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COMMUNICATIONS TO THE EDITOR

Exponential Forecasting: Some New Variations™*

Exponential forecasting or smoothing models are presented which take into
account all combinations of trend and cyclical effects in additive and multiplica-
tive form. Although other authors have hinted that the proposed models existed,
no one has ever presented them in comprehensive form. This paper presents the
nine possible models in graphical form and summarizes them by one summary for-
mula.

Introduction

Exponential Forecasting! is & technique for predicting sales of individual items by
extrapolating sales time series. Its use is appropriate only in those cases where it is
impractical to introduce information concerning the market, the industry, and the
economy. Products that lend themselves to exponential forecasting are found in the
market of replacement parts, hardware items, kitchen wares, and so forth.

The only input to an exponential forecasting system, once the system is operational,
are the forecasting formula and the parameters of the particular formula. A forecast
can then be cbtained for each period, and this forecast is based on the historical time
series, and on the actual sales of the most recent period. The latter must be supplied
to the system each period.

The system described above was briefly mentioned by Magee [1], was discussed in
more detail by Brown [2, 3], and eloquently introduced by Holt et al [4]. Magee only
discussed a basic model which could not handle seasonal or trend effects. Brown and
Holt et al introduced the notion of seasonal and trend effects, but never completely
presented all possible seasonal and trend effect combinations. However, it is impera-
tive that the appropriate model be used, once it has been decided to use exponential
forecasting.

In this paper the basic exponential approach has been extended to several new types
of stochastic processes. The ease of these extensions and their flexibility in handling
different forecasting problems illustrates several attractive features of this forecasting
approach.

A total of nine possible models will be presented. Graphical illustrations implicitly
suggest which model is the most appropriate to use on the basis of historical sales.

The Exponential Models

The nine possible models mentioned above consist of three sets of three models.
The first set, portrayed in Figure 1, consists of the basic exponential model, Model
1-A, the basic model with an additive trend effect, Model 1-B, and the basic model
with s multiplicative trend effect, Model 1-C. The second set of three models, Models
2-A, 2-B, and 2-C, presented in Figure 2, consists of the three models in Figure 1 with
an additive seasonal effect superimposed on them. The third set of three models,
Models 3-A, 3-B, and 3-C, presented in Figure 3, again consists of the three models in
Figure 1, but now with a multiplicative seasonal effect superimposed on them. Holt
et al only discuss Models 1-A, 1-B, and 3-B, because they felt that it is more generally

* Received June 1967 and revised December 1967.
1 Exponential forecasting is also known sas exponential smoothing, adaptive smoothing, or
adaptive forecasting.
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useful to work with these models. However, some of the nine models presented sbove,
appear as probable, and Model 1-C even appears more probable in real-life applica-
tions than Model 1-B. Of the nine models presented, only Model 3-A appears unrealis-
tic to the author.

The mathematical justification of exponential forecasting can be found in the refer-
ences and will, therefore, not be discussed in this paper. However, all the models
portrayed graphically above, will be presented in mathematical form below.

The nine models can be summarized by the formula:

(1) 8¢ = w,ds,e + (1 — w,)dry,

where S, is the basic sales forecast component in period ¢, w, is & weight, 0 < w,. < 1,
and ds,¢ and dr, are given in Table 1. Each entry in the 3 X 3 matrix of the table
is directly related to the model number shown in Figures 1, 2, and 3. For instance, the
model with no trend effect but with an additive seasonal effect is Model A-2, obtained
from row A and column 2.

The symbols denoted by ds,c and dr,, will now be discussed. The first one, S, , is
the actual sales in period t. The additive trend component, 4., is derived from the

-
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formula:
(2) Ay = wA(St - St-—l) + (1 - "’A)A!—l;

and represents the incremental increase in the basic sales forecast component for time
period, £. w, is a weight, 0 < w, S 1.
The multiplicative trend component, B;, is derived from the formula:

(3) B, = wBSt/St—l + (1 — ws)B;4,

and represents the incremental increase in the basic sales forecast for time period, ¢.
ws is a weight, 0 S ws S 1.
The additive seasonal component, G, , is derived from the formula:

(4) G = we(S: — 8¢) + (1 ~ we)Goz,

and represents the parameter which normalizes actual aales in the basic forecasting
equation. we is a weight, 0 £ we S 1.
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TABLE 1

—»TIME

Symbols Used in Summary Formula

2

3

no seasonal effect additive seasonal effect multiplic:ﬁti:cet’_mml
A. no trend effect ds,; S 8 -+ Gt_x, S‘/F‘.L
dy,: St«l 1 -1
B. additive trend effect | dg,, S Se + Gy, Sy/Fi.L
dy,e Ser + dea Sea + Aoy S+ Ay
C. multiplicative trend | dg,, S, S + Gy, S,/F, ;
effect dr 8e1Bia 8:uB.e 1B

The multiplicative seasonal component, F,, is derived from the formula:
Fo=wpS/S:+ (1 — wy)F,,,

and represents the parameter which normalizes sctual sales in the basic forecasting
equation. wy i3 a weight, 0 < w, < 1.

(5)



Downloaded from informs.org by [216.73.216.139] on 13 July 2026, at 19:45 . For personal use only, all rights reserved.

COMMUNICATIONS TO THE EDITOR 315

TABLE 2
Sales Forecasts for the Nine Models
i 2 3
no seasonal affect additive seasonal effect multiplicative seasonal effect
A. no trend effect 8, S+ Gupyr SFersr
B. additive effect Se 4+ T4, S: + T4, + Gg..;,;.r (S¢+TAg)FL_1,+1'
C. multiplicative Ntrggg‘ S8BT SBT + Gipyr SiFe_ o rBST

Actual sales forecasts for period ¢ 4+ T can now be obtained from the general for-
mula:

(6) St.r =t

where the g,’s for each model are the entries in Table 2.

Conclusions

In multi-item demand forecasting situations it may be necessary to prepare sales
forecasts for tens of thousands of items every month. The models presented in this
paper, together with the appropriate computing machine, will perform this task accu-
rately and efficiently. The graphical representations of each proposed model even
allow the selection of the appropriate model provided some information on historical
sales or, in case of & new product, estimates of future sales behavior are known.

C. CagL PrgELs
State University of New York at Buffalo
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Anti-Zig-Zagging by Bending*

An algorithm for solving the eptimization problem: minimize f(z) subject to
242 0,7 =1, ., nispresented. The algorithm is a simple modification of Cauchy’s
steepest descent method. The main ides is to move from any point z* along s feasible
piece-wise linear path defined by the constraint set and Vf(z*), taking z¥*! to be the
first local minimizing point along that path. Convergence to a constrained stationary
point i proved.

1. Introduction
The programming problem (in E")
(A) minimize f(z)
(1) subjecttoz; 20, j=1+-,n
can be attacked by a variety of algorithms. The most straightforward way to approach
* Received November 1967 and revised June 1968,
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this problem (although not the most efficient necessarily) is to apply a modification of
Cauchy’s steepest descent method [1]. Such a modifieation (in a more general setting)
has been discussed in several places [3], [4], [7], [8], and [10]. It can be summarized as
follows.

CM1 (Cauchy Modification Number 1)

Assume f(z) is a continuously differentiable function. Let z° be a starting point of
the process, and assume it is feasible (.e., satisfies (1)). Denote Vf° as the n by 1
vector of first partial derivatives of f evaluated at z°. Let 2° be the direction vector at
iteration 0 computed in the following way. Let

(2) =0 if z°=0 and -—af(z")/oz; 20
(3) s = —af(z°)/dz; otherwise.

The next point in the iteration, z' is obtained as

(4) =2+ %

where £ = min (4 , &) where # is the maximum of the problem:
(5) maximize ¢
subject to z° 4+ ts° = 0,
and ¢ is the smallest local minimum to the problem:
(6) minimize f(z° 4 ts°)
subject to ¢ = 0.

That such a #° can be obtained is a basic assumption of this paper. A proeedure for
obtaining ° comes in the category of assuming the existence of a “step-size’” function
and is discussed more thoroughly in [5] and in [9]. A detailed discussion of this is
beyond the scope of this paper.

, At iteration k, the same procedure described for iteration 0 is used, with z* replacing
z.

Several points need to be made about CMl First, it is a feasible procedure. That
is, if z° satisfies (l), then because of (5), z" satisfies ( 1) for all k. Second, the algo-
rithm will stop at z* (i.e., 2* = 2*™ = ...) only if &* = 0. This is a consequence of
lemmma 1.

We define z* to be a constrained stationary point if s* is given by (2) and (3) is the
zero vector.

Lemma 1 [Stopping of the algorithm at a constrained stationary point]

If: (i) fis a continuously differentiable function,
(ii) at 2, &* is given by (2) and (3),
(iii) (4), (5), and (8) describing CM1 are used to obtain z**
(iv) & =0,

then: (a) z* # 2**,
(b) f(=**) < f(z*).

Proof: We need only show that {* > 0, then both parts (a) and (b) follow.
Because of (2) and (3), thereis an & > Osuch that for0 = ¢ < &, (z* + is") = 0.
There is thus no difficulty in making small feasible movements from z* along .



Downloaded from informs.org by [216.73.216.139] on 13 July 2026, at 19:45 . For personal use only, all rights reserved.

COMMUNICATIONS TO THR EDITOR 317

Now if £ = 0, for some € > 0, ¢ < &, that means f(z*) < f(z* + ts*) forall e =
t > 0. Rearranging, taking the limit yields

(7) 0 £ Vfh

But from (2) and (3), this can happen only if 8* = 0. Thus ¢* cannot equal zero.
Q.E.D.

This brings us to the main part of this paper. Although lemma 1 shows us that if the
algorithm ceases after a finite number of steps, the final point must be a constrained
stationary point, we would like to show that if the procedure is an infinite one, every
limit point i3 a constrained stationary point.

This result, for the problem without constraints was proved by Curry [2]. An example
showing that the algorithm CM1 can converge to a point which is not a constrained
stationary point to problem (A) was given by Wolfe in [7]. The reason for this is the
phenomenon of ‘‘zig-zagging” which can occur. Essentially this means that after a
finite number of iterations, all £’s are determined from (5). Putting it another way,
locally minimizing f(z) along s* starting from z* does not occur after a finite number of
iterations.

Thus, the usual convergence lemmas do not apply. Zoutendijk [10] discussed this
phenomenon and proposed “anti-zig-zagging” techniques to handle it. His techniques
either require “remembering” the behaviour of previous iterations, or modifying the
selection of the s* vector by setting s, to zero if 2! is less than £ and if —af*/dz,; < 0,
(i.e. by a perturbation of (2)). Neither of these is completely satisfactory since the
conclusions of the desired convergence theorem have to be modified.

The purpose of this paper is to modify CM1 so as to avoid the problem of zig-
zagging. The algorithm is autonomous, that is, each move is made independently of
all previous iterations, and the vector s* at each iteration is chosen as in (2) and (3).
The revised method, called CM2 is presented in section 2 with the motivation for it.
The proof of convergence to a constrained stationary point is given in section 3. Dis-
cussion of the extension of the method to general linearly constrained programming
problems is in section 4.

2, Cauchy Modification Number Two (CM2)

It is important to observe (intuitively) that zig-zagging ecan only occur if, at some

limit point (call it £) of CM1, a variable, say z; , has the two properties that & = 0,
and 3f(%)/8z; = 0. Otherwise, in a neighborhood of that point either z,* will remain
zero (9f(£)/0x1 > 0), or it will be increasing away from zero (8f(£)/9x1 < 0). Also,
if  is not a constrained stationary point then by definition for some variable, say z, ,
df(£)/0zy # 0, and & > 0 or if & = (, then 3f(£)/dz: < 0. In the limit then, the
ratio of the magnitude of 3f(x*)/dz, to that of 8f(z*)/dx; will be infinitely large. It is
overcoming this possibility which makes the following modified algorithm converge to
a copstrained stationary point.
CM2 At iteration k, s* is chosen exactly as given by CM1, eqgs. (2) and (3). The
difference between the two algorithms is that if motion along the ray z* + ¢*s* ceases
because of encountering a boundary of the constraints given by (1), CM2 continues
from the boundary point along the same vector except that the appropriate com-
ponent, is set to zero. Minimization continues along this “bent” vector. The precise
statement of the algorithm is as follows.

Define the vector z*(t) (fort = 0) as

(8) z2(t) = max [0, 2} — 3f(*)/dz)), j=1,---,n.
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Obviously x*(¢) is a continuous function of ¢ and £*(0) = z*. The CM2 algorithm is
simply at iteration k to find the value #* such that ¢ is the smallest local minimizing
point of the problem

(9) minimize f[z*(t)]
subject to ¢ = 0.
Then z*** = 2*(¢*).
3. Convergence of CM2

We note for any ¢, the function flz*(¢)] has a right hand derivative at ¢ and it is
given by

(10) dflz* ())/aet = VOl ()t (2)

where

(11) i (t) =0 if 25(t) =0 and —of(c*)/0x; <O,
(12) ui(t) = —af(x*)/dz; otherwise, j=1,---,n.

Thus ¢* solves (9) only if
dfiz*())/dt* =z 0.

Lemma 2. Assume £ is not a constrained stationary point. Then if ¢ > 0 is sufficiently
small, for z sufficiently close to £ (z assumed feasible) we must have

(13) flz(O] < j(2).

Proof:' The counter assertion is for any £ < O there is a value ¢ where 0 < ¢ < ¢ and
a feasible sequence {y°'} — Z such that f[y'(¢)] = f(&). By the continuity of f in z,
eq. (8),fI&(t)] — f(&) = 0. But dividing by t and taking the limit,

dflE(0))/d* = 0,

which is true only if £ is a constrained stationary point. Q.E.D.
We now need to prove that if  is not a constrained stationary point, when z* is

close to %, t* is bounded away from zero, i.e., that consecutive points do not get arbi-

trarily close together as & gets large.

Lemma 3. For convenience let {z*} denote a subsequence converging to Z. If £ is not

a constrained stationary point, then

lim infrw £ > O.

Proof: In order for t* to satisfy (9), dfle*(£*)]/dtT = 0 must follow. We have (using
(10), (11), and (12)),

(14) Mz (t*))/dt™ = Zjm, — (flz"(£))/0x;)(82;)(afl2*(0)]/6z;)
where
Bi = {jlzf(k) =0 and —af"(0))/dz; < 0},

or equals zero if the complement of B; is empty. Now if some subsequence of ¢*’s goes

1 The form of this proof and the following ones is similar to those contained in Wolfe [6) pp.
30-33.

-
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to zero, for that subsequence, z*(£*) — , and (14) yields
limyw dfiz(t))/dt™ = 255 — (3f(2)/024)" < 0O

where N = {j | ; > 0 and 3f(£)/dz; # 0, or £; = 0 and 8f(£)/9z; < 0}. The set ¥
is not empty since £ is assumed not to be a constrained stationary point. But this con-
tradicts our assumption at the start of this proof. Hence no subsequence of *'s can go
to zero. Q.E.D.

The importance of lemma 3 is that if {z*] converges to Z then the sequence 2 (*)
does not get close to £ when & is not a constrained stationary point.
Theorem 1 [Convergence to s Constrained Stationary Point]

If: (i) fis a continuously differentiable function of z,

(i) at z*, (8) and (9) describing CM2 are used to obtain z**,

then: (a) every limit point of {z"} is a constrained stationary point.
Proof: If t* = 0 for some k, the theorem is trivial (see proof of lemma 1). Otherwise
let Z be a limit point of {z*} and let {z*} denote also a subsequence converging to it.
Assume £ is not a constrained stationary point. Let t# = lim infi.. t* if this value is
finite. Otherwise let t# = 1. By Lemma 3, t# > 0. Let ¢* be such that t#/2 > t* > 0
and t* sufficiently small so that lemma 2 applies.

Then, for k large enough,

Fl2*H] < fI2*(*)]  (using (9) and the construction of £*)

< f(%) (lemma 2)
< fla*(*)]  (monotonicity of {f(z*)}).
This contradiction proves the theorem. Q.E.D.

4. Generalizations to Linearly Constrained Mathematical Programming
Problems

The basic idea of this paper to prevent zig-zagging behaviour for problem (A) can
of course be generslized to handle problems of the form

(B) minimize f(z)
(15) subjectto Ax — b= 0

where A is a m X n matrix. Using whatever method of vector generation is preseribed
(such as that used in (8], [3]) minimization proceeds from the current point z* along s*
until a constraint of the form (15) is encountered or until f(z) is locally minimized.
If the former occurs, say at * + s* = z*(¢*), a new vector is computed using the
old gradient information at point z*, not recomputing it at z"(t*). Motion again pro-
ceeds, this time from z*(#*). This pattern is continued until motion ceases at a point
where f(z ) is locally minimized along some ray. Then and only then is the new gradient
information used to generate a direction vector.

This method, besides avoiding zig-zagging, has the added advantage of requiring
fewer computations of the objective function gradient. This will probably result in
more efficient computer codes.

The extension of this algorithm to problem (B ), using a particular method of direc-
tion vector generation, convergence theorems, and computational results will appear
in a later paper.

Garta P. McCorMick
Research Analysis Corporation
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