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Genetic algorithms have become increasingly popular as a
means of solving hard combinatorial optimization problems of
the type familiar in operations research. This feature article will
consider what genetic algorithms have achieved in this area,
discuss some of the factors that influence their success or
failure, and offer a guide for operations researchers who want
to get the best out of them.

In the last 15 years, the growth in interest in heuristic search
methods for optimization has been quite dramatic. Having
once been something of a Cinderella in the field of optimi-
zation, heuristics have now attained considerable respect
and are extremely popular. There are several reasons for this
(as discussed in [116], for example) which lie outside the
scope of this feature article. However, the reader may easily
confirm that in nearly every issue of any journal in the field
of operations research (OR), there will be several papers
describing a new application, or a new development, of a
heuristic approach. One of the most interesting develop-
ments is in the application of genetic algorithms (GAs).
While other methods, such as simulated annealing (SA) or
tabu search (TS), have become widely known within the OR
community, these methods remain relatively unknown to a
wider public. However, GAs have been regularly featured in
newspaper articles and TV programs (at least in Europe). It
is not possible to give exact figures, but it would appear that
the level of funding for GA-based projects by national gov-
ernments and by supranational government organizations,
such as the European Commission, far exceeds any funding
given to projects based on methods such as SA or TS. For
example, there is a European Union-funded network of
excellence (EVONET) to promote awareness and applica-
tions of GAs and associated techniques, with an initial bud-
get of more than $200,000. No such program exists in Europe
for any other heuristic methodology.

This presents us with a paradox: GAs are more widely
known outside the OR community than other techniques
such as SA or TS, yet within the OR world the position
seems reversed. For this reason, it seems timely to consider
the role that GAs can play in OR in some detail, and this
feature article will endeavor to explain what GAs are, and

Subject classifications: Genetic algorithms.
Other key words. optimization, heuristics.

how they work; to show how they can be adapted to deal
with different OR problems; to give some examples of suc-
cessful OR applications; and finally, to describe their rela-
tionship to more familiar search techniques.

1. Background
Assume we have a discrete search space ¥, and a function

f:¥&—R.
The general problem is to find

min f.
xe¥

Here, x is a vector of decision variables, and f is the objective
function. In this feature article, it has been assumed the
problem is one of minimization, but the modifications nec-
essary for a maximization problem will be obvious. Other-
wise, this formulation is very general, and many techniques
have been proposed for solving such a problem, usually
relying on some specific properties of the variables and
functions under consideration. The most well-known of
such cases is undoubtedly linear programming, where the
search space ¥ is a polyhedron formed by the intersection of
hyperplanes, and the objective function is a linear function
of the decision variables. There are not many classes of
problem for which there exist techniques that always find a
globally optimal x, and for the general case portrayed above,
it is usual to resort to heuristic methods.

Recent developments in heuristic methodology have seen
the rise of so-called metaheuristics. These are distinguished
by their relative freedom from dependence on problem-
specific characteristics, and include such approaches as SA,
TS, perturbation methods, and GAs. A recent survey of
some of these methods may be found in [121]. Genetic
algorithms were developed by Holland and his associates at
the University of Michigan in the 1960s and 1970s, and the
first full, systematic (and mainly theoretical) treatment was
contained in Holland’s book Adaptation in Natural and Arti-
ficial Systems”?] published in 1975. The popularity of GAs in
OR applications is relatively recent, and it is the purpose of

Copyright © 2001 All Rights Reserved



Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 01:13 . For personal use only, all rights reserved.

Colin R. Reeves

this feature article to review the principles and practice of
GA:s in the particular context of OR.

2. Brief Introduction

One of the distinctive features of GAs is the way they work
with an encoded representation of the variables x, instead of
x itself. To continue the formalization of the first section, we
define a string s of symbols drawn from an alphabet o to be
a mapping

c:d'—> %,

where [ is the length of the string. The value of ! depends on
the dimensions of both ¥ and . In Holland’s original
description, the strings were binary (i.e., A = {0, 1}), al-
though, more recently, there has been much debate as to
whether the extensive use of binary coding is necessary, or
even desirable. This debate has not really been resolved, and
a full discussion in this feature article of its current status
would be of limited value. Goldberg!®* puts the argument in
favor of binary coding, but Antonisse’® has cast doubt on
this view. Radcliffe"®”! also argues strongly against the ne-
cessity of the binary-coding perspective in practical prob-
lem-solving. At any rate, the GA is normally still thought of
as a search method that works at the level of a string s which
represents x in some way, whether this is a binary coding or
some other form of representation, although this should not
rule out using x directly.

It is usually desirable that ¢ should be a bijective function.
(For a formal definition of this term, readers should consult
a standard textbook on algebra, such as [89]. For the pur-
poses of this paper, the important feature of a bijective
mapping is that it has an inverse, i.e., there is a unique vector
x for every string s, and a unique string s for every vector x.)
Later we shall discuss cases where the nature of this map-
ping itself creates difficulties for a GA in solving OR prob-
lems.

The original motivation for the GA approach was a bio-
logical analogy. In the selective breeding of plants or ani-
mals, for example, offspring are sought that have certain
desirable characteristics—characteristics that are deter-
mined at the genetic level by the way the parents’ chromo-
somes combine. In the case of GAs, a population of strings is
used, and these strings are often referred to in the GA
literature as chromosomes. The recombination of strings is
carried out using simple analogies of genetic crossover and
mutation, and the search is guided by the results of evaluat-
ing the objective function f for each string in the population.
Based on this evaluation, strings that have higher fitness (i.e.,
represent better solutions) can be identified, and these are
given more opportunity to breed. It is also relevant to point
out here that fitness is not necessarily to be identified simply
with the composition f(c(s)); more generally, fitness is
g(flc(s))) where g : R — R is a monotonic function.

Continuing the biological analogy, the individual symbols
in a particular string are often called genes and the symbols
of the alphabet from which the genes are drawn are called
alleles. A distinction is also drawn between the genotype,

Choose an initial population of chromosomes;
while termination condition not satisfied do
repeat
if crossover condition satisfied then
{select parent chromosomes;
choose crossover parameters;
perform crossover};
if mutation condition satisfied then
{choose mutation points;
perform mutation};
evaluate fitness of offspring
until sufficient offspring created;
select new population;
endwhile

Figure 1. A genetic algorithm template. This is a fairly
general formulation, accommodating many different forms
of selection, crossover, and mutation. It assumes user-
specified conditions (typically, randomized rules) under
which crossover and “mutation are performed, a new
population is created (typicallg, when a fixed number of
offspring have been generated), and whereby the whole
process is terminated (typically, by a limit on the total
number of offspring generated).

which in terms of the above definitions is the string s, and
the phenotype, which is the decoded vector x.

Crossover is simply a matter of replacing some of the
genes in one parent by the corresponding genes of the other.
One-point crossover, for example, would be the following.
Given the parents P1 and P2, with crossover point X, the
offspring will be the pair 01 and 02:

PL1010010 011011001

X
P2 0111001 020110010.

The other common operator is mutation in which a gene
(or subset of genes) is chosen randomly and the allele value
of the chosen genes is changed. In the case of binary strings,
this simply means complementing the chosen bit(s). For
example, the string O1 above, with genes 3 and 5 mutated,
would become 1 0 0 1 1 0 1.A simple template for the
operation of a genetic algorithm is shown in Figure 1.

Holland'’s explanation of why it is advantageous to search
the space &' rather than ¥ hinges on three main ideas.
Central to this understanding is the concept of a schema. A
schema is a subset of the space &' in which all the strings
share a particular set of defined values. This can be repre-
sented by using the alphabet & U *; in the binary case,
1 % * 1, for example, represents the subset of the 4-dimen-
sional hypercube {0, 1}* in which both the first and last genes
take the value 1, ie, the strings {1 0 0 1, 1 0 1 1,
11011111}

The first of Holland's ideas is that of intrinsic (or implicit)
parallelism—the notion that information on many schemata
can be processed in parallel. Under certain conditions that
depend on population size and schema characteristics, Hol-
land estimated that a population of size M contains infor-
mation on 6(M>) schemata. The second concept is expressed
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by the so-called Schema Theorem, in which Holland showed
that if there are N(S, ) instances of a given schema S in the
population at time £, then at the next time step (following
reproduction), the expected number of instances in the new
population can be bounded by

E[N(S, t+1)] = F(S, 1)
’ R

N(S, ){1 - (S, 1)}

where F(S, t) is the fitness of schema S, F(t) is the average
fitness of the population, and €(S, t) is a term which reflects
the potential for genetic operators to destroy instances of
schema S.

Somewhat extravagant statements have been made on the
basis of this theorem along the lines that good schemata will
receive exponentially increasing numbers of trials in subse-
quent generations. However, it is clear that the Schema
Theorem is a result in expectation only, and then only for
one generation. Thus, any attempt to extrapolate this result
for more than one generation is doomed to failure because
the terms are then not independent of what is happening in
the rest of the population. Also, given the finite population
size, it is clear that any exponential increase will rather soon
hit a natural ceiling! What can be said is that certain sche-
mata that are resistant to destruction by crossover and mu-
tation, and that are fitter than the average of the current
population, are likely to increase their presence in the next
population.

By writing the theorem in the form of a lower bound,
Holland was able to make a statement about schema S which
is independent of what happens to other schemata. How-
ever, in practice, what happens to schema $ will influence
the survival (or otherwise) of other schemata, and what
happens to other schemata will affect what happens to S, as
is made plain by the exact models of Vose!'*3! and Whit-
19y.[147]

This brings us to the third assumption implicit in the
implementation of a GA—that the recombination of small
pieces of the genotype (good schemata) into bigger pieces is
indeed a sensible method of finding optimal solutions. Gold-
berg®* calls this the building-block hypothesis, and a sub-
stantial part of recent theoretical research into GAs has
centered on the question of the circumstances under which
this hypothesis fails. As will be discussed later, its failure can
create severe difficulties in attempting the solution of OR
problems.

Attempts are continuing to construct better mathematical
models of a GA in order to characterize more explicitly what
is happening to a particular string or schema. Work by
Vose'! and Whitley!’*”! has allowed the construction of
Markov chain models which potentially, at least, should also
enable us to gain a better understanding of the GA as a
whole. However, the Achilles heel of these approaches (as
shown by De Jong, Spears, and Gordan,®" for example) is
the huge computational effort that is needed even to solve
small problem instances with simple GAs.

We point out that the original motivation for studying
GAs was not optimization as such, but their utility as a
general model of adaptive systems. In a sense, their use as

optimizers is a by-product that has now become almost the
dominant purpose in using them. Recently, De Jong!®’!
whose earlier work initiated the application of GAs to opti-
mization—has suggested that the original concept of a GA
has changed (mutated?) to a point where it is almost unrec-
ognizable, and should not be given the same name. He
prefers the term GA-based function optimizer. However,
GA is still the term used by a large majority of researchers
and rather than confuse the issue, GA is the term that we use
in this feature article.

3. Strategic Considerations

The “plain vanilla” GA outlined in the previous section can
be extended and modified in a variety of different ways in
order to improve its performance as an optimizer. Before
discussing GAs in the particular context of OR, it is appro-
priate to consider some of these strategic decisions in more
detail. Those readers wishing a more comprehensive ac-
count of these matters are referred to the books by Gold-
berg,'* Davis,'*”] and Reeves.["®! Many other applications
and examples can be found in the various conference pro-
ceedings [3, 10, 25, 36, 41, 43, 60, 62, 90, 100, 111, 112, 125,
131, 142, 148] listed at the end of this article. The two
volumes edited by Chambers!'® ] contain some useful
practical case studies. Another excellent source for GA liter-
ature is the University of Vaasa bibliography maintained by
Alander.™ This is available by electronic means (ftp and
http) both in a general form and in a version that deals
specifically with OR applications. The OR version alone cites
more than 300 papers.

3.1 Population Strategy

In any application of a GA, the question of population size
Ny, arises. Small populations run the risk of failing to cover
the solution space adequately, whereas large populations
may incur a heavy computational burden without making
acceptable progress toward a high-quality solution in a rea-
sonable amount of time. Early attempts to capture this
tradeoff®* > suggested “optimal” population sizes which
grew exponentially with I. Later work®® has (fortunately!)
concluded that populations of this size are not needed.
Many reported implementations seem to produce satisfac-
tory results with populations having as few as 30 strings,
although values of 50 or 100 are perhaps more common.
Some work reported in [117] helps to explain why small
populations are adequate, at least for binary codings.

3.2 Reproductive Strategy

Holland’s canonical GA assumes replacement of the whole
population en bloc at each generation. From an optimization
viewpoint this seems an odd thing to do—we may have
spent considerable effort obtaining a good solution, only to
run the risk of throwing it away and thus preventing it from
taking part in further reproduction. For this reason, De
Jong®®! introduced the concepts of elitism and population
overlaps. His ideas are simple—an elitist strategy ensures the
survival of the best individual so far by preserving it and

replacing only the remaining (N, — 1) members of the
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population with new strings. Overlapping populations take
this a stage further by replacing only a fraction G (the
generation gap) of the population at each generation. Finally,
taking this to its logical conclusion produces the so-called
steady-state or incremental strategies, in which only one
new chromosome (or sometimes a pair) is generated at each
stage. Davis®”) gives a good general introduction to this
type of GA.

Selection schemes also have to be considered. The original
roulette-wheel method simply generates a probability dis-
tribution for selection in which the selection probability of a
given string is proportional to its fitness. Pseudo-random
numbers are then used to choose strings for parenthood.
This approach has a high variability, and the actual number
of times N that chromosome C is selected in any generation
may be very different from its expected value E[N]. For this
reason, sampling without replacement may be used, to en-
sure that at least the integral part of E[N] is achieved, with
fractions being allocated using random sampling. In prac-
tice, Baker’s stochastic universal selection'® is a particularly
effective way of realizing this outcome. It can be thought of
as a circle divided into sectors, one for each chromosome,
such that the sector area is proportional to the fitness of the
chromosome. Attached to this circle is an equally spaced
multi-armed spinner. Spinning the wheel produces simulta-
neously the values N for all the chromosomes in the pop-
ulation. Recent experimental work by Hancock!®! clearly
demonstrates the superiority of this approach. It is some-
what disappointing, therefore, to find that much published
work still appears to rely on the roulette-wheel method.

An associated problem is that of finding a suitable mea-
sure of fitness for the members of the population. Simply
using the objective function values f(x) is rarely sufficient,
because the scale on which f(x) is measured matters. (For
example, values of 10 and 20 are much more clearly distin-
guished than 1010 and 1020.) Further, if the objective is
minimization rather than maximization, a transformation is
clearly required.

Some sort of scaling is thus usually applied, and Gold-
berg!®® gives a simple algorithm to deal with both minimi-
zation and maximization. The method is cambersome, how-
ever, and the need for continual rescaling as the search
progresses is irksome. Two alternatives provide more ele-
gant solutions. Ranking the chromosomes in fitness order
loses some information, but there is a gain in ease of selec-
tion when the mechanism uses some function of the ranks to
choose parents (a linear function is often used, as in [120]).
The other approach is tournament selection,’ in which a set
of T chromosomes is chosen and compared, the best one
being selected for parenthood. When T = 2, this approach
has similar properties to linear ranking, and, in general,
tournament selection can be shown to be a form of ranking
in expectation.

In the case of incremental reproduction it is also necessary
to select members of the population for deletion. Many
implementations, such as Whitley’s GENITOR,!"**! use the
tactic of deleting the worst member(s) of the population,
although (as Goldberg and Deb™™ have pointed out) this
exerts a very strong selective pressure on the search, which

may need fairly large populations and high mutation rates
to prevent a rapid loss of diversity. A milder prescription is
to select from the worst a% of the population (for example,
Reevest12%! ysed a = 50, i.e., selection from those worse than
the median). This is easily implemented when rank-based
selection is used. Yet another approach is to base deletion on
the age of the strings.

3.3 Recombination Strategy

The original one-point crossover operator is not necessarily
the best approach to take for every problem. Of course, it can
be generalized to a multipoint operator, where r crossover
points are chosen randomly. In fact, it can be further gener-
alized by making r a random variable as well and simply
copying a given gene from the first parent with probability
p and from the second parent with probability (1 — p). The
case p = 0.5 is commonly called uniform crossover. Several of
these operators have received a helpful theoretical treatment
by De Jong and Spears,’*’! who have characterized precisely
the amount of disruption introduced by a given crossover
operator.

The question of how often crossover should be applied
has also been investigated experimentally. Many applica-
tions assume crossover is carried out stochastically, where
the probability of applying crossover to any particular pair
of strings (previously selected for parenthood) is a value
P. < 1. De Jong’s experiments®®! suggested that a value
P. = 0.6 was appropriate. Grefenstette®!! proposed 0.95,
while Schaffer et al."*®! suggested it should vary with N,
and I. From a more traditional optimization perspective, it is
perhaps difficult to see why P_ should ever be anything less
than 1, at least in the absence of a mutation, because it would
seem more important to explore a new area of the search
space rather than to risk remaining at the same place. Opin-
ion differs as to the importance of this. Some practitioners,
such as Davis,[*”) advocate a policy of avoiding duplicates
(i.e., revisiting strings already seen), but others would justify
multiple visits using schema-processing arguments. Cer-
tainly, there are cases where allowing P_ < 1 enables a global
optimum to be found, but P. = 1 does not, as is shown by
Whitley,!"*”} for example.

Some effort has also gone into trying to decide how often
mutation should be applied. As in the case of crossover, it is
common to specify a value P, which defines the probability
with which each gene is to be mutated. This value is often
called the mutation rate, and the procedure is carried out in
practice by generating pseudo-random numbers. Different
optimal mutation rates have been reported, but again there
is no real consensus. Perhaps the most common approaches
are either to use a small mutation probability (e.g.
P, = 0.01), or to use a value P, = 1/1, because there is some
theoretical and experimental evidence (see [65]) that this is a
suitable value for some problems. Of course, there is no
reason why the mutation rate should remain constant for all
generations, or indeed at all gene positions (or loci) in the
string. Fogarty!*’! addresses these issues experimentally for
some fairly small problems. His work suggests that reducing
the value of P, with time improves performance. However,
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Davis®”! advocates increasing the rate with which mutation
is applied as the search progresses (while correspondingly
reducing the frequency of application of crossover). He also
describes several heuristics for implementing his idea. Hes-
ser and Ménner!®® derive a complex formula for P_, at each
locus that depends not only on N, and /, but also on the
relative diversity of alleles at that locus.

4. Problem Categories

Before proceeding to examining GAs for OR in detail, it is
important to distinguish between two categories of optimi-
zation problems, depending on whether the decision vari-
ables are continuous or discrete.

As formulated in Section 1, GAs work on a discrete en-
coding (genotype) of the underlying parameters of a prob-
lem (phenotype), so there are some particular questions to
be addressed if GAs are to be used for solving problems in
the continuous domain. A large body of experimental evi-
dence now exists (see [82], for example) that shows that GAs
can be used very successfully for problems of this type. On
the other hand, in problems of combinatorial optimization
where the decision variables are naturally discrete, the tra-
ditional GA faces difficulties of a different kind.

Most of the remainder of this feature article will concen-
trate on combinatorial optimization problems (COPs). There
are two main reasons for this. First, many OR problems
(although by no means all) fall naturally into this class.
Second, optimization of problems in continuous variables is
often more naturally handled using the related but slightly
different approach of the evolution strategy. However, for the
sake of completeness, a brief discussion of the continuous
domain is given here.

4.1 Coding for the Continuous Domain

In order to apply the GA approach to optimization problems
in the continuous domain, the problem must first be dis-
cretized by encoding each component of the vector x as a
binary string. These components are then concatenated in
order to obtain a chromosome. This procedure assumes that
we know some other parameters—the limits of the range
within which each variable will lie, and the degree of pre-
cision that will ensure that a global optimum can be found.
For example, if the global optimum lies in the hyperplane
where the first decision variable (i.e., component of x) is
x; = 0, but we have imposed limits of 1 < x; < 2, it is
self-evident that the global optimum will never be found.
Similarly, if the number of bits used to encode each string is
too small, the consequent resolution of the search pattern
may be inadequate for locating the global optimum.

In practice, it is debatable whether we always do have
knowledge of these parameters. In fact, a poor choice of
values can have an important influence on the effectiveness
and efficiency of a genetic search. The question of choosing
appropriate values for these parameters has been addressed
by several GA researchers who have advocated a strategy of
adaptively sizing the range and/or the degree of precision
as the search progresses [129, 132, 145]. However, there is

not much evidence that these techniques are routinely used
to solve optimization problems by GAs.

On the assumption that a binary representation is to be
used, some authors (e.g., Caruana and Schaffer'”!) have
suggested that a Gray code would be more appropriate than
the standard binary code. The standard binary code has the
unfortunate property that adjacent values in the continuous
domain may be maximally separated in the discrete binary
domain. For example, consider the integers 31 and 32, en-
coded by a 6-bit binary string. The binary equivalents of
these numbers are (011111) and (100000). Gray codes have
the property that adjacent values in the continuous domain
remain minimally separated in the discrete domain. (There
are many Gray codes; in the most commonly used version,
31 and 32 would be represented by (010000) and (110000),
respectively.) However, although there are undoubtedly
cases where this improves performance, it is not hard to
show problems in which Gray coding actually makes a
problem more difficult for a GA (Reeves and Wright(12?!
provide a simple example).

4.2 The Evolution Strategy Approach
Before leaving the topic of optimization in the continuous
domain, we should mention an alternative approach to the
traditional GA, known as the evolution strategy (ES), that is
well-suited to continuous optimization. Whereas this ap-
proach often works well in the continuous domain, it is not
necessarily better in general than a GA, although it does
avoid the necessity of choosing an appropriate encoding.
The ES approach was developed independently from
Holland’s GA by Rechenberg"**! and Schwefel ™ in Ger-
many. Instead of using a discrete encoding, the ES works
directly with the decision variables themselves. The basic ES
is described by two parameters p and A. A population
consists of u solutions to an optimization problem, from
which two parents are chosen. These parents are used to
construct a new solution by taking combinations of their
respective decision variables. This then undergoes mutation,
such as a Gaussian-distributed move away from the existing
solution. The procedure is repeated A (= u) times, and a new
population is selected using either the offspring alone (the
(i, A) strategy), or from the complete set of solutions (the
(v + A) strategy). The size of the Gaussian step is parame-
terized by a variable o. The question of an appropriate value
for o can be neatly handled by making it an auxiliary deci-
sion variable. This is then treated in the same way as the real
decision variables. Many other variants are possible, but
space limitations preclude a full discussion here. For further
details, Hoffmeister and Back!®” give a good introduction to
the ES approach.

5. GAs for Combinatorial Problems

In this section, we provide examples that illustrate the ap-
plication of GAs to typical OR problems. Each problem has
different characteristics in terms of its natural encoding.

5.1 Binary Coding: Graph Bisection Problem
Many combinatorial problems can be formulated in terms of
a 0-1 integer programming problem. For such problems, the
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Figure 2. Graph bisection. In this example, each node
belongs to one of two subsets as indicated.

application of a GA would appear to be straightforward, as
the encoding of a solution as a binary string seems obvious.

Graph bisection is a case in point. The problem is as
follows: given a graph G = (V, E) with a cost function
c¢:ECV XV R and a size S(u) attached to each vertex,
partition the nodes of G into two subsets of equal size (we
assume |V]| is even) such that the total cost of the edges cut
is minimized. Figure 2 provides an illustration.

The coding of the graph bisection problem for a GA is
particularly simple. A solution can be represented by a
binary string of length |V], each bit (gene) corresponding to
one vertex, the allele denoting the subset (0 or 1) to which
the vertex belongs. For example, in a 6-vertex problem, the
string (010101) allocates vertices {1, 3, 5} to one subset, and
vertices {2, 4, 6} to the other. However, difficulties will arise
once the GA operators are applied. It is clear that one-point
crossover (and indeed other more sophisticated versions)
may generate offspring that do not represent balanced so-
lutions. Even though both parents represent balanced sub-
sets, there is no guarantee that their children will do so.
Further, the same solution may be represented by different
strings. For example, the string (101010) represents the same
solution to the 6-vertex problem as (010101).

Even this relatively easy problem demonstrates two of the
recurring difficulties in applying GAs to COPs. In the first
place, many problems have constraints that may not need to
be made explicit in traditional approaches—for example,
using neighborhood search methods, it is easy to maintain a
balanced partition by a suitable choice of neighborhood.
With a GA however, this balance constraint needs to be
considered more carefully. One solution is to allow unbal-
anced partitions, but to penalize them in assigning fitness
(i.e., the function g referred to in Section 2 includes a term for
violation of the balance constraint). This raises the question
of how to choose an appropriate penalty. Happily, this
choice is straightforward in the case of graph bisection. Lee,
Park, and Kim!®® show how it is possible to transform the
above graph bisection problem on G into a related one on
another graph G* so that optimal (balanced) solutions for G
will correspond to the optimal solutions for G*. The GA can
then be applied to the problem on G* and the balance
constraint will take care of itself.

The second difficulty is the presence of what is variously

Figure 3. Rotor stacking problem.

described in the literature as redundancy or competing con-
ventions.'?®) (Recently, Radcliffe and Surry™'°! have argued
for the use of the term degeneracy to describe this phenom-
enon.) The labeling of the subsets in their genetic represen-
tation is arbitrary—there is no intrinsic reason why the first
subset should be represented by the label 0 and the second
by the label 1, rather than the converse. Thus, as we have
already seen, every solution to the graph bisection problem
(phenotype) can be encoded by two genotypes; in terms of
the formal discussion in Section 2, the function ¢ is not
bijective. (In particular, for this example, ¢ is not injective.)
We shall return to this problem later in Section 6.

5.2 k-ary Coding: Rotor Stacking

The rotor stacking problem, as originally described by Mc-
Kee and Reed,® is as follows. A set of n rotors is available,
each of which has k holes drilled in it. The rotors have to be
assembled into a unit by stacking them and bolting them
together, as in Figure 3. Because the rotors are not perfectly
flat, stacking them in different orientations will lead to as-
semblies with different characteristics in terms of deviations
from true symmetry, with the consequent effect (in opera-
tion) that the assembled unit will wobble as it spins. The
objective is to find which of all the possible combinations of
orientations produces the least deviation.

In this case a k-ary coding is natural. A solution is repre-
sented by a string of length n, each gene corresponding to a
rotor and the alleles, drawn from {1, . . ., k}, representing the
orientation (relative to a fixed datum) of the holes. Thus, the
string (132) represents a solution to a 3-rotor problem where
hole 1 of the first rotor is aligned with hole 3 of the second
and hole 2 of the third. Of course, it would be possible to
encode the alleles as binary strings, but there seems little
point in so doing—particularly if k is not a power of 2, as
there is then the problem of what to do about binary strings
that do not correspond to any actual orientation.

This seems very straightforward, but there is a subtle
point here that could be overlooked. The assignment of
labels to the holes is arbitrary, and this once again creates the
problem of competing conventions. This can be alleviated in
this case by fixing the labeling for one rotor, so that a
solution can be encoded by a string of length (n — 1).

As far as the operators are concerned, standard crossover
can be used here, but mutation needs some careful consid-
eration in the case of k-ary coding. Since there are several
possible allele values for each gene, mutation is no longer a
simple matter; if we decide to change a particular allele, we
must provide some means of deciding what its new value
should be. This could be a random choice, but if (as in this
example) there is some ordinal relation between allele val-

Copvriaht © 2001 All Riahts Reserved



Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 01:13 . For personal use only, all rights reserved.

237

Genetic Algorithms for the Operations Researcher

ues, it may be more sensible to restrict the choice to close
neighbors of the current value.

5.3 Sequence-Coding: Traveling Salesman Problem

Given the status of the traveling salesman problem (TSP) as
the archetypal NP-hard combinatorial optimization prob-
lem, it is not surprising to find that the TSP was one of the
earliest OR problems to be attacked by a GA. In this case, the
natural coding (although not the only one) is a permutation
of the cities. So the solution (1432567) to a 7-city problem
represents the order in which the cities are visited—city 1
followed by city 4 followed by city 3, etc.

Unfortunately, the standard crossover operators patently
fail to preserve the permutation except in very fortunate
circumstances. For instance, the offspring of the parents in
the following case are clearly illegal:

PL 2134567
X
P2 436 2715

012132715

02 4 36 456 7.

Thus, the question arises: What is it that traditional cross-
over is doing that a crossover for sequence-encoded strings
should try to imitate? Broadening the terms of Holland’s
schema analysis and the building-block hypothesis, it can be
seen that the crossover operator’s task is to ensure that good
features of the parents can be inherited by the offspring, and
to allow small features of parents to join together to become
large ones. (In fact, it is possible to extend the concept of a
schema to problems of this type in a formal way, as in
Goldberg,™™! but the meaningful features for permutation
problems depend to a much greater extent on the specific
problem than they do in a traditional binary GA.)

A number of different operators have been proposed for
dealing with this situation, all of which try to maintain some
feature of the parents. The PMX (partially mapped cross-
over) of Goldberg and Lingle,®"! perhaps the most well-
known, works as follows. Two crossover points are chosen,
defining an interchange mapping. Thus, in the 7-city exam-
ple, PMX could give:

P1 2134567
X Y
P2 4 3 6 27 15

01 416 2735

02 26 3 451 7.

Here, the crossover points X and Y define an interchange
mapping {3 <> 6, 4 <> 2, 5 <> 7}. Thus, considering P1, first
the positions of cities 3 and 6 are interchanged, then 4 and 2,
and finally 5 and 7, in order to create O1. Carrying out the
same interchanges on P2 creates 02.

Another operator is what Reeves!'! called C1 crossover.
(This has also been used by several other authors, including
Smith%*! and Prosser,!'®! without apparently acquiring a
definitive name. A version of this operator was first intro-
duced by Davis,'*! who called it order crossover. It can be
generalized in several different ways, as suggested by Ol-
iver, Smith, and Holland®”! and Davis.'?”}) For the basic
procedure, a crossover point X is chosen randomly, and the
left-hand section of the first parent is copied to the offspring,
with the chromosome being completed by taking in order

each unassigned element from the second parent. For the
7-city example, the C1 operator could generate the following
offspring:
PL 213 4567
X
P2 4 3 6 2715

01 2143675

02 4 32156 7.

The rationale for such operators as C1 and PMX is that
they preserve the absolute positions in the sequence of ele-
ments of one parent, and the relative positions of those from
the other. The conjecture is that this allows the offspring to
inherit useful features of the chromosome(s) while preserv-
ing feasibility.

However, further problems may still occur because of the
existence of competing conventions. As discussed earlier,
the building-block hypothesis may fail because of redun-
dancy in the ways the problem can be encoded. For example,
the permutations {1, 2, 3,4, 5,6, 7} and {7, 1, 2, 3, 4, 5, 6}
actually represent the same solution, but recombination of
these strings with C1 or PMX will create a different solution.
Again, it is possible to alleviate some of the effects of this by
fixing the first city to be visited. However, for symmetric
TSPs, there is still a two-fold redundancy in that tours are
the same regardless of the direction of travel (for example,
the tour {1, 2, 3, 4, 5, 6, 7} is the same as {1, 7, 6, 5, 4, 3, 2}).

In fact, operators that focus on the cities produce fairly
unimpressive results. It has often been observed that TSP
heuristics perform better when the emphasis is on the edges,
that is, the city-to-city links. Whitley, Starkweather, and
Shaner!'*®) have found markedly better performance using
an edge-recombination operator, which emphasizes the
preservation of the adjacencies found in the parents, rather
than their actual sequence positions, and thereby avoids
such problems as that discussed above. However, for prob-
lems such as machine sequencing (see [120]), where actual
sequence positions are the important features, PMX and C1
perform much better.

Perhaps because there is so much that seems problem-
specific in permutation problems, the invention of recombi-
nation operators for these problems has proliferated. Fox
and McMahon!*# discuss several such operators, while oth-
ers may be found in [11, 12, 73, 135]. Poon and Carter!'%?!
have also reported a comparison of permutation operators
across a range of COPs. They found consistently good re-
sults, relative to the other operators, from an improved
implementation of the Union operator of Fox and McMa-
hon.[**) Sequence-based coding is perhaps the most well-
researched of any in the area of combinatorial optimization,
and operators such as PMX, C1, and Union appear to be
fairly robust, and to generate high-quality solutions, for a
variety of sequence-coded COPs.

6. The Application of GAs

Because of the relative ease of programming at least a simple
GA, it is tempting to apply GAs to almost any optimization
problem. A moment’s thought should be enough to suggest
that GAs are not always appropriate and, in fact, the litera-
ture contains many examples of situations where the use of
a GA has not proved to be the most sensible approach.
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6.1 Inappropriate Use of GAs

An extensive family of optimization techniques has devel-
oped from linear programming, and it should be obvious
that GAs will not be competitive with these methods when
applied to problems for which linear programming is suit-
able. As another example, fairly simple unimodal functions
in the continuous domain are better attacked by classical
calculus-based methods, and relatively small discrete opti-
mization problems may also be better approached by hill-
climbing techniques.

Perhaps more surprisingly, there are some large NP-hard
combinatorial problems for which GAs seem very well
suited, but in practice other methods easily outperform
them. Zero-one knapsack problems are a good example.
The coding is obvious, and infeasible solutions can be pe-
nalized in a straightforward way. However, in unpublished
work by the author, computational experiments on a set of
multiconstrained 0-1 knapsack problem instances involving
n objects, a simple GA that was allowed 2" trials frequently
failed to find the optimum even when n was as small as 10.
In other words, exhaustive search was nearly always supe-
rior. (Such poor results were, in the referees’ view, a strong
disincentive to publication!) Gordon, Bohm, and Whitley™®!
report similarly discouraging results on much larger prob-
lem instances, although there was only a single constraint in
their cases. In every instance, the GA failed to find a better
solution than that obtained within 10 seconds of CPU time
by a depth-first branch-and-bound strategy.

Results on the TSP also suggest that other approaches
such as iterated Lin-Kernighan,!*> 7! insertion methods,!*”!
and perturbation methods!®> % are usually superior to
GAs, although a better understanding of how GAs work can
lead to significant improvements. Often, the apparent failure
of a GA is due to the use of an inappropriate means of
encoding the problem, as is demonstrated in [110].

The size of a given problem instance also seems to influ-
ence the ease of solution. Keane!®?! describes some experi-
ments on complex engineering problems in the continuous
domain where classical methods seem more powerful for
small instances, but a GA was superior for larger ones.

The general question of why a given search method per-
forms well for some problems and not for others is one that
still awaits an answer, although the recent interest in the
analysis of search methods initiated by the no-free-lunch
(NFL) theorem of Wolpert and Macready!**! suggests that it
may be a vital area of research in the future. For those not
familiar with it, a brief discussion on the NFL theorem is
included as an appendix to this article. The salient argument
of [149] is that, on average, all search algorithms that satisfy
certain conditions on how they work perform exactly the
same. If there are some problems for which algorithm A is
better than B, then there must be problems for which B is
better than A. However, in this feature article, we are more
interested in how to design a GA that performs well on a
particular problem. It is not always easy to predict how a
GA will perform in a particular situation. Nevertheless, as
we will consider in the next section, there are certain char-
acteristic details of implementation that can be identified as
likely to promote good GA performance.

6.2 GA Pathology

Genetic algorithms provide a very general optimization
scheme, and it is not surprising that specially tailored algo-
rithms can usually do better on a specific problem. Perhaps
the surprise lies in how well GAs can perform, provided that
some care is taken to understand the problem and how the
selected coding and operators interact. Moreover, if a GA is
hybridized with a problem-specific heuristic, or with local
search, the resulting performance can be extremely good.
Conversely, if the coding or the operators are poorly chosen,
a stand-alone GA can perform poorly. The specific perfor-
mance varies from problem to problem, but there are some
general principles that should be adopted in order to avoid
failure and promote success. In this section, we address this
issue by looking at some general reasons for GA failure.

6.2.1 Coding Problems

Many cases of GA failure can be attributed to a problem in
finding a suitable coding. The case of the bin-packing prob-
lem!'*! provides a good illustration of this difficulty.

In the case of (one-dimensional) bin packing, we have the
problem of assigning n objects to bins of identical size in
such a way as to minimize the number of bins used. Thus,
we could define a binary chromosome of length ng, where g
is an upper bound on the optimal number of bins, and

_[1 ifobjectiisinbin j
Xy = {O otherwise.
This would enable traditional crossover to be used, but at
the expense of a rather lengthy chromosome. However,
many of the solutions would almost inevitably be infeasible,
and penalty functions would be needed.

Another approach would be to define a chromosome of

length n®, where

_[1 if object i is in the same bin as object j
1= 10 otherwise.

In other words, the problem is reinterpreted as finding the
minimal number of equivalence classes defined by the bin-
packing size constraint. There are also clear difficulties with
this approach. First, the number of bins implied by each
solution is not obvious, and we would need to calculate this
number. Second, crossover may destroy the transitivity
property of a solution (ie, x, = x; = 1 = x, = 1); this
would have to be restored after each recombination. Third,
infeasibilities are likely to arise, and fourth, the chromosome
will be even longer than in the first approach to coding.
Using a k-ary coding also leads to difficulties. A natural
coding would label the bins from 1 to k, and assign each
object a bin number. However, even in fairly trivial cases,
this may lead to quite severe difficulties. For example, con-
sider the following situation, where we have seven objects:

P11 213221
X
P2 41 43114

011213114

02 414322 1.

Here, P1 and P2 actually represent the same solution
(labeling of the bins is arbitrary, given identical bins), each
using three bins. Yet, traditional crossover is oblivious to
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this fact, and actually creates two different solutions with
four bins. Thus, recombination of good solutions can easily
lead to inferior ones, while it is equally obvious that recom-
bination of feasible solutions can often lead to infeasible
ones.

The same difficulty was evident in all three of our exam-
ples in Section 5, that is, a degree of arbitrariness in the
labeling of the discrete objects that form the basis of a
solution. In more traditional neighborhood search methods
that use unary operators, this is not an issue because the
particular convention that is used can be fixed at the start
and then remain unchanged. However, when we use a
binary operator such as crossover, the convention needs to
be considered, because it is by no means clear that two
genotypes will necessarily follow the same convention, at
least in the initial stages. What usually happens is that
eventually one convention wins out, but the algorithm may
take some time to settle down even when this occurs.

The problems encountered in such cases have received a
thorough analysis from Raddliffe,!'*> %! using the concept
of formae. Whereas a schema defines subsets of chromo-
somes that are similar in the specific sense that they have the
same alleles at some specified loci, a forma defines subsets of
chromosomes that are similar in some possibly more general
way—usually, in terms of the phenotype rather than in
terms only of the genotype. For example, in the case of bin
packing, the defining characteristic of a forma might be that
a particular group of objects is packed together. Traditional
schema analysis is able to explain a posteriori why the
simple crossover works. With Radcliffe’s approach, it is
possible to invert the process and, a priori, construct oper-
ators to have desirable properties, including those he calls
respect and proper assortment. Informally, respect implies that
when parents share a particular characteristic, their off-
spring should always inherit this characteristic. Proper as-
sortment implies that when parents have different (but com-
patible) characteristics, it should at least be possible that
their offspring contain both characteristics. (Proper assort-
ment can be interpreted as a more systematic statement of
the building-block hypothesis.) These properties are not al-
ways compatible. Radcliffe gives a simple example of incom-
patibility that concerns the TSP: if one parent includes the
links (1-2, 2-3) and the other parent includes (1-2, 2-4), then
it is clear that although proper assortment would insist on
the possibility of the offspring including (3-2, 2-4), this is
not possible if we also wish to have respect, because respect
implies that the link (1-2) must be present.

It may also be that the operators that can be built from the
requirements of these operators are computationally more
expensive than simple crossover and mutation. In devising
operators, it may be convenient to relax proper assortment
to a weaker condition that simply requires the eventual
possibility of such an offspring arising, even if several re-
combinations intervene.

6.2.2 Constraints
That many OR problems involve constraints is well known.
Genetic algorithms need to be effective in dealing with

constraints if they are to perform well in solving these
problems. However, there is no single mechanism that has
performed consistently well in handling constrained prob-
lems with GAs.

The essence of the difficulty is clear: there is rarely a
guarantee (at least with simple operators and codings) that
two feasible parent solutions will provide feasible offspring.
Several solutions to this difficulty have been proposed.

Penalties

The most obvious solution to the problem of constraints is
simply to ignore them. If an infeasible solution is encoun-
tered, it is given a very low fitness value so that its chance of
entering the population (or of remaining, if it does enter) is
minimal. Unfortunately, this may still lead to an excessive
number of infeasible solutions in the population, and it also
fails to recognize that the degree of infeasibility does supply
some information. It is common to find the global optimum
on or near a constraint boundary, so that solutions that are
slightly infeasible may actually be fairly close to the opti-
mum. (This is the argument made, for example, by propo-
nents of the concept of strategic oscillation in TS.1**)) Thus, the
obvious next step is to modify the objective function by
incorporating a penalty term. There are cases in which this
works very well, as in the graph bisection problem, where
theoretical considerations permit an appropriate choice of
penalty. The nature of the constraints is clearly another
factor that may influence the performance of a GA. For
example, the set-covering problem (which has inequalities)
proves to be somewhat easier for a GA (as in Beasley and
Chu™)y than the set-partitioning problem, for which the
constraints are all strict equalities.

In fact, a naive attempt to use penalties often fails. If the
penalty is too small, many infeasible solutions are allowed to
propagate; if it is too large, the search is confined to the
interior of the search space, far from the boundaries of the
feasible region.

To address this failing, Fairley® tried using an adaptive
penalty function in a multi-constrained 0-1 knapsack prob-
lem. The function was based on an analogy with Lagrangean
relaxation, in which penalty factors are chosen with the
objective of obtaining a high-quality lower bound to the
optimal solution (of a minimization problem). Some very
sophisticated procedures have been developed in Lagran-
gean relaxation methods for adapting the penalty factors
(see Beasley'®). However, a simple heuristic that works
quite well increases the penalty for a constraint that is in-
feasible and decreases it for a constraint that is feasible. This
heuristic is easy to implement in a GA framework. Although
Fairley’s results were better than those obtained using fixed
penalties, they were not outstandingly so, and were not as
good as those produced by a repair approach. (The concept
of repair is described in the next section.)

Another adaptive penalty approach is used by Smith and
Tate.['**! This method penalizes solution S by an amount

77(5) =f(61 é)(eras - V*)

where V* is the best (infeasible) solution found, Vg, is the
current best feasible solution, and 6, 8 are measures of the
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total infeasibility of the current solution and a solution of
moderate infeasibility, respectively. The rationale here is
that moderately infeasible solutions will lie near the feasi-
bility boundary and close to optimal solutions. Infeasible
solutions of this type should not be prohibited from the
population because they have the potential of recombining
or mutating to produce an optimal solution. The form of the
function f is chosen to allow some infeasibility, although in
[134] the exact choice of function was not found to be critical.
By setting a single penalty for the entire solution, the prob-
lem of adapting penalties to different constraints is avoided.
By making the size of the penalty a function of the distance
of the current best solution V., from the unconstrained best
solution, the search concentrates on the most promising
areas of the parameter space. The choice of the § measure of
infeasibility is very likely to vary from one problem to
another, but the results of this approach for the facility
layout problems investigated were good, and suggest it is a
procedure worthy of more detailed study.

Repair

Another popular solution to GAs for constrained prob-
lems is to accept an infeasible solution, but to repair it before
inserting it into the population. Some biological justification
is often claimed for this approach, along the lines that the
infeasible solution should be treated as an immature indi-
vidual that, although initially demonstrably unfit for its
purpose, can nevertheless develop over time into a perfectly
reasonable solution. This analogy has also been applied to
methods that use the GA offspring as the springboard for a
Jocal optimization. Such hybrid techniques have been cham-
pioned by Davis,””) and are becoming increasingly popular
(as in [140), for example, for the TSP, and in [70] for graph
partitioning). Such hybrids have recently received a more
formal specification (under the name of memetic algorithms)
by Radcliffe and Surry.'*”)

Miihlenbein!®®! describes such an approach in the context
of the TSP. His MPX (maximal preservative crossover), like
edge-recombination, tries to ensure that as many of the
common edges in two parents as possible are inherited, by
first copying a substring of one parent directly to the off-
spring. Then an attempt is made to construct the tour by
adding edges from the other parent, starting from the last
city in the copied substring. Unfortunately, by itself, this
may lead to infeasible solutions. On detection of incipient
infeasibility, MPX next tries edges from the first parent and,
if all else fails, it creates a new edge by taking the next
available feasible city from the second parent. As Miihlen-
bein points out, this is essentially a form of a repair proce-
dure. A related procedure is 2-repair (see [59]), where new
edges introduced by MPX are considered for a local search
using the well-known two-opt heuristic.

Falkenauer and Delchambre®® also use a repair mecha-
nism in their treatment of bin-packing problems. Their so-
lution is to focus not on the objects, but on the bins. The
chromosome is in two parts. The first part uses a k-ary
encoding of the bin identifiers, and the second part encodes
the actual bin identifiers that are used. Crossover takes place
only on the second part of the chromosome, and normally

leads to both underspecification and overspecification with
respect to the bin contents. This is dealt with by using a
repair mechanism based on the first-fit descending heuristic.

In such cases, there is also the practical problem of decid-
ing whether it should be the original offspring or the re-
paired version that should be used in the next generation.
Orvosh and Davis!®® report some interesting experimental
evidence which suggests that this decision should itself be a
stochastic one.

Multiple Objectives

Many authors have suggested using infeasibility as a
secondary objective, thus avoiding the introduction of pen-
alties. Recent work by Chu and Beasley!*”! provides a good
example of this idea in the context of set partitioning. In
addition to the usual fitness measure (based on the true
objective function), they define a secondary measure that
they call unfitness to represent the degree of infeasibility
present in a given solution. The selection scheme for repro-
duction favored strings that were maximally compatible,
while selection for deletion was carried out by trying to find
an existing population member that was dominated by the
new offspring. The operators that they used were standard
crossover, mutation, and a repair-type operator based on
one the authors developed for the set-covering problem.

Modified Operators

As mentioned in the case of the TSP, one approach to
alleviating the difficulties encountered by the standard op-
erators is to design operators that are appropriate for the
problem. The edge-recombination operator**! is a typical
example. Rather than aim at preserving city positions in the
TSP, the operator lists the edges contained in parent strings,
and selects edges using an algorithm that tries to ensure that
an offspring string contains as few foreign edges (i.e., those
contained in neither parent) as possible. Modifications have
been described in [93, 135] that improve on the performance
of the original operator.

Radcliffe’s approach to the construction of operators also
takes account of the structure of a specific problem, but tries
to do so in a more general way. In [106], he proposes six
design principles that are illustrated by his random respect-
ful recombination operator. This works by copying all the
shared alleles of both parents into the offspring, which is
completed by a random choice over the alleles at each un-
specified locus. In a later paper,'®! a random assorting
recombination (RAR) operator is described. The RAR was
devised to deal with a class of subset-selection problems that
give rise to the same sort of difficulties described in Section
6.2.1 in the context of bin packing (another type of subset-
selection problem). The RAR has a user-specified parameter
w that defines the amount of assortment possible. Parents
are compared to identify common included or excluded
elements and w copies of these elements are then stored,
together with a single copy of each of the other elements and
their complements. The offspring is then constructed by
drawing items from storage in a random order, accepting or
rejecting elements according to the requirements of feasibil-
ity, until storage is exhausted or the offspring is complete. If
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storage is exhausted first, the offspring has to be completed
by a random choice from all elements.

Similar ideas have been used by Hohn and Reeves”"! in
the context of graph partitioning. This problem is a natural
generalization of graph bisection—in this case the graph has
to be partitioned into k subsets, where k > 2. The problems
of redundancy and feasibility are much more acute, and it
becomes a much greater challenge to find suitable operators.
A k-ary alphabet was used to denote the subsets, and oper-
ators were devised that attempted to fulfill Radcliffe’s crite-
ria of strict transmission and respect.

Finally, we should mention the work of Michalewicz and
Janikow.®®! This work introduced modified crossover and
mutation operators in the context of problems with linear
constraints, i.e., generalized transportation problems. First,
they recommended using equality constraints for the elimi-
nation of some variables, thus reducing the dimensionality
of the problem. Second, the remaining constraints are em-
ployed to limit the range of mutation for each variable, while
recombination is accomplished by taking various convex
combinations of the parent strings. However, in [95], the
context is not combinatorial problems as defined in this
feature article, although it is stated that the approach can be
extended to such cases.

Modified Problem Formulation

Another approach that has proved fruitful in some cases
is to modify the problem formulation. Reeves!™**! found
good solutions to bin-packing problems by reformulating
the problem. Rather than using the subset-selection interpre-
tation, bin packing was treated as a sequencing problem,
with the sequence being decoded by using an on-line heu-
ristic. In computational experiments, Reeves found that us-
ing best-fit to decode the sequence was superior to first-fit. In
[123], further improvements were made by exploiting the
population aspect of a GA to reduce the size of the search
space. Information obtained from current solutions was
used to hypothesize that certain variables must take partic-
ular values in an optimal solution. Such variables can then
be fixed in subsequent investigations, so that the size of the
remaining problem is reduced. In the context of bin packing,
Martello and Toth®!! describe a general procedure that ex-
ploits an IP formulation. Reeves used a simpler approach
that is straightforward to implement in a GA context. Over-
all, the results of this approach proved superior in some
cases to the mathematical programming-based algorithms
described by Martello and Toth.[*!]

Modification of the problem formulation has also been
used in other applications. Starkweather et al.'**! solved a
complex warehouse scheduling problem where the strings
encoded the sequence in which tasks were to be presented to
a constructive heuristic that produced the actual schedule.
Schaffer and Eshelman!"?”) described a similar approach to
an extremely complicated line-balancing problem in the pro-
duction of printed circuit boards. The GA was used to find
a good sequence to feed to a set of heuristics that produced
the final solution.

7. Some Examples of Successful GAs

Notwithstanding the examples of how the application of
GAs may create real difficulties, there are also numerous
examples of the successful application of GAs to COPs. In an
article such as this, it is not possible to give an exhaustive
survey of relevant applications of GAs, but Table I lists some
of the more useful and accessible references that should be
of interest to the OR/CS community. Because of the enor-
mous growth in reported applications of GAs, this list inev-
itably reflects the author’s own interests. For a much more
complete review, readers are referred to Alander’s bibliog-
raphies.”!

7.1 Comparisons

A weakness of many early reports of GA applications (and
a frequent criticism of GA research by OR workers) is that
few comparisons have been made with other techniques. In
fairness to the GA community, we realize that this may often
have been for sensible pragmatic reasons. The development
of these GA applications was often driven by practitioners
whose primary interest was in getting a solution that was
better than the current one. Furthermore, the problems may
not have been in a suitable form, so that the solution from a
GA could not easily be compared to a solution obtained by
an exact method. Awareness of other solution methods may
also have been absent.

In a brief but thoughtful recent discussion, Dowsland*!
has suggested several other reasons for this lacuna, and
proposed that this absence of comparisons with other meth-
ods may be one factor in the relatively slow acceptance of
GAs among OR researchers and practitioners. However,
such comparisons have now started to appear rather more
frequently, and what follows is a brief discussion of some
areas where comparisons have been made.

Kapsalis, Smith, and Rayward-Smith®") showed that a
GA generated high-quality results for graphical Steiner tree
problems. More recently, Esbensen® gave details of an
improved GA implementation that outperformed two other
heuristics that had previously been found to perform well.
However, when Julstrom!®! considered the rectilinear ver-
sion of the Steiner tree problem, his GA was inferior to other
methods. Palmer and Kershenbaum®®! compared a GA with
another good heuristic for the optimal communication span-
ning tree problem, and found the GA to be superior.

Houck, Joines, and Kay!” investigated the application of
a GA to large-scale location-allocation problems. In compar-
ison with iterated restart and local search, the GA was
clearly superior. Reeves!’?® found a fairly simple GA that
assumed no problem-specific knowledge beyond the use of
a sequence-based crossover performed slightly better than
SA, and considerably better than iterated local search, for
flowshop sequencing problems. However, results from a TS
heuristic (see [115]) were superior to the results from the
GA.

Aggarwal, Orlin, and Tai™! applied a GA to the problem
of finding a maximum independent set in an undirected
graph. The crossover operator used in their approach was
not restricted to generating a single offspring. Instead, their
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Table I. Successful Applications of Genetic Algorithms

Bin-packing
Falkenauer and Delchambrel®®!
Reeves!'?®]
Smith!133!
Graph-related
Hohn and Reeves!”!)
Jones and Beltramo!(”®
von Laszewskil®!
von Laszewski and Miihlenbein
Pirkul and Rolland°!
Location
Brown, Huntley, and Spillane!’
Conway and Venkataramanan/®!
Georgel*®]
Houck, Joines, and Kay'
Huntley and Brown!”®!
Palmer and Kershenbaum
Tam137]
Tate and Smith!*3#!
Scheduling
Cartwright and Mott!*®!
Cleveland and Smith(??!
Davis?¢]
Della Croce, Tadei, and Voltal®?!
Dorndorf and Pesch!®!
Fang, Ross, and Cornel*”!
Kobayashi, Ono, and Yamamura!®*!
Reeves!120]
Starkweather et al.['3%]
Syswerda and Palmucc
Yamada and Nakano!'>!
Set-related
Aggarwal, Orlin, and Tai"l
Al-Sultan, Hussain, and Nizami!¥
Beasley and Chu!”!
Chu and Beasley!202!!
Levine!®”]
Liepins and Potter(®®!
Richardson et al.l'?4
Steiner tree
Esbensen®>
Hesser, Ménner, and Stucky
Julstrom!®!

851

[74]

991

i[136]

[67]

Kapsalis, Smith, and Rayward-Smith!®!!

Transport scheduling
Blanton and Wainwright!!?)

Thangiah, Vinayagamoorthy, and Gubbil**”!

Wren and Wren!'5!

Traveling salesman
Freisleben and Merz!4°!
Homaifar, Guan, and Liepins[73]
Jog, Suh, and Van Gucht!”®!
Mathias and Whitley!**!
Miihlenbein®®!
Oliver, Smith, and Holland®”!

Prinetto, Rebaudengo, and Sonza Reorda

Ulder et al.[14%

Whitley, Starkweather, and Shaner!'#¢

1103]

Colin R. Reeves

operator was constructed to search for the best possible
offspring. This idea has been suggested before by
Reeves,!'"® in the sense of finding a local optimum in the
reduced search space defined by two parents. Aggarwal,
Orlin, and Tai appear to be the first to propose applying an
exact algorithm to generate the globally best solution in this
search space. The other novel aspect of their approach is to
generate a second offspring that is forced to be as different
as possible from the first, while remaining in the reduced
search space. The results of their GA show it to be one of the
best heuristics available for this problem.

The GA of Al-Sultan, Hussain, and Nizamil!* for the set-
covering problem found solutions that were equal to or
better than those obtained by a Lagrangean heuristic in
slightly less computation time. In contrast, Levine®”! ob-
tained much better results for airline crew scheduling (a
common application of set covering) from a branch-and-cut
algorithm than from a GA. However, the rather different GA
approach of Chu and Beasley!®! performed significantly
better than Levine’s GA. The method of Chu and Beasley
was successful in finding good solutions to large crew-
scheduling problems obtained from the OR-Library,”! al-
though its computational efficiency was nevertheless still
inferior to traditional mathematical programming tech-
niques.

Chu and Beasley!?"! extended their implementation to
investigate the generalized assignment problem. In this case,
their GA was more successful in finding the optimum than
any of nine other heuristics when tested on problem in-
stances ranging from 75 to 4000 decision variables.

Yamada and Nakano!**"! carried out comparisons of sev-
eral GAs and other heuristics for the job-shop scheduling
problem. Their GA used an extension of the idea in [118],
where a local search is used to find a good solution in the
reduced search space defined by two parents. Their results
showed that this GA outperformed other GA approaches,
and was competitive with other methods based on TS and
the shifting bottleneck technique.

What distinguishes most of these approaches is their ef-
fective hybridization of some GA concepts with ideas drawn
from other areas of heuristic methodology. The algorithms
that result are techniques that have the potential to find
globally optimal solutions in some cases, although the com-
putational requirements may sometimes be quite large.
However, these authors all report that solutions of excellent
quality are obtained relatively quickly. Table II records the
achievements of some of these algorithms in terms of the
largest problems solved to optimality and quoted CPU
times.

Of course, mere size is not necessarily the main determi-
nant of how difficult a problem instance is to solve, but it is
often the most important single factor. Perhaps not too much
should be read into the computer times quoted in Table II
either. For one thing, the computer systems are not always
completely specified, while in one case the times are esti-
mates based on converting from another machine. Further-
more, in some cases, these times are averages over repeated
runs with different random numbers; not all runs found a
global optimum, so it may take considerably longer to find
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Table II. Size of Some Problem Instances for Which GAs Have Found a Global Optimum

Problem [Reference] Size Time Computer system
Generalized assignment!®"! 20 agents, 200 jobs 28 mins SGI
Independent set'! 1035 nodes, 533115 edges 62 mins SGI (estimate)
Job-shop scheduling!**"! 20 jobs, 10 machines 39 mins DEC «

Set covering!®! 1000 rows, 10000 columns 75 mins SGI
Traveling salesman!*¢! 1400 cities 57 hrs DEC «

a global optimum than stated. On the other hand, it is also
true that in some cases a global optimum was actually found
relatively early in the run, well before the stopping criterion
was satisfied, so it may also take considerably less time than
stated in Table II. Bearing these qualifications in mind, it is
nonetheless evident from Table II that well-designed GAs
can now succeed in being both effective in finding global
optima for large COPs, and efficient in their use of compu-
tational resources.

7.2 Further Developments

It is probably true that in some of the application areas just
described, GAs have not been tested against the most recent
version of other metaheuristics such as TS or SA. It is also
likely that in many cases the performance of a simple GA for
a given problem instance will not be competitive with that of
a carefully tailored heuristic. Nonetheless, by combining
some GA concepts, such as selection from a population and
the combination of elements from several solutions, with
other heuristic ideas, it is possible to produce solutions that
are superior to those of other heuristics. In many of the
papers cited in Table I, success in using GAs comes from two
sources. First, it is essential to understand the problem, and
thus find an appropriate coding. Second, hybrid techniques
usually succeed better than a standard GA—for example,
problem-specific operators often give superior results to
standard crossovers. There is also another factor that is
becoming increasingly relevant as computing hardware con-
tinues to develop, and that is the ease with which GAs can
be incorporated into a parallel computing environment.
Gorges-Schleuter’™ reports on one of the earliest efforts to
implement parallel GAs for OR problems, whereas Hauser
and Ménner'®® provide a brief but useful survey of some of
the possibilities for a variety of different multiprocessor
systems. Although reports of parallel GA implementations
for OR problems are not yet widespread in the literature, it
is clear that such developments have great potential.

GAs are ideal candidates for searching for solutions to
what are otherwise very difficult problems for more tradi-
tional OR techniques. These include stochastic and dynamic
COPs. In such cases, it can be argued that the use of a
population-based approach is likely to present advantages
that point-based methods lack. Some examples of published
work in this area include the early paper by Goldberg and
Smith®?! on a knapsack problem with an oscillating con-
straint, and a paper by Reeves!''*! on machine sequencing
when job processing times are stochastic. Haas et al.l®! used

a GA approach to optimize the planning of radiotherapy
treatment—a multiobjective problem that gives rise to some
very complex modeling, and involves trying to optimize
simultaneously the radiation dosage in different locations in
the patient’s body. A good review of the possibilities for
multiobjective GAs, although not in the OR context, is given
by Fonseca and Fleming."**! Some work has been reported
on applications of GAs to instances of stochastic, dynamic,
and multiobjective OR problems, and there appears to be
considerable interest in the GA community in extending this
work into other application areas in OR.

8. Relation to Neighborhood Search

Early accounts of GAs (and similar approaches such as the
evolution strategy) stress the biological analogy that pro-
vided the original motivation. Thus, the impression has too
readily been conveyed that GAs are rather different types of
search processes from those with which the OR community
are more familiar. Vaessens, Aarts, and Lenstra™*! were
perhaps the first to put GAs into the context of local search
methods, and recent work has started to explore this com-
mon ground in more detail. In the process, this has uncov-
ered some of the presuppositions of existing techniques, and
suggested alternative ways of proceeding.

The distinctive features of a GA (in contrast to more
conventional search methods) would appear to be the use of
a population-based rather than point-based search, and the
use of the binary crossover operator rather than the unary
operators common in the local search literature. On closer
examination it can be argued that the first of these differ-
ences has its parallels in more traditional multistart heuristic
methods. It is the way the population is used to mix solu-
tions from different regions of the search space that appears
to be the most significant difference from normal local
search. The effect of the latter is intuitively clear. Relative to
the small steps taken by local search methods, a genetic
search takes big jumps around the search space. Just how big
these jumps may be is explored by Reeves!1'®! in the context
of a GA in the binary hypercube.

However, recent work has suggested that a fundamental
reappraisal of our understanding of search algorithms is
needed. Culberson®® and Jones!” pointed out that dis-
tances in a search space should be measured relative to the
operator being used. Each operator induces a different
neighborhood graph, and the neighbors of a point under one
operator may be radically different from those under an-
other operator. Even more interestingly, Culberson showed
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that operators and encodings are intimately related to each
other. One operator-encoding pair may be isomorphic to
another, in the sense that the induced neighborhood graphs
to which they correspond are the same.

Some of these ideas have been exploited by Hohn and
Reeves!” in developing heuristics for the graph-partition-
ing problem. The conventional crossover operator actually
has a dual influence. The first is simply to effect a reduction
of the search space, in that (assuming a respectful operator)
characteristics which belong to both parents are simply in-
herited. Having performed this function, crossover then
simply becomes just another operator, with the effect of
moving to one of the induced neighbors in the reduced
search space. Recognizing this dual function opens up two
further possibilities: one can investigate alternative ways of
reducing the search space (for example, by the use of mul-
tiparent strategies), while one can also investigate the effect
of using different operators. (This dual influence is implic-
itly recognized in many other implementations of GAs—the
reproduction scheme developed by Tate and Smith!**®! for
the quadratic assignment problem is one example. However,
the full implications of crossover’s dual effect have not usu-
ally been explored in detail.)

In [70], the second possibility (that of using different
operators) is explored. An abstract GA is defined that con-
sists of a population of point-based local searches connected
by means of selection and recombination. An individual in
the population not only represents a point in the search
space, but also encodes a (reduced) subset of the search
space in which a given operator is to be applied. In this way,
the standard binary crossover operator can be reduced to a
unary operator (complementary crossover), and its effects
relative to several other operators can be studied. It is also
worth pointing out that, in some cases, this approach may
enable one to search the neighborhood much more effi-
ciently when the cost of a neighbor can be found by a
calculation of lower time complexity than the normal re-
quirement for evaluating the new point from scratch.

Conversely, by fixing the operator, it is possible to com-
pare the effect of recombination to other local-optima-avoid-
ing schemes such as iterated hill climbing. In the context of
some instances of graph bisection problems, it was found
that application of the Lee-Park-Kim (LPK) operator'®!
clearly outperformed the complementary crossover and a
simple bit-flipping operator. The way in which recombina-
tion affects different operators was also observed—aside
from its obvious primary effect of reducing the search space,
recombination also provides (for some operators) a second-

ary effect whereby it is possible to escape from what would
otherwise be local optima with respect to the relevant oper-
ator. In [70], a further experiment on a larger graph was
carried out in which this secondary effect could be seen, in
that recombination using the LPK operator outperformed
iterated hill climbing using the same LPK operator.

9. Summary
This feature article has attempted to review some of the
ideas of genetic algorithms in the context of OR applications.

Rather than try to present a taxonomic survey of all GA/OR
research, it has been the purpose of this article to point out
some of the guiding principles and generic difficulties that
need to be taken into account by anyone who wishes to
implement a genetic solution to a complex combinatorial
problem.

To summarize, GAs have several advantages to offer for
such problems; some of their key attractions are as follows.

o Generality. Because a GA works on a coding of a problem,
it is easy to write one general computer program for
solving many different optimization problems. However,
a specific coding may have a significant impact on the
GA’s ability to find good solutions, unless the operator
used to search the space is carefully selected with respect
to the coding.

e Nonlinearity. Many conventional optimization techniques
rely on unrealistic assumptions of linearity, convexity,
and differentiability. None of these is needed by a GA.
The only requirement is the ability to calculate some
measure of performance, which may be highly compli-
cated and nonlinear. Indeed, the performance measure
may not be expressible in a traditional mathematical form
at all, as in the interesting case reported by Caldwell and
Johnston!'®! where the objective function is entirely sub-
jective!

e Robustness. Many researchers have observed empirically
that, given the right encoding and operators, GAs appear
to be inherently robust. Although it is possible to fine-
tune a GA to work better on a given problem, it is often
true that a wide range of parameter settings (e.g., popu-
lation sizes, crossover, and mutation rates) will give very
acceptable results.
Ease of modification. Even relatively minor modifications
to a particular problem may cause severe difficulties to
some heuristics. By contrast, it is easy to change a GA to
model variations of the original problem.
Parallel nature. Quite apart from the property of intrinsic
parallelism (about which there is still some debate), there
is great potential for implementing GAs in parallel. As
more sophisticated computing hardware becomes avail-
able, developments in this area will surely become in-
creasingly common.

Despite these important features, it is nearly always sensible
to incorporate problem-specific information into a GA, per-
haps by developing problem-specific codings or operators,
or by hybridizing with other search methods.

The amount of research interest in GAs does not yet
appear to have peaked, and there are clearly many inviting
avenues still to be explored. Several of these have been
mentioned in this feature article, but perhaps the most in-
teresting developments will arise from two areas. The first is
a more intensive study of the connections of GAs with other
methods of neighborhood search. Second, an exploration of
the implications of the NFL theorem would seem to be an
area where existing GA theory can be exploited. One area of
GA research concerns the investigation of problems that can
be expected to be either hard or easy for GAs to solve, and
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the NFL results suggest that this is the type of question we
should increasingly try to answer, not only for GAs, but for
heuristic search methods in general.
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Appendix
The No-Free-Lunch Theorem
Considerable interest has been aroused by the recent publi-
cation by Wolpert and Macready (W&M) of the “No-Free-
Lunch” Theorem!"*?) concerning the performance of algo-
rithms that search for the optimum of a cost function.
Summarizing briefly, what they show is that, averaged
over all possible functions, the performance of all search
algorithms that satisfy certain conditions is the same. How-
ever, the idealized search algorithm they describe is differ-
ent in some important respects from “real” search algo-
rithms such as SA, TS, or GAs. Nonetheless, W&M
frequently claim that these results are relevant to such algo-
rithms, as for example,

.., if simulated annealing outperforms genetic algo-
rithms on some [sub]set ¢ [of the set of all functions %],
genetic algorithms must outperform simulated anneal-
ing on F\¢.

This is true in terms of what W&M mean by “outper-
form,” but as we shall argue below, their interpretation is
somewhat idiosyncratic, and makes certain assumptions
that may not be easily verified in practice. In Section A.1, we
present the theorem, largely in the notation of [149], which is
slightly different from that of the main body of this article.

A.1 The Theorem
Assume we have a discrete search space ¥, and a function

f:2~% C R

For convenience, the value of f(x) is called the cost of x. The
general problem is to find an optimal solution, i.e., a point
x* € ¥ that minimizes or maximizes f.

W&M assume a search algorithm A that has generated a
set of m distinct points denoted by {d% (i)} and associated cost
values {d%(i)} where y = f(x) and the index i = 1, ..., m
implies some ordering (the most obvious one being an or-
dering with respect to the search chronology). For conve-
nience, the whole ensemble of points and cost values can be
denoted by d,,;.

Thus initially, starting from a point x1; with cost y;,, we
have di(1) = x;; and d4(1) = ¥q)- Subsequent points are
generated by A based on 4,,;; that is, A is a function

A :dwx, where x € Z\{d% (i)}

The information generated by this sequence of points can
be encapsulated in a histogram ¢ of the cost values {d%,(i)};
the quality of the algorithm’s performance can be measured
in terms of some characteristic of ¢ such as its minimum,

mean, or median. For a given f, the quantity of interest is
thus the conditional probability P[¢| f, m, A].

The NFL Theorem. For any pair of algorithms Ay, and A,
> PLElf, m, A= X P[Elf, m, Al
f f

As originally stated, the NFL theorem also assumes that A
is deterministic—which search methods such as GAs and SA
are not. However, W&M show that the definition of A can be
extended so that the NFL theorem also encompasses sto-
chastic algorithms.

More generally, attention can be shifted to some perfor-
mance measure O(¢). As a corollary of the NFL theorem, it is
clear that the average of P[®(¢)| f, m, A] over all functions fis
independent of A, which provides the justification for such
interpretations of the theorem as those quoted above.

A.2 Nonrevisiting Search

In the previous section, it was emphasized that the sequence
of points generated was distinct, i.e.,, the search does not
revisit previous points. W&M extend their result to allow for
a search algorithm A that does revisit (as real algorithms do)
by defining a new algorithm A’ that “skips over” such
points. The new algorithm can be described as a “com-
pacted” version of the original. The NFL theorem then
clearly applies to the compacted version A’, and can also be
applied to A as long as the value m is reinterpreted as the
number of distinct points seen. The histogram ¢ must also be
interpreted as relating only to the distinct points and not to
possible repeats.

W&M then argue that the

real-world cost in using an algorithm is usually set by
the number of distinct evaluations of f. [emphasis added]

If this is so, then their statements concerning real-world
algorithms, such as that quoted above with respect to GAs
and SA, would be justified.

However, in the real world, search algorithms do tend to
revisit previously seen points, and such revisiting is not
costless. Either we have to accept the fact, and incur the
expense of evaluating f for a point x that we have already
seen (and evaluated) before, or we have to implement some
mechanism for detecting that a revisit has occurred in order
to save ourselves an unnecessary evaluation. The latter ap-
proach would clearly become more and more computation-
ally demanding as the number of points visited increases.

The problem of revisiting is particularly acute in some
implementations of a GA. As the GA population converges,
parents become more similar and tend to produce offspring
that are simply “clones.” For this reason Booker!'* proposed
a “reduced surrogate” crossover mechanism that would
identify regions of the parent strings where crossover would
generate a clone. Similarly, Davis'*”! suggested imposing a
“no-duplicate” policy, whereby each offspring generated in
a steady-state GA is compared to every member of the
current population and only admitted if it has no duplicate.
Neither of these approaches guarantees that the next point is
distinct from all those seen before, but they are relatively
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inexpensive ways of reducing the chance of revisiting, and
both are claimed to enhance the performance of a GA.

The question of revisiting is, of course, a prominent factor
in the motivation for TS. As usually implemented, TS does
not guarantee that points will never be revisited, but it does
offer a straightforward and effective way of discouraging
revisits.

That this is important seems intuitively sensible, but it
also follows as a consequence of the NFL theorem. It is a
straightforward argument from the NFL theorem, that if we
have a decision between two algorithms, we should choose
that algorithm which consistently generates a lower fraction
of duplicates. Of course, whether such an algorithm (one
that consistently generated fewer duplicates for all f) exists is
an open question. There are also other considerations to be
taken into account—most importantly, what mechanism is
used to discourage revisiting, and how much computational
effort is required by it.

A.3 Implications

This is not intended to be a comprehensive survey of the
issues raised in [149]. Nevertheless, there are several fairly
obvious implications of the NFL theorem that have some
relevance to operations research.

o In heuristic search, it is probable that there are “horses for
courses.” Some problem classes can be expected to be
more easily solved by one technique than by another. As
an example of this, Reeves!'™ showed that a particular
class of “deceptive” functions that are hard for a GA can
be optimized easily by a TS implementation.

e A popular way of comparing different search methods is
to devise some test problem instances (often generated by
some random process), and then to observe and analyze
their performance on the test problems. In the light of the
NFL theorem, this process is clearly in need of careful
thought—if the test instances are biased in some way, we
may end up tuning a heuristic to a particular set of
benchmarks, only to find subsequently that it performs
much less well in the more general case.

e It would seem reasonable that revisiting should be dis-
couraged in general, so methods that allow this to be
implemented simply and effectively would seem to be
favored. However, there are other considerations that the
NFL theorem ignores—for example, the question of the
computational complexity of an algorithm.
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