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Received: May 1, 2018 Abstract. The usual approach to developing and analyzing first-order methods for
Revised: August 13, 2018 nonsmooth (stochastic or deterministic) convex optimization assumes that the objective
Accepted: September 14, 2018 function is uniformly Lipschitz continuous with parameter My. However, in many settings,
Published Online in Articles in Advance: the nondifferentiable convex function f is not uniformly Lipschitz continuous—for ex-
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f(x):= max{0, x} + x2. Herein, we develop a notion of “relative continuity” that is deter-
Copyright: © 2019 INFORMS mined relative to a user-specified “reference function” 1 (that should be computationally

tractable for algorithms), and we show that many nondifferentiable convex functions are
relatively continuous with respect to a correspondingly fairly simple reference function
h. We also similarly develop a notion of “relative stochastic continuity” for the stochastic
setting. We analyze two standard algorithms—the (deterministic) mirror descent al-
gorithm and the stochastic mirror descent algorithm—for solving optimization problems
in these new settings, providing the first computational guarantees for instances where
the objective function is not uniformly Lipschitz continuous. This paper is a com-
panion paper for nondifferentiable convex optimization to the recent paper by Lu et al.
[Lu H, Freund RM, Nesterov Y (2018) Relatively smooth convex optimization by first-
order methods, and applications. SIAM ]. Optim. 28(1): 333-354.], which developed anal-
ogous results for differentiable convex optimization.
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1. Introduction

The usual approach to developing and analyzing first-order methods for nondifferentiable convex optimi-
zation (which we review shortly) assumes that the objective function is uniformly Lipschitz continuous in both
deterministic and stochastic settings. However, in many settings, the objective function f is not uniformly
Lipschitz continuous. For example, consider the support vector machine (SVM) problem for binary classi-
fication in machine learning with optimization formulation; that is,

n
SVM: min f(x):=1>"max{0,1 - yix"w;} + 4llxIl3,
* i=1

where w; is the input feature vector of sample i and y; € {—1,1} is the label of sample i. Notice that f is not
differentiable due to the presence of hinge loss terms in the summation, and f is also not Lipschitz continuous
due to the presence of the {,-norm regularization term; thus, we cannot directly utilize typical subgradient or
gradient schemes and their associated computational guarantees for SVM.

Another example is the problem of computing a point x € R™ in the intersection of # ellipsoids, which can be
tackled via the optimization problem (intersection of ellipsoids problem [IEP])

C O~ mi — T T
IEP: f* = min f(x):= &%ﬁ{%x Aix + b/ x +ci},
where the ith ellipsoid is 9; = {x € R" : 12xTA;x + bl x + ¢; < 0} and A; € R™" is a symmetric positive semi-
definite matrix i = 1,...,n. Observe that the objective function f is both nondifferentiable and non-Lipschitz,

and therefore, it falls outside of the scope of standard classes of optimization problems for which first-order
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methods are guaranteed to work. Nevertheless, using the machinery developed in this paper, we will show in
Section 5.3 how to solve both of these problems using deterministic or stochastic mirror descent.

In this paper, we develop a general theory and algorithmic constructs that overcome the drawbacks in the
usual analyses of first-order methods that are grounded on restricted notions of uniform Lipschitz continuity.
Here, we develop a notion of “relative continuity” with respect to a given convex “reference function” h, a
notion that does not require the specification of any particular norm—indeed, / does not need to be strongly
(or even strictly) convex. Armed with relative continuity, we show the capability to solve a more general class
of nondifferentiable convex optimization problems (without uniform Lipschitz continuity) in both de-
terministic and stochastic settings.

This paper is a companion for nondifferentiable convex optimization to our predecessor paper (Lu et al.
2018) for differentiable convex optimization. In Lu et al. (2018), with a very similar philosophy, we developed
the notion of relative smoothness and relative strong convexity with respect to a given convex reference
function. In that paper, we showed the capability to solve a more general class of differentiable convex
optimization problems (without uniform Lipschitz continuous gradients), and we also showed linear con-
vergence results for a primal gradient scheme when the objective function f is both smooth and strongly
convex.

There are some concurrent works on smooth optimization sharing a similar spirit to Lu et al. (2018).
Bauschke et al. (2016) presents a similar definition of relative smoothness as in Lu et al. (2018) and analyzes the
convergence of mirror descent algorithm, although their algorithm and convergence complexity depend on a
symmetry measure of the Bregman distance. Zhou et al. (2016) discuss a unified proof of mirror descent and
the proximal point algorithm under a similar assumption of relative smoothness. Van Nguyen (2017) develops
similar ideas on analyzing mirror descent in a Banach space. A more detailed discussion comparing these
related works is also presented in Lu et al. (2018). More recently, Hanzely and Richtarik (2018) develop
stochastic algorithms for the relatively smooth optimization setting.

In Section 2, we review the traditional setup for mirror descent in both the deterministic and stochastic
settings. In Section 3, we introduce our notion of relative continuity in both the deterministic and stochastic
settings together with some relevant properties. In Section 4, we prove computational guarantees associated
with the mirror descent and stochastic mirror descent algorithms under relative continuity. In Section 5, we
show constructively how our ideas apply to a large class of nondifferentiable and non-Lipschitz convex
optimization problems that are not otherwise solvable by traditional first-order methods. Also, in Section 5, we
analyze computational guarantees associated with mirror descent and stochastic mirror descent for the IEP
and the SVM problem.

1.1. Notation

I - |l denotes a given norm in R" and || - ||, denotes the usual dual norm on the dual space. ||x]|,:= VxTx de-
notes the Euclidean (inner product) norm, where xT means the transpose of the vector x and By(c,7):=
{xeR":|lx —c|l, <r}. ||All, denotes the £, (spectral) norm of a matrix A. The inner product (-,-) specifically
denotes the dot inner product in the underlying vector space. For a conditional random variable s(x) given x,
E[s(x)|x] denotes the conditional expectation of s(x) given x.

2. Traditional Mirror Descent
The optimization problem of interest is

P: mxin f(x)

st. xe€Q, @)

where Q C R" is a closed convex set and f : Q — R is a convex function that is not necessarily differentiable
(and s.t. refers to such that). There are many deterministic and stochastic first-order methods for tackling (1)
(see, for example, Nesterov 2003, Nedi¢ and Lee 2014, Bubeck 2015, and the references therein). Virtually all
such methods are designed to solve (1) when the objective function f satisfies a uniform Lipschitz continuity
condition on Q, which in the deterministic setting, is (essentially) equivalent to the condition that there exists a
constant My <co for which

lg()ll, <My for all x € Q and g(x) € Jf(x), ()

where Jdf(x) is the subdifferential of f at x (i.e., the collection of subgradients of f at x), || - || is a given norm on
R", and || - ||, denotes the usual dual norm.
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Here, we use “g(x)” to denote an assignment of a subgradient (or an oracle call thereof) at x, and therefore,
g(x) is not a function or a point-to-set map.
Another useful functional notion is strong convexity: f is (uniformly) s strongly convex for some y; >0 if

f) 2f(@) + @),y —x)+ 5y - forallx,y€Q and g(x) € I (x). ®)

Nedi¢ and Lee (2014), for example, obtain improved convergence guarantees for the stochastic mirror descent
algorithm under strong convexity.

2.1. Deterministic Setting

Let us now recall the mirror decent algorithm (see Nemirovsky and Yudin 1983 and Beck and Teboulle 2003),
which is also referred to as the prox subgradient method when interpreted in the space of primal variables.
Mirror descent uses a differentiable convex “prox function” h to define a Bregman distance:

Dy(y,x):=h(y) — h(x) = (Vh(x),y —x) for all x,y € Q. 4)
The Bregman distance is used in the computation of the mirror descent update:

X" argmin {f(xi) +{(g(x), x — x') + %Dh(x, xi)} ,
xeQ

where {t;} is the sequence of step sizes for the scheme. A formal statement of the mirror descent algorithm is
presented in Algorithm 1. The traditional setup requires that / is one strongly convex with respect to the given
norm || -||, and in this setup, one can prove that, after k iterations, it holds for any x € Q that

IMZ 3k 12 + Dy(x, x°)
. i _ < 25f ~i=0"i (Nard
min f(x) —f(x) < S

, ©)

which leads to an O(1/vk) sublinear rate of convergence using an appropriately chosen step size sequence {t;}
(see Beck and Teboulle 2003).

Algorithm 1 (Deterministic Mirror Descent Algorithm with Bregman Distance Dy(-, -))
Initialize. Initialize with x” € Q. Let h be a given convex function.
At iteration i:
Perform updates. Compute g(x') € df (x'), determine step size t;, and compute update:

i+

2 — arg min{f(x') + (g(x'), x — x') + 1 Dy(x, x')}. (6)
xeQ

Notice in (6) by construction that the update requires the capability to solve instances of a “linearized
subproblem” (LS) of the general form

LS:  xnew <« argmin{(c,x) + h(x)} (7)
xeQ

for suitable iteration-specific values of c. Indeed, (6) is an instance of (7) with ¢ = t;g(x') — Vh(x') at iteration i. It
is especially important to note that the mirror descent update (6) is somewhat meaningless absent the ca-
pability to efficiently solve (7), a fact that we return to later. In the usual design and implementation of mirror
descent for solving (1), one attempts to specify the norm || - || and the one-strongly convex prox function # in
consideration of properties of the feasible domain Q while also ensuring that the LS subproblem (7) is ef-
ficiently solvable.

Notice that the mirror descent algorithm (Algorithm 1) itself does not require the traditional setup that & be
one strongly convex for some particular norm; rather, this requirement is part of the traditional analysis. As we
will see, we can instead analyze mirror descent by considering the intrinsic ways that f and Dj(, -) are related
functionally in a manner that is constructive in terms of actual algorithm design and implementation.
Furthermore, this is in the same spirit as was done in the predecessor paper (Lu et al. 2018).
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2.2. Stochastic Setting

For some convex functions, computing an exact subgradient at x € Q may be expensive or even intractable, but
sampling a random stochastic estimate of a subgradient at x, which we denote by g(x), may be easy. We say
that g(x) is an unbiased stochastic subgradient if ]E[g(x)lx] € df(x). The usefulness of a stochastic subgradient
methodology is easily seen in the context of machine and statistical learning problems. A prototypical learning
problem is to compute an approximate solution of the following empirical loss minimization problem:

. =1 S .
min  f(x):= 1 ;Jﬁ(x) (8)

s.t. xeQ,

where f; is a nondifferentiable convex loss function associated with sample j for j = 1,...,n data samples. When
n > 0, the standard subgradient method needs to evaluate n subgradients to compute a subgradient of f,
which can be prohibitively expensive. A typical alternative is to compute a stochastic subgradient. Letting x’
denote the ith iterate, at iteration i, a single sample index j is drawn uniformly and independently on {1,...,n},
and then a subgradient g € 8f](x) is computed that is used to define (x’):=g. This stochastic subgradlent is
then used in place of a subgradient at iteration i. Notice that, by construction, g(x") is a conditional random
variable given x' and that (x) is an unbiased stochastic subgradient, namely,E[3(x")[x'] € df (x').

A stochastic version of mirror descent is presented in Algorithm 2. The structure of stochastic mirror descent
is identical to that of mirror descent, the only difference being that the stochastic estimate of a subgradient
Z(x") replaces the exact subgradient g(x') in Algorithm 2.

Algorithm 2 (Stochastic Mirror Descent Algorithm with Bregman Distance Dy(:,-))
Initialize. Initialize with x° € Q. Let h be a given convex differentiable function.
At iteration i:
Perform updates. Compute a stochastic subgradient g(x'), determine step size t;, and compute update:
it — argmm{f(x) +(3(x), x —x'y +1 Dh(x x)}.
xeQ

A standard condition that is required in the traditional convergence analysis for stochastic mirror descent (as
well as other stochastic first-order methods) is that there exists G;>0 for which

E[||3(x)|*|x] < G2, for any x € Q. )

For notational convenience, we say that f is G stochastically continuous if (9) holds. In Nedi¢ and Lee (2014),
they developed convergence results for stochastic mirror descent (Algorithm 2). Under the conditions that (i) f
is Gy stochastically continuous, (ii) / is a differentiable and p;, strongly convex function on Q, and (iii) Q is a

closed bounded set, equation 27 of Nedi¢ and Lee (2014) shows the following convergence result using step

L DmﬁX
sizes t; = ,/é’;(iﬂ):

3G VD

—k o
E[f(x )] f Nk (10)

where X := Zk 0 Z tixt and Dipay := maX, vea Din(x, ).
Furthermore, if also (i) f is ys strongly convex and (ii) & is L, smooth, theorem 1 of Nedi¢ and Lee (2014)

shows that, with step sizes t; = yz(zL-:—l)’ it holds that

2GL

E[f(E#)] - e+ Dy’ (11)

where ¥ := mﬂ;o(i + 1)’

3. Relative Continuity

In this section, we introduce our definition of relative continuity of a function f—actually two different
definitions: one for the deterministic setting and another for the stochastic setting. The starting point is a
reference function , which is a given differentiable convex function on Q that is used to construct the usual



Downloaded from informs.org by [216.73.217.74] on 14 July 2026, at 20:05 . For personal use only, al rights reserved.

Lu: “Relative Continuity” for Non-Lipschitz Nonsmooth Convex Optimization
292 INFORMS Journal on Optimization, 2019, vol. 1, no. 4, pp. 288303, © 2019 INFORMS

Bregman distance Dj(-,-) (4) and used as part of the mirror descent update (6). However, we point out for
emphasis that, unlike the traditional setup, there are no assumptions on / (such as strong or strict convexity).

3.1. Deterministic Setting
Consider the objective function f of (1). We define relative continuity of f relative to the reference function h
using the Bregman distance Dj(:,-) of h as follows.

Definition 3.1. f is M relative continuous with respect to the reference function  on Q if, forany x,y € Q, x # y, and
g(x) € df(x), it holds that

M+2D,(y, x) . 12)

x)||, <

(In the particular case when h(x) = 1|[x||3, the Bregman distance is Dj(y,x) = 3|ly — x||3, and the relative con-
tinuity condition (12) becomes [|g(x)|l, < M, which corresponds to the standard definition of Lipschitz con-
tinuity (2) for the ¢, norm.)

We can rewrite (12) as

2 Dh(]// x)

lg@)IP < M ,
s Iy —xIP

(13)

which states that the square of the norm of any subgradient is bounded by the ratio of the Bregman distance
Dy(y,x) to iy - x|P.

The following proposition presents the “key property” of an M-relative continuous function that is used in
the proofs of results to follow.

Proposition 3.1 (Key Property of M Relative Continuity). Iff is M relative continuous with respect to the reference function
h, then for any t >0, it holds for all x,y € Q and g(x) € f (x) that

1Du(y, x) + (g(x),y —x) + LtM? > 0. (14)

Proof. If f is M relative continuous with respect to , then for any >0, it follows that

Dy(y, x
(2,5~ ) < Il ~ ¥l < My2D, 5, ) < g + D0,

where the last inequality is an application of the arithmetic-geometric mean inequality. The proof follows by
rearranging terms. O

The key property (14) is what is used in the proofs of results herein, and therefore, we could define M
relative continuity using (14) instead of (12). Furthermore, (14) is independent of any norm structure, and
therefore, it is attractive for its generality. However, we use the definition (12), because it leads to easy
verification of M relative continuity in practical instances, as is shown in Section 5.

The following proposition presents some scaling and additivity properties of relative continuity.

Proposition 3.2 (Additivity of Relative Continuity).

1. If f is M relative continuous with respect to h, then for any a>0, f is M relative continuous with respect to a*h.

2. Iff is M relative continuous with respect to h, then for any a >0, af is M relative continuous with respect to a’h.

3. If fj is M relative continuous with respect to h; for j =1,...,n, then Z]’Ll fis \nM relative continuous with respect
to . h.

j=1"7]

4. If f; is M relative continuous with respect[fzo hjforj=1,...,n, then for a;>0 and M >0, it holds that % af; is
\nM relative continuous with respect to X éhj with pj:= %
Proof. Let x,y € Q, x # y, and g(x) € Jf (x).

1. It holds that

My2D;(y, ) _ ¥ 2Da(y, %)
lly = lly =«

gl <

which establishes the result.
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2. Notice that g(x) is a subgradient of f(x) if and only if ag(x) is a subgradient of af(x), whereby

aM~/2Dy(y, x) _ M~/2D 2 (y, x)
lly — xll lly — I

llag()ll, = allg@ll. <

which establishes the result.
3. Any subgradient of X7, f; at x can be written as X7, gj(x), where g;(x) € Jfj(x) for j=1,...,n (see
theorem B.21 of Bertsekas 1999). From the triangle inequality and the relative continuity of f;, we have

P M( }1:1 ,/2Dh/(y, x))

lly = =

30
j=1

< > lIgix)
=

. «/EM(\/W) _ VIM2Dhs i, ,3)

lly — x| [y — x|

where the third inequality is an application of the {;/{;-norm inequality applied to the n-tuple

(2D, (y, x), . .., /2Dy, (y, X)).

4. It follows from part (2) that af; is M; continuous relative to afh]'. Thus, ajfj is also M continuous relative
to ;—%h]- from part (1), whereby the proof is finished by utilizing part (3). O

We also make use of the notion of “relative strong convexity,” which was introduced in Lu et al. (2018), and
it is used here in some of the convergence guarantee analyses.

Definition 3.2. f is u strongly convex relative to & on Q if there is a scalar ;1 > 0 such that, for any x, ¥ € int Q and any
g(x) € df, it holds that

fy) = f(x) + Q(x), y = x) + uDu(y, x)- (15)

In Lu et al. (2018), it was shown that the notion of relative strong convexity embodied in Definition 3.2 is
the natural way to define strong convexity in the context of mirror descent and similar algorithms and leads
to linear convergence of mirror descent in the smooth setting. In the nonsmooth setting, we will show in
Theorem 4.2 that relative strong convexity improves the convergence of mirror descent from O(1/vk)
to O(1/k).

3.2. Stochastic Setting
For x € Q, let 3(x) denote a random stochastic estimate of a subgradient of f at x. Extending the definition of
relative continuity from the deterministic setting, we define stochastic relative continuity as follows.

Definition 3.3. f is G stochastically relative continuous with respect to the reference function /1 on Q for some G >0
if f together with the oracle to compute a stochastic subgradient satisfies the following.

1. Unbiasedness property: E[3(x)|x] € Jf(x).

2. Boundedness property: E[||3(x)|2x] < G? )

Slly—xli?
(In the particular case when h(x) = 1||x|}3, the Bregman distance is Dj(y, x) = 1|ly — x|j3, whereby the stochas-
tically relative continuity boundedness property becomes E[||g(x)||3|]x] < G? for all x € Q, which corresponds to
the standard condition (9) for the £, norm.)

forall x,y € Q and x # y.

For x € Q, define

) ) ly — i
M(x) = g(0)ll, max ————m. )
( ) ||g( )”* yeQy#x ZDh(y/ X) ( )

Notice for a given x that maxyeg is a deterministic quantity, and therefore, M(x) is a conditional

V2D (y,x)
random variable (given x) that is defined on the same probability space as g(x). Clearly, if f is G stochastically
relative continuous, we have by the boundedness property that, for any x € Q,

CreN2 ] ~ 2 lly - x|I? 2
LGl = EIIE] max 5L < G2 17)

Exactly as in the deterministic setting, we have Proposition 3.3.
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Proposition 3.3. Iff is G stochastically relative continuous with respect to the reference function h on Q, then for any t > 0, it
holds for all x,y € Q and any stochastic subgradient estimate (x) that

1Du(y, x) + (3(x),y — x) + 1 tM?(x) > 0.
Proof. For any ¢ >0, we have
(3, ~ ) < 1Ll ~ ¥l < 2D,y 0 < 3acy? + 2,
and the proof is finished by rearranging terms. O

4. Computational Analysis for Stochastic Mirror Descent and (Deterministic)
Mirror Descent
In this section, we present computational guarantees for stochastic mirror descent (Algorithm 2) for minimizing a
convex function f that is G stochastically relative continuous with respect to a given reference function h. We
also present computational guarantees for (deterministic) mirror descent (Algorithm 1) when f is M relative
continuous with respect to a reference function i, which follows as a special case of the stochastic setting.
We begin by recalling the standard three-point property for optimization using Bregman distances.

Lemma 4.1 (Three-Point Property (Tseng 2008)). Let ¢(x) be a convex function, and let D, (-, ) be the Bregman distance
for h. For a given vector z, let

z":= argmin{p(x) + Dy(x, 2)}.
xeQ

Then,
¢(x) + Dy(x,z) = ¢(z*) + Di(z*,z) + Dy(x,z*) for all x € Q.

Let us denote the (primitive) random variable at the ith iteration of the stochastic mirror descent algorithm
(Algorithm 2) by y; (i.e., y; is the random variable that determines the [stochastic] subgradient g(x') at iterate x’
in the stochastic mirror descent algorithm). Then, x'*! is computed according to the update of the stochastic
mirror descent algorithm, whereby x*! is a random variable that depends on all previous values yy, ..., y;, and
we denote this string of random variables by

éi = {’)/(),. . .,’)/i}.

The following theorem states convergence guarantees for the stochastic mirror descent algorithm in terms of
expectation.

Theorem 4.1 (Convergence Bound for Stochastic Mirror Descent Algorithm). Consider the stochastic mirror descent al-

gorithm (Algorithm 2) with given step size sequence {t;}. If f is G stochastically relative continuous with respect to h for some

G >0, then the following inequality holds for all k > 1 and x € Q:

1G22k £ + Dy(x, x0)
Zi‘(:o ti

E , [f(ik)] _f(x) < ’ (18)

where ¥ := %Zﬁ-‘:o .
Proof. First notice that
F) + (g, x = x') = f(x) + (B, [3()x], x - x7)
=f(x) + B, [(3(x"), x — x)x']
> f(x') + E),i[(g(xi), x 1 = ) + 1D, (61, ) + 1D (x, 21 — 1Dy (x, ¥
> f(x') + Eyi[—%M(xi)zti +1Dy(x, 2" - 1Dy (x, xi)|xi]
> f(x') = 3G?ti + 1B, [Dy(x, x '] = £Dy(x, x'), (19)

where the first equality uses the unbiasedness of 3(x), the second equality is because of linearity, the first
inequality is from the three-point property with ¢(x) = t;((x"), x — x'), the second inequality uses Proposition 3.3,
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and the last inequality uses (17). Because f(x) > f(x') + (g(x’), x — x') from the definition of a subgradient, we
have from (19)

() > f(x') + (g(x'), x = x') > f(x') = 1G*t; + tli]EV; [Dy(x, x*H|x'] - tlth(x, x).
Taking expectation with respect to & on both sides of the above inequality yields
00 2 Be [F()] ~ 167 + LEg [Di(x, )] ~ 1, [Dy(x, 2. (20)
Now rearrange and multiply through by t; to yield
HEe,, [f() = f(0] < 3G°8 + Ee, ,[Da(x, x')] = Eg,[Dy(x, x™)].

Summing up the above inequality over i and noting that Dj(x,x**1) > 0, we arrive at
k k , k .
3G? 238 + D, x%) = 3 e | [f() = f(0] = By, D3t f(x) = ()]
i=0 i=0 i=0

k
> (Z t;
i=0

where the last inequality uses the convexity of f. Dividing by > t; completes the proof. O

E"Sk—l [f(ik) _f(x)]r (21)

Remark 4.1. As a direct consequence of (21), we obtain the following result, which is similar to the deterministic
setting (5):
1G22k + Dy(x,x0)

—-flx) < S

: i
B, [gglsr}( fx)

Theorem 4.1 implies the following high-probability result using a simple Markov bound.

Corollary 4.1. Let x* be an optimal solution of (1). Under the conditions of Theorem 4.1, for any 6> 0, it holds that

1G22k 2 + Dy(x, x0)

—k "
PIf() -f >8] < Sy

Proof. Using the Markov inequality, we have
B[ -f] _1G7 Sk B+ D)
) Ok ti
Similar to the case of traditional analysis of stochastic mirror descent, the stochastic mirror descent al-

gorithm (Algorithm 2) leads to an O(%) convergence guarantee (in expectation) by using an appropriate step
size sequence {t;} as the next corollary shows.

Plf() -f 28] <

Corollary 4.2. Under the conditions of Theorem 4.1, for a given € >0, suppose that the step sizes are set to

for all i. Then, within

2 * 40
k;:{wwﬂ
&

iterations of the stochastic mirror descent algorithm, it holds that
E[fE0)]-f <e,

where x* is any optimal solution of (1).
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Proof. Substituting the values of ¢; in (18) yields the result directly. O

Remark 4.2. Similar to the standard stochastic gradient descent scheme, the step size rule in Corollary 4.2 leads to
the optimal rate of convergence provided by the bound in Theorem 4.1.

Remark 4.3. Let us now compare these results with related results of Nedi¢ and Lee (2014). To attain an ¢ optimality

gap, Nedi¢ and Lee (2014) proved a bound of {

e } iterations, which follows by rearranging (10). In addition to

not requiring Lipschitz continuity of f, our bound does not require that / be strongly convex. We also do not require
boundedness of the feasible region, and in most settings, D, (x*, x°) < Dpax even when Dy < +oo. Furthermore,
even in the setting of (10), it holds that

2 lly — x| 2 GZ
= E[g00%)] max HB- M < ElIRCIIER] L <

where the first inequality utilizes the strong convexity (in the standard sense) of /1, and the second inequality is
due to the assumption that f is Gy stochastically continuous (in the standard sense). Thus, we see that the
bound in Corollary 4.2 improves on the bound in Nedi¢ and Lee (2014).

In the case when f is also y strongly convex relative to h (see Definition 3.2), we obtain an O(}) convergence
guarantee in expectation, which is also similar to the traditional case of stochastic gradient descent. This is
shown in the next result.

Theorem 4.2 (Convergence Bound for Stochastic Mirror Descent Algorithm Under Strong Convexity Relative to h). Consider
the stochastic mirror descent algorithm (Algorithm 2). If f is G stochastically relative continuous with respect to h for some G >0

and f is u strongly convex relative to h for some >0 and if the step sizes are chosen as t; = then the following inequality

2
p(i+1)
holds for all k > 1:

k GZ
Eék 1[f(5€ )] f H(k I 1)

where k(k+1) kil
Proof. For any x € Q, it follows from the definition of u strong convexity (15) that
f(0) 2 () + (g(x), x = x') + uDy(x, ).
Combining the above inequality with (19) yields
f(x) 2 f(x') = 3G?t; + 1By, [Dy(x, x* '] = (F = t)Dy(x, ).

Substituting t; = and multiplying by 7 in the above inequality yields

() = f(x)) < 555 + (i = DDy(x, x) = i + 1)E,, [Dy(x, x*)'])
< € 4 4(i(i - 1)Dy(x, x') — (i + DE,, [Dyx, [,

‘u(1+l)

Taking expectation over &;_; and summing up the above inequality over i then yields

k . ~k k . i kG? u k+1 kG?
DB L) =001 = 35 (B, [F00] =) < == k4 D) B Do ¥ 0] <,
i=1 i=1
where the first inequality uses the convexity of f and the observation that E¢, ,f(x') = E¢,_f (x ') for i < k. Taking
x =x", where x* is an optimal solution of (1), the proof is completed by noticing that >ki= k(kH) o

Remark 4.4. It may not be easy to find cases when the objective function is both G stochastically relative continuous
and u relatively strongly convex relative to 1. However, as long as these properties are satisfied along the path of
iterates or around the minimum, one can achieve the faster convergence of Theorem 4.2.
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Remark 4.5. Let us also compare the computational guarantee of Theorem 4.2 with the results in Nedi¢ and Lee
(2014). To attain an ¢ optimality gap, Nedi¢ and Lee (2014) proved the bound (11). Notice that we do not require that
f is uniformly Lipschitz continuous, that & is strongly convex in the traditional sense, or that / is uniformly smooth.

2
However, even if these requirements hold, it follows from Remark 4.3 that G*< %, and it also holds that
Ds(x,y) = llx = yI? = EDu(x, y),

where the first inequality utilizes that f is ys strongly convex and the second inequality / is L, smooth in the
standard sense. Thus, f is at least u = f—{' strongly convex relative to h (this follows by applying proposition 1.1
in Lu et al. 2018). Therefore, even under the stronger requirements of Nedi¢ and Lee (2014), Theorem 4.2 im-
proves on the corresponding result in Nedi¢ and Lee (2014).

We end this section with a discussion of the deterministic setting, namely, the (deterministic) mirror descent
algorithm (Algorithm 1). Suppose that there is no stochasticity in the computation of subgradients. We can
cast this as an instance of the stochastic mirror descent algorithm (Algorithm 2), wherein g(x) = g(x) € df (x) for
all x€ Q. In this case, relative stochastic continuity (Definition 3.3) is equivalent to relative continuity
(Definition 3.1) with the same constant. Thus, deterministic mirror descent is a special case of stochastic mirror
descent, and we have the following computational guarantees as special cases of the stochastic case.

Theorem 4.3 (Convergence Bound for Deterministic Mirror Descent Algorithm). Consider the (deterministic) mirror descent

algorithm (Algorithm 1). If f is M relative continuous with respect to h for some M >0, then for all k > 1 and x € Q, the

following inequality holds:

IM2 35 2 + Dy(x, x°)
Zi‘(:o ti

7

f@) -flo) <

ko 1 5k g
where X*:= S 7 Zizo X'

Corollary 4.3. Under the conditions of Theorem 4.3, for a given & >0, suppose that the step sizes are set to
€

= e

for all i. Then, within

2 * 0
k:{%h
&

iterations of deterministic mirror descent, it holds that
fE)-f <e,

>k tixt and x* is any optimal solution of (1).

k.— _1

o 2ot
Theorem 4.4 (Convergence Bounds for Deterministic Mirror Descent with Strong Relative Convexity). Consider the de-
terministic mirror descent algorithm (Algorithm 1). If f is M relative continuous with respect to h for some M >0 and f is u
si;lricnglyl convex relative to h for some 11 > 0 and if the step sizes are chosen as t; = ﬁ, then the following inequality holds for
ait k > 1:

where X

e 2MP
& —f S e+ 1)

g 2 ko
where X := iy Xig - X'

5. Specifying a Reference Function h with Relative Continuity for Mirror Descent

Let us discuss using either deterministic or stochastic mirror descent (Algorithm 1 or Algorithm 2) for solving
the optimization problem (1) with objective function f that is M relative continuous or G stochastically relative
continuous (respectively) with respect to the reference function h. To efficiently execute the update step in
Algorithm 1 and/or Algorithm 2, we need & to be such that the LS (7) is efficiently solvable for any given c.
Therefore, to execute mirror descent for solving (1) using Algorithm 1 or Algorithm 2, we need to specify a
differentiable convex reference function / that has the following two properties.



Downloaded from informs.org by [216.73.217.74] on 14 July 2026, at 20:05 . For personal use only, al rights reserved.

Lu: “Relative Continuity” for Non-Lipschitz Nonsmooth Convex Optimization
298 INFORMS Journal on Optimization, 2019, vol. 1, no. 4, pp. 288-303, © 2019 INFORMS

1. f is M relative continuous (or G stochastically relative continuous) with respect to i on Q for M (or G) that
is easy to determine.

2. The LS (7) has a solution, and the solution is efficiently computable.

We now discuss quite broadly how to construct such a reference function h with these two properties when
llg(x)|I* is bounded by a polynomial in x|,

5.1. Deterministic Setting
Suppose that ||g(x)|*> < p,(l|x|l,) for all x € Q and all g(x) € df(x), where p,(a) = X @' is an r-degree poly-
nomial of a with coefficients {s;} that are nonnegative. Let

hx)i= > A2,

i=0

Then, the following proposition states that f is one relative continuous with respect to h. This implies that, no
matter how fast the subgradient of f grows polynomially as ||x[|, — oo, f is relatively continuous with respect
to the simple reference function h, although f does not exhibit uniform Lipschitz continuity.

Proposition 5.1. f is one continuous relative to h(x) = Z1_o 2 ||x||5.
Proof. Let I;(x) = 5 ||x|l5?; then, h(x) = XI_, a:h;(x), and by the definition of Bregman distance, we have
Dy (y, %) = 5llylly™? = llxlls = (llxllox, y — x)

Ll + G+ DllxlE? = G+ 2)lxlls(x, v)).-
Notice that

Iyl + G+ DI = @+ 2)llels (x, )
= (ol + 512 = Sl B) + 201 + 1 205, )
S04+ %||x||2(||x||2 + Iyl - 2(x,y))
= £2{xflylly - x|,

where the inequality above is an application of arithmetic-geometric mean inequality a' b < da+ (1-A)b

with a = [|x|[52, b = [[yl[5*?, and A = ;5. Thus, we have

Di(y,x) = D> aiDy,(y, %) = 3lly — xIi3 (Z aillxllé)- (22)

i=0 i=0

Therefore,

g1 < pr(llxll,) = Z aillx|lh < ﬁh(% x||)2

which shows that f is one relative continuous with respect to h. O

Solving the Linearization Subproblem (7). Let us see how we can solve the linearization subproblem (7) for this
class of optimization problems. The linearization subproblem (7) can be written as

LS: min (cx)+ Z Lolx 52, (23)

and the first-order optimality condition is simply

c+ (Zr] ai||x||;)x =0, (24)

i=0
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whereby x = —0c for some scalar 0 > 0, and it remains to simply determine the value of the nonnegative scalar
0. In the case when ¢ = 0, we have that x = 0 satisfies (24), and therefore, let us examine the case when c # 0, in
which case from (24) 60 must satisfy

,
2 aillelbo™t =1 =0,
i=0

which implies that 0 is the unique positive root of a univariate polynomial monotone in 0 > 0. For r €
{0,1,2,3}, this root can be computed in closed form. Otherwise, the root can be computed efficiently (up to
machine precision) using any suitable root-finding method.

Remark 5.1. We can incorporate a simple set constraint x € Q in problem (23) provided that we can easily compute
the Euclidean projection on Q. In this case, the linearization subproblem (7) can be converted to a one-dimensional
convex optimization problem (see appendix A.1 of Lu et al. 2018 for details).

5.2. Stochastic Setting

In the stochastic setting, the stochastic subgradient g(x) is a conditional random variable for a given x. Suppose
that E[[I3(0)|PIx]| < pr(|Ixlly) for all x € Q, where p,(a) = Z/_ya;a’ is an r-degree polynomial with coefficients {a;}
that are nonnegative. Let

r

hx):= 3 fslixdlz,

i=0
and similar to the deterministic case, we have Proposition 5.2.

Proposition 5.2. f is one stochastically continuous relative to h(x) = Z1_o 2 ||x[[5".

Proof. For any x,y € Q with x # i, we have

ZDh(]/, x)

Fle) y 08

2lx] < pr(lindl) = > il < -
i=0

where the last inequality follows from (22), and thus, f is one stochastically continuous relative to h. O

Solving the Linearization Subproblem (7). The linear optimization subproblem is identical in structure to that in
the deterministic case and therefore, can be solved as discussed at the end of Section 5.1.

5.3. Relative Continuity for Instances of SVM and IEP

Here, we examine in detail the two motivating examples stated in Section 1, namely, the SVM problem and the
IEP. We first prove the following lemma, which presents upper bounds on the Bregman distances Dj(-,-) for
h(x) = 5|Ixll3 and h(x) = glld3-

Lemma 5.1.
1. Let h(x):= |Ix[l3. Then, Dy(y,x) < Xlly = xl5(|lyll, + 2llxll,)-

2. Let h(x):= §||xll3. Then, Dy(y,x) < {lly — xIB(Ily + i3 + 2lIx]3).

Proof.
1.

Di(y, x) = 3(IIyll3 + 21Ixll3 = 3lldlo(x, )
< 3(lyll3 + 2113 = 3llxllagx, ) = 20yl <y, x) + Myl = lxlla$x, v) + Lyl llxl)

= 3lly = B (Iyll, + 2lxll),

where the first equality follows from simplifying and combining terms, the inequality follows from applying
the Cauchy-Schwarz inequality twice, and the final equality is from simplifying and combining terms.
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Dy(y, x) = X(lylls + 3llxll3 — 4llxl3¢x, )
< Yyld + 3lIx3 — 4llx3x, y) + 4l BlIylE - 4¢x, y)?)
=y = xIB(ly + xI? + 21x13),

where the first equality follows from simplifying and combining terms, the inequality follows from applying
the Cauchy-Schwarz inequality once, and the final equality is from simplifying and combining terms. O

SVM. The SVM is an important supervised learning model for binary classification in machine learning. The
SVM optimization problem for binary classification is

SVM : min f(0):=1> max{0,1 - yixw;} + 4IxIl3, (26)
i=1

where w; is the input feature vector of sample 7 and y; € {-1,1} is the label of sample i. Notice that f is not
differentiable due to the presence of the hinge loss terms in the summation, and f is also not Lipschitz
continuous due to the presence of the {,-norm regularization term; thus, we cannot directly utilize typical
subgradient or gradient schemes and their associated computational guarantees in the analysis of (26).
Researchers have developed various approaches to overcome this limitation. For example, Duchi and Singer
(2009) introduced a splitting subgradient-type method, where the basic idea is to split the loss function and the
regularization terms. Yu et al. (2010) introduced a quasi-Newton method, where they do not need to worry
about the unbounded subgradient. Another approach is to a priori constrain x to be in an ¢, ball of radius R for
R sufficiently large so that the ball contains the optimal solution and to project onto this ball at each iteration;
in this approach, f is Lipschitz continuous in the amended feasible region (see Shalev-Shwartz et al. 2011).
Indeed, one can show using quadratic optimization optimality conditions that it suffices to set R =
min{} 1 27, [[will,), V2/A} (see Section 5.3), wherein the modulus of Lipschitz continuity in the amended
feasible region is at most M < %Z?:l |[evil], + min{\/Z_A,%Zl’-’zl |lewill,}. Furthermore, in Lacoste-Julien et al. (2012),
the authors show that, if the initial point is within a suitably chosen large ball, then stochastic subgradient
descent with a small step size ensures in expectation that all iterates are in the large ball, which then ensures
that the norms of all subgradients are bounded in expectation.

Let us see how we can directly use the constructs of relative continuity to tackle the SVM problem with a
suitably designed version of stochastic mirror descent—without any projection step to a ball. We can rewrite
the objective function of (26) as

@) =13 ),
=1

where fj(x) = max{0, 1 — yjx"w;} + 4 ||x|3. We consider computing a stochastic estimate of the subgradient of f

by using a single sample index j drawn randomly from {1,...,n}, namely, (x) € dfi(x), where j is drawn
uniformly at random from {1,...,n}. Then, ||g(x)|[3 < (Allx]l, + ||w;||2)2, whereby

i 21 (& 1
E[IR)I5kx] < A%[ldlz + =~ (Z ||wi||z) el + - > il
i=1 i=1

and notice that the right-hand side is a polynomial in ||x||, of degree r = 2. If we choose the reference function
h as

1) = 2t 22 (S0 ol 1 + 2= 37 el 12 27)
. 4 2 371 P 12 2 27’1 - 112 27

it follows from Proposition 5.2 that f is one stochastically continuous relative to h(x).
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Proposition 5.3 (Computational Guarantees for Stochastic Mirror Descent for the SVM Problem (26)). Consider applying
the stochastic mirror descent algorithm (Algorithm 2) to the support vector machine problem (26) using the reference function
(27). For an absolute optimality tolerance value € >0 and using the constant step sizes t;:= ¢, let the algorithm be run for

llx* = xXOIP(BA%(ll + 213 + 211x013) + B (2L ewilly) (1]l + 211x°1l,) + & (S5 il 3))
6¢e2

k:= -1

iterations, where x* is the optimal solution of (26). Then, it holds that
E[f(&) -f]<e
where ¢ = a7 +1 Z

Proof. We showed above (using Proposition 5.2) that f is one stochastically continuous relative to & defined in (27).
Furthermore, applying Lemma 5.1, it follows that

2 1
Dy(x,x") < ||x — I3 (1 +x°||2+2||x°||2)+—(lewzllz) (Il ||2+2||x0||2)+_(Z”w”2)”x -l

3n |\ = 2n \ =

The proof is finished by substituting these values into the computational guarantee of Corollary 4.2. O

IEP." Consider the problem of computing a point x € R" in the intersection of 1 ellipsoids, namely,
x€2:=91N9%N---N9Y,, (28)

where 9; = {x e R": %xTAix +bix+c; <0} and A; € R"™ is a given symmetric positive semidefinite matrix
i=1,...,n. This problem can be cast as a second-order cone optimization problem, and hence, it can be tackled
using interior-point methods. However, interior-point methods are typically only effective when the di-
mensions m and/or n are of moderate size. However, another way to tackle the problem is to use a first-order
method to solve the unconstrained problem

IEP: f*= mm fx):= max{ xTAix + bl x + ¢}, (29)

and notice that f(x) <0 e x€2 and 2 # 0 & f* <0. However, the objective function f in (29) is both non-
differentiable and non-Lipschitz, and therefore, it falls outside of the scope of optimization problems for which
traditional first-order methods are applicable. Let us see how we can use the machinery of relative continuity
to tackle this problem. Let 0 := maxo<i<y [|Ai|3, where [|A/], is the spectral radius of A;; let p:=2maxo<i<, [|Abill,,
and let y := maxp<i<, ||bi][3. Notice that, for any x and i = 1,..., 1, we have g;(x) := A;x + b; = Vf;(x), where fi(x) is
the ith term in the objective function of (29). Because g(x) € df(x) if and only if g(x) is a convex combination of
the active gradients Vfi(x) (see Danskin’s Theorem, proposition B.22 in Bertsekas 1999), it follows for any
g(x) € df (x) that

I8l < max [lAx + bill; < max||4; 1311115 + 21167 Adlly Il + 116415 < ollll3 + plllly + -

Therefore, we have ||g(x)||§ < pa(lIxll), where p1(a) = 0a® + pa +y is a quadratic function of a, which is a
polynomial in a of degree r = 2. It follows from Proposition 5.1 that f is one continuous relative to the
reference function

h(x) = Gllxllz + Sllxdl3 + Sl (30)

Proposition 5.4 (Computational Guarantees for Deterministic Mirror Descent for the IEP (29)). Consider applying the
deterministic mirror descent algorithm (Algorithm 1) to the ellipsoid intersection problem (29) using the reference function
(30), where 0 := maxo<i<y ||Aill3, [|Aill, is the spectral radius of A;, p :=2maxo<i<n ||Abilly, and y := maxo<i<y ||bilf5. For an
absolute optimality tolerance value € >0 and using the constant step sizes t;:=¢, let the algorithm be run for

[l = x| (Ba([lc* + 20113 + 211x°113) + 4p(|lx*ll, + 2lIx°[l,) + 6y)
6e2

k:= -1
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iterations, where x* is any optimal solution of (29). Then, it holds that

fE&)-f<e
where 3 := -3k ¥,

Proof. We showed above (using Proposition 5.1) that f is one continuous relative to h(x) = §||xl3 + 5 [Ix[3 + % [xI[3.
Furthermore, applying Lemma 5.1, it follows that Dy (x*, x%) < ¢|lx* — x°|3(llx* + xoll3 + 2llxoll3) + §1lx* = x°|B(|lx"|l, +
2|[x°ll,) + 5 llx* — x°|)3. The proof is finished by substituting these values into the computational guarantee of
Corollary 4.3. O

Acknowledgments

The author expresses his gratitude to Robert M. Freund for thoughtful discussions that helped motivate this work, commenting
on earlier drafts of this paper, and advising on the presentation and positioning of this paper. The author also thanks Yurii

Nesterov for encouraging the author’s work on this topic and pointing out the application of the intersection of ellipsoids
problem.

Appendix. Finite Radius Bound for SVM
Here, we derive an upper bound on the norm of an optimal solution of the SVM problem (26).

Proposition 5.5. The optimal solution to the SVM problem (26) is in the ball By(0,R) for R = min{:L 31, |[will,, V2/A}.

Proof. For convenience, define A;:=y;w; fori=1,...,n. Then, we can rewrite the SVM problem as the following constrained
optimization problem:

1

min n

To o All]2
N e's+5]xl5

s.t. s+Ax>e,

5> 0.

Let 7 and f be the multipliers on the inequality constraints above. Then, the Karush-Kuhn-Tucker conditions imply,
among other things, that the optimal solution x* must satisfy

1
T+ B =e

Ax = ATn,

where 7" >0 and " > 0. Define 7" = n". Then, 0 < 77" < e and

=

n
T T~
Ml = ATl = MA 7l < 5 >0 AL =5 2 llwillo,
i=1 i=1

which proves the first term in the definition of R. Also, we have 4||x|} < f(x*) < f(0) = 1, and thus, [|x*||, < v2/A. Therefore,
llx*|l, < min{-L 32, [lwill, V2/A}, which finishes the proof. O

nA

Endnote
! This problem was suggested by Nesterov (2016).
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