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Abstract. We consider parametric portfolio policies of any complexity using deep neural
networks to optimize investor utility. Risk aversion acts as an economic regularization mech-
anism, with higher risk aversion constraining model complexity. Empirically, Deep Paramet-
ric Portfolio Policies generate 43-102 basis points higher monthly certainty equivalent returns
compared with linear policies. Looking beyond expected returns, nonlinear portfolio policies
better capture the complex relationship between investor preferences and firm characteristics
but the benefits of using complex models vary with investor preferences. Results hold across
different utility functions and remain robust to transaction costs and short-selling restric-
tions. Overall, economic regularization constrains model complexity much like statistical reg-
ularization but emerges endogenously from investor preferences.

History: Accepted by Kay Giesecke, finance.
Open Access Statement: This work is licensed under a Creative Commons Attribution 4.0 International

License. You are free to copy, distribute, transmit and adapt this work, but you must attribute this
work as “Management Science. Copyright © 2026 The Author(s). https://doi.org/10.1287 /mnsc.2025.
00721, used under a Creative Commons Attribution License: https://creativecommons.org/

licenses /by /4.0/.”

Supplemental Material: The online appendix and data files are available at https://doi.org/10.1287 /mnsc.

2025.00721.

Keywords: portfolio choice « machine learning « expected utility

1. Introduction

Consider the formidable problem of an investor who
wants to choose an optimal asset allocation within her
equity portfolio. The literature provides her with a few
options: she can opt for a traditional Markowitz
approach (Markowitz 1952) which requires estimating
expected returns, variances and covariances, with the
number of moments to estimate increasing rapidly in
the number of assets. At the other end of the spectrum,
she might estimate a low-dimensional parametric port-
folio policy (PPP) (Brandt et al. 2009) but a linear model
might not provide sufficient flexibility. She can also con-
sult a large literature that relates characteristics to
expected returns but even studies that consider a multi-
tude of firm-level characteristics (e.g., Gu et al. 2020)
only investigate expected returns and do not speak
to risk as perceived by different investors’ objective
functions.

We provide a general solution to the portfolio optimi-
zation challenge. In short, we combine the parametric
portfolio policy approach that can estimate portfolio
weights for any utility function with the flexibility of
feed-forward networks from the machine learning litera-
ture. The resulting approach that we label Deep Parametric

Portfolio Policy (DPPP) is well-suited to accommodate
flexible nonlinear and interactive relationships between
portfolio weights and stock characteristics, to integrate
different utility functions, to deal with leverage or portfo-
lio weight constraints, and to incorporate transaction
costs. Importantly, the model also allows us to study the
relationship between model complexity and investor
preferences.

The contributions of our paper are fourfold. First, we
advance the theoretical literature by formally linking
investor risk preferences with effective model complexity
through the mechanism of economic regularization. Sec-
ond, we extend the parametric portfolio policy frame-
work by integrating deep neural networks to capture
nonlinear and interactive effects, thereby offering a more
flexible approach to portfolio optimization. Third, our
empirical results show that the DPPP delivers economi-
cally meaningful utility gains over traditional linear mod-
els across a variety of settings, objective functions and
benchmark models. Notably, investor preferences shape
the optimal portfolio allocation in a manner similar to sta-
tistical regularization, but they do so with respect to
the objectives investors actually care about. Fourth, our
analysis of variable importance contributes to a deeper
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understanding of how different types of firm characteris-
tics influence portfolio construction, particularly under
varying degrees of risk aversion and preferences.

To the best of our knowledge, our study is the first to
systematically explore how the benefits of a complex
and flexible model vary for investors with different
levels of risk aversion or different utility functions. A
natural concern with parameter-rich models is their
potential to overfit historical data. Overfitting leads to
less reliable out-of-sample estimates and higher pre-
diction variance. Since our portfolio policy approach
maximizes the investor’s objective function directly (as
opposed to minimizing a statistical objective such as the
squared distance between realized and predicted returns
(Moritz and Zimmermann 2016, Gu et al. 2020)), volatility
of predictions becomes a systematic part of the economic
objective. As risk aversion increases, the variance of port-
folio returns becomes more important and leans against
overfitting and thus model complexity. We refer to
this mechanism as economic regularization (in contrast to
purely statistically motivated regularization techniques),
and present theoretical and simulation-based findings
which demonstrate that models with different degrees of
complexity converge as risk aversion increases.

Our empirical work represents a significant concep-
tual departure from linear parametric portfolio policies
in two ways: first, by replacing the linear specification
with a neural network, we allow for nonlinearities and
interactions in the relationship between firm character-
istics and portfolio weights. Research on using machine
learning for return prediction shows that such flexibility
is relevant to model the relationship between firm char-
acteristics and future returns and can lead to substantial
improvements over less flexible specifications (Moritz
and Zimmermann 2016, Freyberger et al. 2020, Gu et al.
2020). It is conceivable that such flexibility will also help
to model the relation between portfolio weights and
firm characteristics. Second, this flexibility comes at
the cost of having to estimate a model with a high-
dimensional parameter vector. This is a deviation from
the original motivation of the parametric portfolio pol-
icy literature which aims to reduce portfolio optimiza-
tion to a low-dimensional problem with only a small
number of coefficients that need to be estimated. Kelly
et al. (2024) argue that model complexity is a virtue for
return prediction, and our approach can be viewed as
an exploration of that point in the context of parametric
portfolio policies.

Our empirical investigation further underscores the
value of the DPPP approach. Utilizing a comprehensive
data set of firm-level characteristics, we document sub-
stantial improvements in investor utility when using
the DPPP relative to a standard linear model. Empiri-
cally, our complex model significantly improves over a
standard linear parametric portfolio policy, with cer-
tainty equivalent gains ranging from about 43 basis

points to 102 basis points. Further, in line with our theo-
retical results, we find that the benefit of model complex-
ity decreases when an investor’s risk aversion increases.

While our benchmark investor is a classical constant
relative risk aversion (CRRA) optimizer, our setup eas-
ily accommodates other utility functions. We explore
portfolio policies with and without transaction costs
and short-selling constraints, as well as for different util-
ity functions, such as mean—variance and loss aversion
preferences, and a statistically motivated utility func-
tion. We find that economic regularization via risk aver-
sion has similar dampening effects on higher-order
portfolio moments as statistical regularization but eco-
nomic regularization targets precisely the investor’s
objective function and thereby the risks most relevant to
their investment decisions. Overall, complex portfolio
policies can be beneficial in all these scenarios, but utility
gains are higher for lower risk (or loss) aversion.

Beyond the aggregate performance improvements,
our study offers novel insights into the relative impor-
tance of different types of firm characteristics. Past
return-based stock characteristics turn out to be more
important to the portfolio policy than accounting-
based characteristics. However, while prior research
has highlighted the dominance of return-based signals
in asset pricing, our results indicate that the inclusion
of a large set of predictors with both return-based and
accounting-based measures leads to a more balanced
importance profile as risk aversion increases, extending
the existing literature that examines the importance of
firm characteristics under economic constraints (DeMi-
guel et al. 2020, Jensen et al. 2022).

Overall, our work bridges the gap between traditional
portfolio optimization and modern machine learning
techniques. By directly mapping firm characteristics to
portfolio weights through neural networks, we offer a
flexible, robust, and economically intuitive framework
that adapts to the complexities of real-world investment
challenges. This novel approach not only improves
upon classical methods in terms of performance but
also advances our theoretical understanding of how
investor preferences can naturally regulate model com-
plexity in high-dimensional settings.

1.1. Related Literature

Our work relates to several different streams of the liter-
ature. First, we add to a growing literature that explores
the potential of machine learning algorithms in finance
(e.g., Heaton et al. 2017, Bianchi et al. 2020, Gu et al. 2020,
Kelly et al. 2024). Studies in this literature typically con-
sider a prediction task (e.g., predicting stock returns),
and minimize a statistical loss function such as the mean
squared error (or a related distance metric) between the
actual and predicted values. Predicted values are used to
construct portfolio weights (e.g., Gu et al. 2020). In con-
trast, our methodology uses machine learning to provide
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a direct, one-step mapping from firm characteristics to
portfolio weights that explicitly targets the investor’s
objective rather than a statistical loss function.

Second, our paper serves as a natural extension of the
parametric portfolio approach by Brandt et al. (2009).
While Brandt et al. (2009) argue that it may be worth-
while to consider nonlinear functions and interactions
in weight modeling, subsequent papers that have
implemented and extended parametric portfolio poli-
cies parameterize portfolio weights as a linear function
of firm characteristics (e.g., Hjalmarsson and Manchev
2012, Ammann et al. 2016). DeMiguel et al. (2020)
incorporate transaction costs, a larger set of firm char-
acteristics, and statistical regularization but stay within
the linear framework. Our DPPP replaces the linear
model with a feed-forward neural network that accounts
for both nonlinearity and possible interactions of firm
characteristics. In addition, we use a larger set of firm
characteristics than previous studies and explore differ-
ent utility functions, constraints, and degrees of risk
aversion.

Further, we contribute to the literature that employs
alternative methods to direct portfolio optimization via
machine learning. Particularly relevant approaches in
our context include Cong et al. (2020), Chevalier et al.
(2022), Jensen et al. (2022), Guijarro-Ordonez et al. (2025),
Coulombe and Goebel (2023), and Feng et al. (2022). Each
of these differs from ours in one or more aspects. Cong
et al. (2020) propose a reinforcement learning-based
approach (as opposed to our feed-forward framework)
and connect to a related literature in computer sciences
that puts additional emphasis on more technical parts of
the model implementation. Our study naturally connects
to the preceding finance literature, and generalizes the
approach of Brandt et al. (2009) to explicitly analyze dif-
ferences between a linear and nonlinear specification for
different utility functions, constraints, and levels of risk
aversion, and we derive theoretical results for the conver-
gence of these specifications under economic regulariza-
tion. Chevalier et al. (2022) derive optimal in-sample
weights based on investor preferences and subse-
quently predict these weights conditional on covari-
ates. This is conceptually different from our approach,
primarily because we do not require the preprocessing
step of computing the optimal in-sample weights.
Jensen et al. (2022) take a different approach. They spe-
cifically address the issue of integrating transaction
costs into mean-variance portfolio optimization with
machine learning. While their focus is the derivation
of an efficient frontier including transaction costs, we
explicitly analyze how different types of investor pre-
ferences and constraints affect the benefit of complex-
ity in portfolio optimization. Guijarro-Ordonez et al.
(2025) also employ neural networks for portfolio opti-
mization. Their framework, however, is grounded in

statistical arbitrage, whereas we directly map portfolio
weights to stock-specific signals. Coulombe and Goebel
(2023) propose a machine learning framework for directly
optimizing portfolio weights with nonlinear algorithms,
building on Lo and MacKinlay’s (1997) maximally predict-
able portfolio approach. Their method aligns with mean-
variance utility maximization. In contrast, our framework
supports any utility function, offering broader flexibility
beyond mean-variance preferences. Liu et al. (2021) pro-
pose an alternative one-step optimization approach, map-
ping predictors to optimal portfolio weights through
genetic programming. Our methodology leverages feed-
forward neural networks while incorporating a subs-
tantially larger set of stock characteristics and practical
constraints such as transaction costs and leverage limits.
Feng et al. (2022) employ feed-forward neural networks to
estimate portfolio weights by modeling a deep factor, that
is, a long-short factor based on a nonlinear combination of
characteristics. They apply their method to bond data.

Our work also connects to the growing literature on
machine learning approaches for estimating stochastic
discount factors (SDFs). In this stream, Kozak et al.
(2020) propose shrinking the cross-section of returns
into a parsimonious set of factors that price all assets.
Chen et al. (2024) use deep neural networks to construct
a flexible, high-dimensional SDF, showing improved
explanatory power for cross-sectional returns. Similarly,
Bryzgalova et al. (2025) introduce a decision-tree—based
method for constructing managed portfolios that span
the SDF. Their approach focuses on identifying a parsi-
monious and interpretable set of characteristic-based
portfolios that capture complex nonlinear interactions
while remaining tractable and economically meaningful.
In contrast, our paper sidesteps the explicit construction
of test assets for SDF estimation and instead directly
parameterizes and estimates the portfolio-weight func-
tion in a one-step framework.

In addition, our work relates to the literature that
deals with estimation risk arising from parameter uncer-
tainty (Kirby and Ostdiek 2012a, b; Lassance et al. 2024)
and the literature that explores regularization in this
regard through economic mechanisms (Jagannathan
and Ma 2003, Skouras 2007, Hautsch and Voigt 2019).
Adding to the literature, we explore how risk aversion
affects model complexity and uncertainty, as well as
how this affects the difference between models of differ-
ent complexity.

Finally, our paper relates to research that explicitly
analyzes how transaction costs and other forms of opti-
mization constraints impact portfolio choice (DeMiguel
et al. 2020, Jensen et al. 2022, Detzel et al. 2023). Comple-
menting the literature, we study how nonlinearities con-
tribute to the portfolio optimization, and how risk
aversion regularizes optimization on top of and beyond
the effects of transaction costs.
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2. Theory
2.1. Expected Utility Framework and Parametric
Portfolio Policies
The starting point of our framework is the parametric
portfolio policy model in Brandt et al. (2009). Consider a
universe of N; stocks that an investor can invest in at
each month t € T. Following Brandt et al. (2009) and to
focus on the rich dynamics of risky asset allocations, we
do not include a risk-free asset." Each stock i is associ-
ated with a vector of firm characteristics x; ; and a return
7;1+1 from date t to £+ 1. The investor maximizes the
conditional expected utility of future portfolio returns
Tp,t+1°

{ma}x E; [M(T’p t+1) [ (Z Wi, i1, t+1>‘| (1)

where w; ; is the weight of stock i in the portfolio at date
t and u(-) denotes the respective utility function.

Instead of directly deriving the weights w;; (as e.g.,
following the traditional Markowitz approach), we fol-
low Brandt et al. (2009) and parameterize the weights as
a function of firm characteristics x; ;, that is,

w;,t = f(xi,1;0), 2)

where 0 is the coefficient vector to be estimated.

The parameter vector 6 remains constant across assets
i and periods t, that is, it maximizes the conditional
expected utility at every period ¢. This necessarily implies
that 0 also maximizes the unconditional expected utility.
Hence, one can estimate 0 by maximizing the uncondi-
tional expected utility via the return distribution’s sample
analogues:

max Z rp,t+1(8) TZ”(Zf(xlr“Q)rlrf“)' 3)

The idea behind parametric portfolio policies is that
one may exploit firm characteristics in order to tilt some
benchmark portfolio toward stocks that increase an
investor’s utility, so that f(-) can be expressed as

31= by 80,0i0), @
where b; ; denotes benchmark portfolio weights such as
the equally weighted or value weighted portfolio and
x; ¢ denotes the characteristics of stock i, standardized
cross-sectionally to have zero mean and unit standard
deviation in each cross section t.”

In essence, our model can be interpreted as a generali-
zation of the linear parametric portfolio policy approach,
as we allow x; ; to enter the model flexibly. Brandt et al.
(2009) and the subsequent literature (e.g., DeMiguel et al.
2020) restrict firm characteristics to affect the portfolio
in a linear, additive manner. In contrast, we model g(-)
in Equation (4) as a feed-forward neural network, argu-
ably one of the most flexible forms. As discussed in the

introduction, this represents a significant conceptual devia-
tion from the literature in at least two respects: first, by
replacing the linear specification with a neural network,
we allow the relationship between firm characteristics
and weights to be nonlinear, and we account for potential
interactions of firm characteristics, in line with the recent
literature that finds that such flexibility can be important
to predict returns (Moritz and Zimmermann 2016, Frey-
berger et al. 2020, Gu et al. 2020). Here, our approach
explores whether such flexibility also helps to model the
relationship between portfolio weights and firm character-
istics. Second, this flexibility comes at the cost of having
to estimate a model with a high-dimensional parameter
vector. Thus, it departs from the original motivation of
the parametric portfolio policy literature, which aimed to
reduce portfolio optimization to a low-dimensional prob-
lem where only a small number of coefficients need to be
estimated. In fact, our benchmark model below has about
5,700 to 5,900 parameters compared with the three para-
meters that need to be estimated when following Brandt
etal. (2009).

2.2. Risk Aversion as Economic Regularization
This section establishes the theoretical underpinnings
for how risk aversion serves as an economic regulariza-
tion mechanism in our setting. Our key insight is that
risk aversion naturally constrains model complexity
when estimation risk is a concern. Intuitively, estimation
risk arises from the uncertainty about the parameters of
the data generating process. This leads to errors in the
estimation of portfolio weights which increases portfolio
risk (Kirby and Ostdiek 2012b, Lassance et al. 2024). As
risk aversion increases, the investor places a greater pen-
alty on portfolio return variance, leading to more conser-
vative portfolios with simpler investment strategies.

Formally, when portfolio returns are evaluated under
the predictive distribution, the law of total variance
implies that estimation uncertainty about model para-
meters O enters expected utility as an additional source of
variance. Risk aversion penalizes not only intrinsic return
risk but also the excess variance induced by parameter
estimation. For example, in the mean-variance case with
one risky asset, Brandt (2010) shows that the certainty
equivalent loss due to estimation uncertainty is propor-
tional to the risk aversion coefficient.

This stands in contrast to previous approaches to reg-
ularization in portfolio choice. While Hautsch and Voigt
(2019) and Jagannathan and Ma (2003) show that
transaction costs and short-selling constraints can
serve as economically motivated penalties, our frame-
work demonstrates how investor preferences them-
selves create a natural regularization mechanism. In
the following two subsections, we formalize this idea
through two approaches: first, from an economic per-
spective, and then using results from statistical learn-
ing theory.
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2.2.1. Economic Intuition. To establish economic intui-
tion, consider a CRRA investor maximizing expected
utility over portfolio returns as in Equation (1). Follow-
ing Brandt et al. (2009), we express portfolio returns as:

T T
Tp,t+1(6) = thrHl +0 XtTrtH/Nt =71p 401 + 0 7o 41, 5)

where 74,141 is the benchmark return and 7, ;41 contains
characteristic portfolio returns. As outlined in Didisheim
et al. (2023), we can interpret this linear portfolio frame-
work through a neural network lens by replacing our
characteristic-sorted portfolios XtTrM /N; with trans-
formed portfolios StTrm/ N;, where S; represents non-
linear transformations of the original characteristics.

The following proposition shows how the active
deviations from the benchmark defined in Equation (4)
critically depend on risk aversion:

Proposition 1. Define the optimal active deviations from
the benchmarks:

1 . 1. 4. A1 A
I\TQTSf = —xtals, —  L7'6LS: . (6)
t V4 N——
—— Risk minimization term

Risk premium term

The optimal deviations from the benchmark portfolio con-
verge as follows:
lim ieTst = —3716LS:. 7)
=00 Ny

The proof is in Appendix A.1.

In particular, if the benchmark is uncorrelated with the
active positions (i.e., 65 =0), then the active positions
converge to zero. If the benchmark portfolio is correlated
with active positions, that is, 65 # 0, then as yy — oo the
optimal active tilt converges to the benchmark-hedge
—3.-16), rather than zero. Economically, higher y shuts
down premium-seeking tilts but preserves positions that
hedge benchmark risk. Only under the special case 6}, =
0 do all active tilts vanish in the limit.

High risk aversion forces both the PPP and the DPPP
to prioritize risk minimization, leading to convergence
for the mean absolute weight differences between the
models. We summarize this in the following proposition,
which follows directly and trivially from Proposition 1:

Proposition 2. Compare two models of different complex-
ity, with corresponding portfolio weights wppp(y) and
wpppp(y). Let Agp and Arw be the differences in the risk
premium and risk minimization terms, respectively, from
Equation (7). The absolute portfolio weight difference can
be decomposed as

. 1 .
}IL{}O |[zoppp(y) — wpppp(Y)ll = }EI(}O;”ARP”‘F )1,13010 lIArMII, (8)

—_——
=0

where Arp and Arw are deterministic quantities independent
of y that depend only on the problem structure (X;, by, and
ri+1).

If both models build active portfolios orthogonal to the
benchmark, then the gap between the PPP and DPPP
weights converges to zero, otherwise a constant hedge dif-
ference can remain.

In Section S.2 in the Supplementary Appendix we
provide a similar intuition for loss aversion preference.

This convergence in weights is consistent with the clas-
sical separation theorem. In our mean-variance setting,
all investors share the same risky tangency portfolio and
risk aversion only scales overall exposure. As risk aver-
sion increases, the premium-seeking component vanishes
and the DPPP weights contract toward those of the PPP,
leading to the convergence established in Proposition 2.
In this sense, the convergence in weights corresponds to
investors moving toward a common region of the efficient
set where model flexibility has little incremental effect.

2.2.2. Complexity Interpretation. The concept of risk
aversion as a regularization mechanism is also grounded
in statistical learning theory. Following Skouras (2007),
estimation uncertainty directly affects economic deci-
sions through the utility function. This leads to a natural
complexity measure known as the effective degrees of free-
dom (EDF), originally developed by Murata et al. (1994)
which is defined as:

EDF = tr(G'V)/T, )

where G is the hessian of the model with respect to the
parameters and V is the outer product of the gradients
of the model with respect to the parameters.

This measure has an intuitive interpretation: for linear
models like the PPP, the trace reduces to the parameter
count p, making EDF interpretable as the number of
“effective” parameters in more complex models. This
leads to our key result about model complexity.

Proposition 3. As risk aversion increases, the effective
model complexity converges to zero

lim EDF = lim © = 0. (10)
y—o0 y—o0 )/

The proof is in Appendix A.2.

This result shows that increasing risk aversion effec-
tively reduces model complexity, providing a theoreti-
cal link between risk preferences and model complexity
in our portfolio framework. The complexity interpreta-
tion provides additional insight into the convergence
between the PPP and the DPPP established in the previ-
ous section. As y — oo, the EDF approaches zero for
both models, meaning they effectively become less com-
plex regardless of their nominal parameter count. For
the PPP, the number of effective parameters p/y goes
to zero. Similarly for the DPPP, despite having a
richer nonlinear structure through S; its effective com-
plexity also converges to zero as risk aversion increases.
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In essence, high risk aversion forces both models to pri-
oritize risk minimization over exploiting their different
parametric structures, leading to their convergence.
Naturally, one might wonder how these theoretical
results relate to the trade-off between bias (less complex
models might be misspecified) and variance (less com-
plex models might have lower estimation variance) in
the traditional statistical sense. While traditional bias-
variance analysis focuses on minimizing prediction error,
we focus on maximizing expected utility from decisions,
that is, models are evaluated based on their utility for
decision-making rather than statistical criteria. Skouras
(2007) shows that when models are potentially misspeci-
fied, the standard bias-variance tradeoff is not the most
relevant consideration for decision-makers. Instead,
models should balance complexity against performance.
Expected utility reflects both traditional statistical chan-
nels: higher risk aversion amplifies the penalty on estima-
tion variance and thus constrains functional forms.
Conversely, low risk aversion allows the model to exploit
richer functional forms. Preferences thus endogenously
determine the optimal degree of complexity from a
decision-theoretic rather than purely statistical perspec-
tive. The fact that regularization/shrinkage can lead to
improvements in nonstatistical objective functions is not
new to academic finance (see e.g., Jorion (1986)). In Sec-
tion 4.2, we compare model regularization via risk aver-
sion to statistical model regularization, and find that both
have dampening effects on portfolio return volatility.

2.2.3. Simulation Evidence. We illustrate our theoreti-
cal results through a simulation study featuring two

nested parametric portfolio policies that share the same
base information set but differ in complexity. We gener-
ate a panel of N =100 firms over T =200 months with
K =10 base firm characteristics that follow persistent
AR(1) processes X;j ;= pX;kt-1+€;kt, Where p=0.8
captures the empirically observed persistence in firm
characteristics, and €; 1, ; ~ N(0,1 — p?). All characteristics
are standardized cross-sectionally. Returns are generated
with predictability based on the base characteristics
Titel = thﬁ"‘ 1,111, Where f~ N(0,0.1%Ix) and M1 ~
N(0,0.15%). Lastly, both models use an equally-weighted
portfolio as a benchmark.

Following our theoretical framework with S; repre-
senting nonlinear transformations of the original charac-
teristics, we expand the feature space with random
Fourier features. Specifically, we draw random vectors
wfu~dN(0,7721) for j=1,...,p/2. For each j, we create a
pair of new features using sine and cosine transforma-
tions, where we generate p = 10 features for the simple
model (PPP) and p =100 features for the complex
model (DPPP). This approach ensures both models
operate on transformations of the same underlying
information while differing substantially in their para-
metric complexity.?

Figure 1 presents the key findings from estimating
both models across a grid of risk aversion values y €
[1,100]. We examine two metrics that directly corre-
spond to our theoretical results: (i) the mean absolute
difference in portfolio weights, and (ii) the effective
degrees of freedom of each model. Consistent with our
theoretical predictions, we find that the weight differ-
ence between models decreases and the EDF of both

Figure 1. (Color online) Risk Aversion as Economic Regularization
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Notes. This figure presents simulation evidence demonstrating that risk aversion acts as an economic regularization mechanism. We compare
two nested parametric portfolio policies of different complexity: one using 10 characteristics (PPP) and a second one using 100 characteristics
(DPPP) constructed through random Fourier transformations of the base characteristics. The left panel shows the mean absolute difference in
portfolio weights between models across risk aversion levels. The right panel plots the effective degrees of freedom (EDF) for both models, dem-
onstrating how increasing risk aversion reduces model complexity. All panels use a logarithmic scale (base 10) for risk aversion.
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models converge as risk aversion increases, effectively
constraining model complexity through the investor’s
utility function rather than via statistical penalties. Sup-
plementary Appendix S.2 shows similar results for
investors with loss aversion utility.

3. Estimation and Results

3.1. Network Architecture

We model function g(-) in Equation (4) as a feed-forward
network. Conceptually, our feed-forward networks are
structured to estimate optimal portfolio weights and as
such differ from networks used in pure prediction con-
texts in two important ways.

First, the objective of our estimation is to maximize
expected utility. Standard use of predictive modeling
for stock returns (with or without networks) tries to
minimize some distance metric (e.g., the mean squared
error) between observed and predicted stock returns. For
example, Gu et al. (2020) use neural networks to predict
stock returns using a penalized mean squared error as
the statistical loss function. In contrast, we follow Brandt
etal. (2009) and directly estimate portfolio weights. More
specifically, we predict portfolio weights by maximizing
the unconditional sample analogue of a utility function
as given in Equation (3). For example, in our base case,
the loss function £ that we aim to minimize with respect
to 0 is the constant relative risk aversion (CRRA) utility:

T 1-y
£0) = _%; (%) (11)

where y is the relative risk aversion parameter. Note
that minimizing Equation (11) is equivalent to maximiz-
ing CRRA utility.

Second, unlike applications that predict stock-level
returns using neural nets, our estimated stock-level

Figure 2. Neural Network Structure

portfolio weights are only intermediate outputs of the
neural network in that the loss function is based on the
portfolio return. Hence, we need to aggregate intermedi-
ate network outputs (stock-level weights in period ¢; that
are a function of stock-level characteristics in period t)
and stock-level returns in period ¢+ 1 cross-sectionally
(see Equations (2)—(4)).

To operationalize this, we maintain the three-
dimensional structure of our data (time / stocks / char-
acteristics) where the three-dimensional input tensor
reflects the panel structure of the data. Still, portfolio
weights at time f are determined by that period’s stock
characteristics, maintaining the original spirit of Brandt
et al.’s (2009) approach while leveraging the additional
flexibility of neural networks to capture cross-sectional
nonlinearities. In other words, unlike time series models
(such as Recurrent Neural Networks or Long Short-
term Memory Networks) that explicitly model sequen-
tial dependencies, our network makes independent
decisions at each time step based on the concurrent
cross-sectional relationships between characteristics
and expected returns. This is by design, as our goal is to
identify robust cross-sectional patterns rather than tem-
poral dependencies.

Conceptually, our models can be depicted as shown
in Figure 2. The input data on the left form a cube (or
3D tensor, the three-dimensional structure described
above) with dimensions time ¢, stocks i and input vari-
ables k. Input data are fed into networks with different
numbers of hidden layers. In line with Equation (4), the
output of the neural network is then normalized by
1/N; and added to the benchmark portfolio b. The out-
put of the model O is a two-dimensional matrix with
dimensions t X i of portfolio weights for each stock and
time period that is then aggregated (as a weighted sum
of period t+1 stock returns) across all stocks in each

i weights

Notes. This figure presents the core structure of our neural networks. White circles denote the input layer, grey circles denote the hidden layer
and black circles denote the output layer. The data cube on the left depicts the structure of our data, that is, we have k variables across i cross-
sections in t periods. The rectangle on the right depicts our output, that is, weights across i cross-sections in t periods. The output of the neural
network is normalized by 1/N; and added to the benchmark portfolio b. The final output is labeled O.
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time period into a portfolio return that is the input of the
loss function in Equation (11).

Constructing a neural network requires many design
choices, including, for example, the depth (number of
layers) and width (units per layer) of the model, or the
activation function for different units and layers,* and
selecting the optimal network architecture is a challeng-
ing task. We simplify the process by tuning the number
of hidden layers only, evaluating configurations with
three, four, and five layers. In every configuration, the
first hidden layer starts with 32 nodes, and each subse-
quent hidden layer contains half as many nodes as the
preceding layer.

As discussed in Section 2.1, the network’s output
needs to be normalized and can then be interpreted as
the deviation from a benchmark portfolio. In our appli-
cation, the benchmark portfolio is the equal-weighted
portfolio in all models. A common alternative would be
a value-weighted benchmark portfolio where weights
are determined by a stock’s market capitalization. We
stick to the equal-weighted benchmark because of empir-
ical evidence that it outperforms other benchmarks for
longer periods (DeMiguel et al. 2009).

Lastly, we impose two constraints to ensure that the
model’s performance stems from diversified positions
with economically reasonable leverage levels rather
than from concentrated bets or excessive leverage. First,
we impose an ex-ante upper bound on an individual
stock’s absolute portfolio weight of | 3% |, that is,

| Wit | < 003, (12)

where w; ; represents the portfolio weight of stock i at
time t. Second, we limit leverage to 100% of the portfolio
value in any single period during model training.” This
constraint is formulated for every period t as

Ni

> wil(w; < 0)= -1, (13)

i=1
where I(w; < 0) is an indicator function that equals one
if the corresponding portfolio weight is negative and
zero otherwise.

Additionally, we maintain the full investment con-
straint. Due to the nonlinear nature of the model, it is
not obvious that the full investment constraint holds
(unlike in Brandt et al. (2009)). To make sure that the full
investment constraint is satisfied, we standardize the out-
puts of each unit in the hidden layers cross-sectionally to
have zero mean and unit standard deviation across all
stocks at date f. Hence, the output of each node in each
hidden layer can be interpreted as a deviation from the
benchmark portfolio (see Supplementary Appendix S.1
for details).

We also employ a range of different additional regu-
larization techniques that are standard in the deep learn-
ing literature. We give an outline of these techniques

and a more detailed description of the structure of the
model including its hyperparameters in S.1.

To estimate our model, we use an expanding-window
strategy with a rolling 12-month out-of-sample period
(details in Supplementary Appendix S.1).° Specifically,
we train on the first 20 years, validate on the next 5 years,
and then test on the next 12 months. We then roll forward
one year at a time, continually re-estimating.

3.2. Data

We use the Open Source Asset Pricing data set of Chen
and Zimmermann (2022) for the period from January
1971 to December 2020, as comprehensive accounting
data are only sparsely available in prior years. In addi-
tion, we only keep common stocks, that is, stocks with
share codes 10 and 11, and stocks that are traded on the
NYSE (exchange code equal to 1) to ensure that results
are not driven by small or illiquid stocks. We match the
data with monthly stock return data from the Center for
Research in Security Prices (CRSP). We drop any obser-
vation with missing return, size and/or a return of less
than —100%. We include continuous firm characteristics
from Chen and Zimmermann (2022)’s categories Price,
Trading, Accounting and Analyst, respectively.

Finally, we follow Gu et al. (2020) and replace missing
values with the cross-sectional median at each month
for each stock, respectively.” Additionally, similar to Gu
et al. (2020) we rank all stock characteristics cross-
sectionally. As in Brandt et al. (2009) and DeMiguel et al.
(2020), each predictor is then standardized to have a
cross-sectional mean of zero and standard deviation of
one. Note that each predictor is signed so that a larger
value implies a higher expected return in the original
in-sample period.

Our final data set contains 157 predictors for a total of
5,154 firms. Each month, the data set contains a mini-
mum of 1,213, a maximum of 1,855 and an average of
1,422 firms. These numbers are consistent with a sample
of established, liquid companies rather than the broader
universe including small and illiquid stocks. Table S.6.2
in the Supplementary Appendix lists the included pre-
dictors by original paper. The three columns in the table
describe the update frequency of each predictor, the pre-
dictor category and the economic category, both taken
from Chen and Zimmermann (2022).

3.3. Performance Results for CRRA Investors
Table 1 compares the results of the optimization process
for CRRA investors with different degrees of risk aver-
sion for our DPPP with its linear counterpart.® Results
reveal substantial economic gains from employing deep
learning in portfolio optimization across different levels
of risk aversion. The DPPP consistently outperforms the
PPP, with the magnitude and statistical significance of
improvements varying systematically with investor risk
preferences.
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Table 1. Deep Portfolio Policy for CRRA Investors with Different Degrees of Risk Aversion
y=2 y=5 y=10 y=20
PPP DPPP PPP DPPP PPP DPPP PPP DPPP

CE 0.0195 0.0297 0.0163 0.0232 0.0109 0.0152 —0.0006 0.0040
p-value(CEpppp — CEppp) 0.0003 0.0002 0.0338 0.0278
Z | w; | /Ny +100 0.1696 0.1907 0.1770 0.1938 0.1769 0.1933 0.1690 0.1729
max w; * 100 0.6815 1.1483 0.7221 0.9843 0.7087 0.8305 0.6710 0.4582
min w; = 100 —0.6581 —1.2824 —0.6953 —1.2053 —0.6981 —0.9743 —0.6322 —0.7224
Z wil(w; < 0) —0.7228 —0.8748 —-0.7762 —0.8974 —0.7754 —0.8932 —0.7180 —0.7464
Z I(w; < 0)/N; 0.3426 0.3400 0.3498 0.3368 0.3490 0.3319 0.3426 0.3202
Z | w; — w:Fl | 1.3426 2.6342 1.4571 2.6022 1.4224 2.3813 1.2204 1.7516
Mean 0.0220 0.0341 0.0214 0.0305 0.0201 0.0281 0.0179 0.0224
StdDev 0.0492 0.0710 0.0435 0.0550 0.0401 0.0475 0.0372 0.0378
Skew —0.5991 2.6646 —0.8212 0.8411 —0.8161 —0.2470 —0.7878 —0.5201
Kurt 2.8950 26.4755 2.5283 10.9695 2.1622 4.0705 1.9090 1.9954
Max DD 0.6302 0.4979 0.4467 0.5601 0.3953 0.4662 0.3803 0.3027
Max 1M loss 0.2140 0.2264 0.1855 0.1789 0.1489 0.1838 0.1369 0.1446
CVaR (95%) 0.1044 0.1107 0.0938 0.0978 0.0881 0.0882 0.0803 0.0713
SR 1.5465 1.6607 1.7007 1.9230 1.7404 2.0446 1.6635 2.0491
p-value(SRpppp — SRppp) 0.3709 0.0985 0.0445 0.0042
FF5+ Mom « 0.0104 0.0232 0.0103 0.0205 0.0097 0.0182 0.0085 0.0130
StdErr(a) 0.0012 0.0029 0.0013 0.0024 0.0014 0.0020 0.0014 0.0016

Notes. This table presents out-of-sample performance estimates for deep portfolio policies using 157 firm characteristics, as specified in Equation
(1). The analysis employs a feed-forward neural network model and data from the Open Source Asset Pricing Data set spanning January 1971 to
December 2020. Results are shown for constant relative risk aversion (CRRA) investors with relative risk aversion coefficients (y) of 2, 5, 10, and
20. The first set of rows reports the certainty equivalent for each investor type, along with bootstrapped one-sided p-values comparing the
certainty equivalents between the Deep Parametric Portfolio Policy (DPPP) and the Parametric Portfolio Policy (PPP). The second set of rows
presents time-averaged portfolio weight statistics, including absolute weights, maximum and minimum weights, negative weight metrics (sum
and proportion), and portfolio turnover. The third set of rows displays the return distribution characteristics: the first four moments, risk metrics
(maximum drawdown, maximum monthly loss, and Conditional Value at Risk), annualized Sharpe ratios, and bootstrapped one-sided p-values
comparing Sharpe ratios between the DPPP and the PPP. The bottom set of rows reports the alphas and their standard errors relative to the

Fama-French five-factor model augmented with the momentum factor.

The economic significance of the deep learning
approach is most evident in the certainty equivalent
returns (CE).” At a risk aversion level of y = 2, the DPPP
achieves a CE of 2.97% compared with the PPP’s 1.95%,
representing a significant enhancement of 102 basis
points (p-value = 0.0003)."° This substantial improve-
ment suggests that capturing nonlinear relationships
and interactions between predictors creates meaningful
economic value for investors.

Notably, the performance differential between the
DPPP and the PPP exhibits a decline with increasing
risk aversion. The difference in monthly certainty
equivalent narrows to 43-69 basis points at higher
levels of risk aversion, with statistical significance
declining correspondingly (p-values increase from
0.0003 at y =2 to 0.0278 at y =20). Intriguingly, we
also find that the mean absolute weight differences
between the PPP and DPPP models decrease with
risk aversion, consistent with our analytical results
and simulations in Section 2.2. Empirically, different
from the simulation, constraints and modeling choices
influence the composition of risky assets across risk
aversion. Yet Figure 3 mirrors our simulation results
in Figure 1 and shows a steady decline of weight dif-
ferences for the models of Table 1 but also for other
model specifications considered in the next sections,

suggesting that risk aversion serves as an effective eco-
nomic regularization mechanism.

The portfolio characteristics in Table 1 provide further
insights into the sources of outperformance. The DPPP
exhibits more aggressive position-taking, as evidenced
by the maximum portfolio weights (1.15% versus 0.68%
aty = 2) and minimum weights (—1.28% versus —0.66%
at y=2), more concentrated portfolios (average

Figure 3. Mean Absolute Portfolio Weight Differences by
Risk Aversion
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Notes. The plot shows mean absolute portfolio weight differences
between the PPP and DPPP models. Different lines refer to different
model specifications, with CRRA the models in Table 1, CRRA_TC
the models in Table 3, CRRA_Long the models in Table 3 and MV the
models in Table 4.
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absolute weights of 0.19% versus 0.17% at y =2) and
higher turnover than the linear portfolio policy (263%
versus 134% at y =2).!" All these differences decline
with risk aversion, reflecting the regularizing effect of
risk preferences.

Risk metrics offer insights into downside protection,
a crucial consideration for many investors that may not
be fully accounted for by variance-based measures or
standard utility functions. Despite its more aggressive
positioning, the DPPP achieves risk control comparable
to the PPP with lower maximum drawdowns (49.79%
versus 63.02% at y =2), similar maximum one-month
losses (22.64% versus 21.40% at y =2) or Conditional
Value at Risk (CVaR) (11.07% versus 10.44% at y = 2).'
Qualitatively similar results hold for all values of risk
aversion, demonstrating that the DPPP approach can
yield utility benefits without sacrificing practically rele-
vant performance dimensions, even when those dimen-
sions are not explicitly targeted in the optimization.

The improvements in risk-adjusted performance are
substantial. Sharpe ratios are consistently higher for
the DPPP across all risk aversion levels (1.66 versus
1.55 at y =2), with the differences becoming statisti-
cally significant at higher risk aversion levels (p-value
= 0.0042 at y =20). The outperformance is robust to
controlling for standard risk factors, as evidenced by
significant monthly alphas against the Fama-French
five-factor model augmented with momentum (2.32%
versus 1.04% at y =2, with standard errors of 0.29%
and 0.12%, respectively).

The main results from Table 1 are visually summarized
in Figure 4, which shows the cumulative performance of
portfolio returns over time for both the PPP and DPPP
across different degrees of risk aversion. The figure
demonstrates several key patterns. First, the DPPP con-
sistently outperforms its linear counterpart across all risk
aversion levels, with the outperformance becoming more
pronounced after the 2008 financial crisis. Second, lower
risk aversion portfolios (y = 2, solid lines) achieve higher

Figure 4. Cumulative Performance over Time for CRRA
Preferences
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Notes. The plot shows the cumulative sum of portfolio returns for the
DPPP and PPP. We show the results for each of the degrees of relative
risk aversion considered and across all out-of-sample periods.

cumulative returns but exhibit more volatility during
periods of market stress. For instance, during the dot-
com bubble burst (2000-2002), the global financial cri-
sis (2008-2009), and the COVID-19 market crash
(2020), the y =2 portfolio experiences larger draw-
downs compared with higher risk aversion portfolios.

Notably, the outperformance of the DPPP over the
PPP persists across market environments, though
the magnitude varies. The gap between the DPPP and
the PPP tends to widen during strong market periods
(e.g., 20032007 and 2009-2020) and narrows during mar-
ket stress, suggesting that the benefits of nonlinear model-
ing are particularly valuable in capturing upside potential
while still providing some downside protection.

3.4. Supporting Results

3.4.1. Variable Importance. We calculate the impor-
tance of the variables in the model as the mean absolute
gradient of the model with respect to the input features.
That is, for each period, we calculate the gradient of the
investor’s utility with respect to an input feature, take
the absolute value of each value, and then take the aver-
age over all values. We repeat this for each feature in
every out-of-sample period and take the average across
all models. For the sake of comparability, we scale
the average utility losses across all variables for each
model so that they add up to one. As a result, we are
able to rank the variables according to the average
absolute gradient.

Figure 5 displays the relative importance of the 40
most influential characteristics across different risk aver-
sion levels for both models, measured using absolute
average gradients. The variables are ordered according
to the importance of the DPPP model optimized for
y =2

Several key patterns emerge from this analysis. First,
past return-based characteristics dominate the impor-
tance rankings across all specifications, with short-term
reversal (STreversal), industry returns of big firms
(IndRetBig), and momentum seasonality (MomSeason)
consistently appearing among the most influential fea-
tures, mirroring the findings in Moritz and Zimmer-
mann (2016), Gu et al. (2020), and Chen et al. (2024) for
prediction of returns rather than utility maximization.
This finding holds for both the DPPP and the PPP,
though the relative magnitudes differ substantially.

Second, the DPPP shows more pronounced differen-
tiation in feature importance compared with the PPP,
particularly at lower risk aversion levels. For instance,
with y =2, short-term reversal exhibits approximately
twice the importance in the DPPP compared with the
PPP. This suggests that the nonlinear model is better at
capturing and exploiting the dynamic nature of return
reversal patterns. Importantly, the pattern of feature
importance varies systematically with risk aversion. As
risk aversion increases, our analysis reveals a more
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Figure 5. Variable Importance for the CRRA Preference for the DPPP and the PPP
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Notes. Variable importance for the 40 most influential variables in the PPP and DPPP across model specifications and risk aversions, respectively.
Variable importance is computed as the average absolute gradient over all training samples and normalized to sum to one within each model.
The darker the color gradient, the higher the respective importance. The variables are ordered according to the importance of the DPPP model

optimized for y = 2.

balanced importance across characteristics, particularly
in the DPPP, consistent with the results of DeMiguel
et al. (2020). Therefore, model flexibility matters pre-
cisely when investors’ preferences allow them to bear
estimation risk in pursuit of complex return premia.

Third, the analysis also reveals interesting differences
in how the two models utilize similar information. While
both models draw heavily on momentum-related sig-
nals (MomSeason, IntMom, High52), the DPPP appears
to extract more nuanced information, as evidenced by
the higher importance weights on various momentum
components (seasonal, intermediate, and price-based
momentum). Notably, characteristics related to funda-
mental firm information (earnings, analyst forecasts, and
balance sheet measures) show relatively stable impor-
tance across risk aversion levels, particularly in the
DPPP. This suggests that these features provide comple-
mentary information that remains valuable even as the
portfolio becomes more conservative.

In Supplementary Appendix S.3.1, we examine
the marginal contribution (partial dependence) of

characteristics to portfolio weights in the DPPP and we
find that nonlinear modeling is beneficial for capturing
the complex relationship between firm characteristics
and portfolio allocations. Key variables such as short-
term reversal, book-to-market, and various momentum
measures exert nonlinear and risk-aversion—dependent
effects on portfolio weights. For instance, short-term
reversal shows a strong, varying impact across its range,
particularly under low risk aversion, which aligns well
with the risk-return profiles observed in decile portfo-
lios. In contrast, other characteristics exhibit more sub-
dued or context-specific influences, with higher risk
aversion generally dampening these effects.

To analyze further the extent to which nonlinearity
plays a role, we fit linear surrogate models to explain the
portfolio weights of the DPPP. The findings indicate that
30%—60% of the characteristic-weight relationship is lin-
ear, an additional 20%-30% is explained by interactions,
and the remaining 10%-50% is due to higher-order
nonlinearities. Moreover, the economic significance of
these nonlinear components, measured via certainty



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 01:56 . For personal use only, all rights reserved.

12

Simon, Weibels, and Zimmermann: Deep Parametric Portfolio Policies
Management Science, Articles in Advance, pp. 1-19, © 2026 The Author(s)

equivalent differences, is most pronounced for lower
risk aversion levels, underscoring that the flexibility of
nonlinear models adds substantial value. It also pro-
vides empirical support for our understanding that risk
aversion acts as an economic regularization parameter.
See Supplementary Appendix S.3.1 for detailed results.

3.4.2. Comparison with Benchmark Models. What do
investors gain by optimizing their utility function directly
rather than optimizing standard benchmarks such as,
for example, the Sharpe ratio? Table 2 comprehensively
evaluates DPPP portfolios against several important
benchmarks, including machine learning-based return
forecasting, Sharpe ratio optimization, a factor portfolio,
and traditional passive strategies.

Results indicate that involved methods such as directly
optimizing the Sharpe ratio, or a two-step strategy that
uses machine-learning to forecast returns and subse-
quently builds portfolios based on those forecasts, have
similar overall portfolio characteristics in terms of lever-
age, turnover or maximal one-month losses to the DPPP
strategies, especially those DPPP strategies optimized for
higher levels of risk aversion. DPPP strategies generally
deliver higher out-of-sample alphas against involved
benchmarks and also passive benchmarks such as equal-
or value-weighted index portfolios. Consequently, DPPP
strategies also deliver higher cumulative returns than the
benchmark strategies (see Figure 5.5.1 in the Supplemen-
tary Appendix).

Interestingly, the DPPP strategies deliver higher out-
of-sample Sharpe ratios than even the strategies that tar-
get maximization of the Sharpe ratios directly. In Table
S.6.1 in the Supplementary Appendix, we check whether
the reverse (i.e., whether benchmark strategies deliver
higher out-of-sample utility than strategies that target
utility maximization directly) is also true, and find that
this is not the case: strategies optimized for a specific level
of risk aversion deliver higher out-of-sample utility than
benchmark models or strategies optimized for other
levels of risk aversion. This outperformance holds across
different risk aversion levels. The relative advantage
becomes increasingly pronounced as risk aversion in-
creases. This is particularly evident when compared with
strategies that do not explicitly incorporate portfolio risk
in the optimization objective, underscoring the critical
importance of integrating risk considerations directly
into the optimization process.

Figure S.5.2 in the Supplementary Appendix shows
variable importance rankings for the involved bench-
mark models. We find that, similar to the DPPP strate-
gies, Sharpe ratio-maximizing strategies and machine
learning-based return forecasting put high weight on
past return-based characteristics such as short-term
reversal or industry returns of big firms (IndRetBig).
PPP-based maximization of the Sharpe ratio leads to a
more even distribution across variable importance scores
than DPPP-based maximization which mirrors our find-
ings for variable importance for utility maximization
above.

Table 2. Comparing Deep Portfolio Policies to Benchmark Strategies

SRppp SRDPPP ML Factor EW VW

y=2 y=5 y =10 y =20
> lwi | /N =100 0.1907 0.1938 0.1933 0.1729
max w; 100 1.1483 0.9843 0.8305 0.4582
min w; 100 ~1.2824 12053  —09743  —0.7224
> wil(w; <0) —0.8748  —0.8974  —0.8932  —(.7464
> I(wi < 0)/N; 0.3400 0.3368 0.3319 0.3202
> lwie—wiy | 2.5891 2.5616 2.3473 1.7311
Mean 0.0341 0.0305 0.0281 0.0224
StdDev 0.0710 0.0550 0.0475 0.0378
Skew 2.6646 0.8411  —02470  —0.5201
Kurt 264755  10.9695 4.0705 1.9954
Max DD 0.4979 0.5601 0.4662 0.3027
Max 1M loss 0.2264 0.1789 0.1838 0.1446
CVaR (95%) 0.1107 0.0978 0.0882 0.0713
SR 1.6607 1.9230 2.0446 2.0491
FF5 + Mom a 0.0232 0.0205 0.0182 0.0130
StdErr(a) 0.0029 0.0024 0.0020 0.0016

0.1868 0.1951 0.1802 0.1128 0.0694 0.0694
0.8462 0.6434 0.4230 0.3987 0.0704 0.1113
—0.7137 —0.7960 —0.2801 —0.3262 0.0704 0.0410
—0.8466 —0.9068 —0.7987 —0.3132 0.0000 0.0000

0.3654 0.3566 0.2009 0.2558 0.0000 0.0000
1.5163 1.8824 1.8640 0.4587 0.0829 0.0659

0.0202 0.0192 0.0193 0.0115 0.0110 0.0105
0.0354 0.0354 0.0667 0.0416 0.0587 0.0552
—0.7604 —0.6342 —0.0544 —1.0598 —0.3716 —0.5039
1.8370 1.8973 7.2504 3.2232 3.6591 3.3455
0.2607 0.4356 1.0025 0.7836 0.9026 0.8585
0.1304 0.1336 0.3531 0.1924 0.2556 0.2398
0.0732 0.0693 0.1466 0.1037 0.1351 0.1286
1.9783 1.8815 1.0042 0.9590 0.6461 0.6609

0.0110 0.0102 0.0048 0.0010 —0.0002 —0.0003
0.0015 0.0016 0.0019 0.0009 0.0007 0.0006

Notes. This table presents out-of-sample performance estimates for various portfolio strategies using data from the Open Source Asset Pricing
Data set spanning January 1971 to December 2020. Strategies include CRRA-based Deep Parametric Portfolio Policies for different risk aversions,
Sharpe ratio optimization approaches (SR) for linear and Deep Parametric Portfolio Policies, machine learning portfolios (ML), factor-based
CRRA portfolio (Factor), and benchmark strategies (EW, VW). The DPPP strategy represents our baseline strategy for different risk aversions.
The SR strategy is a PPP and DPPP optimized for Sharpe ratio preference. ML is the portfolio of a machine learning model trained to predict
expected returns. The factor strategy is the linear PPP of a simple Fama-French five-factor model plus momentum. EW and VW are passive
equal-weighted and value-weighted strategies. The first set of rows presents time-averaged portfolio weight statistics, including absolute
weights, maximum and minimum weights, negative weight metrics (sum and proportion) and portfolio turnover. The second set of rows
displays the return distribution characteristics: the first four moments, risk metrics (maximum drawdown, maximum monthly loss, and
Conditional Value at Risk), and annualized Sharpe ratios. The bottom set of rows reports the alphas and their standard errors relative to the
Fama-French five-factor model augmented with the momentum factor.
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These results collectively reinforce three key findings.
First, the value of deep learning in portfolio optimization
extends beyond simple return prediction to the direct
optimization of investor utility. Second, the benefits of
preference-aligned optimization are robust across differ-
ent utility specifications. Finally, sophisticated modeling
approaches consistently outperform traditional passive
strategies.

3.5. Robustness

We examine a number of alternative and extended
model specifications. For the sake of brevity, the results
are presented in the Supplementary Appendix S.3 and
we only discuss the main take-aways here.

Our main results are based on an expanding-window
framework that uses successively more data for model
estimation (see Section 3.1). Rolling-window estimation
that uses a fixed number of months for training might
be able to adapt more readily to potential structural
changes in the data by discarding older observations.
Results in Supplementary Appendix S.3.2 show that
rolling-window estimation does not consistently lead to
better (or worse) results than expanding-window esti-
mation. In fact, for high levels of risk aversion, the stabil-
ity provided by a longer estimation sample can be
crucial in achieving robust portfolio outcomes, aligning
with our broader argument that model simplicity and
regularization often yield more reliable results.

An important question concerns the interaction of
cross-sectional characteristics and the state of the macro-
economy in the portfolio weight function. To study the
impact of macroeconomic variables, we expand our
baseline model with 8 macroeconomic variables from
Welch and Goyal (2008) as in Gu et al. (2020), and we
interact each macroeconomic variable with each cross-
sectional characteristic for a total of 1,413 covariates.
Results in Supplementary Appendix S.3.3 show that
models including macroeconomic variables do not lead
to higher investor utility than models that do not include
macroeconomic variables, for all levels of risk aversion.

3.6. Market Frictions
In the benchmark setting, average turnover and lever-
age are economically high for both the PPP and the
DPPP. Next, we compare both approaches in a more
economically feasible scenario that explicitly accounts
for market frictions by imposing a transaction cost pen-
alty and using a long-only constraint in the optimization
task. Note that both frictions act as regularization mech-
anisms (Jagannathan and Ma 2003, Hautsch and Voigt
2019) on top of regularization via risk aversion. We
therefore expect nonlinear and linear models to be
closer for all levels of risk aversion in these scenarios,
making it harder to isolate the risk aversion channel.

To account for transaction costs, we follow DeMiguel
et al. (2020) and add the following penalty term to the

13
optimization problem:
1 L. [
TC =f; ; | 1ci, (Wi — wiy 1) 1], (14)

where «;; are transaction costs for stock i at time t and
wj,_, is the portfolio weight before rebalancing, that is,

wzt71 _ wl,t—ll\]fl + 7’1,t) . (15)
1+ ijle,t,lrj,t

Our transaction cost estimates come from Chen and

Velikov (2023)."* Thus, we define transaction costs «; ;

as the effective half bid-ask spread.

An important consideration when incorporating trans-
action costs into portfolio optimization is the inherently
dynamic nature of the problem. In a multiperiod setting,
optimal portfolio weights at time ¢ depend not only on
current characteristics but also on expected future opti-
mal positions and the associated trading costs. Jensen
et al. (2022) formalize this intuition by deriving a closed-
form solution in the mean-variance case that explicitly
accounts for these dynamic effects. Our approach, fol-
lowing DeMiguel et al. (2020), instead incorporates
transaction costs through a penalty term in the objec-
tive function (14). While this simplifies the dynamic
aspect of the problem, it maintains tractability when
dealing with a large cross-section of assets and charac-
teristics while still capturing the first-order effects of
trading frictions on portfolio choice. As our empirical
results demonstrate, this formulation effectively con-
strains turnover and generates economically reason-
able portfolios.

A large majority of equity portfolios face restrictions
on short selling. We incorporate short-sale constraints
as in Brandt et al. (2009), that is, we restrict portfolios
weights to be nonnegative in the optimization problem
of Equation (1) (and still keep the cap of 3% per stock).
In particular, to make sure that portfolio weights still
sum up to one, we add the following portfolio rebalan-
cing term to our optimization process:

max[0, w; ¢]

= =N __n 1
ij'lmax[o, wj,¢]

*

w; 1

(16)

Table 3 shows separately the results of the optimiza-
tion process with the transaction cost penalty and the
long-only constraint for CRRA investors with different
degrees of risk aversion. We show a selected set of
results compared with Table 1, but provide similar
tables with all results in Table 5.6.3 for transaction cost
and Table S.6.4 for long-only in the Supplementary
Appendix.

The first panel of Table 3 shows that even with trans-
action costs, the DPPP outperforms the PPP across all
risk aversion levels, with monthly certainty equivalent
differences ranging from 10 to 39 basis points (certainty
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Table 3. Long-Only & Transaction Costs Constrained Deep Portfolio Policy for CRRA Investors with Different Degrees of
Risk Aversion

y=2 y=5 y=10 y=20
PPP DPPP PPP DPPP PPP DPPP PPP DPPP

Transaction costs

CE 0.0155 0.0194 0.0129 0.0157 0.0077 0.0087 —0.0029 —0.0006

p-value(CEpppp — CEppp) 0.0118 0.0620 0.3195 0.1555
Z wil(w; < 0) —0.7139 —0.8877 —0.7612 —0.8973 —0.7638 —0.8798 —0.6588 —0.6756
Z [ Wi —w,_q | 0.8441 2.0257 0.8794 1.9002 0.8593 1.5947 0.7754 1.1407
Mean 0.0179 0.0225 0.0178 0.0221 0.0170 0.0182 0.0144 0.0157
StdDev 0.0482 0.0551 0.0427 0.0498 0.0397 0.0412 0.0360 0.0349
Max 1M loss 0.2228 0.2280 0.1812 0.2015 0.1559 0.1546 0.1303 0.1513
SR 1.2851 1.4123 1.4453 1.5370 1.4823 1.5296 1.3805 1.5552
p-value(SRpppp — SRppp) 0.2090 0.2962 0.3852 0.0447
Long-only
CE 0.0118 0.0164 0.0076 0.0107 0.0011 0.0020 —0.0157 —0.0104
p-value(CEpppp — CEppp) 0.0001 0.0143 0.3308 0.0114
Z wil(w; < 0) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Z | w; ¢ — w;Fl | 0.5883 1.3508 0.6426 1.3417 0.5000 1.0914 0.3274 0.7656
Mean 0.0150 0.0215 0.0147 0.0216 0.0137 0.0174 0.0114 0.0135
StdDev 0.0566 0.0713 0.0510 0.0647 0.0459 0.0490 0.0406 0.0390
Max 1M loss 0.2483 0.2603 0.2171 0.2667 0.1968 0.2260 0.1832 0.1780
SR 0.9213 1.0418 0.9996 1.1580 1.0342 1.2262 0.9717 1.1974
p-value(SRpppp — SRppp) 0.0119 0.0077 0.0006 0.0001

Notes. This table presents out-of-sample performance estimates for deep portfolio policies with the transaction costs penalty from Equation (14)
and including a long-only constraint using 157 firm characteristics separately, as specified in Equation (1). The analysis employs a feed-forward
neural network model and data from the Open Source Asset Pricing Data set spanning January 1971 to December 2020. Results are shown for
constant relative risk aversion (CRRA) investors with relative risk aversion coefficients (y) of 2, 5, 10, and 20. Results in the first panel are
reported net of transaction costs. For each panel the first set of rows reports the certainty equivalent for each investor type, along with
bootstrapped one-sided p-values comparing the certainty equivalents between the Deep Parametric Portfolio Policy (DPPP) and the Parametric
Portfolio Policy (PPP). The second set of rows presents time-averaged portfolio weight statistics, including leverage and portfolio turnover. The
third set of rows displays the return distribution characteristics: the first two moments, maximum monthly loss, annualized Sharpe ratios, and
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bootstrapped one-sided p-values comparing Sharpe ratios between the DPPP and the PPP.

equivalents are reported net of transaction costs). This
suggests that, like risk aversion, the transaction cost
penalty acts as an economic regularizer that reduces
model complexity. Consequently, both models exhibit
lower certainty equivalents and smaller, less significant
differences, as supported by the reduced mean absolute
weight differences in Figure 3. This is in line with the
results of Hautsch and Voigt (2019), who show that a
transaction cost penalty is analogous to a ridge penalty
and thus acts as a natural economic regularization.
As risk aversion increases, the significance of these dif-
ferences declines with y = 10 showing no significant dif-
ference at the 5% level while the constraints reduce
turnover to 78%-88% for the PPP and 114%—-203% for
the DPPP. Despite higher turnover, the DPPP delivers
notably larger net returns and higher Sharpe ratios.

The second panel of Table 3 presents long-only port-
folio optimization results for CRRA investors. Here, the
DPPP again outperforms the PPP (monthly certainty
equivalent differences from 9 to 53 basis points),
although the benefits of model complexity diminish
more rapidly as risk aversion increases. The long-only

constraint, like risk aversion, acts as an economic regu-
larizer that reduces complexity, as evidenced by lower
certainty equivalents and minimal weight differences in
Figure 3. This is consistent with the results of Jagan-
nathan and Ma (2003), who show that short-selling
restrictions can also be interpreted as a form of regular-
ization that implicitly shrinks the set of possible weights
and prevents extreme allocations. Therefore, it also leads
to more concentrated positions, with DPPP turnover
ranging from 77%-135% versus 33%—64% for the PPP.
Additionally, the DPPP achieves significantly higher
Sharpe ratios at the 5% level across all risk aversion
levels.

Similar patterns are observed when both constraints
are applied jointly (see Table S.6.5 in the Supplementary
Appendix).

4. Alternative Investor Utility Functions
4.1. Mean-Variance and Loss Aversion

We explore results for different investor types by chang-
ing the utility function that we use to optimize the mod-
els. In particular, we consider linear and deep portfolio
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policies for an investor with mean-variance utility
defined as

% 1¢ ’
u(rp, 141) = Tp141 — AU TZ o1 |, (A7)
=1

where y is the absolute risk aversion of the investor, and
for a loss-averse investor (Tversky and Kahneman 1992)
with utility defined as

AW — A +1p1) i A7y 00) < W

“n) =\ (At ) - W

otherwise
(18)

where W is a reference wealth level determined in the
editing stage, the parameter | measures the investor’s
loss aversion and the parameter b captures the degree of
risk seeking over losses and risk aversion over gains.
For simplicity, we fix the parameters W and b at one and
only change the loss aversion parameter /. We include
the constraints specified in Section 3.1 in the optimiza-
tion process for both preferences.

Table 4 shows separately the results of the optimiza-
tion process for the mean-variance investors with differ-
ent degrees of risk aversion and loss-averse investors

with different degrees of loss aversion. We show a
selected set of results compared with Table 1, but provide
similar tables with all results in Table S.6.6 for mean-
variance preference and Table S.6.7 for loss aversion pref-
erence in the Supplementary Appendix.

The first panel of Table 4 shows that for a mean-
variance investor, the deep portfolio policy yields higher
certainty equivalent returns than the linear policy across
all risk aversion levels. While the DPPP’s results (cer-
tainty equivalents, Sharpe ratios, and weight characteris-
tics) are similar to those for a CRRA investor, the linear
model performs relatively better in the mean-variance
setting, reducing the monthly certainty equivalent differ-
ence to 23-86 basis points. The mean-variance utility
function perfectly illustrates that the degree of abso-
lute risk aversion determines the strength of the pen-
alty on the variance of portfolio returns, that is, the
strength of regularization, since portfolio return vari-
ance is an explicit part of the utility function (see Sec-
tion 2.2). Figure 3 illustrates the convergence of mean
absolute weight differences between the two models
with increasing risk aversion.

The second panel of Table 4 reports results for a loss-
averse investor. Here, the DPPP outperforms the PPP at
all levels of loss aversion, with improvements ranging

Table 4. Deep Portfolio Policy for Mean-Variance and Loss-Averse Investors with Different Degrees of Risk Aversion (y)

and Loss Aversion (/)

y=2 y=5 y =10 y=20

Mean-variance preference PPP DPPP PPP DPPP PPP DPPP PPP DPPP
CE 0.0201 0.0287 0.0184 0.0217 0.0143 0.0170 0.0065 0.0088
p-value(CEpppp — CEppp) 0.0001 0.0292 0.0291 0.0849
Z wil(w; < 0) —0.7602 —0.8882 —0.8059 —0.9070 —0.8093 —0.8899 —0.7879 —0.8925
Z | w; ¢ — w:t_l | 1.5185 2.6428 1.7406 2.5648 1.6789 24174 1.4693 2.2676
Mean 0.0225 0.0319 0.0232 0.0281 0.0224 0.0276 0.0205 0.0254
StdDev 0.0492 0.0566 0.0435 0.0505 0.0402 0.0459 0.0373 0.0407
Skew —0.6239 —0.1348 —0.8530 —0.6631 —0.8516 —0.4331 —0.7727 —0.5940
SR 1.5843 1.9506 1.8438 1.9259 1.9317 2.0786 1.9007 2.1596
p-value(SRpppp — SRppp) 0.0019 0.2768 0.1185 0.0171
Loss aversion preference I=1.5 =2 =3 =4

CE 0.0188 0.0311 0.0147 0.0235 0.0082 0.0137 0.0025 0.0036
p-value(CEpppp — CEppp) 0.0002 0.0015 0.0247 0.3014
Z w;il(w; < 0) —0.7929 —0.8918 —0.7980 —0.8833 —0.8090 —0.8823 —0.8083 —0.8702
Z | w; ¢ — w:t_l | 1.6336 2.6846 1.5951 2.6742 1.6887 2.5599 1.7273 2.4745
Mean 0.0235 0.0361 0.0227 0.0319 0.0226 0.0306 0.0227 0.0275
StdDev 0.0494 0.0751 0.0442 0.0580 0.0412 0.0548 0.0395 0.0485
Skew —0.6194 1.9765 —0.7339 0.5481 —0.7651 0.3536 —0.7475 —0.2204
SR 1.6475 1.6666 1.7793 1.9049 1.9052 1.9331 1.9905 1.9677
p-value(SRpppp — SRppp) 0.4931 0.2424 0.4498 0.4400

Notes. This table presents out-of-sample performance estimates for deep portfolio policies using 157 firm characteristics, as specified in Equation
(1). The analysis employs a feed-forward neural network model and data from the Open Source Asset Pricing Data set spanning January 1971 to
December 2020. Results are shown for mean-variance investors with relative risk aversion coefficients (y) of 2, 5, 10, and 20 in the first panel and
loss-averse investors with loss aversion (I) of 1.5, 2, 3, and 4 in the second panel. The first set of rows reports the certainty equivalent for each
investor type, along with bootstrapped one-sided p-values comparing the certainty equivalents between the Deep Parametric Portfolio Policy
(DPPP) and the Parametric Portfolio Policy (PPP). The second set of rows presents time-averaged portfolio weight statistics, including leverage
and portfolio turnover. The third set of rows displays the return distribution characteristics: the first three moments, annualized Sharpe ratios,
and bootstrapped one-sided p-values comparing Sharpe ratios between the DPPP and the PPP.
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from 11 to 123 basis points-differences significant at the
1% level for =1.5and [ = 2, at 5% for [ = 3, and insignif-
icant for | = 4. Because a loss-averse investor values the
tail behavior of returns more than the mean-variance
trade-off, both models show higher skewness compared
with mean-variance or CRRA optimizations. Notably,
the DPPP produces significantly higher (right) skew-
ness, which explains its higher certainty equivalent. In
line with our theoretical results in Supplementary
Appendix S.2, increasing loss aversion [ does indeed
penalize negative outcomes more severely.

Leverage of the PPP and DPPP strategies using differ-
ent utility functions has about the same magnitude as in
the CRRA benchmark results in Table 1. In Table 5.6.8 in
the Supplementary Appendix, we show that certainty-
equivalent returns are lower for long-only than for lev-
eraged strategies for mean-variance or loss aversion
utility, mirroring our results for CRRA utility (Table 3).
The PPP-DPPP return gap is of comparable magnitude
to that with leverage and remains statistically signifi-
cant, except under very high loss aversion, consistent
with the theoretical framework and simulations. Figure
5.5.3 in the Supplementary Appendix further illustrates
that the DPPP consistently outperforms the PPP over
time, with the degree of outperformance varying with
the investor’s risk or loss aversion.

Figure 6. Portfolio Moments Across Utility Functions

Finally, it is instructive to compare portfolio return
moments across utility functions and portfolio policies
in Table 4. Under mean-variance utility, increasing risk
aversion is associated with lower portfolio return vari-
ance for both the linear (PPP) and complex (DPPP) mod-
els. In contrast, with loss aversion utility, higher loss
aversion leads to lower skewness in absolute terms.
This distinction highlights the relevance of capturing
optimal portfolio return distributions when the inves-
tor’s objective function is sensitive to higher moments.
We study this in more detail in the next section.

4.2. Portfolio Moments Across Utility Functions
and Models
To highlight the economic implications of different utility
functions, Figure 6 reports the first four moments of opti-
mal portfolios across investor preferences, model classes,
and regularization schemes. The figure compares CRRA,
mean-variance, and loss-averse preferences, as well as a
statistical objective function (StatReg) that maximizes
mean return subject to an £; penalty on model parameters
with strength A. The StatReg baseline provides a useful
benchmark for understanding how purely statistical regu-
larization compares to preference-induced regularization.
Three patterns are evident. First, increasing risk aver-
sion or loss aversion systematically reduces volatility

Mean return Volatility (SD)
0.035 0.08 -
0.030 0.07
0.06 1
0.025 1
o 0.05 -
=3 i
5 0020 0.04
>
-—
5 Skewness Kurtosis
]
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A=1e-5 A=1le-4 le-3 A=1le-2 A=1e-5 A=1le-4 A=1e-3 A=1e-2
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Model - DPPP -e PPP

Utility ®© CRRA 4 MV ® LA X StatReg

Notes. This figure shows portfolio moments (mean return, volatility, skewness, and kurtosis) across utility functions, preference parameters, and
model classes. The utility functions are CRRA (dots), mean—variance (triangles), loss aversion (squares) and StatReg (x). Dark lines denote DPPP;
lighter lines denote PPP. StatReg optimizes mean return with an £; penalty (lasso).
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and higher-order moment exposures. Both CRRA and
loss-averse investors display a monotonic decline in
variance and kurtosis as parameters y and A increase,
confirming the theoretical mechanism that preferences
penalize estimation variance in a manner analogous to
statistical shrinkage. This comparison is reinforced by
the StatReg benchmark: purely statistical lasso regulari-
zation produces similar dampening of higher-order
moments, but the utility-based approach targets pre-
cisely those risks that the investor’s preferences place
weight on.

Second, the different utility functions emphasize
distinct moment trade-offs. CRRA portfolios initially
exhibit very high mean return and positive skewness,
but these come with extreme kurtosis that vanishes as
risk aversion rises. Loss-averse portfolios are particularly
distinctive: as loss aversion strengthens, these portfolios
generate the highest skewness of any utility specification,
but this comes jointly with high variance. In other words,
loss aversion leads to portfolios that sacrifice stability in
exchange for both higher upside and protection against
extreme downside states. In contrast, the StatReg port-
folio with the highest regularization yields the lowest
mean return and relatively muted higher moments. This
reflects the effect of the lasso penalty, which shrinks
exposures but does not respond to investor preferences.

Third, a comparison of different model classes shows
that the DPPP generally delivers higher means and
stronger moment tilts at low levels of risk tolerance, and
it converges more strongly. In contrast, the PPP exhibits
a less exposed profile across preferences. As risk aver-
sion or loss aversion increases, the gap between the
DPPP and the PPP closes, reflecting the theoretical
result that preferences shrink the range of possible out-
comes and dampen the role of nonlinear interactions.

In Supplementary Appendix S.4, we analyze the net
exposure of different portfolios to different stock charac-
teristics. While characteristics exposure is similar across
utility functions and risk/loss aversion levels for most
clusters of characteristics, some intuitive differences
emerge: As risk or loss aversion increases, investors
decrease net exposure to short-term reversal and firm
size. Since predictors are signed in the Chen and Zim-
mermann (2022) database to have positive mean return
in the original in-sample periods (and smaller firms are
associated with higher returns), this implies for size that
more risk or loss averse investors load more on larger
firms, presumably because such firms are less volatile.
For short-term reversal, the decline in exposure is least
pronounced for loss-averse portfolios, suggesting that
loss-averse investors, unlike CRRA and mean-variance
investors, are more willing to invest in stocks that have
recently underperformed even for higher degrees of
loss aversion. See Supplementary Appendix S4 for a
more comprehensive discussion.

5. Conclusion

Building on the seminal work of Brandt et al. (2009) and
the extensive literature on portfolio optimization and
machine learning, we develop a novel Deep Parametric
Portfolio Policy (DPPP) that integrates the structural
advantages of traditional parametric portfolio policies
with the flexibility of deep neural networks. Our
approach maps a large set of firm characteristics to opti-
mal portfolio weights in a nonlinear, interactive manner
while directly incorporating market frictions and
investor-specific utility functions such as CRRA,
mean-variance, or loss aversion into the optimization
process.

A key contribution of our work is the introduction of
the concept of economic regularization. We provide a the-
oretical framework demonstrating how an investor’s
risk aversion naturally limits effective model complex-
ity. As risk aversion increases, the incentive to exploit
nonlinear relationships is tempered by the heightened
penalty on return variance. Our simulations and analyt-
ical derivations show that, under higher risk aversion,
the benefits of additional complexity diminish, leading
the flexible DPPP to converge toward its linear counter-
part. The results provide diagnostic guidance: if an
investor is conservative or faces strong frictions, then a
linear PPP is close to optimal; if the investor is aggres-
sive and frictions are light, then the DPPP offers mean-
ingful gains. In other words, one can match model
complexity to investor preferences.

Our empirical investigation reinforces the theoretical
insights. We document substantial improvements in
investor utility when adopting the DPPP relative to stan-
dard linear models, across a variety of settings with differ-
ent constraints or objective functions. Across all settings,
certainty-equivalent gains over linear models decrease
systematically with increasing risk aversion. Further, our
analysis of variable importance reveals that while past
return-based signals dominate for low risk aversions, a
more balanced mix of return-based and accounting-based
characteristics emerges as risk aversion increases.

Overall, our approach puts forward a comparably
simple and flexible neural network-based model that
enables practitioners and researchers alike to create rea-
sonable portfolio allocations based on firm characteris-
tics and preferences, highlighting the growing role of
machine learning and nonlinear models in finance.
Moreover, the built-in economic regularization mecha-
nism selects the optimal level of model complexity
based on investor preferences directly. As such, it pro-
vides an intuitive alternative to purely statistical model
regularization.
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Appendix A. Proofs

A.1. Proof of Proposition 1 For this proof consider a
second-order Taylor expansion of the CRRA utility func-
tion around the expected portfolio return:

Elu(ry,1+1(0)] = E[ry,1:1(0)] — %E[rp,Hl(Q)z]' (A1)

This approximation is well-known and shows that the CRRA
utility framework naturally reduces to mean-variance prefer-
ences, where y represents risk aversion and directly scales the
penalty on portfolio return variance. We can express returns as
specified in Equation (5). For mean-variance utility, this yields
the optimization problem:

max 671, - % 0750 — 076y, (A2)

with first-order condition:
o lag . Al
0 7251#(—251% (A3)
Plugging in the optimal coefficients 0" into Equation (4)
yields Proposition 1.

A.2. Proof of Proposition 3 For this proof consider the
definition of the EDF in Equation (9). We define the two
key matrices as:

F*L(0)
G =E W 7 (A.4)
and
_ . [9dL(0) IL(0)
v=FE [W 207 (A.3)
Under mean-variance utility from Equation (A.2):
1 -
G=7rE (A.6)
JdL(6 o (a1, a1a R .
% = e a1 — Ve (j—/Z;luc -x; 1%) — Y6be=Te 1 — flos
(A.7)
and
1 AT R -
V= T (rc/t"'l - xuc) (rc,t+1 - xuc) = L. (A.8)

Therefore, our EDF measure simplifies to
1 A 14
EDF = tr(G1V)/T = ;tr():c’l):c) = 5, (A.9)

where p denotes the number of characteristics. This leads to
our key result about model complexity in Proposition 3.

Endnotes

' As noted by Brandt et al. (2009), the presence of a risk-free asset is
not required for our setting, because it only adds a scalar leverage
decision that is orthogonal to the cross-sectional allocation problem.

2 The 1/N; term is a normalization that allows the portfolio weight
function to be applied to a time-varying number of stocks. Without
this normalization, an increase in the number of stocks with an oth-
erwise unchanged cross-sectional distribution of characteristics
leads to more radical allocations, although the investment opportu-
nities are basically unchanged.

3 While return prediction using random Fourier features has become
popular following Kelly et al. (2024), Nagel (2025) shows that predic-
tions from such (ridgeless) regressions become a weighted average of
past returns in the training window, with weights being functions of
simple Gaussian kernels. Our results are invariant to the transforma-
tion function and therefore also hold for using simple polynomial
features.

* The activation function introduces nonlinearity into the model by
applying a transformation that isn’t simply a straight line. We use
the leaky rectified linear unit (ReLU) as activation function through-
out all layers to prevent the issue of “dying ReLU” (see Supplemen-
tary Appendix S.1). The leaky ReLU is a piecewise linear function:
it behaves like a regular ReLU for positive inputs but applies a
small, non-zero slope to negative inputs instead of completely zero-
ing them out. Because of this change in slope, the overall function is
not purely linear, which lets the network capture more complex,
non-linear relationships in the data.

5 Ang et al. (2011) show that the average gross leverage of hedge
fund companies amounts to 120% in the period after the financial
crisis 2007-2008. We use a slightly more conservative number of a
maximum leverage of 100%.

© We also experimented with a single split of the data into an esti-
mation and a test period but results are significantly worse. This
suggests that the relationship between stock weights and character-
istics varies over time. Hence, more frequent coefficient updates
(either via expanding- or rolling-window strategies) are crucial to
achieve promising results.

7 Chen and McCoy (2024) show that simple median imputation of
missing values outperforms more sophisticated methods in the con-
text of machine learning portfolio formation. In fact, they explicitly
recommend applying simple median imputation in this context.
They argue that there is little to be gained from other methods (and
that such methods might even introduce estimation noise) that try
to exploit the cross-sectional or time-series structure because a.
missingness occurs in blocks and b. non-missing predictors display
low cross-sectional correlations.

8 To ensure comparability between the linear and the Deep Para-
metric Portfolio Policy we differ slightly from Brandt et al. (2009) in
that the linear model includes /;-regularization and early stopping,
similar to the deep model. A more detailed description is given in
Supplementary Appendix S.1.

9 The certainty equivalent return is the guaranteed monthly return
an investor would require to achieve the same expected utility as
via following the corresponding estimated portfolio policy.

" We follow DeMiguel et al. (2024) and construct one-sided p-
values from 10,000 bootstrap samples using the stationary bootstrap
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method of Politis and Romano (1994) with an average block size of
five and the procedure of Ledoit and Wolf (2008). This method is
also used when assessing the statistical significance of Sharpe ratio
differences between the deep and the linear parametric portfolio
policy hereafter.

11 Gee Section 3.6 for a formal definition of turnover.

12 Following Gu et al. (2020), we calculate maximum drawdown
based on cumulative log returns.

13 We thank the authors for making an updated version of the data
available.
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