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Abstract. Multiarmed bandit (MAB) algorithms are efficient approaches to reduce the 
opportunity cost of online experimentation and are used by companies to find the best 
product from periodically refreshed product catalogs. However, these algorithms face the 
so-called cold-start at the onset of the experiment due to a lack of knowledge of customer 
preferences for new products, requiring an initial data collection phase known as the burn- 
in period. During this period, standard MAB algorithms operate like randomized experi
ments, incurring large burn-in costs which scale with the large number of products. We 
attempt to reduce the burn-in by identifying that many products can be cast into two-sided 
products and then naturally model the rewards of the products with a matrix, whose rows 
and columns represent the two sides, respectively. Next, we design two-phase bandit algo
rithms that first use subsampling and low-rank matrix estimation to obtain a substantially 
smaller targeted set of products and then apply a Upper Confidence Bound procedure on 
the target products to find the best one. We theoretically show that the proposed algo
rithms lower costs and expedite the experiment in cases when there is limited experimenta
tion time along with a large product set. Our analysis also provides insights into three 
experiment regimes of long, short, and ultra-short horizon, determined by the dimensions 
of the matrix. Empirical evidence from both synthetic data and a real-world data set on 
music streaming services validates the superior performance suggested by our theory.
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1. Introduction
Online experimentation has become a major force in 
assessing different versions of a product, finding better 
ways to engage customers, and generating more reve
nue. These experiments happen on a recurring basis 
with periodically refreshed product catalogs. One fam
ily of online experimentation is the so-called multi
armed bandit (MAB) algorithms, where each arm 
models a version of the product. At each time period, 
the decision maker tests out a version, learns from the 
observed outcome, and proceeds to the next time 
period. It is well known that MAB algorithms balance 
exploration and exploitation to handle the lack of prior 
information at the onset of an experiment. They can 
dynamically allocate experimentation effort to ver
sions that are performing well, in the meantime 

allocating less effort to versions that are underperform
ing. As a result, MAB algorithms can identify the opti
mal product under relatively low opportunity costs 
incurred from selecting suboptimal products. Conse
quently, fewer customers are subjected to potentially 
inferior experiences. We want to highlight that what is 
treated as a product in our context is not confined to 
merchandise in the e-commerce setting. It includes 
broader categories from ads campaign product in online 
advertisement to drug product in drug development.

However, when there is a large product set, even at 
the onset of the experimentation, MAB algorithms would 
face what is known as the cold-start problem: Many ver
sions of a product are brand new to the customers. It is 
not yet clear to the algorithms how to draw any useful 
inferences before gathering some information. Therefore, 
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many MAB algorithms involve an initial data collection 
phase, known as the burn-in period (Lu 2019).1 During 
this period, MAB algorithms operate as nearly equivalent 
to randomized experiments, incurring costs that scale 
with the number of products. Under such circumstances, 
the cumulative cost, or regret, of current practices is huge 
due to a costly and lengthy burn-in period.2

Our goal is to come up with a framework that can be 
cost-effective, which is achieved by first identifying a 
two-sided structure of the products. In many applica
tions, because the products have two major components, 
the bandit arms can be viewed as versions of a two-sided 
product. To be more specific, let us provide two examples 
that will reappear in the later empirical studies.

Example 1. Consider an online platform that wants to 
select one user segment and one content creator seg
ment that interact the most to target an advertisement 
campaign (Lops et al. 2011, Geng et al. 2020, Bhargava 
2022). Such an advertisement campaign is a two-sided 
product where user segment and content creator seg
ment are its two sides. There are many user segments 
and many content creator segments. In each time 
period, the platform tests a pair of user segments and 
content creator segments and observes the amount of 
interaction between them, based on which, the plat
form decides which pair to test next. The number of 
products scales quickly: 10 user segments and 10 con
tent creator segments already give rise to 100 pairs, 
and this is just an underestimate of how many seg
ments there are for each side.

Example 2. Consider an online platform that wants to 
design a homepage with a headline and an image. The 
platform’s goal is to select a pair of headlines and images 
that attracts the most amount of user engagement. The 
homepage design is a two-sided product with headline 
and image as two sides. Similar to Example 1, the num
ber of pairs can easily be more than several hundred.

Besides the two examples above, there are plenty of 
other two-sided products: Airbnb experiences (activi
ties and locations), Stitch Fix personal styling (tops and 
pants), Expedia travel (hotels and flights), car sales 
(packages and prices), drug development (composi
tion of ingredients and dosages), and so on.

The task of finding the best version of a two-sided 
product can be translated into finding the maximum 
entry of a partially observed reward matrix, which can 
help accelerate the learning process. That is, we can 
model different choices of one side to be rows of the 
matrix, different choices of the other side to be the col
umns, and the unknown rewards for the correspond
ing row-column pairs (e.g., the amount of interaction 
in Example 1 and the amount of user engagement in 
Example 2) to be the matrix entries. Mathematically, 
suppose the first side of the product has dr number of 

choices and the second side has dc number of choices, 
then the reward matrix contains the rewards of drdc 
versions of the two-sided product as entries. As men
tioned previously, current algorithms will randomize 
on the initial Ω(drdc) number of periods, leading to a 
very costly burn-in period because dr and dc are often 
very large. Furthermore, when the time horizon T is 
rather small compared with the order drdc, a large 
cumulative regret that scales with drdc would arise 
because of the costly burn-in period.

By casting the rewards into a matrix and considering 
its low-rank structure, we can expedite the experiment 
and reduce the regret by orders of magnitude. To 
understand the low-rank structure, we note that the 
rewards for different versions of a two-sided product 
depend on the interactions between some latent fea
tures of the two sides. Low-rank simply means that, 
suppose r is the rank of the matrix, then we only need 
as few as r latent features to explain each side, such 
that r≪min(dr, dc). Because of such a low-rank prop
erty and with the help from low-rank matrix estima
tors, we only need to collect a small amount of data to 
have an estimate of the rewards for all arms of interest 
in the burn-in period. Such an estimate will be accurate 
enough to help screen out majority of the suboptimal 
arms, thus requiring substantially less subsequent 
exploration and greatly reducing the burn-in cost.

1.1. Our Contributions
1.1.1. Algorithm. We design a new bandit algorithm 
called the low-rank bandit (LRB). The algorithm can 
efficiently choose from a large set of two-sided pro
ducts given a short time horizon. It is split into two 
phases: “pure exploration phases” and “targeted 
exploration+ exploitation phases." At each period, the 
algorithm follows a schedule to enter either of the two 
phases. If it is in a pure exploration phase, a forced 
sample is selected uniformly at random and is used for 
the low-rank matrix estimation (i.e., the forced-sample 
estimates). The forced-sample estimates are used to 
screen out arms that are far from the optimal arm. The 
remaining arms form a targeted set whose size is much 
smaller than the initial product set. If the algorithm is 
in a targeted exploration+ exploitation phase, we 
choose a product based on an off-the-shelf stochastic 
MAB algorithm (e.g., Upper Confidence Bound (UCB), 
Thompson sampling) applied on the current targeted 
set as a subroutine. For illustrative purposes, we use 
UCB as the subroutine throughout the paper.

Moreover, we propose submatrix-sampled LRB (ss- 
LRB) that adds a subsampling prestep to our regular 
LRB algorithm when we are extremely sensitive about 
time. Given an ultra-short horizon (formally defined in 
Section 3.3.3) in the face of a huge number of arms, 
we can instead sample a submatrix of smaller dimen
sions and apply the LRB to it. The intuition behind 
this is as follows: Even though the best entry in the 
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submatrix might be suboptimal, because the horizon is 
ultra-short, the cost we save from not exploring the 
much larger matrix compensates for the regret we 
incur from picking a suboptimal entry.

1.1.2. Theory. We establish nonasymptotic dependent 
and independent regret bounds of LRB as functions of a 
parameter we term the “filtering resolution” and demon
strate how to optimize such bounds. Simply put, the fil
tering resolution controls the number of arms that will 
enter the targeted exploration+ exploitation phase. Spe
cifically, we show that our algorithm achieves a strictly 
better regret than the typical O(

ffiffiffiffiffiffiffiffiffiffiffi
drdcT
√

) for standard 
noncontextual bandits when T is small. By leveraging a 
structure of the reward distribution in the low-rank 
matrix characterized by a “shrinkage rate,” we show a 
further improvement on the regret. For the ss-LRB algo
rithm we propose, we derive the optimal subsampling 
ratio and an improved regret bound, both of which 
depend on the form of a “subsampling cost” function.

Our theory sheds light on customized strategies 
given different time horizon lengths and the product 
set sizes, distinct from most existing bandit theoretical 
analysis that studies dependence of the regret on the 
time horizon asymptotically and results in suboptimal 
results for short horizons.

1.1.3. Empirics. Empirical evidence from synthetic 
data validates the superior performance of our algo
rithm. In addition, we illustrate the practical relevance 
of our algorithms by proposing a data-driven approach 
to select experiment-dependent hyperparameters. We 
evaluate such an approach on an advertisement target
ing problem for the music streaming service, where we 
want to learn the best combination of user group and 
creator group to target an advertisement campaign. We 
show that our bandit algorithm significantly outper
forms existing ones in finding the best combination effi
ciently under various time horizon lengths.

1.1.4. Reduction Model for Contextual Bandits. Addi
tionally, we propose a new modeling framework to 
transform a stochastic linear bandit setting (a general 
class of bandit problems that contains contextual ban
dits) to the scope of our low-rank bandit problem. This 
allows us to empirically showcase LRB’s effectiveness 
of reducing the burn-in in contextual settings by com
paring it with a standard linear bandit method called 
optimism in the face of uncertainty linear bandit algo
rithm (OFUL) (Abbasi-Yadkori et al. 2011).

1.2. Related Literature
We first review the bandit literature relevant to online 
decision making under bandit feedback and then turn 
to related works on low-rank models and matrix- 
structured data.

Our work focuses on regret minimization in noncon
textual bandit problems, with canonical algorithms 
including Thompson sampling (Thompson 1933, 
Agrawal and Goyal 2012, Gopalan et al. 2014, Russo 
et al. 2018) and upper confidence bound (Lai 1987, 
Kaelbling 1993, Katehakis and Robbins 1995, Auer et al. 
2002a). Like ours, these algorithms explore and exploit 
without contextual information; that is, they make no 
assumptions on dependence of the arm rewards. 
Beyond the noncontextual setting, a large body of liter
ature studies bandit problems with contextual infor
mation, where arm rewards are parametric functions 
of the observed contexts. In particular, extensive 
research has focused on the linear bandit (Auer et al. 
2002b, Dani et al. 2008, Li et al. 2010, Rusmevichien
tong and Tsitsiklis 2010, Abbasi-Yadkori et al. 2011, 
Chu et al. 2011, Agrawal and Devanur 2014) and its 
extension under generalized linear models (GLMs; 
Filippi et al. 2010, Li et al. 2017, Kveton et al. 2020), in 
which the expected reward is a linear (or generalized 
linear) function of the context. We refer the readers to 
Lattimore and Szepesvári (2020) for a comprehensive 
overview.

Classical analysis of bandits focuses on asymptotic 
behavior of the regret bound under long experimenta
tion horizons, assuming the number of arms is much 
smaller than the horizon. Specifically, the regret bound 
of a k-armed bandit consists of two terms: one linear in 
k but constant in T plus an order 

ffiffiffiffiffiffi
kT
√

term.3 The former 
is typically ignored because, for large T, it is dominated 
by the latter term. But for large k problems such as our 
two-sided bandit setting with k � drdc, this linear term, 
drdc, can be as large as the latter term. This challenge, 
which creates a significant cold-start problem in short- 
horizon settings, has been the motivation for several 
approaches. These include combining clustering and 
MAB algorithms (Miao et al. 2022, Keskin et al. 2024), 
warm starting the bandit problem using historical data 
(Banerjee et al. 2022), or using an integer program to 
constrain the action set (Bastani et al. 2022).

A separate line of work on many-armed or infinitely 
armed bandit problems (Berry et al. 1997, Bonald and 
Proutiere 2013) addresses the cold-start challenge by 
employing subsampling to reduce the opportunity 
cost (Wang et al. 2009, Carpentier and Valko 2015, 
Chaudhuri and Kalyanakrishnan 2018, Bayati et al. 
2020). The key distinction of our work from this line of 
research lies in leveraging the inherent matrix struc
ture of the two-sided products, which allows for a 
more informed arm selection for targeted explora
tion+ exploitation. Another way in the infinitely 
armed bandit literature to mitigate the cold-start issue 
is to impose structural assumptions on the reward 
function, such as linearity over a compact action set, as 
explored in Mersereau et al. (2009) and Rusmevichien
tong and Tsitsiklis (2010). In such cases as in the linear 
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bandit setting, pulling any action provides information 
about the rewards of all actions.

Low-rank matrix estimators have become estab
lished tools for solving offline cold-start problems in 
recommendation systems (Lika et al. 2014, Zhang et al. 
2014, Volkovs et al. 2017), and they are building blocks 
for many applications that have inherent low-rank 
models (Athey et al. 2021, Farias et al. 2022, Agarwal 
et al. 2023). We refer the readers to Davenport and 
Romberg (2016) and Chen et al. (2020) for a detailed 
discussion on low-rank matrix estimators.

Incorporating the low-rank matrix structure in bandit 
settings has been seen in many other works, which all 
consider different settings than ours. For example, 
Katariya et al. (2017) and Trinh et al. (2020) consider 
only rank 1 matrices, whereas our algorithm works for 
general low-rank matrices; Kveton et al. (2017) allow a 
decision maker to noisily choose and observe every 
entry of a r × r submatrix (where r is the rank of the 
underlying unknown matrix) in each period, but we 
only allow the selection of one entry each time and we 
assume the rank r is unknown, which is a harder prob
lem. Lu et al. (2018) provide an ensemble sampling 
based algorithm that lacks theoretical guarantees. Jun 
et al. (2019) address the contextual bilinear bandit setting 
where the reward function is a bilinear function of two 
feature vectors and an unknown low-rank parameter 
matrix. They propose an OFUL-based algorithm that 
combines with low-rank matrix estimation. Lu et al. 
(2021) propose a similar algorithm for low-rank general
ized linear models. The Explore-Subspace-Then-Refine 
(ESTR) algorithm in Jun et al. (2019) and LowESTR algo
rithm in Lu et al. (2021) use a novel way of exploiting the 
subspace so as to reduce the problem to linear bandits 
after exploration. They consider a more general setting 
and their algorithms can be adapted to solve our pro
blems, by taking the canonical basis vectors as the two 
feature vectors. We show in Section EC.9 in the Online 
Appendix that, when narrowing down to the specific 
noncontextual setting we focus on, our algorithm has 
better theoretical and empirical performance. Lu et al. 
(2021), in addition, propose an exponentially weighted 
average forecaster-based algorithm, which is statistically 
efficient but not computationally efficient as they have 
put it. Kallus and Udell (2020) impose a low-rank struc
ture to their underlying parameter matrix for the 
dynamic assortment personalization problem in which a 
decision maker picks a best subset of products for a user. 
Hamidi et al. (2019) also impose a low-rank structure on 
the arm parameter set to expedite the learning process, 
but in their setting, contexts are observed that are differ
ent from ours. Nakamura (2015) proposes a heuristic 
UCB-like strategy of collaborative filtering for a recom
mendation problem that selects the best user-item pairs, 
which is called the direct mail problem, but no theoreti
cal guarantee for that approach is known. Sam et al. 

(2023) study a class of Markov decision processes that 
exhibits latent low-dimensional structure with respect to 
the relationship between a large number of states and 
actions. Zhu et al. (2022) consider learning the Markov 
transition matrix under the low-rank structure. Pal and 
Jain (2023) propose an explore-then-commit (ETC) 
approach for the online low-rank matrix completion 
problem, where the algorithm recommends one item 
per user at each round. Zhou et al. (2025) propose low- 
rank tensor bandit algorithms for tensors that are at least 
three dimensional. For more LRB works, we refer the 
readers to the literature sections of these related works.

Although the low-rank structure is utilized in all the 
above-mentioned works, we want to emphasize that 
our work focuses on a short-horizon learning problem 
with many arms, and the purpose of utilizing the low- 
rank property is to efficiently filter suboptimal arms in 
order to construct a more focused targeted set, under 
very limited experimentation time.

There are recent papers such as Gupta and Rusmevi
chientong (2021), Gupta and Kallus (2022), Allouah 
et al. (2023), and Besbes and Mouchtaki (2023) that 
focus on practical small data regime with limited sam
ple size: The former group studies how to optimize 
decision making in a large number of small-data pro
blems, whereas the latter group studies classical pric
ing and newsvendor problems and shows how a small 
number of samples can provide valuable information, 
leveraging the structure of the problems. Even though 
we focus on the burn-in period with small data, our 
bandit formulation with two-sided products and low- 
rank structure is completely different from their offline 
setups. Our problem is also different from the recent 
work of Xu and Bastani (2021) that studies how one can 
learn across many contextual bandit problems, because 
the contexts in our model are hidden and will be esti
mated through learning of the low-rank structure.

Finally, recent works such as Bajari et al. (2021) and 
Johari et al. (2022) also look at online experimentation for 
two-sided settings, but from a completely different angle. 
Specifically, their objective is to remove bias due to the 
spillover effect by using two-sided randomization.

1.3. Organization of the Paper
The remainder of the paper is organized as follows. 
We describe the problem formulation in Section 2. We 
present the LRB and our main result on the algorithm’s 
performance in Section 3. In Section 4, we present the 
submatrix sampling technique to further enhance 
LRB’s performance when the time horizon is ultra- 
short. Finally, empirical results on simulated data and 
our evaluation on real music streaming data for the 
task of advertisement targeting are presented in Sec
tion 5. It also includes numerical comparison against 
linear bandits in contextual settings.
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2. Model and Problem
In this section, we formulate our problem as a stochas
tic multiarmed bandit with (two-sided) arms and 
introduce notations and assumptions. These arms are 
represented as row-column pairs of a matrix, and the 
arm mean rewards are represented as entries of the 
matrix. We impose a low-rank structure to the reward 
matrix, which is a building block of our LRB algorithm. 
Throughout the paper, unless otherwise specified, we 
use bold capital letters (e.g., B) for matrices and non
bold capital letters for vectors (e.g., V, except for T, 
which denotes the total time horizon). For a positive 
integer m, we denote the set of integers {1, : : : , m} by 
[m]. For a matrix B, Bij refers to its entry (i, j) and Bj 
refers to its jth row; ‖B‖∞ denotes the largest entry of a 
matrix B, that is, ‖B‖∞ �max(j, k)∈[dr]×[dc] |Bjk | ; and 
‖B‖2,∞ denotes the largest l2 norm of all rows of a 
matrix B.

2.1. Rewards as a Low-Rank Matrix
We work with a dr × dc ground truth mean reward 
matrix B∗, and our goal is to find the biggest reward 
entry as we sequentially observe noisy version of 
picked entries. As introduced earlier, the rows of this 
matrix correspond to different choices for the first side 
of the two-sided products and columns correspond to 
different choices for the second side. Entries of B∗ cor
respond to the mean rewards for different combina
tions of the two sides and we assume they are 
bounded as in the canonical bandit literature. This 
assumption is standard and makes sure that the maxi
mum regret at any time step is bounded. It aligns with 
the real-world setting because user preferences are 
bounded in practice.

Assumption 1 (Boundedness). Assume ‖B∗ ‖∞ ≤ b∗. 
Without loss of generality, we further assume b∗ ≤ 1.

We use the two-sided product in Example 1, ads 
campaign, as a running example. In this case, the mar
keter needs to pick a pair of user segment and content 
creator segment to target the ads. Then we can model 
user segments as rows of matrix B∗ and content creator 
segments as columns of matrix B∗. The amounts of 
interaction between different combinations of user seg
ments and content creator segments are the entries of 
B∗. The goal under this scenario is to find the pair that 
interacts the most to target the ads by experimenting 
with different pairs.

We model the ground truth mean reward matrix B∗
as a low-rank matrix. That is, let r be the rank of B∗, 
and we have r≪min{dr, dc}. This means the reward 
for the entry corresponding to row j and column k is a 
dot product of two r-dimensional latent feature vec
tors. Therefore, our reward model is a contextual 
reward with unobserved features. In Section 5.3, we 

show an alternative contextual bandit representation 
of our reward function that is motivated by the stan
dard linear bandit setting framework.

We introduce an incoherence parameter µ and the 
condition number κ, which is known to be crucial for 
reliable recovery of the matrix in the low-rank matrix 
completion literature (Keshavan et al. 2010, Candes 
and Recht 2012, Chen 2015, Chen et al. 2020). The for
mer measures how much information observing an 
entry gives about other entries in a matrix and the lat
ter quantifies the numerical stability of a matrix.

Definition 1. For a matrix B∗ ∈ Rdr×dc of rank r with sin
gular value decomposition B∗ �U∗D∗V∗⊤, we denote the 
incoherence parameter as µ :� µ(B∗) such that ‖U∗ ‖2,∞ ≤
ffiffiffiffiffiffiffiffiffiffiffiffi
µr=dr

p
and ‖V∗ ‖2,∞ ≤

ffiffiffiffiffiffiffiffiffiffiffiffi
µr=dc

p
.

Intuitively, smaller µ means that we can get more 
information about other products from observing just 
a few entries, and the matrix completion problem is 
more tractable. Consequently, less experimentation 
cost is incurred while exploring a large product set. In 
contrast, matrices with bigger µ have most of their 
mass in a relatively small number of elements and are 
much harder to recover under limited observations.

Definition 2. For a matrix B of rank r with r nonzero 
singular values σmax � σ1 > σ2 >⋯> σr � σmin, we 
denote the condition number as κ :� κ(B) such that 
κ � σmax=σmin:

Both µ and κ are assumed to be constants.

2.2. Bandit Under the Matrix-Shaped Rewards
We consider the following T-period horizon experi
ment with bandit feedback: At each time step t, the 
marketer has access to drdc arms (ads campaigns), and 
each arm yields an uncertain reward (amount of 
interaction). At time t, if the marketer pulls arm 
(jt, kt) ∈ [dr] × [dc], it yields reward yt :� B∗jtkt

+ ɛt, 
where we assume the observation noises to be indepen
dent sub-Gaussian random variables with sub-Gaussian 
norm at most σ (see definition 5.7 in Vershynin (2010)). 
Natural examples of sub-Gaussian random variables 
include any centered and bounded random variable or a 
centered Gaussian.

Our task is to design a sequential decision-making 
policy π that learns the underlying arm rewards 
(parameter matrix B∗) over time in order to maximize 
the expected reward. Let πt � (jt, kt), an element of 
[dr] × [dc], and denote the arm chosen by policy π at 
time t ∈ [T]. We compare with an oracle policy π∗ that 
already knows B∗ and thus always chooses the best arm 
(in expectation), π∗ � (j∗, k∗) � arg max(j, k)∈[dr]×[dc]B

∗
jk. 

Thus, if the arm πt � (jt, kt) is chosen at time t, expected 
regret incurred is E[B∗j∗k∗ �B∗jtkt

], where the expectation 
is with respect to the randomness of ɛt and potential 
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randomness introduced by the policy π. This is simply 
the difference in expected rewards of π∗ and πt. We 
seek a policy π that minimizes the cumulative expected 
regret

RegretT �
XT

t�1
Eπ[B∗j∗k∗ �B∗jtkt

]:

Note that throughout this paper, we assume the matrix 
B∗ is deterministic, which means our notion of regret is 
frequentist.

Together with policy π, the observation model can 
be characterized by a trace regression model (Hastie 
et al. 2015). For a given subset of cardinality n, I �
{t1, : : : , tn} of [T], we define Y � XπI (B

∗) +E, with obser
vation operator XπI (defined below), vector of observed 
values Y ∈ Rn equal to [yt1 , yt2 , : : : , ytn]

⊤, and noise vec
tor E ∈ Rn equal to [ɛt1 ,ɛt2 , : : : ,ɛtn]

⊤. The observation 
operator XπI (·) takes in a matrix B and outputs a vector 
of dimension n (i.e., XπI : Rdr×dc → Rn). Elements of the 
output vector are the entries of B at n observed loca
tions, determined by πt1 , : : : ,πtn . Specifically, XπI (B) is a 
vector in Rn, and for each i in [T], its ith entry is defined 
by [XπI (B)]i :� 〈B, Xπti

〉, where design matrix Xπti
∈ Rdr×dc 

has all of its entries equal to zero, except for the 
πti � (jti , kti)th entry, which is equal to one. The nota
tion 〈 · , · 〉 refers to the trace inner product of two 
matrices that is defined by 〈B1, B2〉 :� Tr(B1B⊤2 ): The 
observation operator will appear in the matrix estima
tor we use.

3. LRB Algorithm
We first give an overview of our two-phase LRB 
algorithm before describing it in detail in Section 3.1. 
Then in Section 3.2, we carefully incorporate a matrix 
element-wise error bound borrowed from the litera
ture to guide our regret analysis. In Section 3.3, we fur
ther explain how the so-called “filtering resolution” h 
balances regrets from the two phases to achieve tight
ened bounds, with a discussion on how LRB can be 
effective under different horizon lengths.

Intuitively, our LRB takes advantage of the low-rank 
reward structure and yields a good estimation of all 
the arms of interest by only observing a few arms. 
Thus, we can speed up the cold-start given a relatively 
short horizon in the face of many arms. As aforemen
tioned, most prior literature operates under a typical 
but unrealistic formulation of this problem: The set of 
arms is assumed to be “small” relative to the time hori
zon T. In particular, in standard asymptotic analysis of 
the MAB setting, the horizon T scales to infinity while 
the number of arms remains constant. However, as dis
cussed earlier, the number of arms could be large relative 
to the time horizon of interest in many practical situa
tions. Standard MAB algorithms will incur at least 
Ω(drdc) regret in the initialization stage by forced- 

sampling each arm once. Leveraging the low-rank matrix 
structure of the arms, our forced-sampling regret 
becomes Õ(r2(dr + dc)=h2). By carefully selecting the fil
tering resolution h, we can show that the total regret 
upper bound can be strictly smaller than that of a stan
dard noncontextual bandit for specified horizon lengths.

As mentioned in Section 1.1, the LRB algorithm is con
structed using a two-phase approach—It is split into 
“pure exploration phases” (also called the first phase) 
and “targeted exploration+ exploitation phases” (also 
called the second phase). This approach partially builds 
on the ideas in Goldenshluger and Zeevi (2013) that are 
later extended by Hamidi et al. (2019) and Bastani and 
Bayati (2020). Specifically, those studies centered 
around the contextual bandit problem. They build two 
sets of estimators (namely, forced-sample and all- 
sample estimators) in such a way that the former estima
tor is used to construct a targeted set that filters subopti
mal arms that fall outside the confidence region of the 
optimal reward, and the latter estimator is used to select 
the best arm in the targeted set. The first step that is a 
pure exploration procedure aims at ensuring that, dur
ing a constant proportion of time periods, only a single 
arm is left in the targeted set, so that the algorithm can 
collect independent and identically distributed (i.i.d.) 
samples in the second phase, despite that the second 
phase is pure exploitation.

However, in our study, the two-phase procedure 
serves a different purpose. More specifically, in the 
first phase, we utilize the low-rank structure to filter 
suboptimal arms that are h=2 away from the highest 
estimated reward by forced-sample estimators. Although 
our first step seems similar to the aforementioned 
papers, our second phase is itself a UCB algorithm that 
both explores and exploits the targeted set to find the 
optimal arm. This distinction results in a different 
requirement for the first phase: The targeted set does 
not need to contain just one element; rather, it only 
needs to be much smaller than drdc to meaningfully 
reduce the exploration cost of a regular UCB algorithm. 
This fact results in different selection criteria for the fil
tering resolution h. As we discuss in detail later, the 
optimal value of h is determined by both the matrix 
size and the total time horizon.

Furthermore, we want to emphasize that the two- 
phase approach in the aforementioned studies cannot 
be directly applied to our problem. They focused on 
long enough experimentation time horizons so that 
their algorithms can take time to learn arms well and 
leave only the optimal choice in the targeted set for 
some fixed h. However, as aforementioned, we face a 
short horizon under the many-arm circumstances. In 
our analysis, we will show that the filtering resolution 
h controls not only the size of the targeted set, but also 
the estimation error of using the forced samples. We 
need smaller h to filter out more arms to have a smaller 
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targeted set, which in turn requires more forced- 
sampling rounds to achieve a good enough estimation 
to be more confident about the suboptimality of the fil
tered arms. Thus, it is unlikely to construct a targeted 
set with fine-enough filtering resolution that only con
tains the optimal choice as the single arm, because 
forced-sample estimation is not accurate enough under 
limited experimentation time to achieve that.

Finally, we note that one cannot use the low-rank esti
mator to construct confidence sets for the UCB algorithm 
because existing bounds for the low-rank estimators do 
not work in the presence of adaptively collected data. 
The only exception (to the best of our knowledge) is the 
all-sampling estimator of Hamidi et al. (2019), but as dis
cussed above, their approach would not work when the 
targeted set has more than one arm.

3.1. Description of the LRB Algorithm
The main idea of our two-phase LRB algorithm is to 
reduce the initially large set of arms based on a low- 
rank estimator and pass a smaller set of arms to a UCB 
algorithm. Specifically, we forced-sample arms at pre
scribed times and use them to train a low-rank estima
tor of B∗, which has a sharp entry-wise error bound. 
Then we use the entry-wise estimations to select a tar
geted set of arms which, with high probability, con
tains the optimal arm.

The LRB takes as input the matrix row and column 
dimensions dr and dc, the forced-sampling rule f·, and a 
filtering resolution h > 0 (discussed further in Section 
3.1.1 and Section 3.3.1). The complete procedure is in 
Algorithm 1. We highlight the key components of our 
algorithm below.

3.1.1. Forced-Sampling Rule. Our forced-sampling 
rule is f : N+ → ([dr] × [dc]) ∪ {∅}. At time t, the forced- 
sampling rule decides between forcing the arm ft ∈
[dr] × [dc] to be pulled or exploiting the past data, indi
cated by ft � ∅. We use F t to denote the set of time peri
ods when an arm is forced to be pulled up to time t, 
that is, F t :� {t′ ≤ t : ft′ ∈ [dr] × [dc]}. The forced- 
sampling rule that we use is a randomized function 
that picks an arm (j, k) ∈ [dr] × [dc]with probability

P(ft � (j, k)) �

1
drdc

if t ≤ 2ρlog(ρ),
ρ

drdc[t� ρlog(ρ) + 1] if t > 2ρlog(ρ),

8
><

>:

(3.1) 

and ft � ∅ otherwise. We call ρ the forced-sampling 
parameter and 2ρlog(ρ) the initialization period, which 
we denote as t0. In Lemma EC.1 shown in Section EC.1 
in the Online Appendix, we prove that the number of 
forced-sampling rounds |F t | is of order O(ρlog(t))
with high probability. The choice of ρ will be discussed 
in Section 3.1.1.

3.1.2. Estimators. At any time t, LRB maintains two 
sets of parameter estimates for B∗: 

1. The forced-sample estimates B̂F based only on 
forced samples.

2. The UCB estimator B̂UCB
jk based on all samples 

observed for each arm (j, k), where B̂UCB
jk � x(j, k) +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2logw(t)=n(j, k)

q
is a combination of the empirical mean 

reward estimation x(j, k) and a term 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2log w(t)=n(j, k)

q

that quantifies the uncertainty of the estimates, n(j, k) is 
the number of times entry (j, k) has been played so far, 
and the function w(t) is defined by w(t) � 1+ tlog2

(t) for 
the empirical experiment and w(t) � t for the analysis 
part for simplicity.

3.1.3. Low-Rank Estimator. As mentioned before, our 
forced-sample estimator is based on a low-rank estima
tor. We use nuclear norm penalized least squares as 
our example for a low-rank estimator.

Definition 3 (Nuclear Norm Penalized Least Squares). 
Given a regularization parameter λ ≥ 0, the nuclear 
norm penalized least square estimator is

B̂ � arg min
B∈Rdr×dc

1
|F t |
‖Y�XπF t

(B)‖2
2 +λ‖B‖∗

� �

:

However, any low-rank estimator that satisfies the 
following tail bound can be used as our forced-sample 
estimator. For simplicity of presentation, we set 
dr � dc � d.

Proposition 1 (Tail Bound for Low-Rank Estimators (Chen 
et al. 2020)). Fix any ς > 0. By taking λ � Cλσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=(nd)

p

where n denotes the number of i.i.d. samples which are sam
pled uniformly for some large enough constant Cλ > 0, it 
holds that

P ‖ B̂�B∗ ‖∞ ≥ Cς
ffiffiffiffiffiffiffiffiffiffi

κ3µr

q σ

σmin

ffiffiffiffiffiffiffiffiffiffiffiffiffi
d log d

n

r !

≤
1
dς , 

when n ≥ Cκ4µ2r2dlog3d, and C and Cς are positive con
stants which are independent of d and n.

Remark 1. Chen et al. (2020) provide the tail bound 
for square matrices to facilitate a clear presentation. In 
their paper, they note that it is straightforward to 
extend their discussions to general rectangular matrices 
of size dr × dc. Similarly, we focus on square matrices 
for simplicity of presentation, whereas our proposed 
framework is not limited to square matrices. Given a 
tail bound for rectangular low-rank matrices of dr × dc, 
all subsequent discussions can be easily extended 
accordingly. In addition, theorem 1 in Chen et al. (2020) 
proves for ς � 3, but their result can be easily general
ized to any large enough ς ≥ 3.
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3.1.4. Execution. We follow a two-phase process: If the 
current time t is in F t, then we are in the “pure explora
tion phases,” and arm ft is played; otherwise, we are in 
the “targeted exploration+exploitation phases," and 
this phase consists of the following two steps. As a pre
processing step, we use the forced-sample estimates to 
find the highest estimated reward achievable across all 
drdc entries. We select a subset of arms C ⊂ [dr] × [dc]

whose estimated rewards are within h=2 of the maxi
mum achievable (in step 6 of Algorithm 1). After this 
preprocessing step, we apply UCB on the targeted set C 

by selecting the arm that maximizes the UCB value (in 
step 7 of Algorithm 1).

Algorithm 1 (LRB) 
1: Input: Matrix dimensions dr, dc, forced-sampling 

rule f, filtering resolution h
2: for t � 1, 2, : : : , T do
3: if ft ≠ ∅ then “pure exploration phase”
4: πt← ft (forced-sampling)
5: else“targeted exploration+ exploitation phases”
6: Define the set of near-optimal arms C accord

ing to the forced-sample estimator:

C �

�

(j, k) ∈ [dr] × [dc] |B̂F
jk(F t�1)

≥ max
(l,m)∈[dr]×[dc]

B̂F
lm(F t�1)�

h
2

�

: (3.2) 

7: Choose the best arm within C according to 
the UCB estimator, that is,

πt← (jt, kt) � arg max
(j,k)∈C

B̂UCB
jk , 

where B̂UCB
jk � x(j, k) +

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2logw(t)

n(j, k)

q
is such that 

x(j, k) is the average observed value for entry 
(j, k), and n(j, k) is the number of times entry 
(j, k) has been played so far.

8: end if
9: Play arm πt � (jt, kt), observe yt � B∗jtkt

+ ɛt.
10: end for

3.1.5. Filtering Resolution h. In our preprocessing 
step described above, we used h to filter the arm set as 
well as control how accurate the forced-sample estima
tor needs to be. As mentioned earlier, smaller h 
includes fewer arms in the targeted set, and thus more 
accurate forced-sample estimation is needed to have 
the optimal arm in the targeted set. Vice versa, bigger h 
leads to a larger targeted set that allows for more crude 
forced-sample estimation.

Recall that the parameter ρ controls the quality of 
the forced-sample estimator. As the next lemma 
shows, the smaller h is, the bigger ρ needs to be to 
ensure more forced samples. Its proof (in Section EC.1 
in the Online Appendix) builds on Proposition 1 and 

Lemma EC.1 (in Section EC.1, which characterizes 
how many forced samples we can have given the 
forced-sampling parameter ρ). In our subsequent anal
ysis, we assume T � dβ for some β ∈ R, thus smaller 
values of β correspond to shorter horizons.

Lemma 1. For all t ≥ 2ρlog(ρ) where ρ ≥ 160max{C, C2
ς}

κ4µ2r2(σ=σmin)
2dlog3

(d)h�2 with ς � 3β where T � dβ, it 
holds with probability at least 1� 2t�3 that, ‖ B̂F�B∗ ‖∞
≤ h=4:

The above result states that the forced-sample estima
tor B̂F satisfies ‖ B̂F �B∗ ‖∞ ≤ O(1) with probability at 
least 1�O(1=t) for all arms when the forced-sampling 
parameter ρ is big enough. To this end, we set

ρ(h; d) � αr2dlog3
(d)h�2, (3.3) 

where α � 160max{C, C2
ς}κ

4µ2(σ=σmin)
2, so that the 

sample size requirement for the low-rank estimator is 
satisfied and we do not overexplore. Based on the 
forced-sampling parameter ρ(h; d) derived in Equation 
(3.3), we need T ≥ d (i.e., β ≥ 1) to make the low-rank 
estimator effective. We discuss the case when β < 1 in 
Section 4. For ease of notation, we use G(·) to refer to 
the event G(F t) :� {‖ B̂F(F t�1)�B∗ ‖∞ ≤ h=4}:

3.1.5.1. Range of h. Filtering resolution h has a selec
tion range. The upper bound of this range is controlled 
by the range of the arm rewards (entries of B∗) and is 
one per Assumption 1. To derive the lower bound, we 
notice that, given the time horizon T, we have 
O(ρ logT) number of forced samples per Lemma EC.1 
in the Online Appendix. Because ρlogρ ≤ T=2 is a 
required condition for Lemma EC.1, we can let ρ be 
such that ρlogT ≤ T=2 to derive the minimum value 
that h can take, denoted by h(T):

h(T) �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2αr2d log3d logT
T

s

: (3.4) 

This shows that h(T) is of order Ω(
ffiffiffiffiffiffiffiffi
d=T

p
).

We notice that the range of h gets bigger with the 
time horizon, because h(T) decreases in the time hori
zon. Hence, for shorter time horizons, the best achiev
able accuracy of the low-rank estimator is less refined 
than that for longer time horizons, but more arms will 
be included in the targeted set to ensure that high- 
reward arms are not filtered out due to a lower quality 
estimation. Such intuition is formalized in Proposition 2
in Section 3.3.1, where we examine the optimality of h. 
We discuss further about the range of h when comparing 
our bound to the existing literature in Section 3.3.2.

3.1.5.2. Near-Optimal Arms. An important step in 
our regret analysis is to show the following: When the 
estimation is accurate enough, the targeted set will be a 
subset of “near-optimal” arms, which we define below 
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as a function of h. Notation-wise, we use Sh
opt(I r,I c) to 

denote the near-optimal set of arms parameterized by 
an arbitrary h, where I r ⊆ [dr] denotes a subset of row 
indices and I c ⊆ [dc] denotes a subset of column indi
ces; I r × I c ⊆ [dr] × [dc] denotes the set of entries of the 
submatrix constructed from I r and I c.

Definition 4 (Near-Optimal Set). We define the near- 
optimal set as the following:

Sh
opt(I r, I c) � {(j, k) ∈ I r × I c |B∗jk ≥ max

(j′, k′)∈I r×I c
B∗j′k′ � h}:

That is, it contains elements in I r × I c that are at most 
h smaller than the best arm in I r × I c.

We next introduce the near-optimal function g(h;I r, 
I c), which characterizes the cardinality of the near- 
optimal set.

Definition 5 (Near-Optimal Function). The near-optimal 
function g(h;I r,I c) � |S

h
opt(I r,I c) | denotes the number 

of elements that are at most h smaller than the best 
arm in I r × I c.

In such cases, for brevity, we often use shortened nota
tion Sh

opt and g(h) for Sh
opt([dr], [dc]) and g(h; [dr], [dc]), 

respectively. The more general case with I r × I c ≠ 
[dr] × [dc] will be considered in Section 4. When entries 
of B∗ are sampled from certain distributions, we can 
describe the expected value of the near-optimal function 
in a closed form (see Section EC.6 in the Online Appen
dix). We also provide empirical examples, on the near- 
optimal functions for low-rank matrices in Section EC.7 
in the Online Appendix.

The following lemma shows that a targeted set is a 
subset of the near-optimal set when the forced-sample 
estimation is accurate enough. Its proof is in Section 
EC.2.3.3 in the Online Appendix.

Lemma 2. If G(F t�1) � 1, then the largest entry (j∗, k∗)
belongs to the targeted set C defined in Equation (3.2) of 
Algorithm 1. Furthermore, C ⊆ Sopt.

Our next section provides the regret analysis of the 
LRB algorithm.

3.2. Regret Analysis of LRB
We present both a gap-dependent bound and a gap- 
independent bound on our LRB algorithm. The key idea 
of our regret analysis is to decompose the total regret 
into the regret incurred from the pure exploration 
phase and that incurred from the targeted explora
tion+ exploitation phase, and bound each, respec
tively. The gap-dependent bound depends on the term ∆, 
which is defined to be the difference between the 
biggest element and the second biggest element of B∗, 
that is, ∆ :�min(j, k)∈[dr]×[dc]{(B

∗
j∗k∗ �B∗jk)I[B

∗
j∗k∗ �B∗jk > 0]}, 

where I[·] is the indicator function. The independent 

bound does not depend on ∆�1 which would be helpful 
when ∆ is very small. We present the main results below 
and relegate the detailed derivations to Section EC.2 in 
the Online Appendix.

Theorem 1 (Gap-Dependent Bound). For any h such that 
h ≥ h(T), the cumulative regret of Algorithm 1, represented 
by RegretT(h), is upper bounded by

RegretT(h) ≤ C1r2dlog3
(d)h�2 logT

+min hT, 8g(h) logT
∆

+ 1+π
2

3

� �

hg(h)
� �

+C2,

(3.5) 

where C1 � b∗α(2t0 + 12) and C2 � 100b∗.

Theorem 2 (Gap-Independent Bound). For any h ≥ h(T), 
the cumulative regret at time T, represented by RegretT(h), 
is upper bounded by

RegretT(h) ≤ C1r2d log3
(d)h�2 logT

+min hT, 8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Tg(h) logT
qn o

+C2, 

where C1 � b∗α(2t0 + 12) and C2 � 100b∗.

As emphasized earlier, we use low-rank estimators 
rather than the empirical mean of the arms to select the 
targeted arms in the first phase so that we can learn the 
arms faster and keep the regret low. Indeed, to ensure 
that the optimal arm is selected into the targeted set, 
we need to control the estimation error to be within 
O(h) (Lemma 2). When there are d2 number of arms, 
low-rank estimators only use Õ(r2d=h2) number of 
explorations to achieve the aforementioned estimation 
accuracy (shown earlier by Lemma 1), whereas empiri
cal mean estimator needs Õ(d2=h2) number of explora
tions. This is because empirical mean estimator for 
each arm only focuses on information for that particu
lar arm, ignoring helpful information from other arms. 
We elaborate further on this point in Remark 2 in Sec
tion 3.3.2 after more in-depth analysis.

3.3. Balancing Regrets of Two Phases with h
Our algorithm can adjust the filtering resolution h to 
balance the cost of forced-sampling and the cost of tar
geted exploration+ exploitation after the filtering. 
Finer filtering resolution incurs more costs in the first 
phase due to more forced-sampling rounds to achieve 
more accurate estimates but alleviates the burden in 
the second phase as more suboptimal arms have been 
filtered out. Vice versa, less refined filtering resolution 
results in a larger targeted set and thus incurs more 
costs in the second phase, but saves costs in the first 
phase.

To explain further mathematically, recall the regret 
decomposition we have discussed in the beginning of 
Section 3.2. According to the proof of Theorem 2 in 
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Section EC.2 in the Online Appendix (we use the gap- 
independent regret analysis to illustrate), the regret from 
the pure exploration phase can be bounded above by φ1 
and the regret from the targeted exploration+exploita
tion phase can be bounded above by φ2, where

φ1(h; d, t) � C1r2d log3
(d)h�2log(t) and

φ2(h; d, t) �min{8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2tg(h)log(t)
q

, ht}:

Note that we ignore the constant term C2 for φ2 above 
(and in subsequent expressions we omit this term for 
simplicity). The upper bound of the regret, RegretT(h), 
can be expressed as

RegretT(h) � φ1(h; d, T) +φ2(h; d, T) ≥ RegretT(h):
(3.6) 

Note that the quantity φ1(h) increases in h. Indeed, as 
described in Lemma 1, the bigger the h, the fewer 
rounds of forced-sampling are needed to achieve the 
forced-sample estimation accuracy. Consequently, less 
regret is incurred in the first phase which leads to 
smaller φ1(h). The quantity φ2(h) depends on h via the 
near-optimal function g(h), which is nondecreasing in 
h. This is because more arms may be included in the 
targeted set as h gets bigger. Consequently, more 
regret is incurred in the second phase to find the best 
arm in the targeted set, which makes φ2(h) bigger. 
Next, we discuss how to choose h optimally.

3.3.1. Optimality of h. Based on the interaction 
between φ1 and φ2, we characterize the best filtering 
resolution that optimizes the regret bound in the fol
lowing lemma.

Lemma 3 (Optimal Filtering Resolution). Given the total 
time horizon T, let the optimal h be defined as h∗ �
arg minh∈[h(T), 2b∗]RegretT(h): We consider the following 
three cases: 

1. If φ1(h; d, T) < φ2(h; d, T) for any h ∈ [h(T), 2b∗], 
then h̃ � h(T) is optimal up to a factor of two, that is, 
RegretT(h̃) ≤ 2RegretT(h∗).

2. If φ1(h; d, T) � φ2(h; d, T) for some h � h̃ ∈ [h(T), 2b∗], 
then h̃ is optimal up to a factor of two.

3. If φ1(h; d, T) > φ2(h; d, T) for any h ∈ [h(T), 2b∗], then 
h̃ � 2b∗ is optimal up to a factor of two.

Similar arguments hold for the gap-dependent bound in 
(3.5).

The proof of Lemma 3 can be found in Section EC.3 
in the Online Appendix. Although Lemma 3 only ana
lyzes the regret upper bounds φ1 and φ2 rather than the 
actual regret of the two phases, we empirically show 
that the actual regret follows the same behavior in 
numerical simulations. In Section EC.5 in the Online 
Appendix, we plot the cumulative regret from the two 

phases for low-rank matrices that are 100 × 100 with 
rank 3 with respect to a sequence of h, and observe that 
h � 1 with 225 number of forced samples gives the low
est cumulative regret. Further, the regret curves of the 
two phases cross at around h � 1:4, and the cumulative 
regret at h � 1:4 is within a factor of two of the lowest 
cumulative regret.

We discussed in Section 3.1.1 that the range of h 
becomes bigger in the time horizon T due to the func
tional form of h(T). Next, we show that the optimal fil
tering resolution in fact monotonically decreases in the 
time horizon T.

Proposition 2. The optimal filtering resolution h̃ mono
tonically decreases in the time horizon T when T ≥ 10.

The proof of Proposition 2 is in Section EC.3 in the 
Online Appendix. This proposition aligns with our 
earlier finding that finer filtering resolution is achieved 
over longer time horizons.

Next, we show that our upper regret bounds improve 
on those in the existing literature by balancing φ1 and φ2 
through h.

3.3.2. Benefits of Low-Rank Structure and the Tar
geted Exploration 1 Exploitation. We compare the 
gap-independent bound in Theorem 2 against the 
upper regret bounds for standard noncontextual ban
dits to show that our bound achieves better rates in 
Proposition 3. This analysis also holds for comparison 
against gap-dependent bounds in the literature.

From this section, we focus on the order of d and T 
and treat r as a constant when we discuss the regret 
order because r≪ d. We first show in Proposition 3(1)
that our regret bound under any time horizon is no 
worse than the regret bound min{O(T), Õ(d

ffiffiffiffi
T
√
)} of 

those standard noncontextual bandit algorithms (e.g., 
UCB), which would treat each entry as an independent 
arm. Intuitively, when T ≥ d2, the regret bound takes 
the form Õ(d

ffiffiffiffi
T
√
) because T ≥ d

ffiffiffiffi
T
√

. When T ≤ d2, 
because standard noncontextual bandits like UCB need 
to randomly sample each of drdc arms at least once to 
initialize, it will incur O(T) regret. Secondly, we show 
in Proposition 3(2) how to optimize for the choice of h 
to achieve a strictly smaller regret upper bound under 
time horizons d2 ≤ T < d4.

Proposition 3. Recall that T � dβ. For any structure of 
g(h): 

1. For all values of β, Algorithm 1 achieves no worse 
regret than min{O(T), Õ(d

ffiffiffiffi
T
√
)}.

2. In particular, when 2 ≤ β < 4, Algorithm 1 can 
achieve regret of order o(d

ffiffiffiffi
T
√
). More specifically, it can 

achieve the regret of order Õ(d1
3T2

3).

The proof of Proposition 3 is relegated to Section 
EC.3.2 in the Online Appendix. We want to emphasize 
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that the improvement of our algorithm stems from 
leveraging the low-rank structure. Without assuming 
any special structure, no algorithm is able to achieve a 
lower regret than the regret lower bound of d

ffiffiffiffi
T
√

of the 
standard noncontextual bandit algorithms like UCB. 
Below, we further discuss how we benefit from a low- 
rank estimator, in comparison with using the empirical 
mean estimator.

Remark 2 (Benefit of Low-Rank Estimator). As afore
mentioned, without the low-rank structure, we need 
d2=h2 rounds to achieve an optimality gap of h for d2 

entries with an empirical mean estimator. As a result, 
the order of regret bound on the first phase increases 
from r2d to d2 (ignoring the logarithmic order), and 
the gap-independent bound in Theorem 2 thus 
becomes C′1d2h�2 +min{hT, 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Tg(h)

p
}. Adapting the 

analysis for Proposition 3 to the empirical mean esti
mator, we obtain a regret order of Õ(d2

3T2
3), which is 

strictly higher than Õ(d1
3T2

3) derived in Proposition 3
with the low-rank estimator used for the first phase.

In Proposition 3, we have not yet considered any 
structure of g(h) in our discussion and have only 
worked with a very loose bound of g(h) ≤ d2 for any h 
to show how the sole use of low-rank estimation and 
the element-wise error bound already helps with 
reducing regret upper bound of the existing literature.

We illustrate how to further tighten the regret bound 
by leveraging the structure of g(h) determined by its 
shrinkage rate ζ defined below.

Definition 6 (Shrinkage Rate of Near-Optimal Functions). 
The shrinkage rate of a near-optimal function 
g(h;I r,I c) is ζ � sup{ζ′ ≥ 0 |E |I r | � |I c | �m[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g(h;I r,I c)

p
]

≤ mhζ′=2, ∀m ≤ d}:
The inequality in the set constraint naturally holds 

when ζ � 0 because g(h;I r,I c) ≤ m2. Because h ≤ 1, 
then g(h;I r,I c) shrinks faster for larger values of ζ, 
which implies that the low-rank structure can filter 
out more arms. When I r � [d] � I c, Definition 6 yields 
g(h; [d], [d]) ≤ d2hζ.

Theorem 3 then works with Definition 6 to give a 
tighter regret bound for our algorithm. We defer its 
proof to Section EC.3.2 in the Online Appendix.

Theorem 3. For ϑ � (2
ffiffi
2
√
ζ(2αr2)

ζ+4
4

C1r2 )
4
ζ+2, it holds that 

1. When T ≥ ϑd
ζ+4
ζ+1, RegretT � Õ(dT 2

ζ+4); and
2. when T ≤ ϑd

ζ+4
ζ+1, RegretT � Õ(d1

3T2
3):

We next present Example 3 in which we plug in 
empirical estimated values of ζ to show more concrete 
improvement.

Example 3. Let the low-rank matrices B �UV⊤, 
where the entries of U, V ∈ Rd×r follow uniform distri
bution on [0,1]. From the empirical evidence in Section 

EC.7 in the Online Appendix, g(h) ≤ d2h3 when 
d � 100, that is, the shrinkage rate ζ ≈ 3. Then from 
Theorem 3, when T ≥ ϑd7

4, the regret is of order 
Õ(dT2

7), which is lower than min{Õ(d
ffiffiffiffi
T
√
), T}; when 

d ≤ T ≤ ϑd7
4, the regret is of order Õ(d1

3T2
3), lower than 

the regret needed by standard noncontextual bandit 
like UCB, which is at least min{d2, T}, incurred from 
pulling each arm once when T ≤ d2.

Remark 3. The above example shows that we can con
struct the empirical g(h) and thus fit ζ if we have 
access to the reward distribution from abundant 
related historical data. Consequently, we can obtain 
the optimal h via the recipe provided in the proof of 
Theorem 3. We elaborate on a more data-driven 
approach for obtaining the optimal h in Section 5.2, 
where we use a prespecified grid to search for optimal 
values based on a historical data set.

Remark 4 (Benefit of Targeted Exploration 1 Exploitation). 
We highlight the benefit of our targeted explora
tion+ exploitation in the second phase by comparing 
against a naive ETC approach that we call low-rank 
ETC, based on the results from Theorem 3. As the 
name suggests and similar to ours, low-rank ETC 
undergoes the “pure exploration” phases and uses the 
forced samples to construct a low-rank estimator. 
However, unlike ours, it commits to the best esti
mated entry in the second phase rather than conduct
ing targeted exploration+ exploitation. Consequently, 
the regret upper bound on the second phase changes 
from min{8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Tg(h)log(T)

p
, hT} to hT, resulting in a 

potentially higher gap-independent regret bound of 
C1r2dlog3

(d)h�2logT+ hT. In particular, when g(h) has 
a nice structure (i.e., g(h) is small), our approach is 
strictly better. As shown in Theorem 3(1), the regret of 
our LRB achieves an order of Õ(dT 2

ζ+4) for T ≥ ϑd
ζ+4
ζ+1, 

which improves from low-rank ETC, whose regret is of 
order Õ(d1

3T2
3). A visualization of such a comparison in 

upper bounds can be found in Section 4.3. We addi
tionally show the superior empirical performance of 
our approach against low-rank ETC in Section EC.10 in 
the Online Appendix.

3.3.3. Effectiveness of LRB Under Different Hori
zons. Proposition 3, Theorem 3, and Example 3 bring 
an important implication: Our algorithm LRB can 
adapt to different time horizons, even when the time 
horizon is short.

When T > d4, Proposition 3 shows that our algo
rithm performs no worse than those standard noncon
textual bandits, and we call this time regime the long 
horizon. Furthermore, when we know the near-optimal 
function g(h) as in Example 3, LRB is strictly better in 
the long horizon.
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When d2 ≤ T < d4, our algorithm achieves a regret 
upper bound that is strictly better than that of standard 
noncontextual bandits even without specifying g(h) (as 
shown in Proposition 3), and we call such a time regime 
the short horizon. In such a short horizon regime, we have 
seen that LRB no longer sticks with the pure exploration 
phase but activates the targeted exploration+exploita
tion phase with a proper selection of the filtering resolu
tion h (shown in the proof of Proposition 3 in Section 
EC.3.2 in the Online Appendix). Such flexibility of our 
algorithm can be very useful, because in real-world 
practices, the product set size and the experimentation 
time vary a lot by applications. Although some have a 
small product set and the experimentation can effec
tively occur over a long time horizon, others have a 
huge product set and the experimentation needs to be 
completed in a very short time.

The remaining time horizons, that is, T ≤ d2, will be 
called the ultra-short regime. In this regime, UCB is 
known to only perform forced sampling (i.e., pure 
exploration). Our algorithm LRB also only does forced 
sampling when T ≤ d. When d ≤ T ≤ d2, Example 3
shows that our algorithm LRB can perform better than 
pure exploration when g(h) has a good structure. How
ever, as in the general case shown in Proposition 3, 
although our algorithm is no worse than standard non
contextual bandits, a strictly better performance is not 
guaranteed under this regime. We thus propose a sub
sampling strategy for enhancing the performance 
when the time horizon is very limited in Section 4. 
Additionally, we show in Theorem 5 and Example 4
that the subsampling variation can be effective even 
under longer periods beyond the ultra-short horizons.

4. LRB with Submatrix Sampling
In this section, we propose to perform a subsampling 
prestep that can potentially incur less cost than a regu
lar LRB policy when the horizon is (and possibly 
beyond) ultra-short (defined in Section 3.3.3). Under 
such a horizon, subsampling allows our regular LRB to 
leverage the low-rank structure of a smaller submatrix 
to effectively filter out enough suboptimal arms. Build
ing on Section 3.3.2, we summarize and visualize the 
benefits of low-rank structure, targeted explora
tion+ exploitation, and subsampling at the end of this 
section.

4.1. Description of the Submatrix-Sampled Low- 
Rank Bandit Algorithm

The subsampling prestep samples a submatrix of 
mr ×mc, and our LRB policy is used as a subroutine to 
explore and exploit the low-rank structure of that sub
matrix. We call this subsampling version of LRB the 
submatrix-sampled LRB (ss-LRB), and the specific pro
cedures are summarized in Algorithm 2.

Algorithm 2 (ss-LRB Algorithm) 
1: Decide the submatrix size mr, mc as a function of 

dr, dc, r, T.
2: Draw a set of mr number of row indices, denotes 

as I r, and a set of mc number of column indices, 
denoted as I c, uniformly at random (without replace
ment) from [d], respectively.

3: Run LRB algorithm (Algorithm 1) on the subma
trix indexed by (I r, I c).

For simplicity of presentation, we set mr �mc �m, 
but we can optimize for selecting nonsquare subma
trices. Note that ss-LRB only estimates the submatrix 
rather than the entire matrix, which is a much easier 
and quicker task if the submatrix dimension is small 
(because it has smaller sample complexity). We further 
notice that the forced-sampling parameter in ss-LRB 
becomes ρ(h; m) � αr2mlog3

(m)h�2, and the lower 

bound for h becomes h(T) �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2αr2mlog3
(m)logT=T

q

according to Equation (3.4), such that h(T) is of order 
Ω̃(

ffiffiffiffiffiffiffiffiffiffi
m=T

p
) and the range of h becomes larger. Thus, the 

selection range of h expands. Applying Lemma 3 and 
deploying a similar proof strategy as for Proposition 2, 
we can conclude that, for a fixed time horizon, the opti
mal filtering resolution can be finer for a subsampling 
scheme with a smaller submatrix size, thus leading to a 
more accurate low-rank estimation.

Our motivation comes from Bayati et al. (2020), who 
suggest that subsampling may help when the time 
horizon is ultra-short. Their work states that, when the 
number of arms k ≥

ffiffiffiffi
T
√

, it is optimal to sample a subset 
of Θ(

ffiffiffiffi
T
√
) arms and execute UCB on that subset. How

ever, directly adopting random subsampling from Bayati 
et al. (2020) will demolish the helpful matrix structure. 
To preserve the potential advantage of working with a 
low-rank matrix, we integrate a slightly different sub
sampling strategy into our LRB, which is the aforemen
tioned submatrix sampling.

Noticeably, we cannot ensure that the biggest ele
ment in this submatrix is necessarily the biggest ele
ment of the entire matrix. If not, then in each period, 
we would at least incur a subsampling cost defined as 
the difference between the biggest element of the entire 
matrix and the biggest element of a random submatrix. 
Such a subsampling cost is a function of the matrix 
size, the submatrix size and the rank of the full matrix.

Definition 7 (Subsampling Cost). Let I r (I c, respec
tively) be an index set of i, where i is drawn uniformly 
from [d]. The subsampling cost function is defined as
ψ(m; d) :�max

j,k
B∗jk�EI r,I c : |I r | � |I c | �m[ max

(j′,k′)∈I r×I c
B∗j′k′ ]:

When the arm rewards follow certain common distri
butions, the subsampling cost function has closed 
forms, which is presented in Section EC.6 in the 
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Online Appendix. We also provide empirical evidence 
for how the subsampling cost functions look like for 
low-rank matrices in Section EC.7 in the Online 
Appendix.

4.2. Regret Analysis Under Submatrix Sampling
In this section, we first give a general regret upper 
bound analysis for ss-LRB in Theorem 4. Then, we 
impose Assumption 2 on the subsampling cost func
tion to derive further results. This assumption applies 
to matrices whose entries follow common distributions 
and is supported by empirical evidence for low-rank 
matrices. We show in Theorem 5 and Example 4 that 
ss-LRB indeed achieves a smaller expected cumulative 
regret upper bound than the regular LRB under a pos
sibly big range of time horizons. That is, even if the big
gest entry in the submatrix might be suboptimal, the 
cost we save from not exploring the much larger 
matrix compensates for the regret incurred from pick
ing a suboptimal entry. As a result, such a submatrix 
sampling procedure may be desirable beyond the 
ultra-short horizons, and we specify when that would 
be in our subsequent analysis.

Recall that φ1(h; m, t) � C1r2m log3
(m)h�2 log t, where 

C1 > 0 is a constant. Similarly, we define

φ2(h; m, t) �min
�

8
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2t logt

p

·E |I r | � |I c | �m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g(h;I r,I c)
q� �

, ht
�

, 

where the expectation is taken over all submatrices 
with both the number of rows and columns equal to m. 
For a fixed m, we use h∗m (which is characterized in 
Lemma 3) to denote the optimal h that minimizes the 
regret upper bound relative to the largest entry in the 
submatrix (not considering the subsampling cost), 
which is defined in Equation (3.6) as RegretT(h; m) �
φ1(h; m, T) +φ2(h; m, T): The following theorem gives 
the gap-independent bound for our algorithm with 
submatrix sampling.

Theorem 4. The total regret of ss-LRB, represented by 
RegretT(h∗m; m), is bounded by
RegretT(h

∗
m;m) ≤ψ(m;d)T+φ1(h

∗
m;m,T)+φ2(h

∗
m;m,T):

(4.1) 

The first term ψ(m; d)T describes the regret incurred 
from the difference between the biggest element in the 
submatrix and the biggest element in the entire matrix, per 
the definition of the subsampling cost function ψ (Defini
tion 7). The remaining sum, φ1(h∗m; m, T) +φ2(h∗m; m, T), 
bounds the regret of running LRB on the submatrix 
when the value of the filtering resolution is h∗m. The gap- 
dependent bound for the submatrix sampling algorithm 
can be constructed similarly, such that the first term 

ψ(m; d)T stays the same, and for the remaining terms, 
we use the gap-dependent regret bound on the subma
trix. In the extreme case where m � d, the regret is 
reduced to that in Theorem 2. Hence, LRB can be viewed 
as a special case of ss-LRB. We visualize the benefits of 
subsampling based on the regret upper bound (4.1) in 
Section 4.3.

To bring the unknown subsampling cost function 
ψ(m; d) into the analysis, we let m � ηd, where η is 
called the subsampling ratio which is a decision vari
able. We assume a structure of the subsampling cost in 
Assumption 2 such that the subsampling cost is equal 
to zero when η � 1; that is, there is no subsampling cost 
if the submatrix is the entire matrix. Further, the sub
sampling cost increases when η reduces.

Assumption 2 (Subsampling Cost). Suppose that ψ(ηd; d)
≤ cs(1� η)γ1ηγ2 dι, where γ1 ≥ 1, γ2 ≤ 0, and cs ≥ 0.

We show in Section EC.6 of the Online Appendix 
that subsampling cost functions for matrices whose 
entries are drawn from some common distributions 
satisfy Assumption 2, and we provide further empiri
cal evidence in Section EC.7 of the Online Appendix to 
show that Assumption 2 holds for a variety of low- 
rank matrices.

Under Assumption 2, we provide regret upper 
bounds of the subsampling version of LRB, namely the 
ss-LRB, in Theorem 5. From the analysis, we show that 
it can be more efficient to work with a submatrix in 
(and possibly beyond) the ultra-short horizon regime, 
even though the first term grows linearly with time 
horizon T in Equation (4.1).

Theorem 5. Suppose Assumption 2 holds. Recall that ϑ is 
defined in Theorem 3. 

1. When T ≥ ϑd
ζ+4
ζ+1, RegretSS

T � Õ(min dιT, dT 2
ζ+4

n o
):

2. When T ≤ ϑd
ζ+4
ζ+1, RegretSS

T � Õ(min dιT, d1
3T2

3

n o
):

Moreover, to achieve this regret order, we select the sub
sampling ratio in the following way: 

i. When T ≥ ϑd
ζ+4
ζ+1: 

a. If T
ζ+2
ζ+4 ≤ d1�ι, we choose η � dι�1T

ζ+2
ζ+4;

b. If T
ζ+2
ζ+4 ≥ d1�ι, we choose η such that (1� η)γ1 

ηγ2 � d1�ιT�
ζ+2
ζ+4.

ii. When T ≤ ϑd
ζ+4
ζ+1: 

a. If T ≥ d1�3ι, we choose η such that (1� η)γ1 

ηγ2 � d1
3�ιT�1

3;
b. If T ≤ d1�3ι, we choose η � d3ι�1T.

The proof of Theorem 5 is relegated to Section EC.4 
in the Online Appendix. Compared with Theorem 3, 
the subsampling strategy has reduced the regret from 
RegretT in Theorem 3 to RegretSS

T �min{RegretT, Õ(dιT)}. 
We notice that, although the optimal subsampling 
ratio η depends on all parameters in Assumption 2
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(i.e.,γ1, γ2, ι, and ζ), the improvement of the subsam
pling strategy depends solely on the value of ι. Next, 
we provide an example to present more concrete 
improvement.

Example 4. Let the low-rank matrices B �UV⊤, 
where the entries of U, V ∈ Rd×r follow uniform distri
bution on [0,1]. From the empirical evidence in Section 
EC.7 in the Online Appendix, cs ≈ 2, γ1 ≈ 1, γ2 ≈�0:5, 
and ι ≈� 1

4. In this case, ψ(ηd; d) ≤ 2(1� η)η�1
2d�1

4. 
Moreover, ζ ≈ 3 as discussed in Example 3, that is, 
E |I r | � |I c | �m[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g(h;I r,I c)

p
] ≤ mh3=2. By applying Theo

rem 5, when T ≥ ϑd7
4, the regret is of order 

min Õ(d�1
4T), Õ(dT2

7)
n o

; when T ≤ ϑd7
4, the regret is of 

order min Õ(d�1
4T), Õ(d1

3T2
3)

n o
. Compared with Exam

ple 3, when T ≤ ϑd7
4, the regret can be reduced from 

Õ(d1
3T2

3) to Õ(d�1
4T)with the subsampling strategy.

The above example shows that ss-LRB performs bet
ter than LRB under the ultra-short horizons. In addi
tion, Theorem 5 implies that ss-LRB can possibly 
improve LRB under longer horizons when ι is small. 
The algorithm balances between lower subsampling 
cost with larger submatrices and more efficient low- 
rank estimation with smaller submatrices. As the 
experimentation horizon increases, the algorithm 
wants to work with a larger submatrix so that it is 
more likely to include the largest element of the entire 
matrix to reduce the subsampling cost which grows 
linearly in time. Eventually, the algorithm will choose 
to work with the entire product set and utilize the low- 
rank structure on the entire matrix to filter out subopti
mal arms when the time horizon is long enough. Such 
an intuition is implied by Theorem 5 ((i)(b)), where we 
see that, as T becomes large enough, the optimal η 
approaches one.

Remark 5. Similar to the comments we made in 
Remark 3, we see via Example 4 that we can estimate 
ψ(ηd; d) if we are given historical data and fit cs,γ1,γ2 
and ι to decide the optimal subsampling ratio η. We 
elaborate on a more data-driven approach in Section 
5.2, where we search over a prespecified grid to find 
the optimal subsample size based on a historical data 
set.

4.3. Visualizing the Benefits of Low-Rank Struc
ture, Targeted Exploration 1 Exploitation, 
and Subsampling

We visualize the potential benefits of leveraging low- 
rank structure, having a targeted exploration+ exploita
tion phase, and subsampling, by plotting the sum of 
dominating terms (ignoring the constants) in the regret 
bound of several approaches, namely, ψ(m; d)T +m=h2+

min{
ffiffiffiffi
T
√
·E |I r | � |I c | �m[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g(h;I r,I c)

p
], hT} for ss-LRB, 

d=h2 +min{
ffiffiffiffiffiffiffiffiffiffiffi
Tg(h)

p
, hT} for LRB, d=h2 + hT for low-rank 

ETC, and d
ffiffiffiffi
T
√

for UCB, as they vary with h in Figure 1. 
We let d � 100 and set various values for T (more experi
ment details can be found in Section EC.8.1 in the Online 
Appendix). Note that the y-axis is the sum of the domi
nating terms and not the actual regret upper bounds or 
the actual regrets. This plot is intended to convey what 
we would expect from the theoretical bounds at a high 
level. We show with other empirical experiments that 
our methods outperform in terms of the actual regrets.

First of all, the curve for UCB hovers above all other 
approaches, showing that ignoring the low-rank struc
ture can lead to substantially worse results.

Next, when comparing LRB and low-rank ETC, the gap 
between the two curves shows the value of having the 
targeted exploration+ exploitation in the second phase. 
We elaborate more on different ranges of h under 
T� 3,000 as in Figure 1(b) first. For large h, the targeted 
set might be too large for efficient exploration+ exploita
tion. Hence, targeted exploration+ exploitation offers no 
advantage over committing to the best estimated arm 
under low-rank ETC, resulting in zero gap. For intermedi
ate h, the benefit of targeted exploration+ exploitation 
becomes evident as the gap increases. LRB attains its min
imum as the estimation accuracy and the targeted set size 
are well balanced. That is, the time spent between pure 
exploration and targeted exploration+ exploitation is bal
anced. For small h, more forced samples are needed to 
improve low-rank estimation, and as low-rank estima
tion becomes more accurate, the value of targeted explor
ation+ exploitation decreases, shown by the shrinking 
gap between the rising curves. However, allocating too 
many forced-sampling periods to learn a highly accurate 
low-rank estimation is unnecessary, because our LRB can 
afford a larger h in the middle range to have more tar
geted exploration+ exploitation periods and achieve a 
lower overall regret bound. When T� 1,500 in Figure 
1(a), because of a shorter horizon, the range where tar
geted exploration+ exploitation brings in benefits 
shrinks. As we plot for even shorter horizons shown in 
Section EC.8.1 in the Online Appendix, LRB becomes 
ineffective and coincides with low-rank ETC, motivating 
our design of ss-LRB for ultra-short horizons.

Finally, the gap between ss-LRB and LRB shows the 
benefit of subsampling. For ss-LRB, we plot the regret 
given by the optimal submatrix size for each h, where 
the submatrix size4 is chosen from 5 to 100 with step 
size 5. The gap is zero when the full matrix size is the 
best submatrix size. In Figure 1(a), the lowest value of 
ss-LRB is achieved when it subsamples, showing that, 
in shorter time horizons, it is better to subsample first 
rather than working with regular LRB directly. In 
Figure 1(b), the lowest value of ss-LRB is achieved 
when it does not subsample, which is expected 

Bayati, Cao, and Chen: Speed Up the Cold-Start Learning 
14 Management Science, Articles in Advance, pp. 1–20, © 2026 The Author(s) 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.5

4]
 o

n 
27

 J
un

e 
20

26
, a

t 1
3:

21
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



because the time horizon is relatively large. In both 
figures, when h is very small, working with a subma
trix is less costly than working with a full one, because 
it potentially involves fewer forced-sampling rounds 
and a smaller targeted set. When h is very large, ss-LRB 
prefers smaller submatrix size, thereby reducing the 
time spent on pure exploration and allowing more 
time for targeted exploration+ exploitation over a tar
geted set where few arms are filtered out.

5. Empirical Results
We compare the performance of LRB and ss-LRB 
against existing algorithms in this section. First, we 
present two sets of empirical results evaluating our 
algorithm on both synthetic data and a real world data 
set on NetEase Cloud Music App’s impression-level 
data. Then, we consider a contextual bandit setting 
and show simulations supporting fast learning of LRB 
compared with an optimism-based contextual bandit 
algorithm.

5.1. Synthetic Data
5.1.1. Synthetic Data Generation. In Figure 2, we eval
uate LRB and ss-LRB over 200 simulations for two sets 
of parameters T; d: (a) d � 100, r � 3, T�1,000 and 
(b) d � 100, r � 3, T�2,000. In each case, we consider d2 

number of arms that form a d2 matrix B∗ of rank r. We 
compare the cumulative regret at period T. The error 
bars are 95% confidence intervals.

5.1.2. Results. We compare the LRB algorithm and its 
submatrix sampling version against the ss-UCB from 
Bayati et al. (2020), which lowers cost from UCB nota
bly due to the presence of many arms. Our results 
demonstrate that the LRB and its submatrix sampling 
version significantly outperform the benchmark given 
different time horizon lengths. Specifically, in the 
shorter time horizon T� 1,000, we observe that 

subsampling improves the performance of LRB. In 
particular, ss-LRB with submatrix size equal to 40 
achieves the lowest regret and reduces the LRB regret 
by 10%. Further, by utilizing the low-rank structure of 
the subsample matrix, ss-LRB with submatrix size 
equal to 40 reduces ss-UCB regret by 21%. In the longer 
time horizon T� 2,000, LRB algorithms perform better 
than the ss-LRB algorithm. In addition, LRB algorithm 
cuts the regret of ss-UCB by 31%, demonstrating that 
the benefit from the low-rank structure outweighs the 
benefit from subsampling. We specify the algorithm 
inputs and other details in Section EC.8.2 in the 
Online Appendix.

5.2. Data-Driven Approach to Select 
Experimentation Parameters for a Music 
Streaming App

In a real-world setting, we can tune the experimenta
tion parameters in a data-driven manner by using 

Figure 1. (Color online) Regret Upper Bound Comparison Among ss-LRB, LRB, low-rank ETC, and UCB Under Different 
Values of h for Time Horizons (a) T� 1,500 and (b) T� 3,000 

Figure 2. (Color online) Distribution of Cumulative Regrets 
at T� 1,000 and T� 2,000 for (1) ss-LRB (Algorithm 2) with 
Submatrix Size m� 10, (2) ss-LRB with m� 20, (3) ss-LRB 
with m� 30, (4) ss-LRB with m� 40, (5) ss-LRB with m� 50, 
(6) ss-LRB with m� 60, (7) LRB (Algorithm 1), and (8) ss- 
UCB with Subsampling Size� ⌊4

ffiffiffi
T
√
⌋
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related historical data. To illustrate, we utilize a real- 
world data set to simulate an advertising campaign 
setting as described in Example 1. That is, an advertiser 
needs to specify which pair of user group and content 
creator group to target for the advertisement campaign 
to be most effective.5 The number of combinations of a 
user group and a creator group can be large, as we can 
distinguish user groups with many different informa
tion such as demographics, geographic information, 
and behavior. Likewise, we can distinguish creator 
groups with many distinct features. Our algorithm 
(and other benchmark algorithms) would seek to find 
the best combination of a user group and a creator 
group to maximize overall interaction between the two 
groups. As such, we choose an application in the music 
streaming industry, where we have access to user and 
creator interaction data. More details on the data can 
be found in Zhang et al. (2022). We suppress the inter
action data information and let different algorithms 
learn such information over time. We provide more 
background on music streaming services in Section 
EC.8.4 in the Online Appendix.

5.2.1. Our Problem. The company has been providing 
services to older-aged users and now wants to expand 
their services to younger-aged ones. It has also 
attracted new creators to the platform and plans to run 
an experiment to find a younger-aged user group and 
a new creator group that interact the most to target an 
advertisement campaign. The experimentation para
meters can be found via historical data on interaction 
between older-aged user groups and seasoned crea
tor groups.

5.2.2. Bandit Formulation. To simulate such a setting, 
we gather the data that correspond to the older-aged 
users and seasoned creators as a “historical” data set 
and keep the data that correspond to the younger-aged 
users and new creators on the side as a “test” data set. 
For each data set, we cluster the samples into 53 user 
groups and 39 creator groups, so that we have a 2,067- 
armed stochastic bandit. We bucket users using differ
ent locations (provinces) and activity intensity levels. 
We bucket creators using the anonymous creator types 
and activity intensity levels. We obtain the same user 
groups and creator groups for the two data sets. For 
each (user group, creator group)-pair, we take the aver
age of all interaction data between this user group and 
this creator group (including clicks, likes, shares, 
whether the user commented, whether the user viewed 
the comments, and whether the user visited the creator’s 
homepage) and treat it as the reward for this pair.

5.2.3. Selecting Experimentation Parameters. The 
experimentation on finding a pair of younger-aged user 
group and new creator group needs input parameters 

such as the number of forced samples, denoted as f, the 
filtering resolution h, and the submatrix sampling size m 
for different experimentation horizon length T. We work 
with a prespecified grid of parameters (listed in Section 
EC.8.3 in the Online Appendix) and simulate a bandit 
experiment for each combination of the parameters 
using the historical data set. We pick the set of para
meters that achieves the lowest regret on the historical 
data set averaged over 30 trials. Essentially speaking, 
we assume that the historical data and test data share 
similar reward distributions; hence, the optimal para
meters learned for the historical data can be used for 
the experiment we want to run for the test data.

5.2.4. Results and Evaluation. In Figure 3, we report 
the regret of using test data to conduct experiments 
using our algorithm (ss-LRB) versus the benchmark 
algorithm (ss-UCB). We consider 300 runs. The error 
bars are 95% confidence intervals. Our algorithm con
sistently reduces the regret of the benchmark ss-UCB 
by around 10% across all time horizons.

In this real data experiment, without knowing 
whether the data generation produces low-rank matrix 
of rewards, we still see the effectiveness of our algo
rithm. Further, even though the historical data distribu
tion may differ from the test data, our experiment 
results show that using the optimal parameters learned 
from the historical data still yields better performance 
than the benchmark. This shows that our data-driven 
approach of selecting the experiment parameters pro
vides a practical solution to real-world scenarios, such 
that we can train the parameters on related historical 
data sets prior to starting an experiment. In practice, 
when no past data are available to tune these para
meters, one can select parameters using the insights 
provided in Section 3 and 4.

Thus far, we did not use any contextual information. 
In the next section, we show that LRB performs better 

Figure 3. (Color online) Distribution of the Per-Instance 
Regret Under Different Time Horizons 

Notes. Parameters of our algorithm (ss-)LRB are selected based on 
historical data. ss-UCB of Bayati et al. (2020) has subarm size� 4

ffiffiffiffi
T
√

.
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than linear bandits that use contextual information, 
when the time horizon is short, because linear bandits 
take a long time to learn all the contextual information 
to initialize.

5.3. Fast Learning in the Contextual Setting
In this section, we consider a classical contextual ban
dit setting and show how we use LRB to lower the cost 
in a synthetic experiment. We compare with a bandit 
algorithm, OFUL, that is designed to learn all the con
textual information (Abbasi-Yadkori et al. 2011). This 
comparison is motivated by the observation that the 
regret of linear bandits at the initial rounds of an exper
iment increases almost linearly because the algorithm 
is essentially collecting initial data to perform a base
line estimate of the model parameters. Our algorithm 
deals with this so-called cold-start learning problem 
by identifying the low-rank structure behind the arm 
rewards, ignoring the learning of a large number of 
parameters. Even though our algorithm does not 
observe the contextual information, it learns latent fea
ture vectors of the two-sided products quickly and 
incurs less cost.

5.3.1. Contextual Bandit Setting. We consider a bandit 
setting with drdc number of arms whose parameters 
are unknown. We index the drdc arms by (j, k) for every 
j ∈ [dr] and every k ∈ [dc]. We denote each arm feature 
with a p-dimensional vector A∗jk ∈ R

p. At time t, by 
selecting arm (j, k), we observe a linear reward 
A∗⊤jk X+ ɛt, where X ∈ Rp is the (population-level) 
known context. The expected regret incurred at period 
t is maxA∗j′k′ [A

∗⊤
j′k′X�A∗⊤jk X]: We want to minimize the 

cumulative expected regret and find the arm that has 
the highest reward.

To match this bandit formulation with an example, 
we consider the case of tailoring a homepage of an app 
to a user segment with a known context X mentioned 
in Example 2. The home page consists of a welcome 
text message and a picture background and thus can 
be considered as a two-sided product. We have dr 
choices of welcome text messages and dc choices for 
picture backgrounds. A∗jk is the unknown ground truth 
arm feature of homepage indexed by (j, k).

5.3.2. Low-Rank Reward Matrix. The mean rewards 
can be shaped into the following matrix B∗:

B∗ � [A∗1X |A∗2X | ⋯ |A∗dc
X]∈Rdr×dc , where A∗k�

A∗⊤1k

A∗⊤2k

⋮

A∗⊤drk

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

∈Rdr×p:

The low-rank structure of B∗ attributes to the modeling 
detailed next. Let A∗k �UV⊤k , where U ∈ Rdr×r and 

Vk ∈ Rp×r. Then B∗ � [UV⊤1 X |UV⊤2 X | ⋯ |UV⊤dc
X ] �

U[V⊤1 X |V⊤2 X | ⋯ |V⊤dc
X ]: Under this design, the mean 

reward matrix B∗ is of rank r because U is in Rdr×r and 
[V⊤1 X |V⊤2 X | ⋯ |V⊤dc

X] is in Rr×dc . We assume r is small, 
so the mean reward matrix is of low rank. This is 
because we only need very few features to explain 
each welcome text message and each picture 
background.

In the example of designing homepage, each row of U 
can be interpreted as the feature vector of a text mes
sage, and each column of [V⊤1 X |V⊤2 X | ⋯ |V⊤dc

X ] can 
be interpreted as the feature vector of a picture back
ground. Welcome text messages are more straightfor
ward and the interpretation would be the same across 
different user segments, so they are assumed to be inde
pendent of X. Picture backgrounds, on the other hand, 
are more subjective and up to each user segment’s inter
pretation. Thus, the representation depends on X.

5.3.3. LRB Policy. To use our LRB method in Algo
rithm 1, we can treat the observed reward A∗⊤jk X+ ɛt as 
the noisy observation of entry (j, k) in B∗. Note 
that A∗⊤jk X � B∗jk.

5.3.4. OFUL Policy. To apply OFUL in this setting, we 
need the following transformation. We work with an 
arm set that is established by the known context X and 
an unknown vector Θ ∈ Rdrdcp that is constructed by 
using A∗jk. The arm set is {Ãjk ∈ Rdrdcp | j ∈ [dr], k ∈ [dc]}, 
such that Ãjk � [X⊤11, X⊤12, : : : , X⊤jk , : : : , X⊤drdc

]
⊤, where 

Xjk � X and, for (j′, k′)≠ (j, k), Xj′k′ is the vector of 
all zeros in Rp. The parameter Θ is defined by Θ �
[A∗⊤11 , A∗⊤12 , : : : , A∗⊤jk , : : : , A∗⊤drdc

]
⊤, which gives Ã⊤jkΘ � A∗⊤jk X. 

At time t, by pulling arm (j, k) with known feature Ãjk, 
it is equivalent to say that we observe a linear 
reward Ã⊤jkΘ+ ɛt.

5.3.5. Synthetic Experiment Setup. Our goal is to seek 
a policy that minimizes the cumulative expected regret 
over time horizon T � 500. We set dr � 8, dc � 10, r � 3, 
and p � 7. We evaluate different policies over 10 simu
lations. The error bars are 95% confidence intervals. 
Other experiment details can be found in Section 
EC.8.5 in the Online Appendix.

5.3.6. Results. In Figure 4, focusing on time T � 500, 
the average cumulative regret of OFUL is 5,662 and the 
average cumulative regret of LRB is 723. LRB lowers 
the regret of OFUL by nearly 87%. This result shows 
that, although OFUL takes time to learn each dimension 
of Θ with dr × dc × p � 8 × 10 × 7 � 560 dimensions, 
LRB efficiently transfers knowledge learned for 
some arms to other arms by taking advantage of the 
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low-rank structure and thus learns much quicker and 
incurs much smaller costs. We show in Section EC.8.5 
of the Online Appendix that our algorithm consistently 
outperforms OFUL by a big margin under all combina
tions of the experiment parameters we have tried.

It is possible to design a variation of OFUL as a 
benchmark that takes advantage of the special struc
ture of the transformed arms (most dimensions of 
which are zeros). For example, the OFUL can learn a 
subset of dimensions in Θ or it can learn a sparse 
model, in similar spirit to Lasso bandit. However, the 
objective here is to show the advantage of looking at 
the low-rank reward structure compared with a stan
dard linear bandit implementation.

6. Conclusion
This work introduced novel two-sided bandit algo
rithms, LRB and ss-LRB, to speed up the cold-start 
learning when there are many arms and the experi
mentation horizon is relatively short. Our theoretically 
and empirically efficient solution features leveraging 
the low-rank structure to shorten the burn-in period or 
the exploration phase, a filtering mechanism to filter 
out suboptimal arms, and the submatrix sampling to 
accommodate ultra-short horizons.

Our framework offers practical guidance for the 
design of large-scale online experiments. In many 
industrial settings, such as A/B testing systems, rec
ommender algorithms, or marketing experiments, the 
number of potential interventions (e.g., user-item 
pairs, ad-audience combinations, or headline-image 
variants) is combinatorially large. A common work
flow is to first use heuristics or manual curation to filter 
this vast action space down to a manageable subset 
and then run an experiment on this reduced set. 

Our LRB algorithm provides a formal alternative to 
this ad hoc filtering. Its initial forced-sampling phase 
serves as a principled, low-cost burn-in. Unlike a naive 
exploration that must sample all drdc arms, our phase 
is guided by the latent low-rank structure. It requires 
only a limited number of samples, scaling with the 
sum of the dimensions (dr + dc) rather than their 
impractical product, to efficiently estimate the reward 
landscape and rapidly identify a high-quality targeted 
set. This formally justifies and improves upon the com
mon heuristic practice.

6.1. Future Directions
Besides the low-rank estimator, prediction methods that 
leverage other problem structures may benefit from 
pairing with our targeted exploration+ exploitation 
and/or subsampling strategy for enhanced perfor
mance as well. Such a heuristic may be of independent 
interest. For example, when we want to leverage more 
dimensions to characterize a product, we can formulate 
a tensor version of our LRB. As a real-life application, 
Airbnb Experiences can be modeled as three-sided pro
ducts by including a temporal side in addition to the 
content and the location of an activity as mentioned in 
Section 1. On a related note, for settings such as Stitch 
Fix personalized styling, we have a unique reward pro
file for each user and different user reward matrices 
might share similarity. To find the best outfit for each 
user, we can form a tensor version of our LRB that 
allows information-sharing among different users, or 
we can transfer latent contextual information learned 
across different users. In addition, it would be interest
ing to see how our algorithm can be modified to tackle 
an online product assortment experiment: We have 
users and products as rows and columns, upon a user’s 
arrival, we want to recommend a product (or an array 
of products) he/she likes the best.

Our work also gives new perspectives on how to 
leverage potential low-rank matrix structure for prod
uct bundling (Stigler 1963) because the basic two- 
product bundling case considered in canonical works 
(Adams and Yellen 1976, Schmalensee 1984, McAfee 
et al. 1989) can be viewed as two-sided products. The 
entries of the matrix can be the expected rewards or 
purchase probabilities of bundles of two products. 
Through customer’s purchase behaviors, the prefer
ence regarding each bundle can be learned, which ulti
mately informs the pricing scheme.

Finally, our work can be extended to use offline col
lected historical data (if any) to warm start our two- 
sided bandit under limited online experiment horizon. 
For example, we can leverage the offline data for low- 
rank matrix estimation,6 by adopting a meta-algorithm 
called artificial replay proposed by Banerjee et al. 
(2022) and previously cited in Section 1.2 to incorpo
rate selected historical data into our bandit algorithm.

Figure 4. (Color online) Cumulative Regrets of OFUL and 
Our Algorithm LRB with Number of Forced Samples Equal 
to 20 and the Filtering Resolution Equal to 35 Under the Con
textual Setting 
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Endnotes
1 We use this term to describe the initial nonadaptive data collection 
phase, where the algorithm operates like a randomized experiment. 
This is analogous to its use in the Markov chain Monte Carlo 
(MCMC) literature for the initial period before convergence (Brooks 
et al. 2011). We distinguish this from another common use of “burn- 
in” in online experimentation, which typically refers to a period for 
time-varying treatment effects (e.g., novelty effects) to stabilize; that 
is not the context here.
2 It should be noted that, although standard MAB algorithms are 
recognized for addressing cold-start problems in certain studies (Ye 
et al. 2023) through effective exploration and exploitation, this capa
bility is contingent on a relatively short burn-in period compared 
with the total experimentation horizon. As we have discussed, 
given a substantial number of arms and a constrained time horizon, 
standard MAB algorithms cannot manage the cold-start problem 
effectively.
3 Theorem 7.2 of Lattimore and Szepesvári (2020).
4 We treat LRB as a special case of ss-LRB by setting m � d � 100.
5 In Section EC.8.4 of the Online Appendix, we discuss other related 
modes of advertisement campaigns that are not necessarily two- 
sided products.
6 Depending on whether the offline samples are uniformly or nonu
niformly sampled, we can keep using the entry-wise bound from 
Chen et al. (2020) or switch to Xi et al. (2023) who have derived an 
entry-wise bound for sampling a matrix under a nonuniform 
pattern.
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