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Abstract. We provide the first approximation algorithm for dynamic inventory manage-
ment on a network with stochastic demand and backlogging. Specifically, under a mild
cost condition, we prove the cost of a specially designed base-stock policy is less than 1.618
times the cost of an optimal policy. We develop a novel stochastic programming analysis
to prove this result: We carefully calibrate two stochastic programs (providing upper and
lower bounds on the optimal policy), and compare their objectives. The upper bound arises
from a new class of base-stock policies we define to address the currently unresolved issue
of how to assign and fulfill backlogs in a system with fulfillment flexibility. We show the
optimal policy in this class takes a simple and intuitive form: backlogs are assigned to their
lowest cost activities for replenishment, and the ordered resources for those activities are
committed to the backlogs for fulfillment. Next, the lower bound stochastic program is
derived through a novel cost accounting scheme that captures the tradeoff between current
inventory decisions and future backlog decisions. We then exploit this tradeoff to bound
the ratio of the two stochastic program objectives and prove our main result. We also dem-
onstrate our policy’s practicality with numerical simulations that show it performs within
1% of optimal on average across a wide range of problem instances. Finally, we show that
our techniques and results extend to more general settings, demonstrating their potential
for broader applicability. Importantly, our approach extends to problems with lead times,
where we prove an approximation guarantee for base-stock policies that is independent of
both the lead time and network structure. Thus, our work provides the new managerial
insight that properly designed base-stock policies can be effective in network settings.
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1. Introduction

that they employ both resource commonality (ie., each

In today’s complex global economy, inventory is rarely
managed for individual products in isolated locations.
Rather, multiple resources are often stored in several loca-
tions before being flexibly deployed to meet arriving cus-
tomer demand. Examples include flexible manufacturing
(e.g., automotive, consumer electronics), e-commerce ful-
fillment, and omni-channel retailing. In each of these set-
tings, several resources (e.g., parts, raw materials,
individual SKUs, etc.) need to be stocked in anticipation
of uncertain demand; then, as demand is realized for
multiple products, a number of activities (e.g., production,
assembly, fulfillment, etc.) need to be executed in order to
fulfill demand. An important feature of such systems is
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resource may be used by multiple activities) and fulfill-
ment flexibility (i.e., each product may be fulfilled by mul-
tiple activities). The operations literature has called such
models newsvendor networks (Van Mieghem and Rudi
2002), which we also adopt in this paper.

For a simple illustrative example, consider the fulfill-
ment network depicted in Figure 1, where triangles rep-
resent warehouses and circles represent demand
regions (i.e., cities or zip codes where demand for pro-
ducts originates). In this simple network, each ware-
house is capable of fulfilling demand from two regions,
illustrating fulfillment flexibility. The warehouses may
also stock multiple items, and be capable of fulfilling
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Figure 1. Fulfillment Network

Note. Triangles are warehouses, and circles are demand regions.

orders for multiple items, illustrating resource commonal-
ity. This type of fulfillment network is typical of many
e-commerce (Jasin and Sinha 2015), omni-channel retailing
(Govindarajan et al. 2021b), flexible production (Jordan
and Graves 1995), and spare-parts inventory management
(Kranenburg and Van Houtum 2009) settings.

The proliferation of newsvendor networks in modern
commerce has motivated much academic interest in the
topic, but dynamic inventory control with demand
backlogging has remained an open question. The key
challenge, first identified by Van Mieghem and Rudi
(2002), is that fulfillment flexibility complicates classic
methods for replenishing inventory of resources to clear
product backlogs. The classic approach, known since
Scarf (1959), is to map product backlogs to their required
resources and replenish inventory according to a base-
stock (or order-up-to) policy accounting for these back-
logs. The practical issue with applying this approach to
newsvendor networks is that fulfillment flexibility
makes it unclear how to map backlogs to resources,
leaving managers with little insight for implementing
classic inventory control. The underlying theoretical
issue is that the lack of a clear backlog mapping elimi-
nates the state-space reduction (i.e., the well-known
“inventory position”) needed to establish optimality of
a base-stock policy.

This issue can be illustrated with the network in
Figure 2, where product 1 can be fulfilled by resource 1,
and product 2 can be filled by either resource 1 or 2. If
this system has a backlog of product 2, a policy guided
by classic inventory theory would order a resource to
fulfill the backlog plus enough to get up to a base-stock
level. However, the flexible system faces a choice of
which resource to order to fulfill the backlog. As
described in Van Mieghem and Rudi (2002), it may
appear cost effective ex ante (i.e., before demand is real-
ized) to assign the backlog to resource 1, but ex post (i.e.,
after demand is realized) resource 1 may be diverted to

Figure 2. Network with Two Products (Circles) and Two
Resources (Triangles)

fulfill higher priority product 1 demand, in which case it
would have been better to assign the backlog to resource
2. This difference between optimal ex ante and ex post
decisions prevents collapsing the inventory and backlog
states into the unified “inventory position” of classic
inventory theory, leaving scant understanding of how
to design good inventory control policies in this setting.

Motivated by these challenges, two open questions
considered in this research are (i) how to assign product
backlogs to resources for replenishment and (ii) how to
prioritize product fulfillment once replenishment is
received. Further, as base-stock policies (or their var-
iants) are often used in practice, we also consider the
question of how well a base-stock policy can perform
relative to optimal. We provide answers to each of these
questions, which we describe in our summary of major
contributions next.

1.1. Novel Family of Lower Bounds

We develop a novel family of stochastic program lower
bounds on the cost of an optimal policy. The key novelty
in our derivation is taking convex combinations of costs
across different periods, allowing us to balance current
and future costs to obtain tighter bounds. In particular, our
approach allows us to characterize a tradeoff between the
cost of current inventory decisions and future backlog ful-
fillment decisions. This allows us to prove new approxi-
mation guarantees (described below) in a range of settings,
facilitated by the flexibility of the lower bounds.

1.2. Intuitive Class of Base-Stock Policies

Next, we construct a class of base-stock policies that
address the questions of how to assign and fulfill back-
logs. The policy is straightforward: it fixes a backlog
assignment rule that maps backlogs to resources in fixed
proportions, orders according to a base-stock policy
accounting for this backlog assignment, and then com-
mits to fulfilling backlogs with their assigned resources
when a replenishment arrives. This rule allows us to char-
acterize the evolution of the system and evaluate the
expected cost of a policy within this class, which we call
assigned backlog base-stock (ABBS) policies. With our cost
characterization, we are then able to solve a single sto-
chastic program to optimize the base-stock levels and ful-
fillment decisions, which we use to show the optimal
backlog assignment rule is simple and intuitive: each
product maps backlog to its lowest cost activity. Thus,
ABBS policies offer the theoretical advantage of resolving
the backlog assignment and fulfillment question in a way
that allows for straightforward policy evaluation and
optimization. Further, these policies also offer two main
practical benefits: (i) backlogs are assigned in a predict-
able way, allowing consistency and efficiency in imple-
mentation, and (ii) backlogs are filled as soon as possible,
providing a positive customer experience.
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1.3. Performance Guarantees

Our final contribution is to establish several approxima-
tion guarantees for the class of ABBS policies relative to
optimal. First, our main result proves a constant factor
approximation guarantee of 1.618 under a mild condi-
tion on the holding costs. To the best of our knowledge,
this is the first approximation algorithm, not only for
dynamic newsvendor network problems but for sto-
chastic multiproduct inventory management problems
in general. Our stochastic programming approach is
key to deriving this result: We directly compare the
costs of the upper and lower bound stochastic pro-
grams. Then we extend this performance guarantee in
two important directions. First, relaxing the cost condi-
tion, we derive another approximation guarantee that
can be roughly thought of as scaling with the reciprocal
of the system’s service level (i.e., practical for the many
systems in industry that target a high service level). Fur-
ther, we also extend our policies to systems with lead
times and provide two approximation guarantees using
our stochastic programming approach: the first scales
with the square root of both the lead time and the size of
the largest activity in the system, and the second is inde-
pendent of both the lead time and network structure,
and depends only on the cost and demand parameters
of the system. These bounds demonstrate the versatility
of our framework, and open the door for future research
into effective inventory management on networks.

The rest of the paper is organized as follows. We
review related literature in more detail in the remainder
of the introduction. Section 2 introduces our formal
model and Section 3 derives our main stochastic program
lower bound. Section 4 develops the class of ABBS poli-
cies and proves our main approximation guarantees for
the case with no lead times. We then extend our approxi-
mation results to lead times in Section 5. For conciseness,
mathematical proofs are given in the online appendices.

1.4. Literature Review

Newsvendor networks have been studied in various
models and contexts for the past few decades. Van Mie-
ghem (1998), Harrison and Van Mieghem (1999), and
Van Mieghem and Rudi (2002) offer some of the earliest
formal models, which have been followed up by
research on a range of topics including network design
(Van Mieghem 2004, Bassamboo et al. 2010), risk mitiga-
tion (Tomlin and Wang 2005, Van Mieghem 2007), and
optimization (Govindarajan et al. 2021a, DeValve 2023,
Jiang et al. 2023). Our work builds most directly on Van
Mieghem and Rudi (2002), who first identified the diffi-
culty of mapping backlogs to resources while attempt-
ing to extend the single-stage solution of a general
newsvendor network to a dynamic setting. They were
successful with a lost sales model but were only able to
establish optimality of a base-stock policy in a backlog
model under several restrictions on the demand, cost,

and network structure that essentially require a unique
optimal basis in the second-stage linear program for any
demand realization and thus a consistent optimal back-
log mapping. We build on this result by proving in a
much broader class of networks (subject to just one mild
cost condition) that a base-stock policy with an intuitive
backlog assignment rule is guaranteed to perform
within a constant factor of optimal.

The defining characteristics of newsvendor networks
are resource commonality and fulfillment flexibility.
However, owing to the general nature of the model, dif-
ferent authors have placed varying emphasis on these
characteristics, and several alternative modeling details
exist across the literature. For example, Harrison and
Van Mieghem (1999) consider only resource commonal-
ity, Tomlin and Wang (2005), Bassamboo et al. (2010),
Govindarajan et al. (2021a), and Birge and DeValve
(2024) consider just flexibility, and Van Mieghem and
Rudi (2002) and Van Mieghem (2004) model both. Our
model is among the most general in the literature, as we
include both resource commonality and fulfillment flex-
ibility in general network structures. Essentially the
only feature not allowed in our model is coproduction
(i.e., using the same activity to produce multiple pro-
ducts; Tomlin and Wang 2008). We also note that,
although Van Mieghem and Rudi (2002) include capac-
ity decisions in their single-stage analysis, their dynamic
results are for uncapacitated systems (same as ours).

Our paper also builds on a very long stream of
research analyzing policies for dynamic and stochastic
inventory systems with backlogging. A classic insight
from this literature, known as early as Scarf (1959), is
that the state variable can be effectively transformed to
deal with inventory position (i.e., on-hand plus pipeline
inventory minus backlogs) that naturally leads to the
optimality of base-stock policies (alternatively called
order-up-to or, more generally, (s,S) policies). This
insight has been applied broadly, including, for exam-
ple, inventory management with multiple delivery
modes, risk aversion, and pricing (Feng et al. 2006; Chen
and Sun 2012; Chen et al. 2016, 2019). Of particular rele-
vance to our setting is the assemble-to-order (ATO)
problem, which models resource commonality but lacks
fulfillment flexibility. Thus, an ATO system has only
one way to map product backlogs to resources, and the
standard techniques allow analyzing base-stock policies
(Lu and Song 2005, Lu et al. 2010, DeValve et al. 2023a),
which have been shown to be optimal or asymptotically
optimal in a variety of settings (Lu et al. 2015, Reiman
and Wang 2015, Dogru et al. 2017, DeValve et al. 2020,
Chen et al. 2021, Song and Xue 2021, Zhao et al. 2023).
However, as mentioned earlier, how product backlogs
should be assigned to resources has remained an open
question in the literature for systems with fulfillment
flexibility. We contribute to this literature by providing
both a method for assigning backlogs to resources when
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there is fulfillment flexibility and the first performance
guarantee for a base-stock policy in this setting.

Other recent work on network inventory manage-
ment includes Akturk (2022), Akturk et al. (2024), and
Jiang et al. (2022), who establish asymptotic optimality
of rebalancing policies for networks with reusable
resources, as well as Govindarajan et al. (2021b), who
show asymptotic near-optimality of an order-up-to pol-
icy in a single-product network with lost sales. Further,
Hu et al. (2008) and Chen et al. (2015) characterize the
form of an optimal policy in a two-location network
with uncertain capacities. Heuristic policies are pro-
posed and numerically tested in Acimovic and Graves
(2017) for a network replenishment/allocation problem
and in Qin et al. (2022) for a network inventory position-
ing problem. Relative to this literature, our paper proves
the first performance guarantee in a finite (i.e.,, nona-
symptotic) regime for a more general multiproduct,
multiresource network with backlogging. Further, our
problem bears similarities with the classic literature on
safety stock placement (Graves and Willems 2000, 2008;
Schoenmeyr and Graves 2009; Graves and Schoenmeyr
2016), which typically assumes the use of a base-stock
policy, whereas we prove near-optimality of a base-
stock policy in general newsvendor networks.

We also note that our model and network structure
bear significant similarities with the growing literature
on e-commerce fulfillment (Acimovic and Graves
2015, DeValve et al. 2023b), especially for multi-item
orders (Jasin and Sinha 2015, Cheung et al. 2022, Amil
et al. 2023, Ma 2023). The main difference is that,
although the aforementioned literature is focused on
the fulfillment problem with a fixed stock of initial
resources, our work considers both resource replenish-
ment and fulfillment.

Our work also relates to the literature on approxima-
tion algorithms for dynamic inventory problems. Start-
ing with Levi et al. (2007), a long line of work has
established constant factor approximation guarantees
for dynamic single-product problems with stochastic
demand, including with lost sales (Levi et al. 2008a),
capacity constraints (Levi et al. 2008b), and perishable
inventory (Chao et al. 2015, 2018; Zhang et al. 2016,
2023). The majority of this stream of research relies on
cost accounting schemes that balance expected future
inventory cost against other costs in the system (short-
age, backlog, perishability, etc.), which is well suited for
analyzing single product systems. In this sense, our
work is somewhat tangential to the methodology of this
literature as our result requires developing a different
cost accounting scheme based on stochastic program
lower bounds. More broadly, however, we contribute to
this literature by providing the first approximation
guarantee for a general multiproduct problem, which is
possible because of our novel stochastic programming
approach.

2. Model

In this section, we introduce the newsvendor network
model. A newsvendor network uses M resources
(indexed by i) to fill demand for N products (indexed by
j) by means of K processing activities (indexed by k).
Each processing activity uses inventory from a subset of
the resources in order to fulfill demand for one of the
products, whereas demand for each product can be ful-
filled from a variety of activities. The defining features
of a newsvendor network are (i) resource commonality,
that is, the resources used by each activity may be
shared with other activities and (ii) fulfillment flexibil-
ity, that is, each product may have multiple activities to
choose from for demand fulfillment.

Before describing the rest of the model in detail, we
first define several notational conventions used in the
paper. Let R, and Z, denote the nonnegative reals and
integers, respectively. For an event E, its indicator func-
tion is denoted 1g), and its probability is denoted P[E].
The notation E[X] denotes the expectation of a random
variable X, and we use (x)" = max(x,0) to denote the
positive part of a number x. Time is discrete and
indexed into periodst=1,2,....

1. Input Data
A particular newsvendor network is comprised of three
sets of inputs: a network structure, a demand distribu-
tion, and cost parameters, which we describe next.

2.1.1. Network Structure. The network structure is
composed of two integer matrices, a capacity consump-
tion matrix, A, and a flexible fulfillment matrix R. The
capacity consumption matrix A represents the resource
requirements for each processing activity, with element
ax € Z, representing the number of units of resource i
needed per unit of activity k. If a; > 0, we say resource i
serves activity k, and we let S(k) = {i|a; > 0} denote the
set of resources serving activity k.

The flexible fulfillment matrix R represents the set of
activities that can fill demand for each product, with ele-
ment r; =1 denoting that demand j can be filled by
activity k, and r;; = 0 denoting it cannot. Because each
activity can fulfill demand for one product, we have
erkj =1 for each k, and for each k we let j(k) denote the
product that activity k serves (i.e., j(k) = j for the j such
that r4; = 1). Finally, let NV(j) = {k|r; > 0} denote the set
of activities that can fulfill product j demand.

2.1.2. Demand Distribution. In each period f, there is
random demand for product j denoted by Dt > 0. The
demand vector D' = (D!,..., DY) is 1ndependent and
identically distributed (i.i.d. ) across periods but may be
correlated between products within a given period. We
assume |; = E[D]] < oo for all j, t. We also let D repre-
sent a random Vector with the same distribution as D'.
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2.1.3. Cost Parameters. We consider four different
types of costs. Let gx > 0 denote the per unit cost of pro-
cessing activity k, c; >0 denote the per unit cost of
resource i inventory, /1; > 0 denote the per unit inventory
holding cost for resource i per period, and p; > 0 denote
the per unit backlog cost for product j per period.

2.2. Evolution and Objective

To specify the evolution of the system, let I! > 0 and B! >
0 denote the on-hand inventory of resource i and back-
log of product j, respectively, at the end of period t. Let
x; denote the processing level of activity k in period
(which is decided after period ¢ demand is realized),
and let z! denote the order placed for resource i inven-
tory at the beginning of period ¢, which is delivered after
a lead time of L periods,l that is, at the beginning of
period t + L. The system is assumed to start empty, that
is, I =BY =0 for all i, j. The evolution equations for
inventory and backlog, respectively, are

=142 = ayx, Vi, ©)
k
_ pt-1 ]
Bl =B~ + D! — Zk: rgxt, Vj. @)

The goal is to determine a policy, r, which specifies the
replenishment orders, z} > 0 Vi, and processing activity
levels, x}, >0 Vk, in each period to minimize long-run

average cost:
T

Z (Z(hlllt + CiZ;%iL)

t=1

+> piBi+ quxiﬂ : 3)
j

k

C(n) = limsup%E

T—oo

We note that, although this definition leaves out the cost
of z; for periods s > T — L for any fixed T, this cost is
inconsequential in the limit (and indeed could be
included without altering our results). A feasible policy
must be nonanticipating, meaning that zf and x{ can only
depend on the realized demand and executed decisions
up to and including time t — 1 and ¢, respectively. More
specifically, a policy is nonanticipating if z! depends
only on (D!,..., D", x!,... x'71,z!,...,2"Y), and !
depends only on (D',...,D',x},...,x'"},z,...,2').> Thus,
the firm’s problem can be stated as

min C(71)
s.t. (1) and (2),
ztand x}, are nonanticipation,
zh, X, I B]t- >0 Vik,jt.
Let C* denote the minimum value of (4), that is, the optimal
long-run average cost. It is well known that for general
newsvendor networks, solving (4) exactly is intractable

because of the curse of dimensionality and that the structure
of an optimal policy is either unknown or highly complex

)

(Van Mieghem and Rudi 2002). Thus, our goal in this
paper is to identify a class of intuitive and implementable
policies that are also guaranteed to perform well relative
to an optimal policy. We therefore make the following
standard definition of an approximately optimal policy.

Definition 1. A feasible policy = has an approximation
factor of « if for any problem instance, the policy’s long-
run average cost is guaranteed to satisfy C(rr) < xC".

3. Novel Family of Stochastic Program
Lower Bounds

Here we lay the primary foundation for our analysis by
developing a novel family of stochastic program lower
bounds on the long-run average cost of an optimal pol-
icy. Each performance bound we derive in the remain-
der of the paper relies on a lower bound from the family
we characterize below. The key idea in deriving these
lower bounds is a cost accounting that incorporates
weighted costs across multiple periods, allowing us to
balance current and future costs to obtain tighter
bounds. Before we provide further intuition however,
we first formulate the stochastic program and state our
main result and then follow up with a detailed explana-
tion. To define the stochastic program, we specify three
weight parameters, ,6,p €[0,1] (which will control
weights of costs from different periods), aggregated cost
parameters, Q= ﬁ(qk + > axci), and Hy=> axh;,
and let D= (D!,...,D'!) denote a collection of L+1
iid. copies of the period random demand vectors. Then
the stochastic program is defined as follows:

G(S,B,B,0,p|D) =

x,w>0,y

L+1 L+2
min ((Qk—Hk>2(x’k+6wi)+(Qk—ﬁHk)Z(l—6)w2>
k =1 1=2

L+1
+(1=p)> pi <6y}’ +(1-O)yH+2+ Z%)
7 =1

L+1

st > > ap(¥+wl) <, Vi

=1 &k

Zrkjw,{ +y§.J =Bj, Vj
k

> ryxk+y} =D}, Vj
k

> g +wl) +yj =D}, Vj,1 <I<L+1
k

L+1

L+2 L+2 _ 1 .
Doty =) Y
k 1=0

Zrkjw,{ <B;, Vj
k

1-1
> ngwh <>y, Vi1 <I<L+2
k I'=0

Zrijlkszy}, Vj1<I<L+1
k
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G(B,0,p)= Jin ﬁZhS +prJB +E[G(S,B,,6,p|D)].

®)
The next result states our main lower bound.

Theorem 1. The stochastic program (5) for any B,06,p €
[0, 1] gives the following lower bound on the long-run aver-
age cost of any feasible policy t: G(B, 0, p) < C(m).

We now provide further intuition and details on the
stochastic program and lower bound. At a high level,
the stochastic program is similar to others in the litera-
ture (Reiman and Wang 2015, DeValve et al. 2020) as it
derives a lower bound on the expected cost of each
period by optimizing over the starting inventory posi-
tion and backlog state vectors a lead time prior. These
variables are represented by S (the base-stock levels)
and B in (5), respectively. Intuitively, the backlog vari-
ables B are required in order to obtain a lower bound
because an optimal policy may sometimes leave backlog
for a given product in the system to allow higher levels
of inventory available for fulfillment of other products
(see Dogru et al. (2010) for an example illustrating the
necessity of these variables when holding costs are
large). The stochastic program then optimizes fulfill-
ment decisions for demand arriving in the following
lead time in the second stage linear program,
G(S, B, B, 0, p| D), which relaxes the nonanticipating con-
straint to allow fulfillment decisions to be made after all
demand has been realized, as in a hindsight optimal
relaxation. Thus, at a high level, our stochastic program
follows a similar strategy to the existing literature by
planning inventory and fulfillment decisions to accom-
modate demand over L + 1 periods.

There are also several notable differences between (5)
and existing bounds in the literature. In the second stage
linear program, G(S, B, 8,0, p| D), the variables x and w
both model fulfillment, but x. represents fulfillment
using activity k for demand arriving in period [, whereas
w! represents fulfillment for backlog already in the sys-
tem at the beginning of period I. Distinguishing between
these two types of fulfillment is key to deriving our per-
formance guarantees, as it allows us to capture the
future cost of fulfilling backlog (see Section 4.2). In par-
ticular, note that we include a decision w-*?, denoting a
backlog fulfillment decision for the period after the L + 1
period planning horizon is over. Similarly, the y vari-
ables model backlog added to the system in each period,
with the following conventions: y” and y' denote exist-
ing backlog and new demand that are left as backlog in
the first period, yl for1 < I < L+1 denote the change in
backlog (resulting from any source) in periods 2 through
L +1 (and thus these variables may be positive or nega-
tive, representing an increase or decrease in backlog,
respectively), and y'*? denotes backlog remaining from
any source after the L +1 periods of demand plus the

final backlog fulfillment decision w'*2. From these defi-
nitions it is straightforward to derive by induction that
the product ] backlog remaining from any source after /
periodsis 3),_ -0 y

The constraints of the second-stage linear program
capture the natural evolution of the system over a lead
time. The first constraint ensures all fulfillment uses no
more inventory than the base-stock level of each
resource. The second through fifth constraints define
the backlog variables in terms of the fulfillment,
demand, and starting backlog. The sixth and seventh
constraints ensure the backlog fulfillment is less than
the current backlog in the system, and the eighth con-
straint ensures the demand fulfillment is less than the
current period’s demand.

The objective of (5) includes the holding, backlog,
ordering, and fulfillment costs, but uses the weights §8, 0,
and p to capture these costs across different periods,
which is our key innovation. In particular,  governs a
balance between capturing the holding cost in the cur-
rent period and the backlog fulfillment cost in the fol-
lowing period, 6 governs a balance between the backlog
fulfillment costs and the backlog costs, and p governs a
balance between backlog costs in the current period and
a lead time ago. To derive the lower bound incorporat-
ing each of these weights, our proof simply takes a con-
vex combination of costs across different periods and
shifts the sum to gather terms into a single objective. We
will see that this straightforward approach yields strong
bounds in our subsequent analysis.

To provide intuition on the activity cost coefficient,
we observe that Qp — Hi = 125 (qk + >_auci) — Y auhi,
which measures the unit cost incurred by activity k on
the scale of a single period. Noting that the stochastic
program includes demand over L +1 periods (i.e., the
sum of x; and wy variables in the objective captures the
demand fulfilled over L + 1 periods), the activity cost g
and ordering costs ¢; are scaled by 1/(L + 1) to get them
on the scale of a single period. The holding costs, mean-
while, do not need to be scaled because these are already
calibrated to the lead time, which follows from the clas-
sic inventory result that present on-hand inventory
equals the inventory position a lead-time prior minus
lead-time demand.

4. Developing a Base-Stock Policy

In this section, we turn our attention to developing a
practical and effective class of base-stock policies. To
focus our analysis, we first concentrate on the case with
no lead time; that is, we assume L = 0 for the remainder
of this section and defer the lead time analysis to Section
5. We design base-stock policies that specify both how
to assign backlogs to activities, and how to fulfill back-
logs. We then demonstrate how to optimize the backlog
assignment, fulfillment policy, and base-stock levels
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within this class of policies. In particular, we character-
ize the optimal policy within this class via the solution
of a stochastic program, whose optimal objective value
equals the long-run average cost of the policy. This char-
acterization of the policy cost in terms of a stochastic
program greatly aids our analysis in Section 4.2 where
we develop a performance bound for this policy class.

4.1. Class of Base-Stock Policies

To begin our development, let S; > 0 denote the base-
stock level for resource i and let S denote a vector of
base-stock levels for all the resources. A standard base-
stock policy aims to keep the inventory position for
resource i at the constant level S;, where the inventory
position refers to the sum of on-hand inventory, newly
ordered inventory, and backlogs. However, as dis-
cussed earlier, the complicating feature of newsvendor
networks is that it is unclear how to translate product
backlogs into resource backlogs in order to execute such
a policy. We consider this issue next.

4.1.1. Backlog Assignment. Here we specify a rule for
assigning product backlogs to activities. Although there
are many possible ways to assign backlogs, we aim to
provide a simple approach that maintains straightfor-
ward intuition, which is more likely to be implemented
in practice. In this vein, we focus on state-invariant map-
pings, meaning that product backlogs are always
assigned to activities in the same proportions, regard-
less of the state of the system. This approach offers two
main advantages. First, we will see in Section 4.1.3 that
it allows us to easily track and optimize the system costs.
Second, as we show in Section 4.2.2, it is guaranteed to
be close to optimal.

To specify the policy, let V be a K X N matrix repre-
senting the assignment of product backlogs to activities;
that is, vy; represents the proportion of product j backlog
that will be filled by activity k. Naturally, we require
that backlogs are only assigned in nonnegative quanti-
ties to activities that can fulfill a given product, that is,
0 £ V <R, and that all backlogs are assigned, that is,
> k"0, = 1 for each j. Then, in period ¢ we use the fol-
lowing base-stock ordering policy for each resource i

+
Zf = (S, — 1571 + Z aikvkj(k)B§U{)1> . (6)
k

A few points on this policy are worth highlighting. First,
given the backlog assignment matrix V, the quantity
I;™' = Yyaivio Bl represents the inventory position
of resource i before ordering at the beginning of period
t, and so the order quantity in (6) performs the usual
task of bringing the inventory position up to the base-
stock level S;. Second, the order policy for i in (6) is inde-
pendent of the order policy for other resources, an
attractive feature for its ease of implementation in

practice. Finally, we highlight upfront that the optimal
assignment matrix V we derive in Section 4.1 is quite
intuitive: It simply assigns each backlog to its lowest
cost activity. But this result is dependent on the backlog
fulfillment rule we specify next.

4.1.2. Backlog Fulfillment. Now that we have estab-
lished a mapping of backlogs to resources, we consider
how to fulfill the backlogs. Although there may be
many fulfillment policies that could work well with the
backlog assignment policy of Section 4.1.1, we consider
a simple class of fulfillment policies that commit to ful-
filling all backlogs using the activities in the assignment
matrix V. In particular, we require the fulfillment vec-
tors x' to satisfy

X}tc > vkj(k)B;(;)l/ Vk. (7)

Given a backlog assignment matrix V, we call the class
of base-stock policies satisfying (6) and (7) an assigned
backlog base-stock (ABBS) policy. This class of fulfillment
policies provides a few important benefits. First, it guar-
antees that all backlogs are cleared as soon as possible,
so that demand remains backlogged in the system for at
most one period. This may be beneficial practically for
managers seeking to minimize the waiting times of cus-
tomers in the system. Second, it ensures that each back-
log is fulfilled by the activity it was mapped to by V.
Although this may not lead to the lowest possible cost
in the current period (ie., diverting the required
resources away to other activities may give lower imme-
diate cost), it makes for a straightforward policy that is
easy to track in practice, and we show that it controls the
cost well over the long run. In particular, we will show
that within class of fulfillment policies (7) and base-
stock policies (6), it is optimal to make myopic decisions;
that is, these policies decouple the impact of the base-
stock levels and fulfillment decisions across periods.

4.1.3. Optimizing the Base-Stock Policy. We now con-
sider optimizing the base-stock policy by optimizing the
fulfillment decisions, base-stock levels, and the backlog
assignment matrix V. We first focus on optimizing the
base-stock levels and fulfillment decisions given a fixed
backlog assignment matrix V, assuming we are using
the base-stock policy (6) and fulfillment decisions satis-
fying (7). To do so, recall that S =(Sy,...,Sm) denotes
the vector of base-stock levels, and let

g}’ = kaj (Qk + Z%’kﬂ) ,
k i

denote the V weighted average of activity and resource
costs for product j's backlog assignment. Note that
under the base-stock policy (6) and a fulfillment policy
satisfying (7), each unit of backlog for product j in
period t will incur cost g]V in period t + 1. Then consider
the following linear program that minimizes the joint
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fulfillment, holding and backlog costs for demand vec-
tor D:

FY(S|D)

){r;igb (% + Zaz‘k(ci - hi)) X+ Z(P]‘ +8/ )yj
7Yk i j

= s.t. Zaikxk <S;, Vi
k

Zrijk +y;= Dj, vj
k

®)
In (8), the variable x; represents the processing level of
activity k. The unit cost we charge to this variable is gy,
the activity processing cost, plus > .axc;, the cost of
ordering the resources required for activity k, minus
> #aichi, the savings from not holding these resources in
inventory. The variable y; represents the leftover back-
log for product j, which is charged the backlogging cost
p; for the current period, plus the cost g]V for fulfilling
this backlog in the next period. The constraints of (8)
ensure that the activities consume no more than S; units
of resource 7 and that the total demand for each product
equals the sum of its processing activities plus its back-
log. Using this function FY, we define the following sto-
chastic program:
C"=min » mS;+E[F'(S|D)]. ©)
Let SV denote a minimizer of (9) and x"(D),y"(D)
denote a solution of F¥(S"|D) for demand D. Then, our
ABBS policy uses base-stock levels SV and the following
fulfillment decision:

x;" = (D) + vy By, VK, 1. (10)

Our next result shows that this policy is optimal within
the class of ABBS policies and has long-run average cost
equal to the optimal objective value of the stochastic
program (9).

Proposition 1. Within the class of ABBS policies with
backlog assignment matrix V, it is optimal to use base-stock
levels SV and fulfillment decisions x"V. Moreover, the
long-run average cost of this ABBS policy is CV.

Given Proposition 1’s characterization of the optimal
long-run average cost in terms of the backlog assign-
ment matrix V, we now turn our attention to optimizing
over V. Fortunately, this task is straightforward after
observing that the matrix V only impacts the stochastic
program (9) via the objective coefficients ¢V; that is, it
does not enter into any constraints. Thus, to optimize
over V we simply need to make each g]V as small as pos-
sible, which is achieved by mapping each product
entirely to its least expensive fulfillment option. In

particular, for each productj, let

k(j) € argmin < gx + Cillik 7,
keN(j) { Z1: 7

denote the (or an arbitrary selection in case of ties) low-
est cost activity for serving its demand. Then define a
matrix V* with entries defined as follows:

*_{1 k = k(j),

v = '
/ 0 otherwise,

so that V* maps each product to its lowest cost activity.

Corollary 1. Within the class of ABBS policies, it is opti-
mal to use backlog assignment matrix V*, base-stock levels
SY', and fulfillment decisions x""V", giving a long-run aver-
age cost of CV".

Corollary 1 summarizes the advantages of the ABBS
class of base-stock policies: (i) they are optimized by an
intuitive backlog assignment rule that maps each pro-
duct’s backlogs to its lowest cost activity, (ii) the optimal
base-stock levels and fulfillment decisions are deter-
mined by solving a single stochastic program, and (iii)
the same stochastic program provides the long-run
average cost of the optimal policy. These features will
also allow us to prove a robust performance guarantee
for this class of policies in the next section.

4.2. Bounding Performance of the Base-
Stock Policy

In Section 4.1, we develop the ABBS class of base-stock
policies and characterize the optimal policy within this
class in Corollary 1. Such a result may be useful for man-
agers seeking guidance on how to design and evaluate a
good base-stock policy because these are often the
default in practice. However, because the result assumes
use of a base-stock policy, it does not reveal whether this
is a good class of policies to use in the first place. Indeed,
one would hope for a better result guaranteeing that the
class of ABBS policies performs well relative to all feasi-
ble policies defined by (4).

In this section, we provide such a guarantee by
bounding the performance of the ABBS policy designed
in Section 4.1 relative to an optimal policy. To do so, we
specialize our novel stochastic program lower bound
from Section 3 to the zero lead time setting in Section
4.2.1 and then derive a performance guarantee by com-
paring stochastic program objectives in Section 4.2.2.
Finally, in Section 4.2.3, we demonstrate via simulations
that the performance of our ABBS policies is often much
better than the worst case guarantee. As mentioned ear-
lier in the introduction, we derive our best approxima-
tion guarantees under the following mild condition on
the processing, holding, and resource cost parameters.
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Condition 1. For each processing activity k, the total cost per
unit of processing the activity and procuring its required
resources is larger than the total holding cost for its required
resources per unit per period, that is, g +>_axci = Y ayh;
forall k.

Condition 1 often holds in practice, as the standard
method for determining annual holding costs is to mul-
tiply the resource cost by some percentage (Chopra
2018), with 25% often given as a rule of thumb, and typi-
cal ranges given are 10%-50% (Azzi et al. 2014). This
holding cost percentage captures a variety of costs,
including the cost of capital, and a variety of methods
have been proposed for estimation, with general agree-
ment that the final percentage should be less than about
50% (Berling and Rosling 2005, Berling 2008, Azzi et al.
2014, Odedairo et al. 2020).” We further note that this
value represents the annual holding cost, which is typi-
cally scaled down to the model’s period length, so for
periods representing days or weeks holding costs are
typically less than 0.1%-1.0% of the resource costs. This
suggests that typically we have h; significantly lower
than c; for each 7, meaning Condition 1 is naturally satis-
fied for each k.

We also note that Condition 1 is not required for our
analysis of optimal base-stock policies in Section 4.1 and
is only used to prove our approximation guarantee in
Section 4.2. Further, we extend this analysis to the gen-
eral setting without Condition 1 in Section 4.3.

4.2.1. Specialized Stochastic Program Lower Bound. In
this section, we specialize the family of lower bounds (5)
into a more amenable form for comparison with the sto-
chastic program (9) characterizing the performance of
the ABBS policy. In particular, in (5), we choose 6 = p =
0 while leaving 8 € [0, 1] to be chosen later. Then, define
the following costs for each product j:

g’]ﬁ = min {qk'l‘zllik(ci_ﬁhi)}/ f}ﬁ :min(pf’g.]ﬁ)'

keN(j)

We observe with the definition of gf, for p =0, we have
8} =g/ that is, in this case, g]ﬁ captures the minimum
cost of fulfillment for product j used in the optimal
ABBS policy and its associated stochastic program (9).
Henceforth we will use ¢ and g/ interchangeably,
given their equality.

Next, let 7 € {1,...,N} denote a subset of products
(to be chosen later), and K = Ujc 7NV (j) denote the set of
activities serving these products. The idea behind this
construction is that we want to focus on the subsystem
composed of the subset J of products and their associ-
ated activities in K’; we will explain shortly how we
choose such a subset. We also highlight that the set
depends on the choice of .7, but we suppress this depen-
dence in our notation to keep the formulation concise.
With this notation, choosing 6 =p =0 the stochastic

program (5) simplifies to the following for this subsys-
tem (recalling we are considering the case L = 0).

F(SID, J)

min (qk +> aplei— hi)) X+ > (pj +ﬂ'ﬁ)?/j
kek i

x,y=0 7

= s.t. Zﬂkak < S,‘, Vi ’
keK

Zrk]-xk +y;=D;, VjeJ
k

ch(T)= min 521: hS;+E[FF(S|D,7)]. (11

Note that the stochastic program (11) is restricted to the
products in the set 7. For the remaining products, we
obtain a lower bound in terms of their minimum fulfill-
ment cost ¢? times their average demand, leading to the
following lower bound as a result of Theorem 1.

Corollary 2. Under Condition 1, the stochastic program
(11) for any B € [0,1] and any J {1, ..., N} gives the fol-
lowing lower bound on the long-run average cost of a feasi-
ble policy mi: CF(T) + 37, 7871, < C(m0).

A few comments on Corollary 2 are in order. First, we
highlight the tradeoff governed by the scaling factor f. If
=0, then as noted above, we have g} =g/ and the
lower bound (11) captures the true cost of the feasible
backlog fulfillment policy characterized in (9). How-
ever, if f =0, then Program (11) does not capture the
holding cost associated with the base-stock levels S, and
hence the program will be of little use. Hence, § governs
a tradeoff between capturing the full holding cost and
the full backlog fulfillment costs in the lower bound.
This tradeoff stems from the accounting procedure used
to prove the lower bound: $ and 1 — 3 represent weights
placed on this and the next period’s inventory decisions,
respectively. We will exploit this tradeoff to prove our
performance guarantee in the next section.

Second, we explain the role of the set 7 in the lower
bound. For each product j¢ .7, the bound in Corollary 2
includes the cost g?y]., which represents the expected
cost of meeting all of product j’'s demand at the lowest
possible fulfillment cost. This is an intuitive lower
bound because all demand is backlogged and so must
be met at this cost or higher eventually. Thus, the bound
in Corollary 2 uses this simple lower bound for some
products (those not in 7) and solves a stochastic pro-
gram for the rest (those in 7). This is helpful in proving
our approximation guarantee because some products
may have a backlog cost p; that is small relative to the
minimum fulfillment cost gQ. In this case, if this product
were included in the stochastic program (11), it may end
up with most of its demand unfulfilled in order to incur
the lower cost p;. Thus, for such products the simple
lower bound g]Q u; can actually end up being tighter than
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the stochastic program solution. Indeed, in our analysis
in the next section, we exclude from J those products
whose minimum fulfillment costs g]o are high relative to
their backlog cost p;.

4.2.2. Performance Bound for ABBS Policy. Now that
we have the specialized stochastic program lower bound
in (11), we are ready to compare these lower bounds
with the upper bound stochastic program (9) in order to
bound the performance of the ABBS policy developed in
Section 4.1. As discussed in Section 4.2.1, for the stochas-
tic program (11) we wish to choose a set of products J
whose minimum fulfillment costs ¢¥ are not too high rel-
ative to their backlog costs p;. Accordingly, for the cho-
sen scaling factor f from Section 4.2.1, fix a subset of
products J* = {j| ﬁg]Q < p;}, and let S* be an optimal
solution to (11) for 7 = J é . Then we show the following
key lemma comparing the second stage linear programs
of (9)and (11).

Lemma 1. For any B€[0.5,1) and JF = {jlBg] < i},
under Condition 1 we have

FV(8#|D) < (1+B)| F¥(S*ID, 7%) + ) _ ¢'D;
jeJ?

Thus, the cost of the second stage linear program in (9)
is bounded by a factor 1 + § relative to the same quantity
in the lower bound (11). Because it is also clear that the
remaining cost in the upper bound (9) (i.e., the first stage
holding cost) is bounded by a factor 1/p relative to the
lower bound, these two observations can be combined
to obtain an overall approximation guarantee.

Theorem 2. Under Condition 1, the optimal ABBS policy
provides an approximation factor of % ~1.618.

Thus, under Condition 1, the class of ABBS policies is
guaranteed to be within a constant factor of an optimal
policy. This is theoretically significant because it pro-
vides the first guarantee for base-stock policies in news-
vendor networks, but also offers practical insight,
because it provides a justification for using base-stock
policies in more general network settings.

4.2.3. Simulations for ABBS Policies. In this section,
we perform numerical simulations to test the effective-
ness of ABBS policies in a variety of settings. First we
test a simple fulfillment network (similar to the network
depicted in Figure 1) to see how the ABBS policy per-
forms as we vary problem parameters. Next we test sev-
eral more complex networks with both fulfillment
flexibility and resource commonality to demonstrate the
robustness of our policy. Finally we present an example
where the true optimal policy can be computed, and
compare with our policy.

4.2.3.1. Simple Fulfillment Network. First, we con-
sider a fulfillment network similar to Figure 1, with n
demand regions and n warehouses (we consider
n € {3,5,10}). In particular, we assume the geographic
centers of the demand regions are evenly spaced around
the perimeter of a unit circle, and each region has a
warehouse colocated at its geographic center. Each
warehouse can fulfill demand originating in any region,
and the unit cost of fulfillment, g, between any
warehouse-region pair is equal to the Euclidean dis-
tance between their geographic centers, plus a small
constant, 0.5, so that local fulfillment is not costless. For
simplicity, in this section we consider only a single
product (we consider more complex networks with
multiple products in subsequent simulations). In each
simulation we fix the ordering cost at ¢; =1 for each
warehouse i, and the backlog cost at p; =8 for each
region j. We set the holding cost using the standard
industry practice of applying a holding cost percentage
0 to the ordering cost, that is, ii; = Oc;. As discussed in
Section 2, if periods represent days or weeks then 1% is
reasonable for 6, which we test along with 10% and 25%
for robustness. Finally, we consider multivariate normal
demand distributions with nine different covariance
matrices: three coefficients of variation (0.5, 1, and 2)
combined with three correlations (negative, indepen-
dent, and positive®). Each distribution has mean 10 for
each region, and is truncated at 0. Thus, with three values
of n, three holding cost percentages, and nine demand
distributions, we test 81 instances in this simulation.

For each instance we compute the optimal ABBS pol-
icy parameters using Corollary 1, then simulate this pol-
icy over 100 periods for 1,000 sample paths and take the
average cost over periods and each sample path. To
benchmark our policy’s performance, we also simulate
a heuristic designed for such fulfillment networks by
Govindarajan et al. (2021b). This policy solves a single
newsvendor model to obtain the total network inven-
tory level, then allocates inventory to warehouses accord-
ing to a marginal cost heuristic, and uses a simple
transportation LP to decide fulfillment (see Online
Appendix E.2 for more details). We compare the perfor-
mance of each policy to the best lower bound to obtain
an approximation ratio for each instance. For the lower
bound (11), we use the entire set of products for J and
test a range of values for § from 0.5 to 1.

The policy performance is summarized in Figure 3 by
number of regions, demand correlation, and coefficient
of variation. The average and worst case approximation
factors are reported for the ABBS policy, whereas the
average approximation factor is reported for the bench-
mark. We see that the ABBS worst case outperforms the
benchmark average for almost all parameters. Further,
the performance of ABBS improves as the number of
regions increases, and degrades slightly as demand
becomes more correlated, or more variable. Overall, the
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Figure 3. (Color online) Approximation Factors of Policies for Number of Regions, Correlation, and Coefficient of Variation
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ABBS policy performance is much better than the worst
case guarantee of Theorem 2, coming within 1% of opti-
mal on average, and only 2.6% from optimal in the
worst case instance.

4.2.3.2. E-Commerce and Production Networks. In
this section, we consider a more complex set of 108
newsvendor network problem instances constructed in
DeValve (2023) that model a range of realistic produc-
tion and e-commerce settings. Importantly, these net-
works include both fulfillment flexibility and resource
commonality. The number of resources, products, and
activities in the networks range from less than ten to
hundreds, and several different combinations of
demand distributions and cost parameters are consid-
ered (see DeValve (2023) for details). We translate the
costs from DeValve (2023) to our dynamic setting as fol-
lows: the resource cost, c;, and activity cost, gy, are the
same, what they call the “shortage” cost p; we use as our
backlog cost p;, and we again use a holding cost percent-
age 0 to set the holding cost as /; = Oc;. For robustness,
we test a range of eight values for 0 from 1% to 75%, for
a total of 864 problem instances.

We again simulate the optimal ABBS policy over 100
periods and 1,000 sample paths and compare with the
best lower bound to obtain an approximation ratio for
each instance. For the lower bound (11), we use the
entire set of products for 7 and test a range of values for
B from 0.5 to 1. The average and worst case approxima-
tion factors are reported by the problem instance type in
Table 1, which shows the ABBS policy performs within
about 0.8% of optimal on average and at worst 4.3%
above optimal across these 864 problem instances, dem-
onstrating its practical effectiveness. Further, Table 2
has the average and worst case performance broken

Table 1. Average and Worst-Case Approximation Factors
of ABBS Policy Across 864 Instances

Instance type Average Worst case
E-commerce 1.003 1.012
Production 1.014 1.043
Overall 1.008 1.043

out by the holding cost percentage, demonstrating stable
performance across the range of holding costs considered.

4.2.3.3. Lower Bound on Worst-Case Approxima-
tion. In this section, we provide an example to offer
some intuition on when the ABBS policy may be subop-
timal. To put this discussion in context, first observe that
the simulations considered thus far compare the ABBS
policy to the stochastic program lower bound; thus all
approximation factors are upper bounds on the true
performance relative to optimal and do not immediately
imply a matching lower bound. To derive such a lower
bound, we need to characterize the true optimal cost,
which is challenging because of the complex, high-
dimensional, and dynamic nature of the problem, even
for moderately sized systems. This also makes it difficult
to establish the tightness of the bound in Theorem 2 ana-
lytically. However, we are able to provide some intui-
tion, by considering a small example where the optimal
policy can be solved exactly with dynamic programming.

Example 1. Consider a fulfillment network with two
products, two resources, and three activities, depicted in
Figure 2. Product 1 can be fulfilled by resource 1,
whereas product 2 can be fulfilled by either resource 1
or resource 2. Demand for each product follows an inde-
pendent Bernoulli distribution with a success probability
of 0.1. Product 1 has backlog cost p; = 7, whereas prod-
uct 2 has p, = 1. Resource 1 has ¢; = hi; =1.01, whereas
resource 2 has ¢; = h, =1, and all activities have g, = 0.

Table 2. Average and Worst-Case Approximation Factors
Across 864 Instances by Holding Cost Percentage

Holding cost percentage Average Worst case
1% 1.010 1.034
3% 1.008 1.025
5% 1.008 1.024
10% 1.007 1.018
15% 1.006 1.017
25% 1.005 1.014
50% 1.005 1.020
75% 1.008 1.043
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In this instance, the optimal ABBS policy sets base-
stock levels of zero for each resource and maps all prod-
uct 1 backlog to resource 1, and all product 2 backlog to
resource 2, leading to a long-run average cost of 1.001
per period. In this small instance, the dynamic program
can be solved exactly for an optimal cost of 0.936 (see
Online Appendix E.1 for details); therefore, the ABBS
policy has about a 1.069 approximation factor. Further,
the optimal policy is not an ABBS policy; in each period,
it maps the first unit of product 2 backlog to resource 1
and then maps any remaining backlog to resource 2;
that is, the optimal policy orders as follows: z| =
Bi"'+min(1,B5), 2, = (B5! — 1) and fulfills as much
backlog as possible in each period, prioritizing product
1 fulfillment.

Example 1 illustrates that an optimal policy may
require a state-dependent backlog mapping. A brief
intuitive explanation is that resource 1, being the more
flexible resource, is better suited to handle the first unit
of product 2 backlog, because it can provide a higher
combined service level to the two products together.
However, for additional units of product 2 backlog, this
pooling benefit is diminished (because product 1 will
see at most one unit of new backlog in the next period),
so these backlog units are better assigned to the cheaper
resource 2. Although this optimal policy may be charac-
terized in a straightforward way in such a simple net-
work, we note that both the intuition and computation
will be much more complex for even moderately sized
networks.” Thus, our ABBS policy provides an attractive
alternative for its simplicity, intuition, and performance
guarantee.

4.3. Relaxing Condition 1

Here we extend our performance bound to the case
when Condition 1 does not hold, that is, an activity’s
per-period holding costs may be larger than the sum of
its processing and ordering costs. We highlight that
relaxing this condition allows the processing and order-
ing costs to be zero, thus capturing classic inventory
models that only include holding and backlog costs. In
this case, we specialize our stochastic program (5) in a
different way to obtain a useful lower bound on the
optimal cost. In particular, here we let f =06 =1 while
leaving p € [0, 1] to be chosen later to obtain the follow-
ing second-stage linear program:

F?(S,B|D)
min <Qk+zﬂik(ci —hi)) X+ (1 —P)ij]/j
k i J

x,y=0

= s.t. Zaikxk <S§;, Vi
k

Zl’ijk +yf = Bj-l-D]', V]
k

Then, with a slight abuse of notation, the stochastic pro-
gram is
C’=min Y WSi+p> pBj+E[F(S,B[D)]. (12)
i ]

S, B>0

We highlight that the scaling factor p governs a tradeoff
between the cost of the initial backlog vector B and the
final backlog y in the second-stage linear program. In
this sense p plays a similar role to the factor g in the
stochastic program (11), which governed a tradeoff between
successive inventory decisions and indeed stems from the
same accounting procedure for proving the lower
bound: p and 1 — p represent weights placed on this and
the next period’s backlog levels, respectively. This leads
to the following lower bound.

Corollary 3. The stochastic program (12) for any p € [0,1]
gives the following lower bound on the long-run average
cost of any feasible policy m: CP < C(m).

We use this lower bound to prove the approximation
guarantee. Define the following quantities

E = max agh; ¥Yj, a= mjnL_.

keN () 45 J pj+h;
We highlight that for a classic single-product/single-
resource newsvendor problem, a reduces to the classic
critical fractile formula for the optimal service level.
Similarly, in a newsvendor network we observe that,
roughly speaking, higher backlog costs (relative to hold-
ing costs) make the stochastic program (9) implement
higher service levels in an ABBS policy. Thus, in a sense
we can view a as a rough indicator of the system’s ser-
vice level; that is, newsvendor networks that target high
service levels for their products are likely to have a close
to one. This motivates our next result, which bounds the
approximation guarantee of the ABBS policy class with
the inverse of & and therefore is useful for systems with
high service level.

Theorem 3. The optimal ABBS policy provides an approx-
imation factor of 1 +1.

With this result, we can summarize the main intuition
of our results so far by saying that an ABBS policy per-
forms well for newsvendor networks where the holding
costs are not too large relative to the fulfillment costs (by
Theorem 2) or the backlog costs (by Theorem 3). Thus,
these policies may prove useful in many practical set-
tings where quick fulfillment and service constraints
take priority over inventory concerns.

We close this section with a brief simulation illustrat-
ing that the ABBS policy continues to perform well
when Condition 1 does not hold. In particular, we simu-
late the ABBS policy on the same problem instances as
described in Section 4.2.3 but set all activity and order-
ing costs to zero, that is, gy =0 Vk and ¢; =0 Vi. We
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compute an approximation factor by comparing to the
best lower bound (12), tested over a few values of p. The
results of this simulation are summarized in Table 3.
Here we see that the ABBS policy continues to provide
good performance, within less than 1% of optimal on
average, and at worst about 9%. Thus, compared with
Table 1, the numerical performance is only slightly
worse without Condition 1.

5. Generalization to Lead Times

The analysis of base-stock policies in the preceding sec-
tions assumes that orders arrive in the period they are
placed, which is practical in many supply chains with
short delivery lead times, but may be impractical in
others. Thus, to demonstrate the validity of our analysis
in broader settings and to guide practitioners interested
in implementation, in this section we extend our analy-
sis to incorporate lead times for resource orders.

5.1. ABBS Policy for Lead Times

We now extend the base-stock policy developed in Sec-
tion 4 to adapt to the resource ordering lead times. The
extension follows the classic inventory management
principle that the base-stock levels, which we again
denote with a vector S$>0, should govern each
resource’s inventory position, that is, the sum of on-hand
and on-order inventory, minus backlogs. The key, as in
Section 4, is to map backlogs to resources and fulfill
demand in an intelligent way, but doing so with lead
times requires a bit more care. This is because backlogs
can no longer be cleared immediately in the following
period with a new order but rather have to use inven-
tory from an older arriving order or else wait for a new
order to arrive. Demand fulfillment decisions only com-
plicate matters, as they impact backlog levels in future
periods, creating a complicated dynamic fulfillment
problem. In fact, even fixing base-stock levels and a
backlog mapping, with lead times the remaining fulfill-
ment problem is a high dimensional dynamic program,
which suffers from the curse of dimensionality as the
lead time grows. Thus, in this section, we focus on iden-
tifying feasible base-stock policies rather than optimiz-
ing over a class of policies as we did in Section 4.1.

To do this, we split backlogs into two categories as we
allocate them to resources: one category to be filled as
soon as possible and the other category left to wait until
replenishment arrives to be filled. In particular, we

Table 3. Average and Worst-Case Approximation Factors
of ABBS Policy Without Condition 1

Instance type Average Worst case
E-commerce 1.003 1.090
Production 1.002 1.038
Overall 1.003 1.090

assign arriving product j deman(jlton dax f to its activi-
ties k € N(j) according to values D, and B, as follows:

At ~t .
Di=>"ry(Dy+By), Vi, (13)
k

where Ij,tC > 0 denotes the demand that will be filled by
activity k as soon as Ptossible (ie., “immediate fulfillment”
demand), whereas B > 0 is resigned to backlog and will
wait for the receipt of orders placed in period ¢ +1 for
activity k’s resources before being fulfilled.

Using these allocation categories, we next generalize
the ABBS fulfillment policy (10) to account for lead
times. The main challenge in this generalization is that
we can no longer directly implement a fulfillment policy
based on a stochastic program solution (as in the first
term of (10)), because, as we show below, the appropri-
ate stochastic program to consider in this setting aggre-
gates demands over a lead time, but the fulfillment
decisions need to be made considering only the current
period’s demand and state variables. To address this
challenge, we develop a general framework for each
period’s fulfillment decisions while noting that the
framework allows a good deal of flexibility for design-
ing the specifics of a given policy (of which we give two
examples in the next section). The foundation of our pol-
icy framework is the construction of a random vector,

X' e RX, which intuitively represents the amount of
“immediate fulfillment” demand filled in period ¢ with
each of the processing activities. Accordingly, we keep
track of the following backlog process:

B=B, +D,- X, (14)
which tracks the backlog that has been a551gned0to activ-
ity k for immediate fulfillment (and assume B, =0 for
all k). Then, to maintain a feasible policy, we enforce the
following constraints:

X, <D, +B, ', VK, (15)
ot =L N At—1
> aX, < S; —Zaik<z D, - B, ) Vi.  (16)
k k s=t—L

Then, our policy framework uses the following generali-
zation of (10) as the fulfillment rule:

=X, +B . (17)

We also keep track of the following backlog process:

B, =B, +D,+B,—x, (18)

where B, ¢ tracks the total backlog assigned to activity k

(so that B Ek”k; k) and assume this backlog starts

empty, that is, Bk =0 for all k. Then by (14) (17), and
(18), it also follows that B, = =B, P S B;. The base-
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stock ordering policy for resource i is then defined as

Z Z+ ZalkB;‘l)t (19)

s=t—L

FAE T

where I''1+ 3 28 — Zka,-kB X represents the inven-
tory position of resource i in period t after receiving
order z{~L and placing order z!. We will refer to this as
an ABBS policy, generalizing our definition from Sec-
tion 4 to L > 0. We next show the policy is feasible and
allows a simple characterization of the inventory, order-
ing, and backlog quantities in each period.

Lemma 2. For nonanticipating random vectors X', B', and
D! satisfying Constraints (13), (15), and (16), the ABBS
policy using base-stock Policy (19) and fulfillment Policy
(17) is feasible, and we have the following identities for all
periods t > 1:

t
I :s,«—Zaik<Z f),i-BL) Vi
k s=t—L
t
= Za,‘k(f);:l +B, )Vi, By=B,+ > By vk
k s=t—L

Thus, Lemma 2 shows our policy framework charac-
terizes all relevant quantities in the system in terms of
the random vectors X , B, and D', and the base-stock
levels S. Therefore, within the class of ABBS policies, we
can focus on finding good rules for deciding these vec-
tors, which we explore further in the next section. We
close this section by specializing the lower bound (5) to
a simpler stochastic program focused on incorporating
lead times. To do so, we first deﬁne the cost u} =
Qi — H; for each activity k, and let D* = 37, D! denote
a cumulative demand vector over 7 periods. Then in the
lower bound (5), let $ = 6 =1 and p = 0 to obtain the sto-

chastic program:
min D_ iR Y P
7 )= k ]
FL(S|]~)L+1) = Zaikxk <S;, Vi ,
SRR,
Zrk]xk +y] * , V]
L_ < L
C" =min ZhISﬁE[P SID"N, o)

where the randomness is over the L + 1 periods from
when an order is placed (i.e., at the beginning of period
t — L) to when the order can be used to fulfill demand
(i.e., at the end of period t). Next, we extend Condition 1
to the setting with lead times.

Condition 2. For each processing activity k, we have
L
ug > 0.

Note that Condition 2 plays the same role as Condi-
tion 1 in that it guarantees the objective coefficients of

the fulfillment decisions x; in the stochastic program are
nonnegative. From a practice perspective, we note that
Condition 2 often holds for the same reasons discussed
after Condition 1 in Section 4.2: The annual holding cost
is typically estimated as some percentage of the resource
cost and then scaled down by the number of periods in
a year (e.g., 365 or 52 if a period represents a day or
week, respectively), so in these cases, Condition 2 holds
for lead times less than one year® and thus applies to
many practical applications. We close with our lower
bound.

Corollary 4. Under Condition 2, the stochastic program
(20) provides a lower bound on the long-run average cost of
any policy, that is, Ct < C(m).

5.2. Performance Bound for ABBS Policy with
Lead Times
In this section, we illustrate the utility of our policy
framework by constructing two feasible ABBS policies
and proving associated performance bounds. As dis-
cussed in the prior section, our framework allows flexi-
bility to define many different policies, and therefore
the present construction and analysis should be viewed
as only initial examples of the framework’s potential.

5.2.1. Randomized Fulfillment. Our first policy will use
a randomized fulfillment rule; that is, X' will be deter-
mined (at least partially) by a draw from a random vari-
able. To motivate the construction we obseryte that, over
a lead time, we would like the cumulative X vectors to
mimic the x vectors from the stochastic program (20). To
do this, let S* denote an optimal solution to (20), and let

x(ﬁL+1) and y(]jLH) denote an optimal solution to the
LP defining FL(S"|D""
for determining )~(t in Algorithm 1. With this vector, we
define the rest of the policy vectors as follows:

). Then we define the procedure

D, =X,, Vk 1)

~t . ot
By = vy, (D]f. -> rijk>, Vk. (22)
k

Thus, for this policy, all 1mmed1ate fulfillment demand
is cleared in each period, so that B, « =0 forall k, and all
remaining backlog is assigned to the lowest cost activity
using assignment matrix V*.

Algorithm 1 (Fulflllment Procedure for Period t)
1: Input S, Dt and X fort—L<s<t—1
2: Initialize X, = «=0forall k
3: Draw an independent realization d" of D" and set

x(D'+d )Dt
Wi = u, Yk

Djgy + d1<k)
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4: Iterate through all k and update:
Rp— t 21 e
X, « min (W,tc mm{Sl Losr-12 Bie X }) , Vk.

i€S(k) ag

We next provide a brief intuition for determining X in
Algorithm 1. First, in Step 3, we randomly select a candi-
date value for X}, which we denote W;. To do so, we
add the current period’s demgPd vector D' to a ran-
domly drawn demand vector d ', which is drawn from
the distribution of CumulaLtwe demand over L periods,
D" Thus, together D' + d has the same distribution as
the L + 1 period demand D" considered in the stochas-
tic program lower bound (20). The purpose of this is to
generate the §t£)Chastic program’s optimal fulfillment
vector x(D' +d"), which we then use to proportionally
route each demand quantity D]t to its activities for fulfill-
ment. In particular, W} for each k is set equal to D i)
times the fraction of demand that was served by act1v1ty
k under the demand vector D +d " in the stochastic pro-
gram. This strategy aims to match the expected fulfill-
ment for each activity in the ABBS policy with its
expected fulfillment from the stochastic program. Fur-
ther, this procedure guarantees that Wi is less than
xi (D' + a ), which aids in bounding the probab1l1ty that
the W} variables are feas1ble Finally, in Step 4 of Algo-
rithm l we set the actual X, ¢ variables by adjusting the
W} variables to ensure they are feas1ble for Constramts
(15) and (1t6) (which hold because Dk = Xk and Bk =0).
With the X' vectors defined in Algorithm 1, we are now
ready to prove our performance guarantee. To state the
result, let m = max{|S(k)|} denote the maximum num-
ber of resources used by any activity in the system.

Theorem 4. Under Condition 2, there exists an ABBS pol-
icy using the X' vectors defined in Algorithm 1 and the
allocation vectors in (21) and (22) with approximation fac-

tor 2(1+ \/my(L+1)), where y = %’W], is the demand

weighted average ratio of backlog to minimum fulfillment costs.

Thus, by Theorem 4, an ABBS policy performs well as
long as the lead time and backlog costs are not too large,
and each activity does not use too many resources. Next,
we define a different ABBS policy using a deterministic
fulfillment rule which has a performance guarantee inde-
pendent of the lead time and network structure, depend-
ing only on the cost and demand parameters.

5.2.2. Proportional Fulfillment. We now construct a
second policy, which differs from the previous one in a
few ways. First, the fulfillment quantities are deter-
mined by a simple deterministic rule. Second, some
demand assigned for immediate fulfillment may not be
fulfilled in the period it was assigned, and we thus may
have periods where the associated backlog process is
positive, B, > 0. This is advantageous because it allows

us to attempt fulfilling this backlog again in successive
periods, without having to wait a lead time for replen-
ishment, which allows us to reduce the expected back-
log held in the system.

To construct the policy, recall that x(D ) and
y(D ) denote an optimal solutlon to the LP defining
FL(SD""), and let x = E[x(D""")] and § = E[y(D"")]
denote the1r expected values. Then, for each k let ¢, =
xx/E[D (k) ] =Xi/((L+ 1)) denote the proportion of
expected demand fulﬁlled by activity k in the stochashc
program (20). Similarly, for each j, let ¢, =, /E[D ] =
Y;/((L+1)y;) denote the proportion of expected demand
for product j left unfulfilled in the stochastic program (20).
Define values Uy > 0 for each k that satisfy ) a3 Uk < S;
for each i. Then define the policy as follows:

Dk = ‘l’k (k)7 (23)
Bi =Y Diy/ (24)

t—1
X, =min (D,ﬂ +B LU+ B - Y 152) L)
s=t—L

Intuitively, this policy is very straightforward: It allocates
all demand to activities in deterministic proportions fol-
lowing the stochastic program solution and allows up to
Uy units of activity k over each lead time. It also determin-
istically leaves a proportion of demand as backlog until
the next replenishment, according to the proportions from
the stochastic program solution. In this way, the policy
tries to mimic the stochastic program solution. Let Jf =
Var(D;) denote the variance of demand for product .

Theorem 5. Under Condition 2, there exists an ABBS pol-
icy using (23), (24), and (25) with approximation factor

> iy '
5 ( \/g where v = o'j/y], denotes the Coejﬁ'

cient of variation for product j demand.

Thus, the approximation guarantee is independent of
the lead time and network structure and depends only
on the cost and demand parameters of the system. To
help interpret the bound, we note that if the coefficients
of variation of demand were the same across all pro-
ducts, that is, v; = v for all j, and if the cost ratio (pj+
hj)/8; = (p+h)/g were also constant, then the approxi-

mation factor becomes 2(1+v,/”glh), so it can be

roughly thought of as scaling with the average coeffi-
cient of variation and the square root of the average ratio
of backlogging and holding costs to fulfillment costs.
Finally, comparing the bounds in Theorems 4 and 5,
they suggest the randomized policy may be better if the
lead time and maximum activity size are small, whereas
the proportional policy may be better if the coefficient of
variation is small.
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Figure 4. (Color online) Approximation Factors of ABBS Pol-
icies as Lead Time Grows

|+ Rand Avg ——Rand Max - +- Prop Avg-s- Prop Max |

1.8F —
=]
S 16} .
=
£
2 14r -
[oN
[oN
< 12f 4
1

Lead time

5.3. Simulations

In this section, we perform a final simulation experiment
to test the performance of our ABBS policies for lead
times. In particular, we simulate the same 108e-
commerce and production networks from Section 4.2.3
with lead times of L €{3,10,20,40,50}. For each
instance, we use a holding cost percentage of 1%. We
compute approximation ratios in the same way as Sec-
tion 4.2.3, that is, the simulation average cost divided by
the best lower bound. The results are plotted in Figure 4,
where we observe the approximation factors are all sig-
nificantly better than the worst case guarantees of Theo-
rems 4 and 5 (which are both at least two). Further, we
observe that the randomized policy tends to outperform
the proportional policy, which we attribute to the ran-
domized policy’s adaptation to the demand realizations,
as opposed to the proportional policy’s deterministic
fulfillment ratios. We explore these issues with further
simulations in Online Appendix E.3.

We close this section by highlighting that we view
Theorems 4 and 5 and the analysis in this section as a
proof of concept illustrating the ability to prove perfor-
mance guarantees using our ABBS policy framework
with lead times. We expect the framework to allow
improved analyses and guarantees for these and other
policies within this class.

6. Conclusion

We developed a new class of base-stock policies for news-
vendor networks that are straightforward to implement
and analyze. Using a novel stochastic programming for-
mulation, we established that this class of base-stock poli-
cies is guaranteed to perform well relative to optimal,
thus establishing the first approximation algorithm for
general newsvendor networks. The policies are also prac-
tical in the sense that they significantly outperform the
worst case guarantee in our numerical simulations. Fur-
ther, our stochastic programming methodology for
bounding the cost of an optimal policy is robust and may
be applied to other problems, which we illustrate through
extensions to more general cost and lead time conditions.

Endnotes

! Although resource-specific lead times, L;, are practically relevant,
they significantly complicate the model, creating a generalization of
the notoriously challenging dual-sourcing problem (Xin and Gold-
berg 2018), and hence are out of scope for this paper. See Section E.4
for further details.

2 More formally, z! and x,‘{, should be measurable with respect to the
sigma algebras generated by these quantities.

3 Also, even in cases where holding costs may be higher, due for
example to high cost of obsolescence (as with high tech items), sup-
pliers often offer retailers holding-cost subsidies (Chopra 2018),
effectively offsetting their impact in the model.

4 Positive correlation coefficient is 0.5, independent is 0, and nega-
tive is —1/(n — 1) to maintain valid covariance matrix.

® The dynamic program for this four node network has 548 state-
action pairs, even after removing redundant actions and unreach-
able states.

8 If there are A periods in a year and the company’s annual holding
cost percentage is 0 < 1, the per period holding cost rate is typically
estimated as h; = O¢;/A. Thus, if L <A, that is, the lead time is less
than the number of periods in a year, then we have L+1<A<A/0,
which implies ¢;/(L+1) > h; Vi, and Condition 2 holds.
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