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Research in optimization has developed faster and faster algo-
rithms that have analyzed very complicated problems, thereby
saving billions of dollars. Solving problems using optimization
techniques involves more than just developing clever algo-
rithms, however. Building, debugging, validating, and under-
standing models, algorithms, data, and solutions require ap-
propriate representations of the models, the algorithms, the
data, and the solutions. This paper explores current practice
and ongoing research in different representations or visualiza-
tions useful for representing optimization models, understand-
ing optimization algorithms, validating and exploring optimal
solutions, and summarizing the results.

In the spring of 1940, with Hitler’s armies advancing on
France, Churchill faced a difficult decision: Should Britain
deploy 10 more squadrons of fighter aircraft to France, or
should the squadrons stay in Britain?'”®! (The author is
indebted to Peter Bell® for this anecdote.) Churchill felt a
strong loyalty to France, but the head of Fighter Command,
Hugh Dowding, was convinced that it would be a mistake
since the loss of airplanes would leave Britain weakly
defended. Dowding asked for an analysis of the situation
from the Operational Research Section of Fighter Com-
mand (this group coined the term operational research).
The presentation of that analysis persuaded Churchill that
the Germans would quickly destroy the British squadrons,
exposing Britain to great danger. Not only were the 10
squadrons retained in Britain, most of the British squadrons
deployed in France were withdrawn. Given the near vic-
tory of Germany during the Battle of Britain (which started
just two months later), it was clearly the correct decision.
History is filled with similarly difficult, although less mo-
mentous, decisions. Operations research (OR) seeks to pro-
vide techniques to help understand complicated problems
so that better decisions can be made.

Since Churchill’s time, OR has grown into a mature field,
with a rich suite of techniques and applications—from
analyzing the effectiveness of HIV needle exchange pro-
grams to designing telecommunication networks. One of

Subject classtfications: Optimization /visualization.

those techniques involves optimization. Given a carefully
specified description or formulation of a problem, includ-
ing the objective of the decision to be made, optimization
techniques attempt to determine the best decision that
satisfies the limitations or constraints of a problem. Appli-
cations to routing vehicles, staffing airlines, managing hy-
droelectric dams, blending gasoline, among many others,
have been quite successful.

Yet algorithms by themselves solve only a part of any
problem. The formulation must be constructed. It may have
errors, which will have to be uncovered. Data must also be
collected and organized. They, too, may also have errors,
which will have to be uncovered. And most of the data
may not be known with certainty: it may be necessary to
explore how the optimal solution may be affected by
changes in the data. The results of the analysis usually
must be organized or summarized into some representa-
tion for the benefit or approval of other parties. We can
view the process of problem solving as a series of stages,
from problem identification, through model formulation,
data collection, algorithm development and testing, solu-
tion validation, and final results preparation.

Each of these stages involves different representations of
the problem at hand (see Table I). Problem solving gener-
ally starts with some idea of the general direction to follow.
The initial stages of the process concentrate on gathering
information to focus the problem further. Informal descrip-
tions of the problem begin to emerge in textual or graphical
form. These informal representations are then translated
into a formulation that is represented in some form. One
possibility is algebraic notation, although other possibilities
certainly exist. Data must also be collected and stored,
perhaps in some type of database. And then those data are
used to create a formulation specific to the actual problem,
replacing the algebraic representation with a formulation
for the particular problem instance.

Since many algorithms require very restricted formats
for input, this formulation might need to undergo further
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Table I. Stages in the Modeling Life Cycle and Some
Visualization Techniques That Have Been or Could

Be Used
Stages in
the Modeling
Life Cycle Visualization Techniques
Conceptualization Natural language
Formal and informal diagrams
Visual interactive modeling
High level languages
Formulation Algebraic languages

Block-structured

Visual languages
Object-oriented programming
Spreadsheets

Relational databases
Spreadsheets

Data Collection

Interactive optimization
Algorithm animation
Minimum cost network flow
Neural networks

Solution

Sensitivity analysis
Objective function plots
Matrix images

Natural language

Solution Analysis

Animation

Hypertext and hypermedia
Natural language
Presentation graphics

Results Presentation

translation, for example, into the common Mathematical
Programming System (MPS) format. The algorithm may
also need to be developed. For particularly difficult prob-
lems, this will require extensive debugging. Once the algo-
rithm is run, it produces a representation of the solution.
The solution may indicate problems in the formulation or
problems in the data, whose source must be uncovered and
fixed. Frequently, however, the output from the algorithm
does not make the key elements of the solution obvious;
therefore, it must be translated into another representation
that might be more comprehensible. For example, the re-
striction imposed by MPS that variable names have no
more than eight characters has led to the development of
elaborate, but impenetrable, naming schemes for variables.
At a minimum, the variables must be translated into a
more intelligible representation for the final report.

In its history, the field of operations research has ex-
plored not just building clever algorithms, but also has
employed a variety of representations as part of the prob-
lem-solving process. Returning to the story about the British
fighters, the analysis had to be presented to Churchill in a
convincing way. The analysts took the time to plot the
results because they believed they would be more convinc-

ing. As Larnder!"”” wrote,

Knowing from experience that people can be persuaded
through their eyes when it is impossible to do so through
their ears, he [Dowding] laid his graphs in front of the
Prime Minister. In Dowding’s considered view, “That did
the trick.” ...Perhaps the real value of this OR study was
not so much in presenting a Commander-in-Chief with facts
concerning his own forces—facts of which he himself had
shrewd knowledge—but, rather that by presenting them in
graphical form OR had provided him with the means to
oppose successfully what he knew would have been a fatal
decision.

In a later example, Dantzig, Fulkerson, and Johnson?®! in
1954 exploited a variety of representations in their seminal
paper on the use of cutting plane techniques to solve an
instance of the traveling salesman problem. They sought to
solve a 49-city traveling salesman problem, visiting one
city in each of the lower 48 states in the US plus Washing-
ton, DC, using linear programming techniques. The origi-
nal solutions contained subtours, so additional constraints
—cutting planes—had to be added in order to find the
optimal solution. Although this early work was essentially
anecdotal, the ideas formed the basis of cutting plane
techniques that have now been used to solve much larger
traveling salesman problems.!'*!

In the late 1950s and early 1960s, Ford and Fulkerson,®!
expanding on earlier work by Hitchcock"*”) and Koop-
mans,'7 developed algorithms for the minimum cost net-
work flow problem, which has application to problems
in transportation and inventory planning, among many
others. Minimum cost network flow problems have a nat-
ural graphical representation. Glover, Klinginan, and
McMillan!'®! have proposed a generalized graphical frame-
work for such problems called NETFORMs.

Around the same time as Ford and Fulkerson, project
management techniques such as Project Evaluation and
Review Technique (PERT) and the Critical Path Method
(CPM)\165. 187. 198] were developed to manage large projects
consisting of thousands of interrelated tasks. Although spe-
cialized algorithms are usually employed to analyze these
problems, they can easily be formulated as linear pro-
grams. Again, the problem is conveniently represented
graphically, which is part of its appeal. Many companies
now sell PC-based project management systems that allow
project managers to draw network representations of their
projects. They can then analyze the criticality of each task
to the timely completion of the entire project.

In the 1970s, vehicle routing algorithms began to be used
widely in industry. The solutions to these problems are
frequently represented graphically as routes of vehicles on
a map; for example, see Cullen, Jarvis, and Ratliff,"”} Babin
et al. 'l and Savelsbergh.?!! Users can change the routes
interactively, with an evaluation provided of the change. In
work that won the Edelman Prize in 1983, Bell et al”!
developed novel optimization techniques for vehicle rout-
ing and relied on an interactive computer graphics imple-
mentation (see [93]).
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Today, the development of interactive vehicle routing
systems continues,”} spurred on in part by the emergence
of a Geographic Information System (GIS).'7® As Bodin,
Fagan, and Levy”) state, GISs “support the capture, man-
agement, manipulation, analysis, modeling and display of
spatially referenced data.” GISs have allowed for much
more realistic problems to be solved, since they provide
detailed, accurate data concerning travel times and routes
between destinations.

In the 1980s, in another Edelman Prize winning applica-
tion, Lembersky and Chil"* applied dynamic program-
ming and three-dimensional interactive computer graphics
to train loggers how to cut raw logs into lumber to yield
higher profit. Loggers see a three-dimensional representa-
tion of a particular log to be cut. The loggers can then, by
hand, specify how the log should be cut as well as compare
their cutting pattern to the optimal pattern. Through this
interaction, loggers are trained to cut their logs to yield
higher profits.

The relevance of representation seems even more rele-
vant to operations research today. Mathematical programs
having hundreds of thousands of decision variables and
constraints are now routinely solved. The solution to such a
large problem would require many pages of output, if it
were all printed. A decision maker may be interested in the
behavior of a solution over a range of input values. The
algorithm may experience numerical instabilities that will
have to be understood to be overcome. As Greenberg!!?’)
has stated, “we can solve far larger problems than we can
understand.”

Luckily, our ability to construct representations has im-
proved. With the proliferation of interactive computer
graphics, an entire field has emerged called scientific visual-
ization or just visualization.'® 2 Visualization has seen
application to problems in physics, fluid dynamics, meteo-
rology, medicine, and molecular biology, among others.
Optimization techniques have recently begun to be used to
create visualizations.”! >8] Visualization seeks to provide
insighttul representations for difficult, complex problems,
just like OR problems, except that the tools employed are
different. In short:

1. Visualization helps solve problems. Numerous examples
exist to support this contention, some of which we have
already cited. Exactly what problems and what visual-
izations are most helpful for particular tasks, and for
particular people (including researchers, practitioners,
and consumers of optimization) remains difficult to as-
sess and, hence, an area for ongoing research.

2. Visualization will be increasingly expected and required
by consumers of optimization. Multi-window, mouse-
driven user interfaces are now standard. The field of OR
has typically been slow in delivering its tools with good
user interfaces. If the field wants to see its tools actually
used, it must deliver them in a form that can be easily
learned and easily applied.

3. Emerging technologies hold promise for expanding the
range of visualization techniques employed in optimiza-

tion. Computers are becoming less expensive and more
powerful. Software tools for building interactive, graph-
ical programs are becoming easier to use. New visual-
ization techniques involving sound, animation, three-
dimensional imagery, and tactile feedback are emerging.
Some have even been applied to optimization problems,
and have demonstrated their effectiveness.

4. If visualization helps solve problems and is expected by
users of OR software, then it should be of concern to
researchers and practitioners of OR.

The fourth point runs counter to prevailing trends in the
field. For example, as stated at the beginning of a recent
feature article in the ORSA Journal on Computing 17 ““Al-
gorithm development is at the heart of mathematical pro-
gramming research, wherein more efficient algorithms are
prized.” It is doubtful that the two prize-winning examples
previously cited would have won if they had achieved the
same successful results using visualization alone. Should
OR be solely about algorithm efficiency or should it be
about helping people solve problems? If the OR commu-
nity chooses to develop efficient algorithms exclusively,
clever, powerful, rigorous techniques will certainly be gen-
erated. These techniques may even be used to solve real
problems. But will OR get the credit? OR techniques may
increasingly be seen as a specialized backroom enterprise,
exacerbating the lack of recognition mentioned as the largest
concern in a recent survey of ORSA and TIMS members.1253

The development and evolution of computerized spread-
sheets provides a cautionary tale. Spreadsheets have proven
to be a tremendous aid in solving actual problems. Millions
of spreadsheets have been purchased. In fact, spreadsheets
are a beautiful example of visualization. The calculation
abilities provided by spreadsheets and the underlying
algorithms are not particularly novel. One could write a
FORTRAN program to duplicate any such calculation. The
brilliance of spreadsheets lies in their combining powerful
calculation techniques and a common representation for-
mat—tables—within a simple user interface.

Spreadsheets have been widely adopted by OR practi-
tioners.’® In fact, optimization algorithms are now incor-
porated into the leading spreadsheets. In an interesting
juxtaposition, one of the founding partners of the company
that marketed the original spreadsheet, VisiCalc,'® now
runs a company that puts optimization capabilities into
Microsoft Excel and Quattro Pro.

The great success of spreadsheets could be construed as
a “win” for OR, since more and more people build and use
mathematical models. Most people using the built-in opti-
mization features have no idea that they are using OR
techniques, nor do they care.

Of course, some have said that spreadsheets have been
as much a bane as a boon to OR!"”! Putting modeling
“elephant guns” into the hands of “’children” increases the
likelihood of fatal modeling accidents. Modeling gun con-
trol is not likely in the near future, so the concerns, though
real, are moot. The marketplace has weighed in with its
decision: spreadsheets help solve problems.
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It seems ironic that such a powerful problem-solving tool
(the spreadsheet) was not invented as part of OR—a field
that claims to be about solving problems. By concentrating
almost solely on algorithm efficiency, OR has neglected
how those algorithms are to be delivered. The prominence
of the field might be quite different if OR had been the
originator of the spreadsheet instead of a Harvard MBA
student named Dan Bricklin.

Instead of focusing on sophisticated models or more
efficient algorithms, Bricklin focused on the representations
people actually used to solve their problems. If OR truly
wants to help solve problems, given the success of spread-
sheets, creating more efficient algorithms is perhaps not the
best path to follow. As Harvey Wagner?%*! writes, “Easy-
to-obtain, easy-to-use computer programs are the most
effective communication link between high-powered re-
search teams and the average professional hoping to apply
the research to other real-life situations.”

In short, we assert that the field of OR should be con-
cerned about how its techniques are delivered, not just
about the techniques themselves. Furthermore, we take the
view that delivering optimization technology primarily in-
volves providing a variety of appropriate representations—
visualizations—to model builders, algorithm designers, as
well as non-technical specialists. This paper surveys and
comments upon existing research and practice in visualiza-
tion and optimization and, moreover, suggests directions
for future research.

The paper is organized into four sections. The first two
sections decompose the types of representations used and
needed to support optimization. Section 1 discusses appro-
priate representations and visualizations for the different
parts of the modeling life cycle (see Table I). Section 2
reverses the perspective by considering different visualiza-
tion formats and exploring how they have been or might be
applied to mathematical programming. In the future, how-
ever, a variety of representations will be needed—and will
be expected. The subsections in each of these sections are
organized into two parts. The first part surveys existing
research and practice. The second part offers commentary
on the future direction of the particular topic. We do not
claim to survey all systems that are being sold or have been
mentioned in the literature; the reader is referred to a
recent survey that is much more comprehensive in this
regard.l”*! Rather, we concentrate on what we believe are
major trends and highlights. Providing the integration of
multiple representations for multiple users is discussed in
Section 3. Section 4 presents a research agenda for visual-
ization in mathematical programming. Section 5 concludes
by predicting the state of visualization and optimization in
the next five years.

1. Visualization and the Modeling Life Cycle

What could be usefully represented in support of mathe-
matical programming? The answer is simple: everything.
One might need representations of problems, formal math-
ematical programming formulations, data, algorithms, ways
of debugging algorithms, ways of debugging formulations,

Jones

algorithm output, and summaries of algorithm output for
presentation to decision makers.

We do not restrict our discussion to graphics. For exam-
ple, a spreadsheet (except for its presentation graphics)
consists of tables of numbers and text. We do not restrict
ourselves to representations used exclusively for output. In
the presentation graphics provided by a spreadsheet, for
example, a bar chart encoding some data from the spread-
sheet is only an output. The user cannot change the data by
manipulating the bar chart with a mouse. (At least one
mathematical programming system provides such a capa-
bility.5%) In short, we believe that representation also in-
volves input. How then will a user input the conceptual
model, the formulation, and the data? How will a user
interact with the algorithm and understand the solution? In
discussing the different representations that seem appropri-
ate to different phases of the modeling life cycle in this
section, we also discuss how the user would input and
interact with those representations.

The key challenge, then, is actually to provide an envi-
ronment that can support the plethora of representation
formats that are needed. We discuss possible solutions to
this challenge in Section 3.

This section is organized according to the stages of the
modeling life cycle discussed in the introduction, that is,
conceptual models (Section 1.1), formulation (Section 1.2),
data collection (Section 1.3), execution (Section 1.4), and
solution analysis through to final results presentation (Sec-
tion 1.5). Many authors have presented different variations
of the stages of the modeling life cycle!!"”} The study of
how to support all the stages in the modeling life cycle has
been called model management 187 2%

1.1. Conceptual Models

The start of a problem-solving process involves translating
ill-focused goals and ideas into more coherent, although
still imprecise, descriptions of the problem to be attacked.
The problem description must be understandable by the
decision maker, who frequently has little training in opti-
mization or modeling. The representations may be simple
text describing the problem in natural language or they
may involve formal or informal diagrams as well. An
example of a conceptual description of a classic optimiza-
tion problem, the Hitchcock-Koopmans transportation
problem '3 1711 is given in Figure 1.

Several authors (Hurrion!'*! Hurrion and Secker,'*"]
and Bell®' %) have proposed a general methodology called
Visual Interactive Modeling (VIM) for creating appropriate
conceptual representations. Similar recommendations are
made in [234]. These authors believe that problem solving
should concentrate heavily on developing an appropriate
conceptual representation, with model formulation delayed
until a precise conceptual representation (usually graphi-
cal) is developed. In particular, the conceptual representa-
tion should be the primary representation of the problem.

Concentrating on the conceptual representation flies in
the face of much practice, wherein the formal mathematical
formulation is the primary representation of the problem.
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Each dav a firm needs to move a particular product from several factories

to 1t~ warehouses Furthermore each factory produces a certam amount
of th> product each day. and each warehouse requires a certamn amount
of the product The goal 15 to determine which factories should supply
which warehouses so as to mummuze cost  The cost to ship one umt of the
product from each factorv to each warehouse 15 known

Agure 1. English-language description of the Hitchcock-

Koopmans transportation problem.

By representing the problem in its own terms, one helps
ensure that the solution system presented to the decision
maker corresponds to the actual problem. As Bell?¥] notes,
however, the challenge of the approach involves reconcil-
ing the conceptual representation with the mathematical
representation. For VIM, commercial systems have been
developed (for example, GENETIK!">!) that allow one to
draw pictures for the conceptual representation, and then
link algorithms to those pictures. These systems now pro-
vide links to mathematical programming systems as well.
For example, an extension to GENETIK called INCEPTA!'52]
allows problems to be analyzed using linear programming.
An example of the application of INCEPTA to a multi-
commodity, multi-stage transportation problem is shown
in Figure 2.

The VIM approach, which gives conceptual representa-
tions such prominence, can be thought of in terms of a
larger movement called User-Centered Design,2'* 25 which
spans the fields of human factors, ergonomics, and indus-
trial design. Advocates of user-centered design believe that

designers should begin, continue, and end the design pro-
cess focused on users’ needs. An oft-cited example con-
cerns video cassette recorders. Although many such
recorders provide highly developed features, many times
those features go unused because users simply cannot
figure out how they work. The engineers who developed
the recorders became enamored with the bells and whis-
tles, but actual users found them incomprehensible or su-
perfluous. Mathematical programmers, including the au-
thor of this paper, have often become so enamored with the
powerful tools available that they lose sight of the underly-
ing problem and the ultimate decision makers. Visual inter-
active modeling attempts to place the emphasis where it
should be—on the people who actually have the problem.

Several researchers have proposed specific high-level
languages for mathematical programming that represent
problems at a conceptual level. The holy grail for this
research thread has been the development of modeling
tools that are easy to use. In Structured Modeling,1!!" 11%)
Geoffrion proposed a theory of modeling that provides
several representations that attempt to represent models
not just from optimization, but from the full spectrum of
techniques used in OR. Relying on techniques from first-
order predicate logic, Krishnan!' 7 proposed PM*, a high-
level language for specifying linear programming prob-
lems. Originally developed for production, distribution,
and inventory planning problems, models are specified not
as a set of decision variables and constraints, but as a set of
terms in the decision maker’s own vocabulary. A graphical
version of PM* has also been proposed.!'®’]
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Figure 2. Graphical representation of a multi-commodity, three-state transportation problem developed using GENETIK[!3!]

and INCEPTA ['*? Image courtesy of Insight Logistics.
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Comments

Easy-to-use techniques for allowing modeling at a high
level of abstraction are difficult to provide. One is caught
between demands for generality and specificity—gener-
ality in order to model a variety of different problems, and
specificity in that the resulting model should fit the prob-
lem like a glove. How can one provide powerful yet easy-
to-understand modeling constructs? The approaches that
we just described represent a start.

The philosophy espoused by the VIM community has
merit, because VIM starts with the user and the user’s
problem, not with the model. Other alternatives, for exam-
ple, Structured Modeling and PM*, attempt to impose a
particular representation style on the problem holder. These
two specific proposals lack the vagueness of the guidelines
espoused by VIM. The constructs provided by these non-
VIM techniques are meant to be sufficiently general and
abstract, but one can use just those constructs to build
models. It is naive to believe that one representation style
will satisfy all users and all problems. VIM does not con-
centrate on a particular solution technique and is not at-
tached to a particular set of modeling constructs, however
general. Rather, it first attempts to represent the actual
problem, usually visually. At that point, the model and
solution technique can be developed. Unfortunately, the
VIM technique makes it more difficult to assess the quality
of the solution produced. In optimization, one at least can
measure how fast an algorithm takes to find an optimal
solution (though that is more difficult than might first
appear!'”]) or measure how far away an approximate solu-
tion is from the optimal solution. Taking the user-centered
approach espoused by VIM, however, forces one to mea-
sure the quality of the solution produced by less objective
measures such as user satisfaction.

1.2. Formulation

Once a conceptual model of the problem has been con-
structed (either formal or informal, visual or not), the next
step in mathematical programming usually involves con-
structing a formal, mathematical representation of the
problem, that is, a formulation.

One can distinguish between formulations for a large
class of problems, and formulations for a specific problem
with all data values specified. For example, one could
specify a formulation for all Hitchcock-Koopmans trans-
portation problems (see Figure 3), or for one specific
Hitchcock-Koopmans transportation problem. We shall call
the former a generic model, and the latter a model instance. A
generic model usually can be represented far more com-
pactly than a model instance. Most authors recommend
that a clean separation between the generic model and
corresponding model instances be established. Such a sepa-
ration facilitates changing either part without adversely
affecting the other. The question is how to represent generic
models and model instances, and moreover, how to estab-
lish a linkage between them.

Several different styles of formulation languages have
been proposed. These include algebraic, block-structured,

~ .
CIYTTIYTIU
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e Parameters
— Let N* represent the set of positive natural numbers
— Let N € N* indicate the number of factories
— Let M € N* indicate the number of warehouses
—~ Let 1 € {1,
~ Let 3 € {1,
— Let s, € R* represent the supply at factory 7

, N} represent a particular factory

, M} represent a particular warehouse

— Let d, € R* represent the demand at warehouse 3

— Let ¢,, € R* represent the cost to ship one unit of product from factory ?
to warehouse 7

o Decision Variables
~ Let z,, € R* represent the quantity shipped from factory ¢ to warehouse )
N M
minimize total cost = z Z Ty
=1 =1

subject to

Eglzm = s, Vi Supply Limtation
v N r, = d, V3 Demand Satisfaction
r, 2 0 Y3
Rgure 8. Algebraic representation of the transportation

problem. Note that a feasible solution only exists when

IN.s, =X, d,

object-oriented, spreadsheet, and graphical formulations.
Table II surveys some of the relevant references and sys-
tems. We discuss each in turn.

Algebraic languages attempt to duplicate the algebraic
notation already well known by many formulators of math-
ematical programs. Formulations of the transportation
problem written in AMPLI*®! and SMLI"** appear in Fig-
ures 4 and 5, respectively. Note that these and other alge-
braic languages such as GAMS!*! MODLER!*) and
MPL[®Y all provide tools for manipulating sets and tables,
for indexing over sets, and for expressing summations.
Algebraic representations have often been called row-wise,

Table II. Relevant Literature on Formulation
Formulation
Type References

See [97, 132] for a survey

GAMS #1] AMPL*>- 1001 MPL,[11)
MODLER'# 131 LINGO /1811
SML1M

MIMLE8 €01 MathPro, ('8 PAMP*¢)
See [142, 199, 218, 219, 220]

Matrix Generator

Algebraic

Block-structured
Object-oriented

Spreadsheet Microsoft Excel,['** Lotus
Improv(182 230

Graphical GIN 246} | PForm,!'84 MIMI /G 5%
gLPSl’]

Matrix Images Alvarado,?l MATVU,1258}
MIMI /G,P°1 MPL,!*!
Mathematical?®’!
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set PLANT;
set CUST;

# plants
# customers

param sup {PLANT} >= 0;
param dem {CUST} >= 0;

# amounts available at plants
# amounts required at customers

check: sum {1 in PLANT} sup[1] = sum {3 1n CUST} dem(3j];

param cost {PLANT,CUST} >= O;
var Flow {PLANT,CUST} >= O;

# shipment costs per unit
# units to be shipped

minimize total_cost:
sum {1 1n PLANT, j in CUST} cost[1,3] * Flowl[1,3];

subject to Supply {1 in PLANT}:
sum {3 1in CUST} Flow[i,j] = sup[1],

subject to Demand {j in CUST}.
sum {1 in PLANT} Flow[1,3)] = dem([3];
Agmwe 4. AMPL modell'® of the Hitchcock-Koopmans

transportation problem. The check statement performs a
preliminary feasibility test for this model.

since each constraint, or collection of constraints, is speci-
fied directly. At least one algebraic language, AMPL,[*% 100]
has been extended to allow model specifications in a
column-wise fashion. AMPL has also been extended to
include special constructs for problems such as minimum
cost network flow models.8!

Another style of formulation involves a block-structured
or process-oriented representation of the problem. Figure 6
shows a block-structured formulation of the transportation
problem. A block-structured formulation organizes the lin-
ear programming matrix into blocks, where each block
represents the intersection of a collection of decision vari-
ables and constraints. In Figure 6, we show a model of a
transportation problem that contains 1 column and 2 rows.
The single column (labeled T SOURCE SINK) represents
decision variables transporting material from each source
to each sink. The first row (labeled SUPPLY at SOURCE)
constrains the amount shipped from each source. It has a
matrix coefficient of +1 for all valid entries. The second
row (labeled DEMAND at SINK) constrains the amount
shipped to each sink to be larger than its demand. Other
tables define the objective function coefficients and right-
hand-side values. Greenberg and Murphy!'®! described
how the block-structured and algebraic representations can
be integrated, since both attempt to represent the same
fundamental object.

Although block-structured languages represent primar-
ily generic models, model instances can also be represented
in tabular or matrix form. Moreover, the values in the table
can be color-coded. For example, negative values can be
colored red, and positive values can be colored green.
Such matrix images (see Figure 7) can represent very large
matrices.

More recently, we have seen the development of object-
oriented languages for optimization.!"*> 2!8 Wegner!26%l
provides a good survey of the basic concepts of object-
oriented programming. Object-orientation allows existing

model components to be reused in a controlled fashion, by
organizing them into a hierarchy. This style of organization
seems natural for optimization since, for example, linear
programming can be considered to be a special case of
nonlinear programming, minimum cost network flow mod-
els are a special case of linear programming models, and
the transportation problem is a special case of a minimum
cost network flow problem.

Perhaps the most ubiquitous model formulation style
can be found in spreadsheets. Most recent spreadsheets
incorporate linear and nonlinear programming algorithms.
Once a spreadsheet is constructed, users need only indicate
the cell whose value is to be optimized, the cells whose
values can be changed (the decision variables), and the
bounds to assign to other cells (the constraints), and the
built-in algorithm will attempt to set the decision variables
to the values that optimize the indicated cell. Note that the
formulation need not be specified as a matrix of con-
straints, but can look exactly like a traditional spreadsheet
(Figure 8 shows a spreadsheet model in Microsoft Excel for
the transportation problem). Users generally are not even
aware that they are using mathematical programming to
solve their problems.

Spreadsheets have recently begun to provide some of the
higher-level indexing capabilities found in algebraic lan-
guages. For example, Microsoft Excel'™! allows spread-
sheet cells to be organized into an outline. Lotus 1-2-3
allows three-dimensional spreadsheets, and Lotus
Improv'® 2% supports multi-dimensional spreadsheets
with algebraic formulas defining the values of cells.

Various authors have proposed the use of graphical or
visual languages to represent mathematical programs.(2%)
For general surveys on visual programming languages, see
[53, 54, 242]. For mathematical programming, most visual
languages rely on graphs as the fundamental modeling
construct. A variety of graphs and networks have been
proposed (see Table 2), at various conceptual levels.

In most of these languages, each constraint and decision
variable is represented either as a node or an arc. For
example, in an activity-constraint diagram (see Figure 9),
square nodes represent decision variables, circular nodes
represent constraints, and arcs represent the coefficients of
decision variables in constraints. An activity-constraint dia-
gram can model problems at both the generic (see Figure
9a) and instance (see Figure 9b) levels since a node can
represent an individual decision variable (or constraint) or
a collection of decision variables (or constraints). At the
generic level, an activity-constraint diagram essentially
translates a block-structured representation into a graph.
Collaud’s system (see [73]) uses a variation on activity-
constraint diagrams as does MIMI /G %!

In typical graph-based representations for network flow
problems (see Figure 10), constraints are represented by
nodes and decision variables are represented by arcs con-
necting the nodes. Perhaps the most ambitious proposal to
support such representations was made by Steiger, Sharda,
and LeClaire.**] Their system, GIN, adopts the NETFORM
style of representation proposed by Glover, Klingman, and
McMillan 18]
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&SDATA SOURCE DATA

PLANT: /pe/ There s a hst of PLANTS
SUP(PLANTY) /a/ {PLANT} R* Every PLANT has a non-neqatrve
SUPPLY CAPACITY measured in tons
&CDATA CUSTOMER DATA

CUST) /pe/ There 15 a hst of CUSTOMERS

DEM(CUST)) /a/ {CUST} R* Ewvery CUSTOMER has a monnegative
DEMAND measured wn tons

&TDATA TRANSPORTATION DATA

LINK(PLANT1,CUST)) /ce/ {PLANT} x {CUST} There are some tans-
portation LINKS from PLANTS to CUSTOMERS There must be af least
one LINK wncident to each PLANT. and at least one LINK wcident to
each CUSTOMER

FLOW(LINKYy) /va/ {LINK} R* There can be a nonnegatice transportation
FLOW (wn tons) over each LINK

COST(LINKy) /a/ {LINK} Every LINK has a TRANSPORTATION COST
RATE associated unth all FLOWS

$(COST FLOW) /f/ 1, @SUMy(COSTy * FLOWY)) There 1s « TOTAL COST a>-
socrated with all FLOWS

T SUP(FLOW1 ,SUP1) /t/ {PLANT}, GSUM)FLOWy) <= SUP: Is the total
FLOW leaving a PLANT less than or equal to its SUPPLY CAPACITY? This
15 called the SUPPLY TEST

T DEM(FLOW j,DEM)) /t/ {CUST}. @SUMi((FLOW1))=DEN) Is the total FLOW
arrnng at o CUSTOMER ezactly equal to its DEMAND? This 1s called the
DEMAND TEST

Apure 5. Schema

problem.

in SMLUI™! for the transportation

Some graph-based languages attempt to represent math-
ematical programs at a higher conceptual level than con-
straints and decision variables; see, for example, [164, 184].
Notable among those languages is LPFORM.'*! In
LPFORM (see Figure 11), nodes represent decision vari-
ables, and arcs represent either decision variables (such as
transportation activities) or other logical constraints not
directly represented in the linear program. Nodes can also
represent existing sub-models that are being used in the
larger model.

If one compares the graphical representations for the
transportation problem in Figures 9 (activity-constraint), 10
(NETFORM), and 11 (LPFORM), one will note that they all
involve a bipartite graph. This reflects the fact that half of
the nodes are mainly associated with the sources of supply
and the other half are associated with the sinks. At least for
the simple transportation problem, these representations
are sufficiently similar to suggest that a general form might
exist. Murphy, Stohr, and Asthana,**” in fact, have shown
that LPFORM generalizes both the NETFORM and
activity-constraint representations.

Since models can grow quite large, their corresponding
graph-based representations, particularly model instances,
can become quite unwieldy. Even the small graphs in
Figures 9 and 10 cannot be easily drawn so that they are
clear. A variety of schemes for reducing the tangle of
spaghetti that large (and even small) graphs can exhibit
have been proposed.”* 18% 24] These schemes often involve
some form of hierarchical decomposition such as collecting
a group of related nodes and arcs together into a single
node. Unlike the well-established conventions for organiz-

COEF T
SOURCE
ROW by COL SINK

SUPPLY at SOURCE | +1
DEMAND at SINK +1

Fgure 8. A block-structured representation of the trans-
portation problem. This example is adapted from MIML*

ing text, wherein books are organized into chapters, chap-
ters into sections, and sections into paragraphs, generally
accepted conventions for organizing large graphs into help-
ful hierarchies do not exist.

Structured Modeling,!'’* P! in addition to specifying a
standard graph-based representation for models (see Figure
12), provides a formal mechanism for creating such hierar-
chies. The genus graph groups together individual model
elements based on formal similarity properties. Structured
modeling represents an ambitious attempt to provide a
standard formalism for modeling.

Comments

Given the variety of representation styles for the actual
formulation, the natural question arises: How do they com-
pare? Great attention has been paid to this question by
some authors 7 115 132 2001 Although these comparisons
have provided much food for thought, none of these repre-
sentation formats are dominant. The authors of these repre-
sentation formats almost certainly find their representation
format easiest to use. Many authors built the representation
specifically for their own use. Perhaps spreadsheets, given
their widespread use, can be said to be the dominant
representation format. But current spreadsheets do not pro-
vide the sophisticated indexing abilities needed by mathe-
matical programming models; nor do they provide graphi-
cal formulation tools now becoming available for mathe-
matical programming. Spreadsheet technology is moving to
provide such capabilities quickly, however.

In short, if all of these representation formats have their
admirers, it would seem prudent to allow users to model
their problems in whatever form they find easiest. As
stated by Greenberg and Murphy,'*? in comparing three
different modeling languages in detail, “Many model
builders from academic backgrounds think readily in alge-
bra, while people with process industry backgrounds think
in terms of processes [column-wise] ... The next generation
of modeling systems should be able to support all views.
We found ourselves switching among the various lan-
guages with the same formulation when we wanted to
learn different things about the model.”” The challenge is to
provide an ability to translate seamlessly from one form to
another.

For graphical languages in particular, although many
have been proposed, none can be said to dominate. In fact,
graphical languages remain curiosities. Although this may
be explained by their recent emergence, it may reflect
fundamental problems with the graphical approach. Most
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Figurs 7.  Matrix image of a large linear programming model. Non-zero elements are represented by colored dots. Negative

and positive values have a different color. Users can also zoom in on various parts of the image. Note that the matrix image
extends to the bottom of the figure, with superimposed text. Image courtesy of Chesapeake Decision Sciences.

mathematical programmers were taught how to formulate
problems using one particular representation style, usually
algebraic. After several courses and much practice, experi-
enced mathematical programmers find their favorite repre-
sentation scheme quite natural.

Unlike the algebraic style, no graphical representation
scheme is commonly taught or commonly used. If one
already feels comfortable with a non-graphical format, there
may be no advantage to using any graphical format. Non-
technical people, however, often find mathematical nota-
tion painfully opaque, so perhaps graphical representations
will be helpful for them.

Given both the variety of proposals for graph-based
languages for mathematical programming and the wide
variety of other graph-based representations used for mod-
eling such as project management and vehicle routing,
instead of trying to invent the perfect graph-based lan-
guage for all optimization problems, a more fruitful ap-

proach might seek to provide tools for working with a
variety of different types of graphs. Many researchers have
been pursuing this idea, and we will discuss that work
further in Section 2.3.

1.3. Data Collection
A formulation without data cannot be solved. In many real
problems, the data may already exist in corporate databases,
spreadsheets, or in someone’s head. Somehow the data and
formulation must be combined so that an algorithm can be
applied. Increasingly, commercial mathematical program-
ming systems are providing linkages to relational databases
and spreadsheets. This linkage is facilitated by internation-
ally recognized or defacto standards such as Structured
Query Language (SQL) for relational databases and the
various file formats provided by spreadsheets.

Database theory has become a respected academic field,
and relational databases are now ubiquitous in practice.’8!!
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Agure 8. Microsoft Excel spreadsheet model of the transportation problem. The dialog box at bottom is used to specify the
objective function, decision variables, and constraints for this problem.

Concepts from relational databases have begun to be incor-
porated into mathematical programming systems. This
takes at least two forms. First, most mathematical program-
ming systems provide relational database-like capabilities
for manipulating data. Second, relational database theory
provides models for data, and these data models are being
extended to cover mathematical programming.

In the first case, Codd”® proved that three database
operators (Projection, Selection, and Join) were sufficient to
allow any data manipulation desired. These capabilities are
now provided by almost every mathematical programming
system. Mathematical programming systems, however,
with their rich indexing capabilities, provide very elaborate
facilities for accessing and combining data. Several authors,
notably Geoffrion!** '] have shown how these capabili-
ties are at least equivalent to relational databases.

In the second case, several authors have proposed exten-
sions to relational databases to cover mathematical pro-
gramming (see Bhargava, Krishnan, and Mukherjee,** and
Choobinehf®4l). Choobineh!®®] extended entity-relationship
diagrams,®®! a graph-based model for relational databases,
to provide another graph-based language for mathematical
programs (see Figure 13). Since entity-relationship dia-
grams are commonly taught and widely used for database
design, Choobineh’s approach to providing a graphical
language for linear programming may have a greater chance
for success than other graphical approaches.

Comments
Users now expect to be able to access data in a mathemati-

cal programming system using relational database capabili-
ties. Luckily, standards are now sufficiently developed to
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Suppl Transport Demand
y

OO

a. GENERIC LEVEL

Transport
Demand

b. INSTANCE LEVEL

figwe 8. Activity-constraint diagrams for the transpor-
tation problem. In (a), the activity-constraint diagram for
the generic transportation problem is shown. In (b), the
activity-constraint diagram for a four-source, four-sink
transportation problem instance is shown. Decision vari-
ables are represented by squares, and constraints are repre-
sented by circles. Note that for clarity in (b), many of the
nodes and arcs are omitted.

allow easy access to relational databases. Data modeling
capabilities are also now incorporated into mathematical
programming systems. Like spreadsheets, relational data-
bases provide a useful paradigm for modeling. Databases
contain their own particular models of data. The data
needed for solution, by definition, are already stored in the
database. Relational databases have become part of the
basic infrastructure of computing.

1.4. Algorithm Execution

Once the conceptual model has been constructed, the model
formulated, and the data collected, the algorithm must then
be run. We might believe that the user’s involvement only
consists of typing the appropriate command to start the
algorithm. However, when the algorithm does not con-
verge or when the solution is claimed to be unbounded or
infeasible, one often needs to explore the internal execution

L Supply Demand
ower )

Unit Cost Upper
Bound v Bound

Node ID

Apwe 10. NETFORM!'®! representation (after Steiger,
Sharda, and LeClairel**®)) of a simple transportation prob-
lem. Much of the detail has been suppressed for clarity.

Source Supply

transportation

Figure 11.  LPFORMU® graph for the transportation prob-
lem. Each square node represents a set of activities. In the
example, the left square node represents a collection of
sources, and the right square node represents a collection of
sinks. The arc represents the flow of material from the
sources to the sinks.

T:SUP $ T:DEM

Ar WA

COST FLOW

\

SVLINK DEM

PLANT CUST

Agure 12. Structured modeling genus graph for the trans-
portation problem. Compare this graph to the textual repre-
sentation of SML in Figure 5. Each node represents a
collection of elements in the model. Each arc a4 — b indi-
cates that genus b is defined, at least in part, by genus 4. In
short, the genus graph illustrates the interrelationships
among genera.
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Agure 13. Adapted from work by Choobineh®* this
graph-based representation is based on entity-relationship
diagrams®®® used in database design. An entity-relation-
ship diagram represents entities, such as sources and sinks,
as squares. Simple relationships among the entities, such as
the transport of material, are represented by diamonds
connected to the entities. Entities and relationships can
have attributes, represented as ellipses, connected to them.
For example, each source has a capacity, and each transport
relationship has a unit cost. Choobineh extended this basic
model with additional node types to represent constraints,
decision variables, and objective functions. Decision vari-
ables are represented as ellipses with light borders. For the
transportation problem, the ellipse labeled ““Flow” repre-
sents the decision variables. The objective is represented by
a hexagon. Constraints are formed using nodes represent-
ing mathematical operators (triangles) and logical relation-
ships (houses) such as greater than or equal to (ge).

details of the algorithm. This again will require appropriate
representations.

These representations include human intervention dur-
ing the solution process, visualizations to help understand
the execution of the algorithm, as well as visualizations
that provide new and novel insights.

Fisher®? proposed linking human perceptual abilities
with a computer’s computational speed to produce a hy-
brid form of optimization that he called interactive optimiza-
tion. In this style of optimization, the user would intervene
at particular points during the execution of the optimiza-
tion algorithm and provide insights that the algorithm
would find difficult to generate by itself. Brady, Rosenthal,
and Young®"! provide an example of such a system ap-

plied to a facilities location problem. The algorithm drew
various circular regions on the screen with the user having
to identify a point in the intersection of the regions. The
point chosen allows the system to further restrict the size of
the region where the facility is to be located. The algorithm
terminates when the region contains only a single point,
that is, the optimal location of the facility. Another example
comes from vehicle routing””! Users could specify new
routes as starting points. The new routes then appear as
new columns in the mathematical program.

Another visualization technique has often been used to
help algorithm designers understand the behavior of their
algorithms. This visualization technique animates the inter-
nal execution of the algorithm, and has been dubbed algo-
rithm animationB% % 4. 2441 Ag an algorithm executes, a
picture of the current state of the algorithm, perhaps show-
ing the data structures, is updated when “interesting’’
events occur. Typical algorithm animations"** for the sim-
plex method, for example, show a three-dimensional poly-
tope of either a three-variable linear programming problem
or a projection of a larger problem into three dimensions.
Each pivot of the algorithm is illustrated as a movement
from one vertex to another along the polytope. An algo-
rithm animation of an interior point method!"'% shows how
the algorithm iteratively distorts the polytope. For an ex-
ample from combinatorial optimization, Boyd, Pulleyblank,
and Cornuejolsi®® animated several different algorithms for
the traveling salesman problem.

Algorithm animation is essentially the same as anima-
tion typically found in discrete event simulation.** '** In
such an animation, a picture of the underlying problem
changes at interesting events in (simulated) time. Although
most authors laud the ability of animation to debug and
validate the simulation model, it does not remove the need
for careful statistical analysis*® 177l since a single anima-
tion may not include examples of important behavior.

VIM actually saw its principal first application as Visual
Interactive Simulation (VIS). The VIS community takes
pains to emphasize the difference between interactive ani-
mation and non-interactive animation. In an interactive
animation, the model and data can be changed at any time,
with the behavior of the model then observed. In non-
interactive animation, the user cannot change the model or
model data while the animation is proceeding—the anima-
tion merely represents the playback of a recorded “‘movie.”
For optimization algorithms, especially for large problems,
playback of a movie may be all that is possible, since the
time between significant events can be large. For example,
if one is animating a large linear programming problem,
each iteration may require several minutes (or longer),
which is far too slow for real-time animation. One may
have no alternative but to store a sequence of images, one
for each iteration, for later playback after the algorithm is
run.

Many solution techniques arguably have enjoyed success
because of their natural graphical representation. The clas-
sic example for mathematical programming, of course, is a
minimum cost network flow model.’® 1**! The proliferation
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of activity on neural networks,"*> 241l including its use in
optimuzation,'?® 144 237, 263] hag been under intensive inves-
tigation in part because of its graphical representation.

Finally, visualization of algorithms can lead to new prob-
lems and new theory. Hubbard (as described in [117])
visualized the behavior of Newton’s method for finding
roots of nonlinear functions. He was interested in how the
solution that resulted depended on the starting point. When
he color-coded each starting point based on the final solu-
tion that was produced, the image that resulted was a
fractal. This example illustrates the power of visualization
to provide new insights into the behavior of even well-
established algorithms.

In another example related to optimization, conventional
wisdom has stated that optimal solutions to combinatorial
optimization problems are generally more sensitive to
changes in the input data than are approximate solutions.
As Bartholdi and Platzman!'® wrote about the traveling
salesman problem, “‘optimal solutions are fragile in the
sense that they can be exquisitely sensitive to changes in
the data.” For the planar case, Jones!'*) considered how
the tour changed when a single city is moved. If the city
moves far enough in the correct direction, the tour will
eventually change. So, for any tour, there is a region in
which the tour will not change, as long as the moving city
stays inside the region. Different solution algorithms (opti-
mal and approximate) generally produce different sets of
regions. By drawing the regions in which the tour remains
unchanged, some insight can be gained on the behavior of
different algorithms. In particular, as shown in [160], most
of the classic approximation algorithms, with some notable
exceptions, produce less stable solutions than optimization
algorithms (see Figure 14). It was only through the visual-
ization that this result was uncovered.

Comments

Although interactive optimization has often been used, is it
useful? No definite answer can yet be given, although
some results are beginning to appear. In an experimental
comparison of interactive solutions produced by optimiza-
tion algorithms for the planar traveling salesman problem,
Mak, Srikanth, and Morton!'®! showed that humans could
produce better solutions than even the best heuristic algo-
rithms. Taseen**?) showed that his particular example of
the use of VIM for an optimization problem produced
consistently better answers than a non-graphical version of
the same problem.

As for algorithm animation, although widely touted,
experimental evidence has been sorely lacking. The one
study that has been conducted?*! actually found that algo-
rithm animation does not provide any significant aid to
understanding the behavior of algorithms. The authors of
the study, who developed a major algorithm animation
environment, conjectured that their study did not provide
sufficient motivation to subjects, nor enough guidance as to
what the subjects should look for in the animation. These
negative results may indicate that algorithm animation

If city 1 stays
in this region,
tour will not
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Agurs 14.  The above figures are associated with two differ-
ent algorithms for the traveling salesman problem, the
upper figure with an optimization algorithm, the lower
figure with an approximation algorithm (Farthest Insertion
plus ThreeOpt). These figures explore the sensitivity of the
solution when a city is moved, in this case city 1. Each
region in each picture represents an area where the tour
computed by the algorithm does not change, as long as city
1 stays inside the region. Note that the regions for the
approximation algorithm are far more complex than those
for the optimization algorithm.

does not live up to the hype of its promoters, and thus
should be abandoned. The wide use of the technique,
however, suggests that it does have some useful applica-
tions. The challenge is to discover exactly how it is best
delivered, to which audiences, and for what tasks.
Visualization techniques have helped to uncover unex-
pected behavior in algorithms, as witnessed by Hubbard'’s
work (as discussed in [117]), for example. Unfortunately,
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although the use of visualization has increased, experimen-
tal evidence to support its use is rare. We simply do not
have clear guidelines that indicate which visualization
techniques are best suited to which problems and which
users.

1.5. Solution Analysis and Results Presentation

Once an algorithm is run, a solution is produced. For linear
programming problems, information useful in sensitivity
analysis is also produced, including dual prices and ranges
on the objective function coefficients and on the constraints.

In many cases, however, the solution is not correct. It
may be that the problem is infeasible or unbounded. The
algorithm may fail to converge. For nonlinear program-
ming problems, although a local optimum may have been
found, it may not be the global optimum.

The causes of these problems are legion: the input data
can contain errors, constraints may be missing, or extrane-
ous constraints may have been included. For nonlinear
programs, the initial solution may not have been the best.
For integer programs, adjustments to the branching method,
the bounding method, or other parameters may need to be
performed. For most problems, one is interested not just in
an individual solution but in its behavior over a set of
possible input parameters or over a range of possible cases.

In short, the completion of the algorithm represents the
beginning of a long process of debugging and validation,
i.e., understanding the problem. Much research has been
conducted to provide better analyses of solutions”® - **
103, 261] and to diagnose infeasibilities.|" 2 In this section,

Jones

we discuss some of the visualization techniques that have
been applied.

Several different types of plots are frequently used in
sensitivity analysis. For example, plots of the value of the
objective as a function of an input parameter (see Figure
15) are commonly seen in textbooks, but are just emerging
in commercial systems.'*"” 27 In goal programming, one
produces plots of efficient frontiers, exploring the trade-offs
among multiple objectives.

Perhaps the most well-developed tool for exploring the
behavior of linear programming problems is Greenberg's
ANALYZE'?6: 1301 ANALYZE provides extensive facilities
for displaying pieces of the linear programming problem.
Since linear programming problems ultimately are trans-
formed into some form of table or matrix, the pieces shown
by ANALYZE are typically displayed as submatrices (see
Figure 16a). ANALYZE also provides natural language
explanations that automatically explain the meaning of
variable names and constraints,'?*! among others (see Fig-
ure 16b). More sophisticated analysis of linear program-
ming models is also provided. ANALYZE, for example, can
produce a natural language explanation of the value of a
shadow price. Currently, however, all ANALYZE output
consists of text, including matrix images (see Figure 16a).
At least some of ANALYZE’s output could be usefully
displayed graphically (for example, see Figure 7).

Comments
Models, like computer programs, are usually not written
correctly the first time. Errors in the model itself, in the

Page Model Case Window

S e

D Case: Original data

Parametric Analysis: NOx

A PARAMETRIC CURVE
108000

total_cost vs. max_NOx_emission

The relation between total
energy production cost and
the maximum altowed 107250
emission level.

260 280 300 320 340

Total cost 1S measured in 108500

millions of dollars, and

emission of NOx is

measured in thousands of 105750

tans per year 240
Start

[ _

Range...

(2]

l((ll Outline H))J

T

p—

Fgure 15. Plot of the objective function value as the value of the right-hand side of a constraint is varied. The image comes
from AIMMS.?'7] Image courtesy of Paragon Decision Technology.

PN

4




Downloaded from informs.org by [216.73.217.74] on 15 July 2026, at 04:21 . For personal use only, al rights reserved.

285

Visualization and Optimization

TTTT

NNS S

EEWW

N SN s

EWEW
CosT + + + + - MIN
DNE + + > o+
DSW + + >+
SNE + o+ < o+
SSW + o+ <+

a Submatrix Image Output from ANALYZE

Row syntax has 2 classes
A row that begins with S limits supply at some supply region
A row that begins with D requires demand at some demand region

Column svntax has 1 class
A column that begins with T transports from some supply region to
some demand region
b Natural Language Output from ANALYZE

Figure 18. Two outputs produced by ANALYZE['?*) In
(a), the “+"’s represent nonnegative matrix entries. The
short row and column labels are a consequence of an eight-
character limit on identifiers. The column label TNESW
represents the transport (T) of material from the northeast
(NE) to the southwest (Sw) region. Similarly, the row label
DNE ensures that the demand (D) by the northeast region
(NE) is met. Another output from ANALYZE (b) provides a
natural language explanation for the row and column
names. lmages courtesy of H. Greenberg.

data, and in the basic concepts are usually not revealed
until the model is built and solved. With current models
often involving hundreds of thousands of decision vari-
ables and constraints, it seems imperative to provide ‘‘de-
buggers” to help uncover the problems in a model, similar
to debuggers for computer programming.

For example, if an algebraic language is used to specify a
problem, then the debugger should report its results in a
form consistent with that algebraic language. If the model
has been translated into a form required by a solver, much
of the semantic information in the algebraic specification is
lost. The debugger must somehow maintain linkages to the
original formulation, much as a debugger for programming
languages maintains linkage between the source code and
machine code.

Debugging a model, although extremely important, does
not guarantee the accuracy of the model. Models must be
validated, that is, their behavior must be judged against a
real-world standard. Does the output correspond to our
expectations? If not, perhaps the model has uncovered an
unexpected, but useful, insight on the real problem. Or
perhaps the model is simply inaccurate. In short, does the
output make sense when applied to the actual problem?
Debugging tools can certainly help probe the behavior of
the model, but we seem less able to formalize validation.
The model was built to represent a complex real-world
problem. How can we be certain that the model represents
the real world with sufficient accuracy?

2. Visualization Formats

In the previous section, we explored visualization from the
perspective of the tasks involved in a mathematical pro-
gramming project. In this section, we discuss some of the
different formats that are available for representations. We

first present them individually. Future optimization sys-
tems will allow a variety of representations to be viewed
and manipulated simultaneously. The individual represen-
tation formats that we consider are text, hypertext, static
graphics, animation, sound, touch, and virtual reality.

2.1. Text
Although “visualization” is usually assumed to imply
“graphics,” text should not be ignored. Ask any poet.

Early mathematical programming systems could only
accept input in textual form (as punched on cards) and
produce output in textual form. Perhaps the use of text for
building and understanding linear programming models
has been fully explored. However, recent developments
would suggest otherwise.

For example, the ability of today’s computers to display
multiple fonts in multiple sizes allows for more expressive
representations. Geoffrion!™! in SML showed how differ-
ent text styles could be used to highlight different aspects
of information (see Figure 5).

Whereas textual languages have been able to simulate
algebraic syntax, they do not duplicate it. However, it is
now possible for users to enter algebraic syntax directly at
least for text-editing purposes, including summation nota-
tion. This allows users to enter algebraic syntax using
special symbols such as £ and V at least in a text editor.
Although we are unaware of any optimization system that
accepts such formatted text directly, those capabilities
should break down the barrier between the traditional
algebraic formulation and the actual modeling language.

Some authors have developed software that can generate
automatically natural language expressions that explain
the behavior of mathematical programs. We have already
discussed ANALYZE!'*®! (see Figure 16). The system of
Kimbrough et al.l'6% 1] also generates text automatically
(see Figures 17 and 18).

Textual representations can also be manipulated. Lan-
guages for performing symbolic manipulation, for example,
MACSYMA 222 Mathematica,?*”) and Maple,®® provide
extensive facilities for performing symbolic differentiation,
symbolic integration, and equation solving (for example,
Mathematica provides built-in linear and nonlinear pro-
gramming algorithms). For nonlinear programming, this
type of manipulation seems especially useful.

For the input of text, syntax-directed editors have been
proposed. They provide editing operations tailored specifi-
cally to a particular language. For example, the system in
[223] provides simple editing operations to add and re-
move if-then-else and do-while constructs from Pascal,
while ensuring that variables are declared before they are
used. Such syntax-directed editing techniques have been
applied to mathematical programming and other modeling
languages.!40- 262]

Comments

Many current modeling languages rely on plain ASCII text
created using a text editor. Although this choice greatly
enhances portability, it denies users access to more sophis-
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The RSSET Cost Analysis Module calculates ship acquisition and o
life cycle costs. The intent of the module is to provide data
which can be used to evaluate the relative costs of competina
systems of ships. The source / reference for the model assete?

is CANDIDRTE CRAFT STUDY (second analysis), U.S. Coast Guard H.Q.
The model asset has the following eguations:

f_c =: c_l_s + n_f *xc_1_s

c_l_s =: c_l_acq + c_1_p

c_l_p =: c_l_mp * w_mp + cph * n_h

c_l_acq =: 1.335000 * p_1

p-1 =: c_l_cc + c_l_profit

c_f_s =: c_f_acq + c_T_p

c_f_p =: c_f_mp * w_mp + cph * n_h

c_f_acq =: 1.295000 * p_f

p_f =: c_f_cc + c_f_profit

The mode! asset calls asset_cer to evaluate

c_f_cc, c_f_profit, c_l_cc and c_l_profit.

&4

max [ [=3]

Agure 17. Clicking on asset, the name of a model, in order to display more information about the model. Figure courtesy of

S. Kimbrough.
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describe(&asset)
The RASSET Cost Analysis Module calculates ship acquisition and i
run[t‘rasset,ﬁ*hgdrofoil(l]] ] nmodule is to provide data
run(&asset,&swath(1))
f_c=3.165701e8 i
c_l_s = 3.448127e7 f_c=2.110006e8
c_f_s = 2.820888e7 c_1_s = 2.289484e7
c_1_p = 9325000 c_f_s=1.881057e7
c_f_p=8150000 c_1_p =9325000
c_l_acq = 2.515627e7 c_f_p=38150000
c_f_acqg = 2.005888e7 c_l_acq = 1.356984e7
c_f_acqg = 1.066057e7
Li" 1 I | ]
S=———= what is(&1_c) mE i
The variable f_.c stands for total fleet cost o ()
O
max K[ ]
c_f_cc, c_f_profit, c_l_cc and c_l_profit
<
max E

Agure 18. Results of running the asset model with two scenarios, swath and hydrofoil. The user has also asked for more
information about the variable f_c, which is displayed in the lower window. Figure courtesy of S. Kimbrough.
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ticated text formats and text input techniques. The ability
to use multiple fonts in multiple sizes is slowly becoming
easier. On Unix systems, X Window!?*?] provides standard
mechanisms for working with complex fonts. Microsoft
Windows and the Apple Macintosh also provide standard
font manipulation capabilities. Adobe Systems,!'} the in-
ventors of the PostScript printer language, has just recently
proposed a standard format called Acrobat®?! for inter-
changing complex multi-font documents across multiple
platforms. In short, the ability to work with multiple fonts
will become even more widespread.

Syntax-directed editing should help to eliminate syntac-
tic errors in models. Most algebraic languages, for example,
assume a standard text editor for building the model. Then,
the model is “‘compiled,” with syntax errors uncovered.
The modeler must then iterate through a revise-compile
loop before the solution algorithm is ever run. A syntax-
directed editor would help the modeler uncover syntax
errors more quickly, thereby providing valuable assistance
in the model-building process.

2.2. Hypertext
One especially interesting extension to text is hyper-
text.% 7] Hypertext was foreshadowed almost 50 years ago
by Bush’s!*”l speculative article describing mechanisms to
organize complicated information. Briefly, most articles,
books, and other printed documents assume that users will
read the material from front to back, that is, in a linear
fashion. Hypertext-based systems allow users to jump
around and explore information in a nonlinear fashion.
Users need only point to hypertext links to jump to display
additional information. For example, if the text contains a
link labeled “Lagrangean Relaxation,” the user can quickly
obtain more information about that topic. Hypertext is now
often used to provide on-line help, for example, in Mi-
crosoft Windows. Hypertext, of course, need not be limited
to displaying only text. Hypermediad?®! provides nonlinear
navigation capabilities for text, graphics, sound, and video.
Given the complexity of mathematical programs, hyper-
text seems like a promising organizing tool. Kimbrough et
all'*® 1%l developed a hypertext-based system for organ-
izing mathematical programming and other types of
problem-solving projects. Essentially, any important model-
ing construct, such as variable names and values, parame-
ter names and values, and model names, can serve as a
hypertext link (see Figures 17 and 18). Users need only
point to the item of interest in order to obtain more infor-
mation about that item. When the information is displayed,
users can request additional information about items in the
new window, and so on. In this fashion, users can navigate
through a complicated optimization project. Hypertext style
links are now part of MIML.I%!

Comments

Hypertext provides a natural, easy-to-use mechanism for
navigating through complicated information. Since models
are complex, hypertext should become a standard interface
style for browsing through optimization models and solu-

tions. The lure of clicking a mouse on a variable, column,
or constraint to obtain more information is irresistible.

2.3. Graphics

With the availability of computer graphics hardware, as
well as robust graphics standards that allow graphics to be
exchanged among applications, presentation graphics such
as bar charts and line charts are ubiquitous. They are built
into spreadsheets, word processing programs, and data-
bases. Numerous authors have developed general guide-
lines for their use.[® % 27:258] Clearly, graphics can be used
to present summaries of results, to plot the value of the
optimal solution as a function of unit costs, profits, or
resource availabilities, or to plot the convergence of the
objective function to its optimal value.

Such easy-to-use tools make it easier to misuse presenta-
tion graphics as well.?*”- 28] For example (as Cleveland and
McGill®®! noted), pie charts are a commonly used represen-
tation format. Compare the pie chart of Figure 19a to the
bar chart of Figure 19b. Both charts plot the same data. In
the bar chart, the largest bar represents the sum of the

a. A pie chart.

60 4

50 4
40 4
30 +
20

10 4

A B  C D E Total

b. A bar chart.
Figure 18. A pie chart and a bar chart of the same data.
According to Cleveland and McGill,*®! most people find it

easier to compare the heights of the bars than the sizes of
the pie pieces.
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other bars. Which of the two formats makes it easier to
rank the values from largest to smallest? Most people find
that the bar chart representation makes this task much
easier. Pie charts, however, are well known and widely
used. People may continue to use even harder-to-perceive
presentation graphics such as pie charts simply because
they are more familiar with them "'

Commercial vendors are now providing more and more
styles of presentation graphics, often with questionable
utility. For example, three-dimensional bar charts might
seem alluring, but humans usually find it easier to view a
dataset when it is plotted in two dimensions!*”) For ma-
chine scheduling, we proposed a three-dimensional Gantt
chart!®® that is quite similar to a three-dimensional bar
chart. Although this type of Gantt chart is an interesting
piece of conceptual art, it has no practical application.

As discussed in Section 1.2, networks and graphs have
commonly been used for mathematical programming. Al-
though not as ubiquitous as tables, graphs nevertheless are
widely used. In addition to graph-based languages for
mathematical programming, many systems have been im-
plemented for specific types of problems, including project
management software and interactive vehicle routing sys-
tems. Vehicle routing systems make extensive use of differ-
ent types of graphs and networks!'! 37 %% 18 231l since a
road map is just a graph.

Just as spreadsheets provide a general, easy-to-use inter-
face for working with tables, perhaps one could provide a
general, easy-to-use interface for working with graphs. Sev-
eral authors have developed systems based on graphs as
the fundamental representation format. Dao et al®*} devel-
oped Cabri, which allows users to explore a variety of
problems in graph theory. NETPAD?? includes a modular
user interface into which various combinatorial optimiza-
tion algorithms can be inserted. Linx'*) supports a graph-
based representation for production and distribution plan-
ning. MIMI/GP*! provides a general graph-based represen-
tation capability for mathematical programming and other
models.

Jones!1%6-158, 161-164] proposed a framework for graph-
based modeling using attributed graphs and graph-gram-
mars[1207122, 204=2061 By relying on formal language theory,
support can be provided for a variety of graph-based repre-
sentations, not just in mathematical programming (see Fig-
ure 20). Linkages to Structured Modeling!***! and to PM*('**)
have also been explored.

In the domain of production scheduling, Gantt
charts®®> 194 (see Figure 21) have been used in factories
since the early part of the twentieth century and in com-
puter systems since at least the late 1960s.1%! They are
ubiquitous in project management software.

For the input of graphics, one can use a direct manipula-
tion interface. Direct manipulation interfaces have been
defined*® 240 a5 interfaces that increase the level of
“semantic engagement” between the user and the com-
puter. Rather than having to describe to the computer the
desired action (for example, to delete a particular line of
text), the user physically performs the operation directly.
For graphics input, direct manipulation interfaces typically

allow users to draw pictures of their problems using a
mouse or stylus.

Angehrn) and Angehrn and Liithi®! proposed a novel
direct manipulation technique for creating and analyzing
models. Using their technique, known as modeling by exam-
ple, modelers simply draw a picture of the current problem
(actually, a graph). For example, in a telecommunications
design problem (see Figures 22 and 23), where the goal is
to locate switching centers, a user would draw a picture of
the existing network, assign attributes to the nodes and
arcs in the network, and suggest locations for the switching
centers. The system deduces the basic problem, selects and
executes an algorithm, and then presents a solution, that is,
a set of switching centers. This technique seems similar to
research in computer science on building user interfaces by
example 1% 201-20%] In, this line of research, a user interface
builder draws the desired user interface, provides exam-
ples of how the user interface should respond to particular
user actions such as moving the mouse, and the interface is
then built automatically.

Comments

Even with the wide variety of graphics possible, only a few
representation formats are actually used. Traditional pre-
sentation graphics are reasonably well covered by today’s
software. Gantt charts have seen wide use in project man-
agement systems, and are also being used in production
scheduling systems. Graphs and networks are widely used
for modeling, but no single software paradigm analogous
to spreadsheets for tables has emerged for graphs and
networks. Developing such a paradigm would be a great
benefit to modeling practice.

The computer-aided design community has had much
greater success developing a general paradigm for their
graphical models. Autocad'*®! for example, has estab-
lished a defacto standard to allow designers to create
mechanical and architectural designs. However, these ap-
plications seem easier than many of those tackled in OR
since mechanical parts and buildings have a natural graphi-
cal representation while it is difficult to envision an appro-
priate representation for an optimal recipe for blending
gasoline. Many of the problems that are tackled by OR just
do not have an obvious graphical representation.

2.4. Animation

When images are updated quickly enough (ideally over 30
times per second®!!), animation occurs. As discussed in
Section 1.4, algorithm animation appears useful to help
algorithm designers and others understand the behavior of
algorithms. Jones!'¢!] proposed a different style of anima-
tion intended more for non-technical people. Instead of
animating the internals of the algorithm, this style of ani-
mation, known as animated sensitivity analysis, animates
how the solution changes as input parameters are changed
continuously. Jones demonstrated applications of this
idea to teaching the graphical solution technique for two-
variable linear programming problems and understanding
solution heuristics for traveling salesman problems and
production scheduling problems. For example, in a two-
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Figuwre 20. Graphical syntax-directed editors for bar charts (upper left), decision trees (upper right), project management
networks (lower left), and linear programs (lower right).12) Note that the heights of the bars in the bar chart are determined
by the values of the probabilistic nodes (smaller circles) in the decision tree. Similarly, the values of the leaves of the decision
tree are determined from other graphs. For example, the value of 120.0 for the leaf node labeled 1pl in the decision tree is
calculated by the linear program. Finally, the project management network is used to manage the other models.

variable linear programming application, users can change
a right-hand-side value by dragging the line representing
the constraint with a mouse (see Figure 24). As the line is
dragged, the optimal solution, feasible region, and dual
values are recalculated and redisplayed simultaneously.
Buchanan and McKinnon!*®! and Belton, Elder, and
Meldrum®®*! have also explored animated sensitivity analy-
sis for linear programming.

In both algorithm animation and animated sensitivity
analysis, it helps to produce a static representation of the
history of the animation. For example, in the visualization
of the planar traveling salesman problem!'®!! discussed in

Section 1.4, users can move a city and simultaneously see
the new tour. As a city moves, the sequence of cities on the
tour changes only at discrete points. The regions in which
the tour does not change are drawn in “batch” mode.
Animation is now used in a different way, however. In
the original version, only a single city moves, say city 1,
with the other city locations fixed. What happens if the
other cities are allowed to move as well? For each incre-
mental set of city positions, the regions are drawn, assum-
ing city 1 is allowed to move with respect to the other
cities. This set of images can then be played back, produc-
ing an animation. From viewing the animation, very pre-
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Agure 22. A simple model for locating switching centers.

Users can point to nodes and arcs to see their attributes. For

example, the table on the left-hand side shows the properties of the node Basel (24 messages sent with an average
transmission time of 5.2 seconds). In a second table (right), the planner can see the attributes of the arc connecting the two

nodes St. Gallen and Chur. Figure courtesy of A. Angehrn.

liminary observations suggest (see Figure 25) that optimal
algorithms still produce more stable solutions than most
classic approximation algorithms.

Comments
With the advent of multimedia standards such as MPEG['7®]
and QuickTime,®! animation is becoming as widespread as

graphics. For example, one can now cut and paste anima-
tions among spreadsheets, word processors, and even other
programs such as Mathematica. Users can then play the
animations inside each application.

With the proliferation of animation comes a danger,
however. When static computer graphics became cheap
and easy, a variety of garish, probably useless graphics
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Fipre 28.  Once users have suggested positions for switch-
ing centers (top box), the system infers the general struc-
ture of the problem and suggests new locations for the
switching centers (bottom box).

were produced.”) Most people have never been trained in
even the most basic principles of graphics design. With the
increasing ability to produce animation, we now are faced
with the prospect of improper use of this medium.

Guidelines for proper use of animation are rare. Al-
though animators from Walt Disney Studios have pro-
duced useful guidelines for producing entertaining anima-
tion,”! how that applies to optimization is unclear. The
algorithm animation community®¢-% 241 js providing
anecdotal recommendations, but the generalizability of
those guidelines is open to question. In short, animation is
coming to a computer near you, but how you should use it
is just beginning to emerge.

2.5. Sound

More and more computers provide high-quality sound
input and output capabilities. Several spreadsheets!!#% 194]
now allow users to annotate the spreadsheets with recorded
sounds. Users just speak into a microphone to add voice
annotation. Mathematical®®’] allows voice annotation as
well, but also allows one-dimensional mathematical func-
tions to be played back as sounds. The user can also plot
the sound as a line chart.

Although the use of sound in user interfaces is
still emerging, some idea of its potential can be de-
scribed % 34 %0- 108, 109 Perhaps most importantly, sound
provides another means of communication between user
and computer. That is, sound provides a communications
channel that is independent of the visual channel. Police
cars and ambulances exploit this phenomenon: one need
only hear the ambulance to know it is nearby. Sound is
frequently used in computer programs to signal unusual
conditions, if only as a beep when the user commits an
error.

Brown and Hershberger!*®! explored the use of sound in
algorithm animation. They have used sound, for example,
in an animation of a sorting algorithm. The magnitude of
each item is encoded as the pitch of a sound. Whenever the
item is moved, its corresponding note is played. Different
sorting algorithms using the encoding scheme produce
audibly different patterns.

Gomments

Although sound has been used in computer simulation,”®!
it has rarely been used for mathematical programming. It
has potential because it offers another communication
channel between human and computer.

We have informally experimented with the use of sound
in an animated sensitivity analysis for the planar traveling
salesman problem. As a city is moved, the tour can change.
An alert tone can be sounded whenever the tour changes.
Also, a tone can be played whose pitch is proportional to
the objective function value. Whether these sounds are
actually useful or merely produce an annoying cacophony
is unclear. The danger of noise pollution can be significant.
During the Three Mile Island nuclear plant catastrophe,
over 60 audible alarms sounded.??*]

2.8. Touch

Recent research in human-computer interaction has ex-
plored exploiting the human sense of touch. Experimental
hardware has been developed that gives force-feedback to
the user, or simulates the feel of different textured surfaces.
Such haptic (““of or relating to the sense of touch”[123)
devices are beginning to be applied.

For example, Brooks!*?! and Brooks et al.**! have used a
force-feedback robot arm for “‘molecular docking.”” Molecu-
lar biologists need to understand how molecules interact
and how they bond together or “dock.” Interactive com-
puter graphics systems that allow users to see and manipu-
late molecules in three dimensions are widely used. In
Brooks’s system, the molecular biologists not only see the
molecules, but feel the forces exerted on the molecules.
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Fgurs 24. Animating changes to the objective function for a two-variable linear program. The images are arranged clockwise,

starting with the figure in the upper left.

Brooks showed that the addition of force-feedback cuts
the time to determine the docking configuration by a factor
of two. The molecular docking problem can also be mod-
eled as a nonlinear mathematical program, but at the time
of Brooks’s article, the best mathematical programming
approach required over a day of CPU time, whereas molec-
ular biologists could determine the proper configuration in
a few minutes.’”)

Comments

At this point, other applications of haptic displays to opti-
mization are only speculative. However, force-feedback
might be used to illustrate hard and soft constraints physi-
cally. As a soft constraint is violated more and more, the
force-feedback would increase proportionately.

2.7. Virtual Reality

In 1965, graphics pioneer Ivan Sutherland?®*’! described the
characteristics of the ultimate computer display. Quite sim-
ply, such a display would be able to communicate with
users using the full range of human senses available—
three-dimensional images using the entire field of view,
stereo sound, touch, and perhaps even smell and taste. In
short, the goal is to create a virtual or artificial reality.'”> 7%

24] Gince we only can perceive the world through our
senses, exploiting those senses to the fullest holds the
possibility of more effective human-computer communica-
tion.

In recent years, a variety of input and output devices
have been developed that are beginning to approach
Sutherland’s vision. It is now relatively straightforward to
add stereoscopic viewing capabilities to traditional com-
puter monitors.?>*! But for a more realistic experience,
a new output device is emerging, the head-mounted dis-
play 122 201 With current technology, a head-mounted dis-
play consists of a special helmet worn by the user. In the
helmet are two displays that provide stereoscopic imagery,
as well as stereo headphones for playing sounds. A track-
ing device monitors the position and orientation of the
user’s head so that the image displayed and sounds gener-
ated can be updated appropriately. Other devices (for ex-
ample, the DataGlove®”)) can track the motion of individ-
ual fingers on the user’s hands, or even the user’s entire
body.

Typical head-mounted displays create an immersive arti-
ficial environment with which the user can interact. Other
authors, however, have suggested that users will need to
maintain a closer relationship with the real world. For
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example, a doctor might view a computer-generated image
of the insides of a patient projected onto the actual patient.
Some have proposed “see-through” head-mounted dis-
plays,® so that the user sees the real environment and
synthetic imagery projected onto that environment.

Virtual reality has perhaps seen widest application in
flight simulators?®®”! and military simulators.?*”] Other ap-
plications are just beginning to emerge. Although current
technology remains limited (the resolution of today’s
head-mounted displays makes the user legally blind), re-
searchers are actively pursuing applications in space explo-
ration®* medical training!" and fluid dynamics,!*”)
among others.

Comments

Given the newness of the field, any discussion of virtual
reality for optimization would have to be considered specu-
lative. At present, virtual reality seems to be used mostly
for video games. Although people will snicker, one should
remember that the largest application of computer graphics
in the 1970s was also for video games. Now computer
graphics forms an indispensable tool for less frivolous
applications.

Recent research appears intriguing. Brooks’s research on
force-feedback systems for molecular modeling has already
been discussed. Feiner and Beshers'®! used a stereo-
scopic display and a DataGlove to interact with multi-

Flgurs 25. A sequence of images from a movie of the regions for a six-city traveling salesman problem. Each individual
image shows the regions for city 1 where the tour calculated by FARTHEST INSERTION remains unchanged. The sequence
of images (read from left to right, top to bottom) shows the regions for different locations of city 5 as city 5 moves along a
path toward the upper right. Note that as city 5 becomes part of the convex hull of all the cities, the regions become much

less complicated.
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dimensional nonlinear functions. They provide an example
of their representation scheme for the standard Black-Sholes
options pricing model. Feiner and Besher’s proposal in-
volves nested depictions of two-dimensional surfaces where
the depth of the nesting depends upon the number of
dimensions. This application provides an intriguing exam-
ple that virtual reality will make it easier for mathematical
programmers to view higher dimensional information more
easily. In the next section, we discuss other approaches for
visualizing multi-dimensional objects.

2.8. Multiple Dimensions

A mathematical program identifies a subset of n-dimen-
sional space that constitutes the set of possible or feasi-
ble solutions. Therefore, it seems logical to visualize n-
dimensional spaces (see [227] for an exploration of how to
visualize four-dimensional space). For linear programming,
several authors, for example, [110, 183], have created sys-
tems for visualizing three-dimensional polytopes, that is,
either three-variable problems or projections of n-dimen-
sional problems into three dimensions.

Mathematicians and statisticians have explored tech-
niques to visualize higher (greater than three) dimen-
sional objects. Banchoff!!> '® developed graphics and ani-
mations illustrating mathematical objects such as a four-
dimensional sphere.

Statistics has developed a long tradition of research
into visualizing higher dimensional data¢” 1% 2 Many
of the representations are based on projections of
multi-dimensional point clouds into two or three dimen-
sionsI'% 20 52, 145, 2591 gevyeral of these projections can, of
course, be displayed simultaneously in separate windows.
A technique called brushing!" %1 allows users to select
points in one view and simultaneously see their positions
in all other views. Chernoff®”) and Flury and Riedwyl®>
proposed a novel multi-dimensional representation wherein
each data point is encoded as a face, each coordinate of the
point encoding a different characteristic of the face such as
the size of the nose. Although arguably too cute to be
helpful, these representations attempt to exploit our well-
developed ability to compare human faces. Inselberg!*’!
proposed a different type of multi-dimensional plot. In-
stead of drawing the n coordinate axes perpendicular to
one another, they are drawn in parallel. Each data point
(x,,..., x,) is plotted by locating coordinate x, along axis
i. Then, these locations are connected together. Positive and
negative correlations can easily be seen. To be effective, the
technique requires that the modeler choose the axes in an
appropriate order.

Comments

Most of the attempts to display higher dimensional objects
have not even attempted to represent objects having the
hundreds, thousands, or even millions of dimensions
found in actual mathematical programming problems. One
might conclude, therefore, that our inability to visualize n-
dimensional space for large n dooms any attempt to visual-
ize complex problems. Displaying multi-dimensional poly-

topes, although an interesting goal, may be a red herring.
Other, more feasible multi-dimensional representations may
be useful.

For example, a Gantt chart of a production sched-
ulel®> %] presents a set of time lines giving the status of
resources (say, machines) over time (see Figure 21). Al-
though drawn in two geometric dimensions, this represen-
tation encodes several data dimensions including time,
machines, operations on machines, status of the operations,
and interrelationships among operations. The Gantt chart
does not display the entire feasible set of possible sched-
ules as the n-dimensional polytope would, but it still pre-
sents useful information.

Another example is a network or graph (as discussed in
Section 2.3). For example, Figures 26 and 27 show a graph
of the linear programming relaxation for a sequencing
problem. The optimal solution should contain no cycles.
The LP relaxation, however, contains many cycles (see
Figure 26). Users can interactively break the cycle and then
generate a new solution that does not contain that cycle.

Similarly, spreadsheets, particularly emerging multi-
dimensional spreadsheets such as Lotus Improv,'* can
also be used for multi-dimensional representations.
Bertin®!! and Tuftel®>” 28] provide articulate discussions,
as well as illuminating examples, of multi-dimensional
data display in a variety of application contexts. In conclu-
sion, one need not display multi-dimensional polytopes in
order to have useful multi-dimensional displays.

8. Integration

In previous sections, we have discussed the use of visual-
ization from the perspective of the different tasks involved,
and the different representation formats possible. We now
attempt to tie the tasks and representations together. In
Section 3.1, we first discuss experimental evidence support-
ing the use of multiple representations, and then discuss
how optimization systems can support multiple representa-
tions (Section 3.2). Finally, we discuss how these represen-
tations can be built and maintained by multiple users
perhaps working in multiple locations at different points in
time (Section 3.3).

3.1. Experimental Evidence

Different users require different representations. For exam-
ple, Orlikowski and Dhar®'® studied expert and novice
mathematical programmers and discovered that different
groups used different cognitive processes to formulate lin-
ear programming models. Exactly which representations
will be appropriate for particular types of users and tasks
remains poorly understood.

Experimental evidence that examines the effectiveness of
different graphical representations has largely been equivo-
cal, however. Field research suggests that problem solvers
like graphical representations,"’" but results from formal
experimentation have not shown conclusively that graphi-
cal representations consistently produce measurably better
performance. Most of the studies have explored the effec-
tiveness of different types of presentation graphics such as
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Rgure 28. Graph-based representation of the solution to the linear programming relaxation of a sequencing problem. The
all-integer solution should contain no cycles. Using the menu at the upper right, users can point to arcs in the graph, and ask

that they be forbidden from the solution. Users can then re

27. Image courtesy of Chesapeake Decision Sciences.

bar charts versus pie charts versus tabular data. Although
most authors now agree that the effectiveness of a particu-
lar format depends not only on the format, but also on the
users and the tasks at hand, little experimentally based
guidance has been developed. In a detailed survey in 1985,
DeSanctis!®! stated that . .. relatively little is known about
the actual utility of graphics as decision aids.”” Since that
survey, several other authors have weighed in with studies
that claim to have developed more consistent, applicable
guidelines.”* 153 Mackinlay!'®5! even attempted to build a
system that would select an appropriate representation
format automatically.

Guidelines for emerging representation formats such as

-solve the model, with the results displayed. Compare to Figure

sound('? %% 50 and animation®>! are much less well devel-
oped than those for static graphics. Formal experimentation
that explores the relative effectiveness of these represen-
tation formats is even less developed, although some
is emerging.”**] Given the difficulty in producing consis-
tent experimental results even for simple graphics, one
might expect that it will be some time before consistent,
experimentally verified guidelines are available for the
newer representation formats.

To support multiple, simultaneous representations, win-
dow-based user interfaces were developed?*’) and are now
common (Apple Macintosh,'! Microsoft Windows, 28! and
X Window?®]). Any modern interface for mathematical
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Fgure 27. Final solution to the sequencg problem. Starﬁng with the solution Figure 26, the user iteraﬁ\}ely prohibited
arcs that produced cycles, and then invoked the optimization algorithm to generate a new solution. Image courtesy of

Chesapeake Decision Sciences.

programming will involve a multiple window user interface.
Sadly, commercial optimization tools that exploit this tech-
nology are only now emerging, even though it has been
widely available since the mid 1980s. These capabilities
provide several opportunities for enhancing the delivery of
mathematical programming tools.

In short, no one representation is useful for all tasks and
all users.1?5 116 2151 Therefore, we need multiple representa-
tions for multiple tasks and users.

3.2. Multiple Representations

If one is to provide multiple representations, two ap-
proaches are possible. One approach assumes a base of a
single, underlying, formal representation, with alternative

representations built on top of the base. A classic example
is Structured Modeling!"!!! The other approach attempts to
link together heterogeneous representations that were orig-
inally developed separately, perhaps with vastly different
assumptions. We call the former homogeneous and the latter
heterogeneous.

The homogeneous approach provides great economies of
scale. Any tool developed, perhaps originally for a specific
application, is applicable automatically to all other types of
applications. The power of a single representation format
has been exploited in widely different settings. Unix, for
example, uses text as its single underlying representation.
Unix provides extensive facilities to search for patterns of
text in files, allowing the text output by one command to
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be fed (or “piped,” in Unix terms) into another command.
Relational database systems store not only the data as
relations, but also as models of the data, with security
information controlling who has access to the data, and the
location of the data. Spreadsheets provide another example,
since everything represented in a spreadsheet—data, for-
mulas, macros—is stored in the same format.

For optimization (and more general OR models), the
homogeneous approach has been advocated by several
authors, including [14, 32, 111, 113, 133, 166). Several im-
plemented, commercial systems®® 216 221 also rely on a
homogeneous approach. Bhargava and Kimbrough®? based
their approach on the embedded languages approach, which
has its roots in formal logic. In Bhargava and Kimbrough's
framework, models, data, and information about models
are represented in the same way. When a new feature is
provided, for example, hypertext navigation, it can be used
for the data, the models, and the information about the
models. Jones(!>”- 18 161] baged his approach on attributed
graphs and graph-grammars, which are topics of formal
language theory.

Given the proliferation of different modeling tools in-
cluding spreadsheets, symbolic mathematics environments,
and word processors, as well as environments specifically
targeted to mathematical programming, it seems unlikely
that a single environment will completely dominate. Al-
though the homogeneous approach has produced notable
successes, even the homogeneous proposals must coexist
with other systems. Ultimately, heterogeneous representa-
tions must be supported.[1% 112}

Research exploring the heterogeneous approach is just
emerging. Derrick and Balci® have proposed a heteroge-
neous environment for simulation. Greenberg and
Murphy!'*! discuss the different representations required
for mathematical programming.

If no single system dominates, then what takes responsi-
bility for linking together heterogeneous representations?
The answer is: the computer operating system. All of the
different representations must coexist with some operating
system anyway. If the operating system manages system
resources such as memory, storage, and processor time, it
can also provide facilities to promote linking together dif-
ferent representations from different systems.

Features to link together different representations are
now being added to operating systems at a rapid pace. For
example, interchanging certain types of data such as text,
spreadsheet data, and graphics has become increasingly
easy. Dynamic Document Exchange (DDE) in Microsoft
Windows,#] Inter-Client Communication Conventions
Manager (ICCCM) in X Window,?%¥! and Publish and Sub-
scribe on the Apple Macintosh®! allow different representa-
tions to be exchanged in real time. For example, data
created in a spreadsheet can be inserted into a word proces-
sor. When the data in the spreadsheet are changed, the
change is reflected in the word processor immediately.

With additional standards such as Object Linking and
Embedding (OLE)"'*) and Amber,” a spreadsheet can be
incorporated directly as part of another document, say a
presentation. When the user double clicks on the spread-

sheet, without leaving the presentation, the user can alter
the spreadsheet. Imagine when the boss questions the va-
lidity of a model. The presenter need only double click on
the spreadsheet in the presentation tool to make the
spreadsheet “live” enabling the boss to explore the spread-
sheet. Emerging (or existing) object-oriented operating sys-
tems such as Pink from Apple and IBM and Cairo from
Microsoft?*?'] as well as NeXTStep from NeXT?!! promise
to facilitate linking together a variety of different represen-
tations easily.

Linking together multiple, heterogeneous representa-
tions requires standard interchange formats. With the de-
velopment of standards such as DDE, OLE, and ICCCM, as
well as multi-media standards such as MIDL!*#! MPEG [178]
QuickTime,”®) and Microsoft Windows Multimedia, %% it is
now possible to exchange animation, video, and sound as
easily as text and static graphics. With appropriate inter-
change standards, perhaps we can build viable mathemati-
cal programming environments out of interchangeable
components, such as a spreadsheet, a word processor, and
a symbolic mathematics system.

Implementing multiple, heterogeneous representations
in multiple windows poses several major challenges. If
several representations merely represent different views of
the same problem, then changes made to one representa-
tion should be reflected in the other representations. Cur-
rent spreadsheets provide such capabilities.

Incorporating such a capability in a multiple window
mathematical programming environment remains in its in-
fancy. For example, if an algebraic representation of the
problem is displayed in one window, and the instance
version is displayed in another window, then when the
user deletes a decision variable in the algebraic formula-
tion, the instance window will need to be changed, perhaps
radically. An alternative approach would not change the
old instance automatically, but would force the user either
to ask explicitly for the dependent representations to be
updated, or to ask explicitly for new versions of the repre-
sentations to be created. Kendrick!"”] developed a system
that linked an algebraic and graphical representation of the
transportation problem. Some commercial systems such as
AIMMS 2] MIMI /G,®] and MPLI®U are beginning to
provide such capabilities.

Linking together multiple representations in this fashion
is closely related to constraint-based programming. Origi-
nally proposed by Borning in [38], (see [179, 188, 251] for
more recent research) one specifies a set of mathematical
relationships or constraints, usually mathematical equa-
tions. As input values are changed, the set of constraints is
solved again. Surprisingly, techniques from mathematical

programming have rarely been used to solve the set of
constraints. Often, the variables in these equations are tied
to properties of graphical objects such as the location or
size of an icon. If the value of one or more variables is
changed, perhaps through mouse input, the set of mathe-
matical relationships is solved, with the graphics updated
as quickly as possible.

This simple idea has been used to help provide sensitiv-
ity analysis(®® and to translate a network into a bar chart,[162!
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and is now seeing application in commercial mathematical
programming systems.®” It could also be used to provide
animated sensitivity analysis for representations. By defin-
ing constraints across multiple representations and muiti-
ple formats, one can provide automatic updating capabili-
ties for linked representations.

The Advanced Visualization System®”! provides per-
haps the most advanced commercial implementation of this
idea. Essentially, it extends the notion of Unix pipes, which
allow for the transmission of text from one Unix command
to another, to visualization. Users draw a network of pipes
linking data nodes to filters for processing data, and finally
to visualization nodes which actually present the informa-
tion.

For optimization, however, the only common inter-
change format is the MPS format, which has been showing
its age for far too long. MPS can only represent problem
instances, not generic structure, and its variable names are
limited to eight characters. Many mathematical program-
ming systems provide incredibly rich capabilities for
squeezing a variety of information into those eight charac-
ters. The row and column names in Figure 16a are re-
stricted to eight characters. The column names begin with
the letter “T,” because those variables represent trans-
portation activities. The next two characters represent the
sources, and the final two characters represent the sinks.
For large problems having hundreds of sources and sinks,
cryptic code names must be used. Furthermore, MPS can
only represent linear programs. Conn, Gould, and Toint”>!
have proposed an extended version of the MPS standard
that is upwardly compatible with the existing MPS stan-
dard. It also allows nonlinear constraints to be specified. It
retains for compatibility’s sake, however, much of the con-
ventions of MPS, including variable names limited to a
maximum of eight characters.

It seems imperative that members of the mathematical
programming community join together to develop a more
modern standard. The new standard should allow for lin-
ear, integer, and nonlinear programming models to be
specified. Identifiers should not be limited to eight charac-
ters. It should allow the interchange not only of individual
problems (instance level), but also problems at the generic
level.

More specifically, the new format should contain infor-
mation about the sets and tables that were used to generate
the problem. For example, in MPS, an objective function
coefficient for a variable might appear as T1L3LAP8. It
might actually represent the transport of product 8 from
location 3 to location 4 in time period 1. In other words,
this model apparently contains variables that are indexed
by time period, product, and location. This type of informa-
tion should be represented in the interchange standard.

With the proliferation of algebraic languages, it is an
appropriate time to begin defining a general interchange
standard for these languages. Of course, there may be little
commercial incentive to pursue a new standard. After all, a
standard interchange format would make it easier for users

to migrate from one language to another, which is not
necessarily in the best interest of the commercial vendors.
However, the success of defacto standards such as Unix,

DOS, and Microsoft Windows points to the demand for
standards. Upward compatibility with MPS should not be a
difficult problem, since a simple conversion program from
the old format to the new format should suffice. Without a
new standard, the vision of multiple, linked representa-
tions from multiple vendors cannot come to pass.

8.3. Multiple Users

Most problem-solving projects are not conducted by one
person, but by groups of people. Clearly, groups of people
have been using computers for quite some time. A field
study of spreadsheet development,?%®! for example, found
that most spreadsheets were developed in a collaborative
process involving several individuals.

The field of computer-supported cooperative work
(CSCW)I13* 135 attempts to support groups of people in
their activities. Many different flavors of CSCW are cur-
rently emerging. People might work together simultane-
ously or synchronously on a project; for example, they
might edit the same text at the same time.'*”! In contrast,
people may work on the project at different times, that is,
asynchronously. They could be in the same room or dis-
persed geographically. In teleconferencing, meetings are
conducted using video to link people from far away (see
[35] for an extreme use of teleconferencing).

An increasingly common form of CSCW has been dubbed
a Group Decision Support System (GDSS) 83 86 154 2141 At the
University of Arizona,*'*! meeting participants work to-
gether in a room using a network of computers. Guided by
a facilitator, the participants use a variety of tools provided
by the GDSS to attack a problem. Tools for brainstorming
ideas, organizing ideas into categories, and voting to settle
points are some of the many techniques provided.

Comments

Ideas from CSCW have not found their way into the mathe-
matical programming community. This seems somewhat
surprising since mathematical programming projects often
involve coordinating not only large models and large
databases, but also large numbers of people. One could
imagine a system for editing mathematical programming
formulations that allows multiple users to perform editing
simultaneously.

Spreadsheets, as well as some mathematical pro-
gramming systems #2161 now provide some capabilities
for managing multiple versions of models and data.
Holsapple, Park, and Whinston!"*!] proposed an architec-
ture for decision support that could possibly support mul-
tiple, simultaneous users. We could also imagine an
asynchronous system for mathematical programming
formulations that tracks the changes made by each user,
much like source code control systems that support
computer program development.

4. Ressarch in Visualization and Optimization

The goals of visualization and OR are quite similar: to
provide insight into complex problems. OR uses mathemat-
ical algorithms whereas visualization studies representa-
tions. However, the techniques that OR has developed rest
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on the solid foundation of mathematics and computer sci-
ence. We can usually prove that a particular solution to a
mathematical program is optimal, that an algorithm will
converge, or that the solution, when not optimal, is at least
close to the optimal solution. Mathematical proofs of the
effects of visualization seem less likely.

At best, we can conduct carefully designed experiments
to establish the quality of different forms of visualization.
That experimental style of research does not fit into the
mathematical traditions of OR. Although reference disci-
plines, including cognitive psychology, linguistics, human-
computer interaction, and formal logic can contribute well-
developed theories, many of these disciplines have not
traditionally been considered part of the mainstream of OR.

As discussed throughout the previous sections, represen-
tation forms a key component of the life cycle of mathemat-
ical programming projects. From conceptual models,
through formulations, databases, data structures to facili-
tate solution, outputs of algorithms, debugging informa-
tion, and final presentation, an OR project is really just a
process of transforming one representation into another.

Given the variety of representations needed, the diffi-
culty in constructing them, and most importantly, the need
to tie them together, research in this area is essential to the
growth of OR. Research on visualization in optimization
should explore the following directions.

Empirical Evidence

Several authors have presented articulate, detailed discus-
sions of how to represent complicated datasets and prob-
lems. Bertin®!! developed a taxonomy of different graphic
representations based on their ability to encode different
types of data. Tufte’s books** 28! developed several rec-
ommendations for creating effective, parsimonious graphi-
cal representations of data. In Section 3.3 we discussed the
lack of experimental evidence concerning the effectiveness
of different representations. With new hardware and soft-
ware capabilities, the constraints on representation capabil-
ities are relaxing—this could lead to better ways of visual-
izing problems. Although such research in the past has
been fraught with inconsistencies, the need to understand
which representations work best for which tasks and users
remains. Perhaps researchers have considered problems at
too high a level when they try to answer a question such
as: Do problems represented as bar charts lead to better
understanding than the same problems represented as ta-
bles? Experimental research that has asked more funda-
mental questions (such as which encoding schemes are
perceived more accurately) seems to have enjoyed greater
success. Better experimental evidence, specifically targeted
to optimization, is essential.

Formalizations

Several fields, such as formal languages and formal logic,
have concentrated on developing theories of representation.
These have formed the basis of several homogeneous (as
defined in Section 3) representations used for modeling
environments. Formal language theory has been used to
help develop and describe computer programming lan-

guages. Recently, these theories have been applied in the
realm of mathematical programming. Syntax-directed edi-
tors are one result that have been developed for mathe-
matical programming languages. Kimbrough et al, 1% 169]
Krishnan!'”? Hong, Mannino, and Greenberg,' and
Muhanna and Pick!**’! have relied on formal logic for their
approaches. Graph-grammars, a formal theory for visual
languages, have been applied to describe the variety of
graph-based models that are employed in mathematical
programming, 1715816171641 Ba]dwin{'4] and Greenberg and
Murphy!*** ‘have proposed the use of a single, central
representation format to support a wide variety of differ-
ent representations or views of the underlying problem.
Geoffrion 111 113, 114] developing Structured Modeling,
has attempted to provide a single, formal framework of
systems supporting multiple representations. In fact,
Geoffrion proposes a variety of useful representations based
on Structured Modeling. Formalization brings legitimacy to
the field, as well as practical tools useful in modeling.

Integration

Many proposals for different representations for mathemat-
ical programming exist. The authors of each of these pro-
posals (including the author of this paper) frequently seem
to view their representation proposal as the *best,” in some
way. Yet, given the variety of representations, it does not
seem likely that one representation will come to dominate.
Rather, different representations will coexist. Mathematical
programming systems need to provide a variety of repre-
sentations, for input as well as output, in multiple formats.
Whether this should be accomplished by using a single
underlying representation format, or by combining hetero-
geneous systems, remains an open question. However,
emerging operating system technology is making the ex-
change of information among different systems far easier,
so the heterogeneous approach is becoming more possible.
Perhaps all that is necessary are a few components such as
spreadsheets, databases, algebraic modeling languages, hy-
pertext, and solution algorithms linked together by facili-
ties provided by computer operating systems.

New Visualization Techniques

Newly available visualization techniques, such as anima-
tion, sound, computer-supported cooperative work, multi-
media,*> 27) and haptic displays, have yet to be applied
widely in mathematical programming. Exploratory re-
search that develops novel and interesting uses of these
techniques would be of interest. Such research could bring
out the “lunatic fringe,” but out of that morass could
emerge some useful ideas. Of course, those ideas would
need to be carefully tested. Researchers interested in pursu-
ing such a direction would be well advised to consult the
work of Brooks."> *3 Brooks provided an excellent model
for research that combines such exploratory investigation
with solid experimental justification.

5. The Future of Visualization and Optimization
In previous sections we have attempted to provide a de-
tailed discussion of existing research and practice applica-
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ble to optimization. In this section, we predict the future of
visualization and optimization, at least over the next five
years.

1. All computer software, including software incorporat-
ing OR techniques, will use multi-window, mouse-
driven user interfaces. Those systems that do not pro-
vide such capabilities will not survive. As Schultz and
Pulleyblank®*?! said in a discussion of trends in opti-
mization, ... people now expect much higher quality
user interfaces and presentations of results.”

2. Spreadsheets will provide increasingly powerful mod-
eling capabilities, especially in the area of multi-
dimensional indexing. Spreadsheets will therefore be-
come the delivery vehicle of choice for optimization, at
the expense of algebraic modeling languages.

3. A single algebraic modeling language standard will
emerge, either through market forces, or through coop-
eration on the part of members of the mathematical
programming community. That standard might per-
haps be based on multi-dimensional spreadsheets.

4. A standard paradigm or system to support drawable
models or programs will emerge, perhaps based on
graphs or networks. Visual Basic?! and Hypercard”’
provide examples of some possible directions in this
area.

5. Animation will become as widespread as static graph-
ics are today. Applications will be in algorithm anima-
tion and animated sensitivity analysis.

6. Hypertext (really hypermedia) will be a standard tool
for navigating through spreadsheets, modeling lan-
guages, word processors, and any other complex sys-
tem.

7. Mathematical programming systems will support mul-
tiple representations including algebraic formulations,
block-structured, relational databases, matrix images,
graph-based and other graphical representations,
spreadsheet, presentation graphics, natural language,
hypertext, and animation.

8. More and more optimization systems will be composed
of modular building blocks linked together by facilities
provided by the computer operating system.

9. Virtual reality will move primarily from the video
game stage to see more common application by opti-
mization systems. A promising application to molecu-
lar biology was described by Brooks et al.**

10. Multiple user modeling systems will emerge. The basic
facilities for allowing multiple users to work together
on a project, simultaneously or not, geographically sep-
arated or not, will be provided by the operating system.
People throughout the world will be able to exchange
problem instances and generic models quickly and eas-
ily.

11. Research in visualization and OR will continue to be
dangerous for untenured faculty. Hence, as
Hirshfeld!"® predicted, most of the interesting devel-
opments in visualization and optimization will come
from industry and not academia.

12. Millions more will make use of optimization, often to

great benefit. Even so, many of these new users will not
know or care about the OR heritage of the technology
that they are using. If true, this prediction implies that
the prominence of optimization as a field will continue
to fade, as the techniques it nurtured, ironically, see
greater and greater use.

In conclusion, OR, not just optimization, has made great
strides in developing techniques to analyze complicated
problems. These sophisticated mathematical and computer-
based techniques have yielded large benefits. Problem solv-
ing in general, however, involves more than building an
algorithm. It consists of a process of transforming and
understanding various representations or visualizations of
the problem at hand. The solution algorithm shares at least
equal importance with the problem-solving process and the
associated representations and visualizations. If visualiza-
tion has such importance, then it needs to be studied,
researched, and improved.

Unlike mathematics and computer science, however, vi-
sualization does not yet constitute a mature, refined sci-
ence. It remains difficult to prove or predict the relative
quality of a particular visualization for specific tasks or
users. Yet, techniques are emerging, based in the fields of
cognitive psychology, formal logic, and formal languages
that are theoretically grounded and have practical applica-
tion.

If we improve our ability to visualize our problems as
much as we have improved the ability of algorithms to
“solve” problems, then we should be able to model and
solve our problems much more effectively and efficiently.
At the very least, we should see the wider use of the
sophisticated techniques that OR has spent a considerable
amount of time developing.

Regardless of the success of academic researchers in
providing provable results about the effectiveness of visu-
alization, the market will continue to produce new and
better visualization techniques for building, solving, and
understanding problems that can be analyzed using opti-
mization.
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