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OR/MS Games: 3. Counterfeit Coin Problem

OR/MS Games: 3. Counterfeit Coin Problem There are N coins that are identical in size, shape,
color, smell, and general appearance. One cpin,
however, is counterfeit, having a slightly smaller
weight than the other N-1 coins. The mission|is
to identify the counterfeit coin - with the aid of ja
two-pan balance - deploying the smallest possible
number of weighings.

Moshe Sniedovich
Department of Mathematics and Statistics
The University of Melbourne
Parkville, VIC 3052, Australia

The first fact to notice regarding this problem is that
strictly speaking it is not well defined. This fact often
puzzles students when they encounter the problem
for the first time. It will therefore be constructive to
explain why the problem as stated above is not well

ABSTRACT defined.

m.sniedovich@ms.unimelb.edu.au

Consider the following set-up, describing a situa-
tion where there are N=20 coins and 6 coins are
placed in each pan, so there are 2@ 6) = 8 coins

In this discussion we examine two versions of the
famous Counterfeit Coin Problem, focusing on their
educational OR/MS content. It is shown that this prob-

. : . . off-scale.
lem provides an excellent environment for illustrating
a number of fundamental OR/MS problem-solving
concepts and methods related to decision making off gca'e
under uncertainty. A number of interactive modules
are provided for experimentation with this problem. A
Editor's note: This is a pdf copy of an html document Figure 1:

which resides at
http://ite.pubs.informs.org/Vol3No2/Sniedovich/

The two gold bars are very important in this picture:
they are used to support the scale so that the picture

1 INTRODUCTION depicts a situation where it is not known yet where the
counterfeit coin is located.

The Counterfeit Coin Problem is a classical puzzle. It
has a long history of challenging ’ ... one’s reasoning
power and ingenuity ...". It has to do with the following
basic situation: There are N coins that are identical in o The right pan will rise
size, shape, color, smell, and general appearance. One
coin, however, is counterfeit, having a slightly different ~ ® The left pan will rise
weight than the other N-1 coins. The mission is to
identify the counterfeit coin - with the aid of a two-pan
balance - deploying the smallest possible number of Since the same number of coins (6) is placed in each
weighings. pan, from the decision making perspective the first two
outcomes are equivalent: in each case 6 coins will be
Details concerning this standard version of the left for further inspection. On the other hand, the third
problem can be found in Alberd966 and Martelli outcome will leave 8 coins for further inspection. More
and Gannon997. In our discussion we shall con- generally, we distinguish between two cases:
sider the simpler version where the counterfeit coin
is known to weight less than the good coins. Hence,
formally our problem is as follows: e The counterfeit coin is off the scale

f we now remove the supporting gold bars, there
could be three possible outcomes:

e The scale will remain balanced

e The counterfeit coin is on the scale
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mailto:m.sniedovich@ms.unimelb.edu.au
http://ite.pubs.informs.org/Vol3No2/Sniedovich/

Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 01:13 . For personal use only, all rights reserved.

SNIEDOQVICH
OR/MS Games: 3. Counterfeit Coin Problem

In the first case 6 coins are left for inspection, in the f(n) is non-decreasing with s, hence from (2) it follows
second case 8 coins will be left for inspection. that

What emerges is that there is an inherent uncer- .

tainty in the results generated by the weighing process f(n) =1+ f(min{max{x,n—2x} : 3)

and therefore the problem is ill-defined unless we x=12, ..., Integefn/2)}),n=2,3,4,...

agree on the rules according to which the outcome of

the weighing process is determined. ] ] ]
This means that the optimal value of x can be obtained

We shall consider two popular decision-analysis PY Solving the following simple problem:

approaches for dealing with this kind of uncertainty,

namely x(n) = min{max{x,n—2x} : (4)
e Worst Case Scenario:Mother Nature is playing x=1,2,..,Integer(n/2)},n=2,3, ...
against us

e Laplace’s Scenario:each coin is equally likely to  \yhere clearly x(2) =1.
be the counterfeit coin

The notation ‘x(n)’ is a reminder that the optimal
value of x depends on the number of coins left for
inspection (n).

For each case we shall derive an optimal weighing pol-
icy.

2 WORST CASE SCENARIO Applying the beloved Pigeon Hole Principle (see
Burton, (1997)) we conclude that the optimal value of

This is the popular "minimax” approach. It assumes x is Integer(n/3), or more specifically:

that the worst case will materialize and this way the
uncertainty is completely removed. In the context of
the counterfeit coin problem under consideration this
means that if n coins are left for inspection and x coins
are placed in each pan, then exactly

Recipe for the Worst Case Scenario
If n> 1 coins are left for inspection, place x(n) coins
in each pan, where x(n) is the integer computed as
m= max{x,n— 2x} (1) follows: Let k and b be the unique non-negative |n-

tegers such that= 3k+b, b < 3. Then sek(n) =k
coins will be left for inspection after this weigh- | if b < 2, otherwise set(n) = k+ 1.

ing. Thus, in the case depicted in Figure 1, exactly
max{ 6,8} = 8 coins will be left for inspection after the
weighing.

For example, iln = 12, thenk = 4 andb = 0, hence

. _ X(12) = 4. If n=13, thenk = 4 andb = 1, hence
Now, let f(n) be the minimum number of weigh- x(13) = 4 If n = 14, thenk = 4, and b=2, hence
ings required for the identification of the counterfeit X(12) = 5. ' ' ’ ’

coin under the Worst Case scenario given that n coins

are left for inspection. Then, it follows - using stan- A 1,,qh formal proof that this recipe provides an op-

dard dynamic programming arguments (Sniedovich, o) holicy goes like this: disregarding the integrality
(1992) - that constraint on x, the expressian, x) = maxx,n— 2x}
f(n) = 1+ min{ f (max{x,n— 2x} : (2) _attains it minimum_ at a point where= n—2x. This

—12 Int 5 _23 iS so pgcause as increaseq — 2x decrefises, hence
X=12,...,Integern/2))},n=2,3, the minimum (over x) ofmaxx,n — 2x} is attained
with f(1) = 0, where Integer(a) denotes the integer when the line y=x intersects the lire= n—2x. This

part of number a. is illustrated graphically in Figure 2.

Observe that it is not too difficult to show that
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&y
n Explanation *
¥ = max{x,n-2x} O Step 1: Draw the z-v plane.
O Step 2: Draw the y=x line.
O 5tep 3: Draw the y=n-2x line.
O Step 4: Draw the z(n 3 =max{zn-2x} function.
¥ ¥* = min{madxn-2: 0 =x=n
O Step 50 Locate min {masx {zn-2x}: 0<=x <= 1}.
y=x @ Step 6: Solve x=n-2x to obtain v =x*=n/3
0 "
] N3 n,f2 n
Figure 2:
Table 1:
n | f(n) X(n) n | f(n) X(n)
1 0 {} 16 3 {4,..8
2 1 {1} 17 3 {4,....8
3 1 {1} 18 3 {5,....9
4 2 | {127 [19] 3 | (5.9
5 2 {1,2} 20 3 {6,....9
6 2 {2,3} 21 3 {6,...9
7 2 {2,3} 22 3 {7,8,9
8 2 {3} 23 3 {7,8,9
9 2 | (3 |24 3 | {89
10 3 {1,...9 | 25 3 {8,9}
11| 3 |{1,..5 26| 3 {9
12 3 {2,...6} | 27 3 {9}
13 3 {2,....6 | 28 4 {1,...,14
14 3 {3,...7 | 29 4 {1,...,14
15 3 {3,...,7 | 30 4 {2,..,18
More formally, let Zz'(n) = min{z(n,x) = equation of dynamic programming far= 1,...,30.

maxx,n — 2x} : x in D(n)}. If n=3k then clearly = The X(n) column provides the set of all the optimal
z'(n) = z(n,k) = k and thusx(n) = k. If n=3k+1, then  decisions for the respective value of n. The following
clearly z*(n) = z(n,k) = k+ 1 and thusx(n) = k. If module can be used to generate th@) and X(n)
n=3k+ 2, then clearlyz*(n) = z(n,k+1) =k+1and  values for larger values of n.
thusx(n) = k+ 1.

The following is then the basic result regarding
One of the characteristics of this problem is that the relationship between n and f(n).
it has many optimal solutions. The following table
contains the solution obtained by solving the functional
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@

f£i1)
£(2)
£(3)
Li4)
£i5)
f£i6)
(7]
£(5)
£
£110]
£(11]
£(12]
£(13]
£(14]
£(15]
£(18]
£(17)
£(18]
£(19]
£(20]

[T S S U X

Total number of coms: I = |20

Status : [ldle

a ;
1 Xi2)
:EiE)
: Z(4)
; Zi5)
; Zi6)
HE S|
: Z(8)
: H(9)

LRI N I e % I A R N T % R R I S 1 ]

(1)

;o E(10)
;oH(11)
;oE(12)
;X (13)
:oE(14)
: (15
: (18]
;LT
;oE(18)
: E(19)
;o X(20)

WORST CASE Scenario Fieset

-
.., 5}
.., 06}
.., 6}
a7
e, T
.., 8}
..,8}
=)

=)

(range 1-500)

Theorem 1

f(n) is non-decreasing with n and is equal to the Theorem5

smaller integer value m such thdt 3-= n, that is f(n)
= Ceiling(ogs(n)), where Ceiling(a) is the smallest

integer m such thad <=m.

It is left as an optional exercise for the interested

reader to quantify the relationship between x Xiid).

Here are some examples:

Theorem 2

If k> p are elements oK(n) then any m such that

k> m> pis also an element of(n).

Theorem 3

If n=3%orn=3“—1, where k is a positive integer,
thenX(n) = {n/3}, namely for such values of n there

is a unique optimal decision.

Theorem 4

If n=3+1, where k is a positive integer, then
X(n) ={1,...,Integern/2)}, namely for such an n all

the feasible decisions are optimal.

If n is such that 8> n > 3“1, thenX(n) is bounded
above by &.

These results indicate that(n) is well behaved.
In particular, the size (cardinality) of(n) is increas-
ing sharply at values of n such that= 3¥t1, and then
X(n) is contracting as n increases, unti= 31 — 1
where it becomes a singletoi3¢}. This pattern is
repeated in the intervg3<t, 32}, and so on.

Exercise: Find a closed-form expression for the
smallest and largest elements ¥fn), henceX(n)
itself.

One of the important implications of these fea-
tures ofX(n) is that the number of optimal solutions is
pretty large for n that is not close to a power of 3.

INFORMS Transaction on Educati@? (32-41)
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3 LAPLACE’'S SCENARIO It is not difficult to show - using standard dy-
namic programming arguments - that in this case the

Assume that each coin is equally likely to be the coun- following functional equation is valid:

terfeit coin and letP['or'|n,x] be the probability that

the false coin is on the scale given that m coins are © (%) = Plonn,xF(x)+Ploff[n,xJF(n—2x) (8)

to be inspected and x coins are placed in each pan. = (2x/n)F (x) + ((n—2x)/n)F (n— 2X)

Similarly, letP[on|n, x| be the probability that the false

coin is off the scale given that m coins are inspecte

and x coins are placed in each pan, so #at|n,x] =

1—P[of f|n,x]. Then it is not too difficult to show that

d From (5)-(8) it follows then that:

Theorem 6

P['orl|n,x] = 2x/n (5) F(n) = 1+ min{(2x/n)F (x) + ((n)gnzgzg}?lzn(i—:;) :(9)

/ / —(n_
Ploffin,x] = (n—=2x)/n ©) Table 1 displays the results obtained by solving this

Now let functional equation fon= 1,2, ..., 30. Values of n for
which F(n+ 1) < F(n) are highlighted and marked

F(n) = Expected value of the total number of weigh- (*).X’(n) denotes the set of optimal decisions if n coins

ings required for the identification of the counterfeit are left for inspection.

coin when an optimal weighing policy is used to solve a

problem of size n. Clearlys (1) =0,F (2) =F(3) = 1. Table 2-

F(nx) = The same as above, except that the

first decision is to place x coins in each pan, f(n) | X'(n) n f(n) X'(n)
x=12,...,Integern/2). 0 {} *16* | 11/4 | {3,4,5,%
1 {1 17 [ 46/17| {57}

X(n) = Set of optimal values of the first decision
when n coins are left for inspection,> 0. Clearly,

X(0) = X(1) = {}, X(2) = X(3) = {1}.

1 {1y | 18 | 25/9 | {5,7}
32 | {1} | 19 |53M19| {57}
85 | {1} | *20* | 29/10| {5,7.8,%
6% | 2 | {1,23 | 21 | 207 | {7.9}

OB W NS

Also observe that by definition, 7 13/7 (3] 22 | 32/11 (7.9
i i _ 8 2 {3} 23 | 67/23| {7,9
F(n) =min{F(n|x) : xinD(n)},n=2,3,... (7
() = min(E () XDV} =23 (1) |—gp LR
whereD(n) = {1,2, ..., Integern/2)}. 10 | 11/5 {3} 25 | 74/25 {9}
It should be stressed that we have to be careful here 11 | 25/11| {3} 26 3 {9}
with regard to what we mean by 'an optimal policy’. | *12* | 5/2 | {3,4,5 | 27 3 {9}

In sharp contrast to the Worst Case scenario, here it 13 | 32/13| {3,5} 28 | 43/14 {9}
may be advantageous to 'borrow’ a good coin so as| 14 | 18/7 | {3,5 29 | 90/29 {9}
to speed up the process. Differently put, hé&ren) 15 | 13/5 | {3,5¢ | *30* | 16/5 | {9,10,13
is not monotonic with n, that id=(n) is not non- Eraction 13/ 7 = 8571428571 Decimal
decreasing with n. For example, as we shall shortly
seeF(6) =2 > F(7) = 13/7. We shall refer to such a
good coin as &eference coin You can use the Fraction-to-Decimal conversion facil-
ity at the bottom of Table 2 to verify these facts (fill in
For this reason it is convenient to first consider the casethe two fraction fields and then click the decimal field).
where through the weighing process it is not allowed to
add a reference coin to the collection of coins left for You might be interested in using the module be-
inspection from the previous trial. We refer to this ver- low to generate values d¥ (n) for values of n larger
sion of the problem as the 'Simple Laplace’s Scenario’. than 30.

INFORMS Transaction on Educati@®2 (32-41) 36 ©|NFORMS ISSN: 1532-0545



Downloaded from informs.org by [216.73.217.103] on 14 July 2026, at 01:13 . For personal use only, all rights reserved.

SNIEDOQVICH
OR/MS Games: 3. Counterfeit Coin Problem

@ Simple Laplace's Scenario

Taotal mumber of coins: 1 =20 frange 1-3007
Status - |Idle

Fii1y =0 Xi1) = {1}

Fiz) =1 ;RN (2) = {1}

Fiz)y =1 ;O EN(3) = {1}

Fi4) = 3/2 ;o EN(4) = {1}

F(5) = 8/5 ; EU(5) = {1}

Fig) = 2 ; EU(6) = {1,2,3}

—————————————— FIB) > F(7] ———————mm——m— e

Fi7 = 13/7 (7)) = {3}

Fig) = 2 s E0(8) = {3}

F{g9) = 2 ;R 9) = {3}

F(10] = 11/5 ;R0 = {33

Fil1] = 25/11 ;R = {3}

F(1z) = &/2 P X'(12) = {3,4,5})

—————————————— F{12) > F(13] ——m———mm—————

F{13) = 32/13 ; E'{13) = {3,5}

F(14) = 1&/7 ; X'(14) = {3,5}

F(15) = 13/5 : E'(15) = {3,5}

F(16) = 11/4 : X'(l6) = {3,4,5,7}

—————————————— Filg) > F(17) ————————————

F{17) = 46/17 ; EX'(17) = {5,7}

F{l8) = 25/9 ;E'(18) = {5,7}

F(19) = 53/19 ; X'(19) = {5,7

F(z0] = 29/10 ; X'(20) = {5,7.8,9}

Exercise: Try to find some patterns in the structure of e Place 2 unchecked coins and a reference coin in
F(n) andX'(n). In particular, examine the behaviour the second pan
of th(_a smallest _and largest elements)dfn), hence o Place one unchecked coin off the scale
X(n) itself, as n increases.

Figure as below depicts this scheme versus the scheme
Observe that there are many 'anomalies’ of the kind used to comput€ (6|3) in accordance with (8).

discussed above, in fact for large n about one quarter

of theF (k) values are such th&t(k+ 1) < F (k). = oo s =n o c
. . A . A .

Expenence indicates that most students - and somérn=s, =3 without a reference coin n=f, =3 with a reference coin

adults - find this phenomenon somewhat counter _

intuitive if not puzzling. It might be useful therefore to Figure 3:

briefly explain this 'strange’ behaviour.
Let F(6|1ref) denote the expected value of the total

Consider the case where there are n=6 coins fornumber of weighings required to identify the coun-

inspection and assume that we place: 3 coins in terfeit coin using one refergnce coin as exp_lalne_d
each pan. As indicated in Table 2, this is an optimal above, and using the conventional optimal decisions in

decision. For this case[on|6,3] = 1,P[of f|6,3] =0, subsequent weighings.
hence,
F(6) =1+1%F(3)+0+F(0)=1+1+0=2

Now suppose that we can borrow a reference coin.
Then we can do the following:

We thus have,
F(6]lref) =1+ (5/6) x (3/5)F(3)+ (2/5)F(2) (10)
+(1/6) «F(0)

e Place 3 unchecked coins in one pan =1+(5/6)x1+(1/6)«0
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=11/6=1.833333333 to represent decisions utilizing a reference coin. Thus,
57 represents the decision “place 5 unchecked coins in
one pan, 4 unchecked coins and the reference coin in
the other pan, and the remaining (n-9) unchecked coins

F(7)=1+(6/7)xF(3)+(1/7)xF(1) (1)  offthe scale.

In contrast, sinc& = 3 is an optimal decision far=7,
we have

n F*(n) X*(n) n F*(n) X*(n)
=1+(6/7)+1+(1/7)+0 1 0 {7 16" | 43/16 | {4 55,67}
2 1 {117 17 | 46/17 5.7
=13/7=1.857142871 3 1 {1 18 | 25M9 | {55,6.7,7.8
Z 3n {127 19 | 53/19 5.7
5 8/5 1 20" | 5720 | {6,7,7.8.9
Observe that, as expecteB(6|1ref) <= F (7). 116 {2‘{%} 5T T 2077 ! 7o !
7 | 1317 3] 22 | 32111 | {7.7.8.9.9}
i i ihi 8 2 337 23 | 67123 17,9}
_Lgt us now consider the case where in each v_ve_lghlng 5 > o T 5007
it is allowed to use one additional reference coin in the [~ 1175 B.47 25 [ 74125 Ie);
manner described above and let 11 | 2511 {3} 26 3 {9.9%
12 | 29112 | {345} 27 3 9}
_ 13 | 32/13 {35 28 | 43714 {9,107
F*(n) = Expected value of the total number of weigh- [ 14 | 1877 | {34°55.6} | 29 | 90/29 &}
; ; ; T ; 15 | 135 {35 30 | 196 {9,10°,11}
ings required for the identification of the counterfeit e el

coin when an optimal weighing policy is used to solve a
problem of size n. Clearlys (1) =0,F(2) = F(3) = 1.
Certain patterns are revealed so you are encouraged to

F*(n|x,0) = The same as above, except that the yse the module below to generate value§ tfn) and
first decision is to place x coins in each pan (not using x*(n) for values of n larger than 30.

a reference coin).

@ Laplace's Scenario with One Reference Coin
F*(n|x,1) = The same as above, except that the Total mumber of coins I = |20 (range 1-300)
first decision is to use a reference coin, thus placing -
x unchecked coins in one parfx — 1) unchecked Status [ dle
. . . F#(l1) =0 A
coins and the reference coin in the other pan, and|r-(z) = 1 :ERiz) = 11,14
n—2x+ 1 unchecked coins off the scale. min |5 23, ; Zeia - (a2
* * F# (5] = &/5 : E*i5) = {1}
{F [n\x,O],F [n\x,l]}. F#if) = 11/8 ;O EF(B) = {2%,3"})
F*#(7) = 13/7 : EF(T o= {3}
. . . F*(g) = & ; E®(B) = {3,3"}
X*(n) = Set of optimal values of the first deci- |r-is - ; xA(8) = (3
sion when n coins are left for inspectiom > O. e e -
_ _ _ _ ® = / ; E¥ = , e, 50
Clearly,X*(0) = X*(1) = {}, X*(2) = X*(3) = {1}. I S SR
F*(14) = 18/7 ; E¥i{l14) = {3,4",5,5", 6%}
. . F*({15) = 13/5 ; E%{15) = {3,5}
These entails the foIIowmg: F*(16) = 43/16 ;O EF(16) = {4*,5,5%,6%,7%}
F#i{17) = 46/17 : E®(17) o= {57}
F#i{18) = 2Z5/9 : E¥i{18) = {5,5%,6",7,7",68":
F#{19) = 53/19 ; E®i(19) = {5.7}
Theorem 7 F*(z0) = 57/20 ; EF(Z0) = {g*,7,7h,8%,9%)
F*(n[x,0) = 14 (2x/n)F*(x) (12)
+((n—2x)/n)F*(n—2x)

(e 1) = 1 (/) 00+ (x— ) (= 1) (13) | e e e
+((n—2x+1)/N)F*(n—2x+1)

cotns and the reference coin are placed in the other pan.
F*(n) =1+ minF*(n|x) : xinD(n),n=2,3,... (14)

Table as below lists the valuesfef(n) forn=1,...,30
and the respective values ¥f(n). Instances where
F*(n) < F(n) are highlighted. The notation k™ isused e As expectedF*(n) <= f(n) for all n > 0.

There are a number of obvious patterns that deserve
attention. For instance,
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e Forn=23M X*(n)is asingleton comprising the op- of size n if two reference coins can be used. Show
timal solution to the Worst Case Scenario given by that F**[n] = F*[n] for all n, or find an n such that
the recipe introduced in Section 2, namxy(n) = F**[n] < F*[n]. How about using more than 2 reference
{n/3}, and therefor&*(n) = f(n) =m. coins?

e This minmax recipe does not provide optimal so-
lution for all n. For exampleX*(11) = {3} does 4 ROBUSTNESS

not includex(11) = 4.
The following question naturally arises: is there a

e Ifnis odd thenx*(n) consists only of odd integers  solution policy, sayy = Y(n), that is optimal for both
none of which requires the reference coin. the Worst Case Scenario and the Laplace’s Scenario?

In view of the role of the reference coin in the analysis

of the Laplace’s Scenario, it is only natural to ask the Given that there are so many optimal solutions to

. . the problem under the Worst Case Scenario, it makes
guestion: would it be advantageous to use two (or

. : sense to investigate whether one of these is also
more) reference coins? The following module can be

. ) ptimal for the Laplace’s Scenario. In particular, is the
used to generate optimal solutions for the case where 27" - ) :
. divide by 3’ policy that is optimal for the Worst Case
reference coins are allowed.

Scenario is also optimal for the Laplace’s Scenario?

The answer is no. For example, for= 18, under the
Simple Laplace’s Scenario we hav€(18) = {5,7}

so the 'divide by three’ solutiox = 6 is not optimal
here. Similarly, under the Laplace’s Scenario with
Status - ldle one reference coinX*(18) = {5,57,67,7,7" ,8} so

: 3 EEE() here again the 'divide by three’ solution= 6 is not

@ Laplace's Scenario with Two Reference Coins Feset

Total number of coins: 1T = |20 (range 1-300)

F## (1)

Fre(z] = 1 ; EEE(2) = {1,1%} . . ..
e - ;T = (1 optimal, although its close colleague, namely 6" is
F## (4] = 3/2 ;O EEF(4) = {1,2%} .

F#% (5] = 8/5 : EFR(S) = {1} optlmal here.

F**i6) = 11/6 ; ErE(E) = {2*,3%,3%)

Fr= (7] = 13/7 ;OEFT(7) = {3,37}

Teeio) o PELE ey However, as we noted abovElieorem 2 Theorem 9,
e PR e under the Worst Case Scenario there are many optimal
Fre(12) = 29/12 P oxee1z) = (3,4%,8%,50) solutions. This can be even more pronounced if a
Fr#{13) = 32/13 ; E®*(13) = {3,5,5% .

Feei14) - 187 | Reeiia) - (o455, 5m, 60 reference coin can be used. So ¥t(n) be the set
St A it o a bRk ek an e of optimal decisions for the Worst Case Scenario if n
Fril?) = 46/17 #OETRILT) = {5,5%,7,7%) A coins are left for inspection and a reference coin can
F**({18) = 25/9 ; E¥®(18) = {5,5%,86%,7,7", 77,8}

Fro(13] = 53/19 : XR(19) = (5,7,7%,9%) be used. For example, far= 6 we haveX(6) = {2,3}
F**(20) = 57/z0 pOEFE(Z0) = {6%, 7,7, 7, 80,94,9%)

and X"(6)={2, 2", 3, 3°}. SincexX*(6) ={2", 37},

the elements of the intersection ¥f'(6) and X*(6),
namely{2", 37}, are optimal with respect to n for both
the Worst Case Scenario and the Laplace’s Scenario.
Decisions markeed (%) represent nstances where a reference coin 1z used. For What then is the structure W/(n)?

example, 3™ means that 5 unchecked coits are placed in one pan and 4 unchecked
coins and the reference coin are placed in the other pan.

Theorem 8
Decisions marked (*) represent instances where it is optimal to use two reference P P
coins, For example, 5* means that 5 unchecked coins are placed i one pan and 3 If d Is in X (n) bUt It Is not the Sma"eSt element Of

unchecked coins and two reference coins are placed in the other pan X(n)’ then d” is an element N’/(n)_

For example, X(13) = {2,...,6} so X”(13) must
containX(13) as well as the sef3™ ..., 6}. Note that
Exercise: Let F**(n) denote the expected value it does not contain the decision 2".
of the number of weighing required by an optimal
policy to identify the counterfeit coin in a problem Exercise: Construct a policyd = o(n) that is op-
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timal both for the Worst Case Scenario and the the treatment of the Laplace’s Scenario case does not
Laplace’s Scenario. Hint: any policy = (n) such include the option of using a reference coin.

that for every n the decisiodi(n) is an element of the

intersection oX”(n) andX*(n) will do the job. Not surprisingly, this challenging puzzle has strong
presence on the WWW: s&ahoa’s directory of Math
ProblemsPuzzles and Games. In particular, it features

> RELATED PROBLEMS in thetutOR andtutORial projects.

Given the so natural and down to earth nature of the
puzzle and the very rich literature about it, one is
inclined to regard it as an old treasure. It is surprising
therefore that the puzzle first appeared on the scen
only in 1945 - as a problem contributed to the Ameri-
can Mathematical Monthly. The full text is as follows:

Needless to say, both conceptually and techni-
cally, this problem is strongly related to "practical”
éoroblems such as detecting defective members of large
populations and group testing.

6 CONCLUSIONS

You have eight similar coins and a beam balance| At

most one coin is counterfeit and hence underweight. The counterfeit coin problem is an excellent source
How can you detect whether there is an underweight of OR/MS educational material. It has very simple
coin, and if so, which one, using the balance only Vversions as well as extremely difficult ones. Its analy-
twice? E.D.Schell [1945] sis involves fundamental concepts in decision making
under uncertainty which can be vividly illustrated and

The computer science and recreational mathematic€XPerimented with.

literature is mainly concerned with the more difficult _ ) _ _ _

problem where - under the worst case scenario - it It is a pity that this educationally rich puzzle has
is unknown whether the counterfeit coin is heavier NOt Yet established itself as a common topic of discus-
or lighter than the good coins (eg. Linial and Taris, Sion inintroductory OR/MS textbooks.

(1982, Hwang, 987, Bundy, (L99§). The favorite _ o _ _
problem size is n=12, in which case only 3 weighings This article is part of the author’s effort (S_nledowch,
are necessary (assuming that there is exactly one ba§2002) to encourage OR/MS lecturers to incorporate
coin in the collection). More generally, the largest OR/MS games and puzzles in their courseware.

problem that can be solved with no more than k
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