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1. Introduction
Fractional objective functions arise naturally in a broad range of problems that involve optimization of ef-
ficiency measures, probabilities, averages, and percentages among others. A comprehensive overview of
continuous fractional programming papers is given by Schaible (1982) and Stancu-Minasian (2017). In this
paper, we focus on fractional 0-1 programming problem (FP; also referred to as hyperbolic 0-1 programming).
Formally, the deterministic fractional 0-1 program is defined as

aio + 2jej AijX;

max » ———1 2, FP
xeX % biO + Z]E] b,]x] ( )

where I ={1,...,m}, ] ={1,...,n}, and X € B" for B := {0, 1}. If m = 1, then the problem is referred to as single
ratio; otherwise, it is multiple ratio.

Many diverse applications can be readily formulated as FP. Such applications encompass scheduling (Saipe
1975), retail assortment (Subramanian and Sherali 2010, Davis et al. 2014, Méndez-Diaz et al. 2014), set
covering (Amaldi et al. 2011, 2012), facility location (Tawarmalani et al. 2002), stochastic service systems
(Elhedhli 2005, Han et al. 2013), biclustering (Busygin et al. 2005, Trapp et al. 2010), finding diverse solutions
to binary linear programs (Trapp and Konrad 2015), cell formation problems (Bychkov et al. 2014, Pinheiro
et al. 2018), and clinical trials (Bertsimas et al. 2019). Additionally, specialized techniques have been proposed
for special cases of FP, including the minimum fractional spanning tree problem (Ursulenko et al. 2013), the
minimum cost-to-time cycle problem (Dasdan et al. 1999), the maximum mean cut problem (McCormick and
Ervolina 1994), the minimum fractional assignment problem (Shigeno et al. 1995), and the maximum clique
ratio problem (Moeini 2015, Sethuraman and Butenko 2015). We refer the reader to a recent survey by Borrero
et al. (2017) and the references therein for an overview of the literature, applications, and solution methods for
fractional 0-1 programming.

In practice, the parameters of an optimization problem are often subject to uncertainty, and existing
techniques for FP may not be adequate for problems with unknown parameters. Our approach to uncertain

96


http://pubsonline.informs.org/journal/ijoo
mailto:erfan.mehmanchi@pitt.edu
https://orcid.org/0000-0003-2540-6018
https://orcid.org/0000-0003-2540-6018
mailto:cpg12@pitt.edu
https://orcid.org/0000-0003-4222-9973
https://orcid.org/0000-0003-4222-9973
mailto:gomezand@usc.edu
https://orcid.org/0000-0003-3668-0653
https://orcid.org/0000-0003-3668-0653
mailto:droleg@pitt.edu
https://orcid.org/0000-0003-2888-8630
https://orcid.org/0000-0003-2888-8630
https://doi.org/10.1287/ijoo.2019.0025

Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 04:18 . For personal use only, al rights reserved.

Mehmanchi et al.: On Robust Fractional 0-1 Programming
INFORMS Journal on Optimization, 2020, vol. 2, no. 2, pp. 96-133, © 2020 INFORMS 97

fractional 0-1 programming falls within the framework of robust optimization. Specifically, we assume that
some or all of the coefficients a; and b; may not be known exactly but are modeled as bounded random
variables a; and bj;, respectively. These coefficients are presumed to lie in some uncertainty set AU, that is,
(a,b) € AU. Then the robust counterpart of FP, robust fractional 0-1 programming problem (RFP), with respect
to the uncertainty set U optimizes against the worst-case scenario
Zj, = max min M. (RFP[U])
¥eX (ab)euiel bio + Xjey bijx;

Throughout this paper, we assume that the data satisfy the following assumption.
Assumption 1. For all x € X, (E,E) €M, and i €1, an + Z]E]E,v]vxj > 0, and bjy + Zjejgijxj > 0.

Most fractional programming problems typically have nonnegative data because such data represent
probabilities, prices, weights, utilities, etc. (see, e.g., Borrero et al. 2017 and the applications described therein).
The portion of Assumption 1 related to a strictly positive denominator is a commonly made assumption for
the deterministic version (Hansen et al. 1991, Boros and Hammer 2002). Moreover, the nonnegative numerator
assumption is not restrictive because, by adding a sufficiently large constant value to each ratio, we can
transform its numerator into the one that takes only nonnegative values for any (a,b) € U and x € X.

In the following, we define ()" = max{0, t} for any t € R and let A x B denote the Cartesian product of sets A
and B.

1.1. Relevant Literature

1.1.1. Fractional Programming. The single-ratio FP with a strictly positive denominator can be solved to
optimality by repeatedly solving a sequence of optimization problems with a linear objective function over X
via parametrization algorithms, such as Newton’s method (Dinkelbach 1967) and binary search (Lawler 1976,
Ahuja et al. 1993, Radzik 2013). Moreover, if solving such a linear optimization problem over X can be done
in polynomial time, then single-ratio FP can be solved in polynomial time. Furthermore, Megiddo (1979)
shows that if a nominal binary linear problem admits a polynomial time algorithm, then so does single-
ratio FP.

Multiple-ratio FP is nondeterministic polynomial-time hard (NP-hard) even for two ratios and strictly
positive denominators (Hansen et al. 1990; Prokopyev et al. 2005a, b). For solving multiple-ratio FP, there exist
several mixed-integer linear programming (MILP) reformulations of FP. An early formulation was given by
Williams (1974). A different formulation was proposed by Li (1994) and later studied by Wu (1997). Ad-
ditionally, Tawarmalani et al. (2002) present six other formulations. A more recent formulation approach
based on performing a base 2 expansion of certain integer-valued expressions was given by Borrero et al.
(2016), which can reduce the number of bilinear terms that require linearization and may substantially reduce
the number of variables with respect to the previous MILP reformulations.

1.1.2. Robust Optimization. The robust optimization approach of El Ghaoui and Lebret (1997), Ben-Tal and
Nemirovski (1998, 1999, 2000), and El Ghaoui et al. (1998) presumes that the unknown data are within some
uncertainty set. A critical modeling decision is selecting an appropriate uncertainty set that is close to the true
representation of uncertainty in the data and also ensures tractability of the resulting robust counterpart. In
particular, the budgeted uncertainty proposed in Bertsimas and Sim (2003, 2004) is widely used because it
achieves a good balance between accuracy and tractability.

Continuous robust single-ratio fractional programming was introduced by Gorissen (2015). The author
shows that under some convexity assumptions, the robust counterparts can be solved in polynomial time.
Additionally, the Lagrange dual of a (continuous) robust single-ratio fractional problem was studied in
Jeyakumar and Li (2011) and Jeyakumar et al. (2013) for disjoint uncertainty sets; that is, the uncertainty set U
can be naturally decomposed as the Cartesian product of simpler sets.

In the case of fractional 0-1 programming, the work of Rusmevichientong and Topaloglu (2012) is the only
study that explores robust formulations. The authors study a single-ratio assortment optimization problem
under the multinomial logit choice model, where only customer preferences are uncertain. However, their
results cannot be directly extended for more general classes of fractional problems, including the cases where
the revenues are subject to uncertainty or the choice model is mixed multinomial logit.
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1.2. Structure and Contributions of This Paper

To the best of our knowledge, this study is the first work that addresses robust fractional 0-1 programming
in its general structure. We perform a comprehensive study of RFP[U] that includes several types of the
budgeted uncertainty sets and also encompasses single- and multiple-ratio cases. We also briefly explore the
complexity of RFP[U] for general polyhedral AU. The structure of this paper can be summarized as follows.

e In Section 2, we introduce the (disjoint and joint) generalizations of the budgeted uncertainty set for
fractional 0-1 programs and discuss computational complexity of RFP.

¢ In Section 3, we propose an approach to find an optimal solution of single-ratio RFP by solving a
polynomial number of linear optimization problems over X; in particular, if linear optimization over X is
polynomial-time solvable, then so is RFP[U].

e In Section 4, we extend classical MILP formulations for FP to tackle multiple-ratio RFP[U] and exploit the
binary expansion technique to improve the efficacy of the MILPs. We also provide some insights on selection
of the appropriate level of uncertainty.

¢ In Section 5, we present computations with real and synthetic data. Additionally, we examine the price of
robustness and evaluate the performance of the proposed MILPs via extensive computational experiments.

2. Model of Data Uncertainty

The selection of an appropriate uncertainty set can affect the tractability of a robust optimization problem. In
this section, we describe the budgeted uncertainty set and several variations thereof for fractional 0-1 pro-
gramming as considered in this paper, which lead to tractable (polynomial-time) methods for single-ratio
RFP[U] in Section 3. However, we also demonstrate that the robust counterpart of a polynomially solvable
unconstrained single-ratio FP (with strictly positive denominator) is NP-hard for a general polyhedral un-
certainty set .

In particular, following the convention introduced by Bertsimas and Sim (2003, 2004), each unknown co-
efficient a;; and b;; lies in a symmetric interval centered on the nominal value; that is, a;; € [a; — d;, a;; + d and
bl] € [by; dl],b + db ] with d?],dz 0. The coefficients d" and db denote the potential deviation tJrom nommal
values a;; and by, respectlvely, foreachiel,je].

Additionally, it is unlikely for all the coefficients to simultaneously change to their worst-case values. Hence,
only a predetermined number of the unknown coefficients take values different from their nominal value.
Given a ratio i € I and vectors a;,b; € R", let Si(a;) = {j € ] | a;; # a;;} and Si(b;) = {j € ] |bjj # b;j} be the set of
indices of the uncertain parameters in which values are different from the nominal in the numerator and the
denominator, respectively.

Uncertainty pertaining to linear 0-1 constraints is covered in the literature (Bertsimas and Sim 2003); thus,
we assume that the constraint coefficients are fixed. Furthermore, we assume without loss of generality that
the data are integral (otherwise, the rational coefficients can be scaled to satisfy this assumption). Hence, we
make the following assumption.

Assumption 2. All data are integer; that is, ao, bi, a;, bij € Z, and d‘l‘],db €Zs forallicl,je].
2.1. Disjoint Uncertainty Set
Given I'?,T? € {0,1,...,n} as the budget of uncertainty or the level of conservatism, for each i € I, we define

70

as = {az eR” )au [azj d,],al] +d"] forje], |Si(a) < 1""} and 1)

(5)=r) g

Note that AU¢ and UY correspond to the budgeted uncertainty sets studied in Bertsimas and Sim (2003, 2004)
and that % and T? are the numbers of coefficients allowed to vary from their nominal value in the numerator
and denominator of the ith ratio, respectively. Then the disjoint uncertainty set for fractional programming is

up = {b; € R" by € by — df by + | for j e ], |

e = {(75) e R xR

(7,5:) & U x Ul for all i e 1},

We refer to UY as disjoint because uncertainty of the coefficients of each numerator/denominator is in-
dependent of the rest of the data. Also, observe that in the ith ratio by setting I'" = 0 (I = 0), we can restrict the
uncertainty only to the denominator (numerator) of the ratio. Therefore, set U” includes subcases in which
some ratios are subject to uncertainty only in either their denominators or numerators.
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2.2. Joint Uncertainty Sets
We now describe four joint uncertainty sets. In contrast with the preceding disjoint uncertainty set, there is
some dependence between the uncertainties related to different numerators and denominators.

e Shared ratio budget. Given I'; € {0,1,...,2n}, for each i € I, let

u; = {(E,E) € R" xR"

E] € [Cli]' -4

g+ i, by € by - by + ) 18i(@)1+ [8i(B)| < T

The shared ratio budget uncertainty set is

U™ = {(3,0) € R™ xR

(Ei,E) € AL, for all i € 1}.

Under the shared ratio budget uncertainty set, uncertainty for the ith ratio is independent of other ratios, but the
uncertainties of its numerator and denominator are connected by a common budget I';. Specifically, at most, I’;
of coefficients in the ith ratio’s numerator and denominator can change.

The uncertainty sets U” and U™ arise naturally when there is uncertainty concerning individual coefficients of FP.
In some applications, however, the uncertainty of the original problem may have a specific structure that requires a
specialized uncertainty set. We now describe three such sets.

® Matched sets. Consider the problem of maximizing return on investment or productivity, where a cor-
responds to the return of executing a given project (for example, dollar amount) and b corresponds to the
investment costs for the project (for example, time). Additionally, suppose that undesirable events may occur
(for example, strikes or natural disasters), resulting in a simultaneous decrease in the returns and increase in
the costs of a given project. Such uncertainty is modeled by the matched sets uncertainty set

b = {(Ea e Y

* Matched effects. Consider the assortment optimization problem under the mixed multinomial logit model
(Boyd and Mellman 1980, Méndez-Diaz et al. 2014)

Si(@) = s,-(E), for all i € 1}.

max 3 Zje] TiiPijX 3)
xeX o 1+ Zjey pijX;

where 7;; and p;; are the revenue and customer preference weight associated with selling product j to customer
class i, respectively. Note that if the revenues are known but the preferences are uncertain, then changes with
respect to the nominal values of numerator/denominator coefficients that correspond to the same variable are
proportional and of the same sign. The matched effects uncertainty set

j— @ by—by
a]d—?jaj: ]df} ],foralliel,jej}

oc

b = {(E,’E) e b

captures this effect.

e Single budget. In all the uncertainty sets defined earlier, we assume that each ratio has its own budget(s) of
uncertainty. However, one may consider an uncertainty set in which a single budget controls the degree of
conservatism over all ratios. Specifically, the single-budget uncertainty set for numerators also arises in the
assortment problem (3) when the preferences are known but the revenues are unknown, and it is given by

' = {E € R

Ei]' € [ﬂi]‘ —d° ajj + d?] ,fOI' alli e I,] S ], Z|51(E,)| < F},

ij’
iel

where the budget I'€{0,1,...,m-n} is shared by all ratios. In words, only numerators are subject to un-
certainty, and at most, I' of the numerators coefficients is different from their nominal values.

The five uncertainty sets just defined (i.e., %”b,%”b,%ib,%ﬁf’, and U%) aim at modeling a broad range of
situations arising in practice; moreover, none are a special case of another. Furthermore, it can be verified that
RFP[U], in general, is neither quasi-convex nor quasi-concave.

We show in Section 3 that for a polynomial-time-solvable FP, the considered uncertainty sets lead to polynomial-
time-solvable robust counterparts RFP[U]. In contrast, note that the robust counterparts corresponding to

general polyhedral uncertainty are NP-hard.
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2.3. RFP[U] for General Polyhedral Uncertainty Is NP-Hard
Consider an unconstrained (X = B") single-ratio problem with uncertainty limited to the numerator
ag+alx— maxyeou{(Ay)Tx}

(4)
e bo + bTx /

where AU = {y: Dy <d,y >0} is a general polyhedral uncertainty set and Assumption 1 holds. Note that
without uncertainty, the deterministic unconstrained single-ratio problem can be solved in polynomial time
via a linear time median-finding algorithm (Hansen et al. 1991). However, this property does not follow
through to the robust counterpart.

Proposition 1. Problem (4) is NP-hard.

Proof. Let by = 1and b; = 0 forj € J; then we have a linear objective with a polyhedral uncertainty set. By theorem 4
of Buchheim and Kurtz (2018), the resulting problem is NP-hard. O

Similarly, consider the problem with uncertainty restricted to the denominator

ag+alx
max . )

XeB" o + bTx + maxyeou{(Ay)Tx}

Proposition 2. Problem (5) is NP-hard.
Proof. The proof follows directly from noting that (5) is equivalent to
by + bTx + max),eou{(Ay)Tx}

min T
xeB" ap+a'x

and using an argument similar to the one in Proposition 1. O

In light of these results, in the remainder of this paper, we restrict U to any disjoint or joint uncertainty sets
defined in this section: that is, AU € {U", U, U%, U™, U} and RFP[U] as the corresponding representation of
the robust problem.

3. Single-ratio RFP[U]

When the uncertain coefficients of the objective function are in the form of a budgeted uncertainty set,
Bertsimas and Sim (2003) prove that the solution of the robust counterpart of the nominal binary linear
problem

minc + ];] cjx; ©)
can be found by solving n instances of (6). Therefore, if (6) is polynomially solvable, so is its robust coun-
terpart. Similarly, parametrization algorithms, such as Newton’s method (Dinkelbach 1967) and the binary
search algorithm (Lawler 1976, Ahuja et al. 1993, Radzik 2013), can find an optimal solution for the con-
strained single-ratio FPs by solving a sequence of problems in the form of (6).

In this section, we combine and extend the ideas from robust linear programming and deterministic
fractional optimization to propose a solution method for single-ratio RFP[U]. In particular, we show that if there
exists a polynomial-time algorithm for linear optimization over X, then RFP[U] is polynomial-time solvable
when AU is one of the uncertainty sets described in Section 2. We first consider the disjoint uncertainty set U
in Section 3.1, and then we tackle the joint uncertainty sets in Section 3.2.

3.1. Disjoint Single-Ratio Case
Herein we demonstrate how to solve single-ratio RFP[U™] by solving at most (1 + 1)*> nominal FPs.

Proposition 3. Problem RFP[U™] is equivalent to

) ap —IMa + Xjg (11]» - (d]” - a)+)x]~

we = T b b6\ )y )
ac{0d,ds,....d5 )}, bo + 1B + Zjey (bf + (df - ﬁ) )xj

pe{0,db,ds,...d5 }
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Proof. Observe that single-ratio RFP[U™] is equivalent to maxyex %, where U and U are the sets given
0 beub

in (1) and (2). Letting u and v be the indicator vectors of sets S(a ) and S (5), respectively, we reformulate RFP[U%] as

ap + Zje] ajxj — maxu{zjq d;?x]-u]-}
max (8)
xeX

bo + ng] b]'x]' + maxv{zjq d]l?xjvj}
s.t. Z up < T, Z vj < rt (v, B)

el Jel
0<u;<1, 0<9p<1 viel. (p,q)
Note that there exist integral optimal solutions u* and v* to the inner optimization problems in (8) because the
polytope defined by cardinality and bounding constraints is integral—thus, the preceding formulation is indeed

correct. By taking the dual of (independent) inner optimization problems in the numerator and the denominator
of (8) with respect to dual variables «, § and p, 4, we obtain

a0 + Sjgy a%; — (e + Tjey pj)

max 9
oo bo + Zjey byxj + (I8 + Zjey 95) ©)
st. ptazdy, g+p= d;’xj Vjie].

Clearly, in an optimal solution, we have p; = (d{x; —a")" = (df —a")"x; and ¢; = (d;? =B =] —a) Ty

Otherwise, we can decrease p; or g; and find a solution with a better objective function value.
Additionally, let E = {j € ]| (d;? - a*)’rx}? > 0}, and observe that if a* > 0 and a* # d;? for all j € ], then

+ +
(0" +€) + Z] (d]”.’ (@t e)) ¥ =T"(a") + Z] (d;f - a*) % e(I" ~ [E|)
je Je
for sufficiently small € > 0. In particular, depending on the sign of I'" — |E|, we can increase or decrease a* and
find solutions with greater or equal objective function values. Thus, we conclude that there exists an optimal
solution where a* € {0,d],...,d%}, and similarly, we can conclude that there exists an optimal solution where
g <Ao, av, ... ,dﬁ}. Replacing a, ,p,q in (9) by their corresponding optimal values, we find formulation (7). O

Hence, RFP[U™”] can be tackled by solving (7) for each candidate pair (a,B) € {0,d4,d5,...,d%} x {0,d8,
dg, s, df,} independently.

Theorem 1. Single-ratio REP[U™] can be solved with (k + 1)(k” + 1) calls to an oracle for (FP), where k* and k" are the
numbers of distinct values of di and df’, j €], respectively.

Theorem 1 implies that if single-ratio FP over X is solvable in strongly polynomial time, then so is its robust
counterpart RFP[U™]. Note that in the worst case, (k*+1)(k’ +1) = (n+1)%, and (FP) is polynomial-time
solvable when linear optimization over X is polynomial-time solvable.

3.2. Joint Single-Ratio Case

It can be observed that the method of Proposition 3 cannot handle single-ratio RFP under joint uncertainty sets
because of the interaction between uncertainties in the numerator and the denominator of each ratio. To solve
single-ratio RFP under joint uncertainty sets, we first show that RFP[U™], REP[U%], and RFP[UY] can be
formulated as mixed-integer nonlinear programs (MINLPs) with a similar structure (Propositions 4-6). Then,
by exploring some properties of the resulting reformulations (Propositions 7 and 8), we propose a specialized
algorithm for solving them (Proposition 9).

Proposition 4. Problem RFP[OIL”_b] is equivalent to

* —
Zﬁuﬁ B rg)i(x H 1o
B, y20
s.t. (bo + ijxj)p +Ta+ Zﬁj + ZY;’ <ap+ Z”fxf
i€ i€l jel Jel

a+pi>dix, a+y;> d]l-’xjy Vie].
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Proof. Let u and v be the indicator variables of the sets S(a) and S(E), respectively. Note that RFP[OIL“T’] can be
written as

a
ao + Xjey 4% — Zjey dj Xl

*_ = max min 11
b xeX u,veR" by + 2] bjx]' + ey df’x,-v]- ()
sty uj+ >0 <T (12)

j€l jel
0<u<1, 0<o9<1 vie]. (13)

Observe that we relaxed the binary constraints u; € B and v; € B to convex bound constraints. Because the
inner minimization problem is quasi-concave for any x € X (Dinkelbach 1967), the nonlinear problem has an
optimal solution that is an extreme point of the polytope induced by (12) and (13); in particular, there exists an
optimal binary solution.

We now reformulate the inner minimization problem using the transformation proposed in Charnes and Cooper
(1962): letting y = 1/(bo + Zjej bjx; + iy d]l.’xjvj), z = ujy, and z) = vy for all j € ], we can write (11)—(13) as

Zr- =maxmin |ag+ >, ax;|y— > dixz} (14)
RS T B~ 5]
s.t. (bo +> b]-xj)y +>) d]l-’sz;’ =1 (u) (15)
j€l Jj€l
Z z/ + Z zj <Ty (@) (16)
jel j€l
0<z'<y viel (B) (17)
0<z<y viel. (y) (18)

It is seen that for any fixed x € X, the inner minimization problem is a linear program (LP). Thus, using standard
LP duality, we obtain formulation (10), where u,a,;, and y; are corresponding dual variables to constraints
(15)—(18). o

Furthermore, in Propositions 5 and 6, we show that RFP[@IL‘;_b] and RFP[OILZC_Z’], respectively, can also be
formulated as equivalent MINLPs. The proofs are relegated to Appendix A.

Proposition 5. Problem RFP[Ou‘;_b] is equivalent to

Zag = TR H (19)
w,a,f20
s.t. (bo +ijxj)y +Ta+ >\ <ag+ > ax;
jel i€l Jel
a+pp=dix;+ d}’xjy Vjie].
Proposition 6. Problem RFP[OILZC_h] is equivalent to
*x_ _
Zag = max 20
ta,B,y=0
s.t. (bo + Zb]x])y +Ta+ Zﬁ] +Z)/] <ap+ Zﬂ]‘X]‘
jel jel jel jel
a+ ﬁ] > —d}’x]- + d;’xjy, a+y; > d}zx]‘ - d]bx]y V] eJ.

Example 1. Consider a trivariate (1 = 3) single-ratio RFP[U%], that is, Z* = @INt0HLG yherein gy = 6,
o« ngcb bo+b1X1+b2X2+b3X3

% €[-3,13], % € [1,31],and a; € [1,5] and by = 3, b; € [0,4], b» € [0,16],and bs € [1,3] for T = 2. Thus, the nominal
values are a1 = 5,a, = 16,a3 = 3,b1 = 2,b, = 8,b3 = 2, and the deviation values are df = 8,d% =15,d5 = 2, d;{ =2,
&=8d=1.
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Then, by Proposition 6, the equivalent reformulation of this REP[U] is given by
Zrs = max
o‘unb
a0
st B+2x1+8x+2x3)u+2a+ >, P+ >, v <6+5x +16x; +3x3

{123 je(123}

a+ B >—8x + 2x1p, a+y1=8x; —2xu

a+ Py >=15x +8xpu, a+y2>15x —8xu

a+ Pz >—2x3 +x31, a+ys>2x3—x3zu. O

Based on Propositions 4-6, we see that in all cases, single-ratio RFP under the joint uncertainty sets Ou%, oqu,
and U can be formulated as

max -
wa,B,y>0
s.t. (b0+2bx,)y+ra+2ﬁ]+2y,<a0+2a]x] (22)
jel jel jel
a+pi > (d} +d]2y)xj, a+y > (dj +d;1y)x,~ VieJ, (23)

for some d',d*,d° d* € Z", where d} - @ <0 and d - d} < 0 for all j € ]. In particular, if d} = df,d? = d? = 0 and
d4 db for all j €], then problem (21) (23) is equlvalent to the reformulation of RFP[GlL“b] given by (10).
S1m11arly, letting dj =df,d7 = d]b,d]3 d} =0 and d = -d} = ~d},d} = ~d} = d} for all je] in (21)(23) leads
to an equivalent reformulation of RFP[OIL‘;”] and RFP[OILQ’(_Z’], respectively, provided in (19) and (20).

Problem (21)—(23) is a mixed-integer nonlinear program. Note that for a fixed value of u, problem (21)-(23)
reduces to a MILP feasibility problem or equivalently checking whether the MILP

Y(u) = min {(bo+bexf)#+Fa+Zﬁf+ZVj— (00+Z’1ij)

xeX,a,p,y ]GI ]GI il i

(15(:)} (24)

has a nonpositive optimal objective function value (i.e., (i) < 0). Proposition 7 shows that ¢(1) is a monotone
function of u. Thus, we can solve (21)-(23) by applying the binary search algorithm on u, where at each
iteration of the algorithm, we solve (24) for a fixed value of u. That is, if {(u) >0, we must decrease y;
otherwise, we can increase u.

Proposition 7. For given vectors d',d?, d°, and d* such that d - d} < 0 and |d?|,|d}| < d]l? forall j€], if Y(u) <0 for a
fixed 11 >0, then Y(u’) <0 for any 0 < u’ < p.

Proof. For fixed u > 0, let (o, B, y, x) denote a feasible solution of (24) for which the objective function value of (24)

is nonpositive. Then we show that for y’ = u —€,e > 0, there exist ’,)’ > 0 such that (a,p’,)’,x) is a feasible

solutlon of (24) with nonpositive objective function value. Toward this goal, define J> ={j€] |d2 <0} and
= {j €Jld} <0}; note that J> NJ* = 0 because d; -d} <0 for all j € ]. Then let §; = ; for je ]\ J* and B =pi—

d] Xj > Ofor] € J>. Similarly, let y; = y; forj € J\ J* and y; =y;—edix; > 0forj € J*. Hence, (', a, ', x) satisfies the
constraints of (23).
Next, we show that for (1, a,’,7’,x), the objective function value of (24) is nonpositive:

(b0+2bjxj)y/+l"a+2‘8; + 23V - (a0+2ajx]~)

jel jel jel Jel

= (bo +>) bjxj) (u—e)+Ta+ > B+ Z(ﬁ] - ed].zxj)

el JjEIN? jer

+ 20+ Z(Vf - ed?xf) - (‘10 + Z%‘)

JSAVe jert jel

= (b0+2bjx]»)y+Fa+Zﬁj+Zyj— (ﬂ0+Zﬂij) —e(b0+2bjxj+2d]2xj+2d?xj <0.

Jel Jel Je jel Jel jer? jert
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The last inequality holds because the objective function value of (24) is nonpositive for (u, «, 8,7, x); more-
over, because J>NJ* = and |d]3|, Id;-ll < d]’?, for all j € ], by Assumption 1, we have (b + Zje bjx; + Zjep d]ij +
ZjE]4 d;*x]) >0. O

In order to solve (24) efficiently at each iteration of the binary search algorithm, we further simplify it by
using an argument similar to the one used for proving Proposition 3.

Proposition 8. Problem (24) can be reformulated as

Y(u) = min':{(b0+2bx])‘u+l"a+2( +dy - a)

xeX,aed el el (25)
+Z( +dfu— a) - (ao +Zajxj)},
jel jel
where

= {0, (dy +dip)", (d + )", .., (dy + ), (3 +dip)", (d + dop)", . (d) + dypr) "}

Proof. In an optimal solution of (24), we have that for all j €], g} = ((d} + dfy)x]* —a*)t = (d} + d].zy —a*)txf
and y7 = (& +d}p)xr —a*)" = (&) +d}u — a*)*xF. Thus, (24) reduces to

V(u) = _min (b0+2bx])y+l"a+2(d1+d2y a) x]+2(ﬂl +diy - a) ._(a0+2a]x])

j€l j€l jel

Additionally, similar to the Proof of Propos1t10n 3, observe that if a* > 0, a* #dj +d7u, and a* # d? + d}u for
all j € ], then it can be verified that either a* + € or a* — € is also feasible for suff1c1ent1y small € > 0. Thus,
we may assume without loss of generality that a* € {0} U {(d} +d7u)"};q U {(d? +d;1)*}jg, which completes the
proof. O

Example 2. According to Proposition 8, the corresponding formulation (25) for RFP[@IL{;_b] in Example 1 is
P(p) = min {(3+2x; + 8x; + 2x3)u + 2«
xeX,aeF

+(-8+2u—-a)'x1+(-15+8u—a) v+ (-2+pu—a)x
+(8-2u—a)x; +(15-8u—a) x + (2 -y —a) x3 — (6 +5x1 + 16x; + 3x3)},

where ¥ = {0, (-8 + 2u)*, (-15+8u)*, (-2 + w)*, (8 —2u)*,(15-8w)",2—w)*}. ©

In the following, we focus our efforts on obtaining the optimal objective function value of (25). To this end,
define T ={1,2,...,|%|} and |T| <2n + 1, and for each t € T, define binary linear problem

Yr(p) = ming,(x, ), (26)

where

g1l ) = (bo +> bjxj) pATE +dp) + > (d} +diu— (@ + &ty)+)+xf
=] Jel

+Z(df +d;-1(u (@ +dip) ) —ag— >4,
jel j€l
Evidently, (1) = miner ¢(u). Thus, for u fixed, check whether 1)(1) < 0 can be done by verifying whether

there exists t € T such that 1;(u) < 0. Thereby, in the following result, we conclude that problem (21)—(23) can
be solved efficiently using the binary search method.

Proposition 9. Problem (21)—~(23) can be solved with O(nlog(U/e€)) calls to an oracle for (26), where U = |ag| + Xy lajl,
and € > 0 is a precision parameter.
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Proof. The binary search requires O(log(%)) iterations, and each iteration requires solving at most |%| = |T| = 2n + 1
problems of the form (26). Moreover, let (1) denote the complexity of solving binary linear problem (26). Then
the binary search algorithm to solve problem (21)-(23) has the worst-case complexity O(nlog(U/e)t(n)). O

As a direct consequence of Propositions 7-9, we get the main result of this subsection.

Theorem 2. Single-ratio RFP["?L%], RFP[O'IL“Z’], and RFP[OIL‘;_Z’] can be solved in O(nlog(U/e)t(n)), where t(n) is the
complexity of solving problem (26). In particular, if linear optimization over X is polynomial-time solvable, then so is single-
ratio RFP under the joint uncertainty sets.

Notably, when X = B", the complexity of solving problem (26) is O(n), that is, (1) = n, resulting in the
overall complexity O(n*log(U/e)) to solve RFP[U%], RFP[U¥], and RFP[U?]. Additionally, if X ={x¢€
B"| Yjgxj <k} or X ={xeB"| Zjgx; =k}, we have 7(n) =nlog(n), resulting in the overall complexity
O(n?*log(n)log(U/e)). Therefore, we have the following corollary.

Corollary 1. The unconstrained and cardinality-constrained single-ratio REP[W] under joint uncertainty sets ub, UL, and
U can be solved in polynomial time.

It is worth mentioning that the cardinality-constrained (X = {x € B"| 3¢ x; < k}) single-ratio assortment
problem (3) when customer preferences (p;) are subject to rectangular uncertainty U = [TiL,[l;, 1] C R,
where ¢; and u; are lower and upper bounds on p;, respectively, can be solved in O(fz) (Rusmevichientong and
Topaloglu 2012). This problem is a special case of RFP[@IL{_’Cb] when I' =n and Ej, bj > 0. However, the afore-
mentioned result cannot be extended, for example, when revenues (r;) are uncertain or, more importantly, for
generally structured single-ratio RFP[U] (such as other choice models) under other types of the budgeted
uncertainty sets or (weaker) Assumption 1.

We conclude the discussion on single-ratio RFP[U] with the following remarks.

Remark 1. The solutions methods outlined in this section are particularly efficient for unconstrained problems.
Additionally, they are useful when there exist specialized algorithms to solve the corresponding constrained linear
binary problem: for example, those that exploit the constraint structure of the underlying combinatorial opti-
mization problem. If these algorithms are polynomial time (e.g., such as those for the linear assignment, the shortest
path, and the minimum spanning tree problems; Ahuja et al. 1993), then the single-ratio RFP[U] is also polynomial-
time solvable.

Remark 2. In the case of single-ratio RFPs under the disjoint uncertainty set, the approach of Theorem 1 is superior
to the binary search approach developed in Section 3.2 because the former is strongly polynomial O(1?), whereas
the latter involves the binary search algorithm with the number of iterations O(log(¥)).

4. Multiple-Ratio RFP[U]

In this section, we present MILP formulations for multiple-ratio RFP[U]. First, for the disjoint uncertainty set,
we reformulate RFP[U™] as robust linear problems. Second, with these reformulations in hand, we adapt the
methods of Bertsimas and Sim (2004) to transform them into MILPs (see Section 4.1). For the joint uncertainty
sets (except for A7), we use the results from Section 3.2 (see Section 4.2.1); for U7, we use a same approach
provided in Section 4.1 (see Section 4.2.2). Third, in Section 4.3, we discuss the sizes (numbers of variables and
constraints) of the MILP reformulations obtained. Fourth, in Section 4.4, we show that the optimal value of the
robust formulations provided in this paper with high probability is not an overestimation of the true value of
the fractional problems with symmetric and bounded random coefficients.

4.1. Disjoint Uncertainty Set

For this discussion, we consider the uncertainty set U" and present three MILP reformulations of REP[U™].
For the first two formulations presented in Sections 4.1.1 and 4.1.2, we exploit the ideas from fractional
programming literature (Williams 1974, Li 1994). The third formulation, presented in Section 4.1.3, corre-
sponds to a binary expansion reformulation proposed by Borrero et al. (2016).

4.1.1. Reformulation 1 (MILP;[U2]). Note that RFP[U%] can be written as

max min Z ap + Zﬁijx]-) (;)

xeX (ﬁ,E)EOu“b icl jel biO + Z]E] bljx]
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Using the substitutions
1

Wi < - =
bio + ey bijx;

for all b; € WY and i €1, and exploiting the fact that U™ is disjoint, we find the equivalent formulation

max min ap + > aixi|w;
xeX, ﬁeﬁw‘z( 0 Z i ]) !

w0 i€l j€l

s.t. (b,‘o + Zgz]x]) w; <1 VE, S Ou?, Viel,
jel

where U” := {a € R"™"|a; € U{ for all i € I}. Similarly, defining new variables ; such that y; < (ap + Xjej 2;%))w;
for all @; € U] and i €I yields the robust optimization problem

. ab
max 3t (REP, [u™])
w,w=0

s.t. Wi < (ﬂio + ZE{]'X]') (o) VEI S Gu?, Viel
j€l
(bfo + Zi{ijxj) w <1 Vb e !, Viel
jel

Note that the directions of the inequalities (<) rely on the sense of the objective function and Assumption 1.
Because x € X C B", we linearize the bilinear terms x;w; using standard techniques (Wu 1997, Adams and
Forrester 2005) as follows:

Ay = {(x), w,zip) € BXR? |z < wf'xj, zij > wrxg,zip < i+ 0r(xp— 1),z > wi+ w0l (x; - 1)},

where a)iu and a)iL are an upper bound and a lower bound on w;, respectively; note that (x;, w;, z;) € Aj
zjj = w;x;. Hence, RFP; [u] is equivalent to the robust linear problem

max 2, i 27)
,1,z220
s.t. u; < ajpw; + ZE[]'ZI‘]' VHI € OIL?, Viel
jel
bipw; + ZEiijj <1 VEI € Ouf, Viel
jel
(x]-, CL)i,Z,']') € A1] Vie I,] € ]

Following the approach of Bertsimas and Sim (2004), the robust linear problem (27) can be transformed into
an MILP reformulation of RFP[U] as follows:

max ZIJ i (MILP1 [ouflb])
1€
s.t. Ui — Z AijZij + Z ‘Bl] + T?a,- < ajpw;j Viel
Jjel jel
bioa)[ + Z bijzij + Z Vij + rf/\, <1 Viel
Jel jel
a + By = diz VielLVje]
/\i+7/ij > d?]»ij Viel,Vjie]

x e X, (Xj, CU{,Z,']‘) S Ai]‘, ‘Bi]',)/j]', i, A, Wi = 0 Vie I,V] S ]
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4.1.2. Reformulation 2 (MILP,[U%"]). As an alternative to the approach of Section 4.1.1, one could instead replace

each ratio with an auxiliary variable. Let
B0 + 2je) A%y Viel (E» 5) e xaul
> — 7 1y Y1 i i*
bio + Xjej bijx;

Then we can write REP[U®] as

max 3 (REP,[u])
p=0
s.t. (biO + Zginj) Ui <ap+ ZEI']‘JC]' V’Zl; S Ou?, VEI € Ouf’, Viel.
jel jel

Finally, after linearization of x;ju; using a variant of the set A; and applying the transformation of a ro-
bust linear problem to a MILP similar to the one used in Section 4.1.1, we find the MILP reformulation of
REP,[U]:

max Z Li (MILPZ[GWb])
i€l
s.t. b[o[.lj — Z ajjx; + Z bijzij + F?ai + rlez + Z ﬁj]' + Z Vij <aj Viel
jel jel jel jel
a; + By = dijx; Viel,Vjie]
/\z“"VijZdZ'Zij VielLVjie]
x€eX, (xj, Ui, Zij) € Aij, Bij Vijs i, Aiy i 2 0 Viel,Vje].

4.1.3. Binary Expansion Reformulation (MILP'ZOg [u2°]). The third formulation considered uses a base 2 expansion
(Borrero et al. 2016) to reduce the number of bilinear terms that require linearization. In the context of RFP, we
use this idea to reformulate RFP,[U]. _ _

Observe that for any x € X and worst-case realization b; € Ouﬁ-’, the term Xy bjx; is integer because the data
are integral (Assumption 2). To ascertain the (logarithmic) number of additional variables needed, let max’(H;)
return the rth largest element in the set H; = {dib]. |j €J}. Then, for all i € I, we define 7; as follows:

T = +1. (28)

10g2[2|bij| + > m’ax(H,-)]

jel r<rt

We then define the binarization _Variables wy €B for all ke K;:={1,2,...,m;},i €. We also define __, =
2 je] <0 |bjj|. Observe that Yjej bijxj+ B; > 0 for any x € X and b; € Guf’ Replacing the terms ¥ byx; with —B; +

Si, 25wy for all i € I in RFP,[UY] yields

max Z Wi (RFPI;g [Ou”b])
iel
s.t. (biO - Bi + Z Zk‘lwik) Ui <ajp+ Z‘dl]x] V.di S OU,?, Viel
kek; jel
S b+ By < 326wy, Vi e, Viel
j€l keK;

xeX wyx€B,u; >0 Vk e K;,Viel.
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Let zj = wyp;. By using a variant of the set A;; to linearize bilinear terms of model RFP;_Og (U] (i.e., wip;) and
applying the transformation of a robust linear problem to a MILP similar to the one used in Section 4.1.1,

RFPI;g[Ou“b] can be reformulated as the following MILP:

max > ; (mILPyE[u))
i€l
s.t. (biO — Bi)[.l,' + Z 2k_1Zik — Z ajjX; + Z ﬁi]' + F?O(i < dajp Viel
keK; jel j€l
- Z Zk_lwik + Z b,]x] + B,’ + Z Vij + FfAl <0 Viel
keK; jel jel
a; + By = di; VielLVje]
Ai + Yij 2 dijxj Viel,Vje]
x € X, wy € B, (Wi, Wi, zix) € Aix, Bijs Vijs i, Aiy phi 2 0 Viel,Vje],Vk € K.

Remark 3. It is also possible to develop a binary expansion reformulation of RFP;[U"]. However, based on our
experiments, such a formulation performs poorly in computations; also, refer to Borrero et al. (2016) and
Mehmanchi et al. (2019) for an analogous comparison regarding deterministic FP. Hence, we omit this formulation
for brevity.

4.2. Joint Uncertainty Sets

We now present MILP formulations of RFP[U] for the joint uncertainty sets U € {OU,“” I Ou"b OW} Toward
this goal, we use the results of Section 3.2 to develop MILPs for multiple-ratio RFP[OIL”b], RFP[OIL“b], and RFP
[OIL“b] (see Section 4.2.1). For RFP[U?], we use a similar approach to the one used in Section 4.1.1 (see Section
4.2.2). Note that for the joint uncertainty sets, we cannot take advantage of the binary expansion technique
either because of dependencies in the uncertainty sets or because it does not reduce the number of bilinear
terms for the joint cases.

4.2.1. Reformulation for RFP[L] When 9 € {2, U2, 2} (MILP[U], MILP[UZ2], and MILP[Z]). By Propositions

4-6, it can be verified that multiple-ratio RFP[U] under joint uncertainties U, Y%, and OlL“b can be represented
as the following problem:

EEa Zd] Hi (29)
waBy=0 '
s.t. (biO + Z bijx]‘) Wi+ Tia; + Z ‘Bi]‘ + Z Vij <aj+ Z ajjX;j Viel
j€l jel j€l jel
a; + ﬁij > (d}] + dfj‘ui)xj, a; + Vij > (dz + déyl)x] Viel, V] € ],

for some d',d* d° d* € Z™". By linearizing the bilinear terms x;u;, problem (29) can be reformulated as an
equivalent MILP:

max D (30)
wafy>0
st b — D ayx; + Z bizij + Tiai + >\ Bij + >, vii < aio Viel
i€l jel jel
a,+ﬁz,>dx]+dz,], ocl+y1]>dx]+dzl] VielLVje]
x € X, (xj, Wi, zig) € N, Bij, Vij, i, i = 0 Viel,Vje].

Specifically, if we let df =df,d? =d’ =0, and df =d} for all j€], then problem (30) is an equivalent

MILP reformulation of RFP[OIL‘”’] denoted by MILP[OIL‘”’] Slmllarly, letting dl d, d]2 db d3 = d4 0, and dl

—d]3 —d;’,d]z = —d4 = db for all j € ] in (30) leads to equivalent MILP reformulatlons of RFP[OIL“h] and RFP[OIL“h]
indicated by MILP[OlLib] and MILP[OLL“b] respectlvely Finally, note that in MILP[OIL‘”’] because d]?’ = d;l
variable y;; and constraint a; +y; > d X+ di jjzii can be removed for all i€ I,j €] (see Table 1 for the size of

formulations).
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4.2.2. Reformulation for RFP[U?] (MILP[U?]). Let w as in Section 4.1.1 define a new variable y < ¥ie/(ao +
Yjey aijxj)w; for all @ € U?, and write RFP[U] as

max
xeX,w,u >0 H
s.t. u < Z Ajpwi + Z ZE[]XjCL)i Va € Ouﬁ
iel iel jeJ
bow; + Z b,-]-x]'a),- <1 Viel
jel

Letting z; = xjw; and u be the indicator variables of set Si(a), we obtain

max
xeX, [J
w,w =0
stop— D aowi — > > aizi + max D dizijuip <0 Viel
iel iel jeJ U jel
b,'owi + Z bi]‘Z;’j <1 Viel
j€l
(x]', (L)j,zz‘]‘) € Az‘]‘ Viel, ] € ],

where V is the polytope defined by the constraints

2 2 u<T (@)

i€l  jeJ

0<u;<1 Vielje]. (By)
Using LP duality for the inner maximization problem, we obtain the MILP formulation
max U (MILP[OILE])
s.t. U= Z&lioa}i - ZZﬂijZi]‘-i-FO(-l- ZZﬁU <0
i€l i€l jeJ i€l jeJ
bi()a),' + Z b,']'Zij <1 Viel
jel

0(+ﬁ172d?jzij VielLVje]
x € X, (Xj,ﬂ),',Z[j) EA,']', ﬁ,-j,a,/,t,a)i >0 VZEI,V]E]

4.3. Problems Sizes and MILP Enhancement (MILPS[a120])

Table 1 shows the number of variables and constraints for all MILP reformulations provided in Sections 4.1
and 4.2. This table also includes the sizes of the well-known MILPs for FP, denoted by FP; (Li 1994, Wu 1997,
Tawarmalani et al. 2002) and FP, (Tawarmalani et al. 2002), as well as their respective binary expansion
versions (Borrero et al. 2016), denoted by FP3; and FP;.

Later, in Section 5.2.3, we observe that among the MILPs for the disjoint uncertainty, MILP; [U] typically
has the best LP relaxation, and MILPEOg[OU,“b] often has the best performance because of a reduced number
of variables and constraints (see Table 1). Hence, we enhance MILPIZOg[OLL”b] by adding the valid inequality
Dier i < Z%Lpl[%ab] to MILPIZOg[OlL"b], where Z]ngLpl[Wb] is the objective function value of the LP relaxation of
MILP; [U%], and we call the new formulation MILPl;g[Ow‘b ]. In the deterministic fractional programming, Borrero
et al. (2016) made a similar observation regarding FP; and FPy4. They call the new formulation FPy, and we
compare its performance with the performances of the developed MILPs for the disjoint uncertainty in the next section.

4.4. Insights on the Price of Robustness

In robust linear optimization when uncertain coefficients are symmetric, bounded, and independent random
variables, Bertsimas and Sim (2004) provide a probabilistic guarantee for each constraint violation. Next, we
exploit their approach to establish somewhat similar results for RFPs under disjoint uncertainty sets.
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Table 1. Sizes of the MILPs for Nominal Problems FP; to FP; and the Robust Problems

MILP reformulation No. of continuous variables No. of binary variables No. of linear constraints

Nominal reformulations

FP; m(n +1) n m@dn+1)+c

FP, mmn+1) n m@dn+1)+c¢

FP; m+ S (07 + 0Y) 1+ e (07 + 0Y) 3im + 4 3 (07 + 0%) + ¢
FP, M+ e OF n+ Nier O 2m+4 e 00 + ¢

Robust reformulations (disjoint)

MILP; [u??] m(3n + 4) n m(6n +2) +c
MILP, [U7?] m(3n + 3) n m(6n +1) +c
MILPIZOg[GLL”b] m2n + 3) + Yier T n+ Y T m2n+2)+4 X 7 + ¢

Robust reformulations (joint)

MILP;[U™] and MILP,[U] m(3n +2) n m(6n +1) +c
MILP,[U] m(2n +2) n mBn+1) +c
MILP[U?] m2n+1) +2 n mBn+1)+c+1

Notes. nand m are defined as in FP, ¢ is the number of constraints defining X, and 7; is defined as in (28). Moreover, 67 := |_10g2(2]'e/ |a,j|)J +1and
07 := | log, (e Ibyl)] + 1.

Let x* and p} denote a robust optimal solution and the robust value of the ith ratio in RFP[U], respectively.
By using the binomial distribution

B(r,P>=21r{<1 vrbd( )+ gl(r)}

forv=(P+r)/2, and r, P € Z,, we show that the probability that u} overestimates the true value of the ith ratio
for random variables @ and b is bounded above.

Proposition 10. Let a and b be symmetric, bounded, and independent random variables; that is, a; = a; + nydy and
bij = bjj +n; ]H,dl], where N;j, Nijen € [=1,1], foralli € I, € |, are independently distributed random variables. For each iel,
in RFP[U],

Ao + Yiey ax*
(@) if AU = U®, then Pr(pi* > ’O—Je’,f”) < B(2n,T" +TY), It e {0,...,n};
bio + Zjey bix*
— aip + X Ei'x*
(b) if U = U, then Pr|ur > —— T T | < Bon,T), [ efo,...,2n);
bio + Zje by
additionally,
(c) if U =", then Pr(>] >Zm < B(m-n,T) refo,...,m-n}
el i et bio + Zjeg by | o T '

Proposition 11. Let a and b be symmetric and bounded random variables; that is, a,, =a; + r},]d and b,] =b;+ Uz]dg/ where
nij € [=1,1], for all i € 1,j € ], are independently distributed random variables. For each i € I, in RFP[U],

i + Xjey AX]

if U = UL, then Pr(yi* >
bio + Zjey bijx*

) < B(n,l"i), I; e {O, . .,71}.

See Appendix A for proofs of Propositions 10 and 11. Evidently, because the decision maker is more con-
servative and selects larger levels of uncertainty (I'), the probability that y is larger than the value of the ith
ratio for x* and random variables @ and b is smaller. Note that we do not derive a similar upper bound when
AU = U™ because we cannot satisfy the key assumption that random variables 7 are independently distributed.
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5. Computational Results

The computational experiments in this section encompass a case study of a particular assortment problem (see
Section 5.1) as well as experiments on instances with synthetic data to evaluate the performance of our MILP
reformulations (see Section 5.2). In both of the following subsections, we describe the relevant test instances,
compare the robust and nominal solutions, and discuss relevant aspects of the solutions. Our experiments
were performed using CPLEX 12.7.1 (IBM 2017) on an eight-core central processing unit (3.7 GHz) with 32 GB
of random-access memory.

5.1. Case Study: Robust Assortment Optimization for Frozen Pizza

Assortment optimization problems arise in many applications, such as retailing, revenue management, and
online advertising. Assortment optimization with uncertainty considerations is a growing area of research; in
addition to Rusmevichientong and Topaloglu (2012), discussed in Sections 1.1 and 3.2, Bertsimas and Misi¢
(2016) and Désir et al. (2019) have proposed robust optimization approaches for different classes of assortment
optimization problems.

Our case study, outlined next, optimizes an assortment problem for a real retailer of frozen pizza studied by
Keane and Wada (2012); the data are available at http://cblib.zib.de. The objective of the assortment problem
is to maximize revenue for a company given a large number of potential product offerings, associated
revenues for those offerings, and estimations of customer preferences between those offerings. Additionally,
the customers are divided into several different classes; thus, the mixed multinomial logit choice model is a
natural fit for the problem.

5.1.1. Test Instances. The test instances comprise customer preference data on frozen pizzas from Keane and
Wada (2012). In particular, there are 130 potential product offerings divided into five tiers of revenue ($1.49,
$1.75, $1.79, $1.89, and $2.75), and there are three classes of customers. Thus, the problem is an instance of (3)
with m = 3 ratios and n = 130 variables. The same data were used for each test, with variations in the type of
uncertainty set as well as the level of uncertainty I'. We fixed dj; = 0.54;; and dg- = 0.5b;; (where relevant) for all
uncertainty sets.

For the case study, we consider four robust problems; specifically, we consider unconstrained (X = B")
and cardinality-constrained (X = {x € B"| X x; < k}) versions of REP[U] and RFP[U?], which are a natural fit
for this application. Uncertainty in customer preferences (p;) and revenues (r;) can be captured by the
matched effects AU and the single-budget U”, uncertainty sets, respectively (see Section 2). With respect to the
feasible region, we test the unconstrained case—for an online retailer with the ability to market many
options—as well as two sizes of cardinality constraint: k = 13 and k = 39, corresponding to 10% and 30% of the
130 variables, respectively. The latter problem classes correspond to a small and a large retailer, respectively,
where there is a physical limitation on the number of products that can be offered to customers.

5.1.2. The Price of Robustness. The value in the robust approach is demonstrated by checking the performance
of the nominal (optimal) solution in the uncertain environment and vice versa. These results are shown in
Figures 1 and 2. Figure 1 shows the relative decrease in the robust objective function value when the optimal
nominal solution is used in the uncertain setting instead of the optimal robust solution (at the given un-
certainty level) as “% loss.” Figure 2 depicts the opposite case—the loss of using the robust optimal solution
when the unknown coefficients take their nominal values. Thus, higher percentage loss in these two figures
implies worse results.

The results for the unconstrained case show that the nominal optimal solution performs worse in the robust
setting than the robust solution does in the deterministic environment. Additionally, we observe that as the
level of uncertainty increases for both uncertainty sets, the percentage loss (“% loss”) of using both nominal
and robust solutions in the opposite setting increases.

The cardinality results exhibit a somewhat different pattern of behavior, although we continue to see that
the robust solution performs better in the nominal setting than vice versa. For the cardinality-feasible regions,
in both uncertainty sets, the nominal and robust solutions are different for small to moderate values of I';, but
for the larger values of I';, the nominal and robust solutions become similar again. The reason for this behavior
is that as I'; grows, all (or almost all) of the variable coefficients in the optimal robust solution are reduced by
uncertainty; that is, I'; is close to or larger than the size of the cardinality k. Because each uncertain coefficient is


http://cblib.zib.de/
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Figure 1. (Color online) Decrease in the Robust Optimal Objective Function Value by Plugging a Nominal Optimal Solution
into the Robust Problem for Frozen Pizza
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-A- Cardinality (10%)
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Notes. Let Z3 denote the optimal objective function \{alue of RFP[U]. Additionally, let Zay = MiN; jcq, Siel %, where x* is a nominal optimal
solution. Then the percentage loss for each I' is Zi2 5 100%. z

=
zy

Figure 2. (Color online) Decrease in the Nominal Optimal Objective Function Value by Plugging a Robust Optimal Solution
into the Nominal Problem for Frozen Pizza
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Notes. Let Z* denote the optimal objective function value of FP. Additionally, let Z = S Zlgﬁﬁ‘, where x3, is an optimal solution of RFP[U].
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Then the percentage loss for each I' is Z7Z x 100%.

reduced by 50% (see above), the most favorable products without uncertainty reduction remain the most
favorable products when everything (within the limited cardinality size k) is reduced 50% by uncertainty.

5.1.3. Solution Analysis. A salient feature of the unconstrained robust solutions in our case study is that under
both uncertainty sets U’ and UZ, the robust optimal solution contains more variables with x; =1 as I in-
creases (see Figure 3). For example, under U’, each increase in I'; results in roughly 10 more variables included
in the optimal solution. With I'; = 0, the optimal solution contains more variables from the highest two revenue
classes, and as uncertainty increases, more choices from lower revenue classes become part of the
solution. This can be explained by observing that with increasing uncertainty, the I'; most favorable
products are the ones with their coefficients changed by uncertainty. Hence, the reduction in preference
and/or revenue brings these products more in line with the lesser revenue products, which then become
part of the optimal solution.

However, somewhat counterintuitively, given a cardinality size of 13, the optimal solutions (both nominal
and robust) consist of variables mostly from the second-highest revenue tier, $1.89. When the cardinality size is
expanded to 39, more variables from both the first- and second-highest revenue tiers become part of the optimal
solutions. An examination of the data shows that the highest revenue tier items are generally (significantly) less
preferred (they have smaller values of preference p) than the more reasonably priced second-tier items; hence,
the second-tier items show themselves to be superior generators of revenue.
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Figure 3. (Color online) Size of the Unconstrained Robust Optimal Assortment vs. the Level of Uncertainty (I')

f=}
2120
2100 |
|
Z 80|
3’; - RFP[U]
3 60 —&- RFP[U7]
0 3 6 15 307

The outlined observations for (either constrained or unconstrained) multiclass deterministic and ro-
bust assortment optimizations can be compared with the previous results in the literature for unconstrained
single-class deterministic and robust assortment optimizations. For example, assuming (without loss of
generality) that the revenues are ordered such that r; > r, > ...r,, Talluri and Van Ryzin (2004) show that
the unconstrained single-class nominal assortment optimization problems under the multinominal logit choice
model are revenue-ordered assortments (i.e., there exists a set of optimal solutions of the form {1,2,...,/} for some
index j). Rusmevichientong and Topaloglu (2012) derive a similar result for the robust case, where uncertainty
is limited to customer preferences.

5.2. Synthetic Instances

We now conduct extensive computational experiments on randomly generated instances to gain insights into
the performance of the disjoint and joint MILP reformulations provided in Section 4. Additionally, we evaluate
the nominal solution in a robust setting and vice versa to determine the price of robustness. In Section 5.2.1, we
outline the structure and parameters of the computational experiments. The price of robustness is studied in
Section 5.2.2. We describe the results for the disjoint and joint uncertainty sets in Sections 5.2.3 and 5.2.4,
respectively.

5.2.1. Test Instances. We chose combinations of m € {1,3,5} and n € {50,100, 150}. The uncertainty parameters
", T’ were chosen based on m,n and the relevant uncertainty set AU, and these choices are given in the
appropriate section below. For each choice of m, n, I, and a particular constraint type (detailed below), five
instances were sampled, and the results were averaged. The instances were each given a time limit of 1 hour
(3,600 seconds). )

The LP relaxation quality, denoted by “R” in the following tables, is computed by %, where Zj, is the
optimal solution of the LP continuous relaxation, and Z* is the optimal integer solution (if Z* cannot be found
within the time limit by any solution approach, then the best-known integer solution is used in place of Z).
Moreover, the optimality gap is denoted by “G,” and it is computed by Y8=L8 where UB and LB are the upper

B’
and lower bounds on the optimal objective function value, respectively.

5.2.1.1. Coefficients Sampling. The coefficients a; and b; were each sampled from a (discrete) U[0,20] dis-
tribution, except for by, which was sampled from a U[1,20] distribution. Subsequently, d‘fj and dZ- were
sampled from U[0, [1a;]] or U[0, ] 1], respectively. Note that these parameter choices satisfy Assumptions 1
and 2.

5.2.1.2. Constraints. Three different constraint types were used: unconstrained (denoted by “U” in the fol-
lowing tables), cardinality constrained (“C”), and knapsack constrained (“K”). The cardinality constraint is of
the equality type so that 3¢ x; = k, where k = £n. The knapsack constraint is of the inequality type, structured so
that 3 kix; < k, where k; was sampled from a U[1,10] distribution and k = 2n.

5.2.1.3. Linearization Bounds. For MILP;[U%], note that w} = 0 and w! = 1 are valid bounds. Similar (not nec-
essarily tight) lower- and upper-bound computations were performed for the other linearization procedures.

5.2.2. The Price of Robustness. Herein we demonstrate the value of the robust approach; that is, we show that
ignoring the possibility of uncertain data can be more costly than being conservative. In Figures 4 and 5, the
“small” dj; and d?j were sampled using the procedure described in Section 5.2.1. The “large” dj; and d?j in
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Figure 4. (Color online) Average Decrease in the Robust Optimal Objective Function Value by Plugging a Nominal Optimal
Solution into the Robust Problem for the Synthetic Data and n = 150
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Notes. Let Z3, denote the optimal objective function value of RFP[GIL] Additionally, let Zo = ming jcq e ALY B +W*, " where x* is a nominal optimal
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u

solution. Then the percentage loss for each I is the average of -100 over five test instances and three ratio sizes m € {1,3, 5}.

Figure 5. (Color online) Average Decrease in the Nominal Optimal Objective Function Value by Plugging a Robust Optimal
Solution into the Nominal Problem for the Synthetic Data and n = 150
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Notes. Let Z* denote the optimal objective function value of FP. Additionally, let 7= L, where x3; is an optimal solution of RFP[U].

Then the percentage loss for each I' is the average of Zz* - 100 over five test instances and three ratio sizes m € {1,3,5}.

these two figures were sampled by instead letting d?j and dﬁ?j be distributed as U[L%uijj,aij] and U[L% biil, by,
respectively (i.e., a higher level of uncertainty). Each subfigure is comparable with the one directly above/
below it.

Figure 4 exhibits the benefit from applying the robust approach. It shows that under the worst-case scenario
in the robust setting, the objective function value attained by an optimal nominal solution can be rather poor
and thus illustrates how much the decision maker can gain by taking into account the data uncertainty. More
precisely, Figure 4 depicts the average decrease in the robust objective function value for m € {1,3,5} by
inserting optimal x from the associated nominal problem into the robust problem. We observe that in the case
of large d, especially for the unconstrained and knapsack-constrained cases, inserting the nominal solution into
the robust problem can cause a loss of up to 80%. This observation holds, albeit with scaled-down percentages,
for the smaller d values as well.

Therefore, we conclude that the decision maker has more to lose by failing to account for uncertainty than
he or she does by being overconservative. Simply speaking, if the decision maker is overly conservative
(chooses the T'; for all i € I too large), then the loss on the objective function is outweighed by the amount that
he or she would lose by incorrectly ignoring the uncertainty (i.e., assuming I'; = 0 for all i € I). These results are
similar to those of robust linear problems (Bertsimas and Sim 2003).

Figure 5 illustrates the opposite situation. That is, it shows how much the decision maker can gain by having
precise information about the problem data parameters. Specifically, Figure 5 depicts the average decrease in
the nominal objective function value for m € {1,3,5} by inserting robust optimal solution x into the nominal
problem. This insertion causes a loss of up to 50% in the objective function value of the nominal problem for
large d in case of unconstrained and knapsack-constrained problems.

5.2.3. Disjoint Reformulations. The results for the disjoint uncertainty set U™ for single-ratio (m =1) and
multiple-ratio (m € {3,5}) problems, as well as small- (1 =50) and large-sized (n =150) problems, are
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presented in Tables 2 and 3; see also Table B.1 in Appendix B for medium-sized problems (n = 100). The
uncertainty parameters were chosen so that I¥ =T? for all i €I, as stated in the tables. Observe that, in
general, the single- rat1o problem is easy to solve for any of the constraint types. In particular, the binary
reformulation MILP (U] (recall Section 4.3) can handle the single-ratio setting in that its average solution
times for m =1 in Tables 2 and 3 are the same as those for the nominal problem FPy.

As one would expect, increasing either m or n increases the difficulty of the fractional problem under disjoint
uncertainty. In the nominal case (Tawarmalani et al. 2002), FP; generally outperforms FP, across all constraint
types for the multiple-ratio problem, and we find that this result carries over into the robust case. Specifically,
for m = 3 and m = 5 in Table 3, MILP;[U%] solves more than half the unconstrained and knapsack-constrained
instances to optimality, whereas MILP,[U%] solves almost none.

However, the bmarzzed MILP Og[ou”b] outperforms both MILP;[U%] and MILP,[U"]. In Table 3, note that
when m =5, MILD,, VB[] solves all except one of the unconstrained and knapsack-constrained instances to
optimality, whereas MILPIOg[‘W”] all solves the cardinality-constrained instances to optimality.

For the multiple-ratio problem, the cardinality-constrained problems seem to be the most computationally
difficult (when the best solution approach is chosen for each constraint type), although this observation holds
for the nominal case as well—see, for example, the m = 5 case under constraint C in Table 3. However, the
unconstrained problem is sometimes more difficult than the knapsack-constrained problem (e.g., when I'; =
1,m =5 in Table 2), although not universally so (e.g., I'; = 2,m = 5 in Table 2). Finally, we note that there seems
to be no particular pattern or relationship between the level of uncertainty I'",I? and the computational
difficulty for any of the parameter settings.

To summarize these results, we observe that MILP;[U] tends to have the best continuous relaxation bound.
This observation is consistent with the earlier observations in the literature that the corresponding nominal
reformulation FP; typically has the best relaxation quality (Borrero et al. 2016, Mehmanchi et al. 2019).
Nonetheless, this does not always (or even often) lead to superior solution times mainly because of the large
size of the reformulation. In particular, for a small number of variables (Table 2), it seems that MILP, log (U] is
the best choice for disjoint cardinality-constrained problems, whereas MILP;[U%] is usually better for un-
constrained or knapsack-constrained models. However, as the number of variables increases (Table 3), the
logarithmic reformulation MlLPlOg[OlL“b] is a better choice for unconstrained and knapsack-constrained
problems, although it seems that the binarized reformulations have weaker relaxation qualities than the
corresponding original MILPs.

5.2.4. Joint Reformulations. Results for joint uncertainty sets U?, U, and U are given in Tables 4 and 5 for
n € {50,150} (see also Table B.2 in Appendix B for n = 100). These tables also include the respective results of
the most efficient reformulation for the disjoint uncertainty (i.e., MILPQO,g [U*] provided in Tables 2 and 3) to
compare the difficulty of solving RFP[U] under disjoint versus joint uncertainty sets.

The uncertainty parameters were chosen based on those chosen for the disjoint case. With I%,I? as the
relevant disjoint uncertainty parameters, we have, for U, that T; = 2 I'%; for U? and OlL”b that I'; = I'}; and for
U?, that T =m I'l for problems with similar m,n.

Observe that MILP,[U] performs similarly (with respect to solution times/optimality gap) on both the
disjoint and joint uncertainty sets by comparing the MILP,[U%] of Table 2 with the relevant columns of Table 4
and conducting similar comparisons for columns of the 100- and 150—Var1able tables. However, for the disjoint
uncertainty case, we were able to use a binary reformulation (MILPZO,‘C’r [U]) to obtain superior solution times.
Thus, the joint problems are generally more computationally difficult than the disjoint problems because of the
absence of such a binary reformulation for them, which can be seen by comparing the first column of Tables 4
and 5 with the other columns.

Though the multiple-ratio problem used the entire hour of solution time allowed for most joint uncer-
tainty sets, the single-ratio problem was solved quickly in most cases. Additionally, for the multiple-ratio
problem, A" remains tractable for unconstrained and knapsack-constrained problems. In these two special
cases, MILP[U"] typically solved the joint problem to optimality in a similar time as MILP, 8[q1%] solved the
disjoint instance. Finally, we observe that the cardinality constraint is universally difficult (as in the disjoint
case) for all multiple-ratio instances with the joint uncertainty sets.
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6. Conclusion

This paper addresses single- and multiple-ratio RFPs defined as the robust counterparts of the FPs under
various disjoint and joint uncertainty sets. We demonstrate that single-ratio RFP, contrary to its deterministic
counterpart, is NP-hard for a general polyhedral uncertainty set. However, if the uncertainties are in the form
of the budgeted uncertainty sets, then we develop polynomial-time-solution methods for single-ratio RFP
provided that the nominal problem is polynomial-time solvable.

In particular, for the disjoint uncertainty set, we propose an approach to solve single-ratio RFP by calling at
most (1 + 1)? instances of FP. Moreover, in the case of joint uncertainty sets, we show that single-ratio RFP can
be solved by solving a polynomial number of instances of a linear binary problem. Therefore, if the latter
admits a polynomial-time-solution algorithm, then single-ratio RFP under disjoint uncertainty sets is polynomial-
time solvable as well.

In the case of multiple-ratio RFPs, we exploit the structure of the budgeted disjoint uncertainty sets in order to
propose various MILPs to solve them. In particular, based on our extensive computational experiments, it is noted
that RFPs are more challenging to solve under the joint sets than the disjoint sets because the former cannot take
advantage of the binary expansion technique. Indeed, it seems that as the size of the problem increases, the
binarized formulations are often a better choice for the robust problem under the disjoint uncertainty set.

We also explore the value of the robust optimal solution for instances with both real and synthetic data and
find that ignoring the data uncertainty can lead to poor decisions. These results coupled with the insights on
the selection of budget(s) of uncertainties can provide guidance to consider the suitable solution method and
level of uncertainty in practice.

Finally, it is worth mentioning that conic quadratic programming-based reformulations can be used as
an alternative solution approach to tackle deterministic fractional 0-1 programs (see, e.g., Sen et al. 2018,
Mehmanchi et al. 2019, Atamtiirk and Gémez 2020) because they lead to strong convex relaxations. However,
solving large-scale mixed-integer conic quadratic programs is still challenging in practice despite the recent
advances in off-the-shelf commercial optimization software. Nevertheless, such approaches can be pursued as a
promising future research direction for solving robust fractional 0-1 programs.
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Appendix A. Proofs

Proof of Proposition 5. Let u be the indicator variables of the sets S(a) = S(E). Note that RFP[OIL’i_b] can be written as
. Ay + Zjef %] = Ljey djXjllj
X = maxmin
Ul xeX ueR" by + Njg byxj + Ny dY i xju
st O u<T
j€J
O<u<1 VieJ.

Using the Charnes and Cooper (1962) transformation as in the Proof of Proposition 4, we find the equivalent formulation

Zou“, maxmin (ao + Z]: a]x])y Z d}xz
JE

s.t. (bo + Z b]‘x]‘)]/ + Z d][?szj =1 (H)

j€J je€l
2.7 <Ty (@)
jel
0<z<y viel (8)

Using the standard LP duality for the inner minimization problem, we obtain formulation (19). O

Proof of Proposition 6. Let w be the indicator variables of the sets S(a) = S(b) To model the proportionality conditions

(e, X dﬂ”f =b dbb’ € [-1,1] for all j € J), we introduce additional continuous variables 1 € [-1,1]" and write RFP[OIL‘;Z’] as

. ap + Zje] a;x; + Zje] dl?xﬂ]]‘
- = maxmin
U xeX wn by + Yy bix; + Z]E]d xin;
st. > wy <T
jel
—wy <y <w;, w€{0,1} Vie].

Because the inner minimization problem is quasi-concave, it follows that 1; € {~w;, w;} in an optimal solution. Letting 1; = 1 if
1; = w; >0 and 0 otherwise and letting v; = 1 if n; = w; < 0 and 0 otherwise, we can rewrite REP[U%] as

75 ao + Xjey jXj + Xjey djxjuj — Lje djxjv;
= max
ug’ xeX u Z7€|0 11" b() + Z]€] b; jXj + Z]E] av x]u] Zje] d]l-’X]‘U]'

Zuj+Zv]~sr.

jel jel

Then, using the Charnes and Cooper (1962) transformation and linear programming duality as in the Proofs of Propositions 4
and 5, we obtain formulation (20). O

Proof of Proposition 10. We prove part (a); parts (b) and (c) can be proved in a similar manner. Note that the fractional binary
problems subject to uncertain (random variable) coefficients can be represented as

max ;
e, ; Hi (A1)
@20

s.t. Zzijxjyi — D ayx; < ayg — bioy; (A2)

J€l Jel

when by + 3 Eijx; > 0. For given (x*, u*), random variables @ and E, and for each i € I, we aim to compute an upper bound for
the probability that the ith constraint in (A.2) is violated: that is,

i + Sjey X}
Pr Z b,],u1 ; Zal]x > a9 — #?bio) =Pr (‘ul* > 7~]* .
el el bio + Xjey bijx;
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Then, for each i €1,

Pr (Z bi]“ul-*X; - Zﬁijxj* > aj) — [.l?bio
el

jel

=Pr (Z]: by + z}: ni]»d?jy,.*x;‘ - Z]: ax; — Z]: M jandyX} > aip — }lsz‘o) (A.3)
je je je je

=Pr (Z r]UdZ‘ul*x]* + Z T]i,]urndl]x] > ajp — ‘u?bio - Z b,»jyfx]?* + Z ai]»xj*) (A4)
j€l jel jel jel

<Pr Znijdz[,tf + Zr},]+nd,] T > Z dZ[Jl* xr Z dj’] ]*] (A5)
jel jess, €St

b b

= Pr Z nlidij‘“z‘*x; + Z 7771+“d1] s Z dt]xui* ]* 771] Z dz/ ] 771',/‘+H)]
ISACHS JENSY, St

<Pr| >} nfdeyfx; + > ni,j+nd,]x] >c > (T=ng) +c > (1- 1]i,j+,,)] (A.6)
JENST, jEINS;, jesy, j€st,

Z‘uf ]* ?fx; a b

=Pr| >0+ 2 Mijen+ D My + 20 Mijen >Ti+T7|. (A7)

jest, jest, jens;, Ci jenst, Ci

Probability (A.3) is correct for independently and symmetrically distributed random variables n; € [-1,1] for allj € {1,...,2n}.
Probability (A.4) is correct becaues 7; 1., € [-1,1]. Let S}, and S}, be the sets of indices of parameters that take the robust value in
the numerator and the denominator of the ith ratio, respectively, in a robust optimal solution. Then note that

Z bijuf x] + Z dl]#z ]* le,}x + Z dl]x] <ap— urbyp

jel JES}, jel jest,

is a valid inequality for problems (A.1) and (A.2) under uncertainty set U, Thus, probability (A.5) is correct. Additionally,
probability (A.6) is correct for ¢; = mm{{dl]yl }]65* {du }]es*} Next, for j € {1,2,...,2n}, define

1, ifjeS},orj-nesy
df?,y,*x.*
i BT *
Vi = o if j € J\S},
dﬂ *
il , if j—ne]\Sf,
Ci

and note that y; < 1forallj € {1,...,2n}; otherwise, Sy, or Sl.’"b are not the robust optimal set of indices. Hence, probability (A.7)
is equivalent to

>y > T+ r?) < Pr( >y =T+ TY| < B(2n,T¢ +T7).
je{1,...2n} je{1,...2n}

This last inequality follows from theorem 3, part (a), in Bertsimas and Sim (2004) for independent and symmetrically distributed
random variables 7, € [-1,1] and y; <1forje]. O
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Proof of Proposition 11. Following the Proof of Proposition 10, for uncertainty set ougf and each i € I, we have

Ak
aio + Zjey AjjX; )

Pr (Hz* > =
bio + Xjej byjx;

=P

=

Z b,-]'yi*xj* - ZEZ‘]‘X]‘* > ajp — ‘ul*bm)
j€l

jel

=Pr( > by} x] + Z nid 11#1 ] Zu,] Z Uz]dz,x] > a0 — .Ufbio)

jel J€l

=Pr Z?],]( I]‘UT ] - d?/ ]*) > ai) — yl-*b,'() - Zb,]‘ul*x]* + Zaijx;’)
j€l i€l €l
= Pr 1]1])611][.11 i d‘f] ]* > aj) — [Ji*b,‘o - Z b,'j‘ui*x; + Z a,jx]?‘)
jél jel (A8)
< PT(Z nu|dZH,* * - dixf| > Z)d,b]ul* * - dix; ] (A9)

=Pr r],]|dl]yl i * 0y Z|df;‘ul* ]*—d?]]*
\S;

’]]
j€]

(1 m;*)]

2 a(l- 1717)] (A.10)

<Pr| > r],]|d;yf F—dix| >

jeN\S? jest
diu XF
i
ol 3 ) (A1)
jest JeNS; i

Probability (A.8) is correct for 17; € [-1,1]. Let S} be the set of indices of parameters that take the robust value in a robust optimal
solution of the ith ratio. Then note that

Zb,]yl : Zal]x +Z)d1]‘ul Xt —df/] <ap— 1 by

is a valid inequality for problems (A.1) and (A. 2) under uncertainty set U?. Thus, probability (A.9) is correct. Additionally,
probability (A.10) is correct for ¢; = mm{lali]yZ - d’f]x] |}1€57' Next, for j € {1,2,...,n}, define
1, if j € Sf
yi = { |dour X - dix;
PR T e s,

Ci
and note that y; < 1 for all j € J; otherwise, S} is not the robust optimal set of indices. Hence, probability (A.11) is equivalent to
Pr (Z Viillij > FZ) <Pr (Z Viilij > FZ) < B(Tl, 1'1)
jel j€l

The last inequality follows from theorem 3, part (a), in Bertsimas and Sim (2004) for independent and symmetrically distributed
random variables 7, € [-1,1] and y; <1 forje]. O
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