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Abstract Stochastic gradient descent (SGD), also known as stochastic approximation, refers to
certain simple iterative structures used for solving stochastic optimization and root-finding
problems. The identifying feature of SGD is that, much like gradient descent for de-
terministic optimization, each successive iterate in the recursion is determined by adding
an appropriately scaled gradient estimate to the prior iterate. Owing to several factors,
SGD has become the leading method to solve optimization problems arising within large-
scale machine learning and “big data” contexts such as classification and regression. In this
tutorial, we cover the basics of SGD with an emphasis on modern developments. The
tutorial starts with stochastic optimization examples and problem variations where SGD is
applicable, and then it details important flavors of SGD that are currently in use. The oral
presentation of this tutorial will include numerical examples.

Keywords stochastic gradient descent • stochastic approximation • stochastic optimization •
machine learning • optimization • big data

1. Introduction and Preliminaries
This tutorial considers unconstrained smooth stochastic optimization problems having the form

min f ðxÞ ¼ E½FðxÞ� ¼
Z
�

Fðx; �ÞPðd�Þ
s:t: x 2X �Rn: (P)

The objective function f is assumed to be bounded from below—that is, infx2X f ðxÞ> −1; this
tutorial covers methods for both smooth and nonsmooth functions f . Unlike deterministic
optimization (Nocedal andWright [74]), the function f is not directly observable, but we have
access to a “first-order stochastic oracle” that can be “called” to obtain unbiased estimates
Fðx; �Þ and Gðx; �Þ of f ðxÞ and rf ðxÞ, respectively, at any requested point x 2X . We
assume that Fðx; �Þ and Gðx; �Þ are unbiased estimates of f ðxÞ and rf ðxÞ; that is, f ðxÞ ¼
E�½Fðx; �Þ�; rf ðxÞ ¼ E�½Fðx; �Þ�.

The problem statement that appears in (P) has recently generated renewed interest because
of its direct applicability in parameter estimation problems arising within modern machine
learning settings such as regression, classification, clustering, and anomaly detection (Hastie
and Tibshirani [44]). As some observers have noted (Bottou et al. [15]), deep neural networks
as a modeling paradigm, in concert with efficient stochastic optimization algorithms (mainly,
stochastic gradient descent to solve problem P), have resulted in spectacular successes in
diverse domains.

Especially because the importance of problem P has been recorded at length elsewhere, we
will not devote any more space to motivating problem P. Instead, this tutorial will cover
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modern solution methods, particularly variants of stochastic approximation (Borkar [14],
Kushner and Yin [53]), for solving problem P. Stochastic approximation, more recently called
stochastic gradient descent (SGD), is understood here as recursions having the form

xkþ1 ¼ �X xk −�kH −1
k gðxk ;M ðxkÞÞ

� �
; (SGD)

where the term �k appearing in (SGD) is called the step size, the positive definite symmetric
matrix Hk approximates the Hessian matrix of second derivatives Hð�Þ at xk , and gðxk ;M ðxkÞÞ
approximates the gradient rf ðxkÞ using sample size MðxkÞ. Traditionally, the sample size
MðxkÞ is set to some fixed value, but recent work has questioned such choice.

1.1. Some Terminology and Notions
The following terminology and notions will be assumed throughout the tutorial.

1. Solving the problem P: An iterative algorithm will have “solved” the problem P if it
generates a stochastic sequence fxkg that satisfies krf ðxkÞk! 0 as k!1 with probability 1
(w.p.1.) or if E krf ðxkÞk½ �! 0 as k!1. Of course, this places no guarantees on the behavior
of the sequence fxkg itself without further structural assumptions on the function f . Fur-
thermore, the function f may have multiple minima (or none), and a guarantee such as
krf ðxkÞk! 0 w.p.1 says little about which, if any, of the local minima of f are attained.

2. Nature of the “stochastic oracle”: The notion of a “stochastic oracle” is deliberately left
vague to subsume a variety of contexts. For the purposes of this tutorial, a stochastic oracle is
either a Monte Carlo simulation (Asmussen and Glynn [1], Glasserman [39], Nelson [67]) or
a large data set containing (virtually) an infinite number of observations. Accordingly, “calling
the stochastic oracle” at the point x 2Rp using the “random seed” �i results in observing the
function estimate Fðx; �iÞ and the gradient (or subgradient) estimate Gðx; �iÞ.

3.Algorithm assessment and work complexity: The number of calls to the stochastic oracle is
the sole unit of computational burden. Thus, the work complexity for the purposes of this
tutorial relates to the quality of a solution returned by an algorithm as a function of the
number of calls to the stochastic oracle. As an example, when we say that an algorithm exhibits
2ð�−1Þ complexity (on a nonconvex smooth objective function), we mean that the solution xk
returned after k calls to the stochastic oracle guarantees that E krf ðxkÞk2½ � � �: On the other
hand, the iteration complexity of an iterative algorithm refers to the quality of a solution
returned by an algorithm as a function of the number of iterations undertaken by the al-
gorithm. Iteration complexity is not useful as a measure in the current context except when the
sample size during each iteration is fixed, in which case the work complexity and the iteration
complexity differ only by a constant.

1.2. Scope of the Tutorial
This tutorial is primarily aimed at early researchers and consumers of stochastic optimization.
The content will accordingly be kept at an accessible level. Codes corresponding to the best-
performing algorithms included in the tutorial will be available through a website that will be
advertised during the oral presentation of this tutorial or from the author upon request.

Because stochastic optimization has recently become all encompassing, we find it especially
necessary to list caveats and key topics that this tutorial will not cover. This is a tutorial on the
recent variants of SGD that, for the purposes of this tutorial, is understood to have the
structure in (SGD). Numerous other paradigms that have recently gained prominence, such as
stochastic trust region methods (Bandeira et al. [2], Chen et al. [23], Shashaani et al. [89, 90],
sample-average approximation (Shapiro et al. [88]), and retrospective approximation
(Pasupathy [76], Pasupathy and Schmeiser [77]), will not be discussed here.

As has been noted, SGD is the new nomenclature for stochastic approximation that was
first introduced through a seminal paper by Robbins and Monro [82], followed by a flurry of
important papers (Chung [24], Fabian [31], Kiefer andWolfowitz [51], Sacks [84], Venter [97])
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on various aspects. Such interest has continued over the previous six decades, and an
enormous literature that includes comprehensive surveys (Kushner and Yin [53], Lai [54])
on virtually all aspects of stochastic approximation has been written. Wisely, this tutorial
will not undertake to supplant or add to any of these surveys on stochastic approximation.
Instead, the tutorial explains trends in the last decade to two decades appearing under the
topic stochastic gradient descent or stochastic approximation. Such papers have appeared
across different research subcultures but seem to have particular relevance to machine
learning and big data contexts. And whereas most of these more recent methods have already
appeared in some form in the older stochastic approximation literature, they tend to have an
increased focus on complexity results afforded through more stringent structural assumptions on
the function f .

Owing to space restrictions here, and time restrictions on the oral presentation, solutions to
several important variations of problem P will not be considered in the tutorial.

1. This tutorial will discuss only algorithms that assume access to a first-order oracle—that
is, the algorithms that have access to “direct gradient (or subgradient)” observations Gðx; �Þ.
A substantial number of simulation contexts are “derivative-free,” implying that even though
the gradientrf ðxÞmight exist at the point x 2Rp, estimates ofrf ðxÞ can be constructed only
using methods such as finite differencing (Asmussen and Glynn [1]). Similarly, optimization in
problem P is stated to be on finite-dimensional Euclidean spaces, excluding important sto-
chastic optimization problems on non-Euclidean spaces (Bubeck [17], Nemirovskii et al. [68]).

2. A substantial fraction of methods that appear under the SGD banner are conditioned on
a given data set. One of the many important implications of such conditioning is that any
mathematical expectation that appears in a claimed result on complexity is on the probability
space on which the algorithm is defined and conditional on the given data set. Optimization in
such contexts has sometimes been called empirical risk minimization (Bottou et al. [15]). Three
prominent examples of algorithms in this category are Le Roux et al. [57], Johnson and Zhang
[50], and Defazio et al. [28]. The fact that algorithmic inference in such contexts is conditional on
the given data set is often missed or ignored, leading to misinterpretations about the effec-
tiveness of an algorithm. Because our interest is on inference made at the population level, we
have tended to deemphasize algorithms that are customized to a specific data set.

3. The SGD literature contains a substantial fraction of algorithms that apply to the online
learning context. Such problems are closely related to stochastic optimization problems
(Bubeck [16], Shalev-Shwartz and Tewari [87] but differ mainly in the way performance is
measured. In the online learning setting, for example, algorithms seek tominimize regretmeasured
as the deviation of the incumbent solution’s quality from the optimal value, integrated over
a specified time horizon. Again, because of space restrictions, online learning algorithms are
not discussed in this tutorial.

4. An important class of methods, collectively called momentum methods, has been suc-
cessful in solving (deterministic) convex optimization problems. The first versions of these
algorithms, introduced in Polyak [102] and Nesterov [72], have now been extended to the
stochastic convex and nonconvex contexts (Ghadimi and Lan [38], Yang et al. [103]. Mo-
mentum methods are extremely competitive and relevant to solving problem P discussed in
this paper. After much deliberation, we have chosen not to discuss these methods because the
current tutorial is on SGD, and momentum methods depart from the structure of the SGD
iteration, even if it may be argued that such departure is minimal.

5. A popular alternative to SGD for solving problem P is sample-average approximation
(SAA) (Kim et al. [51], Shapiro et al. [89]). Given the focus of the tutorial, SAAmethods are
not covered.

Newton, Yousefian, and Pasupathy: Stochastic Gradient Descent: Recent Trends
Tutorials in Operations Research, © 2018 INFORMS 195

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

16
.1

82
] 

on
 0

4 
Ju

ne
 2

02
6,

 a
t 0

7:
33

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



2. Two Motivating Contexts
In what follows, we provide two example contexts where the solution methods we discuss in
this tutorial are relevant. The first example context is typical of machine learning settings
involving a large amount of data that facilitate the construction of the relevant estimators. In
the second example, by contrast, the “data generation” results from using Monte Carlo.

2.1. Example 1: Classification and Regression
Consider the context of classifying (or labeling) an object based on its observed features. An
especially apt example of such object classification is that of face recognition using
a photograph that is represented as a large number of pixels, each of which has a color value.
This task is to be accomplished algorithmically by constructing a parametrized model that is
trained over a given data set of photographs to minimize a chosen loss function.

To abstract this setup, suppose W 20�Rdw and Y 2= are well-defined random objects
in a probability space that represent the feature and the label in machine learning parlance,
respectively. Also, let x 2Rd denote the decision variable representing a parameter vector of
interest, let mð�; xÞ : 0!= denote a family of models parameterized by x, and let � :
=�=!½0,1Þ denote a chosen “loss” function.

In the facial recognition scenario, the set = could be a finite set f1; 2; : : : ; pg of integers
representing a fixed group of people to be identified, and the set 0 ¼ f1; 2; : : : ;Ng�
f1; 2; : : : ;Ng�f0; 1; 2; : : : ; 255g, where a photograph has N �N pixels each taking a color
value in the set f0; 1; 2; : : : ; 255g. A popular choice for the model mð�; �Þ is the linear model:

mðw; xÞ ¼ xT ~w; ~wT ¼ �wT ; 1
�
:

And popular choices for the loss function ‘ð�; �Þ include the logistic loss ‘ðy0; yÞ ¼ logð1þ
expð− yy0ÞÞ; the hinge loss ‘ðy0; yÞ ¼ maxð0; 1− yy0Þ; and the zero-one loss ‘ðy0; yÞ ¼ 1fy0≠yg:

The stochastic optimization problem is then to identify the parameters x 2Rd that minimize
the expected loss, where the expectation is taken with respect to the random objects ðW ;Y Þ.
Formally, we would like to solve

min f ðxÞ ¼ E ‘ mðW ; xÞ;Yð Þ½ � ¼
Z
0�=

‘ mðw; xÞ; yð ÞP dðw; yÞð Þ
s:t: x 2Rd :

(2)

Of course, the objective function f cannot be directly observed. Instead, it can be estimated by
using observed data ðWi;YiÞ; i ¼ 1; 2; : : : ; n and an implicit or explicit model for the proba-
bility measure P.

The difficulty of solving the optimization problem in (2) depends on the choices made for the
model m and the loss ‘. Specifically, it depends on whether these choices result in a convex
optimization problem and whether direct gradients or subgradients are easily available. For
example, the use of a hinge loss ‘ results in a convex objective function f , but the use of a zero-
one loss results in a nonconvex objective. Similarly, deep neural networks, as noted in Bottou
et al. [15], are essentially highly nonlinear and nonconvex models m that lend themselves to
the easy construction of direct gradients through back propagation.

The stochastic optimization problem formulated in (2) using a parametrized model and a
loss function subsumes a large number of other contexts including regression, compressed sensing,
and matrix completion in numerous real-world scenarios. See Bubeck [16] for more on this issue.

2.2. Example 2: Portfolio Optimization
The classical Markowitz portfolio optimization problem (Markowitz [65]) in finance seeks
proportions x ¼ ðx1; x2; : : : ; xdÞ of a given budget to be allocated across d assets in a given financial
portfolio to maximize a combination of the expected return and variance over a given time horizon
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½0;T �. The asset price movement over the time interval ½0; t� is assumed to be governed by
a probability model such as, for example, geometric Brownian motion (Glasserman [39]).

Formally, suppose Zt 2Rd ; t 2 ½0;T � represents the asset price process for d assets in
a portfolio, and suppose �> 0 is a risk aversion parameter for a user. Then, the Markowitz
portfolio stochastic optimization problem can be written as

min f ðxÞ ¼ �Tx− � xT � x;

s:t:
Pd
i¼1

xi ¼ 1; xi � 0;

where � ¼ E½ZT � and � ¼ VarðZT Þ are the mean and covariance of ZT , respectively.
Because the returns Zt are usually the result of detailed models of evolution of an asset over

time (e.g., see chapter 3 in Glasserman [39]), the quantities � and � are not known in closed
form but estimators �̂n, �̂n of � and �, respectively, can be constructed using Monte Carlo. In
fact, because the function f is quadratic and concave, estimators for its first derivative
�− 2��x and second derivative 2�� are readily available.

The portfolio optimization problem exemplifies numerous contexts where the underlying
objective function is very well behaved and lends itself to the easy construction of unbiased
derivative estimators that are of immense value within algorithms for stochastic optimization.
This is in contrast to many simulation settings where such derivative estimators are not
available directly.

3. Basic SGD
The basic SGD algorithm (Robbins and Monro [82]), mimicking gradient descent (Nocedal and
Wright [74]) for deterministic optimization, proceeds by taking a step of size�k along the negative
gradient estimate −gðxk ; 1Þ. As the notation makes explicit, the gradient estimate gðxk ; 1Þ is
obtained using a unit sample size. A formal listing of basic SGD appears in Algorithm 1.

Algorithm 1 (Basic SGD)

1. Initialize x0
2. Obtain stochastic gradient gðxk ; 1Þ
3. Set xkþ1 ¼ �X xk −�kgðð xk ; 1ÞÞ; where �XðzÞ ¼ arg infx2Xfkz− xkg:
4. Set k ¼ k þ 1
5. Go to step 1

The following result characterizes the convergence of the iterates generated by Algorithm 1
under the assumption that the function Fð�; �Þ is convex.

Theorem 1. In problem P, let the set X be convex and closed, let the optimal set X* of problem
P be nonempty, and let the function Fð�; �Þ be convex onRn for each �. Also, let the function f be
L-smooth; that is, f is differentiable with gradientrf ð�Þ satisfying krf ðxÞ−rf ðyÞk�Lkx− yk
for all x; y 2Rn. Furthermore, let the following additional assumptions hold:

(1) The step sizes �k � 0 satisfy
P1

k¼1�k ¼ 1,
P1

k¼1�
2
k <1;

(2)
P

k�
2
k E½kgðxk ; 1Þ−rf ðxkÞk2j^k�<1.

Then, limk infx2X*fkxk − xkg ¼ 0 w:p:1:

Theorem 1 appears in Yousean et al. [104]; a proof of Theorem 1 follows using simple
arguments that are standard in the analysis of optimization algorithms for convex smooth
functions.

Three aspects of the result in Theorem 1 are noteworthy. First, for the iterates generated by
Algorithm 1 to converge, the step size �k has to diminish to zero, and slow enough, as encoded
in the assumption appearing in item (1) of Theorem 1. This is a clear departure from the
deterministic context where under similar conditions on f , the gradient algorithm with fixed
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step will converge to the optimal set X* if the step size is small enough. Second, as noted in
Yousean et al. [104], the assumption appearing in item (2) of Theorem 1 is satised if, for
example, the error kgðxk ; 1Þ−rf ðxkÞk is uniformly bounded by a constant. However,
a uniform bound on kgðxk ; 1Þ−rf ðxkÞk is often violated because the error kgðxk ; 1Þ−rf ðxkÞk
is frequently proportional to krf ðxkÞk. To cover such cases, a generalization of Theorem 1
using an assumption on the ‘‘spatial growth’’ of the error kgðxk ; 1Þ−rf ðxkÞk is obtainable
using the method outlined in Polyak [78]. Third, we emphasize that Theorem 1 assumes that
the sample-path functions Fð�; �Þ are convex for each �. Numerous variations that do not
assume the convexity of Fð�; �Þ are available through standard references on stochastic ap-
proximation (e.g., Kushner and Yin [53]).

We next provide a result that provides a path to proving the convergence rate of SGD
methods. We list this result assuming that the function f is �-strongly convex.

Theorem 2. In problem P, let the set X be convex and closed, and let the function Fð�; �Þ be
convex onRn for each �. Also, let the function f beL-smooth and �-strongly convex with a unique
minimum attained at x* 2X. Furthermore, let the following additional assumptions hold:

(1)The step sizes �k � 0 satisfy
P1

k¼1�k ¼ 1,
P1

k¼1�
2
k <1;

(2) E½kgðxk ; 1Þ−rf ðxkÞk2j^k �<�2 for all k.

Then, limk E½kxk − x*k2� ¼ 0; and for every �> 0,

P
��xj − x∗

��� � for all j� k
� �� 1−

1
�

E kxk − x∗k2
� �þ �2

X1
i¼k

�2
i

 !
: (3)

The condition
P1

k¼1�k ¼ 1,
P1

k¼1�
2
k <1 on the step sizes that appear in Theorems 1 and

2 is satisfied by the choice �k ¼ c=k; c> 0. In fact, it can be shown using (3) that the choice
�k ¼ c=k; c> 0 attains the fastest possible convergence rate to within a constant factor, as long as
2c�> 1. Basic SGD is important for having laid down a simple algorithmic framework. However,
it was quickly realized that, depending on the extent of “noise,” even the optimal step size choice
�k ¼ c=k might result in steps that are “too short.” Perhaps more important, it was realized that
SGD simply did not have a recipe for choosing an appropriate value of c. Implementers thus
executed SGD with a fixed step size �k ¼ �; and not so surprisingly, such an algorithm does not
converge to a stationary point. Instead, the typical behavior involved a rapid descent to some
vicinity of a first-order stationary point of f , followed a randomwalk around the first-order critical
point. The following theorem, described and proved in Bottou et al. [15], characterizes the ex-
pected behavior of SGD with fixed step size.

Theorem 3. Suppose the objective function f : Rd !R is L-smooth and �-strongly convex with
uniqueminimumx* 2Rp.Also, let E½kgðxk ; 1Þk2� �M þMgkrf ðxkÞk2 and E½gðxk ; 1ÞTrf ðxkÞ� �
�krf ðxkÞk2 for some M ;Mg; �> 0. If SGD is executed with the xed step size �k ¼ � satisfying

0<���=LMg, then SGD has the iteration complexity

E f ðxkÞ− f ðx∗Þ½ � ��LM
2��

þð1−���Þk− 1 f ðx1Þ− f ðx∗Þ−�LM
2��

� �
:

Notice that Theorem 3 implies that the iterates approach x∗ exponentially fast (in k) but do
not make any further progress. This makes intuitive sense, as a large step size makes it
impossible to approach the point x∗ beyond a fixed distance in any systematic manner. The
analogue of Theorem 3 for diminishing step sizes �k is stated as follows. A “process con-
vergence” version of the above theorems characterizes convergence to an Ornstein–Uhlenbeck
process (Asmussen and Glynn [1]) under certain scaling.

Newton, Yousefian, and Pasupathy: Stochastic Gradient Descent: Recent Trends
198 Tutorials in Operations Research, © 2018 INFORMS

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

16
.1

82
] 

on
 0

4 
Ju

ne
 2

02
6,

 a
t 0

7:
33

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



Theorem 4. Suppose the objective function f : Rd !R is L-smooth and �-strongly convex with
uniqueminimum x* 2Rp.Also, letE½kgðxk ; 1Þk2� �M þMgkrf ðxkÞk2 andE½gðxk ;1ÞTrf ðxkÞ��
�krf ðxkÞk2 for someM ;Mg;�>0. Then, SGD executed with the step size �k ¼ 	=ð
þkÞ; where
	��>1, �1LMg��, and 
>0 has the iteration complexity

E f ðxkÞ− f ðx∗Þ½ � �
max

	
	2LM

2ð	��− 1Þ; ð
 þ 1Þðf ðx0Þ− f ðx∗ÞÞ


 þ k

:

As noted earlier, the complexity 2ð1=kÞ reported by Theorem 4 is optimal “to within
a constant” (see Section 6). As was commented earlier, unfortunately, such optimality does not
guarantee good practical performance, especially because its choice in basic SGD takes no
cognizance of the initial optimality gap f ðx0Þ− f ðx∗Þ. In other words, a poor starting point x0
demands a large 	; whereas a good starting point will probably benefit more from a small 	.
Also notice from Theorem 4 that the ratio L=c, called the condition number of the function f ,
decides the complexity in a crucial way, echoing the deterministic gradient method (Nesterov
[71]). Large L=c values imply poor conditioning and therefore more opportunity for SGD to
take steps that are not productive in the sense of decreasing the objective function value.

3.1. Mini-Batch SGD
Recall that the context of problem P is such that we have access only to “noisy” gradients. This
implies then, roughly speaking, that more noise in the observations should lead to more
unproductive steps by SGD, leading one to wonder whether there are benefits to using larger
samples at each iteration. In other words, instead of just using gðxk ; 1Þ, we could employ
a mini-batch SGD, where at each iteration we use a sample average of m noisy gradient
estimates. Specifically, mini-batch SGD is the basic SGD iteration that uses the gradient
approximation gðxk ;mÞ. A basic version of the mini-batch algorithm appears as Algorithm 2.

Algorithm 2 (Mini-Batch SGD)

1: Initialize x 0

2: Choose batch size m2N

3: Generate �i; i ¼ 1; 2; : : : ;m independently and construct gðxk ;mÞ
4: Set xkþ1 ¼ �X xk −�kgðð xk ;mÞÞ
5: Go to step 3

Given Theorem 4, the complexity of the mini-batch algorithm, easy to guess, is

�k �
maxf 	2LM

2mð	��− 1Þ; ð
 þ 1Þðf ðx0Þ− f ðx∗ÞÞg

 þ k

:

It should be noted that although themini-batch SGD is used widely, it is of little value over and
above basic SGD when the mini-batch sizem is not chosen based on any available information
on the constant M . Practical implementations will usually involve a pilot run intended to
obtain a rough sense of M , followed by an appropriate choice of m. In fact, most practical
implementations of mini-batch SGD involve some sort of manual updating of the mini-batch
size m. As noted in Bottou et al. [15], the real advantages of mini-batch SGD exist in
a distributed or parallel computing context, where the massive parallelism of the mini-batch
average computation can be exploited.

4. Balancing Bias and Variance with Aggregation
A key issue that governs the efficiency of SGD is the extent of sampling to obtain gradient
estimates. The rudimentary SGD, outlined in Section 3, leans on one extreme where during
each iteration, a gradient estimate is obtained using exactly one observation. That is, the
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sample size during each iteration of SGD is set to unity. The mini-batch SGD, outlined in
Section 3.1, in an attempt to correct inefficiencies in SGD as a result of the choice of sample
size, sets the sample size during each iteration tom> 0, wherem is some fixed positive integer
that needs to be chosen.

A natural question to ask in response to the strategy adopted in mini-batch SGD pertains to
dynamic and adaptive sampling. Specifically, why should sample size be fixed across iterations?
Why not choose sample sizes in response to the proximity to a critical point? Although not
immediately obvious, the underlying issue in the context of sample size choice is really that of
balancing bias and variance of generated iterates. To see this more clearly, consider the
squared L2 norm Ekrf ðXkÞk22 decomposed (orthogonally) into its squared bias and variance
components:

Ekrf ðXkÞk22 ¼ ðE½rf ðXkÞ�ÞT ðE½rf ðXkÞ�Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
squared bias

þ Tr Varðrf ðXkÞÞð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
trace of variance

: (4)

If Ekrf ðXkÞk22 converges to zero as k!1, then each of the two component sequences in (4)
has to converge to zero. And, interestingly, it can be shown that the rate at which the squared
bias decays to zero depends on the chosen step size and not the sample size used to construct
the gradient estimate, with steps that are “too small” resulting in slow convergence. The
variance, on the other hand, depends on both the chosen step sizes and the chosen sample sizes,
with larger step sizes or small sample sizes resulting in noisy SGD trajectories. So the efficiency
of SGD is crucially dependent on the management of the two sequences in (4) by controlling
step sizes and the sample sizes. In particular, the step sizes and the sample sizes should be
chosen so that the two sequences appearing in (4) converge to zero “in lock-step.”Dynamic and
adaptive sampling methods, iterate-averaging methods, and gradient averaging methods can
all be seen as attempting to balance the squared bias and variance terms in (4) in differ-
ent ways.

Remark 1. The phrases adaptive sampling (Bollapragada et al. [13], Hashemi et al. [42, 43]),
dynamic sampling (Byrd et al. [18]), variable sample size (Deng and Ferris [29], Homem-de-
Mello [47]), retrospective approximation (Chen and Schmeiser [22], Pasupathy [76], Pasupathy
and Schmeiser [77]), and stochastic decomposition (Higle and Sen [46, 47]) have all been used
in the literature to reect similar if not identical but context-specic ideas. In this paper, we have
been careful to use only the two phrases dynamic sampling and adaptive sampling. The former
phrase is used to describe a sampling strategy in SGD iterations that uses a xed sequence of
sample sizes that is a function of the iteration number. Adaptive sample sizes, by contrast, do
not use a predetermined sequence; the sample sizes are instead determined on the y and are
a function of the observed algorithm trajectory. Adaptive sample sizes are thus random,
whereas dynamic samples sizes are xed. The theory pertaining to adaptive sampling is in its
infancy as of this writing.

4.1. Dynamic and Adaptive Sampling Methods
Dynamic sampling methods use a prespecified sequence of sample sizes fmkg across SGD
iterations. The sample sizes generally diverge—that is,mk !1 as k!1—to reflect the need
for better estimation as the iterates tend closer to a critical point. Discounting retrospective
approximation (Kim et al. [53], Pasupathy [76]) and variable sample sizing ideas (Bayraksan
and Morton [3], Deng and Ferris [29], Homem-de-Mello [47]) detailed in other contexts, the
earliest mention of dynamic sampling appears to be in Bertsekas and Tsitsiklis [10]. This idea is
developed to a fuller extent in Byrd et al. [18] and Friedlander and Schmidt [36]. In Byrd et al.
[18], for instance, the dynamic sampling gradient algorithm (see Algorithm 3) is presented
where the sample size mk during the kth iteration of the SGD iteration is obtained as the
smallest sample size such that the estimated standard error of the estimated gradient is no
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more than the product of a constant � and the norm of the estimated gradient. This sample
sizing rule is formally stated as

mk ¼ arg inf j6j :
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi��V̂arðgðxk ; j6jÞÞk1

q
ffiffiffiffiffiffiffiffij6jp � �kgðxk ;j6jÞk2

8<
:

9=
;; (5)

where 6 is the set of (gradient) observations sampled, the constant �2 ð0; 1Þ, and
V̂arðgðxk ; j6jÞÞ is the sample variance of the gradient estimate gðxk ; j6jÞ constructed from the
set 6 of gradient samples. (The variance estimate V̂arðgðxk ; j6jÞÞ will differ depending on
whether sampling is independent and identically distributed (iid) and whether the underlying
population is assumed to be finite; we have hence deliberately chosen to not provide an explicit
expression for V̂arðgðxk , j6j ÞÞ.) To reiterate, the salient feature of Algorithm 3 is the sample
sizing rule (5) devised explicitly to keep the sampling error in the gradient estimate and
a measure of proximity to a critical point in a fixed proportion.

Algorithm 3 (Dynamic Sampling Gradient Algorithm)
Require: Initial iterate x0, initial sample 60, and constant �2 ð0; 1Þ.

1: set k ¼ 0
2: repeat
3: compute dk ¼ gðxk ; j6k jÞ
4: set step length �k (using line search or as a fixed step)
5: set k ¼ k þ 1
6: choose 6k such that j6k j ¼ j6k−1j
7: compute sample variance
8: until a convergence condition is satisfied

The convergence and work complexity results in Byrd et al. [18] correspond to an idealized
version of Algorithm 3 that uses the simplied sampling rule

mk ¼


ak
�
for some a> 1 (6)

instead of the adaptive sampling rule in (5). The main convergence and complexity result in
Byrd et al. [18] is as follows.

Theorem 5. Suppose the function f is L-smooth and �-strongly convex, and it attains its
minimum x* ¼ arg infx2Rn f ðxÞ. Then, the sequence fxkg generated by Algorithm 3 imple-
mented with the sample size rule in (6) satisfies the following.

(1) E½f ðxkÞ− f ðx∗Þ� �C�k for all k� 1, where � ¼ maxf1−�=4L; a−1g< 1 and C ¼
maxff ðx 0Þ− f ðx∗Þ; 2
2=�g.

(2) The total number of gradient evaluations needed to obtain an �-optimal solution—that
is, a solution xk satisfying f ðxkÞ− f ðx∗Þ� �—is 2 L

�� maxff ðx 0Þ− f ðx∗Þ; 2
2=
�

�gÞ:
Three aspects of Theorem 5 are important. First, the theorem is proved for smooth and

strongly convex functions; the corresponding complexity will be higher without the guar-
anteed presence of strong convexity (Hashemi et al. [43]). Second, afforded by structural
conditions on f , the result holds for all k� 1; unlike typical results that one tends to see in the
literature on stochastic approximation (Kushner and Yin [53]). Third, Theorem 5 assumes
that a xed sample size sequence mk ¼



ak
�
for some a> 1 is in effect.

As noted earlier, Theorem 5 pertains to an idealized version of Algorithm 3 that uses a xed
sample size sequence. For effective implementation, Byrd et al. [18] suggest using Algorithm 3
with the adaptive sampling rule in (5), but with the direction-nding step 3 of Algorithm 3
augmented with a Hessian through the Newton-CG method, and the step length �k in step 4
of Algorithm 3 obtained using a line search that satises the Wolfe conditions (Nocedal and
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Wright [74]). Two issues are noted as especially important when incorporating the Hessian
into the direction-nding step of Algorithm 3. First, to avoid excessive sampling, the sample size
used for constructing the Hessian is such that it is retained at a constant factor R of the
sample size obtained from the sampling rule in (5). Second, the Hessian should not be
computed explicitly; instead, using what is called the Hessian-free conjugate gradientmethod
(Nocedal andWright [74]), a Hessian vector product is formed and incorporated directly. The
implementable version of Algorithm 3 is listed as algorithm 5.2 and algorithm 5.1 in Byrd
et al. [18].

Along the same lines as the idealized variant of Algorithm 3, Friedlander and Schmidt [36]
propose what is called an incremental gradient method. In Friedlander and Schmidt [36], the
growth condition on the sample sizesmk is specied indirectly through an appropriate condition
on the expected rate at which the error in the gradient estimate decays to zero. For example,
Friedlander and Schmidt [36] prove the following result on the behavior of SGD’s iterates.

Theorem 6. Suppose the objective function f in Problem ðPÞ is L-smooth and �-strongly
convex. Let

xkþ1¼xk −�k gðxk ;mkÞ; k ¼ 0; 1; 2; : : : ; (7)

where mk is such that Bk ≔E½kgðxk ;mkÞ−rf ðxkÞk2� satisfies
lim
k!1

Bkþ1

Bk
� 1:

Then, for any �> 0,

E½f ðxkÞ− f ðx∗Þ� � ð1−�/LÞk f ðx 0Þ− f ðx∗Þ½ � þ 2ðCkÞ; (8)

where Ck ¼ maxfBk ; ð1−�/Lþ �Þkg:
A particular construction of the sequence fBkg (albeit one that depends on a few unknown

constants) is also presented in Friedlander andM. Schmidt [36] to ensure that the upper bound
in (8) converges at a linear rate. An implementable version of the recursion in (7) that in-
corporates a Hessian approximation via limited-memory BFGS (Nocedal andWright [74]) and
a step length obtained on the basis of a line search with the Armijo condition (Nocedal and
Wright [74]) is recommended in Friedlander and Schmidt [36].

4.2. Iterate-Averaging Methods
To motivate iterate-averaging as a general idea, let us recall, as was noted in Section 3, that
basic SGD is optimal for L-smooth, c-strongly convex functions f with the step size choice
�k ¼ �=k whenever �> ð2cÞ−1. Hence, as lucidly illustrated in Nemirovskii et al. [68], if we
execute SGD on the L-smooth, c-strongly convex function f ðxÞ ¼ x2=10 with �k ¼ �=k and
�> ð2cÞ−1 ¼ 2:5, the resulting iterations will exhibit the optimal complexity rate 2ðk −1Þ.
However, if � ¼ 1, it can be shown using simple algebra that the resulting complexity rate
deteriorates to 2ðk −0:2Þ. In other words, shorter steps �k ¼ k −1 resulting from any mis-
estimation of the strong convexity constant c cause significant degradation in performance
compared with the optimal complexity 2ðk −1Þ. Such degradation can become even more
pronounced when the underlying function is not strongly convex, as demonstrated through
another example in Nemirovskii et al. [68].

Our illustration of the behavior of basic SGD on the function f ðxÞ ¼ x2=10 is meant to convey
the idea that step sizes cannot be chosen “too short” if the optimal complexity is to be guaranteed.
However, “long steps” have been known to make SGD’s trajectory “more noisy” (Nemirovskii
et al. [68]). Iterate averaging is a technique that is intended as a balance between these extremes.
Loosely speaking, iterate averaging allows using long steps within the basic SGD iteration but
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then averages the resulting iterates offline, to account for the increased noise in the iterates. The
general structure for such iterate-averaged SGD (for first-order oracles) is

xkþ1 ¼ xk −�kgðxk ; 1Þ;

~xkþ1 ¼ 1
k þ 1

Xkþ1

i¼1

xi k ¼ 0; 1; 2; : : : :
(9)

Iterate averaging as an idea first seems to have appeared in Nemirovsky and Yudin [69] for
a setting more general than Euclidean spaces but was developed further in Polyak and
Juditsky [79] and in Nemirovskii et al. [68]. A precise complexity rate result for the iterates
resulting from (9) is given in Polyak and Juditsky [79] and is stated here in a slightly
modified form.

Theorem 7 (Polyak and Juditsky [79]). Let the function f be L-smooth, twice differentiable, and
c-strongly convex with a unique minimum attained at x*. Let BðxÞ denote the p� p matrix of
second derivatives of f at x 2$. Let the noise process �k ¼ GðxkÞ−rf ðxkÞ satisfy E½�k j^k−1� ¼
0 and E½k�kk2 j^k−1� þ krf ðxkÞk2 �K2ð1þ kxk−1k2Þ almost surely for some K2 > 0. Also, let

E½�k�Tk j^k−1� !p S , where S is a positive denite matrix. Let the step size sequence �k ¼ �k −	,
where 1=2<	< 1. Then ~xkþ1 ! x* almost surely, and

ffiffiffi
k

p ðxk − x*Þ !d Nð0;V Þ, where V ¼
Bðx*Þ−1SðBðx*Þ−1ÞT :

The crucial point to note about Polyak and Juditsky’s [79] iterate averaging is that the con-
vergence rate characterized in Theorem 7 is the best possible in an information-theoretic sense (see
Section 6). And this best rate, crucially dependent on the second derivative of the function f at the
point x*, is attained with no explicit estimation of the second-derivative (Hessian) matrix. Iterate
averaging and dynamic/adaptive sampling methods are intimately connected and essentially do
the same thing but in different ways. The question of when to start averaging in iterate-averaging
methods is a question of great practical importance about which little is currently known.

As noted earlier, a popular and general SGD technique that averages iterates akin to (9) is
what has been called mirror descent (Nemirovskii et al. [68], Nemirovsky and Yudin [69]).
Apparently, mirror descent was introduced as a generalization of the gradient descent iter-
ation for non-Euclidean spaces, where the xk iterate and the gradientrf ðxkÞmay not be in the
same space, thus rendering an iteration such as xk − 
rf ðxkÞ meaningless. To understand
mirror descent, let us restrict our brief discussion here to a compact convex set X �Rd

equipped with an arbitrary norm k�k, even though mirror descent is designed for non-
Euclidean spaces. The idea of mirror descent is simple in principle. Because an iteration
such as xk − 
rf ðxkÞ is meaningless, mirror descent performs the SGD iteration on the dual
space, inverts back to the primal space, and then projects to the original space X to ensure
feasibility. To make this operation precise, mirror descent denes a mirror map � : $!R that
is strictly convex and differentiable, having gradient taking all possible values in Rd and
diverging on the boundary of $; that is, limx!@$kr�ðxÞk ¼ 1. The domain $ of the mirror
map is such that the original set X is a subset of its closure. Several example mirror maps have
been presented; see, for example, section 4.3 in Bubeck [17]. Also, the Bregman divergence

D�ðx; yÞ ¼ �ðyÞ−�ðxÞ−r�ðxÞT ðy− xÞ
is used to accomplish the projection

��
XðyÞ≔ argminD�ðx; yÞ

in the primal space X . Given an iterate xk , mirror descent first obtains the image �ðxkÞ of xk
through the mirror map �ð�Þ, then performs the gradient step �ðxkÞ−�krgðxk ;mÞ to obtain
the image r�ðykþ1Þ in the dual space, and inverts r�ðykþ1Þ to obtain ykþ1, which is finally
projected back into the primal space. Formally, the iteration is written as
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r�
�
ykþ1

� ¼ r�ðxkÞ−�kgðxk ;mÞ;
xkþ1 2��

X

�
ykþ1

�
:

(10)

The “returned solution” ~xki after k steps, obtained by “nonuniform averaging” of the iterates
xi; xiþ1; : : : ; xk , is given as

~xki ¼
Pk

t¼i
txtPk
t¼i
t

;


t ¼
�D�;X

ffiffiffiffi
�

p

M∗

ffiffi
t

p ; t ¼ 1; 2; : : : ; k;
(11)

where �> 0 is a chosen constant, the diameter

D�;X ¼
ffiffiffi
2

p
sup

x2Xo;z2X
�ðzÞ−�ðxÞ−r�ðzÞT ðx−ZÞ� �1=2,

the constant � is the strong-convexity parameter of the function �, and M∗ �
supx2X E kgðx;mÞk2∗

� �
.

As is noted in Nemirovskii et al. [68], mirror descent results in a convergence rate that is
robust with respect to misestimation of the strong convexity parameter of the function f . The
main complexity result for mirror descent given in Nemirovskii et al. [68] is

E
�
f ð~xki Þ− f ðx∗Þ��D�;XM∗ffiffiffiffiffiffi

�k
p 2

�

k
k− i þ 1

þ �

2

ffiffiffi
k
i

r" #
: (12)

It can be observed that the convergence rate as implied by (12) is not optimal for smooth
functions. As we will see in Section 6, the rate implied by (12) is optimal for nonsmooth
functions.

4.3. Gradient Aggregation Methods
As was noted in the introductory paragraphs of Section 4, dynamic and adaptive sampling,
iterate averaging, and gradient averaging are ways to “manage” the variance in the iterates of
SGD to keep the resulting squared bias and the variance sequences in (4) in lock-step.Whereas
dynamic/adaptive sampling and iterate averaging are now reasonably well developed, gra-
dient aggregation as a method has not been widely investigated in the problem context
considered in this tutorial. To be more specific, there has recently been much reported success
with methods such as the stochastic variance reduced gradient (Johnson and Zhang [50]),
SAGA (Defazio et al. [28]), and stochastic average gradient (Blatt et al. [12]), which estimate
gradients through strategic aggregation. However, each of these methods relies crucially on
computing what has been called the full gradient or the exact gradient at selected steps.
Because the context of the current tutorial assumes that the underlying population fromwhich
gradient estimates are sampled is infinite, no such full gradient calculation option is relevant.
Nevertheless, aggregating gradients is an idea that is worthy of investigation and that is bound
to be competitive with dynamic/adaptive sampling and iterate averaging if done carefully.

5. SGD with Regularization
Regularization plays a key factor in formulation of a wide range of optimization models arising
from statistical learning, signal processing, and distributed optimization. Moreover, the design
and analysis of many trending first-order methods in recent years have been tailored to utilize
the structure of regularized problems. Motivated by the significance of the role of regula-
rization in formulation as well as development of solution methods, the goal of this section is
to provide an introduction to regularization and its applications and to review some of the
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well-known gradient-type methods and their stochastic variants for solving regularized
optimization problems.

5.1. An Introduction to Regularization
The idea of regularization finds its roots in addressing ill-posed problems. In general,
mathematical problems can be classified as being either well-posed or ill-posed. Hadamard [40]
characterizes this definition as follows. Consider the equation

Az ¼ u for all z 2Z and u 2U ; (13)

where A : Z !U is an operator, and Z and U are metric spaces. Equation (13) is called well-
posed if (i) for each u 2U ; the equation Az ¼ u has a unique solution; and (ii) the solution is
stable (i.e., not sensitive) to small perturbations made to the right-hand side of Equation (13)
(cf. Tikhonov et al. [94]). In the optimization regime, consider the following canonical problem:

min f ðxÞ
s:t: x 2X ;

ðP0Þ

where X �Rn is a nonempty set and f : X !R is a function. When problem (P0) is ill-posed,
a well-known approach is the regularization technique, where the goal is to construct a well-
posed problem of the form

min f ðxÞ þ �rðxÞ
s:t: x 2X ;

ðP�;rÞ

where �� 0 is a scalar and is referred to as the regularization parameter, and r : Rn !R is
a suitable function called the regularizer. The parameter � provides a trade-off between the
fidelity of the objective f and the metric r. Throughout, we denote the solution to the reg-
ularized problem by x∗�.

5.2. Types of Regularization
Next, we present an overview of some of the popular types of regularization.

i. Tikhonov regularization: The classical and yet popular regularization technique is named
after Andrey Tikhonov, where the regularizer is given by rðxÞ ¼ 1

2kxk22; and k:k2 denotes the
Euclidean norm. The motivation in this type of regularization arises from the need to stabilize
the solution of ill-posed linear inverse problems. The family of solutions fx∗�g is called the
Tikhonov trajectory. The properties of the Tikhonov trajectory have been studied in the
literature extensively. For example, in Facchinei and Pang [32] (cf. section 12.2), continuity
and boundedness of the set fx∗λ jλ2 ½λmin, λmax�g are established where 0<λmin <λmax are
arbitrary scalars. When λ decays to zero, the term limλ! 0x∗λ may not always exist. However,
when the optimal solution set of problem (P0) is nonempty, f is convex, and the setX is closed
and convex, the Tikhonov trajectory converges to the least �2-norm optimal solution of
problem (P0).

ii. ‘1 regularization:An alternative to Tikhonov regularization is ‘1 regularization where we
set rðxÞ ¼ kxk1. This technique has been widely used in machine learning, statistics, signal
processing, and compressed sensing (e.g., Kim et al. [52]) to improve sparsity of the solution in
large-scale problems. For example, in lasso regression (Tibshirani [93]), ‘1 regularization of
linear least-squares problems is considered.

iii. ‘1 regularization: Another regularization scheme is the max-norm regularization where
rðxÞ ¼ kxk1. This technique has been applied in collaborative filtering problems (e.g., Srebro
et al. [93]).

iv. Frobenius norm regularization: The regularization technique is also applied in optimiza-
tion problems on matrix spaces. A common form is the Frobenius norm regularization where
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rðXÞ ¼ kXk2F . An example is in matrix completion problems where the goal is estimating a low-
rank matrix given a linear system of equations (Recht et al. [80], Wright [98]).

5.3. Applications in Linear Inverse Problems
The class of inverse problems (in contrast with “direct problems”) has a rich and well-studied
literature. Starting in the 1980s, the past few decades have seen much interest in the theory
and applications of this class of problems. In particular, a diverse range of applications arising
from image reconstruction, signal processing, astrophysics, and statistical learning can be cast
as linear inverse problems (Beck and Teboulle [7]). In these models, a discrete linear system of
the following form is considered:

Ax ¼ bþ �; (14)

where given A2Rm� n, b2Rm; and δ2Rm is an unknown noise. We seek to compute a vector
x 2Rn that represents the true value of an image or a received signal. To motivate the rel-
evance of ill-posedness to the class of linear inverse problems, consider the following toy
example. Let A and b be given by

A ¼ 0:835 0:667
0:333 0:266

� �
; b ¼ 0:168

0:067

� �
:

The exact (true) solution to the system Ax ¼ b is x∗ ¼ ½1 − 1�T . Now consider the case where
b is perturbed by a small noise � ¼ ½0 − 10−3�T . The exact solution changes dramatically to
x̂ ¼ ½−666 834�T . This is because matrix A is ill-conditioned, meaning that it has a relatively
large condition number (Meyer [66]). This is indeed the case in a wide range of applications
as well.

Next, we illustrate the challenges of ill-posedness in an image deblurring application and
show how regularization can be used as a remedy for ill-posed problems. Consider the linear
inverse problem (14) wherem ¼ n. Given a blurred image b2Rn and a blur operatorA2Rn�n,
the goal is to find an unknown (true) image x 2Rn. A classical approach is to solve the least-
squares problem of the form

x̂ 2 argmin
x2Rn

kAx − bk22: (LS)

Often in image deblurring, the blur operator A is ill-conditioned. Consequently, solving the
least-squares problem may result in a noisy, and sometimes meaningless, solution. This issue
can be addressed using Tikhonov regularization where the following problem is considered:

x̂ 2 arg min
x2Rn

kAx − bk22 þ
�

2
kxk22: ðLS�Þ

Figure 1 illustrates this in an example where we employ the standard deterministic gradient
method for solving (LS�). When regularization is suppressed (i.e., when problem (LS) is
solved), the deblurred image is perturbed with noises. This is also the case when the regu-
larization parameter is relatively small (i.e., � ¼ 0:001 and 0.01 in this case). When � is
relatively too large (i.e., 1 in this case), the picture becomes blurry again. Using a moderate
choice of � ¼ 0:1; a relatively better deblurred image is generated. This motivates the following
discussion on the subject of exact regularization.

5.4. Exact Regularization
A natural question in employing the regularization technique pertains to the choice of the
regularization parameter. In general, when �> 0, the solution(s) to the regularized problem
(P�;r) may not solve the original problem (P0). Although this deviation is often acceptable
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given the benefits of the well-posed regularized problem, it would be more desirable if the
regularization is exact (i.e., the solutions to problem (P�;r) also solve the original problem
(P0)). The necessary and sufficient conditions to ascertain exact regularization were studied by
Bertsekas [8], Bertsekas et al. [9], Mangasarian and Meyerf [63], Ferris and Mangasarian [34],
and Friedlander and Tseng [37], and more recently by Charitha et al. [21] addressing ill-posed
variational inequalities. Especially in the optimization regime, exact regularization is tied
closely with the following “selection problem”:

min rðxÞ
s:t: x 2X∗;

ðPrÞ

where X∗ denotes the optimal solution set of problem (P0). In Friedlander and Tseng [37], it is
shown that the regularization (P�;r) is exact if and only if the selection problem (Pr) has
a Lagrange multiplier �∗. Moreover, for any �< 1=�∗, we have X∗

� ¼ X∗
r ; where X

∗
� and X∗

r
denote the optimal solution sets of problems (P�;r) and (Pr), respectively. This is formally
presented in the following.

Theorem 8 (Theorem 2.1 in Friedlander and Tseng [37]). Consider problems (P0), (P�;r), and
(Pr). Let the feasible set X and the optimal solution set X* be nonempty. Suppose the level set

fx 2X* j rðxÞ� 	g is bounded for all 	 2R, and infx2X rðxÞ> −1 (e.g., this holds when r is
coercive).

(a) For any �> 0, X∗ ∩X∗
� �X∗

r .
(b) If there exists a Lagrange multiplier �∗ for (Pr), then X∗ ∩X∗

� ¼ X∗
r for all �2 ð0; 1=�∗�.

(c) If there exists ��> 0 such that X∗ ∩X∗
��
≠ ∅, then 1=�� is a Lagrange multiplier for (Pr),

and X∗ ∩X∗
� ¼ X∗

r for all �2 ð0; ���.
(d) If there exists ��> 0 such that X∗ ∩X∗

��
≠ ∅, then X∗

� �X∗ for all �2 ð0; ��Þ.
When the regularization is not exact, Friedlander and Tseng [37] derive error bounds on

the distance from the regularized solution to the original solution set (see theorem 5.1 in
Friedlander and Tseng [37]).

The remainder of this section is focused on the solution methods for solving regularized
problems.We review some of the popular rst-order methods including SGD, proximal gradient
methods and their stochastic variants, and block proximal gradient methods for solving
regularized problems of the form (P�;r).

Figure 1. Impact of Tikhonov regularization in image deblurring.
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5.5. Standard SGD for ‘2-Regularized Problems
In this section, we review the application of SGD in solving regularized problems of the form
(P�;r) in the stochastic regime. To this end, motivated by applications of ‘2 regularization in
statistical learning (e.g., support vector machines), we first consider the following problem:

min f Tikh� ðxÞ≜E½Fðx; �Þ� þ �

2
kxk22

s:t: x 2X ;

where F : Rn ��!R is a stochastic function, the random vector � is given as � : �!Rd ,
ð�;^;PÞ denotes the associated probability space, and the expectation E½Fðx; �Þ� is taken with
respect to P. We consider the following assumption.

Assumption 1. Let the following hold:

(a) The set X � intðdomðf ÞÞ is nonempty, convex, and closed.
(b) The function f ðxÞ≜E½Fðx; �Þ� is convex over X .

The outline of the algorithm is provided by Algorithm 4. We let3Xð�Þ : Rn !Rn denote the
projection operator onto set X , and let ^k denote fx0; �0; �1; . . . ; �k− 1g. The convergence
analysis will be discussed for smooth and nonsmooth cases according to the following
assumption.

Assumption 2 (Nonsmooth Case). Let the subgradient Gðx; �Þ 2 @Fðx; �Þ satisfy the following:
(a) For all x 2X, we have E½Gðx; �Þ j x� 2 @f ðxÞ.
(b) There exists a scalar C > 0 such that E½kGðx; �Þk22� �C2 for all x 2X .

Assumption 3 (Smooth Case). Let Fðx; �Þ be differentiable for all �2�, let Gðx; �Þ denote the
gradient map of F, and suppose the following hold:

(a) For all x 2X, we have E½Gðx; �Þ j x� ¼ rf ðxÞ.
(b) There exists a scalar 
> 0 such that E½kGðx; �Þ−rf ðxÞk22� � 
2 for all x 2X .
(c) Function f is Lf -smooth; that is, rf is Lipschitz with parameter Lf .

The following result characterizes the error of Algorithm 4 in terms of a recursive bound in
smooth and nonsmooth cases (cf. Yousean et al. [104] and [62]).

Lemma 1 (Recursive Error Bounds for Smooth and Nonsmooth Cases). Consider problem (5.5).
Let Assumption 1 hold, and let the sequence fxkg be generated by Algorithm (4) using an
arbitrary step size sequence f�kg.

(a) If Assumption 2 holds, then

E
�kxkþ1 − x∗k22 j^k

��ð1− 2��kÞkxk − x∗k22 þC 2�2
k :

(b) If Assumption 3 holds, then

E
�kxkþ1 − x∗k22 j^k

�� 1− 2��k þ 2
�
Lf þ �

�2�2
k

� �kxk − x∗k22 þ 2
2�2
k :

The convergence analysis and complexity result of Algorithm 4 are provided as follows.

Algorithm 4 (Self-Tuned Stochastic (Sub)Gradient Algorithm; Yousefian et al. [104])

Require: Initial point x0 and initial step size �0
1: set k ¼ 0
2: repeat
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3: set xkþ1 ¼ 3X xk −�k Gðð xk ; �kÞð þ �xkÞÞ
4: set �kþ1 ¼ �kð1−��kÞ
5: set k ¼ k þ 1
6: until a convergence condition is satisfied

Theorem 9 (Yousefian et al. [104]). Consider problem (5.5). Let Assumption 1 hold, and let
fxkg be generated by Algorithm 4. Also, let either Assumption 2 or 3 hold. Suppose the set X is
bounded; that is, there is �X > 0 such that kxk2 � �X for all x 2X .

(a) Then the sequence fxkg converges almost surely to the unique optimal solution x∗ of
problem (5.5).

(b) There exists a threshold 0< ��� 1
2� such that for any �0 � �� and any k� 1, the self-tuned

step sizes ð�0; �1; : : : ; �k− 1Þ given by Algorithm 4 minimize a mean squared error given by
Lemma 1 for all ð�0; �1; : : : ; �k− 1Þ 2 0; 1

2�

� �
k .

(c) In the nonsmooth case, if Assumption 2 holds with C � ffiffiffi
8

p
�X�, then let �0 ¼ 4��2X

C2 . We
have

E
�kxk − x∗k22

�� C
�

� �2 1
k

for all k� 1:

Moreover, let � and � be arbitrary positive scalars, and let K ≜ 3C 2

λ2

� �
1
ερ. We have for all k�K

Prob kxj − x∗k22 � � for all j � k
� �� 1− �:

(d) In the smooth case, if Assumption 3 holds, then let �0 ¼ 2��2X

2þ4�2X ðLfþ�Þ2. We have

E
�kxk − x∗k22

�� 2

2 þ 4�2X

�
Lf þ �

�
2

�2

� �
1
k

for all k� 1:

Moreover, let � and � be arbitrary positive scalars, and let K ≜ 6 
2þ4�2X ðLfþ�Þ2
�2

� �
1
��. We have for

all k�K

Prob kxj − x∗k22 � � for all j� k
� �� 1− �:

This result addresses the convergence of SGD for ‘2-regularized problem. Next, we review
some of the popular methods for solving more generalized variants of regularized problems.

5.6. Proximal Gradient Methods and Their Stochastic Variants
To induce sparsity, ‘1 regularization has been extensively applied in the literature. Note that
despite the ‘2 regularizer, the ‘1-norm is neither strongly convex nor smooth. Although strong
convexity and smoothness often help with acceleration of the first-order methods, the lack of
these properties for the regularizer introduces challenges in the design of fast optimization
algorithms. Particularly, when the main objective function is smooth and is regularized using
a nonsmooth regularizer such as the ‘1-norm, a natural question is if one may develop an
“optimal” first-order method to solve the regularized problem. In recent years, this question has
led to the evolution of an important class of optimization schemes called proximal methods. In
this section, we review these methods and provide some examples. Consider the following
optimization model:

min f ðxÞ þ gðxÞ
s:t: x 2Rn;

(15)

where f is a proper, convex, and smooth function, and g is convex but possibly non-
differentiable. Problem (15) is referred to as composite optimization. A wide range of problems
can be cast as a composite model. Among these include the following two important classes of
problems:
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i. Constrained optimization: When gðxÞ is assumed to be the indicator function of a convex
set X �Rn, problem (15) is equivalent to the constrained minimization minX f ðxÞ.

ii. Nonsmooth regularization of smooth functions: For example, when gðxÞ ¼ �kxk1, model
(15) captures ‘1 regularization.

Proximal first-order methods are appealing in the sense that they utilize the structure of the
composite model to recover fast convergence rates of smooth optimization. For example, in
solving (15), while employing the standard subgradient method, the convergence rate is of the
order 1=

ffiffiffi
k

p
; employing an accelerated proximal-gradient method, the rate improves to 1=k2.

At each iteration of the proximal methods, a proximal mapping (also referred to as the prox
mapping) is computed that is defined as follows.

Definition 1 (Proximal Mapping). Given a function h : Rn !ð−1;þ1�, the proximal
mapping of h is the operator given by

proxhðxÞ≜ argmin
u2Rn

hðuÞ þ 1
2
ku− xk22

� �
:

An extensive review of properties of the prox operator is provided in Beck [6] (see chaps. 6 and
10). Of these, we note that the prox mapping is a generalization of the projection operator in
the sense that prox�XðxÞ ¼ 3XðxÞ, where �Xð�Þ denotes the indicator function associated with
the setX , and3Xð�Þ denotes the projection operator onto the setX . Moreover, in ‘1-regularized
problems where gðxÞ ¼ �kxk1, we have prox�k�k1ðxÞ ¼ 7�ðxÞ, where 7�ðxÞ is the soft thresh-
olding mapping defined as follows.

Definition 2 (Soft Thresholding Mapping). Given a scalar �, the soft thresholding mapping is
given by

7�ðxÞ≜ signðxÞ 	 j x j−�1n½ �þ for all x 2Rn;

where ½u�þ ≜ maxf0n; ug for some u 2Rn, and 	 denotes the componentwise product of two
vectors.

Intuitively speaking, given a vector x, 7�ðxÞ generates a sparse approximation of x that is
characterized in terms of a parameter �> 0. Motivated by this property, the soft thresh-
olding mapping has played an important role in development of optimization methods in
the literature addressing ‘1-regularized problems. One of the most popular variants of
proximal methods is the class of iterative shrinkage-thresholding algorithms (ISTA) for
solving problem (15), where f ðxÞ ¼ kAx− bk22 and gðxÞ ¼ �kxk1 (see, e.g., Chambolle et al.
[20], Daubechies et al. [27], Figueiredo and Nowak [35], Hale et al. [41], and Wright et al.
[100], and references in Beck and Teboulle [7]). At each iteration of ISTA, the update rule is
as follows:

xkþ1 ¼ 7�� xk − 2�AT ðAxk − bÞ� �
;

where �> 0 is an appropriate step size. ISTA attains the worst-case complexity result of the
order 1=k. Similar methods to ISTA have been proposed and studied under different names.
Examples include the truncated gradient in Langford et al. [55] and forward-backward
splitting methods that have been increasingly applied in signal processing (Combettes and
Pesquet [25], Duchi and Singer [30], Lions andMercier [59], Rosasco et al. [83]). An accelerated
variant of ISTA for solving problem (15), referred to as the fast iterative shrinkage-
thresholding algorithm (FISTA), was developed in Beck and Teboulle [7] and achieves the
rate of the order 1=k2. A variant of FISTA when the Lipschitzian parameter ofrf is known is
presented in Algorithm 5.
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Algorithm 5 (FISTA with Constant Step Size)

Require: Initial point x 0 and Lipschitzian parameter of rf
1: set k ¼ 0, t ¼ 1, and y1 ¼ x0
2: repeat
3: set xk ¼ prox1

L g
xk − 1

Lrf ðxkÞ
� �

4: set tkþ1 ¼ 1þ
ffiffiffiffiffiffiffiffiffi
1þ4t2k

p
2

5: set ykþ1 ¼ xk þ tk − 1
tkþ1

� �
ðxk − xk− 1Þ

6: set k ¼ k þ 1
7: until a convergence condition is satisfied

When the computation of the proximal mapping is corrupted by an error, the topic of inexact
proximal gradient methods, studied in Schmidt et al. [85], comes up. It is shown that if the error in
the computation of the proximal mapping is controlled in an appropriate way, inexact proximal
gradient schemes achieve the same convergence rates as the corresponding exact variants.

In the stochastic regime where the function f is given as an expected value, proximal
stochastic gradient and mirror descent schemes have been developed more recently. Consider
the following ‘1-regularized stochastic optimization problem:

min f ‘1� ðxÞ≜E½Fðx; �Þ� þ �kxk1
s:t: x 2Rn:

(16)

In solving problem (6), a proximal first-order method called the stochastic mirror descent
made sparse was developed in Shalev-Shwartz and Tewari [86], extending the truncated
gradient method in Langford et al. [55] to non-Euclidean settings. In Euclidean settings,
a more generalized variant of this method is provided in Algorithm 6.

Algorithm 6 (Stochastic Gradient Method Made Sparse)

Require: Initial point x 0 and step size sequence �k

1: set k ¼ 0
2: repeat
3: set xkþ1 ¼ 7��k xk −�kGðð xk ; �kÞÞ
4: set k ¼ k þ 1
5: until a convergence condition is satisfied

The following result provides the convergence analysis of Algorithm 6 under constant step
sizes (Shalev-Shwartz and Tewari [86]).

Theorem 10. Consider problem (16). Let Assumptions 1 and 2 hold, and let fxkg be generated
by Algorithm 6. Set x0 ¼ 0 and�k ¼ � for some scalar�> 0 for all k.Let K � 1 be a fixed integer,
and let t be selected from f0; 1; . . . ;K − 1g using a uniform discrete distribution. Then, we have

E f ‘1� ðxtÞ
h i

− f ‘1� ðx∗Þ�
�C 2

2
þ kx∗k21

�K
;

where x∗ is an optimal solution of problem (16). When � ¼ 2
C
ffiffiffi
K

p , we have

E f ‘1� ðxtÞ
h i

− f ‘1� ðx∗Þ� 1þ kx∗k21
� � Cffiffiffiffiffi

K
p :

More recently, extensions of Algorithm 6 for addressing the case that g is a general nonsmooth
function have been studied in Rosasco et al. [83]. In the next section, we review generalizations
of proximal methods to solve huge-scale optimization problems in deterministic and stochastic
regimes.
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5.7. Block Proximal Gradient Methods
A common challenge in solving optimization problems, particularly applications that arise
from big data, is huge dimensionality of the solution space. Generally speaking, for an op-
timization problem in Rn, when n exceeds 1012, the direct implementation of the first-order
methods becomes problematic. This is because, for example, standard SGD at each iteration
requires performing arithmetic operations of order n. To address this issue and improve the
efficiency of the underlying solution method, coordinate descent (CD) and, more generally,
block coordinate descent (BCD) methods have been developed and studied in recent decades.
Ortega and Rheinboldt [75] study the concept of such approaches as “univariate relaxation.”
The convergence properties of the CD methods were studied in the 1980s and the 1990s by
researchers such as Tseng (Luo and Tseng [60, 61], Tseng and Yun [95]), Bertsekas, and Tsitsiklis
(Bertsekas and Tsitsiklis [9]), and more recently in Beck [5], Mare�cek et al. [64], Richt	arik and
Tak	a�c [81], Wright [98], and Xu and Yin [101] (see Wright [99] for a detailed review of CD
methods). The key idea in standard block coordinate schemes is that at each iteration of the
underlying solution method, only a block of the generated sequence(s) is updated requiring
computation of only one block of the gradient mapping(s). There are different policies for choosing
blocks in BCD schemes. Of these, in cyclic schemes, a block is chosen successively in a cyclic
(deterministic) manner. Another popular strategy is randomized block coordinate schemes, where
at each iteration, a randomly chosen block of the generated sequence(s) is updated.

In this section, we review some of the major contributions in the area of block coordinate
methods and their proximal extensions for solving large-scale composite optimization problems.
Throughout, we use the following notation. Let n≜

Pb
i¼1ni; where ni is the dimension of the ith

block and b is the number of blocks. For any vector x 2Rn, let xi 2Rni denote the ith block
coordinate of x such that x ¼ ðx1; x2; : : : ; xbÞ. We use subscript i to denote the ith block of the
gradient mapping in Rn (e.g., we have rf ðxÞ ¼ ðr1f ðxÞ;r2f ðxÞ; : : : ;rbf ðxÞÞ).

Nesterov [72] appears to be the first to develop nonasymptotic convergence rates for
randomized block coordinate methods without imposing any strong assumptions. In the
following, we briefly review some of the main contributions in Nesterov [72].

Consider the unconstrained minimization problem minx2Rn f ðxÞ, where f is convex, and the
gradient of function f is blockwise Lipschitz continuous with parameters Li. The Euclidean
variant of randomized coordinate descent method in Nesterov [72] is given by Algorithm 7. In
Nesterov [72], convergence rates in terms of the error E½f ðxkÞ�− f ∗ are derived for problems
with convex and strongly convex objectives, where the expectation is with respect to fijgk−1

j¼0 .
When f is a convex function, a sublinear rate of convergence is derived, whereas for a strongly
convex objective function, the error bound improves to a linear rate characterized by the
strong convexity parameter. In the unconstrained case, an accelerated variant of this scheme,
called ACDM, was also developed in Nesterov [72], where a rate of the order 1

k2 was derived
under strong convexity. Probabilistic bounds characterizing the convergence rate of the
developed methods were also provided in Nesterov [72]. Under a uniform distribution for
choosing block coordinates, the expected complexity of this scheme for finding an �-solution for

unconstrained minimization problems is 2 bffiffi
�

p max1�i�bLi

� �
. This complexity bound was

improved in Lee and Sidford [56] to 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b
�

Pb
i¼1Li

q� �
by employing the probabilities for choosing

the coordinates as Li
Pb

j¼1Lj

� �
−1. Recently, Nesterov and Stich in [73] have derived a new

complexity bound for a variant of the ACDM scheme of Nesterov [72]. The authors suggest

using the probabilities
ffiffiffiffiffi
Li

p Pb
j¼1

ffiffiffiffiffi
Lj

p� �
and derive the complexity

2
1ffiffi
�

p
Xb
i¼1

ffiffiffiffiffi
Li

p !
:
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Algorithm 7 (Randomized Coordinate Descent Method)

Require: Initial point x0, block Lipschitzian parameters Li, and probabilities fpigbi¼1
1: set k ¼ 0
2: repeat
3: generate a random variable ik such that Probðik ¼ iÞ ¼ pi

4: for i 2f1; : : : ; bg, set xikþ1 ¼ xik −
1
Li
rfiðxkÞ if i ¼ ik ;

xik if i≠ ik ;

(

5: set k ¼ k þ 1
6: until a convergence condition is satisfied

The signicance of this result is that for the rst time, the complexity estimate of the proposed
ACDM method does not depend explicitly on the dimension of the space of variables. It is
shown that this method often outperforms the standard accelerated gradient method.

Before we proceed with the proximal extensions of the block coordinate schemes, we review
a randomized block coordinate scheme by Dang and Lan [26] for solving constrained stochastic
optimization problems. Consider the following block-structured nonsmooth stochastic opti-
mization problem:

min f ðxÞ≜E½Fðx; �Þ� (SCOP)

s:t: x 2X ≜ ∏
b

i¼1
Xi;

where �2Rd is a random variable associated with a probability distribution, the function
Fð�; �Þ : X !R is continuous for all �, and the set X 2Rn is the Cartesian product of the sets
Xi 2Rni , with n≜

Pb
i¼1ni. A stochastic block mirror descent (SBMD) method for solving

large-scale nonsmooth and stochastic optimization problems is developed in Dang and Lan
[26]. An equivalent representation of the SBMD method in a Euclidean setting is provided in
Algorithm 8. Here, Giðx; �Þ denotes the ith block of Gðx; �Þ; where Gðx; �Þ 2 @Fðx; �Þ, and
3Xið�Þ denotes the projection operator onto the set Xi. The complexity analysis of the SBMD
method for both convex and strongly convex cases was studied in Dang and Lan [26]. In the

case where the objective f is convex, the expected convergence rate is of the order
ffiffi
b
k

q
, whereas

in the case where f is strongly convex and nonsmooth, the expected rate improves to the order
b
�k, where � is the strong convexity parameter. Note that Algorithm 8 addresses general
stochastic nonsmooth problems, and consequently, it can be applied for addressing regularized
stochastic optimization problems.

Algorithm 8 (Randomized Block SGD)

Require: Initial point x 0 2X , a step size sequence f
kgk�0, probabilities fpigbi¼1, and S0 ¼ 0
1: Set k ¼ 0
2: repeat
3: for i 2f1; : : : ; bg, set xikþ1 ¼

3Xi x
i
k − 
kGið

�
xk ; �kÞÞ if i ¼ ik ;

xik if i≠ ik ;

�
4: update Sk and �xk using the following recursions

Skþ1 ¼ Sk þ 
k

�xkþ1 ¼ Sk�xk þ 
kxkþ1

Skþ15: set k ¼ k þ 1
6: until a convergence condition is satisfied

Recently, Yousean et al. [105] have developed randomized block coordinate stochastic
extragradient schemes to solve stochastic Cartesian variational inequalities and derived
similar rates as in Dang and Lan [26] under weaker assumptions using nonaveraging schemes.
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Nesterov [72] also developed randomized coordinate schemes for constrained optimization
that were later extended by Richt	arik and Tak	a�c in [81] to proximal schemes for solving
composite optimization problems. Next, we review a randomized coordinate descent for
composite functions named uniform coordinate descent for composite (UCDC) functions that
was developed in Richt	arik and Tak	a�c [81]. The problem of interest is the following composite
model:

min FðxÞ≜ f ðxÞ þPb
i¼1giðxiÞ

s:t: x 2Rn;
(17)

where f is a smooth convex function, and gðxÞ≜Pb
i¼1giðxiÞ is a simple nonsmooth block-

separable convex function. Let us define a block proximal mapping Ti
� as follows:

Ti
�ðxÞ≜ prox1

�gi
xi −

1
�
rfiðxÞ

� �
; (18)

where �> 0 is a scalar. An equivalent representation of UCDC is provided by Algorithm 10. In
the case that f is convex, theorem 5 in Richt	arik and Tak	a�c [81] states that the sequence
generated by the UCDC method obtains an �-accurate solution with probability at least 1− �
in at most 2 ðð b=�Þlogð1=�ÞÞ iterations. In this case, a sublinear convergence rate can also be
derived for E½FðxkÞ�−F∗ where F is given by (17). When f is strongly convex, the former
complexity bound improves to 2 b logðð 1=ð��ÞÞÞ, whereas the latter bound improves to a linear
rate (cf. theorems 7 and 8 in Richt	arik and Tak	a�c [81]).

Algorithm 9 (Uniform Coordinate Descent for Composite Functions)

Require: Initial point x0 and block Lipschitzian parameters Li

1: Set k ¼ 0
2: repeat
3: Generate a uniform random variable ik 2f1; : : : ; bg;
4: for all j 2f1; : : : ; bg, set xikþ1 ¼

Ti
Li
ðxkÞ if i ¼ ik ;

xik if i≠ ik ;

�
5: until a convergence condition is satisfied

Accelerated variants of the UCDCmethod were developed in Fercoq and Richt	arik [33] and
Lin et al. [58]. These methods are named APPROX (accelerated, parallel, and proximal) and
APCG (accelerated randomized proximal coordinate gradient), respectively. The APPROX
method achieves an accelerated sublinear convergence rate. But it cannot exploit the strong
convexity of the objective function to obtain accelerated linear rates in the composite case.
This limitation is addressed by APCG. The APCG method achieves accelerated linear
convergence rates when the composite objective function is strongly convex. Without the
strong convexity assumption, APCG recovers a special case of the APPROX method.

Next, we briefly review cyclic block coordinate schemes. A more comprehensive review of
these schemes can be found in Beck [6]. Consider the composite model (17). Luo and Tseng [60]
develop a cyclic proximal gradient method where the nonsmooth functions gi are indicator
functions. They show that under the assumptions of (i) strong convexity with respect to each
block, (ii) the existence of a local error bound on the objective function, and (iii) proper
separation of isocost surfaces, a linear rate of convergence can be derived. Extending the results
of Luo and Tseng [60], Beck and Tetruashvili [4] develop a cyclic block coordinate gradient
projectionmethod called BCGD. A sublinear rate of convergence is established, and it is shown
that it can be accelerated for unconstrained problems. Generalizations of BCGD for addressing
the general composite model (17) were studied by She and Teboulle [92] and more recently by
Hond et al. [49]. Below, we present the standard cyclic block proximal gradient (CBPG)
method for solving problem (17). Under convexity assumption on f , the CBPG method
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achieves a sublinear convergence rate in terms of the objective value F given by (17) (cf.
chapter 11 in Beck [6]).

Algorithm 10 (Cyclic Block Coordinate Proximal Gradient Method)

Require: Initial point x0 and block Lipschitzian parameters Li
1: Set k ¼ 0 and yk;0 ¼ x0
2: repeat
3: for i 2f1; : : : ; bg do
4: for all j 2f1; : : : ; bg, set yj

k;i ¼
Ti

Li
ðyk;i− 1Þ if j ¼ i;

yj
k;i− 1 if j ≠ i;

(
5: end for
6: Set xkþ1 ¼ yk;b
7: until a convergence condition is satisfied

6. Optimal Methods
By optimal methods, we mean SGD variants that achieve the fastest achievable convergence
rate. More precisely, it was shown in Tsybakov and Polyak [96] that when problem P has
a unique solution x∗, any linear recursive estimation procedure used on problem P satisfies

E ðXk − x∗ÞðXk − x∗ÞT� ��V k −1 þ o
�
k −1�; (19)

whereV ¼ Bðx∗Þ−1SðBðx∗Þ−1ÞT ; andBðx∗Þ is the matrix of second derivatives (Hessian) at x∗

and where for two p�p matrices A and B, A�B means A−B is positive definite. Hence, any
procedure that attains the bound in (19) has been deemed optimal. For example, the iterate-
averaging procedures Polyak and Juditsky [79] outlined in Section 4.2, and some of their
precursors (Fabian [31], Venter [97]), attain the bound in (19) and are hence thought to be
optimal. Of course, the bound in (19) is a lower bound and not always attainable, as happens
when the underlying function f is nonsmooth.

For optimizing nonsmooth (expectation) functions over the compact convex setX �Rp, the
bound analogous to (19), given in Nemirovsky and Yudin [69], is stated as follows. Suppose f is
a convex and Lipschitz-continuous function satisfying j f ðxÞ− f ðyÞ j �Mkx− yk; ∀x; y 2X ,
and denote f ∗ ≔ infx2Xf ðxÞ. Then, for p�2ð1Þk, where 2ð1Þ is a universal constant,

E f ðXkÞ− f ∗½ � �2ð1ÞM k −1=2: (20)

The mirror descent iterate-averaging method (Nemirovskii et al. [68]), outlined in Section 4.2,
attains the bound in (20).

Another interpretation of optimality comes from statistics. The famous Cramér–Rao bound
(Casella and Berger [19]) implies that a lower bound for any unbiased estimatorTðY1;Y2; : : : ;YnÞ
of �∗2Rp constructed using random copies Y1;Y2; : : : ;Yn (not necessarily independent) of
a random vectorY having density gð�; �∗Þ satisfies, under certain simple regularity conditions
(p. 335 of Casella and Berger [19]) on g, that

VarðTðY1;Y2; : : : ;YnÞÞ� I ð�∗Þ−1; I ð�∗Þ ¼ − E
@

@�2

Xn
i¼1

log gðYi; �Þ
" # !

: (21)

(The matrix I ð�Þ is called the Fisher information matrix at �.)
To interpret (21) in the context of the current tutorial, suppose the objective function f is

strongly convex and twice differentiable. Then any unbiased estimator of x∗ that is con-
structed from k iid observations of the zero gradient at x∗ necessarily has variance that exceeds
the right-hand side of (21), which in turn can be shown to coincide with Vk −1 appearing in
(19). It is in this sense that the iterate-averaging procedures (Polyak and Juditsky [79])
outlined in Section 4.2 and some earlier methods (Fabian [31], Venter [97]) placing additional
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stringency are said to be efficient. (Of course, the question of whether there exist biased
estimators having mean squared errors lower than the right-hand side of (21) can be answered
to be negative except in pathological conditions on the dependence structure of the sample
paths.) We are aware of no analogues to (21) in the nonsmooth and nonstrongly convex
contexts.

In Table 1 we summarize the optimality bounds in terms of expected optimality gap for the
various problem combinations.
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