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Abstract. Problems associated with time—cost trade-offs in project networks, which are
commonly referred to as crashing problems, date back nearly 60 years. Many prominent
management science textbooks provide a traditional linear programming (LP) formulation
for a classic project crashing problem, in which the time—cost trade-off for each activity is
continuous (and linear) over a range of possible completion times. We have found that, for
students who are being introduced to time—cost trade-offs and the principles of project
crashing, an alternative LP formulation facilitates a greater conceptual understanding.
Moreover, the alternative formulation uses only half of the decision variables in the tra-
ditional formulation and has fewer constraints for many problems encountered in man-
agement science textbooks. Results from an MBA section of operations management
suggest that students prefer the alternative formulation. Additionally, we have developed
an Excel workbook that generates all possible paths for a network, allows students to
manually evaluate crashing decisions, and generates the alternative LP formulation. We
demonstrate the workbook using a small synthetic example and a larger, real-world
network from the literature. We also show that the alternative formulation can be adapted
easily to accommodate discrete project crashing problems for which the time—cost trade-
offs for activities are not necessarily linear.
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1. Introduction

Time—cost trade-offs in project networks have been
studied for nearly six decades (Fulkerson 1961, Kelley
1961). Although there are different versions of time—
cost trade-off problems, the general principle is to
shorten the completion time of some (or all) of the
project activities so as to either (i) complete the proj-
ect at minimum cost subject to a project completion
time constraint or (ii) complete the project in the
minimum amount of time subject to a budget con-
straint. Shortening the completion time of an activity is
known as crashing. For each activity, there is a normal
completion time that represents the time for the ac-
tivity under “normal” conditions as well as a crash
time that represents the minimum possible comple-
tion time for the activity if additional resources are
committed. It is commonly assumed that the time-
cost trade-off for each activity is a continuous linear
function over the interval from crash to normal time;
however, discrete (nonlinear) time-cost trade-offs
can also be modeled (De et al. 1995).

82

Many introductory textbooks for management science
(Eppen et al. 1993, Hillier and Hillier 2003, Anderson
etal. 2019, Taylor 2019), operations research (Winston
1994), and quantitative methods (Balakrishnan et al.
2007, Render et al. 2009) provide the same traditional
linear programming (LP) formulation for minimizing
total crashing cost subject to a completion time con-
straint under the assumption that the time—cost trade-
off is a continuous linear function. This formulation
has two sets of decision variables. The first set cor-
responds to the number of time periods each activity
is shortened, whereas the second pertains to the early
finish time for each activity (we note that some au-
thors define the second set in terms of the early start
time for each activity). There are constraint sets to
ensure (i) the project completion time condition is
satisfied, (ii) no activity is shortened by more than
the difference between its normal and crash time,
and (iii) the early finish time variable for each activity
islinked toits corresponding crashing variable as well
as the early finish times of its immediate predecessors.
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Although the traditional LP formulation for proj-
ect crashing is both interesting and useful, many stu-
dents struggle to obtain a conceptual understanding
of the formulation. In large part, this is attributable to
the constraints that link the crashing decisions to the
early finish times. We propose an alternative LP for-
mulation that facilitates a more straightforward con-
ceptualization of project network crashing decisions.
This alternative formulation is grounded in the ex-
amination of all paths through the network. In addi-
tion to providing a more concrete understanding of
the problem, the alternative formulation has the fol-
lowing advantages: (i) it requires only half the num-
ber of decision variables as the traditional formula-
tion, (ii) it requires fewer constraints for most project
networks found in introductory textbooks, and (iii) it
establishes the “all-possible-paths” concept that is
sometimes used for both discrete (nonlinear) project
crashing problems and the computation of project
completion time probabilities in PERT analyses (see,
for example, Stevenson 2018).

Section 2 provides a formal statement of the tra-
ditional and alternative LP formulations for project
network crashing as well as a comparison of the two
formulations using a small synthetic network as an
example. Section 3 presents the results of an experi-
mental study that was designed to assess the relative
preferences of students (in an MBA operations man-
agement class) for the two formulations. In light of
the merits of spreadsheets for project network anal-
ysis (Seal 2001, Ragsdale 2003), Section 4 describes an
Excel workbook that (a) generates all paths in the
network and reports their length, (b) allows students
to manually evaluate the effects of crashing decisions
on cost and completion time, and (c) generates a
template conducive to the LP formulation of the al-
ternative formulation. We illustrate the worksheets
of the workbook using the network from Section 2.
Section 5 reports results obtained using the workbook
for a larger, real-world network from the literature.
Section 6 demonstrates the extension of the alterna-
tive formulation to the discrete (nonlinear) project
network crashing problem. The paper concludes in
Section 7 with a summary and discussion of the
strengths and limitations of the two formulations.

2. Alternative LP Formulations for Project

Network Crashing
The traditional and alternative formulations for the
project network crashing problem share much of the
same notation. We begin this section with precise
definitions of the relevant parameters, sets, and de-
cision variables. This is followed by the presentation
of the traditional and alternative formulations, re-
spectively. We conclude the section with a small

numerical example to facilitate comparison of the
formulations.

2.1. Parameters and Sets

n: the number of activities, indexed j =1, 2,..., n

Ty;: the normal time for activity j (for 1 <j < n)

Tcj: the crash time (i.e., minimum possible com-
pletion time) for activity j (for 1 <j < n)

wy;: the cost for activity j at the normal time
(for1<j<n)

wc;: the cost for activity j at the crash time, such that
wc;j = wyj (for 1 <j < n)

mj: the maximum number of time periods that
activity j can be shortened

mj = (TN]'—TC]') ‘v’lstn, (1)
¢;: the per-time period crashing cost for activity j
(for 1 <j < n), which is
. — wN;
@5 = @N) it 50
C = m;

vi<j<n, (2

T: the target project completion time

Q;: the set of activities that are immediate prede-
cessors for activity j (for 1 <j < n)

G: the set of activities with no successors

2.2. Decision Variables
x;: the early finish time for activity j (for 1 <j < n)
y;: the number of time periods activity j is crashed /
shortened (for 1 <j < n)

2.3. Traditional Formulation (F1)

With the parameters, sets, and decision variables in
place, the traditional formulation for project network
crashing (F1) can be stated as follows:

n
min:Z; = le Y (3)

i

subject to

yy<m Vi<j<n, 4)
x<T VjeG, )
x> (tnj—y) +x V1<j<n, keQ, (6)
x>0 V1<j<n, )
Y20 vi<j<n. (®)

The objective function, Z,, of F1 in Equation (3) is the
total crashing cost, which is to be minimized. Con-
straint set (4) ensures that the number of time periods
each activity is crashed does not exceed its maximum
possible value. Constraint set (5) requires that all
terminal activities (i.e., those with no successors) are
finished within the target project completion time (T).
Constraint set (6) guarantees, for each activity j and
each of its immediate predecessors (k € Q;), that the
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early completion time for activity j equals or exceeds
the early completion time for its predecessor plus its
own normal completion time minus the number of
time periods it is crashed. Constraint sets (7) and (8)
are nonnegativity restrictions on the decision variables.

2.4. Alternative Formulation (F2)

When transitioning from the traditional formulation
(F1) to the alternative formulation (F2), the x; vari-
ables and constraint sets (5)—(7) are eliminated. We
define p as the number of paths through the network,
L; as the length (total completion time based on normal
times) for path i (forall 1 <i<p), and S; as the set of all
activities on path i (for all 1 <i < p). Formulation F2
seeks to minimize (3) subject to constraint sets (4), (8),
and the following constraint set

SyizLi-T V1<i<p:Li>T. )
jES,‘

Formulation F2 has one half the variables of F1. It also
replaces constraint set (6), which is arguably the most
conceptually challenging for students to grasp, with
constraint set (9). The interpretation of constraint set
(9) is as follows: For each path (i) such that the length
of pathiexceeds T (i.e., L; > T), the activities on path i
must be shortened by enough time to reduce the
length of the path from L; to T. For most project
networks in management science textbooks, the num-
ber of constraints in (9) is fewer than the number of
constraints in (6). Although it is easy to synthetically
construct high-density (i.e., high interdependence
among activities) networks in which the number of
constraints in (9) greatly exceeds the number of con-
straints in (6), such networks are not particularly
relevant for pedagogical purposes. Moreover, many
real-world networks are low-to-moderate density,
and accordingly, F2 is applicable for such networks.
The equivalence of the F1 and F2 formulations is
demonstrated in the appendix.

For completeness, as is the case for F1, F2 can be
modified to minimize completion time subject to a
budget constraint as opposed to minimizing cost
subject to a time constraint. This is accomplished by
changing T to a decision variable, changing the ob-
jective function to min: T, and limiting the amount
spent on crashing to a specified budget value (B) via
the constraint

le ¢y < B. (10)
]:

2.5. A Small Numerical Example

To compare formulations F1 and F2, we provide an
example for a small network comparable to the size
of those commonly encountered in introductory
management science textbooks. The precedence di-
agram for the example network is displayed in Figure 1.

Figure 1. Project Network Diagram for the Small
Numerical Example

The time and cost parameters, sets, and paths are pro-
vided in Table 1. The LP formulations for the example
are provided in Figure 2.

The F2 formulation in the bottom panel of Figure 2
is clearly more compact than the F1 formulation in the
top panel. Although the objective functions (3) and
upper bound constraints (4) for crashing activities are
the same for the two formulations, the F1 formulation
model requires 14 additional constraints (12 of these
are to link the early finish times to the crashing de-
cisions), whereas the F2 formulation requires only
five (one for each path of length greater than T = 20).
Although there are seven paths in the network, two
areexcluded in Figure 2 (i.e., paths 3 and 5 from Table 1)
because they are already 20 weeks or less. Moreover,
it is evident that the F2 formulation does not require
the x; variables.

3. An Experiment to Study Students’

Relative Preferences for F1 and F2

3.1. Experimental Setting

We conducted an experimental study to assess the
relative preferences of students for the F1 and F2
formulations. The setting for our study was an on-
campus MBA operations management course with
43 students (three students missed the exam, so the
sample size was actually 40). We provided the stu-
dents with a document that described the basic prob-
lem of crashing project networks, and the F1 and F2
formulations were presented using an example. The F1
formulation was presented first in the document. A
second worked example was provided at the end of
the document, again demonstrating the F1 formulation
followed by the F2 formulation.

We told the students that the two formulations are
equivalent and that either formulation could be used
for exam purposes. We made no attempt to bias the
students toward either formulation in the document.
However, the instructor of the course (the second
author of this manuscript) answered any student
questions about the formulations in the classroom.
The instructor gave the students an LP crashing
problem on the exam that covered the topic of project
scheduling. We counted the number of students using
each formulation and the number of students who got
the formulation 100% correct.
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Table 1. Project Time and Cost Data for the Small Numerical Example

Activity (f) 1 2 3 4 5 6 7 8
Normal cost (wyj) 3,000 1,200 1,800 4,200 1,600 1,800 1,400 3,000
Crash cost (wcy) 5800 2,000 3,000 6,000 2500 2400 3,000 5,000
Normal time in weeks (ty;) 10 7 8 9 7 5 5 9
Crash time in weeks (1¢;) 6 5 4 6 6 3 3 5
Maximum crash time in weeks (1) 4 2 4 3 1 2 2 4
Per week crash cost (c;) 700 400 300 600 900 300 800 500

n=8p=7T=20
G={778}/Q1:Q2:Q3:®
Q4={1I 2}/ QSZ{ZI 3}/ Q6= {3}
Q7= {4r 5}/ Q8: {5/ 6}

Pathi=1:5,=1{1,4,7}, L, =24
Pathi=2:5,=1{2,4,7}, [, =21
Pathi=3:53=1{2,5,7}, L =19
Pathi=4:5,=1{2,5,8}, Ly =23
Path i =5: S5 ={3,5,7}, Ls =20
Pathi=6:5,=1{3,5,8}, Ls =24
Pathi=7:S;,=1{3,6,8}, L, =22

3.2. Experimental Results

Two of the 40 students (5%) did not provide an answer
to the formulation question. Three students (7.5%)
used formulation F1. The vast majority of the students,
35 of 40 (87.5%), used formulation F2. Thus, it was
unequivocally clear that students exhibited a prefer-
ence for F2 as the ratio of its selection to that of F1 was
more than 10:1.

Because of the limited usage of the F1 formulation,
it is not possible to make a statistical comparison of
the percentages of students who produced a correct
formulation using the F1 and F2 formulations. Only
one of the three students (33%) using the F1 formu-
lation produced a correct formulation. Contrastingly,
28 of the 35 (80%) students using the F2 formulation
provided a perfectly correct answer. Of the seven
students who used the F2 formulation but did not
produce a perfectly correct answer, (i) one student
merely reversed the signs on the path constraints, (ii) one
student merely reversed the signs on the crashing

Figure 2. LP Formulations for the Small Numerical Example

limit constraints, (iii) two students failed to identify one
of the paths, and (iv) three students provided a for-
mulation that had major problems with the objective
function and one or more constraint sets.

4. Spreadsheet Implementation of F2

4.1. Spreadsheet Overview

We have developed an Excel workbook for imple-
menting F2. The workbook makes use of a VBA
macro (comppath) for identifying all of the paths in
the network, allowing students to manually investi-
gate crashing decisions, and for preparing input for
the LP formulation. For networks that have multiple
activities with no immediate predecessors, a dummy
start node is added at the beginning of the network.
Likewise, for networks that have multiple activities
with no immediate successors, a dummy end node is
included at the end of the network. The example in
Figure 1 is illustrative of a situation in which both a
dummy start activity and a dummy ending activity

Min: 700y1 + 400y2 = 300y3 + 600y4 + 900ys + 300y + 800y + 500ys

Subject to:

<4 ns2 »s4 W3 yssl
x7<20 x8<20

x1 2 (10-y1) x4 Z(9-yg)+x1

xz(7=-y) xZ(9-y9)+x2

x: 2 (8-y3) xs2(7T-ys)+x2

x52(T-y)+x3

x6Z (5 —y6) +x3

y6<2 y1s2 w4
x12(5—-yN+x4 xg Z(9—y8) +x3

Z(3=y)+xs x8 2 (9—y8) +x6

Min: 700y1 + 400y2 + 300y3 + 600y4 + 900ys + 300ys + 800y7 + 500yz

Subject to:

n=é ns<2 w4 ME3 21

M+y+yzd

Y62 ws2 w4

n+ys+iszd

Note. The top panel contains the F1 formulation and the bottom panel the F2 formulation.
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are necessary. The purpose of these dummy activ-
ities is to facilitate the enumeration of paths by
having a single starting activity and a single end-
ing activity.

The workbook contains several project networks,
each in their own separate worksheet. One of these,
worksheet tc10, is the small synthetic network that we
described in Section 2. It is noteworthy that, because
this network had multiple activities with immediate
predecessors and multiple activities with no succes-
sors, both a dummy starting activity and a dummy
ending activity were added, thus increasing the total
number of activities from 8 to 10. Two of the networks
are medium-sized networks (approximately 20 ac-
tivities) that we obtained from a service operations
management textbook (Murdick et al. 1990): (1) work-
sheet tc19, an auditing project network originally
published by Krogstad etal. (1977), and (2) worksheet
tc20, a computer installation network (Moscove and
Simkin 1987). We also include a 68-activity network
pertaining to the structural/electrical update of the
Blackhawk helicopter (worksheet tc68), which we
obtained from a master’s thesis by Fortier (2006).

To apply the comppath macro to one of these
networks, the user only needs to select the work-
sheet containing the desired network and click the
button that says “Generate Paths.” The comppath
macro reads the following data from the time-cost
worksheet: (i) n: the number of activities, (ii) T: the
target completion time, (iii) Tn;: the normal comple-
tion time for each activity, (iv) m;: the maximum
number of time periods that each activity can be
crashed, (v) ¢;: the per time period crashing costs for
each activity, (vi) the number of immediate prede-
cessors for each activity, and (vii) the set of imme-
diate predecessors for each activity. The macro
writes output to three worksheets: paths, manual,
and Ipformulation.

4.2. Path Generation (the paths Worksheet)

The comppath macro generates all p paths in the
project network using a depth-first search algorithm.
The length of each path (L;) is also computed and
stored. A bubble sort is used to rank the paths in
descending order of length. To enable the analyst to
have a frame of reference for all of the paths in the
network, each of the p paths and their corresponding
lengths are written to the worksheet paths. Color
(red, white, blue) shading is used to distinguish the
paths by length with the shortest paths in dark red
and the longest paths in dark blue. The paths
worksheet associated with the example discussed in
Section 2 is provided in Figure 3. All seven paths,
which are now numbered longest to shortest, and
their lengths are reported.

Figure 3. The Paths Worksheet for the Network
Associated with Figure 1 and Table 1

A B E D E F G H
1 Path Path
2 Number Length Path
3 d Start 1 4 7 End
4 2 Start 3 5 8 End
5 3 23 Start 2 5 8 End
6 4 22 Start 3 6 8 End
7 5 21 Start 2 4 7 End
8 6 20 Start 3 5 7 End
9 7000 19 stat 2 5 7 End
10
11|

4.3. Manual Crashing Analysis (the
manual Worksheet)

The manual worksheet also contains all of the paths;
however, this worksheet also has rows that contain,
for each activity, the activity number (row 4), the per time
period crashing cost (row 5), the maximum possible
crashing (row 6), and the selected crashing decision
(row 7). Students can manually alter the crashing
decisions in row 7 to evaluate their implications for
total crashing cost (cell E2) and project completion time
(cell E1). The path lengths are dynamically changed as
students alter the cells in row 7, and as in the paths
worksheet, color-coding of the cells is used to differ-
entiate the lengths of the paths. Figure 4 presents the
manual worksheet for the example from Section 2.

4.4 The LP Formulation for F2 (the
lpformulation Worksheet)

The Ilpformulation worksheet contains a basic
template for the F2 formulation, including rows
containing column labels, per period crashing
costs, maximum crashing, and the y; variables. In
addition, the worksheet contains the constraint right-
hand sides and constraint coefficients for all of the
paths for which L; > T. Thus, whereas the paths
worksheet contains all of the paths and their lengths,
the 1pformulation worksheet contains only those
paths necessary for the formulation. For most ap-
plications, the number of paths with L; > T is ap-
preciably smaller than p.

Figures 5 and 6 provide, respectively, for the ex-
ample from Section 2, screenshots of the 1pformu-
lation worksheet and the corresponding Solver di-
alog box. Figure 5 reveals that the optimal solution to
the F2 formulation is y; =y; =1, y, = yg = 3, and all
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Figure 4. The manual Worksheet for the Network Associated with Figure 1 and Table 1

H ©- !g v = Real_Networkb - Excel
File Home Insert Draw Page Layout Formulas Data Review View Help Q Tell me what you want to do
CK23 ¥ f v
| A [ B | C | D E F G H I ) K L M N (¢
1 |Project Completion Time = b
2 Total Cost of Crashing = 2100
3 |
4 | Activity Number Start 1 2 3 4 5 6 7 8 End
5 |PerTime Period Crashing Cost 0 700 400 300 600 900 300 800 500 0
6 |Maximum Possible Crashing 0 4 2 4 3 1 2 2 4 0
7 |Selected Crashing 0 1 0 1 il 0 0 0 1 0
8 4
9 | Original Crashed
10 | Path Path Path
11 | Number Length Length
12 1 24 1 1 1 1 1
13 | 2 24 1 1 1 1 1
14 | 3 23 2l 1 1 1 3 |
15 4 22 20 1 1 1 1 i
16 | 5 21 20 1 1 1 1 1
17 | 6 20 19 1 1 1 1 1
18 | 7 19 19 al 1 1 4l 1
19 |
20 |
21 |
22
23
’“4 » .. | timecost paths . manual . Ipformulation 10 | tc19 | te2 .. B [ »
Ready H b - 1 + 120%

other y; = 0. The total crashing cost is Z; = $4,300.
The template for the LP formulation contains all seven
paths even though two of the paths already satisfied
the target completion time of T = 20.

5. Application to a Larger

(Real-World) Network
5.1. The Blackhawk Helicopter Upgrade Network

(Fortier 2006)

For our second example, we consider a larger, real-
world network published by Fortier (2006) that per-
tains to the structural/electrical upgrade of the UH-
60A (Blackhawk) helicopter. The network contains
n = 68 activities. Fortier (2006) provides a display
of the precedence diagram for the network. The
network is rather sparse as the maximum number of
immediate predecessors is six (for activity 58), and
most activities have only one immediate predecessor.
We selected crashing cost scenario 1 (Fortier 2006) for
demonstration purposes, which is one of several sce-
narios described by the author.

Fortier (2006) presents the constraint set associ-
ated with an F1 formulation of the project network
crashing problem for scenario 1. There are several
inconsistencies associated with the constraint set.
First, the completion time constraint for activity 1 is
missing. Because x; cannot be crashed, a constraint
should be added such as x; > 8 or x; = 8. Second, the
“TAT” constraint (i.e., constraint (4) of the F1 for-
mulation) to ensure that the project is completed
within 640 hours should be x4 < 640 rather than y5 <
640. Third, and most importantly, there is some dis-
cord between the constraint set and the precedence
diagram (cf. Fortier 2006). For example, there is a
constraint pertaining to activity 21 as an immediate
predecessor for activity 27 (i.e., Xo7 — X21 + Yo7 > 24);
however, the precedence diagram shows that activity
22 (not 21) is the immediate predecessor of activity 27.
Similarly, there is a constraint for activity 25 as an im-
mediate predecessor for activity 29 (i.e., xo9 — x25 > 104);
however, the precedence diagram shows that activity
21 (not 25) is the immediate predecessor of activity 29.



Downloaded from informs.org by [216.73.217.74] on 14 July 2026, at 21:18 . For personal use only, al rights reserved.

Huse and Brusco: LP Models for Crashing Projects

88 INFORMS Transactions on Education, 2021, vol. 21, no. 2, pp. 82—-95, © 2020 The Author(s)

Figure 5. The 1pformulation Worksheet for the Network Associated with Figure 1 and Table 1

B - &-7

File Home Insert Draw Page Layout Formulas Data Review
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Our reason for raising the inconsistencies between
the project network diagram (Fortier 2006) and the
constraint set (Fortier 2006) is not to diminish the
interesting and important contribution provided by
the study. However, it is essential to note the incon-
sistencies because our “consistent” analysis, which
follows the precedence diagram, yields slightly dif-
ferent results, and the differences are likely attrib-
utable to the inconsistencies.

5.2. Spreadsheet Analysis of the Blackhawk
Helicopter Upgrade Network

We use the spreadsheet described in Section 4 to
analyze the Blackhawk helicopter upgrade network.
The paths worksheet in Figure 7 reveals that there
are p = 48 paths in the network. The fact that p < n is
attributable to the sparsity of the network. There are
two paths that result in the maximum length of 644
hours. The two paths differ only with respect to
whether activity 64 or activity 65 is the immediate

successor to activity 63. It is also important to observe
that 24 of the 48 paths are of a duration of 400 hours
or fewer. Even with maximal crashing, it would be
impossible to reduce the completion time to 400 hours,
and accordingly, at least half of the paths are not nec-
essary for the F2 formulation.

The manual worksheet in Figure 8 shows that
crashing activity 4 by three hours reduces completion
time from 644 to 641 hours at a cost of $44,366.61.
Although manually crashing activities might seem
tedious for a project with 68 activities, the process is
simplified because only 24 of the 68 activities can be
crashed, and several of these have no impact on the
longest paths of the network.

The 1pformulationworksheetin Figure 9 shows the
results obtained when using the F2 LP formulation to
reduce project completion time from 644 hours to T =
592 hours. Only 17 of the 48 paths are necessary for the
LP formulation because the other 31 paths are already
less than 592 hours. The optimal solution to the F2
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Figure 6. Solver Dialog Box for the Network Associated with Figure 1 and Table 1
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formulation is yg; =20,Vs5 =8, Ysy = Yzg = 6, Yy =Yy =4,
Ysg =2, and Y, = Y, = 1. The total crashing cost is
$696,949.24.

Fortier (2006) reports that he obtained a feasible
solution for a target completion time of T = 584 hours.
Using the manual worksheet and setting the crashing
decision variable for each activity to its maximum
possible value, it is easy for us to establish that the

minimum possible completion time for our “consis-
tent” version of the formulation is T = 590 hours. The
optimal solution for T = 590 hours is the same as the
one for T =592 hours except that iz, = 8 (its maximum
value) rather than y, = 6. The extra two hours of
crashing for activity 59 costs $43,992.14 ($21,996.07
per hour), which increases the total crashing cost to
$696,949.24 + $43,992.14 = $740,931.38.
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Figure 7. The paths Worksheet for the Blackhawk Helicopter Update Network
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6. Extension to Discrete (Nonlinear)

Crashing Costs
6.1. Modified F2 Formulation for Discrete Crashing
Costs (F2-D)

Next, we describe how the F2 formulation can be
adapted to accommodate discrete (nonlinear) crash-
ing costs. The extended formulation (F2-D) requires
the definition of the following cost parameters, which
replace the c; parameters:

bjy: the additional cost that is incurred when in-
creasing the number of time periods that activity j is
crashed from h-1to h (for 1 <j<nand 1 <h < my)

In addition, it is necessary to replace the y; variables
with the following binary crashing variables:

vj,: one if the number of time periods that activity j
is crashed is increased from h — 1 to h and vj, = 0
otherwise (for 1 <j<nand 1 <h <m)

With these new parameters and decision variables
in place, the extended formulation for discrete project
network crashing (F2-D) can be stated as follows:

n M
min:Z; = > > by, (11)
=1 h=1
subject to
nj
> > op=Li-T V1<i<p:Li>T, (12)
jESj h=1
Vjg < Ujpy V1<j<n, 1Sg>hSmj, (13)
vp€{0,1} V1<j<n, 1<h<m,. (14)

The objective function, Z,, of F2-D to be minimized
in Equation (11) is the total crashing cost, which is
computed as the product of the binary crashing var-
iables and their corresponding incremental costs for
shortening an activity by one additional time period.
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Figure 8. The manual Worksheet for the Blackhawk Helicopter Update Network
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Constraint set (12) is analogous to (9) but now cap-
tures the crashing of each activity as the sum of binary
variables. Constraint set (13) ensures that binary
crashing variables are selected “in order.” For ex-
ample, suppose that the cost of crashing activity 1
is by1 = $700 for the first week, and the cost is by =
$600 (additional) to shorten the activity by a second
week. Without the constraint v, < v, the solution
to the model could shorten activity by only one week
yet do so by selecting the variable corresponding to
the second week (instead of the first) because it is
cheaper. It should be noted that, if b]»g > b]-h, then the
corresponding v;, < v, constraint in (13) can be safely
removed. Constraint set (14) places binary restric-
tions on the decision variables.

6.2. A Modified Numerical Example for the
Discrete Problem

The data, for example, for the discrete crashing problem

are identical to the data provided in Table 1 for the

example in Section 2.5 with one exception: the ¢; cost

parameters are replaced with by, parameters, which

are displayed in rows 15-18 of the Excel template
displayed in Figure 10. To illustrate, in the small
numerical example in Section 2.5, the cost of crashing
activity 1 was $700 per week, and it was possible to
shorten activity 1 by up to four weeks. In the modified
example for the discrete crashing problem, rows 15-18
of column D in Figure 10 show that the cost of
crashing activity 1is $700 for the first week. However,
to shorten the activity by a second week costs only
an additional $600. To shorten the activity by a third
week costs an additional $1,200, and a fourth week
adds another $500. Accordingly, formulation F2-D
allows for modeling of nonlinear time—cost trade-offs
using a piecewise linear function. The Solver dialog
box for the template shown in Figure 10 is displayed
in Figure 11.

The maximum that any activity can be crashed is
four weeks, and therefore, we defined four weeks
of vy, variables for each activity in rows 20-23 even
though most activities allow fewer weeks of crashing.
For example, activity 2 can be crashed by up to only
two weeks. To ensure that three or four weeks of
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Figure 9. The 1pformulation Worksheet for the Blackhawk Helicopter Update Network
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crashing are not selected, we imposed prohibitively
large cost penalties of 99,999 on these variables (see
cells E17 and E18 in Figure 10). We also compute, in
row 3, “Total Crashing,” the y; variables as the sum
of the v, variables. For example, cell D3 in Figure 10
is the sum of cells D20:D23.

The optimal solution to the F2-D formulation is
YV1=VY3=Y,=Ys=2, y, =1, and all other variables
equal to zero. For example, the binary variables for
activity 1 arev}; = v}, = 1and v}, = v}, = 0; therefore,
Y, = vy, + U3, = 2. The cost incurred for crashing ac-
tivity 1 by one week is $700, and an additional $600
is incurred for the second week. Likewise, the binary
variables for activity 2 are vy, = 1 and v,, =v,; = v, =0.
Therefore, activity 2 is crashed only one week (v, =
vy, = 1) at a cost of $400. The total cost of crash-
ing required to shorten the project to 20 weeks is
Z, = $5,100.

It is interesting to compare the F2 and F2-D results
in Figures 5 and 10, respectively. The solution in
Figure 5 shows that activity 4 is crashed by three
weeks; however, activity 4 is not crashed at all in the

solution in Figure 10. Contrastingly, activity 7 is not
crashed at all in the Figure 5 solution butis crashed by
two weeks in the Figure 10 solution. Part of the ex-
planation for this result can be deduced from exam-
ination of the 1-4-7 path. For the F2 model in Figure 5,
the per week cost of crashing activity 4 ($600) is less
expensive than the corresponding costs for activities 1
($700) and 7 ($800), making it the preferable option for
shortening the 1-4-7 path. However, for the nonlinear
cost structure for the F2-D model in Figure 10, al-
though activity 4 is still less expensive than activities 1
and 7 for the first week of crashing, it is appreciably
more expensive for the second week of crashing.

7. Discussion and Limitations

The origin of this paper was a suggestion from the first
author while a student in an analytics course for
which the second author was the instructor. The crux
of the suggestion was that the x; variables in F1 were
unnecessary if one examined all of the paths. The
instructor presented formulation F2 to the remainder
of the class, and there was general agreement that F2
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Figure 10. Excel Template for the F2-D Formulation of Discrete Example
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was conceptually easier to understand. This anec-
dotal finding was substantiated by an experimental
study in a different course, which is described in
Section 3.

It is important to clarify that our emphasis in the
presentation of F2 is primarily didactic. That is, we
believe the alternative formulation (F2) can be ben-
eficial for illustrating the principles of time—cost trade-
offs in project networks in a more straightforward
fashion than the traditional formulation (F1). We are
not purporting that F2 is a “better” mathematical
formulation than F1. Although F2 has half the number
of decision variables and tends to have fewer con-
straints than F1 for most problems in introductory
management science textbooks, some project-planning
applications with a high level of detail might have
several hundred or even thousands of activities. More-
over, it is possible to construct examples of very dense
networks in which most activities have a large num-
ber of immediate predecessors. In such cases, F2 could
require far more constraints than F1. Nevertheless,
there are many sparse networks in the literature in

which the number of paths is either smaller or just
slightly larger than the number of activities (see, for
example, Mungle 2014). Finally, we acknowledge that
special-purpose network algorithms are computa-
tionally preferable to linear programming for large-
scale network analysis (Fulkerson 1961, Kelley 1961,
Phillips and Dessouky 1977), but these are well be-
yond the scope of an introductory management sci-
ence course.

Perhaps the most natural criticism of the F2 for-
mulation is that it requires the generation of all of the
paths through the network and the computation of
their lengths. However, as noted previously, the
number of paths in most textbook problems tends to
be very small, and there are also sparse real-world
networks in which the number of paths is quite
manageable for the comppath macro. Moreover, the
consideration of all possible paths is not unprece-
dented in textbook presentations of project network
analysis. For example, Stevenson (2018) presents a
heuristic method for project crashing that can be used
under the assumption of either the continuous (linear)
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Figure 11. Solver Dialog Box for the F2-D Formulation of Discrete Example
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or discrete (nonlinear) cost structure. The heuristic
requires the knowledge of all path lengths and crashes
the project one time period at a time to obtain a solution,
but a globally optimal solution to the problem is not
guaranteed. Stevenson (2018) also discusses the use of
the mean and variance of the completion time for all
paths as a basis for computing the probability of
completing the project within some time frame.

Appendix

In this appendix, we show the equivalence of the F1 and
F2 formulations. The argument is provided via the con-
struction of the F1 formulation from the F2 formulation.
Because the y; variables, the objective function (3), and the
constraint sets (4) and (8) are identical for the two formu-
lations, the crux of constructive argument is to show that
constraint set (9) of the F2 formulation enforces the same
conditions as constraint sets (5)—(7) of the F1 formulation.
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We begin the argument by noting that the length of each
path (L;) is just the sum of the normal completion times for
the activities on that path. Therefore, considering all paths
in constraint set (9), not just those with L; > T, can be re-
written as

Slyiz> i -T V1<i<p. (A1)
j€Si j€Si

Rearranging terms, this constraint set can also be conve-
niently rewritten as

DUnj—y)<T V1<i<p. (A.2)
Jj€Si

Next, we introduce the x; variables and their corre-
sponding nonnegativity constraints (7). Consider an arbi-
trary path, i, and let f and I correspond, respectively, to the
first and last activities in that path. Accordingly, we know
that activity f has no predecessors, and activity [ has no
successors. Because fhas no predecessors, we know that its
earliest possible finish time is x;= Ty — y. Therefore, we can
add this equation (or, for consistency with activities that do
have predecessors, its inequality variant x¢> tny — 5 which
is a member of constraint set (6)) to the constraint set and
reexpress the path constraint for path i as

X+ Z (TN]‘ - y]) <T (A.3)
JeSf}

Suppose that g is the second activity in path i. We know
that the early finish time for g must equal or exceed the early
finish time of its immediate predecessor f plus its own ac-
tivity time. Thus, we append the constraint x,, > x¢+ (Ttng — Y,)
as a member of constraint set (6). In this instance, the less
restrictive “>” condition is essential because there might
be a path on which activity g has a different predecessor that
has a later early finish time than activity f. The constraint for
path i can now be reexpressed as

Xq + Z (TN]‘ - ]/]) <T (A.4)
jeS\{f.ay

By induction, we can introduce the early finish time
variables and their corresponding precedence constraints
until we get to the last activity (/) in path 7, in which case the
final reexpression of the path constraint is simply

x<T, (A.5)

and this inequality is clearly a member of constraint set (5).
If this process is repeated for all p paths, then all of the
precedence constraints in (6) are appended to the formu-
lation because all precedence relationships in the network
are captured when enumerating all paths. Moreover, based
on the result in (A.5), constraint set (9) will have morphed
into constraint set (5), that is, a system of constraints to
ensure that all activities with no successors (i.e., activities
that are members of G) finish by time period t.

As asimpleillustration, consider the example introduced
in Section 2 (Table 1 and Figures 1 and 2). We focus on the
path 1-4-7 and the assumption that T = 20. The constraint
for this path associated with constraint set (9) of the F2

formulation can be written as (10 - 1) + (9 —y4) + (5 - y7) < 20.
We introduce the variable x; and its corresponding non-
negativity restriction in constraint set (7). Then, we can append
the constraint x; > 10 — y; associated with constraint set (6)
and rewrite the path constraint as x; + (9 - y4) + (5 - y7) < 20.
Next, we add the variable x4 and its corresponding non-
negativity restriction in constraint set (7) and append the
constraint x4 > xq + (10 — 1) associated with constraint set (6).
The path constraint is now rewritten as x4 + (5 — y7) < 20.
Finally, we add the variable x; and its corresponding
nonnegativity restriction in constraint set (7) and append the
constraint x; > x4 + (5 —y7) associated with constraint set (6).
The path constraint is now just x; < 20, which is one of the
constraints in constraint set (5) of the F1 formulation. If we
repeat this process for all of the remaining paths, we convert
constraint set (9) into constraints (5)—(7), thus converting the
F2 formulation to the F1 formulation.
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