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Abstract. We develop a simple theory of realized illiquidity, defined as the ratio of
realized volatility to trading volume. Building on the widely used price impact measure
of Amihud (2002), we introduce the realized Amihud, which significantly improves mea-
surement accuracy. Our theoretical and numerical results show that it robustly captures
cumulative intraday price sensitivity to trading, accounting for stochastic volatility, micro-
structure noise, and information jumps. Empirically, we uncover distinct time-series pat-

terns in realized stock illiquidity—heterogeneous clustering, leverage effects—and show
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that it predicts short-term returns.
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1. Introduction
Market liquidity is essential to the quality and resil-
ience of financial markets and plays a key role in capital
market efficiency because, as Keynes noted, “liquidity
of investment markets often facilitates, although it
sometimes impedes, the course of new investment”
(Keynes 1936, p. 102). However, market liquidity is an
elusive concept because it includes everything that
determines “the degree to which an order can be exe-
cuted within a short time frame at a price close to the
security’s consensus value” (Foucault et al. 2013, p. 2).
Liquidity manifests itself in two key dimensions: trans-
action costs and the price impact of trading, the latter
depending on market depth and price elasticity. The
transaction cost is often gauged by the bid-ask spread,
whereas a popular measure for price impact is the Ami-
hud illiquidity (ILLIQ) measure, defined as the ratio of
the absolute daily return to trading volume (Amihud
2002).!

In this paper, we study the theoretical, numerical,
and empirical properties of a refinement of the Amihud

ILLIQ measure, namely the realized Amihud? Tt is
computed as the ratio of realized power variation
(Barndorff-Nielsen and Shephard 2003) using intraday
data to daily trading volume. Figure 1 provides a sim-
ple illustration of the precision of the realized Amihud
(black solid line) compared with the classic (daily) Ami-
hud (blue dashed line), using Microsoft (MSFT, left-
hand side) and 3M Co. (MMM, right-hand side) stocks,
representing the companies with the largest and smal-
lest market capitalizations in our sample. Although
both the realized and classic Amihud series exhibit sim-
ilar levels and dynamic patterns, the classic Amihud is
noticeably noisier.

This paper contributes to the literature in two ways.
First, it outlines a simple theoretical foundation for real-
ized illiquidity. In developing it, we consider a setting
where the instantaneous liquidity parameter, ¢(t), fol-
lows a stochastic process in continuous time. We prove
that the realized illiquidity provides a measurement of
the integrated illiquidity, which is defined as the recipro-

cal of fg £(s)ds over periods of unit length (e.g., a day, a
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Figure 1. (Color online) Illiquidity Measurements
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Notes. Realized Amihud (solid line) and daily Amihud (dashed line) for MSFT (for the 1%'tercile) and MMM (3"tercile). Sample period: January 3,

2012, to January 10, 2024.

week, or a month). This allows us to establish how pre-
cisely the realized illiquidity measures the integrated
illiquidity vis-a-vis the classic Amihud, which is a spe-
cial case of the realized Amihud when only one obser-
vation per period (ie, a daily return) is available.
Because of its nonparametric nature, realized illiquidity
provides a simple inverse measure of market
resiliency—that is, the elasticity of asset prices with
respect to trading volume, which in turn depends on
the degree of disagreement among traders’ beliefs. We
conclude the theoretical analysis by showing how the
proposed framework can be extended to study spot illi-
quidity estimation and information jumps. Numerical
analyses illustrate these theoretical features and show
that, in controlled settings, the realized Amihud tracks
the latent integrated illiquidity more closely than the
classic daily Amihud, for both liquid and illiquid
assets, even under market microstructure frictions.

Our second contribution is to empirically study real-
ized illiquidity. To this end, we analyze the time-series
and cross-sectional properties of a sample of U.S. stocks
over the period from 2012 to 2024 using a comprehen-
sive set of econometric specifications. Descriptive sta-
tistics comparing the realized Amihud with the classic
Amihud indicate that average realized illiquidity rises
monotonically as capitalization declines, whereas the
classic Amihud fails to capture this expected pattern.
Moreover, the distribution of the daily classic Amihud
exhibits higher variance and greater leptokurtosis than
that of the realized Amihud. At the individual-stock
level, the realized Amihud is also markedly less noisy
than the daily Amihud, particularly for large-cap
stocks. Another simple yet meaningful analysis is
whether realized illiquidity behaves similarly to estab-
lished liquidity measures. We find that the realized
Amihud aligns closely with the lambda factor of Kyle

(1985) and other transaction-cost measures, whereas
the classic daily Amihud exhibits substantially lower
correlations.

We next examine the time-series properties of realized
illiquidity. Our analysis sheds light on three main fea-
tures. First, illiquidity exhibits pronounced clustering,
with prolonged periods of high or low illiquidity reflect-
ing persistent liquidity conditions over time. Second,
this clustering is heterogeneous across horizons, with per-
sistence at daily, weekly, and monthly frequencies.
Using a multiplicative error model (MEM) (Engle and
Gallo 2006), we show that such multiscale dependence
renders illiquidity predictable over different time hori-
zons. Third, realized illiquidity displays a leverage effect;
liquidity deteriorates more following negative returns
than it improves after positive returns of comparable
magnitude, consistent with flight-to-liquidity dynamics
and capital constraint mechanisms. Taken together,
these properties are reminiscent of well-documented
features of return volatility, namely persistence, predict-
ability across multiple time scales,” and asymmetric
responses to negative versus positive shocks.

We conclude our empirical investigation by examin-
ing whether realized illiquidity predicts short-term
stock returns. We find that the expected component of
illiquidity positively predicts returns, whereas the
unexpected component negatively predicts returns,
with a substantially stronger effect. This pattern sup-
ports the notion that illiquidity shocks have persistent
effects that raise expected future illiquidity and, in
turn, depress stock prices. Importantly, these findings
are significantly weaker when using the noisier, classic
Amihud measure at both the market and individual
stock levels.

Our paper contributes to the literature on market
microstructure and market liquidity, which spans more
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than half a century (see, e.g., Silber 1975). The wide-
spread use of the Amihud (2002) measure is due partly
to its loose connection to the Kyle (1985) model, which
provides a theoretical framework for how order flow
impacts asset prices through the A factor. However,
measuring the order flow price impact requires access
to comprehensive data on orders submitted by traders.
Such data are often unavailable for many markets or
data sets. In this context, the classic daily Amihud
(2002) measure proves extremely useful for approxi-
mating the order flow impact on security prices
because (a) it is an observable and nonparametric quan-
tity and (b) it is based on daily price and volume data,
which are far more accessible than tick-by-tick order
and transaction data.* However, using daily returns
may introduce noise and imprecision because large
intraday price movements in opposite directions can
offset each other, obscuring the true sensitivity of prices
to trading volume. Our realized Amihud measure
retains advantage (a) but not (b) because achieving
greater precision requires intraday returns to compute
realized power variation. By incorporating intraday
returns, the measure captures not only the daily net
price movement but also cumulative intraday
volatility—effectively quantifying the incremental sen-
sitivity of prices to trading volume throughout the day.
Although this refinement necessitates the use of
intraday returns, it does not rely on tick-by-tick or
order-book data. Instead, it can be constructed from
preprocessed intraday data at one- or five-minute inter-
vals, which are readily available through many com-
mercial data vendors such as Bloomberg, FactSet, or
Refinitiv. This offers a major practical benefit; the real-
ized measure enhances informational content without
the complexity and processing burden of tick-level
data.

Barardehi et al. (2019) revisited the Amihud measure
by developing a trade-time liquidity measure, which
our theoretical framework is well suited to encompass.
We calculate their measure and demonstrate that it cor-
relates consistently with other illiquidity measures,
including our own. Ranaldo and Santucci de Magistris
(2022) adopted the realized Amihud to empirically
investigate the price impact in the global FX market.
We extend prior research in two key ways. First, we
provide a general theoretical framework for realized
illiquidity, with the Amihud ILLIQ measure arising as
a specific case. Second, we study realized stock liquid-
ity and document previously unexplored time-series
features, such as heterogeneous clustering, leverage
effects, and short-term return predictability. Our meth-
odological approach is similar to that of Bandi et al.
(2017, 2020, 2024), who investigated other aspects of illi-
quidity, such as zero returns and excess durations. In
this work, we exploit a simple mechanism for generat-
ing trading volume and volatility, allowing us to derive

the asymptotic properties of the realized Amihud as an
estimator of integrated illiquidity.

2. A Simple Theory of llliquidity
Measurement

We develop a stylized reduced-form model of market
volatility, trading volume, and liquidity, forming the
basis of a nonparametric theory of illiquidity measure-
ment inspired by Amihud (2002). Let us consider an
asset traded on a financial market consisting of a finite
number | > 2 of active participants. Within each trading
period of unit length (e.g., an hour, day, or week), the
market evolves through a sequence of I intraperiod
equilibria indexed by i=1,...,1. The evolution of the
equilibrium price is motivated by the arrival of new
information to the market that changes the reservation
prices of the traders. During intraperiod i, the quantity
exchanged by the j-th trader is given by

qij = Cioi(Ap; ; — Api), €G>0, j=1,...,], (1)

where Apj; ; is the variation in the reservation log price
of the j-th trader occurring between period (i — 1) and
period i. Similarly, Ap; is the variation in the market
log-price occurring in the same interval.

The term ¢ is a positive parameter, and it captures
the market depth. The larger the ¢, the larger quantities
of the asset can be exchanged for a given difference
Apj ; — Ap. For each trading interval [(i — 1)0,10), where
6 =1/I, we define the liquidity parameter ¢;  as the
liquidity realized at the beginning of the interval, that
is, €;1 = €((i—1)5), where {(-) is a cadlag (or caglad)
stochastic process in continuous time. This choice is
consistent with the standard practice of using informa-
tion available at the start of a period to model trading
dynamics within that period. The equilibrium function
in (1) is analogous to the one outlined in Tauchen and
Pitts (1983), which provides a stylized representation of
the supply-demand mechanism on the market.” The
reservation price of each trader might reflect some of
the following aspects: individual preferences, liquidity
issues, asymmetries in information sets, and different
expectations about the fundamental values of the asset.
In general, the reservation price can deviate from the
market price because of idiosyncratic reasons, inducing
the j-th trader to trade. The quantity g, ; exchanged for a
unit change of Ap;; — Ap; is given by the slope (. In
other words, ¢ measures the ability of the market to
allow large quantities to be exchanged at the intersec-
tion between demand and supply, thus recalling the
concept of market depth and resilience that reduces the
price impact of trading. By market clearing, that is
Z]-lh j =0, we have that the average of the variations in
the reservation prices clears the market, that is,

_1xY A « - -
Api =731 Ap; ;. As new information arrives, traders
adjust their reservation prices, Ap;; resulting in a
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change in the market price (Ap;), which is given by the
average of the increments of the reservation prices. The
trading volume in the i-th subinterval is given by

1d
Vi= EZ IQi,j|-
j=1
Using Equation (1), this can be written as

b .
5 1Av — Apil. by
j=1

V=

We assume that the reservation price of each trader
evolves in continuous time according to the following
process

dpi(t) = (Ot + o dWi(t), j=1,...,], t20, ()

where {W;(t),j=1,...]} is a collection of independent
Wiener processes. The drift term 1,(f) might represent
the long-term expectation of the j-th trader about the
asset and could be seen as a function of fundamental
quantities, such as interest rates and macroeconomic
variables. The term o; is the volatility parameter of the
j-th trader. By letting 0; change across traders, we intro-
duce heterogeneity among them. On the i-th discrete
subinterval of length 0, the reservation prices for the j-
th trader are therefore

oi i
Apf,]. = / yj(s)ds + / aidWi(s). 4)
o(i—1) o(i—1)

In a reduced-form model of trading like the current
one, the liquidity coefficient {(t) can evolve for several
reasons that are not explicitly modeled, such as tighten-
ing of funding constraints, higher risk aversion of the
market makers, or inventory rebalancing decisions. In
particular, we assume that the liquidity process £(t) is
driven by a continuous-time stochastic process fulfilling
very mild regularity conditions, such as being strictly
positive and cadlag. For instance, £(f) may display
deterministic diurnal effects, jumps, and long memory,
lack an unconditional mean, or be nonstationary.

We define the realized Amihud as

A= @, ®)
v

where the numerator is the realized power variation of order
one (or realized absolute variation), RPV = 211':1 |7;|, with
r; = Ap; denoting the log-return; see Barndorff-Nielsen
and Shephard (2003). The classic Amihud measure
(Amihud 2002) arises as a special case with I=1,
where only the daily return is used. Then, it should be
evident that the classic daily Amihud is a special case
of a more general metric based on a richer set of intra-
period information. Specifically, the realized Amihud
gauges the price impact of trading, that is, the amount
of volatility on a unit interval (as measured by RPV)

associated with the trading volume v = "1_ v; gener-
ated in the same period, capturing cumulative intra-
day price adjustments rather than a single net return.
By resorting to a continuous-time framework, we can
precisely measure the variability of the asset price by
computing RPV over intervals of any length (e.g.,
hours, days, weeks, and months). Hence, .A measures
the amount of volatility associated with a unit of trad-
ing volume. The next proposition establishes the
asymptotic behavior of the realized Amihud as a con-
sistent measure of integrated illiquidity.

Proposition 1. Consider the illiquidity measure defined as
A=2Yand assume an underlying filtered probability
space (Q, F,(F(t)) o, P) satisfying the standard assump-
tions. Assume that €(t) is a strictly positive It0’s semimar-
tingale. Assume | =2 active traders, as representative of
the two aggregated sides of the market, with y; being caglad
or cadlag drift terms for j=1,2. Because I — oo (ie.,
6—0),

1
plim A=, (©)

where L = fé U(s)ds is the integrated liquidity. Furthermore,
because I — oo,

- (/D) sa.

N(0,1), and

5d £,
log (®2Y) —log(1/L) s.d )
v —N(O,1),
od,5d,

where 5 indicates stable convergence, L''=(Z—1)
Y (Ap)?, B2 = (G-1)Tn ) £ =3 vl
|Ap:| — SRPV -}, and d,, = ng(\/%zpv, \/%v) for
m=1,2, with g1(x,y) = x/y and g (x,y) = log(x/y).

Proposition 1, whose proof is in Appendix A.l,
shows that the realized Amihud is a measure of the
inverse of the integrated liquidity £; namely, it is a
measurement of the integrated illiquidity, which repre-
sents the price impact of trading volume cumulated
over periods of unit length. The precision of the mea-
surement increases with I and, the asymptotic distribu-
tions in (7) can be used to construct a confidence
interval for £ and its log, respectively. Taking the ratio
of volatility to volume isolates the price impact compo-
nent of illiquidity from the volatility induced by infor-
mation arrivals. Hence, by computing .4 over disjoint
periods of unit length (e.g., on daily horizons), one can
obtain a time series of measurements of + and use them
to explore the evolution of illiquidity over time (see Sec-
tion 3).

The quality of the realized Amihud as a measure of
illiquidity is assessed through Monte Carlo simulations,
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where the daily horizon is taken as the reference unit
interval and the liquidity process ¢(t) is modeled as an
Ornstein-Uhlenbeck process on log£(t). As a representa-
tive illustration of the realized Amihud’s ability to accu-
rately capture the latent illiquidity process, the left panel
of Figure 2 displays the simulated time series of the
daily “true” illiquidity signal (1/£, shown in red) along-
side its estimates (black dots), which are obtained by
computing the realized Amihud at different intraday
sampling frequencies (from 15 seconds to 1 hour). As
the sampling frequency increases, the dispersion
around the true illiquidity signal shrinks markedly and
becomes negligible at both the 15-second and 1-minute
intervals. The right panel of Figure 2 further shows that
the distribution of the estimator increasingly approxi-
mates a Gaussian as the sampling frequency rises, con-
sistent with the asymptotic result established in
Proposition 1.

The baseline Monte Carlo results are reported in
Table 1.° In this setup, the parameters governing the
illiquidity process are calibrated via indirect inference
using the time series of the realized Amihud for the
DJ30 index, following the methodology of Corsi and
Reno (2012) and Rossi and Santucci de Magistris (2018).
Table 1 shows that the realized Amihud closely tracks
the true integrated illiquidity process (1/L£) across both
low and high liquidity.” The bias relative to the illiquid-
ity signal remains below 0.5% in absolute terms, and
the root mean squared error (RMSE) is small, even at

moderate sampling frequencies (1-5 minutes). As
implied by Proposition 1, the RMSE declines as the
number of intraday intervals I increases (i.e., as 0
decreases). Overall, the realized Amihud achieves sig-
nificantly lower RMSE than the classic daily Amihud,
which corresponds to the limiting case with a single
observation per trading day (I = 6 = 1), where illiquid-
ity reduces to A” = |r|/v.

2.1. Extensions

It should be stressed that the asymptotic results (in the
limit for I — oo) behind Proposition 1 are derived by
abstracting from several features that contribute to
asset price formation. Although the baseline assump-
tions are stylized, they offer a tractable foundation for
defining the concept of integrated illiquidity and devel-
oping a theory for its measurement. This theory can be
refined to accommodate more sophisticated data-
generating mechanisms, starting, for instance, from the
equilibrium function in (1), which is linear in £. This
could be relaxed by replacing ¢ with a continuous
monotonic function, for example, f(¢) = V. In this case,
Propos1t10n 1 would still hold with £ replaced by
L= f of (€(s))ds. Similarly, the theoretical results in Sec-
tion 2 are derived under a regular sampling grid, with
6 =1/I. Notably, results in Proposition 1 remain valid
even under irregular sampling schemes, that is, when
trading within the interval [0,1] occurs in I subperiods

Figure 2. (Color online) Realized Amihud at Sampling Different Frequencies
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Table 1. Illiquidity Measurement

Low liquidity

High liquidity

Perc. Rel. Bias

Relative RMSE

Perc. Rel. Bias Relative RMSE

Sampling frequency A AP A AP A AP A AP

1h 2.5064 2.5255 0.2367 0.8271 2.5047 2.9398 0.2364 0.8270
5min 0.3320 0.3986 0.0645 0.7837 0.2087 0.5966 0.0648 0.7834
Imin 0.0117 0.1459 0.0291 0.7805 0.0338 0.3165 0.0292 0.7781
15sec 0.0104 0.1431 0.0145 0.7798 —0.0035 0.2641 0.0143 0.7771

Notes. This table reports the Monte Carlo percentage relative bias and RMSE (all relative to 1) for two illiquidity estimators: the realized Amihud
A =R and the daily Amihud measure, that is, A” = % The series £(t) is generated according to the log Ornstein-Uhlenbeck process with

parameters «; = 0.4 (speed of mean reversion) and 7, = 0.8 (volatility of innovations). Low liquidity is obtained setting I = 103, and high

liquidity is obtained by setting I = 10¢10. The smallest RMSE is in bold.

because I — co. In this case, the length of the subinter-
vals 6; = t; — t;_1 is a random variable. This allows for
more advanced sampling techniques. For instance, in
measuring illiquidity, the trade-time Amihud ratio by
Barardehi et al. (2019) builds on the idea of an irregular
sampling scheme that is driven by the amount of vol-
ume generated over a certain threshold.

Furthermore, Proposition 1 is derived under the
assumption of two representative traders (J = 2), corre-
sponding to the demand and supply sides of the mar-
ket in each intraday period. Analogous results are
obtained if | >2, assuming homogeneity of traders,
thatis,o;=0 Vj=1,2,...,]. In particular, the follow-
ing corollary to Proposition 1 highlights the main deter-
minants of the realized Amihud as an illiquidity
measure under homogeneity of traders when | > 2.

Corollary 1. Consider the illiquidity measure defined as
A =BY Assume that €(t) is a strictly positive Itd’s semi-
martingale, with y; being cadlag or caglad drift terms and

oj=0Vj=1,...,]. Because | — oo (i.e., 6 — 0),

Plim A= ®

2

IWNT=1L’

It follows that in the limit for I — oo, the realized
Amihud is inversely proportional to both integrated
liquidity and the number of active traders in the mar-
ket. In other words, the more active traders that are pre-
sent on the market, the more the market is liquid
(ceteris paribus the level of £). As an extension, the
number of active traders could be assumed to follow a
stochastic process for counts, for instance, a Poisson
process, to allow for random entry and exit of traders.
In the current context, the variation in illiquidity condi-
tions depends only on variations in €(t). In the special
case with | =2, we obtain the same limit of A as in
Proposition 1.

In the following paragraphs, we build on the theory
of realized variance and introduce refinements to the
theory of realized illiquidity measurement that ensure

robustness to financial features such as stochastic vola-
tility and market microstructure noise.®

2.1.1. Spot llliquidity. We extend the previous setting
by allowing reservation prices (and hence, equilibrium
prices) to follow the diffusive process in (3), with both
the drift pj(t) and the variance Gf(t) being time varying.
In particular, the reservation prices are assumed to
vary in continuous time according to the following law
of motion,

dpj(t) = p(Odt + o (DAW)(E), j=1,...,], t>0, (9)

where both yj(t) and o0;(t) are independent of Wj(t),
and, together with £(t), they must satisfy mild regular-
ity conditions (see Kristensen 2010); that is, for
(i—1)0<s<g<io,

I I
i 2 2= i 4 _ 5=
oD 11—k, =0 o) loj. — o] =0,

I
. 22

ma; 62— 2] =0, (10)
These conditions restrict the local behavior of the vola-
tility and liquidity processes while allowing for stan-
dard diffusion dynamics, including deterministic
patterns, jumps, and non-stationarity, and are automat-
ically satisfied when the mean, volatility, and liquidity
processes have continuous trajectories. Allowing for
trader-specific volatility captures several realistic fea-
tures, including long memory in volatility arising from
the superposition of traders operating at different fre-
quencies. We propose the following estimator of
instantaneous illiquidity, which we call spot Amihud,

given by
A(t) = U%(TT)), 7€(0,1), (11)

where RV (1) =37, K (59 r? and v (1) = Dot <b
K (55)v2. The term b denotes the bandwidth, and K
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denotes the kernel function. For instance, if IC =1, then
the estimator results in a rolling average. Alternatively,
the one-side kernel K with support on [—1,0] yields an
estimator that uses the immediate past data, and one-
side exponential kernel IC(x) = e*I(x < 0) results in the
riskmetrics exponential smoothing; see Fan and Wang
(2008).” Analogously, we can define a measure of
instantaneous liquidity, which we call spot Amivest,
given by

vA(1)
RV(1Y

7€(0,1). (12)

Proposition 2. Consider the illiquidity measure defined in
(5), the equilibrium relation in (1), and the diffusive process
for reservation prices in (3). Assume that af(t) and {(t) are

strictly positive cadlag processes for all j=1,...,]. Assume
J =2 active traders as representative of the two aggregated
sides of the market. Because I — oo (i.e., 6 — 0), with b —
0 and Ib — oo, we obtain

A7) LR (1), and A(7) LN L (13)
()
Furthermore,a — 0, b — 0 (witha/b — 0), and I — oo,
1-a P
A (s)ds > L, (14)

where the integral | gl A N(s)ds is approximated by the
Riemann sum A~ =157 A7} (zy).

Proposition 2 demonstrates that, when both liquidity
and volatility follow (potentially correlated) stochastic
processes, spot (il)liquidity can be accurately measured
using local estimators such as the spot Amivest (or spot
Amihud). Although the realized Amihud is conceptu-
ally similar to the IDVOL measure of Lou and Shu
(2017), the monthly averages of spot volatility estimates
can be seen as a refined version of the monthly ILLIQ
measure of Amihud (2002), as discussed in Amihud
and Noh (2021, pp. 2103-2104). By relying on infill
asymptotic arguments, our results eliminate the need
to use expected values of the daily Amihud ratio, offer-
ing a direct theoretical link between IDVOL and
ILLIQ."

Panel (a) of Figure 3 displays the trajectory of the
two-sided spot Amihud (computed using 1-minute
intervals) over five consecutive trading days, from May
8-12, 2023. Panel (b) of Figure 3 reports the intraday
average computed over one-minute intervals (black
line, left-hand scale) and the difference between the
intraday average on Mondays and the intraday average
over all weekdays (red line, right-hand scale), for the
full sample period. These parts of the figure suggest
that stocks tend to be less liquid in the early part of the
trading session than toward its end. Although a

detailed analysis of these trading motives lies beyond
the scope of this paper, a possible explanation is that
the high information content accumulated overnight
prompts large volume and price movements after the
market opening, whereas less informative trading
activity—often related to inventory rebalancing—
shapes the later part of the trading session (see, e.g.,
Madhavan et al. 1997). Therefore, it is reasonable to
maintain that the amount of information to be pro-
cessed into prices is larger on Mondays because of the
longer nontrading period over the weekend. Panel (b)
of Figure 3 provides tentative evidence supporting this
idea; the difference in intraday average illiquidity
between Mondays and all weekdays is positive after
the market opens.

2.2. Microstructure Frictions

In this section, we analyze the properties of the realized
Amihud in a setting influenced by microstructural fea-
tures such as transaction costs (bid-ask spreads, clear-
ing fees), price discreteness, and staleness, all of which
are interconnected and endogenous to the trading pro-
cess. In microstructure models, following Kyle (1985)
and Glosten and Milgrom (1985), informed traders
play a key role in driving transaction prices; when the
value of their information exceeds execution costs, they
trade; otherwise, by refraining from trading, they may
contribute to price staleness, as in Easley and O’Hara
(1987).

To study the realized Amihud in this context, we
adopt a reduced-form approach that consolidates all
microstructural frictions into an additive noise term
applied to the latent efficient price. This simplification
obviates the need to explicitly model the price
formation process between informed and uninformed
traders, and it aligns with the semi-structural represen-
tations of mid-quote and transaction price dynamics
proposed in Bandi et al. (2017, 2024), which offer a
micro-foundation for price staleness. Although the sim-
plified framework in Section 2 does not directly include
these microstructural elements, their presence can sub-
stantially impact empirical analyses. Microstructure
noise increases with sampling frequency and distorts
volatility estimates. This challenge is well-documented
in the realized variance literature, where moderate
sampling frequencies (e.g., 5>-minute intervals) are sug-
gested to reduce noise contamination; see Liu et al.
(2015)."

We explore the sampling frequency at which these
microstructural frictions have a negligible effect on
integrated illiquidity measurements. The microstruc-
tural features we consider—transaction costs, price
discreteness—are intrinsic to the trading process and
affect market microstructure. In these models, informed
traders drive prices by acting when the value of their
information exceeds transaction costs and refraining
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Figure 3. (Color online) Spot Illiquidity and Intradaily Seasonality

(a) Spot Amihud

R .
AR [ ,‘ |
c i L :
1 i ‘.‘»’ﬂ\‘ ) Nl ““‘ “ ‘L !‘ " ‘HFJ | i f" \I ‘ o 1
I I L O SO L Y
[ : I \ | | \Hl | V'H | er‘" ( 'ﬂ ,H \(l?; ! M “f(“w.\ :
0.97'~ o i 1 [FRNN i .‘ Vo
H || AV | Iyt oM Vo
NIRRT L Y A
ost| | ot “H I 4
\ \‘ \M\“‘ ; L } H‘ L :
|| || , ¥l |
0.7F S bl w ! i
n I ‘x | |
06F ‘)1 t | “ 1‘
g , | 1 1 |
o® Ao® Ao° o o o>
> > > > > >
N\aﬂ'qpq, KRG oS \;\a‘!‘@q’ N\@*‘@{L \‘\a‘!:ﬁl \mﬂz :
& o A A2 A

(b) Intradaily Seasonality

0.015

0.01

0.005
0.8
)
@ 10
<
0.6
-0.005
0.4
-0.01
0.2 +1-0.015
. . -0.02

ol | | |
10:00:00 11:00:00 12:00:00 13:00:00 14:00:00 15:00:00
Time

Notes. Panel (a) shows the 1-minute spot Amihud (A" for the market, computed as the market-capitalization-weighted average across 25 tick-
ers from May 8-12, 2023, over the intraday period 9:45-15:45. Panel (b) reports the intraday average computed over 1-minute intervals (left-hand
scale) and the difference between the intraday average on Mondays and the intraday average over all weekdays (right-hand scale) for the full

sample period from January 3, 2012, to January 10, 2024.

from trading otherwise, leading to price staleness.
Specifically, in Table 12 in Section 1.4 of the Supple-
mentary Document, we conduct Monte Carlo simula-
tions incorporating bid-ask spreads and rounding
mechanisms that induce price discreteness and zero
returns (as described in Bandi et al. 2020). For
instance, the bid-ask mechanism modifies observed
log-prices as

- BAS
p; ZPH'CI"T,

where BAS is the bid-ask spread, and (; is an i.i.d. ran-
dom variable taking values 1 or —1 with equal proba-
bility. Rounding effects are then applied to P; = exp(p,),
rounding it to the nearest cent. The results reveal two
key insights. First, sampling at very high frequencies
(e.g., 15-30 seconds) introduces significant estimation
bias, which is due primarily to microstructure effects
such as bid-ask bounce—price reversals caused by
trades alternating between the bid and ask—which dis-
tort the measurement of integrated illiquidity. This
issue is particularly pronounced at tick-level data. In
contrast, moderate sampling frequencies (e.g., 1-10
minutes) substantially reduce this bias while maintain-
ing low RMSE values, outperforming estimates based
on daily Amihud. As expected, relying on daily returns
can obscure the true effect of trading activity because
large intraday price fluctuations of opposite sign may
cancel each other out, injecting noise and lowering the
accuracy of illiquidity measurement.

Second, the realized Amihud measure remains
robust in low-liquidity settings, providing accurate illi-
quidity measurements for less frequently traded securi-
ties. In summary, realized Amihud measures based on

intermediate-frequency returns accurately capture illi-
quidity effects arising from price impacts, even in the
presence of additional dimensions of illiquidity such as
bid-ask spreads, staleness, and rounding. Further com-
plexities, such as dependence between trading frictions
across time and traders (e.g., spillover effects studied in
Grossman and Miller 1988) or sequential trading
behavior linked to crash episodes Christensen et al.
(2022), require more advanced econometric techniques
and granular data. Additionally, price rounding effects,
as shown in Bandi et al. (2020), can generate a high fre-
quency of zero returns, severely biasing the jump test
statistics. Under such conditions, moderate sampling
frequencies alleviate these biases even when the goal is
to test for significant information jumps (see the right
panel of Table 13 in the Supplementary Document),
improving the accuracy of jump detection measures
while retaining high power.

3. Empirical Analysis

We now turn to the empirical study of realized illiquid-
ity, based on a sample of 25 stocks over the period from
January 3, 2012, to January 10, 2024. The data are pro-
vided by Kibot, and the time series are constructed
using one-minute intervals.'* The only exception is for
bid and ask prices, which are recorded at tick-by-tick
frequency.'® To assess whether our findings extend to
less liquid assets, we also consider the low-capitalized
stocks of the Standard and Poor’s 500 index."*

We examine the time-series and cross-sectional prop-
erties of daily (detrended) illiquidity as well as its rela-
tionship with stock returns. To represent the broader
U.S. stock market, we calculated the return of a portfo-
lio comprising these 25 stocks, weighted by their
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Table 2. Descriptive Statistics
Mean Kurtosis
A AP A AP A AP A AP

DJI 1.060 1.002 0.051 0.202 1.315 1.962 7.262 10.010
1st Tercile 1.054 1.001 0.059 0.269 1.017 1.710 5.068 8.522
2nd Tercile 1.065 1.006 0.055 0.174 2.087 1.751 14.118 8.307
3rd Tercile 1.083 1.003 0.086 0.260 1.377 2.040 7.371 10.657
Low-Cap 1.103 1.012 0.116 0.224 2.405 1.656 15.561 7.864

Notes. The table reports the sample statistics for the daily time series of the realized Amihud (.A) and the classic daily Amihud (AP) for the DJI,
that is, the average among 25 tickers weighted by their market capitalization, and the considered terciles. Both illiquidity measures are scaled by

a factor of 1ell.

market capitalization; hereafter, we refer to this portfo-
lio as the DJI. To streamline the presentation, we
grouped individual stock returns into terciles based on
market capitalization size.

Table 2 presents the sample statistics for the daily
time series of the realized Amihud (A) and the classic
Amihud (A”) measures, which are calculated for the
rescaled market portfolio. The table highlights three
key findings. First, the average realized illiquidity con-
sistently increases from the first tercile to the low-
capitalized asset portfolio, whereas the daily Amihud
measure does not exhibit this pattern. Second, the vari-
ance of the daily Amihud measure is significantly
higher, reflecting its greater noise. Third, the classic
Amihud measure exhibits a higher degree of leptokur-
tosis compared with its realized counterpart.

3.1. Stock Market llliquidity

To introduce the analysis at the individual stock level,
Figure 4 displays the average ratio of the time-series
variance of the daily Amihud (AP) to the realized

Amihud (A) for each stock in our sample, with stocks
ordered by market capitalization from highest to low-
est along the horizontal axis. The figure shows that the
variance of A” is typically three to six times higher.
Moreover, the variance ratio tends to be larger for
higher-capitalization stocks, whereas it equals 1.936 for
the low-capitalized portfolio (green bar). This pattern
suggests that A provides a less noisy measure of real-
ized illiquidity for more liquid stocks, likely because
realized variance estimators are themselves noisier for
illiquid stocks with fewer intraday trades. Importantly,
because both measures are constructed by excluding
the first and last 15 minutes of each trading session, the
higher variance of the daily Amihud reflects the lower
precision of this estimator, rather than being driven by
overnight returns—as would be the case for close-to-
close return-based measures. Although this exclusion
may not fully eliminate the influence of overnight
information, it implicitly assumes that such effects are
absorbed largely within the first and last 15 minutes of
trading.

Figure 4. (Color online) Average Ratio Between the Variance of the Daily (AP) and the Realized Amihud (A) for all the Consid-

ered Tickers, Ordered by Market Capitalization

7

Note. Sample period: January 3, 2012, to January 10, 2024.
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Table 3. Correlation Matrix for the Daily Illiquidity Measures for the DJI, That Is, the Average Among 25 Tickers Weighted

by Their Market Capitalization

A ARV AP APPP AP A BAS EC Cs AR

A 1 0.986 0.993 0.773 0.361 0.666 0.599 0.465 0.441 0.310
ARV 0.988 1 0.976 0.768 0.353 0.641 0.588 0.453 0.413 0.298
APt 0.992 0.977 1 0.775 0.366 0.689 0.618 0.484 0.473 0.333
ABBED 0.737 0.729 0.742 1 0.438 0.616 0.579 0.462 0.477 0.323
AP 0.309 0.296 0.318 0.375 1 0.319 0.289 0.224 0.342 0.235
A 0.590 0.553 0.606 0.577 0.305 1 0.706 0.750 0.779 0.522
BAS 0.481 0.463 0.489 0.512 0.291 0.527 1 0.932 0.688 0.478
EC 0.314 0.297 0.319 0.369 0.217 0.623 0.882 1 0.692 0.477
CS 0.297 0.259 0.323 0.410 0.365 0.662 0.497 0.512 1 0.547
AR 0.112 0.093 0.127 0.161 0.185 0.289 0.251 0.267 0.373 1

Notes. Pearson (Spearman) correlations are reported in the lower (upper) triangular portion of the table. A is the 1-minute realized Amihud,
A®Y is the realized Amihud computed with RV, A% is the spot Amihud, A®PP is the average per-dollar absolute returns of fixed-dollar
volumes, and A” is the daily Amihud. A is the Kyle lambda, BAS denotes the quoted bid-ask spread, EC the effective cost, CS the

Corwin-Schultz spread estimator, and AR the Abdi-Ranaldo high-low spread estimator.

Another important question is whether the realized
Amihud exhibits behavior similar to other well-
established liquidity measures. Because it is designed
to capture the price impact of trading volume, we
expect a high correlation with Kyle’s lambda factor. To
explore this, Table 3 presents the correlation matrix for
daily illiquidity measures of the market portfolio,
whereas correlations across sample terciles are pro-
vided in Section 3 in the Supplementary document. We
compute pairwise correlations across three categories
of liquidity measures. First, we consider volatility-
over-volume measures, including the one-minute Real-
ized Amihud (A), the Realized Amihud computed
using realized variance (A*"), the Spot Amihud (A*),
ABBP (Barardehi et al. 2019), and the classic daily Ami-
hud (AP). *® Second, we compute Kyle’s lambda (7),
the quoted bid-ask spread (BAS), and the effective cost
(EC), which are common measures of transaction costs.
Third, we consider well-established, low-frequency
estimates of transaction costs, such as the High-Low
spread estimator (Corwin and Schultz 2012) and the
Close-High-Low estimator (Abdi and Ranaldo 2017),
labeled CS and AR, respectively.

Three key findings emerge from the table. First, our
A measure exhibits a very high correlation with its
alternative specifications (A" and A%") as well as a
notably strong correlation with the AP estimate and
the classic Amihud measure (A”). Second, the correla-
tion between A and Kyle’s lambda (A1) is quite high,
reinforcing the view that A serves as a proxy for A.
Third, A correlates strongly with other transaction cost
proxies (BAS, EC, CS, and AR), further supporting its
robustness as a liquidity measure. When comparing
the correlations of A and A", it is important to high-
light that the latter shows lower correlations with other
liquidity proxies. Notably, the correlation between .A”
and A is nearly half of that between A and 1.'

A visual inspection of Figure 1 reveals that extended
periods of low illiquidity are often followed by

prolonged periods of high illiquidity. In the volatility
literature, this phenomenon is well known as volatility
clustering. Although prior research has clearly shown
that liquidity follows a persistent pattern, we further
investigate the empirical autocorrelation function
(ACF) of both the classic and realized Amihud mea-
sures. As shown in Figure 5, the realized Amihud exhi-
bits strong persistence, characterized by a slow decay
in the ACF, which remains significantly high even after
50 lags. We refer to this as illiquidity clustering. In con-
trast, when we run the same autocorrelation analysis
for the daily Amihud, we find much less persistence.
This is typical behavior for persistent time series con-
taminated by additive noise, as highlighted by Hurvich
and Ray (2003) and Hurvich et al. (2005) in the context
of stochastic volatility estimation. Because the persis-
tence of a phenomenon determines the duration of its
shocks, this result highlights the importance of measur-
ing liquidity with greater accuracy to capture the actual
effects of illiquidity shocks.

An additional time-series property we want to high-
light is whether illiquidity responds differently to nega-
tive stock price shocks (bad news) rather than to
positive price shocks (good news). More specifically,
we examine whether past return shocks asymmetri-
cally affect future illiquidity. We call this mechanism
leverage effect, which parallels a well-established charac-
teristic of volatility, where negative return shocks
increase volatility more than positive return shocks.
Figure 6 displays the increase (in relative terms) in the
realized illiquidity following a negative shock to
returns for different time horizons, s =1, ...,20. Con-
versely, a positive shock to returns improves liquidity
for many periods. Comparing the magnitude of these
effects in absolute terms, we observe that past negative
returns have a greater impact than positive returns of
the same size.

Overall, three key stylized facts emerge from the
time-series analysis of illiquidity. First, the realized
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Figure 5. (Color online) Autocorrelation
(a) Realized Amihud (b) Daily Amihud
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Note. Empirical autocorrelation function of the realized Amihud (left panel) and of the daily Amihud (right panel) for the DJI, that is, the average

among 25 tickers weighted by the market capitalization.

Amihud measure exhibits less variability and a higher
correlation with well-established liquidity measures
compared with the classic Amihud. Second, illiquidity
clusters over time, following a highly autocorrelated
pattern. Third, negative returns have a stronger impact
on illiquidity, leading to persistently higher autocorre-
lation in illiquidity. These findings justify the applica-
tion of well-established volatility models for predicting
illiquidity and motivate further investigation into the

illiquidity-return dynamics, which we explore in the
remainder of our paper.

3.2. Modeling Realized llliquidity

We now examine a nonlinear dynamic specification to
model the distributional characteristics of illiquidity
and to assess the superiority of our measure over the
classic Amihud measure in capturing these features. In
particular, we consider a parametric model pertaining

Figure 6. (Color online) Illiquidity and Negative/Positive Return Shock Propagation
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Notes. This figure reports the estimated propagation of the effect of a negative (upward red bars) and positive (downward blue bars) shock on
returns on the realized Amihud. These quantities are computed as the empirical counterpart of I*(s) = E[Apss |7t > 0] — E[Apis], 17(s) =
E[As|r <0] = E[Aps] fors =1,...,20. The estimators [ (s) and [ (s) are reported relative to the average illiquidity, thatis, I (s) =I*(s)/E[As]
and! (s) =17(s)/E[Ass]. The black-dashed horizontal lines denote the 95% interval around 0.
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to the class of multiplicative error models (MEM), as
introduced by Engle (2002) and Engle and Gallo (2006).
Inspired by the heterogeneous autoregressive (HAR)
model of Corsi (2009), we consider the MEM-AHAR
model, as follows:

Ar = ey, (15)
where (1, is the conditional mean of the process, and it
follows asymmetric HAR dynamics as

Uy =w+ ag A1+ aw-Aw,t—l + amAm,t—l + VDt—lAt—lr

(16)
where Zwlt_] = %215:1 ./4{_1' and Zm,t—l = ézgl At_,‘, and
D;_ is a dummy variable taking value 1 if the return is
negative and 0 otherwise; this accounts for an asym-
metric response of illiquidity to positive or negative
returns, although with a different interpretation, this
setting is reminiscent of the GJR-GARCH(1,1) model
by Glosten et al. (1993), and it is supposed to capture
the illiquidity leverage effect. The asymmetric mecha-
nism is consistent with the stronger illiquidity persis-
tence following negative returns (Figure 6). The term ¢,
denotes the innovation term, which is a nonnegative
random variable whose density is Gamma with a unit
mean and variance equal to 4. A sufficient condition for
positivity of the conditional mean, y,, is that all coeffi-
cients in (16) are positive, whereas imposing ay + v, +
@y +7/2 < 1 ensures stationarity. Estimations are car-
ried out using the maximum likelihood (ML), and we
impose stationarity and positivity conditions upon esti-
mating the models on the data.

Table 4 presents the estimation results of the MEM-
AHAR model applied to the realized Amihud (based
on 1-minute returns) and to the classic daily Amihud.
The first and sixth columns report the estimates for the
market portfolio DJI, the second and seventh for the

first tercile, the third and eighth for the second tercile,
the fourth and ninth for the third tercile, and the
remaining columns for the low-capitalization portfolio.
Three key results emerge. First, today’s realized Ami-
hud is significantly predicted by yesterday’s, last
week’s, and last month’s illiquidity. This is supported
by the estimated coefficients for a4, a,, and a,,, which
are all positive and highly significant at the 1% level.
This finding confirms the presence of heterogeneous
clustering of illiquidity across different time periods.
Second, the original Amihud measure fails to capture
this heterogeneity because the oy estimates are insignif-
icant, whereas the monthly dependency is overstated
with inflated a,, coefficients, which is likely due to
measurement errors. This suggests that the classic daily
Amihud requires substantial smoothing to better sepa-
rate the expected illiquidity signal from the noise in its
ex post measurement. Similar evidence is found in the
volatility literature when using the realized GARCH
model of Hansen et al. (2012) compared with the classic
GARCH model on squared returns. Specifically, the
model assigns a smaller weight to the innovation term
when there is a significant degree of measurement
error. Additionally, the 9 estimate (the reciprocal of the
variance of ¢) for the classic daily Amihud is approxi-
mately 10 times smaller than that for the realized Ami-
hud. This implies that the variability of the innovation
term is 10 times higher when using the daily Amihud
compared with the realized Amihud. Third, both mea-
sures detect an asymmetric response to return shocks,
as indicated by a significant and positive ) estimate.
This heterogeneous persistence of illiquidity is a novel
finding that may have important implications for
explaining stock returns over the short run, which we
explore in the final part of this paper.

Table 4. MEM-AHAR Estimated Coefficients with Robust Standard Errors (In Parentheses) for the DJI (the Average

Among 25 Tickers Weighted by the Market Capitalization), the 1st (Ordered by Market Capitalization), the 2nd, the 3rd
Tercile, and for the Portfolio of the Low Capitalized Assets, That Is, the Average Among the Last 8 Tickers of the Standard
and Poor’s 500 Index Weighted by the Market Capitalization

A AP

DJI 1st tercile  2nd tercile  3rd tercile = Low-cap DJI 1st tercile  2nd tercile  3rd tercile = Low-cap

@ 0.0836" 0.0871° 0.0876" 0.0634" 0.0599" 0.2323" 0.2743" 0.2223" 0.1796" 0.1638"
(0.0142) (0.0145) (0.0148) (0.0126) (0.0137) (0.0413) (0.0438) (0.0386) (0.0349) (0.0320)

ay 0.4171° 0.4058" 0.3824" 0.4383" 0.4407" 0.0000 0.0000 0.0093 0.0000 0.0337
(0.0226) (0.0224) (0.0236) (0.0242) (0.0255) (0.0261) (0.0253) (0.0250) (0.0249) (0.0268)

Ay 0.3960" 0.3770" 0.4034" 0.3687" 0.3516" 0.2100 0.1496" 0.2115" 0.2494" 0.3260"
(0.0334) (0.0334) (0.0361) (0.0318) (0.0375) (0.0526) (0.0526) (0.0506) (0.0531) (0.0528)

QA 0.0963" 0.1198" 0.1164" 0.1206" 0.1426" 0.5420" 0.5618" 0.5347" 0.5597* 0.4620"
(0.0269) (0.0275) (0.0289) (0.0249) (0.0294) (0.0613) (0.0627) (0.0595) (0.0598) (0.0549)

y 0.0156" 0.0226" 0.0213" 0.0186" 0.0101° 0.0360" 0.0325° 0.0477" 0.0236 0.0308°
(0.0045) (0.0051) (0.0045) (0.0053) (0.0058) (0.0148) (0.0169) (0.0135) (0.0156) (0.0160)

9 70.6909" 54.5025" 69.3327" 50.6236" 51.1758" 7.1094" 4.8120" 8.1389" 5.9096" 6.9530"
(0.3627) (0.4441) (0.3886) (0.3233) (0.5427) (0.2007) (0.1217) (0.2314) (0.1624) (0.2119)

Notes. Superscripts a, b, and ¢ denote the 1%, 5%, and 10% significance levels, respectively. Sample period: January 3, 2012, to January 10, 2024.
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Table 5. Regression of Stock Market Excess Returns on Illiquidity Decomposed into Expected and Unexpected
Components, as Estimated from an AR(1) Model, for the DJI Portfolio (the Average Among 25 Tickers Weighted by Market

Capitalization)
Daily Weekly Monthly
DJI portfolio A AP A AP A AP
Intercept —0.2703 —0.1238 —0.0193 0.0187 0.0133 0.0469
(0.1292) (0.2260) (0.1155) (0.0589) (0.1079) (0.0773)
Expected illiquidity (f,) 0.3006 0.1545 0.0489 0.0112 0.0161 —0.0168
(0.1332) (0.2264) (0.1198) (0.0643) (0.1116) (0.0822)
Unexpected illiquidity (¢;) —0.1208" 0.0085 —0.0755" —0.0198" —0.0464" —0.0153"
(0.0167) (0.0295) (0.0110) (0.0098) (0.0059) (0.0032)
Diagnostic
R? 0.0663 0.0326 0.0988 0.0329 0.1637 0.0625
R? adj. 0.0650 0.0313 0.0976 0.0316 0.1626 0.0612
F-stat (p value) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Notes. Coefficients and Newey and West (1987) robust standard errors (in parentheses) are scaled by a factor of 100. Superscripts a, b, and ¢

denote the 1%, 5%, and 10% levels of significance, respectively.

3.3. llliquidity and Stock Returns

In the final part of this paper, we analyze the relation-
ship between illiquidity and stock returns over the
short run. Building on Amihud (2002), we test two
hypotheses. First, when investors anticipate higher illi-
quidity, they require a higher expected return. Second,
higher expected returns imply that stock prices should
decline when illiquidity unexpectedly increases. These
mechanisms lead to two testable predictions: a positive
relationship between expected illiquidity and asset
returns and a negative relationship between unexpected
illiquidity and contemporaneous asset returns. Whereas
Amihud (2002) focused primarily on yearly and
monthly horizons in an asset-pricing setting, we instead
studied the short-run dynamics (daily, weekly, and
monthly) of illiquidity and returns.

To operationalize these hypotheses, we decompose
daily illiquidity into its expected and unexpected com-
ponents. Following Amihud (2002), we estimate a uni-
variate AR(1) model for each illiquidity series,

.At =a+ P-At—l + &,

and interpret the fitted value i, = & + p.A;_1 as expected
illiquidity and the residual &; = A; — fi, as unexpected
illiquidity. For a generic aggregation horizon K, we
define 7 =K 'S5, m=K'Y5'A,, and
T = Kffjfi{,l &i_j, wherer{ =1, — r’; denotes the excess
stock return and r{ is the risk-free rate, proxied by the
U.S. three-month Treasury bill yield. The integer K
denotes the aggregation horizon, ranging from K=1
(daily) to K =22 (approximately monthly). We then
estimate

7t =By + Py, +Py€r + X[0+uy, 17)

and test the hypotheses §, >0 and f, < 0. The vector

X; includes standard control variables, such as the
Fama-French SMB and HML factors.

Table 5 reports the estimates for the DJI market port-
folio at daily (K=1), weekly, and monthly horizons,
using both the realized Amihud and the classic daily
Amihud. The first two columns report daily results. For
the realized Amihud, the coefficient on expected illiquid-
ity, p;, is positive and statistically significant, whereas the
coefficient on unexpected illiquidity, $,, is negative and
highly significant. Moreover, the magnitude of 8, is about
three times larger than that of f8,, indicating that unex-
pected illiquidity has a stronger contemporaneous impact
on returns than anticipated illiquidity. In contrast, when
using the classic daily Amihud, both coefficients are sta-
tistically insignificant at the daily horizon.

At lower frequencies (weekly and monthly; columns
3-6), both illiquidity measures yield a significantly neg-
ative coefficient on unexpected illiquidity, 8,, whereas
p, is never statistically different from zero. Notably, the
p, estimates derived from the classic Amihud are sub-
stantially smaller in magnitude than those obtained
with the realized Amihud, consistent with the presence
of measurement error in the daily Amihud.

We further extend the analysis across all horizons
K=1,...,22. For the realized Amihud, the estimated §,
increases smoothly and monotonically with the horizon K.
For the classic Amihud, §, instead declines and becomes
significantly negative only for K > 5. Overall, the evidence
indicates that the two hypotheses—a positive relation
between expected illiquidity and returns and a negative
relation between unexpected illiquidity and contempora-
neous returns—are more clearly supported when using
the more accurate realized Amihud measure."

Panels (a) and (b) of Figure 7 display the estimated
coefficients f, for individual stocks, along with 90%
confidence intervals, for K =1. In panel (a), based on
the realized Amihud, the coefficient 8, is negative and
significant for 19 out of 25 stocks. In contrast, when
using the classic Amihud (panel (b)), 8, is positive and
rarely significant (only 6 out of 25 stocks at the 10%
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Figure 7. (Color online) Illiquidity Shocks and Excess Returns

(a) Realized Amihud — unexpected illiquidity
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Notes. Panels (a) and (b) report the estimates of 8, (black dots) in (17) for individual stocks at horizon K = 1 using the realized Amihud and the

daily Amihud, respectively. Red bars denote 90% confidence intervals.

level). Repeating the analysis for the DJI and the low-
capitalized portfolios yields similar results. These find-
ings further corroborate the superior performance of
the realized Amihud at the daily frequency, including
at the individual-stock level.

4. Conclusion

Liquidity is essential to the efficient functioning of
financial markets because it determines how trading
volume affects asset prices. We develop a theory of
realized illiquidity in which, similar to spot volatility,
instantaneous liquidity ¢ is modeled as a stochastic pro-
cess evolving over time in continuous time. Within this
framework, we introduce a refined measure of realized
illiquidity, which we term the realized Amihud.

Through theoretical and numerical analysis, we
demonstrate that the realized Amihud offers a highly
accurate estimate of the cumulative intraday price sen-
sitivity to trading activity, enhancing the classic illi-
quidity measure proposed by Amihud (2002). Our
findings show that the realized Amihud is significantly
more precise and robust because it effectively accom-
modates features such as stochastic volatility, micro-
structure noise, information jumps, or possibly a
(random) number of | traders that might diverge to
infinity in some cases. This theoretical framework is
scalable and may be extended to incorporate further
microstructural complexities of market trading. Such
developments could yield more refined measurement
tools or provide theoretical foundations for advanced
sampling schemes, such as the trade-time Amihud pro-
posed by Barardehi et al. (2019). We believe these direc-
tions offer promising avenues for future research.

Empirical analysis of a sample of U.S. stocks reveals
three main findings. First, the realized Amihud pro-
vides a less noisy and more stable measurement of mar-
ket illiquidity. Second, time-series analysis uncovers
persistent heterogeneity in illiquidity dynamics, includ-
ing clustering and leverage effects. Third, the realized
Amihud helps predict short-term stock returns, offering
practical value for investors and researchers alike.
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Appendix A. Proofs

A.1. Proof of Proposition 1

The proof is structured as follows. We first establish consis-
tency for RPV and the trading volume v. We then prove a
joint Central Limit Theorem (CLT) for (RPV,v) and apply
the delta method to obtain the asymptotic distributions of
the realized Amihud ratio A and its logarithm. Throughout,
the observation interval is [0, 1], so [6 = 1.

A.1.1. Consistency. We want to show plim;_...4 = 1/£, where
L= j; {(s)ds. This is equivalent to showing that plim;_6"/>

RPV = \/%6 and thatpljmmmél/zv = \/%Eﬁ,withﬁ =1\/02+03.

A.1.2. Consistency of RPV. Let {; = 6'/?|Ap;|. We have to
show that 1 1C,—>\/‘a Let us decompose S0, (=Y,

( i [Cz|‘7:771])+2i:1E Czlj:l—l]/ with Fia —f((l - 1)6)1
and write Ap; = §, +y;, where

1 1 io
b=y @AW+ 02dWa),  yi=5 [ ((6)+ o).
(i—1)0

By localization (lemma 4.4.9 in Jacod and Protter 2011), we
may assume (i, i, p bounded; then, E[|y,||Fi-1] = Op(0).
Because the absolute value function is Lipschitz, it follows
that [|Ap:| — [B;]| < |y;|, and hence, |E[|Ap;||Fi-1] —E[|B;]
| Fi—1]l < E[ly;[1Fi-1] = Op(6). Because f, is independent of
Fi_1and B; ~ N(0,5%0),

_ 2
BIIB 117 =62,
so that

I I - 5
;E[Ci|}—i—1] = ;51/2 (0\/5\/; + OP(5)>

- 165\/g + IOp((SS/z)E)E\/Z
TT s

because [6 =1 and 6% = 6'/> — 0. For the martingale part,
lemma 2.2.11(a) in Jacod and Protter (2011) implies that it is

negligible if 2L, E[C?|Fi1] > 0. As above, E[}?|Fi1]=
Op(8°), s0

I 1 1
D EIGIFial =) SElApI?|Fial =) 8% +O0p(8%)
i=1 i=1 i=1

= [6%5% + T0p(6%)=50, 6 — 0.

p lim 6'2RPV = \/25,
JERYN) TC

in line with theorem 1, equation (5), of Barndorff-Nielsen and
Shephard (2003) and theorem 2.2 of Barndorff-Nielsen et al.
(2006), noting that the diffusive part of p; is f8,.

Hence,

A.1.3. Consistency of Volume. Letv =3, v;. By
construction,

I p 2 ! ¥
S I YIIIIES SN )

i=1 j=1 i=1

where AX; = Ap; 1 — Ap;, and

k(=100 / (11,(5) — piy(s)) ds

t
+3 [ 1o —aalde)

with B = (W, W,)". Let us decompose
I I
v=> (i —Blvi|Fia])+ > GaBlAK||Fia],
=1 =1
and define ¢; = 61/21/3 =62¢4 IA)V(,» |. By localization, we
may assume (i, i,, £, X bounded. As in the RPV case,

E[|AXi||Fia] = 5\/5\/% +0p(0),

so the predictable part satisfies
1 P 1 32 P 2 1
;E[CJ}—H] :a\/;;€i16+10p(6 )— G\/;./o {(s)ds.

For the martingale part,

I

Z C1|-7:11

i=1

265 E[(AX)*| Fia]
= Zb{’ (G206 + 0p(6%))

= (652 + Op(6%)) / 1fz(s)ds Lo
0

2 1
12, _  |%=
leLrch V= \/;0/0 {(s)ds.

A.1.4. Central Limit Theorem. We now prove the stable
convergence in (7). Define

ZEJE{\/:{RPV} {/ f(s)ds”

Let & := f(Ap;/ V5, €, 1AX;/V6), with f(x,y) = \/W(lxl lyl)".

Decompose Z =Y + R, where

I
Y =Vo) (8 —E[8|Fial),
i=1

e )

As in section 5.3.3 of Jacod and Protter (2011), we split
R =RW + R® with

Hence,

1
1 d _
R=r 6;E<f(ﬁ,>|f,;l>—o /1 s
0

I
+ VoS E(f(a) — £()| Fi1),
i=1
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where a; := (Ap;/V5,6i_1AX; /VOY, B; = ©;_1AB;/V6, and

01 (o))
0 =3 L’(t)m —toy |

Because, conditional on F;_1,

vl @ 145
Bi ! 105 G2 ¢
glti-10 07ty |

it follows that
I 1
8y v ' :
i=1 |: 1 1 :| / fsds
0

Because ¢ is a positive It6’s semimartingale, then the process
O(t) satisfies assumption (K’) (Jacod and Protter 2011).
Hence, the proof of (5.3.24) in Jacod and Protter (2011, pp.

153-154) applies, and R0, Now, set

0= oy — B, = bi((i— O)VE + / NCCRIICRDIE

3 (1 (5) + y(9))
bi(s) = 1
i1 5 (1 (8) = py(s))

Let B={(x1,x2) €R%*:x; =0o0r x, =0}, and then outside of
B, fis continuously differentiable with

}, (I—1)0 < s < id.

T
Vf(x1,x2) = \/;(1x1>0 — 1y, <0, 1,50 — 1y, <0)-

Therefore, equations (5.3.32) and (5.3.33) in Jacod and Protter
(2011) apply with the terms (,(2) = (;(3) = 0 and (i(4) = [[] )5
[bi(s) — bi((i —1)0)]ds. Using this and lemmas 5.3.16 and
5.3.17 inJacod and Protter (2011), we conclude that

I
R® = V6 "B(f(a)) — f(B)| Fi-1)
i=1
1
= VoY E(VF(B)bi((i = 1)O)VB|Fi-1) +0p(1)
i=1

1
=06 B(Vf(B)|Fiz1) - bi(i — 1)) + 0p(1).
i=1

Using once again the fact that the distribution of g, =
(,BZ(I), ﬁ,(.z))’ conditional on F;_; is Gaussian, it follows that
E(1ﬁ51)>0 |Fiiq) = E(lﬁfn <0 |Fiq) = 2 and E(llsl(z)>0 |Fii1) =
E(1ﬂ52)<0 | Fi1) =1 Therefore, E(Vf(B,)|Fi-1) =[0,0]’, which
shows that R® = op(1) as required.

For Y, let Y” denote the martingale obtained by removing
drift terms (purely diffusive part). The Lipschitz property of

f and standard semimartingale estimates (e.g., (5.2.11) in
Jacod and Protter 2011) imply Y =Y’ + 0p(1), where
& —E(&|Fic)], & =f(Oi1ABy).

We apply theorem 2.2.15 in Jacod and Protter (2011) to the
triangular array 1, = Vo(&; — E[&;] Fi_1]). Condition (2.2.34)

trivially holds (martingale differences). For condition
(2.2.36), we have that

I I
P
> Enj | Fieal =6 Cov(& | Fia)—-L,
i=1

=1
with

1
2 =3 [ el ~ Bl DEe. (1 s

where Ec (|x1llx2|) denotes the expectation of |xillx,|,
assuming that (xy,x») are two random variables such that
7 05
(X1,22) ~N(0,C), with Cs=0(s)8(s)" = oloa
ts5 G

straightforward computation gives

zl =52(g— 1), 2 =32 (g— 1)/1{2(15.
0

As for 2!, define first the correlation of y; and yx, as

2

2
ot — 03
01,02) =
P( 1, 2) 2+O'2

By proposition 2 in Wellner and Smythe (2002),
2
Ec.(Ixillx21) =5255; {P(Gllﬁz)arCSin(P(GLUz)) +1/1-p(01,02)° },

which yields

e =EZ%{p(al,az)arcsin(p(al,az)) +4/1— p(al/az)z -1 }/0.16(5) ds.

Condition (2.2.37) (Lyapunov) holds because moments of
functions of Gaussian variables are bounded and ZLI
Elln;|If = O(6”>71) = 0 for any p > 2. Condition (2.2.40) fol-
lows from the Gaussianity of ®;_1AB; given F; ;. Thus
Y’ %% MN(0,£), and therefore, Z 25 MN(0,X).

By the delta method for stable convergence, for g1(x,y) =
x/y and (x,y) =log(x/y),

1 T T _ d. ,
G {gm (, /EéRPV, \ /Ebv) fgm(o,oﬁ)} 25 MN(0,d!, 2d,y),
m=1,2,
where d,, = Vg,,(G,6L). The asymptotic covariance matrix X

and the gradients d,, can be estimated consistently from the
data. In particular,

plim &1 = (

[—o0

)Z(Ap,) =x1,
~ T L
pllim 221 =2{Z|Vi”Api| éRPV-v} =y
- i=1
»_ (T
plim £ (2

I

1)Y=

J—>0 . ! !
i=1

p hm d =Vgu (\ / nzéRPV, A /7-(261/) =d,.
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Hence

RPV (1/f0 £(s) ds) sd
\/od £y
log(RPV /v) — log(l/fO £(s) ds) sd.

\od,5d,

A.2. Proof of Corollary 1 The proof of Corollary 1 follows
the same steps as the proof of Proposition 1. In this case,

5N, 1),

5N, 1).

im 5172 - . /25 =9
pllggé RPV \/;o, 5] \/7,

and
phm 6%y = \[£
S == Z e 1)202+Zo VIJ = 1o.
S#]
Therefore,

2
1 .
pimA= N =1L

A.3. Proof of Proposition 2

The proof of Proposition 2 is analogous, but now we focus
on a spot volatility estimator as in Kristensen (2010)."® For
] =2, the spot variance estimator is

RV()= 3 /c(
|s—7| <b

By theorem 3 in Kristensen (2010) and assumption K.1 on

the kernel, we have

pImRV(D) =V(0), V() = M

For the denominator of the spot Amihud,

5—1
HOENSY IC(—b )vf,
|s—7| <b
and plim,_g2(1) = C(T)V(T). By continuity of the square
root and the continuous mapping theorem,
phm A1) = {( y

Finally, by theorem 4 in Kristensen (2010), because 2 — 0,
b— 0witha/b—0,and [ — oo,

1-a
r 1
A(s)ds — 7

a

where the integral is approximated by the Riemann sum
_ 1 I-b+1
A= Zl A(T), -

See theorem 9.2.1 in Jacod and Protter (2011) and Jacod and
Rosenbaum (2013).

Endnotes

' To date, the ILLIQ measure proposed by Amihud (2002) has been
cited nearly 15,000 times, according to Google Scholar. Many of these
papers were published in top-tier academicjournals in finance.

2 Although the empirical analysis focuses on the realized illiquidity
computed at daily frequency, our theory and metrics can be applied
to shorter (intraday) or longer (e.g., weekly or monthly) horizons.

3See, for example, the Heterogeneous Autoregressive model of
realized volatility (HAR-RV) in Corsi (2009).

4 The accuracy of the Amihud (2002) measure has been well docu-
mented (Hasbrouck 2009). Fong et al. (2018) analyzed global and
U.S. stocks using various liquidity proxies based on volatility over
volume.

® See also Clark (1973), Epps and Epps (1976), the survey in Karpoff
(1987), and the empirical analysis in Andersen (1996).

® The Supplementary Document (Section 1.1) provides detailed
information on the simulation design and reports the robust out-
comes of various Monte Carlo experiments.

7 The average liquidity levels () are calibrated to represent two dis-
tinct market environments, corresponding to a very liquid and a
less liquid asset. The high-liquidity scenario is set with ¢ = 10¢10,
matching the scale of the sample average of daily DJ30 liquidity,
whereas the low-liquidity scenario is obtained using ¢ = 10¢3.

8 In Section 2 of the Supplementary Document, we also propose a
version of the realized Amihud estimator robust to information
jumps (i.e., large news common to traders). The estimator is based
on the theory of multipower variation; see Barndorff-Nielsen and
Shephard (2004) among others.

9 A vast and growing literature addresses the issue of consistently
estimating spot volatility using high-frequency returns; see, among
many others, the contributions of Foster and Nelson (1996), Myk-
land and Zhang (2009), Jacod and Rosenbaum (2013), Kanaya and
Kristensen (2016), Bandi and Reno (2018), and Figueroa-lépez and
Li (2020). In this section, we follow the notation and the set of
assumptions outlined in Kristensen (2010).

19 Monte Carlo experiments (Section 1.2 in the Supplementary doc-
ument) demonstrate that the A estimator (based on (14)) of daily
illiquidity performs comparably to, or better than, the realized Ami-
hud (A) under stochastic volatility. This also holds at a monthly
horizon (Section 1.3 in the Supplementary Document), where all
realized Amihud measures are highly precise. Averaging daily
Amihud (AP) over a month further reduces variability but yields an
estimator that is several times less efficient than the realized
monthly measure.

" Other approaches, such as the two-scales estimator Zhang et al.
(2005), realized kernels Barndorff-Nielsen et al. (2008), and pre-
averaging techniques Podolskij and Vetter (2009), have been pro-
posed to address this issue (see also the survey in Ait-Sahalia and
Jacod 2014).

12 Following standard practice, we exclude the first and last 15 min-
utes of the trading session to avoid distortions from opening and
closing effects. As a robustness check, we also consider the full trad-
ing day; results (available upon request) remain fully consistent.

13 The tickers of the 25 stocks are AMGN, AXP, BA, CAT, CRM,
CSCO, CVX, DIS, GS, HD, HON, IBM, INTC, JNJ, JPM, KO, MCD,
MMM, MRK, MSFT, NKE, PG, UNH, VZ, and WMT.

" The eight stocks are selected as those with the lowest average

market capitalization over the sample period: BAX, CLX, CPB, IVX,
MAS, TAP, TXT, and WBA.

' We consider the A"*P proposed by Barardehi et al. (2019), which
represents the average per-dollar absolute returns of fixed-dollar
volumes.
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18 Similar results hold when computing the same correlations sepa-
rately for each tercile of stocks, including the low-cap portfolio;
results are available upon request.

7 Full regression results for all horizons K=1,...,22 are reported
in Section 4 of the Supplementary Document. We obtain similar
results when conducting the same analysis on the low-capitalized
portfolio (cf. Table 14). Although not statistically significant at
K=1, B, remains negative when using the realized Amihud,
whereas it turns positive with the daily Amihud. At the weekly
horizon, B, is significant only for the realized Amihud; at the
monthly frequency, both estimators yield significantly negative
coefficients.

18 Gee also Foster and Nelson (1996), Fan and Wang (2008), Myk-
land and Zhang (2008, 2009), Zu and Boswijk (2014), Kanaya and
Kristensen (2016), Bandi and Reno (2018), and Figueroa-lopez and li
(2020).
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