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Abstract. We introduce the first adaptively priced iterative combinatorial auction design, 
which gradually extends price expressiveness as the rounds progress. This mechanism 
achieves both high efficiency and fast convergence across a wide range of valuation 
domains. We implement our auction design using polynomial prices, show how to detect 
when the current price structure is insufficient to clear the market, and show how to cor
rectly expand the polynomial structure to guarantee progress. An experimental evaluation 
confirms that our auction is competitive with bundle-price auctions in domains where 
these excel, namely multiminded valuations, but also performs well in domains favorable 
to linear prices, such as valuations with pairwise synergy.
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1. Introduction
A combinatorial auction (CA) allows bidders to bid on 
bundles of items to enable them to express complement 
or substitute preferences, leading to an increase in allo
cative efficiency. CAs have found widespread applica
tion in domains such as spectrum license allocation 
(Cramton 2013), TV advertising (Goetzendorf et al. 
2015), and industrial procurement (Sandholm 2013). 
Many fielded CAs include an iterative elicitation phase 
to guide bidders in selecting packages to bid on, to 
encourage price discovery, and to bring transparency 
to the allocation process (Cramton 2013). A leading 
example is the combinatorial clock auction (CCA), 
which has been used by government entities around 
the world to conduct spectrum auctions and has gener
ated more than $20 billion in revenue (Ausubel et al. 
2006, Ausubel and Baranov 2017).

A key point of differentiation among the various iter
ative CA designs proposed to date is their choice of 
pricing scheme. Proponents of item-price auctions 
argue that this simple price structure reduces the cogni
tive burden of package bidding and promotes effective 
price discovery (Kwasnica et al. 2005). On the other 
hand, bundle-price auctions such as iBundle (Parkes 
1999) and the ascending-proxy auction (Ausubel and 

Milgrom 2002) are supported by incentive analyses 
and provable efficiency guarantees. In practice, the 
CCA attempts to resolve this tension by using an 
ascending item-price clock phase together with a final 
round of sealed package bidding (Ausubel and Baranov 
2017). Nevertheless, even in the CCA the efficiency of 
the final allocation in the clock phase is crucial for price 
discovery, and item prices can limit this efficiency. 
Moreover, CAs are appropriate precisely for allocation 
problems where bidders have complex valuations that 
do not admit linear clearing prices (Bikhchandani and 
Ostroy 2002).

Given that there are several pricing schemes to choose 
from, sellers are faced with the problem of selecting this 
crucial design element a priori without detailed knowl
edge on bidder valuations that would be needed to 
guide this choice. In this paper, we address this problem 
through the introduction of adaptive pricing. We design 
the first iterative auction that employs prices at a middle 
ground between linear and bundle prices and that aug
ments the price structure as the auction progresses. We 
implement our auction using polynomial prices (Aber
nethy et al. 2016). Polynomial prices are a natural exten
sion of item prices where combinations of items may be 
priced as well; for instance, quadratic terms add 
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surcharges to pairs of items. This added expressiveness 
allows polynomial prices to clear the market for a wider 
class of valuations than linear prices and with enough 
price terms they are guaranteed to clear the market like 
bundle prices. Our auction begins with linear prices and 
can provably detect when extra price terms are needed 
to guarantee progress toward market clearing.

We conduct an extensive simulation study and find 
that our adaptive polynomial-price CA can simulta
neously achieve fast convergence and high efficiency 
on diverse classes of valuations. By contrast, fixed 
item-price or bundle-price auctions necessarily fail on 
some of the classes, either by requiring a very large 
numbers of rounds or by failing to converge altogether. 
We use iBundle for our baseline bundle-price auction, 
which is closely related to the ascending-proxy auction 
(Parkes 1999, Ausubel and Milgrom 2002). For our 
baseline linear-price auction we use the clock phase of 
the widely used CCA as described in Ausubel and 
Baranov (2017). This baseline is similar to the auction 
design developed in Porter et al. (2003), who propose a 
more complex version where a final integer program is 
used to raise efficiency. We also compare our auction 
to an alternative with prices fixed to linear prices, iso
lating the benefit of adaptive pricing. We find that even 
in domains where linear prices typically clear the mar
ket, adaptive pricing can substantially speed up con
vergence with virtually no impact on efficiency.

By using adaptive prices, we add complexity only 
when it is needed. By using polynomial prices, we are 
using prices that bidders can think of as “linear prices 
plus a set of package discounts or surcharges.” Our 
mechanism is stand alone, and the allocation and prices 
to which it converges can be directly implemented. 
Innovations such as adaptive pricing have the potential 
for considerable real-world impact, given that combina
torial auctions are used to allocate resources worth bil
lions of dollars, including spectrum (Bichler and Goeree 
2017, Leyton-Brown et al. 2017), natural resources (Bich
ler et al. 2019), logistics (Ledyard et al. 2002), procure
ment (Hohner et al. 2003), and energy (Ausubel and 
Cramton 2010). However, fielding new mechanisms in 
high-stakes environments can be challenging. As an 
alternative, our mechanism could be deployed as a 
modification to the widely used CCA mechanism where 
the first (linear clock) phase is replaced with price dis
covery through adaptive pricing, followed by the CCA’s 
standard sealed bid phase.

1.1. Our Techniques and Results
The design of our auction follows the linear program
ming (LP) approach to iterative auction design pio
neered by de Vries et al. (2007), building on the work of 
Bikhchandani et al. (2001) and Bikhchandani and Ostroy 

(2002). Under this approach, the efficient allocation 
problem is formulated as a linear program (without any 
integer constraints on variables), and an auction corre
sponds to an algorithm for solving this LP. de Vries et al. 
(2007) observed that all the iterative CAs in the literature 
(at least, those with provable efficiency guarantees) 
could be categorized as either subgradient or primal- 
dual algorithms to solve the allocation LP: The steps of 
the algorithms have natural auction interpretations as 
bidding, provisional allocation, and price update steps. 
To ensure that the auction converges to an efficient allo
cation, the crucial property is that the LP formulation 
should have an integer optimal solution.

Our auction is an instance of the subgradient class, 
based on its price update method, but our test for price 
expansion uses ideas from primal-dual algorithms. Test
ing for price expansion is equivalent to testing whether 
the associated LP formulation of the allocation problem 
has an integer optimal solution. The key difficulty is 
that, during the auction, the bidder valuations that form 
the objective of the LP are not available, only the current 
bidder demands. Our main result (Theorem 1) shows 
that it is enough to test whether a restricted primal LP 
based purely on the demands has an integer solution. 
This leads to a price expansion policy (Corollary 1) that 
tests whether further progress is possible with the cur
rent price structure or whether price expansion (and 
possibly price personalization) is needed to clear the mar
ket. Although we prove these results in the context of 
polynomial prices for concreteness, they would straight
forwardly extend to more general families of price struc
tures at the cost of more abstraction. For polynomial 
prices in particular, our final result (Theorem 2) shows 
how to generate a new price term to guarantee progress 
or confirm that personalized prices are needed to clear 
the market. We also explain how the same general 
approach can handle a dynamic transition to personal
ized pricing, and even how a mix is possible by making 
some price terms anonymous and others personalized.

The next main contribution of this work is an exten
sive empirical evaluation of the adaptive-price auction 
against benchmarks including iBundle and the clock 
phase of the CCA. We consider valuations generated 
from the standard CATS test suite (Leyton-Brown et al. 
2000), as well as valuations with very different struc
ture (but still motivated by real-world instances) gener
ated according to the quadratic model proposed by de 
Vries and Vohra (2003). Based on the assumption of 
straightforward bidding, our key finding is that the 
adaptive-price CA is the only auction able to perform 
at high levels of efficiency and fast convergence rates 
across all domains.

The lowest average efficiency of the adaptive-price CA 
across domains is 93.2%, whereas for the benchmarks it 
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drops to 46:8%–81:0%. Our auction is also able to clear 
nearly all instances of every distribution; its lowest rate 
of clearing across domains is 97% of the instances. In 
terms of rounds to convergence, adaptive pricing again 
leads to the best average performance across domains. 
Even in the absence of detailed a priori knowledge on the 
structure of bidder valuations, our experiments demon
strate that adaptive pricing achieves high rates of clearing, 
efficiency, and convergence.

1.2. Practical Considerations and Incentives
The focus of this work is on price structure and price 
updating in iterative CAs. Of course, many other aspects 
of design are also important, including reserve prices 
and payment rules that discourage gaming behavior 
(Ausubel and Baranov 2017). As our contribution is 
computational in nature, we consider incentive pro
blems to be an orthogonal issue and assume throughout 
that bidders follow straightforward bidding, meaning 
that at each round they place a bid on a bundle that 
maximizes their utility at the given prices. This follows 
prior computational work on iterative auctions (Parkes 
1999, Pikovsky et al. 2006, Bichler et al. 2009).

To induce bidders to bid straightforwardly, the auc
tion can ensure two conditions: (1) bidders place bids 
consistent with some valuation function, and (2) bid
ders are charged Vickrey-Clarke-Groves (VCG) pay
ments at the end. The first condition can be enforced 
by using an appropriate activity rule, and we defer a 
discussion of this to Section 3.4 once the details of our 
auction have been described. For the second condition, 
one possible approach is to maintain multiple price 
paths, effectively running several auctions in parallel 
(one with each agent removed) to eventually elicit 
enough information to compute VCG payments 
(Ausubel 2006). If both conditions hold, then straight
forward bidding becomes an ex post Nash equilibrium 
of the auction mechanism (de Vries et al. 2007).

Alternatively, rather than using multiple price paths, 
one could view our adaptive-price auction as a possible 
replacement for the clock phase of the CCA and apply 
a suitable payment rule (e.g., VCG or core selecting) in 
a supplementary sealed-bid phase. Because it achieves 
high rates of market clearing, the adaptive-price auc
tion obviates the need for a second phase. The final 
clearing prices can be used for payment, supporting 
the objectives of simplicity and transparency. Nonethe
less, the adaptive-price auction is entirely compatible 
with a supplementary sealed-bid phase if so desired— 
for example, for the sake of familiarity to bidders, as a 
transition mechanism to a single-phase standard. Cur
rent activity rules linking the first and second phase, 
such as the relative and final cap rules (Ausubel and 

Baranov 2017), do not depend on price structure but 
only the historical prices of bundles in the clock phase.

Without either multiple price paths or a second phase, 
the assumption of straightforward bidding is a strong 
one. In Appendix E, we investigate the robustness of 
our mechanism to a form of heuristic bidding where, 
although not adversarial, bidders respond to the mecha
nism only with approximate myopic best responses. We 
observe that the mechanism is reasonably robust to such 
bidder behavior but that robustness is generally domain 
dependent.

Another noteworthy practical aspect of the adaptive- 
price auction is that it uses nonmonotone prices (i.e., 
the price of any given bundle may not be purely 
ascending or descending). Although nonmonotonicity 
introduces no technical difficulties, it can complicate 
bidding in practice, especially for bidders that are try
ing to manage budgets. In Appendix F, we analyze the 
price trajectories generated by our auction and find 
that typically they initially overshoot the clearing price 
and are thus largely descending, especially in the early 
rounds. In later rounds, price decreases are punctuated 
by increases at fairly regular intervals to ensure prices 
converge to market-clearing prices. Our robustness 
checks against deviations from straightforward bid
ding and on the extent of price nonmonotonicity are 
encouraging, but before such a new format is actually 
used in practice, a thorough strategic analysis and labo
ratory experiments would be advised.

1.3. Related Work
Combinatorial auction formats with both linear and 
bundle prices have been studied extensively through 
theory, simulation studies, and laboratory experiments. 
In this section, we first cover the arguments in favor of 
each format and the limited prior work on alternative 
price formats. We next discuss the related literature on 
existence of Walrasian equilibria with indivisibilities 
and connections to the literature on preference elicita
tion in the field of artificial intelligence.

1.3.1. Bundle-Price Auctions. The arguments in favor 
of bundle-price auctions are that they lead to high 
levels of allocative efficiency in both theory and prac
tice. Parkes (1999) introduces iBundle, a combinatorial 
auction with personalized bundle prices, along with 
a dynamic variant called iBundle(d) that switches 
from anonymous to personalized prices when needed. 
Ausubel and Milgrom (2002) introduce the ascending 
proxy auction, closely related to iBundle, and focus on 
its incentive properties. Both auctions provably achieve 
high efficiency as long as agents follow straightforward 
bidding. Mishra and Parkes (2007) extend iBundle so 
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that it computes VCG payments upon termination and 
thereby incentivizes agents to bid straightforwardly.

1.3.2. Linear-Price Auctions. An important argument 
in favor of linear-price auctions is that item prices pro
vide informative feedback for the bidders, alleviating 
the difficult cognitive problem of package bidding, and 
leading to fewer auction rounds. Kwasnica et al. (2005) 
propose an item-price auction called resource allocation 
design (RAD) and find via laboratory experiments that it 
performs better than the baseline simultaneous multiple 
round auction (Milgrom 2000). The innovation of RAD 
over prior designs is to compute item prices that approx
imately clear the market. In separate laboratory experi
ments, Scheffel et al. (2011) find that iBundle, VCG, and 
linear-price formats such as approximate linear prices 
(ALPS, a design inspired by RAD) all have similar allo
cative efficiency in environments with up to 18 items; 
they also observe that iBundle requires many more 
rounds than linear-price auctions. Schneider et al. (2010) 
perform extensive simulations with several linear- and 
bundle-price auctions including iBundle, ALPS, and the 
CCA. They find that linear-price auctions are more 
robust to deviations from straightforward bidding, espe
cially in terms of the number of rounds.

1.3.3. Other Price Formats. The types of polynomial- 
price auctions implemented in this work have been ana
lyzed theoretically by Abernethy et al. (2016)—without 
adaptive pricing—who provide convergence rate 
bounds that depend on the polynomial degree. With 
the exception of the iBundle(d) variant that switches 
from anonymous to personalized prices (Parkes 1999), 
all auction formats in the literature have a fixed price 
structure. Day (2018) studies a variety of alternative 
pricing schemes in CAs that can be obtained via the 
duality between allocation and pricing and discusses 
their economic interpretation. It may be possible to 
embed some of these structures into our framework to 
yield other adaptive-price CAs.

1.3.4. Walrasian Equilibria. The study of iterative auc
tions takes its roots in the literature on the existence of 
Walrasian equilibria (i.e., linear-price competitive equi
libria) and the classical tâtonnement procedure (Walras 
1874). Kelso and Crawford (1982) introduced the notion 
of gross substitutes to guarantee the convergence of a nat
ural salary adjustment procedure between workers and 
firms. Gul and Stacchetti (1999, 2000) later used this 
notion to analyze the existence of Walrasian equilibrium 
in the presence of indivisible items and to define an 
ascending-price auction that converges to VCG pay
ments. Lehmann et al. (2006) study valuation classes 
that exhibit decreasing marginal values more generally, 

which includes gross substitutes and submodular valua
tions among others. For a detailed coverage of this litera
ture and its key results, we refer to the excellent survey 
by Paes Leme (2017). Baldwin and Klemperer (2019) 
have identified other demand types besides gross sub
stitutes that admit Walrasian equilibria in the presence 
of indivisibilities. Whenever these elegant characteriza
tions are not known to hold in specific applications, our 
auction offers a way to extend beyond linear prices to 
restore the existence of competitive equilibrium with 
indivisibilities.

1.3.5. Preference Elicitation. Our work connects with 
a growing literature in the field of artificial intelligence, 
beginning with Blum et al. (2004) and Lahaie and 
Parkes (2004), that views iterative CAs as mechanisms 
for preference elicitation with the goal of computing an 
efficient (or approximately efficient) allocation. This 
research views bidders as black boxes that can respond 
to different types of queries: demand queries, where 
bidders best-respond to prices as in a typical auction, 
but also value queries, where bidders state their values 
for given bundles. Blumrosen and Nisan (2010) study the 
relative power of demand and value queries to learn val
uation functions. In particular, they show that there are 
valuations classes for which finding an efficient allocation 
requires an exponential number of bundle-price demand 
queries, but only a polynomial number of linear-price 
demand queries. Brero et al. (2017, 2018) introduce itera
tive CAs that embed machine learning algorithms based 
on value queries to learn preferences; these can accom
modate a wide range of models including deep neural 
networks (Weissteiner and Seuken 2020).

2. Background
We consider a model where a single seller holds a set 
of m distinct items that is auctioned among n agents 
(the buyers). The items are indivisible, and there is unit 
supply of each item. Let M denote the set of items and 
N denote the set of agents. A bundle is a subset of items 
Z ⊆M; we denote the set of bundles by Z (� 2M), which 
includes the empty bundle. The preferences of agent i ∈
N are captured by its valuation function vi : Z→ R. We 
assume that valuations are normalized and monotone: 
vi(∅) � 0 and vi(Z) ≤ vi(Z′) for Z ⊆ Z′. We refer to the 
set of valuations that satisfy these conditions as the 
class of general valuations. We will not make any further 
assumptions on valuations as we develop our auction, 
although we will naturally impose some further struc
ture in our examples and empirical evaluation. An allo
cation is a vector of bundles Y � (Y1, : : : , Yn) assigned to 
the agents, where agent i obtains bundle Yi. An alloca
tion Y is feasible if Yi ∩ Yj � ∅ for i ≠ j; we denote the set 
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of feasible allocations by F . An allocation Y is efficient if

Y ∈ arg max
Y′∈F

X

i∈N
vi(Y′i ), (1) 

or in words, if it maximizes the total value to the 
agents among all feasible allocations. As we have for
mulated it thus far, the efficient allocation problem is 
computationally intractable because the inputs them
selves (the valuations) are of exponential size. Even 
when restricting the class of valuations so that each 
agent only values a single bundle (i.e., single-minded 
agents), computing the efficient allocation is NP-hard 
by reduction from weighted set packing (Nisan 2000). 
Combinatorial auction implementations, both single- 
shot and iterative, therefore make use of integer pro
gramming techniques to solve these problems in prac
tice (Sandholm 2006). Iterative auctions typically solve 
a revenue-maximization problem at each round, which 
is just the efficient allocation problem where valua
tions are replaced with prices. Depending on price 
structure, this may be simpler or just as computation
ally difficult as efficient allocation with respect to 
valuations. We return to this issue when we discuss 
the problem of computing a provisional allocation in 
Section 3.3.

2.1. Market Clearing
When running an iterative auction, the seller maintains 
prices for each agent i ∈N. Like valuations, the prices are 
mappings pi : Z→ R. As written, the prices may be per
sonalized, meaning that different agents may face differ
ent prices; the vector of personalized prices is denoted 
p � (p1, : : : , pn). Several bundle-price auctions proposed 
in the literature use personalized prices, including iBun
dle (Parkes 1999), which will serve as a baseline for our 
experiments. Prices are anonymous if pi � pj for all i, j ∈N; 
in this case, we usually drop the agent index and simply 
write p to represent the prices.

We assume that agents have quasi-linear utility, so 
that agent i’s utility for obtaining bundle Z at prices pi is 
ui(Z; pi) � vi(Z)� pi(Z). Agent i’s ɛ-demand set at prices 
pi is

Dɛ
i (pi) � {Z ∈ Z : ui(Z; pi) ≥ ui(Z′; pi)� ɛ, Z′ ∈ Z}: (2) 

In words, this is the set of bundles that maximize the 
agent’s utility at the given prices to within an additive 
error of ɛ. We write Di �D0

i to denote the agent’s exact 
demand mapping. Given prices p, the revenue of alloca
tion Y is simply 

P
i∈N pi(Yi): We assume that the seller 

does not value the items, so the utility it derives from 
an auction is the revenue collected. The seller’s supply 

set at prices p is

S(p) � arg max
Y∈F

X

i∈N
pi(Yi), (3) 

namely the set of feasible allocations that maximize the 
seller’s revenue. We stress that (2) and (3) define set- 
valued mappings, not just selections of a single bundle 
or allocation.

An iterative auction proceeds over rounds, updating 
a provisional allocation along with prices at each round 
until there is a balance between demand and supply. 
To formalize this balancing notion, we say that prices p 
are clearing prices if there exists a feasible allocation Y ∈
S(p) such that Yi ∈Di(pi) for all i ∈N. In words, the allo
cation simultaneously maximizes the seller’s revenue 
and every agent’s utility at the given prices; in this 
sense, there is a balance between supply and demand.1
We say that the clearing prices support such an alloca
tion Y (which need not be unique). We define ɛ-clear
ing prices analogously by requiring Yi ∈Dɛ

i (pi) instead 
for each agent. Given ɛ-clearing prices p supporting an 
allocation Y, we call the pair (Y, p) an ɛ-competitive equi
librium.2 The following standard result, which is used 
throughout the literature on combinatorial auctions 
(Parkes 1999, de Vries et al. 2007, Mishra and Parkes 
2007), gives the key property of competitive equilib
rium. We defer all proofs to Appendix A.

Proposition 1 (Bikhchandani and Ostroy 2002). If (Y, p)
is an ɛ-competitive equilibrium, then Y is efficient to within 
an additive error of nɛ.

This result motivates a natural termination criterion: 
the auction halts if the provisional allocation and cur
rent prices form an ɛ-competitive equilibrium, where ɛ
is a discount set by the auctioneer. The auction first 
maintains the invariant that the provisional allocation 
always maximize revenue at the current prices, which 
is the supply-side condition of competitive equilib
rium. Next, the auction offers an ɛ discount on the price 
of any bundle in the provisional allocation. If the 
buyers follow straightforward bidding and accept 
their allocated bundles, this verifies the demand-side 
condition of competitive equilibrium. Proposition 1
establishes that this termination rule comes with an 
efficiency guarantee, which improves with smaller dis
count parameter ɛ. Consequently, the discount param
eter is used in practice (and in our evaluation) to 
control a tradeoff between the auction’s speed of con
vergence and the efficiency of its final allocation.

Remark 1. A valuation is a function vi : Z→ R that can 
in principle take on negative values, but the assump
tions of normalization and monotonicity imply that 
general valuations are always nonnegative. Similarly, a 
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price function pi : Z→ R could in principle assign neg
ative prices for some bundles. However, the price of an 
allocated bundle in a competitive equilibrium cannot 
be negative because this would contradict the condition 
that the allocation maximize revenue (discarding a 
negative-price bundle would increase the revenue of 
the allocation). Furthermore, if we introduce a “dummy 
agent” into the auction with a value of zero for all bun
dles, then no bundle can have a negative price in a 
competitive equilibrium: The bundle with the most 
negative price would maximize the dummy agent’s 
utility but could not be part of a revenue-maximizing 
allocation. Therefore, by using this device of a dummy 
agent, it is straightforward for the auction to automati
cally ensure that prices are nonnegative if this is consid
ered important in practice.

2.2. Price Structure
Because the domain of bundles is exponential in size, 
an iterative auction cannot explicitly maintain a price 
for every possible bundle even with a moderate num
ber of items. We must therefore consider sparse encod
ings for prices. The classic approach is to specify item 
prices (also called linear prices), and the price of a bun
dle is then defined as the sum of its constituent item 
prices.

In this work we will implement our adaptive-price 
auction using polynomial prices, a generalization of 
item pricing. These prices are formally specified as a 
pair (M, w) where M ⊆ Z is a collection of bundles 
and w : M→ R is a function mapping the bundles to 
coefficients. The price of a bundle Z is then defined as

p(Z) �
X

Z′∈M:Z′⊆Z
w(Z′): (4) 

We require ∅ ∉M so that the prices are normalized to 
p(∅) � 0. The set M captures the “monomials” in the 
polynomial prices. In practice, M should ideally remain 
of low cardinality. If we impose the constraint that M 

only consist of single-item bundles, then we recover lin
ear prices. To understand why the structure in (4) corre
sponds to a polynomial, suppose that M only contains 
bundles of size at most two, which leads to quadratic 
prices. In this case, polynomial prices over three items 
{a, b, c} can alternatively be expressed in the form

w({a})xa +w({b})xb +w({c})xc +w({a, b})xaxb

+w({a, c})xaxc +w({b, c})xbxc, 

where xa, xb, xc ∈ {0, 1} are indicator variables for the 
items contained in the bundle being priced. This is a 
quadratic polynomial, with the coefficients given by w. 
The degree of polynomial prices is maxZ∈M |Z | and their 
cardinality is |M | . Note that individual coefficients in 

the polynomial may be negative. However, as explained 
in the Remark 1, the price function represented by such 
a polynomial should nonetheless take on nonnegative 
values if it corresponds to clearing prices.

Besides item prices, the other most common struc
ture is bundle prices. These are represented by a collec
tion of bundle-value pairs captured in an expression of 
the form (X1,α1)� ⋯ � (Xk,αk), which represents the 
following price function over bundles Z ∈ Z:

p(Z) �max{αℓ : Xℓ ⊆ Z, ℓ � 1, : : : , k}:

The � operator refers to the fact that only one of the Xℓ 
bundles can be chosen.3 For personalized prices, a sep
arate expression is listed for each agent. We define the 
cardinality of bundle prices as k, the number of bundles 
in the price expression. In bundle-price auctions like 
iBundle, an (Xℓ,αℓ) term is added each time a new bun
dle Xℓ is bid on by an agent. To ensure that the corre
sponding price function is nonnegative, the term (∅, 0)
can be added to the price expression.

The crucial property of a price structure is its cardi
nality (i.e., representation size), which determines how 
computationally efficient it is for an auction to work 
with the price structure and for bidders to best respond 
to quoted prices. It is straightforward to construct 
examples of price functions where the polynomial 
representation has linear cardinality whereas bundle 
prices have exponential cardinality, and vice versa. 
However, the main purpose of prices in an auction is to 
generate inequalities of the form

vi(Xi)� pi(Xi) ≥ vi(Z)� pi(Z)

for all Z ∈ Z, where Xi is a bundle assigned to agent i. In 
technical terms, we want the price structure to be able to 
represent a supergradient to the agent’s valuation func
tion at any bundle we might assign to the agent, as this 
is the property needed to support an efficient allocation. 
Even when the agents have complex, general valuations, 
the supergradients to these valuations can often be 
represented using much simpler, low-cardinality poly
nomials, and we exploit this fact in the design of our 
auction.

Although it is intuitive to view the polynomial coeffi
cients as package surcharges or discounts, for large 
bundles these coefficients can cancel each other, which 
complicates interpretation. We make no claim that 
polynomial prices are somehow more meaningful or 
interpretable than bundle prices in general, as this is 
necessarily application specific.

2.3. Existence of Clearing Prices
The existence of clearing prices with specific structure 
(e.g., linear, anonymous) depends on the class of agent 
valuations at hand. We say that a price structure is fully 
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expressive if it can represent any price function over the 
domain of bundles Z (subject only to normalization). 
With general valuations, fully expressive personalized 
prices are needed to ensure that clearing prices can be 
represented in the worst case (Bikhchandani and Ostroy 
2002); bundle prices and degree-m polynomials are fully 
expressive, but in either case, the cardinality of the prices 
may be exponential in the number of items. If the valua
tions are super-additive, then anonymous prices suffice 
to clear the market (Parkes 2006, Lahaie and Parkes 
2009).4 At the other extreme, anonymous linear prices 
are known to clear the market when agents have gross 
substitutes valuations (Kelso and Crawford 1982, Gul 
and Stacchetti 1999), which includes additive and unit- 
demand valuations as special cases. Candogan et al. 
(2018) study the relative clearing power of linear versus 
quadratic prices, both anonymous and personalized. 
They provide instances that quadratic prices can clear 
but that linear prices cannot clear and identify valuation 
classes besides gross substitutes where the two are 
equally effective at supporting market clearing.

The following examples illustrate how it can be diffi
cult a priori to know what structure of prices is needed 
to clear the underlying valuations. With just a slight 
change to valuations, one can go from an instance with 
linear clearing prices to an instance where prices must 
essentially be fully expressive. In the examples, a 
bundle-value pair (X,α) represents a single-minded agent 
with valuation

vi(Z) �
α if Z ⊇ X
0 otherwise:

�

A single-minded valuation expresses complementarity 
among the items in X.

Example 1. There are three items {a, b, c} and four single- 
minded agents with valuations ({a, b}, 3); ({b, c}, 3); 
({a, c}, 3); ({a, b, c}, 5). The efficient allocation is to give 
all items to the last agent. It is easy to verify that this 
allocation is supported by linear prices of 1.5 for each 
item. If we change the last agent slightly to ({a, b, c}, 4), 
then the efficient allocation remains unchanged, but it 
is an easy exercise to show that now linear and even 
quadratic clearing prices no longer exist. Because there 
are just three items, degree-3 (i.e., cubic) polynomial 
prices do clear the example, and because the valuations 
are super-additive, there exist anonymous bundle 
clearing prices (Parkes 1999). A solution to this example 
is given in Section 5.

Example 2. A general counterexample that yields the 
inexistence of anonymous clearing prices is given by 
Nisan and Segal (2006). Their construction also yields 
examples where personalized clearing prices fail to 
exist whenever the prices are not fully expressive. 

Given valuation v1, let the second agent’s valuation be 
v2(Z) � v1(M)� v1(M \Z). Nisan and Segal (2006) 
show that the unique clearing prices are p1 � v1 and p2 
� v2 with such valuations. The prices must therefore 
be personalized, and if there are m items, then v1 can 
be constructed such that it cannot be represented by 
any polynomial of degree strictly less than m.

With indivisible items, it is typically the case that 
clearing prices, when they exist, are not unique. As our 
focus is on reaching an efficient allocation, uniqueness 
is not a concern, but for some applications, selecting 
particular clearing prices may be relevant. For instance, 
in an auction for public resources, the auctioneer may 
wish to compute minimal clearing prices to extract as 
little surplus as possible. Abernethy et al. (2016) intro
duce a regularization term in the dual pricing objective 
to reach minimal clearing prices and work out the 
implications for the price increment policy, but we do 
not pursue such a refinement in this work.

3. Iterative Auction
In this section, we first describe a nonadaptive version 
of the polynomial price auction where the polynomial 
terms are fixed. For the sake of simplicity, we also 
describe the auction using anonymous prices. We intro
duce the main auction steps performed at each round 
and then explain the process of computing a provi
sional allocation. The overall auction scheme that actu
ally interfaces with bidders, detailed in Algorithm 1, 
follows a standard format: A round consists of steps 
for bidding, allocation, and price updating. Rounds 
continue until the market clears. The key novel element 
is a price expansion step, which remains a black box to 
the bidders, like winner determination. We defer adap
tive pricing (Algorithm 2), including how to switch to 
personalized prices if needed, to the next section.

Our auction is an instance of the subgradient class of 
iterative auctions (de Vries et al. 2007) because it com
putes an “excess demand” vector and increments prices 
in the direction of this vector. An auction from the 
primal-dual class, in contrast, formulates a “restricted 
primal” allocation problem as an LP, whose dual gives 
a price increment in the direction of clearing prices. An 
advantage of the subgradient approach is that it only 
requires a single bundle from each bidder’s demand set 
to compute excess demand, whereas the primal-dual 
approach needs each bidder’s entire demand set. A sub
gradient auction also does not need any information 
about valuation magnitudes to ensure convergence, as 
long as it uses a suitable diminishing price increment. 
In contrast, a primal-dual auction needs a priori infor
mation on valuation magnitudes to ensure that its price 
increment does not overshoot.5
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Algorithm 1 (Iterative Auction)
Input: Initial price monomials M; Discount ɛ; Stepsize schedule {ηt}; Max rounds tmax; Max time τmax; Epoch 
length φ
Output: Allocation Yt; prices pt; Clearing status {⊥,⊤}

1 w1(Z) ← 0 ∀Z ∈M . Initialize price coefficients

2 B0
i ←{∅} ∀i ∈N . Initialize observed bundles

3 t← 0 . Initialize round

4 do . Loop over rounds

5 t← t+ 1 . Increment round

6 pt← (M, wt) . Establish prices

7 Yt← SupplyQuery(pt,Bt�1) . Compute revenue maximizing allocation; see Section 3.3

8 Xt
i ← DemandQuery(i, pt, Yt

i ,ɛ) ∀i ∈N . Query each bidder i with Yt
i discounted by ɛ

9 Bt
i← Bt�1

i ∪ {Xt
i} ∀i ∈N . Update observed bundles

10 if Xt
i � Yt

i ∀i ∈N then . Provional allocation accepted

11 return (Yt, pt,⊤) . Auction cleared

12 end
13 (M, wt) ← ExpandPrices (Xt,Bt,M, wt, t,φ) . Obtain new price terms; see Algorithm 2

14 wt+1← UpdatePrices (Xt, Yt, wt,ηt) . Update price coefficients; see Equation (5)

15 while t < tmax ∧ ElapsedTime() < τmax . Rounds remaining

16 return (Yt, pt,⊥) . Auction stopped

3.1. Auction Steps
The auction proceeds over rounds, indexed by t, which 
consist of allocation, bidding, and price update steps. There 
is also a termination criterion checked at each round. 
The auction maintains polynomial prices (M, wt)where 
the set of monomials M is fixed for now, but the coeffi
cients wt are updated across rounds. The polynomial 
coefficients are initialized to zero, leading to initial 
prices at zero. As the auction prices are anonymous for 
now (see Section 4.4 for price personalization), we write 
pt rather than pt to refer to the prices.

Pseudo-code for the iterative auction is provided in 
Algorithm 1. The auction is parametrized by a discount 
ɛ > 0 and a step size schedule {ηt}

∞
t�1 that controls the 

magnitude of the price updates as the rounds progress. 
In our implementation, runs of the auction were bounded 
by a maximum number of rounds tmax and a maximum 
runtime τmax. The epoch length φ listed as part of the 
input controls the frequency of price expansion (covered 
in the next section). The choice of initial monomials M is 
up to the auctioneer; in our implementation, we initialize 
with all singleton bundles, so that the auction begins 
with linear prices. We now describe the auction and 
pseudo-code steps in detail, referring to the line numbers 
in Algorithm 1.

3.1.1. Allocation. At the beginning of each round t, the 
seller computes a provisional allocation Yt that maxi
mizes its revenue at current prices pt, so that Yt ∈ S(pt). 
In Line 7, this subroutine is referred to as SupplyQu
ery, taking in the current prices pt as input. In the first 
round the prices are zero and ties are broken so that the 
first provisional allocation is empty. Under polynomial 

prices, computing the provisional allocation can be 
straightforwardly formulated as an integer linear pro
gram, using binary variables to encode which items each 
agent receives and to relate the items to the polynomial 
terms. However, the program consists of Θ(mnd) con
straints and Θ(nm+ nd) variables, where d is the cardinal
ity of the polynomial prices. The program size scales too 
poorly with the cardinality to be of practical use. In Sec
tion 3.3, we will describe a scalable approach to comput
ing the provisional allocation which performs well in 
practice, at the expense of weaker theoretical efficiency 
guarantees. This approach makes use of the history of 
bundles bid on by each agent, hence the inclusion of this 
history as an argument to SupplyQuery in Line 7.

3.1.2. Bidding. Next comes the bidding step. Given the 
current prices pt and provisional allocation Yt, each 
agent i may choose to accept the bundle Yt

i or bid by 
communicating a different bundle Xt

i . In the former 
case, the agent is essentially bidding on its allocated 
bundle, so we notate this as Xt

i � Yt
i . When reasoning 

about its bid, we stipulate that the agent may take a dis
count of ɛ on the price of Yt

i . (This discount serves a 
practical purpose as explained in Section 3.2.) Note 
that, following the usual clock auction format, an agent 
only communicates which bundle it wishes to bid on, 
without explicit reference to price. The process of each 
agent i placing a bid, given current prices pt, the pro
posed bundle Yt

i and a discount on this bundle ɛ, is 
denoted as subroutine DemandQuery in Line 8.

3.1.3. Termination. If every agent i ∈N accepts the bun
dle Yt

i it is allocated in the current round, or in other 
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words if Xt
i � Yt

i for all i ∈N, then the auction terminates. 
This termination check corresponds to Lines 10–12.

3.1.4. Price Expansion. A key feature of our mechanism 
is its use of adaptive price expansion, which may alter the 
structure of the prices and thereby increase their ability to 
clear the market. This step is denoted by the subroutine 
ExpandPrices in Line 13. In this section we assume 
ExpandPrices is a no-op, yielding a non-adaptive ver
sion of the mechanism. We devote Section 4 to carefully 
constructing a definition of ExpandPrices that will 
yield the full adaptive version of our mechanism.

3.1.5. Price Update. If the termination condition does 
not hold, then prices are updated for the next round. 
Following Abernethy et al. (2016), the update rule for 
the polynomial prices takes the form

wt+1(Z) � wt(Z) + ηt | {i ∈ N : Z ⊆ Xt
i} |

� ηt | {i ∈ N : Z ⊆ Yt
i} | , (5) 

for all nonempty Z ∈M. The rule can be interpreted as 
an update to coefficient w(Z) in the direction of excess 
demand for the combination of items Z: We count the 
number of agent bids that contain Z and subtract away 
the number of allocated bundles that contain Z (there 
can be at most one of the latter because the provisional 
allocation is feasible). We then update the coefficient 
on Z by this quantity, weighted by the step size ηt. 
Note that when Xt

i � Yt
i for all i ∈N (i.e., the termina

tion condition holds), the price update evaluates to 
zero. The price coefficient can be updated upward 
or downward, and this translates into nonmonotonic 
prices. However, the coefficient is updated downward 
only when it is not demanded at all at the current 
prices. The price update procedure specified by (5) is 
invoked as subroutine UpdatePrices in Line 14.

3.2. Auction Convergence
If each agent follows a straightforward bidding strategy, 
then by definition at each round t each agent i’s bid 
satisfies Xt

i ∈Di(pt). However, if Yt
i ∈Dɛ

i (pt), then the 
agent chooses to accept its provisional allocation speci
fically because of the price discount. Recall that the pro
visional allocation is chosen such that Yt ∈ S(pt). Under 
straightforward bidding, the termination condition 
therefore amounts to verifying that (Yt, pt) constitutes 
an ɛ-competitive equilibrium, and therefore that Yt is 
approximately efficient by Proposition 1.

Under straightforward bidding, the auction formally 
corresponds to a subgradient algorithm to solve the dual 
linear program to the efficient allocation problem—We 
refer to proposition 4.1 of Abernethy et al. (2016) for a for
mal proof. The fact that utility-maximizing bundles (2) 
combine with a revenue-maximizing allocation (3) to yield 
a subgradient is closely related to classic microeconomic 

results (Roy’s identity and Shephard’s lemma) relating 
demand and supply functions to the derivatives of indirect 
utility and cost functions (Varian 1992). Subgradient algo
rithms for linear programs, and convex programs more 
generally, are only guaranteed to converge to an optimal 
solution in the limit, rather than a finite number of steps. 
This is the reason for introducing the ɛ discount in practice. 
Other iterative auctions of the subgradient class, such as 
iBundle, also use this device. A larger ɛ discount induces 
earlier convergence, at the expense of a weaker efficiency 
guarantee upon termination.

3.3. Provisional Allocation
We noted in the previous section that the problem of 
finding a revenue-maximizing allocation can be formu
lated as an integer program (IP), given polynomial 
prices. However, the size of the IP scales poorly with 
the price cardinality: with just 10 items and 5 agents the 
program requires hundreds of constraints even with 
just quadratic prices, in the worst case. From a modu
larity standpoint, it is also undesirable to have a core 
part of the auction—provisional allocation—depend so 
closely on price structure.

To address both these issues, we propose a generic 
approach to revenue maximization based on the idea of 
restricting the set of possible allocations. Because we no 
longer ensure Yt ∈ S(pt), this means that we lose the theo
retical efficiency guarantee provided by Proposition 1. It is 
nonetheless still possible to provide a worst-case approxi
mation guarantee, given below, and our experiments will 
show that the approach is very effective in practice.

Let Bt
i be the collection of bundles that have been 

bid on by agent i up to round t—the collection of 
“observed” bundles. For convenience, we initialize 
this collection with the empty bundle in Line 2 of Algo
rithm 1. We apply a natural restriction: The seller may 
only allocate to agent i a bundle from this collection, 
namely a bundle that has been explicitly bid on. More 
precisely, the seller is restricted to the set F̃ t

� {Y ∈ F :

Yi ∈ Bt
i , i ∈N} when computing the provisional alloca

tion; note that we use a superscript t because the feasible 
set now evolves with the rounds. Finding the revenue- 
maximizing allocation is still an integer programming 
problem, formulated as follows. For each i ∈N and 
X ∈ Bt

i , we introduce indicator variable xi(X) ∈ {0, 1} to 
denote whether X is allocated to i in the current round.

max
x binary

X

i∈N

X

X∈Bt
i

pt(X)xi(X) (6) 

s:t:
X

i∈N

X

X∈Bt
i : a∈X

xi(X) ≤ 1 ∀a ∈M (7) 

X

X∈Bt
i

xi(X) � 1 ∀i ∈N (8) 

As long as the number of rounds stays limited (i.e., con
vergence is fast enough), this is a tractable problem for 
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modern IP solvers. The number of constraints stays 
constant at m + n, and the number of variables is at 
most nt. Importantly, the IP and its Objective (6), in 
particular, do not depend in any way on the price 
structure: One only needs to evaluate prices over the 
observed bundles for each agent. Note that Constraints 
(8) can always be satisfied as equalities because we 
ensured that ∅ ∈ Bt

i for each agent i by the way the col
lections of observed bundles are initialized in Line 2. In 
Line 7, the history of bidded bundles Bt�1 is passed to 
the SupplyQuery subroutine to accommodate this 
alternative approach to revenue maximization.

The program itself represents a set packing problem, 
for which IP methods are particularly effective (Anders
son et al. 2000, Sandholm 2006), so we refer to this 
provisional allocation scheme as set-packing allocation. 
There is now the risk of terminating with an inefficient 
allocation because condition Yt ∈ S(pt) of the clearing 
price definition is no longer confirmed. The following 
example illustrates how inefficiencies can arise.

Example 3. There are three items {a, b, c} and three 
agents with valuations ({a, b}, 2)� ({a}, 1), ({b, c}, 2)� 

({b}, 1), and ({a, c}, 2)� ({c}, 1). The auction is initial
ized with prices p1 � (0, 0, 0) and provisional allocation 
Y1 � (∅,∅,∅). The auction uses constant price incre
ment η � 0:5 and discount ɛ � 0:01. In the first round, 
under zero prices, the agents best-respond with bun
dles {a, b}, {b, c}, and {a, c}, respectively. Following the 
update rule (5), the excess demand for each item is 
two so item prices are increased to p2 � (1, 1, 1) given 
the price increment. At this point, the auction has only 
observed bids on {a, b}, {b, c}, and {a, c} from each 
agent. Under set-packing allocation, it maximizes rev
enue under the restriction that it can only allocate 
these bundles. Breaking ties in favor of the first agent 
(which makes no difference to the overall conclusion), 
the next provisional allocation is Y2 � ({a, b},∅,∅). The 
assigned bundles maximize the agents’ utilities at 
prices p2, so the auction terminates. The value of the 
final allocation is two, whereas the value of an effi
cient allocation such as ({a}, {b}, {c}) is three. There are 
multiple efficient allocations, but all of them involve 
at least one singleton bundle. If the auction had been 
aware that it could also allocate these singleton bun
dles, which are not observed during the bidding pro
cess, it would have been able to reach an efficient 
allocation.

Although the true test of set-packing allocation lies 
in its empirical performance, some mild theoretical 
guarantees are possible. The following auxiliary result 
holds independently of price structure, for any iterative 
auction that follows the template described thus far.

Proposition 2. Under single-minded agents, an iterative 
auction with set-packing allocation obtains an efficient allo
cation upon termination. Under general valuations, it 

obtains an n-approximation to the efficient allocation upon 
termination.

The result above presumes ɛ � 0. For ɛ > 0, the result 
holds with the usual adjustment of an additive error of 
nɛ to the efficiency guarantee. With single-minded 
agents, all bundles that could arise in an efficient alloca
tion are discovered immediately in the first round, so 
the difficulties illustrated in Example 3 do not arise. The 
n-approximation for general valuations is not a strong 
guarantee. Its main purpose is to confirm that under set- 
packing allocation the efficiency of the auction upon ter
mination cannot be arbitrarily bad. It is also important 
to stress that the result does not guarantee that the auc
tion will terminate (the “upon termination” state may 
not be reached)—this depends on the structure of prices 
and valuations.

We emphasize that the provisional allocation is com
puted with respect to the current round prices pt for 
each bundle X ∈ Bt

i and not the price at which X was 
first or last bid on. Therefore, the provisional allocation 
Yt is just an “offer” on the part of the seller, and there is 
no commitment on the part of agent i to accept Yt

i 
regardless of its previous bids, unless it explicitly 
accepts by bidding Xi � Yt

i in the current round. How
ever, if our auction were used as a first phase for the 
CCA, then it would be important to record and carry 
over the last bid price for each X ∈ Bt

i for use in the sec
ond phase.

3.4. Extension: Activity Rules
An important feature of real-world clock auctions is the 
imposition of activity rules designed to curtail “bid 
sniping” behavior, where bidders wait until the final 
rounds to place large bids in order to avoid revealing 
valuation information to their competitors. This goes 
against the goal of price discovery in a clock auction. 
Activity rules such as those for the CCA impose con
straints that bids should be consistent with straightfor
ward bidding according to some underlying valuation 
function, since true valuations are not publicly known.6

Suppose that an agent places a bid on bundle Xt in 
the current round t, under prices pt. The bid satisfies 
the revealed-preference activity rule with respect to a pre
vious round s < t if

pt(Xt)� pt(Xs) ≤ ps(Xt)� ps(Xs), (9) 

where Xs is the bundle that the agent bid on in round s, 
and ps were the prices in that round. Note that our auc
tion is entirely compatible with applying restrictions of 
this form as an activity rule: We simply need to be able 
to evaluate the prices of various bundles. The constraints 
are valid regardless of price monotonicity. Ausubel and 
Baranov (2020) have advocated for chaining constraints 
of the form (9) so that revealed preferences satisfy the 
generalized axiom of revealed preference (GARP). An 
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agent’s bids satisfy GARP if and only if the following 
system of inequalities has a solution

νt � pt(Xt) ≥ νs � pt(Xs), 

where s, t range over all rounds, and the νs,νt are non
negative variables. Again, verifying that these inequal
ities have a solution is simply a matter of evaluating 
the prices of various bundles.

Although price structure has no bearing on the appli
cation of revealed-preference activity rules, it does 
have implications for how much observers can learn 
about true valuations from the auction bids. Under the 
stronger GARP activity rule, bids are guaranteed to be 
rationalized by some valuation function, using a con
struction originally from Afriat (1967). Using the solu
tion to the inequalities, we form the inferred valuation 
function

v(X) � min
t
{νt + pt(X) � pt(Xt)}, (10) 

where the minimum is taken over all auction rounds t. 
Note that as the degree of polynomial prices increases, 
the class of valuations that can be modeled by (10) 
grows larger. In other words, by restricting the price 
degree, we limit the amount of information that can be 
learned about bidder valuations. The fact that iterative 
auctions can conceal information is one reason they are 
sometimes favored over their sealed-bid counterparts 
(Rothkopf et al. 1990), and in this respect, our adaptive- 
price auction may have advantages over bundle-price 
alternatives.

4. Adaptive Pricing
The polynomial-price auction described thus far keeps 
the monomial structure M fixed across all rounds. In 
practice, it can be difficult to know a priori whether lin
ear prices will suffice to clear the market. On the other 
hand, using a fully expressive, m-degree polynomial is 
impractical for even a moderate number of items. Here 
we introduce an adaptive version of the polynomial 
price auction that augments the price structure as the 
auction progresses. We first develop the theory behind 
price expansion assuming that each agent i bids its 
entire demand set Di(pt) at each round rather than just a 
single element of the demand set as described in Section 
3.1. We later explain how the approach can be adapted 
to handle bidding on a singleton bundle from the 
demand set at each round, which places a lighter com
putational burden on bidders.

Although our auction is a member of the subgradient 
class by the way its price increment is computed, the 
techniques we develop here for price expansion draw 
on ideas from primal-dual algorithms. In particular, 
the “restricted primal” that we introduce in this section 

is exactly the restricted primal that one would formu
late in a primal-dual auction, but here it is only used to 
augment price structure (if needed), not to compute a 
price increment.

4.1. Cutting Planes
The key insight is that expanding the polynomial prices 
with a new monomial term corresponds to generating a 
cut for the associated allocation problem, toward com
puting an integer solution. We begin by formulating the 
efficient allocation problem as a linear program, where 
all variables are continuous (as opposed to an integer 
program as we had previously). We introduce a contin
uous variable xi(X) for each i ∈N and X ∈ Bt

i , and we 
also introduce a continuous variable y(Y) for each 
Y ∈ F̃

t. Recall that M represents the current set of 
monomials in the polynomial prices. An LP formulation 
of the efficient allocation problem is as follows. With a 
slight abuse of notation, we write Y ⊇ Z when there is 
some Yi in allocation Y � (Y1, : : : , Yn) such that Yi ⊇ Z.

max
x≥0,y≥0

X

i∈N

X

X∈Bt
i

vi(X)xi(X) (11) 

(P) s:t:
X

i∈N

X

X∈Bt
i : X⊇Z

xi(X) �
X

Y∈F̃ t
: Y⊇Z

y(Y) ∀Z ∈M

(12) 
X

X∈Bt
i

xi(X) � 1 ∀i ∈N (13) 

X

Y∈F̃ t

y(Y) � 1 (14) 

This LP is closely related to formulations given by 
Bikhchandani and Ostroy (2002) and Abernethy et al. 
(2016). To form the dual problem, we associate a vari
able w(Z) to each constraint in (12), a variable πi to each 
agent constraint in (13), and a variable πs to the con
straint over allocations in (14). These dual variables are 
all unrestricted. The dual to the allocation problem is a 
pricing problem, captured by the following LP.

min
π, w

X

i∈N
πi + π

s (15) 

(D) s:t: πi ≥ vi(X) � p(X) ∀ i ∈ N, X ∈ Bt
i (16) 

πs ≥
X

i∈N
p(Yi) ∀Y ∈ F̃

t (17) 

Here, p(X) above is shorthand for

p(X) �
X

Z∈M:Z⊆X
w(Z), 

which is the desired polynomial structure. We refer to 
the primal allocation LP as (P) and its dual pricing LP 
as (D). Using standard duality arguments from Bikh
chandani and Ostroy (2002), one can show that polyno
mial prices with the current structure M can clear the 
market if and only if (P) has an integer optimal solution. 
The clearing prices can be obtained from the optimal 
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solution to (D): The dual variables w(Z) associated 
with each constraint in (12) provide the monomial coef
ficients. From this perspective, expanding the prices by 
introducing another monomial Z is equivalent to intro
ducing a constraint in (12), strengthening the formula
tion and cutting off fractional solutions.

The linear program (P) therefore provides, at least in 
principle, a test to check whether the current price struc
ture is expressive enough to support an efficient alloca
tion: solve it and check whether the solution is integer. 
The problem is that the valuations vi in the objective are 
not available to the auctioneer in the first place.

4.2. Restricted Primal
To test the clearing ability of the current price structure 
at any given round, we instead work with an alterna
tive LP called the restricted primal (RP). This LP shares 
the same variables and feasible set (12)–(14) as (P), but 
its objective only depends on the current demand sets 
and supply set.

(RP)
max

x≥0, y≥0

X

i∈N

X

X∈Di(pt)

xi(X) +
X

Y∈S̃t
(pt)

y(Y)

s:t: (12)–(14)
(18) 

Here, the mapping S̃t is defined analogously to the 
supply set in (3), with the restriction that Y ∈ F̃

t. (Recall 
that F̃ t is the set of feasible allocations restricted to bid 
bundles Bt

i for each agent i.) Intuitively, this objective is 
trying to maximize the trade at the current prices, in 
the sense of finding an allocation that contains as many 
demanded bundles as possible, as well as being in the 
seller’s supply set. Given the agents’ demand sets at 
the current prices pt, this objective can in principle be 
formulated. There is still the difficulty that there may 
be too many variables y(Y) (i.e., one for each Y ∈ F̃

t) to 
explicitly enumerate. In practice, we can use the stan
dard technique of column generation to solve the LP 
without enumerating all of these variables (Bertsimas 
and Tsitsiklis 1997, chapter 6). This involves finding a 
variable y(Y) with positive reduced cost, which can be 
found via an integer program very similar to the one 
used to compute the provisional allocation. We defer 
the details of column generation to Appendix B.

The following key result establishes the crucial prop
erty of (RP): It allows us to test whether the original for
mulation (P) has an integer optimal solution, assuming 
that the current prices pt have converged to an optimal 
solution for (D).

Theorem 1. Let (π, w) be a feasible solution to (D), used to 
obtain demand and supply sets and form (RP). Then (x, y) 
and (π, w) are optimal solutions to (P) and (D), respec
tively, if and only if (x, y) is an optimal solution to (RP) 
with value n + 1.

Note that the theorem makes no assumptions on 
whether the primal solution (x, y) is integer. The fol
lowing corollary leads to a test for price expansion.

Corollary 1. Form (RP) based on the current prices pt. If 
the solution to (RP) has optimal value strictly less than n +
1, then prices pt are not clearing prices. If the solution to 
(RP) has optimal value n + 1 attained at an integer solu
tion, then prices pt are clearing prices.

The corollary justifies using the solution to (RP) to test 
for the need for price expansion. We describe the price 
expansion policy based on this result first for the case 
where agents bid their entire demand sets (demand-set 
bidding), and next adapt it to the case of bidding on sin
gleton demanded bundles (singleton-demand bidding), 
which is used in our actual auction implementation.

4.2.1. Demand-Set Bidding. According to Corollary 1, 
there are three cases: 

1. If the optimal value is n + 1 and the solution to 
(RP) is integer, then the auction has converged to clear
ing prices.

2. If the optimal solution to (RP) has value strictly 
less than n + 1, then the auction proceeds by updating 
prices as in any other round—The fact that pt are not 
clearing prices ensures that the price update is nonzero.

3. The remaining case occurs when the optimal 
value is n + 1, but the solution to (RP) is fractional. In 
this case, we can make progress by adding extra con
straints in (12) in order to cut off the fractional solution, 
which is equivalent to price expansion, as discussed.

4.2.2. Singleton-Demand Bidding. In this case, it is not 
possible to directly check whether the optimal value of 
(RP) is n + 1, so the policy is as follows: 

1. If the termination criterion holds, then the auction 
has converged to clearing prices.

2. Otherwise, formulate and solve (RP) using just 
the singleton bundles as demand sets. If the solution is 
integer, perform a price update, otherwise cut off the 
fractional solution using price expansion.

Note that if the termination criterion holds, then the 
current allocation represents an integer solution to (RP) 
with value n + 1, so case 1 under singleton-demand bid
ding is equivalent to case 1 under demand-set bidding. 
Case 2 under singleton-demand bidding can deviate 
from the demand-set bidding policy in one respect: The 
optimal solution to (RP) is fractional but has value strictly 
less than n + 1. Under demand-set bidding, this fractional 
solution would be ignored and prices simply updated. 
Under singleton-demand bidding, we use a more conser
vative policy that cuts off fractional solutions via price 
expansion even when it is not strictly necessary.
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4.3. Price Expansion
The preceding results on integrality detection were 
proved in the context of polynomial prices for concrete
ness, but in fact the proofs are not tied to this structure 
and would easily extend to other price structures.7 The 
key property is that the price structure should arise, via 
duality, from a set of feasibility constraints analogous to 
(12) relating demand-side variables xi to supply-side vari
ables y. Day (2018) discusses many interesting alternatives 
along these lines. Naturally, expanding prices (i.e., gener
ating a cut) does depend on the specific choice of price 
structure, and we address this now for polynomial prices.

We propose the following method for generating a 
cut and thereby construct an algorithm to back the 
ExpandPrices(·) call in Line 13 of Algorithm 1. We 
provide a listing for this in Algorithm 2. We will refer
ence the algorithm steps as we detail our method for 
cut generation. We first check that the current round 

constitutes the beginning of a new epoch (Line 1); other
wise, price expansion is skipped. At the start of a new 
epoch, the restricted primal (RP) is solved and the result 
is recorded in x and y (Line 2). Note that the objective here 
differs slightly from (18) because the algorithm assumes 
access to only a single demanded bundle per agent, rather 
than the entire demand set. If x and y are integral (Line 3), 
then following the singleton-demand bidding policy the 
price structure is kept the same (Line 4)—The auction will 
proceed with a price update as usual.

When x or y contain at least one fractional entry we 
need to expand the prices by finding a constraint of the 
form (12) that is violated by the current solution. To do 
so, we first obtain the current set of constraints in (12) 
with fractional variables, denoted A ⊆M (Line 6):

A�{Z ∈M : ∃ i ∈N,X ∈Bt
i where X ⊇Z,xi(X) ∈ (0,1)} ∪

{Z ∈M : ∃Y ∈ F̃
t where Y⊇Z,y(Y) ∈ (0,1)}: (19) 

Algorithm 2 (Price Expansion)
Input: Demanded bundles Xt; Observed bundles Bt; Price monomials M; Price coefficients wt; Current 
round t; Epoch length φ
Output: Updated price monomials and coefficients (M, wt)

Function ExpandPrices(Xt,Bt,M, wt, t,φ): 
1 if t modφ � 0 then . Begin new epoch

2 Solve (RP) using column generation: 
. See Appendix B

max
x≥0,y≥0

X

i∈N
xi(Xt

i) +
X

Y∈S̃t
(pt)

y(Y) � (18) Max trade

s:t:
X

i∈N

X

X∈Bt
i : X⊇Z

xi(X) �
X

Y∈F̃ t
: Y⊇Z

y(Y)∀Z ∈M � (12) Balance demand & supply

X

X∈Bt
i

xi(X) � 1 ∀i ∈N � (13) Aggregate demand

X

Y∈F̃ t

y(Y) � 1 � (14) Aggregate supply 

3 if x and y are integral then . Current structure sufficient

4 return (M, wt) . Price monomials and coefficients

5 end
6 A←{Z ∈M : ∃ i ∈N, X ∈ Bt

i where X ⊇ Z, xi(X) ∈ (0, 1)} ∪
{Z ∈M : ∃ Y ∈ F̃

t where Y ⊇ Z, y(Y) ∈ (0, 1)} . (19) Const. w/frac. vars.

7 C0←
[

Z∈A

�
[

i∈N
{X ∈ Bt

i : xi(X) > 0, X ⊇ Z} ∪ {Y |Z : Y ∈ F̃
t, y(Y) > 0, Y ⊇ Z}

�

. (20) Candidate new monomials

8 C←

�

Z′ ∈ C0 :
X

i∈N

X

X∈Bt
i : X⊇Z′

xi(X) ≠
X

Y∈F̃ t
: Y⊇Z′

y(Y)
�

. (21) Restrict to monomials violating (12)

9 C← MonomialSelection(C) . Select monomials, for example, by (22) (optional)
10 M←M ∪ C . Expand monomial set

11 wt(Z′) ← 0 ∀Z′ ∈ C . Initialize new price coefficients

12 end
13 return (M, wt) . Price monomials and coefficients
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Next, we use A to form a set of candidate monomials 
for expansion denoted C (Line 7). To form this set, we 
first iterate over all constraints that contain fractional 
variables (corresponding to monomials Z ∈A), and 
from each constraint record the bundles for which there 
is an associated positive (but not necessarily fractional) 
demand variable x or supply variable y, according to

C0 �
[

Z∈A

 
[

i∈N
{X ∈ Bt

i : xi(X) > 0, X ⊇ Z} ∪

{Y |Z : Y ∈ F̃
t, y(Y) > 0, Y ⊇ Z}

!

, (20) 

where Y |Z denotes the unique bundle Yi in a feasible 
allocation Y ⊇ Z such that Yi ⊇ Z. (Such a bundle is 
unique as bundles in a feasible Y are pairwise disjoint.) 
We next restrict to those monomials violating (12), 
namely those monomials that would cut off the current 
fractional primal solution (Line 8):

C � Z′ ∈ C0 :
X

i∈N

X

X∈Bt
i : X⊇Z′

xi(X) ≠
X

Y∈F̃ t
: Y⊇Z′

y(Y)

8
<

:

9
=

;
:

(21) 
The set of monomials C that generate a cut can in prin
ciple be empty at this stage of the algorithm. In that 
case, it is no longer possible to make progress with 
anonymous polynomial prices, and a switch to person
alized prices is needed—we defer the details of this 
case to the next section. If C is nonempty, on the other 
hand, then there may be several monomials Z′ ∈ C that 
all generate a cut. We could introduce all of them, or to 
be more conservative use a heuristic to select one 
among them. We capture this in the algorithm by the 
optional call MonomialSelection(·) on Line 9; the 
only requirement on this subroutine is that it should 
return at least one bundle Z′ ∈ C. For our evaluation we 
considered several heuristics: choosing a Z′ with mini
mum degree |Z′ | ; choosing a Z′ with maximum degree 
|Z′ | ; and choosing a Z′ with maximum absolute con
straint violation in (12) according to

X

i∈N

X

X∈Bt
i : X⊇Z′

xi(X)�
X

Y∈F̃ t
: Y⊇Z′

y(Y)

�
�
�
�
�
�

�
�
�
�
�
�
: (22) 

These all performed similarly, so in our simulations in 
Section 7, we will report on results using the latter 
heuristic.

The algorithm continues by updating the monomial 
set (Line 10) and initializing the new price coefficients 
to zero (Line 11). Finally, it returns the updated price 
monomials and coefficients (Line 13).

Remark 2. The literature on integer programming 
offers many cutting-plane techniques to strengthen an 
LP formulation and achieve integer solutions, such as 
Gomory cuts (Gomory 1963, Balas et al. 1996, Wolsey 
and Nemhauser 1999). The issue with using generic 

cutting-plane techniques in our context is that the cuts 
may not be of the form (12), breaking the polynomial 
price structure in the dual. Our approach is more in the 
spirit of defining relaxation hierarchies for zero-one pro
gramming problems (Sherali and Adams 1990, Laurent 
2003), in that the allocation problem (P) represents such 
a hierarchy as the degree of the polynomial is increased.

4.4. Personalized Pricing
For the sake of simplicity, we have up to now described 
the adaptive-price auction using anonymous prices 
only. In some instances, it may not be enough to add 
extra monomial terms: Personalized prices may be 
needed to reach market clearing. The next result estab
lishes how this scenario can be detected.

Theorem 2. Assume that the optimal solution (x, y) to 
(RP) is fractional and has value n + 1. If price expansion 
via Algorithm 2 fails to generate a cut, then anonymous 
clearing prices do not exist.

According to this theorem, if Algorithm 2 fails to iden
tify a monomial that generates a constraint violation— 
More precisely, if the state is C � ∅ in Line 8—then a 
switch to personalized prices is needed. The simplest 
way to achieve this is for the auction to instantiate n cop
ies of the current price function, and this is the approach 
we use in our simulations.

However, a more gradual approach is possible using 
polynomial prices. By redefining a monomial as a pair 
consisting of a bundle of items and a subset of agents 
(rather than just the former), it is possible to apply price 
terms to specific agents rather than all of them at once 
(as in anonymous prices). Specifically, the set of mono
mials is now a collection M ⊆ 2M × 2N, where each 
monomial is of the form (Z, L) where Z is a bundle of 
items and L is a subset of agents. The personalized 
price of a bundle Z to agent i becomes

pi(Z) �
X

(Z′,L)∈M : Z′⊆Z, i∈L
w(Z′, L): (23) 

In the cutting plane approach to price expansion, the 
main change is to replace Constraints (12) in (P) with 
the more general constraints
X

i∈L

X

X∈Bt
i :X⊇Z

xi(X) �
X

Y∈F̃ t
:Yi⊇Z, i∈L

y(Y) ∀(Z, L) ∈M,

(24) 

which by duality leads to polynomial prices of the form 
(23). If L �N in each monomial, this recovers anonymous 
prices, whereas if L is always a singleton agent, this yields 
fully personalized prices. In between, we have prices 
where certain monomials are shared among subsets of 
agents, which is potentially a more parsimonious way of 
capturing personalized prices (using fewer coefficients to 
describe the price functions for all agents) that we have 
not encountered elsewhere in the literature.
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5. Worked Example
In this section, we demonstrate how the adaptive-price 
auction proceeds in the setting of Example 1, where there 
are four single-minded bidders and three items. The first 
three bidders are interested in combinations of two items, 
with value 3, and the last is interested in all items, with 
value 4. Recall that in this example linear prices (and 
even quadratic prices) cannot clear the market. We use an 
epoch length of five rounds for price expansion.

Table 1 lists, for each round of the auction, the price 
of each bidder’s desired bundle along with the surplus 
from purchasing the bundle. When surplus is positive, 
we mark this in bold, to indicate that the bidder places 
a bid. Because the bundles all pairwise intersect, choos
ing an allocation amounts to choosing a single winning 
bidder in this example. It turns out that the revenue- 
maximizing allocation always allocates to the last bid
der (interested in all items), so we mark its price in 
bold at each round to emphasize that it represents the 
provisional allocation. Comparing the bundles that 
have bolded price or surplus allows one to check 
whether the termination condition holds (i.e., whether 
there is balance between demand and supply).

Prices are initially linear, and item prices are initial
ized to 0.1. In the first round, demand exceeds supply 
for each item so the item prices increase, and the 
reverse happens in the second round. This pattern con
tinues with diminishing price increments until round 5 

(the chosen epoch length), where the auction attempts 
price expansion.

5.1. Price Expansion
To perform price expansion, the auction forms and 
solves the restricted primal (RP), whose main con
straints are the balance constraints (12). There is one con
straint for each of the current price monomials a, b, c:

x1(ab) + x2(ac) + x4(abc) � y(∅, ∅, ∅, abc) + y(ab, ∅, ∅, ∅, )
+ y(∅, ac, ∅, ∅) (monomial a)

x1(ab) + x3(bc) + x4(abc) � y(∅, ∅, ∅, abc) + y(ab, ∅, ∅, ∅, )
+ y(∅, ∅, bc, ∅) (monomial b)

x2(ac) + x3(bc) + x4(abc) � y(∅, ∅, ∅, abc) + y(∅, ac, ∅, ∅, )
+ y(∅, ∅, bc, ∅) (monomial c):

To understand these constraints, let us examine the 
first one for monomial a. Its left-hand side has all x (i.e., 
demand) variables that contain a, and the right-hand 
side has all y (i.e., allocation) variables that allocate a. 
More generally, the monomial could be some combina
tion of items.

The RP also has the more straightforward Con
straints (13)–(14). Note that Constraints (13) involve 
variables of the form xi(∅), which are not simply auxil
iary variables; if the price of a buyer’s bundle exceeds 
its value, then ∅ is the surplus-maximizing bundle and 

Table 1. Progress of Our Adaptive-Price Auction on the Four-Bidder, Three-Item Example 1

Round Bundle Value

Bidder 1 Bidder 2 Bidder 3 Bidder 4 Price Coefficients

ab ac bc abc w(a) w(b) w(c) w(abc)
3 3 3 4

1 Price 0.2 0.2 0.2 0.3 0.1 0.1 0.1 ·

Surplus 2.8 2.8 2.8 3.7
2 Price 4.2 4.2 4.2 6.3 2.1 2.1 2.1 ·

Surplus �1.2 �1.2 �1.2 �2.3
3 Price 2.78 2.78 2.78 4.17 1.39 1.39 1.39 ·

Surplus 0.22 0.22 0.22 �0.17
4 Price 3.94 3.94 3.94 5.91 1.97 1.97 1.97 ·

Surplus �0.94 �0.94 �0.94 �1.91
5 Price 2.94 2.94 2.94 4.41 1.47 1.47 1.47 ·

Surplus 0.06 0.06 0.06 �0.41
After an epoch of five rounds, the auction tests for price expansion. Monomial abc is generated with a default 

coefficient of w(abc) � 0.
6 Price 3.84 3.84 3.84 5.76 1.92 1.92 1.92 0.0

Surplus �0.84 �0.84 �0.84 �1.76
7 Price 3.02 3.02 3.02 4.12 1.51 1.51 1.51 �0.41

Surplus �0.02 �0.02 �0.02 �0.12
8 Price 2.26 2.26 2.26 2.6 1.13 1.13 1.13 �0.79

Surplus 0.74 0.74 0.74 1.4
9 Price 3.68 3.68 3.68 4.73 1.84 1.84 1.84 �0.79

Surplus �0.68 �0.68 �0.68 �0.73
In the final round, demand balances supply. Note that a negative w(abc) is needed to obtain clearing prices.

10 Price 3.02 3.02 3.02 3.41 1.51 1.51 1.51 �1.12
Surplus �0.02 �0.02 �0.02 0.59
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xi(∅) would then appear in the objective of the RP. In 
Constraints (14), the y variables are summed over all 
feasible allocations, which becomes tedious to write 
out even in this small example. In practice, the LP 
needs to be solved using column generation because of 
the large number of y variables (see Appendix B).

The objective of the RP sums over all surplus- 
maximizing bundles and revenue-maximizing allocations. 
In round 5, this corresponds to

x1(ab) + x2(ac) + x3(bc) + x4(∅) + y(∅, ∅, ∅, abc):

The optimal solution to the RP here sets x1(ab) � x1(∅)
� 0:5, x2(ac) � x2(∅) � 0:5, x3(bc) � x3(∅) � 0:5, x4(∅) � 1, 
y(∅,∅,∅, abc) � 1, and all remaining variables are set to 
zero. Because this solution is fractional, we perform 
price expansion. All the constraints have at least one 
fractional variable, so the first step is to collect the 
nonempty monomials corresponding to all nonzero 
variables (both the x demand variables and y supply 
variables): {ab, ac, bc, abc}. Then for each we can test 
whether generating the monomial cuts off the frac
tional solution. In this instance, any monomial works. 
In the specific example shown in Table 1, we apply the 
heuristic that selects a monomial with the maximum 
absolute constraint violation (22), leading to the unique 
choice of monomial abc and the new constraint:

x4(abc) � y(∅,∅,∅, abc) (monomial abc):

Here the left-hand side is zero and the right-hand side 
is one, for an absolute violation of one, whereas the 
absolute violation for the other monomials is 0.5. The 
monomial abc is added to the polynomial prices and 
appears with an initial coefficient of w(abc) � 0 in the 
next round.

5.2. Termination
The prices continue to adjust to balance supply and 
demand. In this example, this means that only bidder 4 
should demand its bundle. To achieve this and to ensure 
that the prices of the other bidders’ bundles stay above 
their value of three, w(abc) needs to become negative. In 
rounds 6 and 7, this price adjustment happens because 
bidder 4 declines to bid (i.e., it bids ∅), but it wins in 
the revenue-maximizing allocation, so according to the 
price update rule (5), w(abc) is decreased. In round 8, 
bidder 4 both bids and wins, so w(abc) does not change. 
In round 9, prices are too high so no bidder places a bid, 
and all price coefficients are decreased. In round 10, 
there is finally balance between demand and supply, 
and the auction terminates at the efficient allocation.

6. Experimental Setup
6.1. Domain Generators
The envisioned advantage of an adaptive-price auction 
is that it should achieve high efficiency, within a mod
erate number of rounds, across a range of application 

domains and a variety of valuation structures on the 
part of buyers. Importantly, the valuation structures 
may not be known a priori. Accordingly, we make use 
of two different generators to obtain valuation profiles 
for our experiments. The first is the combinatorial auc
tion test suite (CATS), a standard generator that has 
been used extensively to test both single-shot and itera
tive auction designs (Leyton-Brown et al. 2000). The sec
ond is the quadratic model originally proposed by de 
Vries and Vohra (2003), which was motivated by an anal
ysis of bidding in spectrum auctions (Ausubel et al. 1997). 
The empirical CA literature has focused almost entirely 
on instances or generators of multiminded valuations for 
experimental work. We believe this is simply because cur
rent CA implementations are tailored for multiminded 
valuations and not because these valuations are expres
sive enough to cover all interesting applications. Part of 
our motivation with adaptive pricing is to encourage 
work on a wider array of valuation classes.

For all our auction implementations (including the 
benchmarks), interaction between the seller and buyers 
occurs solely through a demand query interface (Blumro
sen and Nisan 2010). In a demand query, the seller 
quotes a price function to a buyer (using some encoding 
like bundle or polynomial prices), and the buyer 
responds with a utility-maximizing bundle at the quoted 
prices in accordance with straightforward bidding.8
Depending on the structure of valuations and prices, this 
may involve complicated optimization logic on the part 
of the buyer, but from the perspective of the auction this 
is a black box. In the adaptive-price auction, demand 
queries are issued in Line 8 of Algorithm 1.

6.1.1. Multiminded Valuations. CATS generates instan
ces from the class of multiminded valuations, which 
take the form (X1,α1)� ⋯ � (Xk,αk). These are also 
known as XOR valuations (Nisan 2006). CATS allows 
one to specify the number of items, but not the number 
of bids k per valuation. Instead, one specifies the total 
number of bids across all valuations in the generated 
set of agents. With multiminded valuations, demand 
queries are conveniently computed, given any price 
representation, by evaluating the prices of the k bun
dles and finding the most preferred bundle in the col
lection. We assume that a multiminded agent only bids 
on one of its k bundles of interest (i.e., it never includes 
extraneous items in its bid). In principle any general 
valuation can be represented as a multiminded valua
tion, but in practice, we are limited to representations 
with a polynomial number of bids k.

CATS instances are meant to be economically moti
vated, representing stylized models of allocation pro
blems involving truck routes, network bandwidth, 
pollution rights, or real estate. We use the default CATS 
parameter settings to generate the instances through
out. We consider three generator distributions for our 
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experiments: regions, arbitrary, and paths. We 
did not consider the scheduling distribution in CATS 
because it is known to generate instances that are easy 
to clear with linear prices (Leyton-Brown et al. 2000).

6.1.2. Quadratic Valuations. In their survey of meth
ods for single-shot CAs, de Vries and Vohra (2003) pro
posed the quadratic model of agent valuations. These 
valuations are encoded by specifying a value ωa for 
each item a ∈M, as well as a “synergy set” Γ ⊆M and a 
possibly agent-specific synergy multiplier µi. The value 
of a generic bundle Z ∈ Z is evaluated as

vi(Z) �
X

a∈Z
ωa +µi

X

a,b∈Γ∩Z
ωaωb: (25) 

Like quadratic prices, quadratic valuations can be repre
sented by a degree-2 polynomial. The quadratic model 
is based on the analysis of Ausubel et al. (1997) spectrum 
auction data from the Federal Communications Commi
sion, which found that complementarity between pairs 
of licenses is captured by multiplying their populations.

In our experiments, we use µi � 1=2 for all agents 
and hold the size of the synergy set constant at m=2 
throughout. As others have noted, one concern with 
quadratic valuations is that an excess of synergy can 
lead to uninteresting efficient allocations with just one 
winner (Bichler et al. 2009). To mitigate this, we work 
with capped quadratic valuations of the form vi(Z;κ) �
max{vi(Z′) : Z′ ⊆ Z, |Z′ | ≤ κ}, where 1 ≤ κ ≤ m is a 
parameter bounding the maximum size of a bundle bid 
on. In our experiments we used κ �m=2 for this cap. 
Computing the value of a bundle given a capped qua
dratic valuation is fast and straightforward by evaluating 
(25). However, computing the response to a demand 
query given prices requires mixed-integer programming.

Our choice of quadratic valuations may seem to favor 
our adaptive-price auction using polynomial prices 
because a quadratic valuation can be represented with a 
quadratic polynomial. Indeed, personalized quadratic 
prices can clear the market under quadratic valuations.9
However, this is no longer the case under capped qua
dratic valuations; above the bundle cap size, these 
valuations rather behave like multiminded valuations 
(the value of larger bundles is imputed by free disposal). 
In our experimental implementation, we use the 
heuristic of maximum constraint violation to generate 
monomials—which does not a priori favor small or large 
monomials—to remain agnostic to the kinds of valuations 
the auction may be facing. This is in keeping with our 
goal of developing an auction that works well without a 
priori knowledge of the bidders’ valuation structure.

To summarize, in our experiments we use µi � 1=2, a 
cap of κ �m=2, and synergy set size |Γ | �m=2 through
out. The synergy set Γ is drawn uniformly from M, 
whereas each item coefficient ωa for a ∈M is drawn uni
formly from [0, 1], following de Vries and Vohra (2003).

6.2. Baseline Mechanisms
In our experiments we evaluate our adaptive-price auc
tion empirically both in absolute terms and by compar
ison with a suite of baseline mechanisms. For our first 
baseline, we use iBundle (Parkes 1999). We select iBun
dle not only because it is widely cited in the literature 
but also because it is an exemplar of a mechanism with 
pure bundle pricing. Because of the expressiveness of 
bundle prices, iBundle is known to perform well in 
settings with multiminded combinatorial bidders 
with strongly peaked preferences, precisely the type of 
valuations produced by CATS. However, as we will 
see, iBundle may require an extremely large number of 
rounds in settings where valuations are less peaked, 
such as the quadratic generator. We consider the iBun
dle variant with personalized bundle prices, which 
provides a guarantee that approximate clearing prices 
can always be computed by iBundle in a finite (but pos
sibly very large) number of rounds.

For our second baseline we implemented the clock 
phase of the CCA (Ausubel and Baranov 2017), a 
design that has been widely used in practice, for exam
ple in the 2014 Canadian 700 MHz Auction, which 
raised more than $5 Billion CAD (Industry Canada 
2015). Because we are interested in studying the prop
erties of iterative pricing mechanisms, we omit the 
CCA’s last-and-final package phase. Such a phase 
could be bolted onto any of the mechanisms proposed 
here and would likely further improve the results. But 
this would conflate the effect of the final round with 
the capability of the iterative phase and thereby com
plicate interpretation of the results. To emphasize that 
we are focused on the clock phase, we call this mecha
nism the Linear Clock auction to highlight its price 
structure. One challenge in implementing an ascend
ing clock auction is to determine the appropriate clock 
step size. Set the size too small, and the auction will 
take too many rounds. Set it too large, and the prices 
may overshoot, resulting in under-demand. For our 
baseline we implement the approach commonly used 
in practice that uses an increasing step size (Ausubel 
and Baranov 2017), as a heuristic for finding reason
able increments over the rounds.

Next, we turn to analyzing our own mechanism. 
Recall the two major components of our design: set- 
packing allocation and adaptive pricing. We first seek 
to capture the effect of set-packing in isolation by 
studying it in simpler implementations that omit the 
adaptive pricing aspect. To this end, we include a 
linear-price mechanism that maximizes revenue over 
the entire set of feasible allocations, which is computa
tionally feasible under linear prices (i.e., a basic auction 
without either set-packing allocation or adaptive pric
ing). We compare this to a linear-price mechanism that 
employs our set-packing allocation (but not adaptive 
pricing). We call these mechanisms linear exact and 
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linear packing, respectively. We note that the guarantee 
of Proposition 1 applies to the linear exact variant if it 
converges, but either variant may fail to converge if lin
ear prices are not expressive enough to clear the mar
ket. Finally, we include our actual proposed adaptive 
auction mechanism.

6.3. Parametrization and Computation
All the auctions we implemented make use of an addi
tive discount ɛ on provisional allocation prices; a smal
ler ɛ should achieve higher efficiency, according to 
Proposition 1, but possibly at the expense of slower 
convergence. For iBundle, this ɛ also serves as the fixed 
price increment by design (Parkes 1999). The adaptive- 
price auction and the linear clock auction use a separate 
step size schedule controlled by a scaling parameter 
denoted c. We describe how the ɛ and c parameters are 
set in our experiments for a fair comparison of the vari
ous auctions.

As the valuations generated by the different CATS 
distributions can vary by orders of magnitude, ɛ and c 
need to be scaled appropriately for each experimental 
run. Let V be the median bid value, for multiminded 
valuations generated by CATS, or the largest bundle 
value across agents, for quadratic valuations.10 The 
actual additive discount used in an auction run is ɛV. 
We used the same ɛ � 0:05 across all auctions, so that 
they all share the same efficiency guarantee from Prop
osition 1.

For our adaptive-price auction (and the linear-price 
variants) we use the diminishing step size schedule 
ηt � cV=

ffiffi
t
√

, where recall from the price update rule (5) 
that ηt is the multiplicative factor applied to excess 
demand when updating a polynomial coefficient in 
round t. In the linear clock auction, the price of an item 
is multiplied by (1+ c) if there is excess demand for the 
item in the current round; this leads to an increasing 
step size across rounds.

Experiments were run under c parameter settings of 
0.25%, 0.5%, 1%, 2%, 4%, 8%, and 16%. When present
ing the results, we select the c scaling parameter for 
each auction type and domain that yields the highest 
median efficiency per round over the runs. (This scaling 
does not apply to iBundle, which sets its step size 

based on the discount ɛ.) We found that simply tuning 
c to optimize median efficiency sometimes led to 
exceedingly small price increments and therefore a 
large number of rounds, notably for the linear clock 
auction. Tuning for efficiency per round leads to a 
more balanced performance along both efficiency and 
rounds to convergence. We provide the specific values 
used in Appendix C.

Furthermore, in our adaptive-price auction, we test 
for the need for price expansion after a fixed number 
of rounds called an epoch, denoted as φ in Line 1 of 
Algorithm 2. We evaluated epoch lengths of 1, 5, 10, 
and 20 and report on results using an epoch of 10. For 
all auctions, we imposed a cap of 1,000 as the maxi
mum number of rounds and a maximum runtime of 
three hours for each auction run. If an auction run 
reached either the round or runtime limit, we consider 
that auction instance to have failed to converge and 
clear the market, corresponding to the check in Line 15 
of Algorithm 1.

We use 30 items for all our auction instances. At this 
scale it is impractical to encode a general valuation by 
listing the value of every possible bundle, because there 
are more than a billion bundles. However, as previously 
mentioned, CATS provides multiminded valuations of 
tractable size. We generated 150 bids in all our CATS 
instances. For quadratic instances, we generated five 
agents. We ran 100 auction instances for all valuation 
domains. The auctions were implemented in Python 
2.7, and the integer programs were solved using CPLEX 
12 on a 12-core 2.93-Ghz Xeon machine. We provide 
open-source access to our implementation at https:// 
github.com/blubin/Adaptive-Price-CA.

7. Simulation Results
In this section, we evaluate our adaptive-price auction 
empirically both in absolute terms and by comparison 
with the suite of baseline mechanisms described in Sec
tion 6.2.

7.1. Clearing
Table 2 shows the percentage of instances that reached 
clearing prices for each mechanism under each of our 
four domains of study. Besides the clearing percentage, 
we also supply the modal reason for any clearing failure, 

Table 2. Percentage of Auctions That Cleared for ɛ � 0:05 and 30 Items

Domain iBundle Linear clock Linear exact Linear packing Adaptive

Arbitrary 100 (Cleared) 0 (Under Demand) 1 (Max Rounds) 11 (Max Rounds) 99 (Cleared)
Paths 100 (Cleared) 0 (Under Demand) 22 (Max Rounds) 96 (Cleared) 99 (Cleared)
Regions 100 (Cleared) 0 (Under Demand) 30 (Max Rounds) 64 (Cleared) 97 (Cleared)
Quadratic 0 (Max Time) 0 (Under Demand) 91 (Cleared) 65 (Cleared) 99 (Cleared)
Mean 75 0 36 59 98

Notes. The best value in each row is bold. Percentages are taken over the 100 runs in each sample. The modal final state among these runs is 
provided in parentheses.
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detailed below. In our tables, the best-performing auc
tion mechanism for each domain is highlighted in bold.

We observe that iBundle is able to clear all of the 
CATS distributions, which is expected because it was 
designed for multiminded valuations. However, it is 
unable to clear any of the quadratic instances as it 
always times out (recall that we apply a timeout of 
three hours for auction runs). Quadratic valuations do 
not have short multiminded representations so the set 
of bundles on which agents bid becomes very large. 
This is a known failure mode of bundle-price auctions, 
which arises even under additive valuations.

Unlike the other auctions, the linear CCA does not 
necessarily balance supply and demand upon termina
tion; we record this final state as “under demand.” This 
is not unexpected, because the full CCA includes a sup
plementary round (recall that the linear clock mecha
nism is the first phase of the CCA). Here, however, we 
are interested in the informativeness of the iterative 
phase prices; these results provide some evidence that 
they are not as informative as our alternatives. Bichler 
et al. (2013) have previously observed that the effi
ciency of the linear CCA can be arbitrarily low.

The linear exact mechanism is able to clear only a 
modest number of the CATS instances, given its restric
tive pricing structure, with most instances running out 
of rounds (recall that we apply a cap of 1,000 on the 
number of rounds). It performs much better on the qua
dratic valuations where it clears 91% of the instances. 
By contrast, the linear packing auction clears a much 
larger percentage of the CATS instances. This shows 
that the allocative “set-packing” restriction we deploy 
for provisional allocation (for computational reasons) 
can result in a higher clearing rate.

Finally, we turn to our adaptive auction, which clears 
at least 97% of the instances across all of the domains. It 
is never easy to compare mechanisms across multiple 
domains; in our tables, we provide the mean as a simple 
summary metric. This is conservative, in that it over
weights the CATS domains that play to iBundle’s 
strength. Even with this weight handicap, adaptive still 
significantly outperforms the other mechanisms’ over
all clearing rate, achieving 98% on average.

7.2. Efficiency
We provide statistics on final efficiency levels in Table 3. 
As expected, iBundle is highly efficient on the CATS 
instances but struggles on quadratic, where it achieves 
only 74.1% efficiency; overall, it achieves 93.3% efficiency 
averaged across the four domains. The monotone price 
update restriction in the linear clock auction causes it to 
fare poorly in all settings, achieving an average of only 
60.1% efficiency. We note that the real-world CCA has a 
second phase to help ameliorate the effects of inefficien
cies in the first phase, but our goal here is to achieve high 
efficiency in a simpler, single-phase setup.

The linear exact auction shines in the quadratic set
ting, where it achieves the highest efficiency of all the 
mechanisms, at 96.7%. However, like linear clock, it 
has poor performance on the CATS domains, with an 
average of only 68.0% over these domains. By contrast, 
the linear packing auction performs significantly better 
in the CATS domains and worse on the quadratic 
domain, yielding an average efficiency of 90.6%. Our 
adaptive auction does not obtain the highest efficiency 
in any single domain (except paths where it ties linear 
packing), but its consistency across the different domains 
makes it the best on average at 97.1%, a significant lift 
over iBundle.

7.3. Rounds and Runtime
For an auction to be practical, it must terminate in a 
reasonable number of rounds. In practice, there is a tra
deoff between having a modest number of rounds 
through aggressive price updates and having high 
efficiency. Table 4 reports on the number of rounds 
required by each auction. Recall that we report results 
with the step size scaling parameter c set such that each 
mechanism yields the highest median efficiency per 
round. As expected, iBundle requires only a modest 
number of rounds in CATS but a large number for qua
dratic. In fact, as iBundle always times out on quadratic 
instances, its average of 833.8 rounds only indicates 
how many rounds it was able to complete in three 
hours, on average. By contrast, the linear exact auction 
requires only a modest number of rounds in quadratic 
and a large number in CATS. The linear packing 

Table 3. Efficiency of the Auctions for ɛ � 0:05 and 30 Items

Domain iBundle Linear clock Linear exact Linear packing Adaptive

Arbitrary 99.6 (0.1) 46.8 (1.5)a 49.8 (1.9)a 81.0 (1.3)a 96.1 (0.4)
Paths 99.8 (0.0) 62.8 (1.0)a 87.9 (1.0)a 99.9 (0.0) 99.9 (0.0)
Regions 99.4 (0.1) 47.8 (1.5)a 66.4 (3.0)a 93.9 (1.1) 99.1 (0.2)
Quadratic 74.1 (0.5)a 83.3 (0.8)a 96.7 (0.6) 87.5 (1.8) 93.2 (0.9)
Mean 93.3 60.1 75.2 90.6 97.1

Notes. The best value in each row is bold. Entries are the mean of 100 runs with standard errors in parentheses.
aLess than half the instances cleared.
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auction requires a relatively large number across all the 
domains. Linear clock uses only a very small number 
of rounds given its monotonic price updates. However, 
as we saw previously, this low number of rounds 
betrays very low efficiency. Finally, the adaptive auc
tion requires a relatively modest number of rounds in 
all domains, requiring only 123.3 on average. This is 
the second-smallest number of rounds on average, 
behind only the inefficient linear clock auction.

It is worth pointing out that the number of rounds is 
also closely related to the runtime needs of the auction. 
Although there are several nested optimization pro
blems that the auctioneer must solve in the adaptive 
auction (due to constraint generation), it still achieves 
the second-smallest overall runtime because of its low 
number of rounds, needing only 99.1 seconds to clear a 
market on average, over all instances across the four 
domains. Because of its low number of rounds and its 
simplicity, the lowest runtime was achieved by linear 
clock at 85.3 seconds on average over all instances.

7.4. Revenue
Table 5 shows the revenue generated under each of the 
auctions and domains, listed as a percentage of the opti
mal social welfare. Unlike the previous metrics, there is no 
ideal level for revenue as it simply represents a split of the 
surplus between the buyers and seller; therefore, we do 
not bold any numbers in the table. This said, we observe 
that iBundle produces 76.7% on average over the CATS 
domains where it clears. This is similar to the 79.5% 
obtained by adaptive on average over all domains and 
substantially more revenue than that achieved by any of 
the other three mechanisms.

7.5. Price Structure
To provide some detail on how the adaptive auction 
achieves the rates of clearing, efficiency, and conver
gence we have seen thus far, we examine the structure 
of the nonlinear prices it constructs. We begin by not
ing that anonymous prices suffice to clear all the 
auction runs in all of the domains except for the paths 
domain. By contrast, 18 runs require personalized 
prices to clear in paths. Next, Figure 1 provides box 
plots of the degree of the polynomial prices used, 
across each of the domains. (For personalized prices, 
the degree is defined as the maximum degree across all 
the agent-specific prices.) We observe that the auction 
uses an average degree of 8.0 across domains. How
ever, in the paths domain, it uses much smaller degree 
prices. As we have observed, paths often requires per
sonalized prices to clear, and thus for this domain, a 
high degree of nonlinearity is not the limiting factor.

In addition, we are also interested in knowing how 
many price terms participants must consider when bid
ding in the auction, as illustrated in Figure 2. To facili
tate comparison, we include only anonymous prices in 
the figure; in Appendix D, we show that the personal
ized prices required by 18 instances in the paths 
domain have a similar term distribution for each bid
der. We observe that the adaptive auction requires on 
average 51.1 terms in the paths domain (it adds more, 
relatively lower degree terms there) and on average 
41.9 terms in the rest of the auctions. We note that 30 of 
these terms are the standard item prices because there 
are 30 items in our domains. Therefore, the auction typ
ically adds only a modest number of nonlinear offsets 
to the linear prices in order to achieve the significant 

Table 5. Revenue of the Auctions for ɛ � 0:05 and 30 Items

Domain iBundle Linear clock Linear exact Linear packing Adaptive

Arbitrary 81.5 (0.5) 30.3 (1.4)a 34.0 (2.3)a 10.7 (2.8)a 84.9 (0.5)
Paths 72.6 (0.6) 34.3 (0.9)a 62.8 (1.0)a 76.0 (0.6) 78.4 (0.6)
Regions 75.9 (0.6) 29.0 (1.3)a 46.6 (3.0)a 61.1 (3.3) 80.5 (0.8)
Quadratic 64.1 (0.5)a 34.7 (1.1)a 74.9 (1.5) 51.5 (3.8) 74.1 (0.9)
Mean 73.5 32.1 54.6 49.8 79.5

Note. Entries are the mean of 100 runs with standard errors in parentheses.
aLess than half the instances cleared.

Table 4. Number of Auction Rounds for ɛ � 0:05 and 30 Items

Domain iBundle Linear clock Linear exact Linear packing Adaptive

Arbitrary 56.9 (1.3) 24.8 (0.1)a 999.4 (0.6)a 906.4 (27.6)a 159.2 (16.1)
Paths 57.9 (1.2) 81.5 (9.4)a 898.9 (21.1)a 223.2 (20.8) 127.7 (12.0)
Regions 56.2 (1.1) 25.1 (0.2)a 778.6 (36.1)a 446.6 (43.1) 147.9 (19.0)
Quadratic 833.8 (0.9)a 24.2 (0.2)a 115.7 (28.4) 379.8 (46.2) 58.3 (11.1)
Mean 251.2 38.9 698.1 489.0 123.3

Notes. The best value in each row is bold. Entries are the mean of 100 runs with standard errors in parentheses.
aLess than half the instances cleared.
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improvements in performance we have observed. The 
plot also includes data on the number of bundle-price 
terms required by iBundle. For the CATS domains, this 
is a reasonable but comparatively large number at 
150.2 on average; we omit the quadratic data in the 
figure, where iBundle times out after adding 2,649.1 
terms on average.

7.6. Robustness
Evidence from the laboratory indicates that bidders 
may bid heuristically in package auctions, for example, 
by restricting their attention to a subset of their bundle 
space (Scheffel et al. 2012). To provide evidence for the 
robustness of our mechanism to nonstraightforward 
bidding, in Appendix E, we repeat the experiments of 
this section using bidders who fail to respond perfectly 

to demand queries, as might happen to bounded- 
rational bidders or bidders who make a mistake. Speci
fically, we model bidders as responding randomly 
between their first-best and second-best bundles. We 
find that the adaptive auction is highly robust in both 
the arbitrary and regions domains, where it still clears 
90% and 86% of the instances, respectively. By contrast, 
in the paths domain, many of the multiminded valua
tions consist of small and largely disjoint bundles. As a 
consequence, the second-best bundle may have few 
items in common with the first best, limiting the effec
tiveness of gradient-based price updates. Accordingly, 
all the subgradient-based mechanisms we study fail to 
clear the paths domain under the bidding heuristic 
considered. However, despite this, the adaptive auc
tion achieves 89.0% efficiency in paths and even higher 
efficiency of 97.6% and 98.6% in arbitrary and regions, 
respectively.

7.7. Monotonicity
In Appendix F, we provide both representative price tra
jectories and distributional information on the fraction 
of price changes that are increasing (versus decreasing) 
in the adaptive auction. We observe that prices generally 
have decreasing trajectories, especially in the early 
rounds. However, within this overall trend, prices on a 
given bundle can rise round-on-round, especially in 
later rounds as the prices converge to market-clearing 
prices. We leave to future work an in-depth laboratory- 
based investigation of the efficacy of the mechanism 
under “behavioral” bidders that may deviate from 
straightforward bidding, and on the relative advantages 
of monotone versus nonmonotone price trajectories.

8. Conclusions
This work introduced the first iterative CA design with 
fully adaptive pricing, along with a practical implementa
tion of the auction using polynomial prices. The design 
provably detects the need for price expansion to ensure 
that clearing prices exist and correctly chooses a monomial 
expansion to guarantee progress, drawing on a connection 
between price expansion and cutting plane methods.

We conducted a series of experiments to evaluate our 
adaptive-price auction against linear-price and bundle- 
price auctions. Our results show that, under multiminded 
valuations from the CATS generator, the adaptive-price 
auction is competitive with iBundle, which is specifically 
designed to handle such valuations. Under quadratic 
valuations, we found that the adaptive-price auction is 
competitive with its fixed linear-price variants and the clock 
phase of the CCA, clearing almost all instances with high 
efficiency. Notably, the benchmarks perform poorly when 
the domains are switched, failing to clear most instances 
under the round or time limit, whereas our auction per
forms well across all of the domains. We also investigated 

Figure 1. Distribution of the Degree of the Final Prices in the 
Adaptive Auction with ɛ � 0:05 and 30 Items 

Note. Each box represents 100 samples from the domain.

Figure 2. (Color online) Distribution of the Number of Terms 
in Final Anonymous Prices in the Adaptive Auction and Final 
Prices in iBundle 

Note. iBundle fails to clear instances in the Quadratic domain, and 
we therefore omit this data point.
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the robustness of our mechanism to bidders that only 
respond with approximate best responses rather than 
exactly and found the mechanism to outperform the bench
marks in two of our domains and match them in the third.

Given its high rates of market clearing across valuation 
domains, the adaptive-price auction obviates the need 
for a supplementary sealed-bid phase to correct any 
under- or over-demand. Our design is core-selecting but 
does not ensure convergence to a bidder-optimal point in 
the core, and this is a worthwhile aspect for future work 
(Day and Milgrom 2008). If VCG or bidder-optimal core 
payments are important for certain applications, our 
adaptive-price auction is entirely compatible with a sec
ond sealed-bid phase as in the CCA because it admits the 
same kind of revealed preference activity rules. Because 
the domains where iterative CAs are deployed are high 
stakes, such as auctions for spectrum, natural resources, 
or procurement, improving allocative efficiency even 
modestly through innovations such as those presented 
here can potentially result in tens or even hundreds of 
millions of dollars of social welfare gains.

Our mechanism also offers concrete benefits to the 
auctioneer and participants by reducing the informa
tion they require for running and participating in the 
auction, respectively. Specifically, based on our experi
mental results, adaptive pricing frees the auctioneer 
from relying on any a priori knowledge of valuation 
structures in order to ensure high efficiency and fast 
convergence. At the same time, adaptive pricing keeps 
the pricing structure simple, with only a relatively 
small number of nonlinear terms to consider, which 
lowers the computational burden faced by bidders. 
The auction also relies on personalized prices only 
when needed; in our experiments we found that only 
one out of the four valuation domains required a 
switch to personalized prices to clear the market.

We see several avenues for follow-on work. First, given 
that the adaptive-price auction can handle valuations 
with complete support, it would be interesting to identify 
new domains that can take advantage of the clearing 
capability of this new mechanism. Second, it would be 
important to understand (e.g., via laboratory experiments) 
how bidders cope with specific features of our design, like 
the interpretation of polynomial prices or price nonmono
tonicity (especially in the presence of budget constraints). 
Finally, it would be interesting to consider alternative 
adaptive-pricing structures beyond polynomial prices. 
Our theoretical work supports customizing the price 
structure specifically to the domain, which could enable a 
more intuitive mapping of aspects of the domain to prices, 
leading to higher efficiency and faster convergence.
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Appendix A. Omitted Proofs
Proof of Proposition 1. The argument is standard, and we 
provide a proof for completeness. Let Y′ be an arbitrary 
feasible allocation. By the definition of clearing prices, we 
have that vi(Yi)� pi(Yi) ≥ vi(Y′i )� pi(Y′i )� ɛ for all i ∈N, 
and we also have 

P
i∈Npi(Yi) ≥

P
i∈Npi(Y′i ). Summing up all 

these inequalities yields 
P

i∈Nvi(Yi) ≥
P

i∈Nvi(Y′i )� nɛ. w

Proof of Proposition 2. For any given round t, let F̃
t 

denote the set of feasible allocations considered by the 
auction for revenue-maximization purposes, based on the 
bids placed thus far. With set-packing allocation, the auc
tion selects an allocation from the supply set (3) where F 

is replaced by F̃ t. By reasoning analogous to the proof of 
Proposition 1, this implies that the auction terminates 
with an allocation that maximizes efficiency within the 
restricted feasible set F̃ t.

Assume that the agents are single minded and inter
ested in bundles X1, : : : , Xn. Each of these bundles is bid 
on given zero prices in the first round and therefore con
sidered for allocation by the auction in all subsequent 
rounds. In particular, F̃ t contains an efficient allocation in 
every round beyond the first, which proves the first claim.

Assume now that agents have general valuations. Let 
X1, : : : , Xn be the bundles bid on by the agents in the first 
round. As prices are zero in the first round, it is the case 
that vi(Xi) �maxZ∈Zvi(Z) for all i ∈N, by straightforward 
bidding. Let k be the agent for which vk(Xk) is maximal. 
Beyond the first round, F̃ t always contains the allocation 
where agent k obtains Xk, and the others receive ∅. The 
efficiency of this allocation is

vk(Xk) ≥
1
n
Xn

i�1
vi(Xi) ≥

1
n
Xn

i�1
vi(Yi), 

where (Y1, : : : , Yn) is any efficient allocation among the agents. 
The first inequality follows from vk(Xk) ≥ vi(Xi) for all i ∈N, 
and the second from vi(Xi) ≥ vi(Yi) for all i ∈N. As the auction 
terminates with an allocation that is at least as efficient as this n- 
approximation, this proves the second claim. w

Proof of Theorem 1. Note that given coefficient variables 
w defining prices p in the dual (D), the setting of the other 
variables is implied because at the optimum we must have 
πi �maxX∈Bt

i
vi(X)� p(X) for all i ∈N, and πs �maxY∈F̃ t

P
i∈N 

p(Yi). Therefore, in reasoning about (D), it is sufficient to 
know w only, and the remaining variables are implied.

First recall the complementary slackness conditions. Let 
(x, y) and (π, w) be feasible solutions to (P) and (D), respec
tively. They have the same objective value if and only if

xi(X) > 0⇒ πi � vi(X)� pi(X) ⇒ X ∈Di(p)

y(Y) > 0⇒ πs �
X

i∈N
pi(Yi) ⇒ Y ∈ S̃t

(p), 

where p is the price function defined by coefficients w. By 
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weak duality, the value of (P) is always no more than the 
value of (D), so this implies that both solutions are optimal.

Note that (P) and (RP) share the same feasible set, so a feasi
ble solution for one is feasible for the other. To prove the for
ward direction, let (x, y) be an optimal solution to (RP) of value 
n + 1, formed from feasible (D) solution (π, w). We have that

X

X∈Di(p)
xi(X) ≤

X

X∈Bt
i

xi(X) � 1 

for each agent i and
X

Y∈S̃t
(p)

y(Y) ≤
X

Y∈F̃ t

y(Y) � 1:

As the objective value of (RP) is n + 1, each of the inequalities 
above must hold with equality. Thus, for any i and xi(X) > 0, 
the variable must contribute to the objective, and X ∈Di(p). An 
analogous argument for the seller shows that y(Y) > 0 implies 
Y ∈ S̃t

(p). Therefore, (x, y) and (π, w) satisfy complementary 
slackness and are optimal for (P) and (D), respectively.

For the reverse direction, assume (x, y) and (π, w) are 
optimal for (P) and (D), respectively. As mentioned, (x, y) 
is also feasible for (RP). By complementary slackness, 
xi(X) > 0⇒ X ∈Di(p), and therefore

X

X∈Di(p)
xi(X) �

X

X∈Bt
i

xi(X) � 1:

Similarly, y(Y) > 0⇒ Y ∈ S̃t
(p) and therefore

X

Y∈S̃t
(p)

y(Y) �
X

Y∈F̃ t

y(Y) � 1:

This implies that the objective value of (RP) at solution (x, y) 
is n + 1, which must be optimal. w

Proof of Corollary 1. Let wt be the current price coeffi
cients and complete the feasible dual solution to (πt, wt) as 
explained in the proof of Theorem 1. Suppose that the 
optimal solution (x, y) to (RP) has value strictly less than 
n + 1, and assume for the sake of contradiction that pt are 
clearing prices. By complementary slackness, this implies 
that (πt, wt) is an optimal solution to (D). Let (x′, y′) be an 
optimal solution to (P). Then by Theorem 1, (x′, y′) is an 
optimal solution to (RP) with value n + 1. But this contra
dicts the premise that (x, y) was an optimal solution to 
(RP) with value strictly less than n + 1. Thus (πt, wt) can
not be optimal for (D), and pt are not clearing prices.

For the second statement, suppose (x, y) is an integer 
optimal solution to (RP) with value n + 1. Then by Theo
rem 1, (x, y) and (πt, wt) are optimal solutions to (P) and 
(D), respectively. By complementary slackness, the prices 
pt are therefore clearing prices. w

Proof of Theorem 2. Suppose that the optimal solution to 
(RP) is fractional and that the price expansion process fails 
to find a cut for all constraints associated with current 
monomials Z ∈M. Then observe that we can introduce all 
possible monomials Z ⊆M into M, and solution (x, y) still 
remains feasible for (RP). By Theorem 1, (x, y) is thus an 
optimal solution to (P) where constraints for all Z ⊆M are 
present. On the other hand, as the provisional allocation 
does not balance supply and demand, an integer solution 
to (P) does not exist. The LP formulation (P) with 

constraints for all Z ⊆M is equivalent to the second-order 
formulation from Bikhchandani and Ostroy (2002). By 
their theorem 2, anonymous clearing prices exist if and 
only if their second-order formulation has an integer opti
mal solution, which completes the result. w

Appendix B. Solving the Restricted Primal
Here we provide the implementation details of solving 
(RP) via column generation. Recall that it is impractical to 
enumerate all variables y(Y) for Y ∈ F̃

t at the outset. We 
initialize the LP with the single variable y(Yt) associated 
with the provisional allocation. Once solved, we obtain 
dual variables w̃, π̃i (for i ∈N) and π̃s in analogy with the 
variables in (D). Let p̃ be the prices defined by coefficients 
w̃. We then seek a column (i.e., variable) y(Y) with posi
tive reduced cost, defined as

reduced cost of y(Y) �
1� π̃s +

X

i∈N
p̃(Yi) if Y ∈ S̃t

(pt)

�π̃s +
X

i∈N
p̃(Yi) otherwise:

8
>><

>>:

If there is no such column, then we have solved (RP). 
Here �π̃s is just a constant, so generating a column with 
largest reduced cost amounts to finding an allocation that 
maximizes revenue with respect to p̃, with a bonus of one 
for allocations in S̃t

(pt). Recall that we know the optimal 
revenue with respect to pt because we computed Yt; let r∗
be this optimum. To generate a column, we can adapt the 
IP for revenue maximization, used to compute the provi
sional allocation. We introduce another binary variable z ∈
{0, 1} and an additional constraint with a sufficiently large 
constant M. The constraint ensures that the z variable 
takes on a value of one only if the IP selects an allocation 
from S̃t

(pt).

max
x binary
z binary

X

i∈N

X

X∈Bt
i

p̃t(X)xi(X) + z� π̃s (B.1) 

s:t:
X

i∈N

X

X∈Bt
i : a∈X

xi(X) ≤ 1 ∀a ∈M (B.2) 

X

X∈Bt
i

xi(X) ≤ 1 ∀i ∈N (B.3) 

r∗�
X

i∈N

X

X∈Bt
i

pt(X)xi(X) ≤M(1� z) (B.4) 

If the objective value of this IP is nonpositive, we are 
done—There is no column with positive reduced cost. 
Otherwise, we can add column y(Y∗) to the (RP) formula
tion where Y∗ is the allocation defined by the optimal 
binary xi(X) variables.

Appendix C. Parameter Settings for c in Reported 
Results

In Section 6.3, we introduced a c parameter as part of the 
specification of the pricing step size for the adaptive auc
tion and its fixed linear exact and linear packing variants. 
Recall that we use a diminishing step size schedule 
ηt � cV=

ffiffi
t
√

, where t indexes the round and where V is the 
median bid value for multiminded valuations generated 
by CATS or the largest bundle value across agents for 
quadratic valuations. In Table C.1, we list the values for c 
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used for the results reported in Section 7; these are the 
values with the highest median efficiency per round.

Appendix D. Number of Personalized Price Terms 
in the Paths Domain

Figure 2 in Section 7 shows the number of anonymous 
price terms in the adaptive auction for several domains. 
However, for the paths domain, the auction switches to 
personalized prices in 18 of the 100 runs. Accordingly, for 
completeness, we provide the number of price terms per 
bidder in Figure D.1.

Appendix E. Robustness to Imperfect Bidder 
Responses

As a robustness check, we also evaluated how our mecha
nism performs in the case where bidders fail to respond 
to demand queries accurately. Such imperfect responses 
could be due to bounded rationality in the form of infor
mational or computational limitations on the part of bid
ders, or they could be due to a strategic choice on their 
part. Bichler et al. (2009) propose several alternative bid
ding strategies for their own robustness analysis of linear 
price auctions. Here we adopt their heuristic bidding 
agent, which bids on a randomly selected subset of their 
most profitable bundles. They implement bidders that bid 
on 3 out of 10 or 5 out of 20 of the most profitable bundles. In our auction bidders only bid on singleton 

bundles at each round, so we adopt the simplest form of 
this strategy where a bidder randomly bids on one out of 
its two most profitable bundles.

In Table E.1, we present the clearing results when bid
ders adopt this heuristic strategy. In both the arbitrary 
and regions domains, the adaptive mechanism is still able 
to clear most of the instances. However, in the paths 
domain, none of the instances clear within the 1,000 round 
limit. The situation is no better for the baseline 

Table C.1. The c Parameter Used in Determining the Step 
Size in Each Auction

Domain Linear clock Linear exact Linear packing Adaptive

Arbitrary 0.08 0.08 0.08 0.02
Paths 0.08 0.04 0.08 0.16
Regions 0.08 0.02 0.04 0.02
Quadratic 0.08 0.01 0.02 0.04

Note. For each experimental setup, we report using the value of c that 
results in the greatest median efficiency per round over the samples 
in the experiment.

Figure D.1. (Color online) Distribution of the Number of 
Terms per Bidder for the Instances Where the Adaptive Auc
tion Switches to Personalized Prices 

Note. There are 18 such instances among the 100 samples from the 
paths domain with 30 goods and ɛ � 0:05.

Table E.1. Percentage of Auctions That Cleared for ɛ � 0:05 
and 30 Items Under Heuristic Bidding

Domain Linear exact Linear packing Adaptive

Arbitrary 0 (max rounds) 5 (max rounds) 90 (cleared)
Paths 0 (max rounds) 0 (max rounds) 0 (max rounds)
Regions 9 (max rounds) 34 (max rounds) 86 (cleared)
Mean 3 13 59

Notes. The best value in each row is in bold. Percentages are taken 
over the 100 runs in each sample. The modal final state among these 
runs is provided in parentheses.

Table E.2. Number of Auction Rounds for ɛ � 0:05 and 30 
Items Under Heuristic Bidding

Domain Linear exact Linear packing Adaptive

Arbitrary 1,000.0 (0.0)a 953.0 (20.6)a 291.3 (29.9)
Paths 999.1 (0.7)a 1,000.0 (0.0)a 1,000.0 (0.0)a

Regions 940.7 (20.1)a 721.3 (40.3)a 296.2 (33.2)
Mean 979.9 891.4 529.2

Notes. The best value in each row is bold. Entries are the mean of 100 
runs with standard errors in parentheses.

aLess than half the instances cleared.

Table E.3. Efficiency of the Auctions for ɛ � 0:05 and 30 
Items Under Heuristic Bidding

Domain Linear exact Linear packing Adaptive

Arbitrary 46.6 (1.9)a 80.8 (1.2)a 97.6 (0.3)
Paths 71.6 (0.6)a 91.5 (0.4)a 89.0 (0.5)a

Regions 56.3 (2.3)a 91.5 (1.1)a 98.6 (0.4)
Mean 58.1 88.0 95.1

Notes. The best value in each row is bold. Entries are the mean of 100 
runs with standard errors in parentheses.

aLess than half the instances cleared.

Table E.4. Revenue of the Auctions for ɛ � 0:05 and 30 
Items Under Heuristic Bidding

Domain Linear exact Linear packing Adaptive

Arbitrary 23.8 (1.9)a 9.2 (2.5)a 87.9 (1.3)
Paths 25.2 (0.7)a 31.0 (0.9)a 28.5 (0.7)a

Regions 29.5 (2.5)a 50.2 (3.4)a 81.6 (1.5)
Mean 26.2 30.1 66.0

Note. Entries are the mean of 100 runs with standard errors in 
parentheses.

aLess than half the instances cleared.
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mechanisms: Very few of the instances clear in either the linear 
exact or linear packing auctions. We believe that the difficulty in 
clearing paths stems from the fact that multiminded valuations 
from that domain tend to consist of small bundles with very little 
overlap (often disjoint). For arbitrary and regions, however, rele
vant bundles are larger and have greater overlap. Therefore, for 
the latter two domains choosing the second-best bundle still leads 
to a “gradient-related” price increment (i.e., with positive inner 
product with the true subgradient), which means that a subgradi
ent auction can still make progress. This is not the case with paths, 
where the second-best bundle may have nothing in common 
with the true best-response.

Consistent with the clearing results, in Table E.2, we 
observe a modest number of rounds in both arbitrary and 
regions for the adaptive auction, whereas paths uses all 
1,000 available rounds in all 100 runs. Both the linear 
exact and linear packing mechanisms use an extremely 
large number of rounds in all three domains.

Table E.3 shows the efficiency of each of the mechanisms 
in each of the domains. Consistent with the above clearing 
data, we observe high efficiency for the adaptive auction in 
both the arbitrary and regions domains, where it outperforms 
both the benchmarks. In paths, despite not clearing, both lin
ear packing and adaptive obtain approximately 90% effi
ciency, with linear packing edging out adaptive.

Table E.4 shows the revenue of each of the mechanisms in 
each of the domains. Here we see that adaptive produces 
high revenue in both arbitrary and regions; it produces less 
revenue in paths where the clearing condition is not met.

Appendix F. Price Monotonicity
Although the adaptive mechanism does not implement mono
tone prices, the level of monotonicity observed empirically is 

of potential interest. As an illustration, we provide the price 
trajectories of the most valuable bundles in 10 randomly 
selected runs from the arbitrary and regions domains in 
Figures F.1 and F.2, respectively. We omit paths here due to 
its use of personalized prices. In each figure, the trajectory 

Figure F.2. (Color online) Price Trajectories of the Most Valu
able Bundles in 10 Randomly Selected Runs from Among the 
100 in the Regions Domain 

Note. The trajectory with the largest range is bolded.

Figure F.1. (Color online) Price Trajectories of the Most Valu
able Bundles in 10 Randomly Selected Runs from Among the 
100 in the Arbitrary Domain 

Note. The trajectory with the largest range is bolded.

Figure F.3. (Color online) Distribution of Round-on-Round 
Price Changes That Are Positive in the Arbitrary Domain 

Note. The dashed line indicates the median.
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with the largest range is bolded for easier viewing. We 
observe that the price trajectories are generally negative (i.e., 
they approximate descending auctions). However, prices may 
still modestly rise in any given round.

To quantify this effect, we compute, for each bundle 
that was bid on, the fraction of rounds that see a positive 
price change over all runs of arbitrary and regions. 
Figures F.3 and F.4 plot the distributions of these 
values. The medians of these distributions are 0.38 and 
0.33, respectively, indicating that most price changes are 
negative.

Endnotes
1 In the literature these are also called “market-clearing prices” or 
“competitive equilibrium prices.” We use the term “clearing prices” 
throughout for the sake of brevity.
2 When the price function takes the form of item prices, this is called 
a Walrasian equilibrium. In this case, the condition Y ∈ S(p) is 
equivalent to ensuring that all items with positive price are allo
cated, and it is usually stated this way (Gul and Stacchetti 1999).
3 This corresponds to the XOR bidding language (Nisan 2000), but 
it can equally well be used to represent prices.
4 A valuation vi is super-additive if vi(Z ∪ Z′) ≥ vi(Z) + vi(Z′) for 
Z ∩ Z′ � ∅.
5 This fact is typically not made explicit in the literature on primal- 
dual auctions. For their primal-dual auction, de Vries et al. (2007) 
assume that valuations are integer, which means that using a 
single-dollar price increment will not overshoot. But in practice this 
can lead to a very large number of rounds, because the price incre
ment is not calibrated to the actual scale of the valuations, as Schef
fel et al. (2011) observe in their experimental evaluation of the 
primal-dual auction.
6 Early activity rules for the simultaneous ascending auction for 
spectrum licenses followed a point-based scheme to encourage 

early aggressive bidding (Milgrom 2000). Our auction is incompati
ble with such rules because it uses non-monotonic prices. However, 
it is now recognized that point-based rules still allow for undesir
able bidding behavior like “parking” (Ausubel and Baranov 2014).
7 It is possible to prove the results at the level of an abstract price 
structure, but this does not provide any additional insights and 
comes at the cost of substantial extra notation.
8 For tie-breaking purposes, the demand query might also include a 
proposal bundle X, which the agent must return as the response to 
the query if X maximizes its utility. We use this variant in our 
implementation, along with the stipulation that the agent may take 
an ɛ-discount on the price of the proposed bundle X when comput
ing the best-response.
9 This follows because the vector of quadratic valuations, taken as 
personalized prices, represents clearing prices.
10 V is used for calibration and the median is robust and effective 
for multiminded valuations. Because quadratic valuations are 
defined over so many bundles, computing the median is not 
straightforward, so we use the maximum.
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richesse sociale (L. Corbaz, Lausanne, Switzerland).

Weissteiner J, Seuken S (2020) Deep learning-powered iterative combi
natorial auctions. Conitzer V, Sha F, eds. Proc. 34th AAAI Conf. 
Artificial Intelligence (AAAI Press, Washington, DC), 2284–2293.

Wolsey LA, Nemhauser GL (1999) Integer and Combinatorial Optimi
zation, vol. 55 (John Wiley & Sons, Hoboken, NJ).

Lahaie and Lubin: Adaptive Pricing in Combinatorial Auctions 
Management Science, 2025, vol. 71, no. 10, pp. 8967–8993, © 2025 The Author(s) 8993 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.1

39
] 

on
 1

4 
Ju

ly
 2

02
6,

 a
t 0

9:
12

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 

https://ised-isde.canada.ca/site/spectrum-management-telecommunications/en/spectrum-allocation/auctions/700-mhz-2014/final-results-700-mhz-auction-2014
https://ised-isde.canada.ca/site/spectrum-management-telecommunications/en/spectrum-allocation/auctions/700-mhz-2014/final-results-700-mhz-auction-2014
https://ised-isde.canada.ca/site/spectrum-management-telecommunications/en/spectrum-allocation/auctions/700-mhz-2014/final-results-700-mhz-auction-2014

	Adaptive Pricing in Combinatorial Auctions
	Introduction
	Background
	Iterative Auction
	Adaptive Pricing
	Worked Example
	Experimental Setup
	Simulation Results
	Conclusions


