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The authors first wish to thank the editors for choosing the
commentators, and to thank the commentators for their
very careful and thoughtful commentaries. We find little to
disagree with in the commentaries, but believe that two
major points deserve some further discussion and clarifica-
tion.

In response to Bob Bixby’s computational results, we
wish to make several comments. First, our article stresses
the rapid improvement in both simplex and barrier method
solvers over the last few years. In order to have this article
ready for the refereeing process by December of 1992, we
had te do our reported computer runs in September and
October of 1992. It is our understanding that during this
period, many of the improvements in the CPLEX simplex
solver were still under development. Certainly the version
of CPLEX used in Bixby’s commentary was not available to
us at that time. The salient point of the disparity between
his results and our results is that the rejuvenation of the
simplex method is still very much underway. The scope of
the improvements in a very short period of time is well
presented in Bixby’s commentary, and strike us as every bit
as interesting and important as the progress with barrier
codes.

A second comment concerns the problem of solving a
large model for the first time. While the simplex method
can now solve many very large models efficiently, both the
OSL runs and Bixby’s runs demonstrate clearly that this
efficiency often depends on which variant of the simplex
method is chosen. A great deal of computational effort can
be expended in determining which, if any, variant of the
simplex method is the correct one for a given model. In
contrast, with the exceptions of occasionally removing dense
columns or very rarely altering the starting point, the
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barrier method requires only one run to determine the
solution. Thus for most new models, we feel that the
barrier method is still likely to find the solution at the
lowest cost. This is especially true given the very rapid
times for basis recovery given by Bixby, again reporting on
work accomplished after our article was written.

As a last comment on comparing the simplex method to
a barrier method, we again note that in most cases where
the barrier performs poorly, it is because either AAT has
too many nonzeros, or, when AAT is acceptably sparse, the
Cholesky factor L has too many nonzeros. Here we wish
only to note that both of these cases are determined before
the first factorization is computed, so it is unnecessary to
expend large amounts of computational work to uncover
those models where the simplex method is most likely to
prove superior.

Beyond comparison with the simplex method, the re-
mainder of the material in the commentaries that we feel
merits some response deals with the continuing evolution
of interior point methods. Both Mike Saunders and Bob
Vanderbei correctly point out the limitations of the
Cholesky factorization as model size continues to increase.
Certainly, solving the KKT system of equations does han-
dle dense columns more efficiently. However, for standard
models we have yet to see convincing evidence that algo-
rithms for solving the KKT system can be made either as
fast or as stable as our implemented Cholesky. When de-
velopment of these algorithms is such that we are con-
vinced that they represent a better alternative overall, then
we will happily include them as state of the art. We are not
yet at that point, but we would be the last to say that
barrier methods cannot be improved. We hope that im-
provements will continue at a rate at least comparable to
the simplex method.

Indeed, we are looking well beyond the KKT system for
the linear algebra to solve very large problems. One possi-
bility, explored slightly in our article, is parallelization.
Today, good dense parallel linear algebra subroutines exist,
but sparsity is a problem. To our knowledge, a straight
Cholesky appears to be the best approach. Use of parallel
techniques can also alleviate some of the requirements for
the large memory space that is needed to solve some
problems. Rather than have one processor with a large
amount of memory, the required memory can be dis-
tributed over several processors. This is a topic for future
research.

Another approach, largely touted but little documented
by AT & T, involves solving the linear least squares system
by preconditioned conjugate gradient methods. This has
proved very successful in some partial differential equation
problems, where knowledge of the problem allows for a
good choice of preconditioner. We have experimented
slightly with this approach, using an incomplete Cholesky
factorization as a preconditioner, but our results are not
encouraging. Mehrotral'! has experimented more fully with
such approaches, but again the results are not promising.
Until we have seen fully described algorithms, with com-
putational results that can be duplicated rather than
patented, we must remain skeptical that this is a viable
approach for solving general linear programs, unless one
can exploit special structure in the model.
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Another approach, which we have not attempted, is
computing a sparse QR factorization on the matrix A. We
have avoided this because it is two to three times slower
than the Cholesky. However, it may prove useful for some
large models where AAT is acceptably sparse, but L is not,
for the algorithm may produce an ordering with a sparser
L. This remains for further study.

As a final note on the linear algebra, we would like to
answer some of Mike Saunders’ specific questions. The
CRAY that was used to solve the large problem had a
gigaword of memory. We needed all of it. We did have
total control of all processors of the machine as it sat for a
weekend on a loading dock waiting to be shipped to the
customer. The termination on this problem was normal. We
simply gave it 107° as the convergence tolerance. We did
this because we noticed that convergence did not accelerate
as the optimum was approached on the smaller model, so
two more digits of accuracy were going to require an
amount of extra computational effort that we could not
justify. In fact, the problem required an integer solution,
which startlingly, at least to us, was easily recovered from
the six digit linear programming solution.

In general, we do monitor the accuracy with which the
linear equations are solved, and when this is unacceptable,
we use iterative refinement and small perturbations of the
diagonal elements to assure specified accuracy. All prob-
lems reported in our article were solved to required accu-
racy. No dense columns were removed in our results, but
Bixby’s commentary does include a problem where 38
dense columns were removed successfully. This is still very
necessary with our approach to the linear algebra. The

excessive fillin on the huge models of the paper was
caused by coupling constraints, not dense columns. This
was also responsible for the fill-in noted for problem initial.

Another approach to very large problems that we find
interesting is decomposition. Mulvey and Ruszczynski®
report very encouraging results on large stochastic pro-
gramming problems. While the application of decomposi-
tion techniques to barrier methods is just beginning, we
feel that it has great potential for at least some classes of
problems.

Finally, in response to Mike Todd’s commentary, we are
as encouraged as he is by the coming together of theory
and practice. We have never been comfortable developing
algorithms that fly in the face of theory, but initially we
had no choice if we wanted efficient algorithms. We cannot
overemphasize how pleasant it has become to code algo-
rithms such as the global convergence algorithm of Kojima
et al. that is mentioned by Todd and have them improve
performance in some cases, and almost never hurt. We look
forward to much closer collaboration with the theorists in

the future.
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