estimate is immediate—for every pair of nodes i, j and every subset S,
the conditional independence test has to be conducted. Thus the running time is O(nd+2).
The bound on the sample size r of the order O(logn) is needed to ensure the soundness
of the conditional independence test. For the same reason it appears in the running time.
When d is a constant, this leads to a nominally polynomial time algorithm.

In reality, however, the running time of this order is hardly practical when n is large
even for moderate values of d. This is where the correlation decay property comes to the
rescue. Suppose it is known that the underlying graphical model exhibits the correlation
decay property. In particular, suppose the correlation between Xi and Xj is a decreasing
function of a graph-theoretic distance between i and j. For example, as can be shown in
most models that exhibit the correlation decay property, suppose there exists 0<ρ< 1 such
that the correlation between Xi and Xj is at most ρd(i, j), where d(i, j) is the graph-theoretic
distance between i and j. In this case, as observed in Bresler et al. [7], one can dramatically
reduce the time needed to reconstruct the graph G by first conducting an unconditional
pairwise correlation test between Xi and Xj for all pairs i and j. Whenever the sample
correlation is less than ε, the (i, j) is declared nonedge. By the correlation decay property,
for every i, the set of nodes that fail this correlation test (and thus are still potentially
connected to i by an edge) is at most dD, where D is the smallest integer satisfying ρD < ε.
In particular, this set has a constant (independent of n) cardinality, denoted by K. One
then conducts the conditional independent tests on this set K in the way described above,
which only requires O(Kd+1 logn) running time since the tests are conducted on the set
of cardinality K only (d + 1 as opposed to d + 2 appears because the node i is fixed).
Thus the total running time is only O(n2 logn) + O(n logn), where the first part arises
from the first phase of the algorithm, computing correlation between all pairs Xi and Xj ,
and the second part comes from the “local” conditional independence test, which has a
running time O(nKd+1 logn) = O(n logn). The correlation decay property thus allows us
to reduce the running time exponent from d+ 2 to 2—a very significant computation time
reduction. As was observed in Anandkumar and Valluvan [2], one can further reduce the
computation factor O(Kd+1) if the underlying graph is locally treelike. This assumption,
at least theoretically, is not very restrictive, since bounded degree graphs which are chosen
at random (aka Erdős–Rényi graphs) are known to possess the locally treelike property.
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