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Abstract. By design, the Bitcoin protocol has a low throughput. The Lightning Network
(LN) is a layer-two solution built to increase throughput by cryptographically securing
commitments to transactions and only occasionally converting cumulative balances into
on-chain transactions. LN channels enable payments between nodes connected by a path
of channels. The payment flow through a channel determines its cost. Different channel
topologies can support the same underlying flows but impose different costs. This paper
obtains necessary conditions for cost-minimizing topologies by identifying local cost-
reducing strategies. The first local strategy entails repositioning of channels. The second
entails adding hubs to handle the flows of groups of nodes. The paper also evaluates the
efficiency of a global configuration, obtaining bounds on the minimum cost topology and
showing the unusual circumstances in which the cost minimal structure is a hub that con-

nects to all other nodes.
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1. Introduction

As originally conceived, the Bitcoin payment system
records every transaction on its blockchain. This design
feature, coupled with the blockchain’s limited capacity,
imposes a ceiling on the throughput of the Bitcoin pay-
ment system. That ceiling amounts to fewer than 10
transactions per second—a low number in comparison
with other payment systems, such as Visa. However,
that limited throughput can be expanded, even substan-
tially so, by payers committing to transactions off-chain
and only occasionally posting these commitments
on-chain. The Lightning Network (LN) is such a device
(Poon and Dryja 2015).

The Lightning Network consists of nodes and channels
that connect pairs of nodes. Each channel is associated
with a net payment flow through it. Two nodes are
directly connected if there is a channel between them and
are connected if there is a path of channels that enables
flows between the nodes. Thus, any node on an LN can
pay any other node in the same connected component of
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the LN. The LN is the leading example of a class of layer-
two solutions called payment channel networks (PCNs).
This paper’s results apply also to other PCNss.

The cost of a channel in the LN arises from locking
funds in the channel and from the fees that occasionally
need to be paid to rebalance it."! At the leading order, the
cost of a channel is an increasing function of the average
net flow.” In particular, in a symmetric channel, the
flows offset each other, and the overall cost is negligible
in comparison with a channel with nonzero net flow.
Thus, at the leading order, the cost of a channel between
Alice and Bob is approximately the same, whether (i)
Alice, on average, sends Bob one unit annually or (ii)
Alice, on average, receives one unit from Bob annually
or (iii) Alice, on average, sends Bob 11 units annually
and Bob, on average, sends her 10 units annually. The
cost-minimizing network is always connected because
symmetric channels, which have negligible costs, can be
added to connect all components as needed. (Guasoni
etal. (2024) offer the details.)
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The LN is designed to support a given set of flows
between a given set of nodes. In principle, these flows
could all be posted on the blockchain, but directing
them through the LN is less costly. Starting with an arbi-
trary LN, the paper considers cost-reducing modifica-
tions of that LN.

The present paper identifies channel configura-
tions that are excessively costly and offers procedures
to replace them with less costly configurations. The
first part of the paper shows that a cost-reducing
reconfiguration is available if there are two distinct
channels attached to the same node, which is the ori-
gin in one of the channels and the destination in the
other. Direct corollaries of this result are (i) the pres-
ence of a cycle with an odd number of channels
implies the availability of a cost-reducing channel
reconfiguration and (ii) a cost-minimizing LN is
always a bipartite graph. The common intuition of
both findings is that, in a cost-minimizing configura-
tion, all the flow should be from net payers to net pay-
ees, avoiding intermediate steps.

The second part of the paper considers adding a
new node to the network, connecting a set of existing
nodes to that new node and deleting all the other pre-
existing channels connecting these nodes to each other.
In this new star-like configuration, all flows among the
set of nodes go through the star’s center, which is the
newly added node. The paper’s second part articulates
(i) the conditions that the set of nodes needs to meet
for the reconfiguration to be cost-reducing; (i) a
polynomial-time algorithm to find such a set of nodes
in a given LN; (iii) a proof that such a set must exist if
the average number of channels involving each node is
large enough; (iv) a proof that such a set is very likely
to exist if the network flows are chosen randomly,
according to a distribution whose tails are not thicker
than a power law.

The third and last part of the paper establishes
bounds on the minimum possible cost of an LN that
supports a given set of flows. The upper bound is at
most twice as large as the lower bound. A star, in which
a single hub connects all nodes, in general, is not the
least costly topology, but is no more than twice as costly.
Finding the exact cost-minimizing topology is an
NP-complete problem in general. However, the con-
cluding result describes a quadratic-complexity algo-
rithm to construct a two-factor approximation of the
minimum, which is robust to the improvements identi-
fied in the paper.

The paper’s results consider the cost of LN topology
from the viewpoint of aggregate welfare, abstracting
from the issue of assigning such costs to individual
nodes. The rationale for this analysis lies in the familiar
Coase (1960) theorem, whereby aggregate cost savings
can be achieved by rational participants who are willing
to share them. Identifying protocols that encourage

participants to share aggregate savings is an important
topic that lies beyond the scope of this paper.

The next section briefly reviews the literature on the
topology of the lightning network and its implications.
The following section presents the model of the LN and
the cost functions of channels. Section 3 contains the
main results of the paper. Section 4 presents an algo-
rithm that gives an LN that approximates the minimal
cost possible, and Section 5 contains empirical results.
Concluding remarks are in Section 6. Appendices A-D
contain the proofs of the results. Appendix E provides
an example of cost function that meets the definitions in
the model, whereas Appendix F reports the statistics of
the lightning network snapshots examined in the empir-
ical section.

1.1. Related Work

Guasoni et al. (2024) study the economics of channels, (i)
identifying conditions for two parties to optimally
establish a channel, (ii) finding explicit formulas for
channel costs, (iii) obtaining the optimal collateral and
savings entailed, and (iv) deriving the resulting reduc-
tion in congestion of the blockchain. Branzei et al. (2022)
obtain partial results on the cost of channels.

Ersoy et al. (2020) discuss game-theoretic aspects of
channel construction. In Sali and Zohar (2020), together
with game-theoretic questions, the authors show that,
under the assumption of all channels being symmetric,
the cost of an LN with a star topology is at most twice
the minimal possible cost. Theorem 4 and Corollary 4 in
this paper generalize this result to any set of channels,
symmetric or not.

Several papers study the current topology of the LN
(e.g., Linetal. 2020, Martinazzi and Flori 2020, Seres et al.
2020), observing that the topology is tending toward the
centralized hub-and-spoke structure. In Bartolucci et al.
(2020), the authors predict the future topology of the LN
using tools from percolation theory, abstracting from
economic incentives.

Network topology has significant security implica-
tions. Rohrer and Tschorsch (2020) introduce an attack
that allows routing nodes to learn the destination of a
payment—information meant to be private. Empirical
results concerning privacy attacks in the LN are in Kap-
pos et al. (2021). Channels may be rendered unusable by
an adversary performing a denial-of-service attack. This
and similar attacks are discussed in Rohrer et al. (2019).
(For mitigation strategies, see Shikhelman and Tikho-
mirov 2022.) Attacks that aim to steal funds by flooding
the base blockchain (Harris and Zohar 2020, Sguanci
and Sidiropoulos 2023) become significantly easier
under certain topologies. The general robustness of the
network also heavily depends on its structure as shown
in Lee and Kim (2020).

Liquidity management and throughput maximiza-
tion in the LN influence both the costs of routing nodes
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and the success probability of payment routing. Several
papers (e.g., Pickhardt and Nowostawski 2020; Sivara-
man et al. 2020; Papadis and Tassiulas 2022, 2023) study
the state of the current network and suggest potential
improvements to the protocol.

Payments in the LN and in PCNs in general often use
a route between two nodes instead of opening a direct
channel. Contemporary routing algorithms take into
account not only fees, but also privacy, efficiency, suc-
cess probability, and other parameters. Examples of
such algorithms include Grunspan et al. (2020), Roos
et al. (2017), Tang et al. (2020), Varma and Maguluri
(2021), Wang et al. (2019), and Yu et al. (2018). The per-
formance of these algorithms depends on the topology
of the network.

2. The Model

The starting point is a network of n nodes (or users)
with some desired rates of flow. Each user i has some
required payment rate ¢; (positive or negative) from
each other user j. The flow f; = 2]11 ¢, represents the
aggregate of such required payments. The problem is
how to organize their execution so that each user’s net
flow is f;. In other words, though the problem’s original
inputs may be the required payment rates, its solution
only depends on aggregate net flows, which are the
focus of the discussion that follows. For example, Alice
might send at rate three to Bob and receive at rate one
from Carol. Thus, her overall flow is —3 + 1 = —2. If Bob
receives three from Alice and does not send or receive
from anyone else, his flow is three.

Denote the sequence of net flows as F =(f).;.
Because each payment is debited to the payer and
credited to the payee, the sum of all the flows is zero,
thatis,

> fi=0.
i=1

At the modeling level, this accounting identity means
that f; represents the aggregate flow to node i within the
network, excluding outside means of payments, such as
on-chain transactions or physical transfers.

To facilitate these flows over the LN, channels must
be established. A flow between two nodes may or may
not be supported by a channel connecting them. Rather,
it can be supported by a path of connected channels
through which the flow is routed with the flow starting
in one node (the origin) and ending in the other (the des-
tination). Thus, a node need not have a channel with
every other node with which it interacts. If Alice has
channels with both Bob and Carol, Bob can send funds
to Carol through Alice even in the absence of a direct
channel between Bob and Carol.

A channel’s size is the amount locked in it. That
amount entails a cost that depends on the expected flow

through the channel. We assume that the parties to a
channel choose the cost-minimizing size. Moreover,
cost minimization implies that the amount locked by
each party increases with the relative frequency of pay-
ments sent rather than received. (Guasoni et al. (2024)
offer a formal development of these results.) Thus, the
cost of the channel is a function of the flow. The cost
function is general, representing the leading order of
the cost of a channel and relying only on a few assump-
tions that capture some basic properties: it must be
increasing in net flow, invariant to its direction, and
null for channels with zero net flow (including absent
channels).

2.1. Channel Network

Channels connect nodes to support the required net
flows. For two nodes, say u and v, denote by A,, , the net
flow from u to v. If there is no channel between 1 and v,
then A, , = 0. Thus, the matrix A = (A, ;); j=11s, by defini-
tion, antisymmetric as A, , = —A,, . For example, if the
channel is between 1 and v with u sending three and v
sending one, then the net flow of the channel is two.
Denote the above channel as 1i93.

A given LN (4;));,.; supports the underlying pay-
ment flow F if, for every node 7, the sum of net flows in
the channels involving i sums up to the net flow of 7,
thatis,

Z /\i,j Zfi.
j=1

In particular, the matrix (A;); j=1 describes the flows
along each edge, whereas the vector F = (f;)i_; describes
the net flows to each node.

2.2. Cost Function

In general, the cost of a channel may depend on a vari-
ety of properties, including the statistical properties of
arrival times and sizes of payments (as well as the cost
of opening and closing a channel, which is common to
all channels). Yet both models of money demand (Bau-
mol 1952, Tobin 1956, Miller and Orr 1966) and recent
models of Lightning channels (Branzei et al. 2022, Gua-
soni et al. 2024) highlight that, at first order, a sufficient
statistic of a channel’s cost is its net average flow. In par-
ticular, the cost of channels with zero net flow is of sec-
ond order.

Motivated by these observations, this paper offers a
first order analysis in which a channel’s cost is modeled
as a function of its average flow. Rather than providing
an analysis based on a specific cost function, the results
are established for a general cost function c: R — R,
that satisfies the following structural conditions:

(MO) c(x) > c(y) for x > y > 0 (monotonicity).
(SY) c(—x) = c(x) (symmetry).
(CI) ¢(0) = 0 (costless inaction).
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(SA) c(x +y) < c(x) +c(y) for x > y > 0 (subadditivity).
Assumption (MO) stipulates that a channel’s cost
increases in its average flow. When the flow is unidirec-
tional, it is clear that a larger flow requires a bigger chan-
nel so as to reduce the frequency of resets, and a bigger
channel implies a larger opportunity cost (creating a
channel requires depositing its full amount, which can-
not earn interest or be used for other purposes). Further,
if the same average flow arises from bidirectional pay-
ments, the required channel is even bigger because a
party’s balance may be depleted also because of random
fluctuations in payments’ directions.

Assumption (SY) specifies that a channel’s cost depends
on the average flow without regard to the identities of the
two parties: if Alice pays Bob at unit rate or vice versa, the
optimal channel’s cost is the same. This property stems
from the decentralized nature of PCNs, whereby the same
rules and protocol apply to all users without distinction.
Note also that the cost function refers to the total cost of
operating a channel regardless of how such costs are allo-
cated between the two parties.

Assumption (CI) has a dual meaning. First, it recog-
nizes that the absence of a channel does not generate
any costs. Second, it implies that the cost of an average
zero flow, such as a symmetric random walk, is negligi-
ble in comparison with an average positive flow. Intui-
tively, the cost of symmetric flows stems entirely from
random fluctuations, which occasionally deplete a chan-
nel’s balance even in the absence of directional flow and
are second order to average flow. This intuition origi-
nates from the comparison of unidirectional (Baumol
1952, Tobin 1956) and symmetric (Miller and Orr 1966)
models of money demand and is confirmed in recent
models of payment channels (Branzei et al. 2022, Gua-
soni et al. 2024). This assumption is appropriate in this
paper because it aims to study first order effects, which
depend on average flows alone.

Assumption (SA) states that combining flows in a sin-
gle channel is cheaper than handling each of them in a
separate channel. This property is natural for three
related reasons: First, merging the balances of two chan-
nels into one saves on reset costs, which are fixed,
regardless of a channel’s size. (Because the total balance
is the same, opportunity costs do not vary.) Second, a
single channel may be able to handle payments of larger
size (two channels of size one and two each cannot pro-
cess a payment of 2.5, but a channel of size three can).
Third, if channels’ balances are affected by random fluc-
tuations, then a single channel can withstand more
shocks before requiring a reset.” In the cryptocurrency
context, this property also reflects the fixed costs that
creating a channel entails regardless of its size. Such
costs are instead related to the space occupied on the

blockchain and play the same role as withdrawal costs
in models of money demand.

The results below on hermetization (Theorems 2 and 3)
also require a slightly stronger property than subadditivity:
(SA+) for some strictly increasing g, : Ry — R,

c(kx) - c(x)
ko gk
Assumption (SA+) requires that channel costs exhibit
economies of scale: as a channel’s flow is scaled by a fac-
tor, its average cost (defined as the channel’s cost
divided by the factor) should decrease as the factor
increases.” In practice, in the typical setting of c(x) ~ x*
for some a € (0,1), this property is satisfied for g.(x) =
cx'~F for B> a and some constant ¢ > 0. (Appendix E
verifies that the cost function obtained in Guasoni et al.
(2024) satisfies these properties.)

A channel #io ¥ maps to a flow of Ay, =, — i,
Denoting by c(*+110 #) the cost of the specific channel
between u and v, it equals the cost function of the net
flow:

c(trirp o) = c(uo ot = (|, — 1) = c(| Auol) = c(Au,0)-

x,k>0.

Let G be an LN with net flows (A; j):szl, the cost of G is
defined as the sum of the costs of all of the channels:

c(G) = Z c(Aij) = % Z c(Ay ).

i<j i,j=1

3. Main Results

This section contains the statements of the main results.
Given an underlying payment flow F = (f;){; and an
LN that supports it, consider different cost-reducing
changes to the LN. The first change is to locally restruc-
ture channels among a subset of nodes in the LN. The
second change is the addition of a new node that serves
as a hub for several nodes that previously had channels
between them. The problem is to understand which
topology minimizes the overall cost among the topolo-
gies that support F.

Note that the present analysis focuses on recurring
costs, that is, costs per unit of time. Thus, the costs of
replacing the channels of one topology with the chan-
nels of another topology, which are one off, are
neglected. Of course, the rationale is that small recurring
savings over time exceed their initial one-off costs.

3.1. Local Channel Reconfiguration

First, consider the case in which a given set of nodes

reconfigures the channels between them to reduce the

overall cost. In general, a smaller node set is more likely

to reach an agreement on channel reconfiguration.
Theorem 1 states that, given three nodes u, v, and w, if

there is a channel directed from u to v and a channel
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Figure 1. (Color online) All Configurations Respect the Same
FlOqu = _/\1/ v = /‘1 - AZ/ w = /\2

@

@@

(c)
A2
&0 o

Notes. The first configuration costs more than either the second or the
third one. (a) Not cost minimizing. (b) Cost minimizing if Ay < A,. (c)
Cost minimizing if A1 > As.

directed from v to w, then this topology is not cost mini-
mizing. It offers a cost-reducing improvement, which is
summarized in Figure 1.

Theorem 1. Let u, v, and w be nodes and assume that
there is a flow of Ay >0 from u to v and a flow of A, >0
from v to w. Then, the structure uv™,ow™ is not cost min-
imizing. A less costly structure is either uw™,Mow'? if
A < Ayor Azﬁ)Al,ﬁUAZ if/\l > Ay

An important message of this result is that cost mini-
mization fosters disintermediation in that it is inefficient
for a node to merely forward others’ payments. Instead,
Figure 1 shows that a natural partner is someone with
strong personal flow with one party who can benefit
from offsetting some of this flow by forwarding pay-
ments in the opposite direction, thereby extending a
channel’s life and abating reset costs. Such a partner is
not a traditional intermediary for two reasons. First,
payments forwarded on behalf of others are less than
the partner’s own flow. Second, in a competitive equi-
librium, the partner would not charge any fee to for-
ward such payments and would even accept a small
negative fee—if it were possible>—because forward-
ing payments to offset personal flows reduces one’s
costs.

A simple example helps illustrate this point: imag-
ine that Alice’s employer (1) pays Alice’s bank (v),
which pays Alice (w). This arrangement is not optimal:
if Alice’s salary A, is greater than Alice’s net payments
A, (because she uses some of the salary to buy goods
and services), then the employer should pay Alice in
relation to her net flow, keeping a channel with her
bank. However, if Alice’s net payments are higher
than her salary (because she has additional income in
excess of expenses), the employer is better off paying
her gross salary, leaving her to independently manage
unrelated flows.

Note also that Theorem 1 does not require the subad-
ditivity condition (SA). In this sense, disintermediation

is a very basic feature of payment-channel networks,
independent of economies of scale (or lack thereof)
that underpin subadditivity. Instead, disintermediation
results from avoiding multiple transfers in the same
direction.

Two corollaries follow from Theorem 1: (i) an odd
cycle is not cost minimizing, and (ii) a cost-minimizing
LN must be a bipartite graph.

Corollary 1. Let (ui)f:] be a cycle of length k; that is, a
channel connects u;j to ujyq for every 1 < j < k and uy to
uy. (The flow in the channels can go in either direction.) If
the cycle has an odd length, then it is not a cost-minimizing
structure.

A stylized implication of Corollary 1 is that a cost-
minimizing topology should have no triangles, and
therefore, its clustering coefficient should be zero.
(The clustering coefficient is the fraction of con-
nected triples that are also triangles. See Section 5
for details.) Section 5 examines empirically this test-
able prediction and finds that the LN has indeed an
unusually low clustering coefficient in comparison
with other payment networks.

Corollary 2. If an LN is cost minimizing, then it is a
bipartite graph G = (AU B,E) with all net flows from A
to B.

3.2. Adding a Routing Node

Centralization is a natural means to simplify a network
by routing flows through a single node, thereby requir-
ing no more than a channel for each user. In the case of
the Lighting Network, the question is whether a low
number of channels also translates in low aggregate
costs. A broader goal is to understand whether eco-
nomic forces, such as collective cost minimization, may
progressively drive the network’s topology toward a
central structure. This section examines the extent to
which centralization may reduce costs.

Consider a set of nodes that can benefit from delet-
ing all the channels between them and connecting the
nodes to a new node that serves as a single central
hub. Such sets are defined as hermetizable. (See
Figure 2.) An LN is hermetizable if it contains a her-
metizable set.

Theorem 2 gives sufficient conditions for the existence
of a hermetizable set in an LN and presents an efficient
algorithm to find such a set if it exists. Theorem 3 proves
that, under mild assumptions on the distribution of
channel costs in the LN, the probability of the LN being
hermetizable is high.

Note that, in principle, the central hub does not
have to be a new node; it could be one of the existing
nodes. When thinking about real-world examples, this
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Figure 2. (Color online) An Example of a Set of Nodes Before
and After Hermetization

(b)

od Do

Notes. (a) Original configuration. (b) Hermetized configuration.

prospect is not very likely. Nodes represent a specific
individual or business and process the transactions to
and from their represented entity plus the transactions
that transit through them on behalf of others. Being a
central hub is another specialization, which demands
the continuous maintenance of several channels through
refills, resets, and other liquidity-management measures.
Thus, we conservatively assume that regular nodes are
not amenable to take such a role, leaving it instead to
specialized nodes. In principle, if one of the existing
nodes became the hub, the cost of the LN would be
slightly lower as its own traffic would not be required to
pass through another hub. For this reason, both Theo-
rems 2 and 3 hold even if an existing node were used as
hub instead of a new node.

Note also that hermetized configurations are not opti-
mal in general even if the central hub is chosen among
existing nodes. Unless the central hub is the sole payer
or the sole payee, one of the spokes is a payee and
another a payer, resulting in payment forwarding,
which is suboptimal according to Theorem 1. The main
message of Theorems 2 and 3 is that, under mild
assumptions, hermetization leads to lower—mnot mini-
mal—costs.

To state Theorems 2 and 3 formally, the following
definitions are necessary.

Definition 1. Let G=(V,E) be a graph and veV a
node. Denote by d(v) the degree of v, which is the
number of channels that involve v, that is, d(v) = [{w €
V:Ayw#0}, and let d(G) be the average degree
d(G)= Y ey @)/ V.

Definition 2. Let G=(V,E) be an LN. For every
node v, let s(v) be the smallest flow of a channel adja-
cent to v and S(v) be the largest, that is, s(v)=
min{[A, | :j€V:A,;#0} and S(v) =maxjey|Ayl.

Define the discrepancy of G as

: ____cS()
disc(G) = r&a‘l/xm.

Definition 3. The hermetization of a set of nodes U in
an LN is the graph obtained by

i. Deleting all channels among nodes in U.

ii. Addinganew node .

iii. Connecting all nodes in U to vy with channels
that aggregate their flows toward other nodes in U.

Definition 4. A set of nodes U is hermetizable if her-
metizing it reduces its cost. An LN is hermetizable if
there exists a set of nodes U in the LN that is
hermetizable.

Theorem 2 offers a sufficient condition for the exis-
tence of a hermetizable set and a polynomial-time
algorithm to find it.

Theorem 2. Assume a cost function with the properties
(MO), (SY), (CI), (SA+). If G is an LN with d(G) > 2¢;"
(2disc(G)), then it is hermetizible, and there is a polynomial-
time algorithm to find a hermetizable set L.

A natural question is whether the conditions of Theo-
rem 2 are met by a typical LN. Theorem 3 shows that, if
the LN is chosen randomly using a distribution with
tails that are not thicker than a power, then, with high
probability, its cost can be reduced by hermetization as
in Theorem 2, indicating that cost reduction is the norm,
not the exception.

Theorem 3 examines the situation in which flows A; ;
are chosen randomly (and independently) with the
same distribution. If the distribution of the resulting
costs c(A; ;) in the LN has a tail thinner than power and
each c(/; ]-) is either zero or has a uniform lower bound,
then the LN is hermetizable with high probability.

Theorem 3. Assume a cost function with the properties
(MO), (§Y), (CI), (SA+) and that the size of each channel
Aij # 0 is distributed according to a law such that, for all
channels ij € E,

i. There exist a>1,b> 0 such that P(c(A;;) > x) < bx™*
forall x > 0.

ii. There exists & > 0 such that P(c(A; ;) > €) = 1.
Then, the LN is hermetizable with probability greater than
or equal to

1—(be/2)™" Y d)(g+(d(@) ™"

1<i<|V|

3.3. Bounds on the Global Minimal Cost of an LN
Finally, consider the minimal possible cost of an LN that
supports the flow F = (f;)i; and denote it by

Cmin(F) = min{c(G)|G supports F}.
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The following bounds hold for any flow.
Theorem 4. For any F = (f)i_,,

max (ZC(ﬂ),ZC(fz)) < tmin(F) < Zc(fz) —rgg/xc(fi).

fi>0 fi<0 ieV

Recall that a star topology corresponds to a graph in
which one node has edges with all others, and no other
edges exist. The star topology is a natural candidate for
the globally cost-minimal topology because it has the
minimal number of edges for a connected graph. The
global bounds in Theorem 1 clarify the conditions under
which a star is optimal and the extent to which it is close
to optimal.

Clearly, if there is only one net payer or only one net
payee then a star with such a user as the star’s center
minimizes costs because it achieves the lower bound in
Theorem 1. The next corollary shows that this condition
is also necessary, namely, if there are at least two payers
and two payees, then the star does not minimize costs.

Corollary 3. Given F =(f,).,, if there are distinct
i1, 12,1, j2 such that f;, fi, > 0 > f;,, f;,, then a star is not cost
minimizing.

In addition, another implication of Theorem 4 is that

the star topology is at most twice as costly as the
minimum.

Corollary 4. For any flow F, a star topology costs at most
2- Cmin(f)'

The results so far suggest that a few iterations of the
improvements described above could lead to an exact
minimal-cost topology. If so, the previous results would
imply an exact optimization algorithm with quadratic
complexity. In general, this is not the case. The main
observation is that the cost-minimization problem for
general cost functions nests combinatorial optimization
problems that are known to be NP-complete.

Theorem 5. For any cost function c(x) satisfying the
structural conditions (MO), (SY), (CI), (SA), the network
cost-minimization problem is NP-complete.

The intuition of this result is relatively simple and is
exemplified by a minimal example: if there are many
payers and only two payees (or vice versa) and it is pos-
sible to assign each payer to a single payee so that both
payees receive their flow, then finding the matching
subset for a payee is equivalent to identifying (or deter-
mining the absence of) a subset of numbers with a given
sum. This is the subset-sum problem, which is known to
be NP-complete, because its solution requires us to
examine nearly all subsets of payers (Karp 1972).

Algorithm 1 (Two-Factor Approximation of Minimal Cost)
input: A vector of flows F = (f;)!, such that >, f; = 0.
output: A LN network A = (4;);,_; supporting the
input flow.

/\1,1 = 0,' )\1/,‘ = _/\l}l I:fi for 2 <i< n, /\]‘/,‘ :=0 for
2<ij<n > Create a star centered at 1.
repeat
P := gerpARS(A) > Find suboptimal pairs j — 1 — i.
for (i,j) in P do
A := DISINTERMEDIATE(A, (7, /)) > Eliminate
suboptimal pair.
until P empty

return A.

function GETPAIRS(A)
posindex[i] := negindex[i] := 0 for i in 1 to n.

> Initialize sequence of indexes.
pos :=0;neg :=0; P = 0. > Initialize iterators.
foriin2ton do
if /\1,1‘ > ( then
pos += 1; posindex[pos] :=i; > Record
position of outflow from 1.
else if A ; < 0 then

neg += 1; negindex[neg] := i; > Record
position of inflow to 1.
foriin 1 to min(pos,neg) do > Add outflow-

inflow pair to list.

add (posindex[i] negindex][i]) to P.

return P.

function DISINTERMEDIATE(A, (7,7/)) > Improvement
in Theorem 1toj—1—i.
if [A1,i| > [Ay,| then > If the flow between i
and 1 is greater than the flow between j and 1.
Ajii= == A1 > j routes through i.
Ayii= —Aj1i= A+ Ay > The channel
between 1 and 7 accounts for the flow from j.

Aji=—Aj1:=0 > j no longer has a channel
with 1.
else > The flow between i and 1 is at most

the flow between j and 1.
Aji=—=Ajj= A > i routes through j.
Aj1i= =AMy i= —(Ayi+A); > The channel
between 1 and j accounts for the flow from i.
Mi=—Ai1:=0; > ino longer has a channel
with 1.

return A.

4. Algorithm

The NP-completeness of the exact cost-minimization
problem and the previous results on cost reduction
motivate the development of an algorithm that
approximates the minimum, keeping computational
complexity polynomial. In this spirit, the follow-
ing quadratic-time algorithm yields a two-factor
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approximation: a network whose cost is less than
twice the theoretical lower bound.

Algorithm 1 proceeds by first creating a star centered
on node 1. Then, the function GETPAIRS assigns to each
other node a payer or payee number, depending on the
sign of its flow. Then, payer-payee pairs are created
(first payer with first payee, etc.): as each such pair is
suboptimal by Theorem 1, the function DISINTERMEDIATE
replaces it by a cheaper pair. The identification replace-
ment continues until further improvements are no lon-
ger possible.

Theorem 6. For any F = (f)i_,, Algorithm 1

i. Has quadratic complexity.

ii. Returns a network that cannot be improved by Theo-
rems 1 and 2.

iii. Has cost less than twice the minimal lower bound in
Theorem 4.

5. Lightning Network Structure

The preceding sections establish and study attributes of
a cost-minimal Lightning Network, thus motivating the
empirical examination of the visible parts of the actual
LN. The goal is to understand the connectivity proper-
ties of the Lightning Network and evaluate the extent to
which they are consistent with the implications of the
above results.

The LN is decentralized. Its nodes use the gossip pro-
tocol to broadcast to each other newly created and
deleted public channels. Thereby the information is syn-
chronized across the nodes. (Synchronization delays of
a few seconds are possible.) The Lightning Network
does not allow entities that do not own a channel to
learn anything beyond the channels’ existence and their
size and fee policies. Enhanced privacy is one of the
main features of the LN, and improvements are regu-
larly implemented to reduce any leakage of information.
Such built-in privacy features entail that nodes’ flows
cannot be observed, thereby placing limits on testable
implications. Yet a key necessary condition within the
observable purview is the absence of cliques, which is
evaluated quantitatively as low clustering. This section
examines clustering in the LN over time and in compari-
son with other payment networks.

The data set in Table F.1 summarizes 23 monthly
snapshots of public channels in the LN from October
2020 to July 2023 obtained from a Lightning node
(Decker 2023). (Observations contain gaps from Novem-
ber 2021 to January 2022 and from August 2022 to April
2023. Data in the months immediately before and after
the gaps may be incomplete but are, nevertheless,
included for the sake of integrity.)

Publicly available information about each channel
includes its size and its parties but not their respective
balances or balance updates (i.e.,, payments from one
party to another). Moreover, even nodes that act as

payment intermediaries in chains of transfers do not
know the origin and the destination of the payments
they facilitate, but merely the identity of the two nodes
from and to which they transfer funds.

Yet even the limited amount of publicly available
information allows us to probe some implications of our
results. Specifically, Corollary 1 states that a cost-
minimizing network should not contain cycles of odd
length and, in particular, triangles, that is, cycles of three
nodes. In the parlance of graph theory, this property
means that the clustering coefficient should be zero as
now explained.

Defining a triplet as three nodes i, j, k connected by at
least two channels, the clustering coefficient is the frac-
tion of triangles (i.e., triplets connected by three chan-
nels) out of all triplets (i.e., connected by at least two
channels). It is formally defined as®

Z’UEV | {{M, ZU} C V/ {Ll, w}/ {’0, w}/ {Ll, U} C E}I
> oevd(0)(d(v) — 1) '

Thus, in theory, Corollary 1 implies that it is suboptimal
for three channels to exist in any triplet; hence, the
numerator in this equation should be zero as should be
the clustering coefficient.

In practice, the clustering coefficient need not be zero
for multiple reasons. First, a channel may have its bal-
ance mostly shifted to one party, making the usual
payer unable to make payments and indifferent to clos-
ing the channel. Yet the balance’s main owner may
delay closure to times when on-chain transactions are
cheaper (such as the weekend). Second, a channel may
have already been closed but unilaterally, thereby requir-
ing a delay (time lock) of several days to finalize. Third,
the channel may serve other purposes than payments,
such as liquidity management or redundancy (Papadis
and Tassiulas 2020), which are not modeled here.

Notwithstanding these caveats, the broad message of
Corollary 1 is that triangles are generally not cost-
efficient and, therefore, should be infrequent in compar-
ison with other payment networks with different cost
structures. Figure 3 plots the clustering coefficient
(along with the number of nodes and edges) of the LN
snapshots over time. Two features are apparent despite
the gaps in observations: the clustering coefficient is low
and steadily decreases over time. (The slope of the
regression line in Figure 3 is —0.98 and is significantly
negative; p < 0.001.)

The clustering coefficient never exceeds 6% in any of
the snapshots considered: choosing three random nodes
connected by two channels, it is very unlikely that also a
third channel is present among them. In fact, even 6%
is a rather low figure for a payment network. As a com-
parison, consider Venmo, a payment network owned
by Paypal, in which users can send funds to each other.
Venmo has both differences and similarities to the

CI(G) =
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Figure 3. (Color online) Clustering Coefficient (Top Solid, Left Scale), Its Linear Regression Against Time (Top Dashed, Left
Scale), Number of Edges (Middle, Right Scale), and Nodes (Bottom, Right Scale) for Each of the Monthly Snapshots of the Light-

ning Network in Decker (2023)
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LN: as in the LN, funds held in Venmo accounts do not
earn interest. However, unlike the LN, Venmo balances
are held in a single user account rather than in the bilat-
eral channels typical of the LN, and there is no cost in
connecting to another user. Also, payments among users
are handled centrally rather than routed though nodes.

Absent any incentive to minimize their number of
connections, Venmo users create as many of them as
their payees. Thus, the resulting network can be consid-
ered as a reference case in which channel costs are null.
Empirically, Bhattacharya et al. (2020) and Zhang et al.
(2017) report that the clustering coefficient in Venmo is
14.7%—more than twice the LN clustering of 6% in
October 2020 and more than five times its 2.8% cluster-
ing in July 2023.

As, in the LN, clustering is several times smaller than
it is in payment networks with costless connections, it is
tempting to ascribe such difference to efficiency choices
rather than to payment relationships. More broadly, one
might interpret the declining clustering coefficient as a
gradual evolution of the LN toward a more efficient
structure, fueled by growth in its size, reach, and sophis-
tication of participants. Yet these macroscopic network
properties do not provide direct observation of the net-
work’s payment efficiency per se because payment
flows cannot be observed publicly in the LN.” Thus,
these topological changes could also be related to a nat-
ural lower clustering of active payment relationships in
general, of Lightning adopters in particular, or may be
due to other phenomena.

6. Conclusion
Blockchains are at the heart of multiple protocols designed
to manipulate ledgers securely in a decentralized fashion.
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Low throughput is a weakness shared by many of these
protocols. A way to address this weakness is to rele-
gate transaction processing to a device outside the
main blockchain, secure these transactions crypto-
graphically off-chain, and periodically post a sum-
mary of the transactions on the blockchain, thereby
incorporating these originally off-chain transactions
into the consensus. The Lightning Network is one of
the most popular layer-two solutions. It supports Bit-
coin payments.

The term “Lightning Network” often refers to collec-
tions of paths that support payments between nodes
that are not directly connected. Intermediate nodes of
an LN can and often charge fees to facilitate the interme-
diation. Viability of the LN protocol requires crypto-
graphically guaranteed communication between nodes
along the payment route. (For details, see Guasoni et al.
(2024).)

This paper focuses on cost reduction through modifi-
cations of the LN. LN modifications amount to modifi-
cations of the LN topology, which affects various
performance aspects, such as payment success rate,
node privacy, and censorship resistance. Thus, reconfi-
guration of the LN to reduce cost can have wide-
ranging implications beyond mere cost reduction.

The paper shows that computing the general global
minimum cost configuration is an NP-complete prob-
lem and then describes a quadratic-time algorithm that
is guaranteed to achieve a two-factor approximation. It
also addresses the intuitive conjecture that a star-like
structure is cost minimal. It is not.

Although the LN protocol treats all nodes equally,
each node can differentiate itself from others by offering
competitive fee rates for forwarding payments, thereby
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introducing a layer of heterogeneity in the network and
creating the potential for centralization.
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Appendix A. Proofs: Local Channel
Reconfiguration
This section states and proves the local change results.

Proof of Theorem 1. To prove that the structure uo™, v is
not cost minimizing, consider different structures that respect
the flow and have an overall cost lower than c(ud) + c(vi’?)
= C(/\l) + C(/\z). Note thatfu = —/\1,fv =A — /\z,fw = Asp.

To construct less costly structures, consider the two cases
A1 > Az and Ay > Ay, (In the unlikely case of A1 = A5, both of the
constructions below are less costly than uo™ , vi'2.)

In the case A; > A,, observe that the structure *2u0™, uw™
supports the flows and has a lower overall cost. This channel
structure supports the flows because

w: Agy + Ay = (A2 — A1) +(=A2) = —A1 = £y, (A1)
U A+ Ay = (A1 —A2)+0=A1 — Ay = £, (A2)
W: Ay + Ao =0+ Ay = Ap = fo. (A3)
And its cost is

(™) + c(uw™) = c(A1 — A2) + c(Ay)
MO) and A;>A; s —
MOy arg Ma>Aa c(A1) + c(A) = c(uo™) + c(v™).

A symmetric argument shows that, if A, > A4, the structure
uw™, M9 is superior. See Figure 1 for an illustration.

Proof of Corollary 1. Assume the cycleis of length 2m + 1 for
some m € N. Then, either there are at least m +1 channels
directed clockwise or at least m + 1 channels directed counter-
clockwise. For the m + 1 channels not to share any nodes, 2m + 2
nodes are necessary. As there are only 21 + 1 nodes, two of the
m + 1 channels must share a node. As both channels are directed
either clockwise or counterclockwise, the node shared by both
has an incoming and an outgoing channel. Thus, by Theorem 1,
the graph is not cost minimizing.

Proof of Corollary 2. By Kénig’s (1931) theorem (see also
Wilson 1979), a graph is bipartite if and only if it does not con-
tain an odd cycle. By Corollary 1, a graph that is cost minimizing
does not have an odd cycle; thus, a cost-minimizing graph is
bipartite. Furthermore, let A be the set of all nodes i such that
fi <0, and B = V'\ A the rest. Then, all of the flows are from A
to B.

Appendix B. Proofs: Adding a Routing Node
Throughout this section, assume that the cost function c has all
five properties (MO), (SY), (CI), (SA+).

B.1. Proof of Theorem 2
The proof of Theorem 2 requires several lemmas.

Lemma B.1. Let G = (V,E) bean LN, and let U C 'V be a subset of
vertices. U is hermetizable if

( ,€500)
c(s(?)

Proof. Define U’ to be the result of hermetizing U. Denoting
the new vertex by zero, and the new channels are (1] Dijewrs
where

d(i) > ) foralliell

> Ay if1=0,k#0

M=9 > Ay ifk=0,1#£0

0 ifk+0,I#0
0 ifk=1=0.

To show that c(U’) < ¢(U), it is enough to show that the cost
that each node contributes to U is greater than the cost it contri-
butes to U’. Note that

dW =23 () = Z%Zcui,,-)
=1 <=1

I] 1

cU')=3 Z(C(A 0)+c(Ag ) => e\ o)
i=1

H{E)

Thus, to show that ¢(U’) < c¢(U), it is enough to show that, for
every i,

%ZC(A{J) >c (Z /\w‘) . (B].)

Note that

;; c(Ai)) > % > els(i) = %d(i)c(s(i)),

jiAi, i #0

and

u N (SAH)d(D) .
c(;/\i,]) < c(d(®)S@)) < g+(d(i))c(s(l))'

As g, is increasing, the inverse function ¢! exists and is also
increasing. From the above inequalities, it follows that (B.1)
holds if

06 > (s
c(S(i)) L1 c(80)
=g (di)>2 G(0) =d(i) >g+1 (2 c(s(i)))' (B.2)
which completes the proof.

Lemma B.2. Denote by 6(G) = minyeyd(v) the minimum degree of
agraph G = (V, E). A set U is hermetizable if S(U) > g7 (2disc(U)).
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Proof. Remembermg that 6(U) = minyeyd(v), disc(U) = maxyey
i((fél')) and ¢;! is a monotone increasing function, it follows that
the assumptions of Lemma B.1 hold. Indeed, foreveryi e V,
<5 (1)))

c(s(@)

One of the main implications of Lemma B.2 is that a possible
business model for an entrepreneur is to find subgraphs G
with 6(G) > g71(2disc(G)) and offer the service of adding a
new vertex. In doing so, the entrepreneur can charge a part of
the users’ savings. The following lemma shows how to find
such subgraphs.

d(i) > o(U) > ¢, ' disc(U)) > g7 (

Lemma B.3. There is an algorithm that, given a graph G, finds a
subgraph H with 5(H) > g7 (2disc(G)) if there exists one or, alterna-
tively, returns an empty graph if there is no such H. The running time
of the algorithm is O(V + E).

Proof. The algorithm is as follows: at each step, delete all the
vertices of degree up to ¢;!(2disc(G)) until there are no more
vertices to remove either because the minimum degree of the
graph becomes greater than g7 (2disc(G)) or because all vertices
are deleted.

Lemma B.4. Every graph G with average degree 2d has a subgraph
G’ with6(G’) > d.

Proof. Finding G’ requires the following steps: define Gy = G
and let G; for i>1 be defined recursively as follows. If
0(G;) > d or G; is the empty graph, define G’ = G;. If not, let v;
be a vertex with the smallest degree in G; and define
Giy1 =G\ v;.

It remains to show that the process stops before all of the ver-
tices are deleted. By contradiction, suppose that all of the verti-
ces in the graph were deleted. Let n be the number of vertices
inG.

On one hand, each vertex deleted has degree at most d; thus,
the number of edges in the graph is at most (4 — 1)n. On the
other hand, the average degree is at least 2d, so the number of
edges is at least dn, which is a contradiction.

Thus, the process could not have terminated with an empty
graph, and there must be some subgraph G; of G with 6(G;) > d.

The proof of the main theorem now follows.

Proof of Theorem 2. By Lemma B4, if the LN G has average
degree greater than 2¢;1(2disc(G)), then it has a subgraph with
minimal degree ¢;!(2disc(G)), and by Lemma B.3, there is an
efficient algorithm to find it. By Lemma B.2, this subgraph is
hermetizable, and hence, G itself is hermetizable.

B.2. Proof of Theorem 3

Proof. In view of Lemma B.1, the graph is hermetizable with a
probability of at least

(o () e
=1- P(ulgs V] {d(i) <g! (2 f((f((;))))) }> (B4)

- L= () 09
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To estimate the last probability, note that

c(5(1)

(40 < 57 (255 ©9

_ . c(S()
_ ]P’(g+(d(z)) <298 (l.))> ®7)
- 2(“Pg. ) < ) ®3)
< P(38-(@) < c(S(®)- (B9)

In addition, for any x > 0,

P(c(S(i)) = x) = P<J‘:I}},?;<O c(Aij) = x) (B.10)
= P(U]‘;)\i,/#)(l(/\i,j) > x) (B.11)
< Y P(e(Aig) 2 x) < d(i)bx . (B.12)

jiAi, i #0
Thus, it follows that, for some constant k,
. e . ) -
P(c(S()) = 5g+(d(@)) < k(g (d(i)) ",

whence the claim.

Appendix C. Proofs: Bounds on the Global
Minimal Cost

Proof of Corollary 3. Consider a star LN that is, there is a
special node & such that all of the other nodes have a single
channel to it. Consider the nodes i1, i, j1, j», and note that one of
them could be /1. Out of the four nodes without loss ¢ of generality
assume that i1 # /;; then, as f;; > 0, the channel is h11 "', For simi-
lar reasons, there is a channel ]1h( KL . By Theorem 1, the struc-
ture ]1h( i) hllf‘1 is not cost effective.

Proof of Theorem 4. To prove the upper bound, for any
given flow F, it suffices to construct a network that supports F
and has a costof atmost . ,¢( f;) — max;eyc( f;). Assume with-
out loss of generality that f; = maxevf;. For eachnode i > 0, cre-
ate a channel between node i and node 0 with A ; = f;.

First, note that this network supports F because, for each
i>0,

n n
Z/\j’j = /\0,,' + ZAj/i :ﬁ +0 :fj.
=0 =1
Asfori=0,

=2 fi=2 Ao

i€V i€V

Second, the cost of this network is 3>, o ,c(A) = 3 icyc(Ai0) =
Sieve(fi) = Xiso c(fi) — c(fo) = Ljeye(fi) — maxieve(fi), and
so the upper bound holds.

As for the lower bound, examine first the flow of a single
node i. A network supports 7 if and only if } ./ A j = fi. Thus,
the cost resulting from the flow of fi is > cyc(d;) >
C(Zjev/\,-, j) = c(f;), where the inequality holds because of the
subadditivity of the cost function.
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Without loss of generality, assume that f; > 0 if and only if i <
k for some fixed k. By Theorem 1, if 7, j < k, it cannot be that there
is a flow from i to j as this would imply that either i or j is a node
that is both the origin and the destination of two different chan-
nels. The same holds if i,j > k. Thus, A; ; = 0ifi,j < kori,j > k.
Using the above, the lower bounds for the cost are

k n
ZC(/\i,j) = Z (Z C()\i,j)) (C1)

i<j =1\ j=k+1
k n k
23 e[ D iy | =D clh) (C2)
=1\ j=k+1 i=1

Repeating the same steps, it also follows that

n

> i) = ey, (C3)

i<j j=k+1
completing the proof.

Proof of Corollary 4. Without loss of generality, assume that
fo = maxf; and connect each node i > 0 to the node 0 with a chan-
nel such that Ao ; =f;. As > f; =0, it follows that fo = =), .fi,
and thus, this network supports the underlying flow. Call this
network G and note that c(G) = > ;c( f;) — max;c(f;).

Let M = max(3_;.oc(fi), 2p<oc(f)- Then,

> c(f) —maxc(f)) < Y _c(f) (C4)
eV eV
=) )+ _c(f) <2M. (C5)
fi>0 fi<0

Remembering that M is an upper bound on the minimal cost of
an LN that supports the given flow, ¢(G) < 2M as needed.

Proof of Theorem 5. Given a function satisfying the struc-
tural conditions, it suffices to construct flows (f;)l; for which
the problem is NP-complete. Suppose that f;,f; > 0 for some
i # j, whereas fi < 0 for k # i,j, and that there exists a subset S C
{fc :fi <0} such that =), ofx =fi. By Corollary 2, the cost-
minimal network is bipartite with nodes i, j in one class and all
other nodes in the other class. By Theorem 4, the total cost satis-
fies the lower bound

S () < o),

fi<O

and by assumption, the bound is attained establishing channels
of size fi between i and each k € S and between j and each k ¢ S,
thereby obtaining a network with cost } 3 _oc( fi), hence minimal.
Thus, solving the cost-minimization problem is equivalent to
finding a subset S C { f : fy < 0} for which -3, ¢ fx = f;. But this
is the subset-sum problem, which is known to be NP-complete
(see Karp 1972; Korte and Vygen 2011, corollary 15.27).

Appendix D. Proof of Theorem 6

Proof of Theorem 6. To prove (i), note that the function pisIN-
TERMEDIATE preserves the direction of channels with 1 in that, if
A1,i > 0 in its output (respectively, < 0), then also A4 ; > 0 in its
input (< 0).

Let p; denote the number of pairs identified in the Ith iteration
of GETPAIRS and DISINTERMEDIATE. The algorithm stops at the first k

for which py = 0. Because the degree of node 1 after the kth itera-
tionisn —1— Zl,;:l pm and py, > 1 for m <k — 1, it follows that
k < n. Because each iteration invokes once GETPAIRS and DISINTER-
MEDIATE, which both have linear complexity, it follows that the
algorithm has quadratic complexity.

To prove (ii), first note that Theorem 1 cannot improve
the network because the algorithm stops precisely when the
set of improvable pairs P is empty. Second, note that the
algorithm starts with a connected graph on n nodes with
n — 1 edges and remains so after each iteration because The-
orem 1 does not change the number of edges. Thus, the
graphisalways a tree, and Lemma D.1 implies that hermeti-
zation cannotimprove a tree.

To see (iii), recall that a star is already no more than twice as
costly as the minimum by Theorem 4 even if DISINTERVMEDIATE is
never executed (as in the case in which node 1 is the sole payer
or payee).

Lemma D.1. If G is a forest, hermetization does not reduce costs.

Proof of Lemma D.1. By contradiction, suppose there exists a
set on nodes U that can be hermetized to reduce costs. To calcu-
late the cost of the original LN, separate U into disjoint sets of
vertices, say Lo, L1, .., Lk, such that each v € L; has at most one
neighbor in Uj.;L;. Let Ly be the set of leaves in G. Let
Go =G\ Ly, and L; is the set of leaves in Gy. Continue the pro-
cess by defining G; = G;_1 \ L;, and Ly, is the set of leaves in G;.
As the number of vertices becomes smaller at each step, the pro-
cesses must end. For each node 7 ¢ L, denote by I(7) its single
neighbor when it was a leaf. Note that each channel in the LN is
between i and (i), and hence, the cost before the hermetization
is 3 e, €(Ai 1)) Going back to the original LN, denote by N(i)
the set of neighbors of node i. Note that {/(/)} C N(i). The cost
after hermetization is

P E Pt

iel JEN(i) ieU\Ly JEN()

Because c(3_ ey i) = ¢(Aj i) for all i & Ly, it follows that her-
metization did not improve the set U, thereby completing the
proof.

Appendix E. An Example of a Cost Function
Guasoni et al. (2024) examine the costs of LN channels in a
simple bilateral flow, obtaining the following result for the
cost of a channel between two nodes. Guasoni et al. (2024,
figure 4) show that first order expansions are very accurate
for interest rates of up to 20%; therefore, this section focuses
on such expansions for the sake of tractability.

Theorem E.1 (Guasoni et al. 2024). Let A, be the rate of trans-
actions sent over the channel by node 1, and let A, be the rate of trans-
actions sent by node 2, and assume that Ay > Ay. Denote by r the
market interest rate, by B the cost of refunding a Lightning channel,
and assume that the cost of opening a Lightning channel is B /2. Then,
the first order approximation of a channel’s cost is

1/2
2 (B0 " 0llog(1/m) for 22> 1y

3(281)'? for A=Ay = A,
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And so, given a net flow of A in the channel, the first order
approximation of the cost function in Guasoni et al. (2024) is

c(A)=2 <@) " (E.1)

Itis straightforward to check that this cost function indeed satis-
fies properties (MO), (SY), (CI), (SA):

12 12
(MO): C(x)=2<%) ! >2(B|ry|> / =c(y), forx >y >0.
12

(SY): c(x) = 2(%’“) i = 2<@) / =c(—x).

(CI): c(0) =2(B9)"* =0.
(SA): As \/x+y < x + fy for any x,y > 0,

12 1/2 12
c(x+y)=2(M) <2(&> +2(@)
r r r
=c(x) +c(y).
(SA+): Let g(n) = n'/27¢ for some € > 0, then

1/2 12
c(nx) =2 (%> =n'/22 (&) < Lc(x).
r r g(n)

Appendix F. Lightning Network Snapshots

Table F.1. Summary Statistics of LN Snapshots (Decker
2023, August 23, 2022 to September 24, 2023)

Date Nodes Edges Clustering coefficient (%)
2023-07-15 15,110 64,284 2.8
2023-06-15 14,071 60,059 3.0
2023-05-15 12,024 54,422 35
2023-04-15 NA NA NA
2023-03-15 8,887 44,191 39
2023-02-15 NA NA NA
2023-01-15 NA NA NA
2022-12-15 NA NA NA
2022-11-15 NA NA NA
2022-10-15 NA NA NA
2022-09-15 NA NA NA
2022-08-15 NA NA NA
2022-07-15 9,963 53,291 3.6
2022-06-15 5,217 17,658 2.5
2022-05-15 15,807 78,835 3.0
2022-04-15 18,739 81,390 2.8
2022-03-15 19,032 82,232 2.7
2022-02-15 3,681 5,669 3.7
2022-01-15 NA NA NA
2021-12-15 NA NA NA
2021-11-15 NA NA NA
2021-10-15 13,985 63,967 3.2
2021-09-15 14,289 66,672 3.6
2021-08-15 12,720 59,178 4.1
2021-07-15 11,362 49,776 3.8
2021-06-15 10,411 42,808 3.8
2021-05-15 9,727 39,064 4.0
2021-04-15 9,145 35,732 44
2021-03-15 7,955 32,307 438
2021-02-15 7,374 30,896 5.2
2021-01-15 6,806 29,768 5.7
2020-12-15 6,412 29,179 6.0
2020-11-15 6,104 28,729 6.1
2020-10-15 5,982 30,015 6.0

Endnotes

' This paper focuses on the aggregate costs for the network and,
therefore, abstracts from payments that are costs for a user but ben-
efits for others, such as routing fees.

2 The leading order refers to a Taylor expansion around a zero inter-
est rate. As shown in Guasoni et al. (2024, figure 4), the leading
order approximation is accurate even for interest rates of 20%.

3 For example, imagine two channels, one of size three with balances
one and two for each party, the other of size seven with balances
three and four for the same parties. If the first party makes payments
of three, then the reset of either channel is necessary. Instead, a sin-
gle channel of size 10 with balances of four and six, respectively,
does not require a reset before the first party’s payments reach four.

*We are grateful to an anonymous reviewer who provided this
clearer interpretation of the (SA+) property.

5 Current implementations of the Lightning Network require fees to
be positive.

© The denominator is the sum of the number of ordered pairs of
neighbors of each node and, hence, written in terms of nodes’
degrees. The numerator cannot be written in terms of degrees only.

7 Public information can be obtained from the Bitcoin blockchain,
which records the opening and closing of each channel and its bal-
ance. A lightning node may also be able to observe the flow passing
through its channels but not its origin and destination.
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