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Abstract In 2016, a computer Go-playing program called AlphaGo stunned the (human) world
by winning a match (4 games to 1) against the reigning human world champion, a
feat more impressive than previous victories by computer programs in chess (Deep
Blue) and the TV game show Jeopardy! (Watson). The main engine behind AlphaGo
combines machine learning approaches in the form of deep neural networks with a
technique called Monte Carlo tree search, whose roots can be traced back to an adap-
tive multistage sampling simulation-based algorithm for Markov decision processes
(MDPs) published in Operations Research in 2005 [H. S. Chang, M. C. Fu, J. Hu,
and S. I. Marcus. An adaptive sampling algorithm for solving Markov decision pro-
cesses. Operations Research 53(1):126-139, 2005] (and introduced even earlier in 2002).
This tutorial describes AlphaGo and the simulation-based MDP algorithm, as well
as providing contextual and historical background material for both, and uses simple
examples to illustrate the main ideas behind Monte Carlo tree search.

Keywords Markov decision processes; Monte Carlo; stochastic simulation; sampling; tree search;
games

1. Introduction

The framework of Markov decision processes (MDPs) provides a very general framework for
sequential decision making under uncertainty. When both the actions and states are discrete,
MDPs can be simplified to a graphical decision tree representation that is easy to visual-
ize and understand. When the uncertainty or randomness in the model, often generically
referred to as “nature,” is an opponent in a game, then decision trees become game trees.
If the game itself is deterministic, then the complete game tree can be used to determine
optimal strategies. However, in the case where the state space is far too large to generate
the complete game tree, one must determine how to explore the possible games, which will
frequently be referred to as a “simulated path” or “sample path” throughout. In facing this
challenge, one faces a well-known exploration—exploitation trade-off, which arises in at least
two forms in this context: the usual choice in pursuing actions that have been very promis-
ing in previous simulated paths versus relatively unexplored paths and how far the path
itself should be simulated (i.e., all the way to the end of the game or just to a point where
confidence is high about the eventual outcome). The MDP term “policy” in a game context
ends up taking two forms: the player’s best move for a given position (MDP state) and the
opponent’s move via sampling (state transition)—i.e., a randomized policy for the latter
(which can also become deterministic once the game tree has been explored sufficiently for
a given state).

This tutorial focuses on an approach called Monte Carlo tree search (MCTS), which is now
used in the most successful computer Go-playing programs and was coined by Rémi Coulom
in 2006 (Coulom [11]). This approach is a sampling/simulation-based approach to estimating
the “value” of a move (e.g., the probability of leading to an eventual win) by generating
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promising paths in the game tree, and it is based on an algorithm originally designed for
MDPs by Chang et al. [7] called adaptive multistage sampling (AMS), which exploits the
upper confidence bound (UCB) approach for multiarmed bandit models (Agrawal [1], Auer
et al. [2]). After providing some historical background on Go and AlphaGo, I will describe
the main ideas behind MCTS, illustrating the relationship to decision trees and using the
game of tic-tac-toe to demonstrate concepts. Ultimately, the success of AlphaGo reflects
the effectiveness of its two main engines (i.e., the two deep neural networks); MCTS merely
provides an effective mechanism to train these nets. However, AMS is a very general approach
for MDPs, and its incarnation as MCTS should prove successful in many other game settings
(deterministic or stochastic) where the state space is too huge to explore exhaustively. Note
that, similar to chess, Go is a deterministic game and unlike games such as backgammon,
bridge, and poker. Randomness (Monte Carlo) is introduced for the purpose of “sampling”
the opponent’s possible moves according to a distribution when the optimal move is not
yet known. Each such simulated path augments the game tree, which in turn leads to a
better estimate of the “value function” in each state of the tree and an improved overall
policy. However, MCTS should be equally applicable to games that are inherently stochastic.
Similarly, AMS should be applicable to many sequential decision-making problems under
uncertainty settings where, again, the state space is huge and the only way to generate paths
is through a simulation model.

The remainder of this tutorial will cover the following: an introduction to Go and an
overview of AlphaGo, motivation for MCTS using illustrative examples of decision trees
and tic-tac-toe, background on multiarmed bandit models using UCBs and simulation-based
algorithms for MDPs (Chang et al. [8, 10]), followed by the specific AMS algorithm in Chang
et al. [7], which is then connected back to MCTS and AlphaGo.

2. Go, Go AlphaGo

Go is the most popular two-player board game in East Asia, tracing its origins to China
more than 2,500 years ago. According to Wikipedia,! Go is also thought to be the oldest
board game still played today. Since the size of the board is 19 x 19, compared with 8 x 8
for a chess board, the number of board configurations for Go far exceeds that for chess, with
estimates at approximately 10'7° possibilities, putting it a googol (no pun intended) times
beyond that of chess and exceeding the number of atoms in the universe (Hassabis [14]).
Intuitively, the objective is to have “captured” the most territory by the end of the game,
which occurs when both players are unable to move or choose not to move, at which point
the winner is declared as the player with the highest score, calculated according to certain
rules. Unlike chess, the player with the black (dark) pieces moves first in Go, but like chess,
there is supposed to be a slight first-mover advantage (which is actually compensated by a
fixed number of points decided prior to the start of the game).

Perhaps the closest game in the Western world to Go is Othello: like chess, it is played
on an 8 x 8 board, and like Go, the player with the black pieces moves first. Similar to Go,
there is also a “flanking” objective but with far simpler rules. The number of legal positions
is estimated at less than 1028, nearly a googol and a half times less than the estimated
number of possible Go board positions. As a result of the far smaller number of possibilities,
traditional exhaustive game tree search (which could include heuristic procedures such as
genetic algorithms and other evolutionary approaches leading to a pruning of the tree)
can in principle handle the game of Othello, so that brute-force programs with enough
computing power will easily beat any human. More intelligent programs can get by with far
less computing (so that they can be implemented on a laptop or smartphone), but the point
is that complete solvability is within the realm of computational tractability, given today’s

! Wikipedia, s.v. ”Go (Game),” last modified August 21, 2017, https://en.wikipedia.org/wiki/GO-(game).
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available computing power, whereas such an approach is doomed to fail for the game of Go,
merely because of the 19 x 19 size of the board.

Similarly, IBM Deep Blue’s victory (by 3 1/2 to 21/2 points) over the chess world cham-
pion Garry Kasparov in 1997 was more of an example of sheer computational power than
true artificial intelligence, as reflected by the program being referred to as “the primitive
brute force-based Deep Blue” in the current Wikipedia account of the match.? Again, tra-
ditional game tree search was employed, which becomes impractical for Go, as alluded to
earlier. The realization that traversing the entire game tree was computationally infeasible
for Go meant that new approaches were required, leading to a fundamental paradigm shift,
the main components being Monte Carlo sampling (or simulation of sample paths) and value
function approximation. These components are the basis of simulation-based approaches to
solving Markov decision processes (Chang et al. [8, 10], Gosavi [13]), also studied under the
following names:

e neuro-dynamic programming (Bertsekas and Tsitsiklis [4]),
e approximate (or adaptive) dynamic programming (Powell [20]), and
o reinforcement learning (Gosavi [13], Sutton and Barto [22]).

However, the setting for these approaches is that of a single decision maker tackling problems
involving a sequence of decision epochs with uncertain payoffs and/or transitions. The game
setting adapted these frameworks by modeling the uncertain transitions—which could be
viewed as the actions of “nature”—as the action of the opposing player. As a consequence,
to put the game setting into the MDP setting required modeling the state transition prob-
abilities as a distribution over the actions of the opponent. Thus, as we shall describe later,
AlphaGo employs two deep neural networks: one for value function approximation and the
other for policy approximation, used to sample opponent moves.

In March 2016 in Seoul, Korea, Google DeepMind’s computer program AlphaGo defeated
the reigning human world champion Go player Lee Sedol four games to one, representing
yet another advance in artificial intelligence (AI) arguably more impressive than previous
victories by computer programs in chess (IBM’s Deep Blue) and Jeopardy! (IBM’s Watson),
because of the sheer size of the problem. A little over a year later, in May 2017 in Wuzhen,
China, at the Future of Go Summit, a gathering of the world’s leading Go players, AlphaGo
cemented its reputation as the planet’s best by defeating Chinese Go grandmaster and world
number one (at only 19 years old) Ke Jie (three games to none). To get a flavor of the
complexity of the game, the final board positions of games 1 and 3 are shown in Figure 1.
In game 1, the only one of the three played to completion, AlphaGo won by just 0.5 points
playing the white pieces, with a compensation (called komi) of 7.5 points. In game 3, Ke Jie
playing white resigned after 209 moves.

As will be described later in more detail, AlphaGo’s main engine consists of two deep
neural networks that are trained using MCTS. Current versions of MCTS used in Go-
playing algorithms are based on a version developed for games called UCT (upper confidence
bound 1 applied to trees) (Kocsis and Szepesvari [18]), which traces its roots back to the
AMS algorithm for estimating value functions in finite horizon MDPs introduced by Chang
et al. [7], which was the first use of UCBs (Auer et al. [2]) for Monte Carlo simulation-based
solution of MDPs. The UCB approach is one solution introduced in the machine learning
community to address the exploration—exploitation trade-off that arises in multiarmed ban-
dit problems. I will later briefly review the main idea of UCB as well as illustrate AMS and
MCTS through the use of two simple examples: decision trees and tic-tac-toe—but first, a
little more on DeepMind and AlphaGo.

2 Wikipedia, s.v. “Deep Blue versus Garry Kasparov,” last modified June 23, 2017, https: //en.wikipedia.org/
wiki/Deep_Blue_versus_Garry_Kasparov.
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FIGURE 1. Final positions of Games 1 (left) and 3 (right) between AlphaGo and top-rated human
Ke Jie; AlphaGo is white in Game 1 and black in Game 3 (Reproduced from the DeepMind website).

2.1. DeepMind

DeepMind is a London-based Al company founded in 2010 by Demis Hassabis, Shane Legg,
and Mustafa Suleyman, and it was acquired by Google in 2014 for $500 million. The company
built its reputation on the use of deep neural networks for AI applications, most notably
video games. AlphaGo’s neural networks employ 12 layers with millions of connections. In
2016, the DeepMind web page declared that AlphaGo is

THE FIRST COMPUTER PROGRAM TO EVER BEAT A PROFESSIONAL PLAYER AT
THE GAME OF GO, (https://deepmind.com/alpha-go.html, accessed May 11, 2016, emphasis

in original)

referring to the October 2015 defeat of the reigning European champion, Fan Hui, by a
stunningly dominant margin of 5 games to 0. Almost all Al experts had assumed that such
an advance was decades away (see the next section).

Now more than a year later, the same web page begins,

AlphaGo is the first computer program to defeat a professional human Go player, the first
program to defeat a Go world champion, and arguably the strongest Go player in history.
(accessed May 26, 2017)

The website description goes on to say that

AlphaGo’s 4-1 victory in Seoul, South Korea, in March 2016 was watched by over 200 million
people worldwide. It was a landmark achievement that experts agreed was a decade ahead of
its time, and earned AlphaGo a 9 dan professional ranking (the highest certification)—the first
time a computer Go player had ever received the accolade. (accessed May 26, 2017)

Also added to the web page is a blog called Innovations of AlphaGo. It describes strate-
gic and tactical innovations and playing insights generated by AlphaGo’s play, which is
somewhat specialized to the particular game of Go, but more broadly, the Al scientists at
DeepMind concluded from scores of postgame analyses that

AlphaGo’s strategy embodies a spirit of flexibility and open-mindedness: a lack of preconcep-
tions that allows it to find the most effective line of play.... [This] often leads AlphaGo to
discover counterintuitive yet powerful moves. (Baker and Hui [3])

And hot off the press after the victory, DeepMind added a new blog on May 27 called
AlphaGo’s Next Move in which it announced that the company was publishing a special set
of 50 games in which AlphaGo played against itself, “which we believe contain many new
and interesting ideas and strategies” (Hassabis and Silver [15]).
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In more general terms, DeepMind describes its Al research as follows:

The algorithms we build are capable of learning for themselves directly from raw experience
or data, and are gemeral in that they can perform well across a wide variety of tasks straight
out of the box. Our world-class team consists of many renowned experts in their respective
fields, including but not limited to deep neural networks, reinforcement learning and systems
neuroscience-inspired models. ...Our Nature paper...describes the technical details behind
a new approach to computer Go that combines Monte-Carlo tree search with deep neural
networks that have been trained by supervised learning, from human expert games and by
reinforcement learning from games of self-play. (accessed May 27, emphasis in original.)

2.2. The Roots of Monte Carlo Tree Search

As mentioned already in the introduction, Coulom appears to be the first to use the
term “Monte Carlo tree search,” introduced in a conference paper presented in 2006
(Coulom [11]).% Strikingly, in his paper, he writes the following (emphasis added):

Our approach is similar to the algorithm of Chang, Fu and Marcus* [sic]....In order to avoid
the dangers of completely pruning a move, it is possible to design schemes for the allocation
of simulations that reduce the probability of exploring a bad move, without ever letting this
probability go to zero. Ideas for this kind of algorithm can be found in...n-armed bandit
problems, . .. [which] are the basis for the Monte-Carlo tree search algorithm of Chang, Fu and
Marcus [sic]. (p. 73)

In other words, Coulom himself refers to the MDP algorithm in Chang et al. ([7]) as a
Monte Carlo tree search algorithm. This algorithm was developed in 2002, presented at a
Cornell University colloquium/seminar in the School of Operations Research and Industrial
Engineering on April 30, and submitted to Operations Research shortly thereafter (in May).

Also, as alluded to earlier, current versions of MCTS used in Go-playing algorithms are
based on a version developed for games called UCT (Kocsis and Szepesvari [18]), which
refers to the UCB simulation-based MDP algorithm in Chang et al. ([7]) as follows:

Recently, Chang et al. also considered the problem of selective sampling in finite horizon
undiscounted MDPs [citation omitted]. However, since they considered domains where there
is little hope that the same states will be encountered multiple times, their algorithm samples
the tree in a depth-first, recursive manner: At each node they sample (recursively) a sufficient
number of samples to compute a good approximation of the value of the node. The subroutine
returns with an approximate evaluation of the value of the node, but the returned values
are not stored (so when a node is revisited, no information is present about which actions
can be expected to perform better). Similar to our proposal, they suggest to propagate the
average values upwards in the tree and sampling is controlled by upper-confidence bounds.
They prove results similar to ours, though, due to the independence of samples the analysis of
their algorithm is significantly easier. They also experimented with propagating the maximum
of the values of the children and a number of combinations. These combinations outperformed
propagating the maximum value. When states are not likely to be encountered multiple times,
our algorithm degrades to this algorithm. On the other hand, when a significant portion of
states (close to the initial state) can be expected to be encountered multiple times then we
can expect our algorithm to perform significantly better. (p. 292)

In other words, the main difference is in terms of algorithmic implementation, specifically
in that returned values are not stored.

3 See also Wikipedia, s.v. “Monte Carlo tree search,” last modified July 4, 2017, https://en.wikipedia.org/
wiki/Monte_Carlo_tree_search.

41In this excerpt, Coulom is referring to Chang et al. [7].
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A high-level summary of MCTS is given in the abstract of a 2012 survey article, “A Survey
of Monte Carlo Tree Search Methods”:

Monte Carlo Tree Search (MCTS) is a recently proposed search method that combines the
precision of tree search with the generality of random sampling. It has received considerable
interest due to its spectacular success in the difficult problem of computer Go, but has also
proved beneficial in a range of other domains. (Browne et al. [6], p. 1)

The same article later provides the following overview description of MCTS:

The basic MCTS process is conceptually very simple... A tree is built in an incremental and
asymmetric manner. For each iteration of the algorithm, a tree policy is used to find the
most urgent node of the current tree. The tree policy attempts to balance considerations of
exploration (look in areas that have not been well sampled yet) and exploitation (look in areas
which appear to be promising). A simulation is then run from the selected node and the search
tree updated according to the result. This involves the addition of a child node corresponding to
the action taken from the selected node, and an update of the statistics of its ancestors. Moves
are made during this simulation according to some default policy, which in the simplest case
is to make uniform random moves. A great benefit of MCTS is that the values of intermediate
states do not have to be evaluated, as for depth-limited minimax search, which greatly reduces
the amount of domain knowledge required. Only the value of the terminal state at the end of
each simulation is required. (Browne et al. [6], p. 1-2)

In the case of AlphaGo, the value function approximation neural network can also be used to
terminate the simulation (depth-first traversing of the tree) earlier. The survey also provides
a historical timeline on MCTS, stating that “the development of MCTS is the coming
together of numerous different results in related fields of research in AI” (Browne et al. [6],
p. 7). However, there is a glaring gap between the 2002 reference (Auer et al. [2]) and the
two 2006 conference proceedings papers (Coulom [11], Kocsis and Szepesvéari [18]) when,
clearly, the 2005 Operations Research article (Chang et al. [7]) (which, as was noted earlier,
was actually submitted back in 2002) served as a direct link, since it is cited in both papers
but was not included among the 240 references. Specifically, the AMS algorithm in Chang
et al. [7] chooses to sample the action that maximizes the UCB. As described there,

Based on recent results for multiarmed bandit problems, we propose an adaptive sampling
algorithm that approximates the optimal value of a finite-horizon Markov decision process
(MDP) with finite state and action spaces. The algorithm adaptively chooses which action to
sample as the sampling process proceeds and generates an asymptotically unbiased estimator.
... [It] approximates the optimal value to break the well-known curse of dimensionality in
solving finite-horizon Markov decision processes (MDPs). The algorithm is aimed at solving
MDPs with large state spaces and relatively smaller action spaces. The approximate value
computed by the algorithm not only converges to the true optimal value but also does so in
an “efficient” way. (p. 126, emphasis in original)

2.3. Who Can Predict the Future? And ... Is Monte Carlo Tree Search
a Brute-Force Algorithm?

Brexit and the 2016 U.S. presidential election are recent examples of the perils of predictions.
Clearly, predicting outcomes, especially those in the future, can be a challenge. Here was a
prediction made in an October 2007 IEEE Spectrum article by Feng-Hsiung Hsu, one of the
scientists on the IBM Deep Blue project and author of the book Behind Deep Blue: Building
the Computer that Defeated the World Chess Champion:

I believe that a world-champion-level Go machine can be built within 10 years, based on the
same method of intensive analysis—brute force, basically—that Deep Blue employed for chess.
(Hsu [16], p. 51)
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The first part of his prediction was spot on, as AlphaGo succeeded in doing so within
the 10-year time frame (from 2007), and at the time, he was a minority voice in making
such a prognostication. However, the second part of the prediction—“based on the same
method. .. brute force, basically” —would seem on the surface not to have been correct, since
AlphaGo clearly did not use the same methods as Deep Blue. However, later on in the same
article, the author makes the following statement within a separate companion insert titled,
“Can Monte Carlo Work on Go?”:

Some of the best Go programs today employ Monte Carlo methods, which play out move
possibilities internally, in random games, then select the move with the best win/loss index.
It can be considered a brute-force technique. (Hsu [16], p. 54, emphasis added)

Later on, he goes on to write,

Monte Carlo techniques have recently had success in Go played on a restrictive 9-by-9 board.
My hunch, however, is that they won’t play a significant role in creating a machine that can top
the best human players in the 19-by-19 game. Even so, Monte Carlo is worth keeping in mind
for games and gamelike computing challenges of truly daunting complexity. (Hsu [16], p. 54)

So in the end, was he right or wrong in his prediction(s)? I guess it depends on how you
look at it, or you could say it was a mixed bag. One moral of the story is that qualifying
your predictions and statements is always a good idea.

3. Decision Trees and Monte Carlo Tree Search

To motivate MCTS, as well as connect it with MDPs, we use decision trees, which are
simple to understand and easy to depict; they look similar to game trees if you rotate your
head 90 degrees. We use simple examples for illustrative purposes, completely putting aside
the notion of games at first, as the focus will be on (Monte Carlo) sampling and also on
the choice of objectives (e.g., in the game context, should it be the probability of winning,
the probability of not losing, or some other measure of strength for a given position in the
game?). Then we move on to the simple two-person game of tic-tac-toe to connect decision
trees (and hence, by implication, MDPs) back to MCTS. The next section will then describe
the AMS MDP algorithm in more technical detail.

Example: A Simple Decision Tree

We begin with a simple decision problem. Assume you have $2 in your pocket, and you are
faced with the following three choices:

e Buy a PowerRich lottery ticket.
e Buy a MegaHaul lottery ticket.
e Do not buy a lottery ticket.

Associated with the two different lotteries are the following corresponding outcomes:

e PowerRich: win $100 M with probability (w.p.) 0.01; nothing otherwise.
e MegaHaul: win $1 M w.p. 0.05; nothing otherwise.
The respective expected values of the three choices are as follows:

e (Win) $1 M.

e (Win) $50 K.

e (Save) $2.

In Figure 2, the problem is represented in the form of a decision tree, following the usual
convention where squares represent decision nodes and circles represent outcome nodes. In
this one-period decision tree, the initial “state” is shown at the only decision node, and the
decisions are shown on the arcs going from decision node to outcome node. The outcomes
and their corresponding probabilities are given on the arcs from the outcome nodes to



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 01:07 . For personal use only, all rights reserved.

Fu: MDPs, AlphaGo, and Monte Carlo Tree Search
Tutorials in Operations Research, © 2017 INFORMS 75

FI1GURE 2. Decision tree for lottery choices.

$100 M
Temporarily broke
but in possession w
of a lottery ticket
$2 PowerRich 0
u 1w
MegaHaul
Do NOT buy
lottery ticket 0

$2

termination (or to another decision node in a multiperiod decision tree). Again, in this
one-period example, the payoff is the value of the final state reached.

If the objective is to have the most money, which is the optimal decision?

In an informal and decidedly unscientific study at Cornell in a master’s level course
(April 25, 2016), this set of choices was posed. Surprisingly, 2 of about 30 students opted for
the not-playing-at-all option, a few opted for the lower payoff lottery, and the large majority
remainder chose the first option, which had the highest expectation, an objective commonly
assumed. When asked for an explanation as to why the nonplaying option was chosen, the
one student said he or she did not believe in gambling; the other said that he or she would
rather have the guarantee of the money in hand (even if only $2). For the choice of the lower
payoff (and expected value) lottery, the consensus was that the lower amount was worth the
significantly higher probability of winning.

This example highlighted the importance of objectives (also of concern for AlphaGo).
Aside from the obvious expected value maximization, here are some objectives that might
be inferred from the Cornell students’ answers to justify their choices:

e Maximize the probability of having some money for lunch (class ended just before
lunch).

e Maximize the probability of not being broke (tuition is due in a few days).

e Maximize the probability of becoming a millionaire (at least before taxes).

e Maximize a quantile.

It is also well known that human behavior does not follow the principle of maximizing
expected value. We recall that a probability is also an expectation (of the indicator func-
tion of the event of interest), so the first three bullets fall into the same category, as far
as this principle goes. Utility functions are often used to try and capture individual risk
preferences—e.g., by converting money into some other units in a nonlinear fashion. Other
approaches to modeling risk include the prospect theory of Kahneman and Tversky [17],
which demonstrate that humans often distort their probabilities, differentiate between gains
and losses, and anchor their decisions. Recent work (Prashant et al. [19]) applies cumulative
prospect theory to MDPs.
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FIGURE 3. Decision tree for PowerRich lottery expanded once.

$100 M

Don’t $1
play

$100 M

Play

We return to the simple decision tree example. Whatever the objective and whether or not
we incorporate utility functions and distorted probabilities into the problem, it still remains
easy to solve, because there are only two real choices to evaluate (the third is trivial), and
these have outcomes that are assumed known with known probabilities. However, we now
ask the questions:

What if the probabilities are unknown?

What if the outcomes are unknown?

What if the terminal nodes keep going (additional sequence(s) of action-outcome, etc.)?
What if “nature” is an opposing player?

By investigating each one of these in turn, the combination gives the essence of how Go-
playing programs work. In addition, it could also be the case in many decision settings that
the outcome structure itself is unknown; i.e., both the number of branches, which could be
uncountable, and its associated probability distribution are unknown. This is generally not
the case in a game setting, where the moves are known but the probability distribution over
the opponent’s moves is not.

We begin with the first setting, where we assume that the probabilities are unknown but
can be sampled from a black box simulator; i.e., there is a simulator for each outcome node.
Then the problem essentially reduces to estimating the unknown probabilities, in this case
sampling from Bernoulli distributions with known rewards. Initially, let us eliminate the
MegaHaul lottery to simplify things even further. In this case, if we have a fixed simulation
budget, we just simulate the one outcome node until the simulation budget is exhausted,
because the other choice (do nothing) is known exactly. Conversely, we could pose the
problem in terms of how many simulations it would take to guarantee some objective—
e.g., with 99% confidence that we could determine whether or not the lottery has a higher
expected value than doing nothing ($2); again, there is no allocation as to where to simulate
but just when to stop simulating. However, with the MegaHaul reinstated, there is now a
choice as to which black box to simulate, or for a fixed budget how to allocate the simulation
budget between the two simulators. Thus, we find ourselves somewhat in the domain of
statistical ranking and selection, but where the samples arise in a slightly different way.

The next twist is where the outcome values (rewards) themselves are also unknown but
again can be sampled from, say, the same black box simulator that produces the outcome
(win or lose). Again, depending on the objective, there could be many different approaches
to determine the best way to allocate simulation replications. Moving to the next variation,
the uncertain outcome value (reward) could also be the result of subsequent stages and
uncertain outcomes. For example, in Figure 3, the total loss is replaced with a “win” of $1,
for which there is the choice of stopping play or trying again, with the same jackpot but
the probability decreased by an order of magnitude. Now the problem can be viewed as
an optimal stopping problem, where, again, the question of where to allocate a simulation
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FIGURE 4. Decision tree for PowerRich lottery ad infinitum.
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budget comes into play at either of the two stages or if the MegaMaul option is added back
into the mix. This can be repeated ad infinitum to make it an infinite horizon problem, as
in Figure 4.

For the final twist, the random outcomes being replaced by an opposing player, will be
illustrated in the next example of tic-tac-toe. But first let us introduce the notion of a
post-decision state using this example. The usual notion of state would have the decision
maker with $2 at the beginning and then after the decision and outcome is realized be in
one of four different states: broke, same, millionaire, or $100 M. However, in the case of
two of the actions, buying either one of the lottery tickets, there is a post-decision state
in which the decision maker is broke but holding a lottery ticket. In a game, that is the
position that is reached after you make your move and before your opponent makes his or
hers. In terms of your decision making, it really is irrelevant, because what matters is what
the position of the game is after the opponent moves, because that is the state you will face.
However, to employ Monte Carlo tree search, an essential ingredient is being able to model
the probability distribution over opponent moves, which are expressed as a function of this
post-decision state.

Example: Tic-Tac-Toe

The game of tic-tac-toe or “three in a row” is well known to most of us from childhood
(at least to those of us born prior to the global domination of video games), but a quick
summary will be provided for the benefit of readers unfamiliar with the game. It is a two-
player game on a 3 x 3 grid, in which the objective is to get three marks in a row (horizontal,
vertical, or diagonal, for a total of eight possible paths to victory), and players alternate
between the “X” player who goes first and the “O” player. If each player follows an optimal
policy, then the game should always end in a tie (sometimes called a cat’s game). In theory,
there are something like 255 K possible configurations that can be reached, of which only
an order of magnitude of these are unique after accounting for symmetries (rotational, etc.),
and only 765 of these are essentially different in terms of actual moves for both sides. The
optimal strategy for either side can be easily described in words in a short paragraph, and
a computer program to play optimally requires fewer than a hundred lines of code in even
the oldest standard computer programming languages.

Assuming the primary objective (for both players) is to win and the secondary objective
is to avoid losing, the following “greedy” policy is optimal (for both players):

e If a win move is available, then take it; else if a block move is available, then take it.

(A win move is defined as a move that gives three in a row for the player who makes the move;
a block move is defined as a move that is placed in a row where the opposing player already



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 01:07 . For personal use only, all rights reserved.

Fu: MDPs, AlphaGo, and Monte Carlo Tree Search
78 Tutorials in Operations Research, © 2017 INFORMS

FIGURE 5. Two tic-tac-toe board configurations to be considered.

X
O O|X | X

X

has two marks, thus preventing three in a row.) This leaves still the numerous situations
where neither a win move nor a block move is available. In traditional game tree search,
these would be enumerated (although as we noted previously, it is easier to implement using
further if-then logic). We instead illustrate the Monte Carlo tree search approach, which
samples the opposing moves rather than enumerating them.

If going first (as X), there are three unique first moves to consider—corner, side, and
middle. If going second (as O), the possible moves depend, of course, on what X has selected.
If the middle was chosen, then there are two unique moves available (corner or non-corner
side); if a side (corner or non-corner) was chosen, then there are five unique moves (but
a different set of five for the two choices) available. However, even though the game has
a relatively small number of outcomes compared with most other games (even checkers),
enumerating them all is still quite a mess for illustration purposes, so we simplify further
by viewing two different game situations that already have preliminary moves.

Assume henceforth that we are the “O” player. We begin by illustrating with two games
that have already seen three moves, two by our opponent and one by us, so it is our turn
to make a move. The two different board configurations are shown in Figure 5. For the first
game, by symmetry, there are just two unique moves for us to consider: corner or (non-
corner) side. In this particular situation, following the optimal policy above leads to an easy
decision: a corner move leads to a loss, and a non-corner move leads to a draw; there is a
unique “sample path” in both cases so no need to simulate/sample. The trivial game tree
and decision tree are given in Figures 6 and 7, respectively, with the game tree that allows
nonoptimal moves shown in Figure 8.

Now let us consider the other more interesting game configuration shown on the right-
hand side of Figure 5, where there are three unique moves available to us, and without loss

FIGURE 6. Game tree for first tic-tac-toe board configuration (assuming “greedy optimal” play).

X

O X O | x

X X

Loss (after next move) Eventual draw

Note. If opponent’s moves were randomized, we would have an excellent chance of winning!
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FI1GURE 7. Decision tree for first tic-tac-toe board configuration.
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O Lose
/
Non-corner
Block
O Draw

FI1GURE 8. Decision tree for first tic-tac-toe board configuration with non-optimal greedy moves.

O
/
[
O

Lose

Corner

Non-corner
Win

Draw
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of generality, they can be the set of moves on the top row. We need to evaluate the “value”
of each of the three actions to determine which one to select. It turns out that going in the
upper left corner leads to a draw, whereas the upper middle and upper right corner lead
to five possible unique moves for the opponent. The way the Monte Carlo tree branching
would work is depicted in Figure 9, where two computational decisions would need to be
made:

e How many times should each possible move (action) be simulated?
e How far down should the simulation go (to the very end or stop short at some point)?

Note that these questions have been posed in a general framework, with tic-tac-toe merely
illustrating how they would arise in a simple example.

4. Adaptive Multistage Sampling Algorithm
This section attempts to address the following questions:

e What is a multi-armed bandit?

e What is UCB?

e How does AMS work?

e How does MCTS work?

e How does MCTS fit into AlphaGo?

After introducing the multi-armed bandit problem and UCB index policies, the answers
to the last three questions can be briefly summarized as follows:

e AMS
1. UCB: selecting our (decision maker’s) actions to simulate throughout a sample path,
and
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FIGURE 9. Monte Carlo game tree for second tic-tac-toe board configuration.
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2. simulation/sampling: next state transition (nature’s “action”).
e MCTS
1. how to select our next moves to follow in the game tree, and
2. how to select the opponent’s move.
e MCTS in AlphaGo
1. UCB guides AlphaGo’s next move to follow in simulated game tree path, and
2. opponent’s next move sampled using policy network (probability distribution).
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4.1. Multi-Armed Bandit Problems

Multi-armed bandit problems are a class of sequential decision-making problems under
uncertainty, whereby a single decision maker must decide which arm to pull at each deci-
sion epoch. An arm when pulled provides a reward to the decision maker, but the reward
distribution for each arm is unknown. Think of slot machines in a casino, which serve as the
original motivation for this class of problems. Index policies assign a (generally dynamic)
value to each possible arm, and the decision maker selects the arm with the current high-
est index. Index policies are particularly convenient because each arm’s index is generally
calculated based on observations specific to that particular arm. Under certain conditions,
index policies can be proven to be optimal in some sense. One of the earliest and most
well-known index policies is the Gittins index. The one that we will discuss in more detail
is the UCB. In addition to index policies, another approach is Bayesian learning, where a
(prior) distribution is assumed on the set of arms, and this distribution is updated with
each observation. At any decision epoch, the decision maker chooses the action that max-
imizes the objective under the current (posterior) distribution. One of the most popular
instantiations of this approach is Thompson sampling. All of these approaches are intended
to capture the classic exploration—exploitation trade-off that arises in many settings, e.g.,
global optimization, where it signifies the balancing between local search in a promising
region that has been previously explored versus considering an entirely new region. In the
multi-armed bandit problem, the trade-off is between cashing in on an arm that has proved
reliable in the past with trying new arms that have not done so well up to now but due to
large uncertainty still have the potential to provide even higher rewards.

Again, What Is the Objective?

What does it mean to be optimal? In the multi-armed bandit problem, the most commonly
used objective is expected cumulative regret, which represents the sum of expected “losses”
(hence, regret) from playing a non-optimal arm up to the current time. The notion of regret
and the associated regret analysis dominates the multi-armed bandit research literature.
However, focusing on this objective may not be the most appropriate in many settings. Two
deviations from this objective have to do with (i) the use of expected rewards and (ii) the
use of cumulative rewards. An obvious alternative in the case of (i) might be the probability
of exceeding some threshold (as in the classic gambler’s ruin setting). In the case of (ii),
one might be interested in a finite horizon problem in which all that matters is the last
choice; i.e., all of the previous arm pulls are just “practice” for the real thing. Although this
does not fit the original casino scene, it does correspond to the classical setting of statistical
ranking and selection, which has been around for over half a century and only recently been
explored in the multi-armed bandit community under the name of best-arm identification.

Upper Confidence Bounds

The idea of using upper confidence bounds for the index policies dates back to Agrawal [1],
but the paper most cited in the machine learning community is Auer et al. [2], which used
the assumption of bounded rewards to derive a UCB algorithm that achieves finite-time
logarithmic regret rather than asymptotic results more common in the statistics literature.
The AMS algorithm is a recursive extension of the UCBI algorithm in Auer et al. [2] in the
context of the MDP framework. Thus, it is an index-based policy where the index for an
action is given by the sum of the current estimate of the true @-value for the action plus a
term that relates the size of the upper confidence bound.

The key aspects of the AMS MDP algorithm in Chang et al. [7] that make it particularly
suitable to the game environment, and differentiate it from the traditional multi-armed
bandit problem settings, are the following:

e finite horizon (terminating);
e nonstationarity.
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Although in principle each of these could be handled separately, putting them together in
an easy-to-implement form was not present in the bandit literature in 2005.

Other Alternatives to UCB. UCB algorithms are simple to implement, which may
explain why UCB-based sampling formed the basis for Monte Carlo tree search. However,
they are clearly not the only approach and not even necessarily a logical approach, since
the objective in a game setting is generally to win, so it really does not matter how much is
“spent” along the way in trying different actions and simulating paths. As alluded to earlier,
best-arm identification has recently become an area of research in the machine learning
community analogous to statistical ranking and selection—the setting is the same, but the
types of results look very different.

4.2. Markov Decision Processes

Consider a finite horizon MDP with state space S, finite action space A, set of admissible
actions A(s) C A in state s € S, nonnegative bounded reward function R: S x A — R*
(i.e., R(s,a) is the reward obtained when in state s € S and action a € A(s) is taken),
and transition probability function P that maps a state and action pair to a probability
distribution over S (i.e., P(s,a)(s’) is the probability of transitioning to state s’ € S when
taking action a € A(s) in state s € S). As in the setting of Chang et al. [7], an explicit form
for the transition probability P is assumed to be unavailable, but samples of the transition
can be obtained. For an MDP model, such samples are realizations of nature or a simulation
model, whereas in the game setting, they represent moves by the opposing players. In terms
of a game tree, the initial state of the MDP or root node in a decision tree corresponds
to some point in a game where it is our turn to make a move. A simulation replication
or sample path from this point is then a sequence of alternating moves between us and
our opponent, ultimately reaching a point where the final result is “obvious” (win or lose)
or “good enough” to compare with another potential initial move, specifically if the value
function is precise enough.

Let s; denote the state in period (or stage) ¢, and a; the action taken in period ¢t. Assume
that the objective is to maximize expected total reward over a finite horizon of (deterministic
finite) length H; i.e., E[Zfi_ol R(s¢,a4)]. Define a decision rule for period ¢ by the mapping
of states to actions 7my: S — A,t > 0 and a policy as the set of decision rules over the horizon;
ie., m={m,t=0,...,H—1}. The algorithm in Chang et al. [7] estimates the optimal total
reward (thereby obtaining an approximate optimal policy) for horizon length H.

The algorithm works by recursively estimating the optimal reward-to-go value function
for state s in period ¢ defined by

H-1

Vi'(s) =sup B {Z R(s¢,mi(s¢))

t=1

sis}, s€S,i=0,....,H—1,

with V7 (s) =0 for all s€ .S, and satisfying the well-known (Bellman) optimality equation,

Qi (s,a) = R(s,a) + E[V{},(5'(s,a))],

written in a form using @-functions and next state (random variable) 5" ~ P(s,a).
The algorithm in Chang et al. [7] estimates Q}(s,a) by a sample mean estimate @; given
by (3), initialized by (1), and chooses to sample an action a* that achieves

Vi (s) = Igleajx{Qi (s,a),

mea,i((Qi(S’ a) 4 “fudge factor”),

where the quantity being maximized is the UCB. The resulting AMS algorithm is given in
Figure 10, where the specific form of the UCB is given by the quantity in (2), which assumes
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FIGURE 10. Adaptive multistage sampling algorithm in Chang et al. [7] (undiscounted version).

Adaptive Multistage Sampling (AMS)
e Input: state s € S, N; > |A|, and period i. Output: \A/;NT (s).
e Initialization: Sample each action a € A sequentially once in state s and set
N 0 if = H and go to Exit,
Cils,a) = { R(s,a)+ V[ (S") ifi#H,
where S’ ~ P(s,a), and set n = |A]|.
e Loop: Sample an action a* that achieves

N 2lnn
max (Qi(s,a) + s Z) (2

where N7 ¥ is the number of times action a has been sampled so far, and 7 is the total number of
samples thus far for this period, and

Qi(s,a) = R(s,a) tN PORANSIC) ®3)
a is'ess
where S7 is the set of sampled next states so far with [S5| =N ; w.r.t. distribution P(s, a).

- Update NZ. ; <= NZ. ,+1 and S5. < S5.,U{s'}, where s’ is the newly sampled next state
by a*. ~

- Update Qi(s,a*) with the Vl-_ﬁfrl (s") value.

- n+<n+1. If n = N;, then exit Loop.

o Exit: Set V “(s) such that

S 2ei 0y ti=0, 1

~N; ’ i(s,a) ite1=0,...,H—1,

Vi) ={ &= N (@)
0 if i = H,

and return \A/iNi (s).

that one-period rewards are bounded by 1/H; else, another scaling factor must multiply
the fudge factor. (The original machine learning UCB algorithm in Auer et al. [2] assumes
bounded rewards.) The final output of the AMS algorithm is an estimate of V;*(s) given
by (4), recursively using estimates for V;7 ;.

To illustrate the allocation rule, consider first the one-stage approximation; i.e., assume
that Vi*(s) for all s € S is known. To estimate V' (s) requires estimating Qf(s,a*), where
a* € argmax,c 4, Qf(s,a). The choice of a* corresponds to the search for the best arm in
the multi-armed bandit problem. Start by sampling each possible action once at the given
state s, which leads to the next state according to P(s,a). The iteration (see Loop in
Figure 10) proceeds by sampling the next action achieving the maximum UCB using the
current estimates of Q% (s, a) (see Equation (2)), where the estimate Qq(s,a) is given by the
immediate reward R(s,a) plus the sample mean of Vi*-values at the sampled next states that
have been sampled thus far (see Equation (3)).

Among the Ny samples for state s, N; o denotes the number of samples using action
a. If the sampling is done well, N; /NO pr0v1des a good estimate of the likelihood that
action a is optimal in state s, because in the limit as Ny — 00, the sampling scheme should
lead to Nj. o/No — 1 if a* is the unique optimal action, or if there are multiple optimal
actions—say, a set A*—then Y aear Nao/No — 15 ie. { a.0/No}aca should converge to
a probability distribution concentrated on the set of optlmal actions. For this reason, a
weighted (by N; o/No) sum of the currently estimated value of Qf(s,a) over A is used to
approximate Vi (s) (see Equation (4)). Ensuring that the weighted sum concentrates on a*
as the sampling proceeds ensures that in the limit the estimate of Vj;'(s) converges to V' (s).
Alternatives to this weighted sum that often perform better in numerical experiments can
be found in Chang et al. [7].
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FIGURE 11. Graphical illustration of the sequence of the recursive calls made in Initialization of
the AMS algorithm. Each circle corresponds to a state and each arrow with a noted action that
signifies a sampling (and a recursive call). The boldface number near each arrow is the sequence
number for the recursive calls made. For simplicity, the entire Loop process is signified by one call

number (taken from Chang et al. [7]).
Stage i =0 mte

Action Action

Sampled subtree
from the node x

To illustrate how the recursive calls are made sequentially, Figure 11 graphically depicts
the sequence of calls with two actions and H = 3 for the Initialization portion.

The generation of Monte Carlo trees is also the centerpiece in the American-style option
pricing algorithm of Broadie and Glasserman [5], with the primary difference between AMS
and their algorithm being that the option pricing setting is an optimal stopping problem, so
there is no need to choose which action to simulate, because there are only two actions—stop
or continue—at each decision epoch, where further simulation is only required in the latter
case. In Monte Carlo tree search, the decision as to which action to simulate is central to
its implementation. Thus, the general MDP setting gives rise to the simulation allocation
problem, for which Chang et al. [7] first proposed using UCB ideas from multiarmed bandit
problems, which attempts to balance exploitation and exploration.

We now return to the tic-tac-toe example to illustrate these concepts.

In MDP notation, model the state as an 9-tuple corresponding to the nine locations,
starting from upper left to bottom right, where 0 will correspond to blank, 1 = X, and
2 = O; thus, (0,0,1,0,2,0,1,0,0) corresponds to the state of the right-hand side game of
Figure 5. Actions will simply be represented by the nine locations, with the feasible action
space the obvious remainder set of the components of the space that are still 0. This is not
necessarily the best state representation (e.g., if we are trying to detect certain structure or
symmetries). If the learning algorithm is working in an ideal manner, it should converge to
the degenerate distribution that chooses with probability 1 the optimal action, which can
be easily determined in this simple game.
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FIGURE 12. AlphaGo’s two deep neural networks (Adapted by permission from Macmillan Pub-
lishers Ltd.: Nature (Figure 1b, Silver et al. [21]), copyright 2016).

Policy network Value network
Pospla |'s) ve(s))
L

4.3. Back to AlphaGo and Monte Carlo Tree Search
Now we return to AlphaGo, whose two main components are depicted in Figure 12:

o Value network: estimate the “value” of a given board configuration (state), i.e., the
probability of winning from that position.

e Policy network: estimate the probability distribution of moves (actions) from a given
board configuration (state).

The subscripts o and p on the policy network correspond to two different networks used,
using supervised learning and reinforcement learning, respectively. The subscript # on the
value network represents the parameters of the neural net.

In terms of MDPs and Monte Carlo tree search, let the current board configuration (state)
be denoted by s*. Then we wish to find the best move (optimal action) a*, which leads
to board configuration (state) s, followed by opponent move (action) a, which leads to
board configuration (new “post-decision” state) s'; i.e., a sequence of a pair of moves can
be modeled as

sF 2 s — 8,
using the notation consistent with Figure 12.

As an example, consider again the tic-tac-toe example, the right-hand side game of Fig-
ure 5, for which we derived the Monte Carlo game tree as in Figure 9. The corresponding
decision tree is shown in Figure 13; note that the probabilities are omitted, since these are
unknown. In practice, the “outcomes” would also be estimated. In this particular example,
action 3 dominates action 1 regardless of the probabilities, whereas between actions 2 and 3,
it is unclear which is better without the probabilities.

The 2016 Nature article by Silver et al. [21] describes Monte Carlo tree search as follows:

Monte-Carlo tree search (MCTS) uses Monte Carlo rollouts to estimate the value of each
state in a search tree. As more simulations are executed, the search tree grows larger and
the relevant values become more accurate. The policy used to select actions during search is
also improved over time, by selecting children with higher values. Asymptotically, this policy
converges to optimal play, and the evaluations converge to the optimal value function. The
strongest current Go programs are based on MCTS. (p. 484)
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FI1GURE 13. Decision tree for second tic-tac-toe board configuration.
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The neural networks are then described:

We pass in the board position as a 19 x 19 image and use convolutional layers to construct a
representation of the position. We use these neural networks to reduce the effective depth and
breadth of the search tree: evaluating positions using a value network, and sampling actions
using a policy network. (p. 484)

And finally, as described previously,
Our program AlphaGo efficiently combines the policy and value networks with MCTS. (p. 484)

Figure 12 shows the corresponding p(a | s) for the policy neural network that is used to
simulate/sample the opponent’s moves and the value function v(s’) that estimates the value
of a board configuration (state) using the value neural network. The latter could be used in
the following way: if a state is reached where the value is known with sufficient precision,
then stop there and start the backwards dynamic programming; else, simulate further by
following the UCB prescription for the next move to explore.

We end by parsing each of the four parts of Figure 14 (taken from Silver et al. [21]), which
summarizes the main “operators” in AlphaGo’s Monte Carlo tree search, in the context of
our previous examples and the simulation-based adaptive multistage MDP algorithm:

e “Selection” corresponds to an action node in a decision tree, and the choice is based on
the UCB for each possible action, which is a function of the current estimated Q-value plus
a “fudge” factor, just as in (2) from AMS.

e “Expansion” corresponds to an outcome node in a decision tree, which is an opponent’s
move in a game, and it is modeled by a probability distribution that is a function of the “post-
decision” state after the decision maker’s action, corresponding to the transition probability
in an MDP model.

e “Evaluation” corresponds to returning the estimated Q-value for a given action at a
“terminal” node, which could correspond to the actual end of the horizon or simply a point
where the current value function approximation may be considered sufficiently accurate so
as not to require further simulation.

e “Backup” corresponds to the backwards dynamic programming algorithm employed in
decision trees and MDPs.

Note that due to the relative symmetry of the black and white positions (as a result of
the large size of the board, 19 x 19, something that does not hold for the 3 x 3 tic-tac-toe
board), one could essentially use selection for both sides or expansion for both sides, although
most likely not for the initial move in the latter case. In fact, as mentioned previously,
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FIGURE 14. Monte Carlo tree search (Adapted by permission from Macmillan Publishers Ltd.:
Nature (Figure 3, Silver et al. [21]), copyright 2016).
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AlphaGo exploits this in training by playing against itself, improving both the value and
policy networks simultaneously.

5. Back to the Future

AlphaGo indeed serves as a showcase of Al, combining the engineering of machine learning
(with two deep neural networks) with the sampling /simulation approach of MCTS, or Monte
Carlo tree search, where the latter samples an opponent’s next action and simulates the
game tree (sample paths) to improve both neural nets (learning). One takeaway message is
that OR played an unheralded role, as the MCTS algorithm is based on the UCB algorithm
for MDPs published in Operations Research in 2005 (Chang et al. [7]), with dynamic pro-
gramming (backward induction) used to calculate/estimate the value function in an MDP
(game tree, viewed as a decision tree with the opponent in place of “nature” in the model).
The optimization arm of OR has already played (and continues to play) a significant role
in machine learning, but the stochastic side of OR—namely, the applied probability and
stochastic simulation communities—has not been similarly engaged to the same extent,
when there are clearly many other ideas, approaches, and algorithms that can be brought to
bear on important and challenging problems in Al. The aim of the National Science Foun-
dation (NSF)-sponsored workshop (held at Rutgers University, May 30 to June 1, 2012), “A
Conversation Between Al and OR on Sequential Decision Making” (led by Warren Powell
of Princeton University and Satinder Singh of the University of Michigan), was to bring
together researchers in reinforcement learning, approximate dynamic programming, simula-
tion optimization, and stochastic programming to exchange ideas in the hopes of establishing
fruitful research collaborations. The future of AI would benefit greatly from more OR ideas
(and vice versa).
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