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MARKOV RENEWAL THEORY: A SURVEYT §

ERHAN CINLAR
Northwestern University

The objective is to survey the major results and applications in an informal setting.
The exposition is restricted to finite state spaces; some real problems are modelled and
the lines of attack are indicated; and an extensive bibliography is provided to get a
further glimpse of the variety of applications. Throughout, the parallels with renewal
theory are brought out, and the unity of thought afforded by the formalism of Markov
renewal equations is stressed.

Introduction

This is an introductory survey of Markov renewal theory describing its major
results and their applications. Instead of merely presenting the results, we aim to
capture the flavor of the field by indicating the thought processes which lead up to
those results. To do this without lengthy proofs and discussions, and in order to keep
the notations and formalities to a minimum, we restrict ourselves to finite state spaces
and point out the nature of the differences in the case of infinite state spaces.

In discussing applications, instead of showing the computations or even the results,
we merely show how the problem is modelled and how Markov renewal theory is (or
may be) used to obtain a solution.

Semi-Markov processes were introduced by Lévy [42] and Smith [607] independ-
ently and simultaneously. At about the same time, Takacs ([63], [64]) had studied
a process which is in many respects equivalent to semi-Markov processes. The Markov
renewal processes were studied in detail by Pyke ([53], [547]). The literature in the
field, starting with about 5 titles in 1960, has grown to over 300 by 1972. This rapid
growth, no doubt spurred by Pyke ([537], [547), comes froir the essential simplicity
of the theory coupled with the recognition of many applications in a large number
of fields.

This survey is a highly stylized presentation of the theory as we see it. There has
been no attempt to give due credit to all the researchers involved, or to cover many
techniques used by them. From our point of view, the importance of Markov renewal
theory lies in its large domain of applicability rather than the inner richness of Markov
renewal processes. In this respect, the situation is the same as that with renewal
theory: a renewal process is a trite object but renewal theory is the most important
tool in elementary probability theory. As such, this survey is based upon [11] whose
treatment closely parallels the treatment of renewal theory as given by Feller [25].
Our notations and terminology also follow [117]. These have withstood time, and more
importantly, proved to be the “correct’” ones from the standpoint of the general
theory of regeneration as developed by recent researches.

* The following paper has been refereed under guidelines for exceptional contributions.
+ Processed by Queueing Theory and Stochastic Processes Department; received October 20, 1973.
§ Research supported under National Science Foundation Grant GK-36432 ’
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1. Markov Renewal Processes

Let E be a finite set, N the set of non-negative integers, and R, the nonnegative real

numbers. Suppose we have, on a probability space (£, 3¢, P), random variables
X.: Q0 F T.: ¢—R,
defined for each n € Nsothat 0 = Ty < Ty < T2 £ + .. These elements are said to
form a Markov renewal process (X, T') with state space E provided that
(11) P{X»,,.H =j,Tn+1— Tn ét'Xo,...,Xn;To,...,Tn}
= P{Xpp =4, Topn — Tn S t| X}
foralln € N,j € E, t € R,. We will always assume that the process is temporally
homogeneous, that is,
(1.2) PlXoyu =5, Tapn—Ta £t l X, =1} =Q(,5,1)
independent of n. The family of probabilities
Q= {Q(%]; t);i:j € Ete R+}

is called a semi-Markov kernel. For our present purposes we assume Q(¢, 7, 0) = O for
all7,jin E.

For each pair (4, j) the function t — Q(%, j, t) is right continuous nondecreasing and
bounded. Defining

(1.3) P(3,7) = lime., Q(3, 4, 1)
we see that
(1~4) P(iy]) = 0: ZJ’EE P(%J) = 1: 2).7 € E;

that is, the P(, j) are the transition probabilities for some Markov chain with state
space E. It follows from (1.1) and (1.3) that, in fact,

(1.5) P{Xn.H =j|X0,...,X,,;To,...,Tn} =P(Xn,])
for all » € N and j € E. This implies, in particular, the following

(1.6) ProposITION. X = (X,)nen @8 @ Markov chain with state space E and transition
probability matriz P.

If P(3,j) = 0 for some pair (4,7) then Q(7,7,t) = 0 for all ¢ € Ry and we define
the ratio Q(4, §, t) /P (4, j) to be unity. With this convention we define

(1-7) G(%J: t) = Q(%J’ t)/P('I'y])) 1;.7 € E: t€ R+ .

Then, for each pair (3, ), the function G(4,j, -) is & distribution function. From
(1.2) and (1.5) we see that

(1.8) G(i,§, 1) = P{Top1 — Tu £t X0 = ¢, Xoa = j}.
Using this interpretation together with (1.1) we can show by induction the following
(1.9) ProrosITioN. For any integer n = 1 and numbers uy , . .., un € Ry,
PiTy—Toyfwu,To—T1SUs,...,Tnu— Tos S un | Xo, X1,...}
= G(Xo, X1 ;w)G (X1, Xe ;)G (Xna, Xa S Un),

in words, the increments Ty — To, Ts — T1,...are conditionally independent given
the Markov chain Xy, Xy, ... .
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In particular, if the state space E consists of a single point, then the increments are
independent and identically distributed nonnegative random variables; namely, we
have

(1.10) CoroLrarY. If E consists of a single point then (T.)nen ¢S a renewal process.

This result together with Proposition (1.6) justifies the term Markov renewal
process, somewhat, by exhibiting it as a generalization of Markov chains and renewal
processes. The full justification however is contained in Proposition (1.6) and the
following very important

(1.11) PropositioN. Let ¢ € E be fized and define So*, Sy, . . . to be the successive Ta
for which X, = 1. Then S8* = (8.%)en 15 a (possibly delayed) renewal process.

Thus to each state ¢ there corresponds a renewal process (S,%); the superposition
of all these renewal processes gives the points T, , n € N; the renewal process which
contributed the point 7', is the 7th one if and only if X, = 7; the types of the successive
voints, namely Xy, X, .. ., form a Markov chain.

Since (X,) is a Markov chain with a finite state space, not all the states are transient,
and the chain, starting from any initial state, eventually will reach some recurrent
state with probability one. Starting from a recurrent state i, X, becomes ¢ infinitely
often, thus causing the renewal process (S.*) to be nonterminating, which in turn
implies that sup, S.* = + ® with probability one. Since the supremum of the T, is
greater than or equal to sup, S,* for any i, this argument proves the following

(1.12) ProrositioN. If E is finite, then sup, Tn = + « almost surely.

By weeding out those w €  for which sup. T»(w) < © we may assume, and we do,
that sup, T,(w) = + « for all w. Then, for any w € Q@ and ¢ € R, there is some
integer n such that T.(w) <t < Thwy(w). We can therefore define a continuous-time
parameter process Y = (Y,).cr, with state space E by putting

(1.13) Yc = Xn on {Tn é i< Tn+1}.

The process ¥ = (Y,) cr, so defined is called a semi-Markov process with state space E
and semi-Markov transition kernel Q@ = {Q(z, 7, 1) }.

The semi-Markov process Y provides a picture which is convenient in describing the
Markov renewal process underlying it. We may think of YV, as the state at time ¢ of
some system or particle which moves from one state to another with random sojourn
times in between. The length of a sojourn interval [T, T»;1) is a random variable
whose distribution depends both on the state X, being visited and the state X, to
be entered next. The successive states visited form a Markov chain and, conditional
on that sequence, the successive sojourn times are independent.

Using the description above we may obtain a realization of the semi-Markov process
Y in the following manner. Suppose we have the transition probabilities P (7, j) satis-
fying (1.4) prescribed along with a distribution function G(z, j, t) for each pair (¢, 7).
Supppse the initial state is to be 7. First the next state to be entered is sampled from
the distribution P (s, ) ; if the outcome is j, then a sojourn time » is sampled from the
distribution G (%, j, -); the function vy, is set to be 7 for all { < u and y, is set to be j.
The second step starts by sampling the next state to be entered from the distribution
P(j, +); if the outcome is k, then a sojourn time » is sampled from the distribution
G( 3, %, +); the function y. is now set to be j for t € [u, u + v) and y.y, is set to be
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k. The third step... . The resulting function y, is a realization of the semi-Markov
process Y with the semi-Markovian kernel @ given as Q(3, j, t) = P (4, /)G (4,4, 1).

A different causal relationship which leads to the same mathematical model is as
follows. Suppose we are given, for each 7 € E, a distribution function ¢t — H (4, )
on R, and, foreachs ¢ Eandt € R, , probabilities K (4, t, j) so that »_; K(4,t,7) = 1.
Suppose yp is to be 7. First a sojourn time is sampled from the distribution H (s, -);
if the outcome is u, then ¥, is set to be 7 for all ¢ < u, and the state to be entered at
time w» is sampled from the distribution K (7, u, -). Supposing the outcome for y, to
be j, the second step starts with sampling a sojourn time from the distribution H( j, +);
if this outcome is » then y, is set to be 7 for all ¢ € [u, u -+ v), and the state to be
entered next at time u -+ v is sampled from the distribution K( j, v, +). Supposing the
outcome ¥4, to be k, . . . ; and so on. The resulting function y. is the realization of a
semi-Markov process with the semi-Markov kernel @ defined by

t
QGg, = [ HG d)K(,u,j) foralli,j€ Eandt € Ry,
]

Finally, a word of justification for the name semi-Markov process. If the semi-
Markov kernel @ is of the form

(1.14) Q(, j,t) = P(Z,j) (1 — ),

then one can show that

(1.15) P{Yyo=j|Yu;u=st} = P{Yy,=j| Y4}
forall¢, s € R, and j € E; and furthermore,

(1.16) P{Yu, =j| Y. =1} = P:(3,7)

is independent of ¢. In other words, under (1.14) the semi-Markov process becomes a
(temporally homogeneous) Markov process. Conversely, any Markov process Y =
(Y.) cer, with a finite state space E and a standard transition function is automatically
a semi-Markov process; if A (7, j) denotes the right-hand derivative at ¢ = 0 of its
transition function P, (¢, j), then the corresponding semi-Markov kernel has the form
(1.14) with

A@) = —A(3,7), P(,9) =0, P(3,5) =A@, 1)/N0)

for all 7 and j # ¢ with A(¢,4) # 0, and if A(z,4) = 0, A(¢) =1, P(3,7) = 1,
P(z,7) = Oforallj # 1.

Thus, with respect to Markov processes, the novel feature of the semi-Markov
process is the freedom allowed in the choice of the distributions of the sojourn times;
this freedom, however, is achieved at the expense of the Markov property (1.15)
which, instead of holding for all ¢, holds now only for the jump times T .

2. Preliminary Results

Throughout this section (X, T) = (Xx, Tx)en will be a Markov renewal process
with a semi-Markov kernel Q over a finite space E. Then X = (X.)nen is a Markov
chain on E with transition probabilities P (1, j) = Q(¢, j, + ).

We will be denoting the conditional probability P{- | Xo = i} simply by P:{-} and
will write E, for the expectation corresponding to it.
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Let us define
2.1) Qr(4,5,t) = Pi{Xa,=j,Tn £ t}, ,j€ E, t€ Ry
for all n € N. Then,
(2.2) Qs 5,1) = 10,7

for all ¢ = 0 where I(7,7) is 1 or 0 according as 7 = j or ¢ & j (namely, I(7, j) is the
(1, j)-entry of the identity matrix I); and for n = 0 we have the recursive relation

(23) Qi b, 0) = Tsew [ QUG dw)@ (i b t = w);

(for which can be given the following plausibility argument: in order for {X,y = k,
T.+1 < t} to happen, the first transition must occur at some time » < ¢ into some state
j and then, starting from j, the remaining n transitions should take no longer than
t — u and end with state k).

We had noted, by Proposition (1.11), that the times 7, for which X, = j is a
(possibly delayed) renewal process for each fixed j. The number of renewals, in [0, t],
belonging to this renewal process is

(2'4) Z:=0 I{Xn=j-Tn§” }

(we denote by I, the indicator function of the event A ). Since the number of renewals
in a finite interval has a finite expected value, this random number has the finiie
expectation

(25) R(’l, j: t) = Ei[Z:;O I‘Xn=j:Tn§t ’] = Z:=0 Q" ('L) jy t)x

for any initial state 1.

The R(z,j, -) are called Markov renewal functions, and B = {R(%,3,1); 4,7 € E,
t € R} is called the Markov renewal kernel corresponding to §. Because R plays a
very important role in the theory, we stress once more the fact that for fixed ¢, 5 € £
the function ¢t — R(3, j, ¢) is a renewal function.! If the initial state is j then the en-
trances to 7 form an ordinary renewal process and

(26) R( j; j: t) = =0 F"(j; j; t)

where #2( j j, -) is the n-fold convolution of the function F( j, j, +) which is the dis-
tribution of the time between two occurrences of state j. On the other hand, if the
initial state is ¢ 5% 7, the time until the first visit to j has a distribution F (%, j, -) which
might be different from F( j, §, -). In this case, namely when 7  j, we have

t
27 RG,5,1) = [ PG,j, dR(jj,t — w).
0
Once the R(Z, 7, -) are obtained by the formula (2.5) the expressions (2.6) and
(2.7) may be used to solve for the first passage time distributions F (4, j, -). Computa-
tionally, especially in the present case of finite state space E, it is convenient to use
Laplace transforms.

! This fact goes unnoticed by some authors: they end up using intricate analysis to show “that
R(4, j, +) behaves just like a renewal function.”
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We define, for A = 0,

(2.8)

(2.9)
and for A > 0,

(2.10)

ERHAN CINLAR

AGid) = [ Q0,5 ),

0

PG, ) = / eNF (3, 5, db),

0

BG,d) = [ eMRG,j, ).

0

Then, it follows from (2.3) that the Laplace transform @,* (¢, j) of the mass Q»(3, 7, )

satisfies

(2.11)

MG k) = e (L, )G, k)

for all n € N. Hence, the matrix @\ is precisely the nth power of the matrix Qy ;

that is,
(2.12)

" = ()"

foralln = 1 and also for n = 0 with the usual convention that the zeroth power of any
matrix is the identity matrix.
Using the matrix notation, the expression (2.5) implies

(2.13)

=TI+ +Q2+ -, 2

By virtue of the interpretation (2.12) we can write

(2.14)

which means that, for A > 0, R, is the inverse of I — Q, :

(2.15)

By = (I'—@Q)™

> 0.

R(I-Q)=U—-Q)R\=1

Next, considering the Laplace transforms (2.9) of the first passage distributions,
we obtain from (2.6) and (2.7) that

Fr(3, ))BA(3,5)  if
(2.16) Ri(2,7) =

1—-"n0Gnr if
Conversely,

R\(4,7)/Ra(g,7) if
(2.17) Fr(3,5) =

1—1/B\(j,5) if

i # J,
i=7
t#

T =7

These show that the matrices @, , F» , By define each other uniquely.

If the state space E were infinite, all the expressions we have above would hold
except possibly (2.15) which does not even make sense in that case. From (2.13) we
could write Ry = I 4+ Q,\R, which is an infinite system of linear equations. However,
in general, this system may have more than one solution. Then, R, turns out to be the
minimal solution of this system M = I + M. We refer to [11] for a complete

discussion.

Aside from the computations given here, a large number of quantities of possible
interest are computed in ([10], [27], [41], [45]).

-
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3. Classification of States

Let (X, T) be a Markov renewal process and let S* be the renewal process formed by
all the T, for which X, = 7. Suppose the initial state is ¢ so that S*is an ordinary
renewal process. We define state 7 to be recurrent (transient, aperiodic, periodic with
period A respectively) according as the renewal process S¢ is recurrent (transient,
aperiodic, periodic with period A respectively).

State ¢ is recurrent if and only if the recurrence time distribution F (¢, 7, +) is honest:
that is, if and only if F(¢,2) = F(%,7, +®) = 1. Then, R(¢,%) = R({,%, ») = 4+
and since R(7,¢) = D, P*(¢, ©) we see that ¢ is recurrent if and only if ¢ is recurrent in
the Markov chain X. Similarly,  is transient if and only if it is transient in the Markov
chain X; then, F(i,7) =F (4,7, + ) <land R(7,7) =R(%,7, ) =1/(1—-F(7,7)) < =
and these quantities F(7,7) and R(7,¢) are computed directly from the Markov
chain X. So, recurrence and transientness are just as in Markov chains.

Periodicity of a state zin (X, T'), however, has nothing to do with the periodicity of
¢ in the Markov chain X. State ¢ is periodic in (X, T) if and only if the distribution
F(4, 1, +) is arithmetic. In view of the fact that the F (¢, 7, -) are not easy to compute,
the following solidarity theorem and the theorem after that are pleasant results.

(3.1) ProposITION. If i and j can be reached from each other, then either they are both
aperiadic or else they are both periodic. In the latter case they both have the same period.

For the proof of this, as well as the results we are about to mention, we refer to
[1]and [17].

In view of the Proposition (3.1) all states belonging to an irreducible closed set C of
the Markov chain X behave similarly: either all states in C are aperiodic, or they are
all periodic with the same period. To determine periodicity we need not compute the
distributions F (7, j, -). We introduce

(3.2) N =inf{t =2 0:Q(7,7,t) >0} 4,j€ E
with the usual convention that if the set in question is empty then its infimum is + .

(3.3) Prorosrrion. Let C C E be an irreducible closed set of periodic states with the
common period \. Then, for any i,j € E for which P(i,j) = Q(¢,7, ) > 0, all the
Jumps of the function t — Q(%, 7, t) belong to the set

(3.4) T P R YD VI o) VN

Furthermore, for any n € N and any sequence of states jo,j1, . .. ,jn € C With jn = Jo,
we have

(3.5) Nioir + Ny + 00+ Njayia = KX

for some integer k& (possibly infinite).

In particular, (3.5) implies that A;; is a constant multiple of A\. Moreover, (3.5)
shows that A is the greatest common divisor of all finite sums Ay, + «++ + Njn—iin
with jy = j. . In view of the first statement that all the Q(z, 7, -) are to be step funec-
tions with all jumps occurring at points of form \,; + kA, the aperiodicity is not hard
to recognize. In particular, if any one of the Q(4, j, -) has a derivative, then none of
the states in the same recurrent class as 7 and j can be periodic.

4. Markov Renewal Equations

Consider a Markov renewal process (X, T') with a finite state space E and semi-
Markovian kernel @, and let B = ), @ be the corresponding Markov renewal kernel.
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The equations we will introduce form a system of integral equations which generalize
the renewal equation in a natural manner. The class of functions which we will be
working with, to be denoted by B, are functions

f: EXR+“-)R

such that, for every ¢ € E, the mapping ¢ — f(7, t) is Borel measurable and bounded
over finite intervals. In particular, all functions f on £ X R, which are continuous in
the second variable belong to B as well as all those which are right continuous and
monotone in the second variable. As special examples we note that, for any fixed
j € E, the mappings (7, t) — Q*(¢,7,1) and (¢,t) — R(<,J, ) both belong to B.

A function f € B is said to satisfy a Markov renewal equation if

(1) fG,0) =960 + Toer [ QU j (4t —w), i€ EtERy

for some function g € B. Here the point of view is that ¢ and @ are known and the
problem is to solve for f and to study the limiting behavior of t — f(¢, t) as ¢ gets large.

If E consists of a single point, then the equation (4.1) is nothing more than a
renewal equation. Just as in that simpler case, the system (4.1) has a unique solution
with the Markov renewal kernel R playing the role of the renewal function. Here is
the main result.

(4.2) ProrosiTioN. The Markov renewal equation (4.1) has one and only one solu-
tion; 1t 18
43 G0 = Ties [ RGA 0=,  iCBIER:.
Notation. For any g ¢ B the function @ * g defined by
@D Qrol0 = Ties [ QG diatit—9), i€ BIER,

is well defined and belongs to B. Hence, the iterates of this operator on B are all well
defined and the nth iterate Q» * g is given by (4.4) with Q there replaced by @ which
was defined recursively by (2.1)~(2.3). We can replace Q on the right side of (4.4) by
R and still have a well defined function in B which we will denote by R * g. Further,
in (4.4),if gis R(-, k, -) for some fixed k, we write @ * R (1, k, t) for the left side.

Proor of (4.2). Inthe notation of (4.4), the Markov renewal equation (4.1) becomes

(4.5) f=9g+Q*f,
and the assertion is that
(4.6) f=R=*g

is the only solution. o
That R * ¢ is a solution follows easily from the relation B = I + Q@ * KB which is the

same, in the present notation, as (2.14). ‘
To show that B * ¢ is the only solution, first note that, if f is any other solution,

then b = f — R * g must satisfy
(4.7) h=Q*h, h€B,
and we will show that this implies 2 = 0.
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By iteration (4.7) gives h=Q*h =Q**h = «++ =Q"*h = .-+, For fixed ¢,
by the fact that h € B, [h(¢,s) | £ ¢ for all i € E and s < ¢ for some constant c.
Thus,

48) kG, | = |Q *h(it) | S Z,-[0 Q (3, 4, du) | h(j,t — w) |

S ¢ 2Q( 4, 1) = ¢ Pi{ T S t}.
But Z is finite and Proposition (1.12) applies to the effect that sup T. = . Hence,

asn — «,

PiT. <t} —0.

This shows that, by (4.8), h = 0.

The finiteness of the state space E enters into the preceding theorem at two points:
existence of R * g in B and nonfiniteness of sup 7', . All the above results hold there-
fore for countably infinite spaces E also provided that these two particular points have
been satisfied. However, especially the second point is not easy to settle in that more
general case. We refer to Chapters III and IV of [11] for a full treatment in the
general case.

Markov renewal equations were introduced in [117] without the knowledge of the
earlier paper by Fabens and Karlin [237]. They introduce the same equations in the
finite state space case and obtain the solution under conditions meant to insure the
finiteness of R (7, 7, t) (which alwaysis).

5. Limit Theorems

We.are using the same notation as in the preceding section. In particular, @ is a
semi-Markovian kernel on E and R is the corresponding Markov renewal kernel. Since
we assume E to be finite, most of our main results will follow from renewal theory.

For fixed j € E, the function R(j, 7, ) is an ordinary renewal function. If j is
transient, then the limit as ¢t — « of R( j, 7, t) is simply

(5.1) lime,o B(J,7,8) = RB(j,5, +=) = R(j,j)

which is also the expected number of visits to j by the Markov chain X starting at j.
This quantity, as well as the probability F(z,j) = F(7,j, «) of ever reaching j from
7, can be computed directly by the well known methods of Markov chains.

If j is recurrent then R( j,j) = + « and the relevant limit theorem states that

(5.2) lime. [R(,7,8) = B(j,5,t — 7)1 = ()

for all 7 > 0 if j is aperiodic and for = of form = = n\ if j is periodic with period A.
Here 7( j) is the inverse of the mean recurrence time of j, that is,

(53) 2 =1/ [Cr(5a0
0
with the convention that 1/ = 0. We refer to Feller [25] for a proof of (5.2) and of

the next result which is in fact equivalent to (5.2). If j is recurrent aperiodic, then for
any directly Riemann integrable function g we have

(5.4 lime.., [ B(j,5,do)a(t = ) = 2(3) [ g,
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and a similar result holds in the periodic case. For the concept of direct Riemann
integrability we again refer to Feller [25, p. 3487

We write D for the class of all directly Riemann integrable functions. These are
nonnegative (finite) functions defined on R, and satisfying a certain summability
condition. Every function in D is Riemann integrable in the ordinary sense. Any
continuous function vanishing outside a finite interval is in D. Every Riemann inte-
grable decreasing function is in D. Any right continuous function dominated by a
function in D is again in D. The convolution ¢ * ¢ of a function g in D with a dis-
tribution ¢ is in D.

The following is on computing »( j) directly from Q. For this, it is sufficient to
consider only the recurrent irreducible class 7 belongs to. Therefore, the next proposi-
tion should be applied to each irreducible class separately.

(5.5) ProrosITION. Suppose X 1is irreducible recurrent and let = be an tnvariant
measure for X, that is, let = be a solution of

(5.6) Dieem(D)P(,5) ==(j), j€E.

Further, let m(7) be the mean sojourn time in state , that s,

(57)  ml@) = B[Twn — Ta| Xa = 1= [ [1 = ThQG, k07
Then,
58)  1(j) = 7(4i)/ Ties w()m(), jE E.

Remark. Since X is irreducible recurrent, the system of linear equations (5.6) has a
solution, and the solution is unique up to multiplication by a constant. Because of the
form of (5.8) this constant factor plays no role. In particular, we may take = to be the
limiting distribution by normalizing it to have Z x(7) = 1. Inverting (5.8) we see
that the mean recurrence time of state j is Y_; m () [ (¢)/x( j)] which has a good
intuitive explanation once we note that x () /7 ( 7) is the expected number of visits to
1 in between two visits to j, and that each visit to 7 lasts a time whose expectation is
m (). For a proof we refer to [11]. The following is the main limit theorem.

(5.9) THEOREM. Suppose X is irreducible recurrent and g( j, +) 18 directly Riemann
integrable for every j € E. If the states are aperiodic in (X, T'), then

(5.10) lime. R *g(3,8) = 25 w()n(9)/ 2 = (5)m(3)

where = and m are as in (5.5) and
(5.11) (i) = [ gtids,  J€E.
0

If the states are periodic with period N, then (5.10) holds fort = = + kX, k € N, k— o,
and x € [0, ], with

(5.12) n(j) =X 21905z — k= \y)

where \i; = inf{t: F(i,7,1) > 0} (modulo \).

Proor. Since E is finite the limit in question is

t
(5.13) limg,q, R * g(i, t) = Zj limt-—oo/ R('L; j: dS)g(J, it — 8).
0
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To obtain the limit as ¢t — « of the j-term, we note that R (7, 7, +) is the convolution
of F (4,7, -) with R(j,j, -). Thus, the j-term is the convolution of R( j, j, +) with the
function F(z,7, -) *g(J, *) Since g € D, sois F(z,7, -) *¢g(J, +) and

© t 0
[t [ PG, g0t = s) = FGj =) [ g(h,9)ds = n(J)
] 0 0
with n(j) defined by (5.11) since F (7,7, ®) = 1 by irreducibility. Now applying
(5.4) in the aperiodic case we obtain

(5.14) lim, [ RG,7,ds)g(dyt = ) = n(ald), 5 € E.

Puttng (5.14) into (5.13) and then using Proposition (5.5) to evaluate the n(j) we
obtain the desired result. We omit the proof in the periodic case.

If X is reducible and 7 is recurrent, then the limit of R * ¢(7, t) may be obtained by
considering only the recurrent class ¢ belongs to. However, if 7 is transient, and espe-
cially if there are periodic classes which can be reached from ¢, the limit of R * ¢(%, t)
becomes harder to obtain. For a thorough treatment of these and related matters we
refer to [17].

Sharper versions of the limit theorems above can be obtained by considering the
“speeds of convergence” to the limits concerned. Such results can be found under the
heading of geometric ergodicity. For such results we refer to Teugels ([66], [67]),
Cheong ([4], (5]), and Schl [58].

We end this section with the following two results which complement the preceding
one. We omit the proofs.

(5.15) LeMma. Let ¢ be o nondecreasing function defined on R and with ¢(t + b) —
é(t) = c for all t for some constants ¢ and b > 0. Then, for any nondecreasing right
continuous function g we have

o*g(t)
et

Note that each R(7, j, +) satisfies the hypothesis of (5.15) regarding ¢. Thus, letting
¢ =R(j,7,)and g = F(4,7, -) we have in particular that, as t — o,

(5.16) R(z,5,1)/R(3,5,t) = F(z,7).

The following is a more powerful result.

lim = g(+ ).

(5.17) ProrosiTion. Let X be irreducible recurrent and let = be a solution of (5.6).
If g(k, ) s right continuous and nondecreasing, then
1

t
5. lime.o =——— [ RCjik, -
(5.18) im, B ), R(j, k,ds)g(k, t —s)

1

~ @)

w(k)g(k, )
forany h,1, 7,k € E. In pdrtz’cular,

(5.19) lime. R(J, k, 1) /R (R, %, £) = w(k)/x(1).

Since the R (3, j, ) are renewal functions, their asymptotic behaviors follow from
renewal theory and we only need to compute the constants involved. These constants
are the first, second, etc. moments of the recurrence time distributions F( 7, 7, -) and
the object is to compute them directly from Q. The following papers (and the references
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contained therein) are primarily devoted to this task: Gupta [277], Hunter ([31], [32]),
and Keilson [387; see also [11, p. 165].

In the infinite state space case the computational result (5.5) still holds; but (5.9)
is not true in general since, then, we cannot pass the limit inside the summation and
obtain (5.13) without some further conditions on the function ¢ or the process (X, 7).
A reasonably complete solution is contained in [17].

6. Semi-Markov Processes

Let (X, T) be a Markov renewal process with a finite state space E and semi-
Markovian kernel @, and consider the semi-Markov process Y defined by (1.13).
Define

(6.1) Pi(,7) = Pi{Y. =3}, 4j€EteRy,

where, as before, we write P; for the conditional probability given that Xo = ¥, = 4.
Throughout the following R is the Markov renewal kernel corresponding to @ and
h is defined by

(6.2) h(],t) =1 - ZkEEQ(y;krt)y ]eE}tER'I-
(6.3) ProrosiTION. For all 7, j € E and t € Ry. we have

Pui,d) = [ RG,G,dR(Gt = 9).

0

Proor. Consider the time Ty of the first jump. If Ty >t then Y, = Y,; if
T, = s <t then Y, has the same distribution as Y., with initial value X;. This
renewal argument shows that

(6.4) PG, ) = 1G, DR, b) + Yo j Qi, k, ds) Po_y(k, 5).

For fixed j, if we define f(4,t) = P.(3,7) and g(7,t) = I(4,5)h(4,t), then (6.4) be-
comes f = g + Q *f. Solving this Markov renewal equation by using Proposition
(4.2) we obtain f = R * g which, in view of the definition of g here, is precisely the

desired result.
Let U(4, j, t) be the expected time spent in j during [0, t] by the process Y starting

at 7, that is, let
¢
(6.5) UG, j,t) = B [f lj(Y.)ds], ij€ B t€R,
0
where 1,(k) = 1 or 0 according as k = j or k > j. Passing the expectation inside the

integral, noting that E[1;(Y,)] = P:{Y. = j} = P.(4,7), and using the preceding
proposition we obtain the following.

(6.6) ProrosiTioN. We have
t t8
UGGt = [ BG3d) [ b, wdu.
0 0

We will call U the potential kernel of Y. It can be used to compute quantities such as

6.7) Ui, 1) = E: [ [o R ds]
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for functions f in B (see §4 for the description of B). If we interpret f( j, s) as the rate
(per unit time) of rewards being received at an instant s at which the semi-Markov
process Y is in state Y, = j, then Uf(7, ¢) becomes the expected value of the total
reward received during [0, ] starting at state 7. In particular, when f( j, s) = e~*¢( j)
for some a > 0, we may interpret Uf as the expected value of the total discounted
reward received during [0, ¢t], discounted at the rate of «, where the rate of reward is
g( 7) in state j. Using Proposition (6.6) we compute Uf defined by (6.7) to be

t—u

(6.8) UG, 1) = X / R(i, j, du) / h(G, )7(4, u + s)ds.

Next consider the total amount of time spent in j by the process Y. If the initial state
is ¢, then the expected value of it is U (4, 7) = U(4,J, + %) = lim.., U(, j,t). Note
that the expression given by (6.6) for U(Z,J,t) is of form ¢ * ¢ with ¢ = R(z, 7, *)
and ¢g(t) = [¢ h(J, uw)du. Thus, using Lemma (5.18), and noting that g( ) = m(7)
is the mean sojourn time in state j we obtain the following

(6.9) ProrosiTiON. For any ¢,j € E
limt-uec U(l: jr t)/R(?'y j} t) = m( J)

In particular, if j is transient and can be reached from ¢, then the preceding result
implies that U(7,7) = U(4, 7, ©) = R(Z,j)m( ). On the other hand, if j is recurrent
and can be reached from ¢, then U(,5) = 4 «. Combining Proposition (6.9) with
(5.22) we also obtain

(6.10) lime., U(2,7,8)/U(h, k, 1) = w(7)m(j)/7(k)m(k)

for all 7, 7, h, k in the same irreducible closed set; here =( 5) is the limiting probability
that X, = jasn — . If we sum U(3, j, t) over all j we obtain exactly ¢; hence, for &
recurrent and reachable from %, (6.10) implies that

(6.11) limeeo Uk, k, 1)/t = w(k)ym(k)/ 2. ; w( 5)m( ).

This provides an intuitive explanation for the following.

(6.12) ProrositioN. Suppose X is irreducible recurrent and m(k) < . Then, for
any t© € E,

(6.13) (7)) = limew P{Y: = j} = 2(5)m(5)/ 2 (k)m (k)
in the aperiodic case, and
(6.14) liMaew Pi{Yarm = 7} = M () 2ah(j, T+ nh — \ij)/ 2u w(k)m (k)

in the periodic case if the period is \; here \;; is the first atom of the distribution F (4, 7, +)
and the summation over n is for n with x + nh = Ay; .

In the particular case where the sojourn distributions are all exponential, namely
when (1.14) holds, ¥ becomes a Markov process. In that case all states are aperiodic
and

m(g) = [ hG9)ds = [ s = 1))

Putting this in (6.13) gives the well known result that the limiting distribution of an
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irreducible Markov process is given by the solution of

(6.15) 2iv(DAGER) =0, e =1

where A ( j, k) is the derivative, at ¢ = 0, of the transition function P,( 7, k).

In the case of infinitely many states, it is possible to define semi-Markov processes of
much greater complexity. All of the results above hold, even in the infinite E case,
provided that there be no instantaneous states and that the definitions of R(3, j, +)
and 7 ( j) be altered slightly so that R (%, 7, {) becomes the expected number of visits to
J by Y in [0, t] (rather than the defining sum (2.5)), and #(j)/x(¢) becomes the
expected number of visits to j in between two visits to <. For such more general pro-
cesses we refer to Pyke and Schaufele [55], [56]. Results such as (6.8) generalize
[44] and [11, p. 167].

7. Semi-Regenerative Processes

These are processes which are, in general, non-Markovian and yet possess the strong
Markov property at certain selected random times. Then, imbedded at such instants,
one finds a Markov renewal process. Using that property, one ends up with Markov
renewal equations whose behavior we have already studied.

Let Z = (Z.)cr, be a stochastic process with a topological state space F, and
suppose that the function ¢t — Z,(w) is right-continuous and has left-hand limits for
almost all w. A random variable T:Q — [0, « ]is called a stopping time for Z provided
that, for any ¢ € R, , the occurrence or non-occurrence of the event {7 < t} can be
determined once the history 3¢; = o(Z, ;4 < t) of Z before t is known.2 If T is a
stopping time for Z, then we denote by 3Cr the history of Z before T2

The process Z is said to be semi-regenerative if there exists a Markov renewal process
(X, T) with a finite state space E such that

a) foreach n € N, T, is a stopping time for Z;
b) for each n € N, X,, is determined by 3¢z, ;
¢) foreachn € Nym 2 1,0 £ 4 < +++ < t»and bounded function f defined on F™,

(7.1) Ez‘[f(ZTn+t1 y ooy LTntty) l ¥r,) = ELf(Zs,..., Z,)] on {X.=j}.

Here E; and E; refer to expectations given the initial state for the Markov chain X.
Condition (a) is that an observer who has watched Z until time ¢ can tell whether T,
is less than or equal ¢ or not. Condition (b) is that the observer who has watched Z
until 7, can tell what X, is. Condition (c¢) is the most important: it considers a random
variable W, = f(Zz,141, . . . , Zr,41,,) Which is a function of the values Z takes at the
future instants T» + 41, ..., Tn + tn . The left-side of (7.1) is the conditional ex-
pectation of W, by an observer who has watched the process until 7. (and therefore
knows T, and X, in addition to all the other information this gives him). To a second
observer who takes 7T, as the time origin, the variable W, appears as W, =
f(Zy, ..., Z,) and therefore, if the present state is X. = j, his estimate of Wy is
E;(W,), which is the right-hand side of (7.1). The process is semi-regenerative if the
two observers come up with the same answer; in other words, if the extra information
that the first observer had concerning the past of Z is worthless as far as predicting
the future.

2 Somewhat better put, 3, is the a-algebra generated by {Z., v < t} which, further, includes all

the negligible sets of IC.
330 = {4 €3C: A {T M Lt} €3 forallt}).
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All Markov processes are semi-regenerative; all semi-Markov processes are semi-
regenerative; the queue size process in an M/G/1 queue is neither a Markov process
nor a semi-Markov process but is semi-regenerative; similarly, the queue size process
in a G/M/1 queue is semi-regenerative. Following are the main results.

(7.2) ProprosITION. Let Z be a semi-regenerative process with state space F and let
(X,.T) be the Markov renewal process vmbedded in Z. Let Q be the semi-Markovian kernel
for (X, T) and let R be the corresponding Markov renewal kernel. For any open set
ACFlet

(7.3) K,(i,A) = P;{Z,€ A, T: > t}, P.(:,A) = P,{Z, € A}
fort € R, ,7 € E. Then,

(7.4) PG, 4) = Ties [ RG,j, d)Ea(, 4).

Proor. It is clear that
P(i,A) = Ki(4,A) + Pi{Z, € A, T\ £ t}.
Now, using the definition of semi-regeneration, the second term can be written as
Ef{Iwo(T)Pi{Z, € A|3%r}]
= B{lp,g(T) Per (X1, 4)]

-3, / " QUi 4, d9) T, (8)Pecs( G, A).

Hence,

(7.5) P, A) = K\(i, 4) + Z:‘/ Q% j,ds) Peu( 4, 4).
0

For fixed A, this is a Markov renewal equation of form f = g 4+ Q * f with f(s,¢) =
P.(7, A) and g(¢,t) = K,(¢, A). Now the proof follows from Proposition (4.2).

Concerning the limiting behavior we have the following. The notation is that of
Theorem (5.9) and the proof is immediate from the preceding Proposition (7.2) and
Theorem (5.9) upon taking g(7,t) = K.(7, A) in (5.9).

(7 6) ProrosiTioN. Under the hypotheses and the notations of (7.2), further as-
suming that (X, T) is irreducible recurrent aperiodic and m( j) < o for all j, we have

lime, Pe(Z, A) = 2 ;7(5)n(4, A)/ 2 w(F)m(j)
with

(7.7) n(G,4) = [ Ki(j A)d.
1]

We end this section with a number of applications of the preceding two results to
processes such as the “backward recurrence time,” “forward recurrence time,” ete.
in semi-Markov processes. Many other applications and examples may be found in
the next section.

Let (X, T) be a Markov renewal process with a finite state space E, and let ¥ =
(Y1) ter, be the semi-Markov process associated with it. For each ¢ and , there is an
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n € N such that 7, (w) < ¢ < Ta1(w) and then we put
(7.8) Yi(w) = Xo(w), Vi(w) = Tan(w) —t, Uw) =t — To(w).

Then, V, is called the time until the next transition after ¢, and U, is called the time
since the last transition before ¢. A little reflection shows that any one of the four
processes ‘

(7.9) Y = (V) er, , (Y, V) = (Yi, V) ier, ,
(Y7 U) = (YtJUt)tER+; (Y1 U; V) = (Yt;Ut,Vt)t€R+

is semi-regenerative admitting (X, T') as an imbedded Markov renewal process. We
had studied Y extensively in the last section. We now consider the process (¥, U, V)
from which results about the remaining two are easy to obtain.

For the semi-regenerative process Z = (Y, U, V) with state space F =
EX Ry X Ry, if we take A = {k} X (z, ) X (y, ») for some z,y € R, and
k € E, the function defined by (7.3) becomes

(7-10) Kg(i, A) = Pi{Tl > t; Yg = k, Ug > :12, Vt > y}
= I(l) k)I(z.w)(t)h('iy i+ y)
where  is as defined by (6.2). Thus, using Proposition (7.2) we have

t—z

(711)  P{Y:i=k U, >a V:>y) = J/ R, &, ds)h(k,t -+ y — ).
0

When (X, T) is recurrent aperiodic with m( j) < o for all j we may apply Proposition
(7.6) to (Y, U, V) to obtain

(712)  limeo PdYe =k Ui >z, Vi > g} = — n(k) f h(j, s)ds
mmn z+y

where mm = Z x(j)m(j).

For a large number of other results on the process (¥, U, V) we refer to [56]. Some
of the results above may also be found in Schél [57] with some further results in [117];
see also Keilson [37] and Keilson and Wishart [407].

8. Applications

The importance of Markov renewal theory lies in its large domain of applicability
rather than the inner richness of Markov renewal processes. It is from such a point of
view that we have stressed the theory of Markov renewal equations and the manner
in which they arise in studying semi-regenerative processes. Following is a rapid review
of some of the more important applications. For other applications we refer to the
bibliography [6).

(8.1) M/G/1 Queuerng Systems.

This is a single server queueing system subject to a Poisson process of arrivals and
arbitrary service time distributions. Let 7', be the time of the nth departure, X, the
queue size just after the nth departure, and Z, the queue size at time ¢. Then, (X, T)
is a Markov renewal process, and Z is a semi-regenerative process having (X, T)
imbedded in it. If the queue size is allowed to be infinite, then the state space E will be
infinite. Otherwise, if only finite queues are allowed, E is finite. In either case Proposi-
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tions (7.2) and (7.6) hold. Therefore, the time-dependent behavior of the queue size
process Z reduces simply to the derivation of the probabilities Q(7, 7, t) and K.(%,7),
and the computation of R and =. For the results we refer to [11].

(8.2) M/G/1 Queues with Bulk Service or Queue Dependent Service Times.

The main properties of the system described in (8.1) are preserved even when the
number of customers served during a service time, instead of being one, is a random
variable depending on the number of customers in the system just at the start of that
service. Thus, defining T, to be the time of departure for the nth batch, and X, to be
the number of customers just after T, , we again have a Markov renewal process
(X, T). Again, the behavior of the queue size process Z may be obtained by direct
applications of Propositions (7.2) and (7.6) once the semi-Markovian kernel @ and the
probabilities K,(7,j) are computed. We refer to Neuts ([46], [48]) and Lambotte,
Teghem, Loris-Teghem [65] for further details.

Similar remarks hold in the case of service times depending on the queue size. With
T, and X, defined as in (8.1) we still have a Markov renewal process and all the
remarks made in (8.1) apply. For detailed treatments we refer to Harris ([297, [30]),
Schil [597, and Suzuki [62].

(8.3) G/M/1 Queues.

Entirely similar remarks hold for this system as for the M/G/1 systems. Some of
the computations are carried out in [117]. See also Fabens [227] for earlier treatments
of queues and inventories.

(8.4) Markov Renewal Branching Processes.

This is a Markov renewal process (X, T') where X is a branching process. In other
words, the size X,.1 of the (n + 1)th generation depends not only on the size X, of
the nth generation but also on the lifetime T,.; — T, of the nth generation. Such
processes were studied and applied to a number of queueing systems by Neuts [49],

[50].
(8.5) Queues with Semi-Markovian Arrivals or Services.

We concentrate on the system with semi-Markovian arrivals and exponential
services. Let T, be the time of the nth arrival and let X', denote the “type’” of the nth
arrival. It is assumed that (X', T') is a Markov renewal process and that the service
times are exponential. Then, letting X’/ be the number of customers in the system just
before the nth arrival, we obtain a Markov renewal process ((X’, X”"), T') with state
space B = {(7,7):¢ € F,j € N} where F is the finite set of “types.” Then, the queue
size process Z = (Z,) becomes a semi-regenerative process with ((X’, X”'), T)
imbedded in it. These processes were studied by Neuts [47] and Cinlar ([8], [9]) by
rather poor techniques necessitating superfluous assumptions. A straightforward
analysis using Propositions (7.2) and (7.6) would yield the same results quicker and
in greater generality.

(8.6) Machine Repair Problem.

Consider a machine with an arbitrary lifetime distribution. There are a number of
spares available so that, when the machine in operation fails, it is replaced by one of
the spares and the failed one is sent to be repaired. The repair times are exponential
and a repaired machine is as good as new. Let Z, be the number of machines working
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or waiting as spares at ¢; then the total number of machines minus Z, is the number of
them in the repair shop. Let T, be the time of the nth failure and let X, = Zr, .
Then, (X, T) is a Markov renewal process and Z is a semi-regenerative process with
(X, T) imbedded in it. The first passage time distribution F (7, 0, -) is the distribution
of the time until the first breakdown of the system, namely, the first time a failure
occurs with no available spares for replacement. The probability that the system is
working at time ¢ is P;{Z,# 0} =1 — [{R(<,0, ds)e " with X as the ‘“rate”
of repairs.

(8.7) System Reliability.

Consider a finite number of components in series (so that if any one fails the system
fails also). When a failure occurs, the component which has failed is repaired and all
the other components are re-adjusted. A repaired or readjusted component has a life-
time distribution ¢ (<, +) depending only on the type 7 of the component itself, and the
repairtime of the 7th component plus the readjustment time for all the others has the
distribution ¢ (7, +). Let X, be the type of the component which has caused the nth
failure and let T, be the time of that nth failure. Then (X, T') is a Markov renewal
process with

Qi) = [ do) [ 604, du) Thews (1 = ok, ).

In addition to asymptotic values of the number of times j fails in [0, ¢] (whose expecta-
tion is R(4, 7, t) if the initial failure was due to 7), a quantity of interest is the system
reliability at ¢, namely the probability that the system is working at time ¢. This is
equal to

1- ZJ-/O R(i,j,ds) (1 — $(4,t — 5)).

Further quantities of interest such as the ratio of times the system is under repair to
times the system is working can be obtained by easy integrations. We refer to [11]
for a somewhat more extensive treatment in a special case.

(8.8) Clinical Trials.

Markov renewal processes turn out to be useful as models for the behavior of diseases
such as cancer and leukemia. There the Markov chain X models the successive phases
of the disease and the duration Tny; — 7. becomes the length of time the phase X,
persists. Then, the first passage distributions F(3, 7, -) yield useful information con-
cerning the development of the disease. Weiss and Zelen [69] have applied this model
to actual clinical data of acute leukemia using a model with six states (death, initial
relapse, first partial remission, second partial remission, first complete remission, and
second complete remission) and obtained the distributions of the sojourn times
directly. See also [70], [24].

(8.9) An Insurance Problem.

A similar problem occurs in constructing a model to represent the evolution of the
“degree of disability’”” after an accident in order to evaluate the expected payments by
the insurance company. Janssen [34] has modeled this process by a semi-Markov
process ¥ where Y, is the degree of disability ¢ units of time after the accident. Relevant
quantities of interest are the limits as t — « of P{Y, = j}.
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(8.10) Counters of Type I.

Particles arriving at a counter can be classified (with respect to their energy levels,
velocities, or physical types) into a number of “types.” Let T be the time of the nth
arrival and X, the type of the particle arriving then. It is supposed that (X, T) is a
Markov renewal process. An arriving particle which finds the counter free gets regis-
tered and locks the counter for some random time whose distribution depends on the
type of the particle causing it. Arrivals during a locked period have no effects whatso-
ever. Supposing that the time origin is a time of registration, if the first locked period
has length L, then the time of the next registration is 7”; = inf{T, : T» > L}. Thus,
if X, denotes the type of the next particle to get registered, we have

Q(5,7,t) = P{X"1=j,Thst|Xo =1}
= E{P{X1=5T=t|X,,L}]

L
= Ei [I[Lgt] Zk/ R(XOJk! dS)[:Q(k,], i — S) - Q(k1.71 L - S)]]

= [t aw Tu [ RG, kG~ 5) ~ Qb ju— 9]
0 0

if the distribution of the locked period caused by an 2-type particle is (4, «). A little
reflection shows that the “registration process” (X’, T') (where X', is the type and
T’ is the time of the nth registration) is also a Markov renewal process and @ is the
corresponding semi-Markovian kernel.

For: counter problems of this type and the type to be discussed next we refer to
[11, p. 178], Barlow [2] and Vandeviele [68].

(8.11) Counters of Type I1.

Arrival process is again a Markov renewal process (X, T') ; an arriving particle which
finds the counter free gets registered and locks it for some time; a particle which
arrives to find the counter locked does not get registered, erases the influence of the
past arrivals, and locks the counter for some random time. Again, let X', and 7", be
the type and time of the nth registration and let ¥ (7, -) be the distribution of a locked
period caused by an ¢-type particle (if it does not get erased).

Now using a Markov renewal argument at the time 7, of the first arrival (we
assume Xo = Xy, Ty = T’y = 0) we can write

Qi) = [ QUGG + Ti [ QG b ds) (1 — (i, )@ (kG — 9).

Letting

16,0 = @G50, 060 = [ $6,9Q0 4, ds),
0

and

Qi k, ds) = QGG k, ds) (1 — ¥(3, 5))

we can put the above equation in the form

f=g+@*f.
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This is a Markov renewal equation again, except that the semi-Markovian kernel Q
here is defective:

25 QU b, ®) <1,

It turns out that Proposition (4.2) remains true provided that R there is replaced by

R = 3~ Q~ where the Q" are defined by (2.2), (2.3) by replacing the Q’s there by Q.
For the results we refer to [11, p. 183].

It was this applied problem as well as the one to be discussed next which led to the
more general theory of Markov renewal processes allowing “deaths” after finitely
many transitions in [11, Definition (2.5) .

(8.12) Pedestrian Delay Problem.

Let T'. be the time the nth vehicle crosses a fixed point on a highway and let X, be
its “type” (this “type”’ may stand for velocity or shape or whether the vehicle is a car
or a truck, etc.). It seems plausible that this process (X, T) be a Markov renewal
process; cf. Jewell [36].

At time 0 = T\ a pedestrian arrives to cross the highway; considering various factors
involved, he “accepts” a gap of size x with probability ¢ ( j, z) if the oncoming vehicle
is of type j. We are interested in finding the distribution of the delay to the pedestrian.
Letting L denote this delay we have

PAL St = 35 [ Q03,9903 9) + s [ QG j,dv) 1=y, ) P,ALSts).

Again, letting f(4,t) = P{L <t} and Q(¢, j, ds) = Q(3, 7, ds) (1 — ¥(J, s)) we can
put this equation in the form
f=g+Q*f

with a suitable definition for g. This is a “‘generalized” Markov renewal equation and
(4.2) holds with R there replaced by £ = Y., @*. This problem is based on Mara-
dudin and Weiss [43] and may be found in [11, p. 177].

For other interesting applications to traffic theory we refer to Bullen [3] and
Wiener et al. [71].

References to a number of other applications which are of somewhat more routine
nature may be found in the bibliography [6].

9. Restriction to a Subset

Let (X, T) be a Markov renewal process with state space E, and let D be a subset
of E. Suppose the initial state ¢ is in D, and consider the states visited by X at its
subsequent entrances to D along with the times of those entrances to D. In other
words, letting

(9.1) Ny=0,N,=inf{n > 0:X, € D}, N, =inf{n > N,: X, € D}, ...
we are interested in the process (X, T") where
(9.2) R0 =Xy, Tw="Ty,, néeEN

The process (X, T), then, is called the restriction of (X, T) to D except that we have a
minor problem to settle. It could happen that, for some w € Q, the process X enters D
only finitely many times; then, if the total number of entrances to D after 0 is n, we
haveNg(w) = O,Nl(w) < W, ... ,N,,(w) < ® butN,.+1(w) = N,.+2(w) = ees = 40,
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In such a case, (9.2) does not make sense since we have not defined X, or T, . To
settle the matter, we adjoin a distinguished state A to the state space E, and define
Xo(w) = A, To(w) = + = for all w. Thus, the process (X, T) has the state space
Ds = D U {A} for X and [0, « ] for 7.

We notice that the process (X, T') defined above is a Markov renewal process with
state space D, = D U {A}. In particular, if Dis a set of recurrent states, then N1, Na, .. .
are all finite and X, isin D forall n < = thatis, then X has the state space D. Other-
wise, if D contains transient states from which X may leave and never return to D
again, then X has the state space Da where A is an absorbing state and X, = Ameans
that X has left D after at most » — 1 visits to D never to return.

Computations regarding (X, T') are easy. We observe that the number of times the
semi-Markov process Y visits a state j € D during (0, t] is the same whether it be
computed with Z as the state space or with D; that is,

(9.3) Don T txmiras) = 2om I (Rmi Bnsi)

for any j € D. Thus, if R is the Markov renewal kernel corresponding to (X, T) and
R is the one corresponding to (X, T), we have

(9.4) R@,j,t) = R(3,5,1), 4,j€ D, t20.

Once R is known, the semi-Markov kernel Q and the first passage distributions F for
the process (X, T') can all be computed by using the relations in §2. Note that
Q,7,t) # Q(,7,t) even for 7,5 € D; in fact, we have

05) Q3,0 = Q3,0
+ X Sewen [ QUkdu) [ RO K, d)QK, Gt = u = ).

In many applications, this idea of restricting (X, T') to a subset D of E leads to
considerable conceptual simplifications. For example, if one is interested in the relative
behavior of one state j with respect to another state k, one could restrict one’s attention
to the Markov renewal process (X, T) with D = { j, k}. Similarly, to obtain a ratio
limit theorem such as (6.10), one needs to consider only a four state Markov renewal
process (X, D) with D = {h, 4, j, k}.

10. Hitting Distributions and the Maximum of a Semi-Markov Process

Let (X, T) be a Markov renewal process with state space £ = {0,1,2,...} and
semi-Markovian kernel @, let Y be the associated semi-Markov process, and define

(10.1) Z,=sup{Y,:s = i},

in other words, Z, is the maximum level the process Y has ever attained during [0, #].
We are interested in the distribution

(10.2) Pu(4,j) = Pi{Z, = j}.

We adjoin a distinguished state A to the state space and define X, = A, T, = + .
For a subset A of E let us define N to be the smallest integer n = 1 for which X, € 4
if there is any such n; otherwise we set N = «. Then,

(103) FA('iyj) t) = Pi{XN =j) TN = t}

is the probability that, starting at ¢, the process ¥ enters A for the first time at the
state j € A and this happens at or before ¢.
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Assuming we have F, computed we now finish the computation of P,(s, -). For
t€ Elet A; = {i + 1,74+ 2,...}. Then,

(104) Q(’L,], t) = FAi(i;j: t): .7 € Ai; te R+

is the probability that the first transition of Z is to state J and this happens before ¢.
A little reflection will show that Z itself is a semi-Markov process (all of whose jumps
are upward), and that  is the corresponding semi-Markovian kernel. Hence, P can
be computed as in §6 with @ replacing Q.

Returning to the computation of (10.3), we use the standard “Markov renewal”
argument: either the first transition of ¥ is to j and this happens before t, or else the
first transition is to some state k ¢ A at time s < ¢ and from % the process Y hits A
at j during (s, t]; in other words, forj € A,

(10.5) Fa(i,5,t) = Q,5,t) + Zkf Qa(3, k, ds)Fa(k,j, t — s)
where
(10.6) Qali, k1) =0 ifk €A,

=Q(z, k,t) ifk¢ A,

For fixed j € A, the equation (10.5) can be put in the formf = g 4+ Q4 * f by defining
f(3,1) = F4(s,5,t) and g(¢,t) = Q(3, 7, t). This is a Markov renewal equation with a
defective semi-Markov kernel Q4 . As we have remarked earlier in (8.11) and (8.12),
Proposition (4.2) remains true with R there replaced by B4 = D Q4™ where Q4 are
computed through (2.2) and (2.3) with Q therein replaced by Q, .

Maximum of a semi-Markov process is of interest in level crossing problems and
queueing theory. Our results above cover those of [61] who arrived at these results by
computational techniques. Noticing the semi-Markovian character of Z reduces the
task immensely. Moreover, the hitting distributions F,(7,j, +) are of interest in
themselves.

11. Strong Laws and the Central Limit Theorem
for Cumulative Processes

Let (X, T) be a Markov renewal process with X irreducible. Let Wy, W, ... be
random variables taking values in R = (— o, 4+ «) and such that W,, W, ... are
conditionally independent given (X, T') and that the distribution of W, given (X, T)
depends only on X, 1, X, , T — Tn_y. That is,

(11.1) PW, S Y| Xn, T, We ;m €N,k €N,k 5 n}
=PW,2y|Xnua,Xn,To— Tun} = K(5,5,4;9)

on {X, 3 = 4, X, = 7, Tn — Tn = t} for some kernel K. Define the partial sums

(11.2) So = 0; Sap1 = S+ Waia, n €N

and let N, = Z,. I,4(T,) be the number of transitions in (0, t]. We are interested
in the asymptotic behavior of Sy, ast— .

Let the initial state 7 be fixed and consider the successive values Sy, Sy, . . . of the
sequence {8, : X, = 7}. The important point on which all limit theorems are based is
that this sequence (S,) is a random walk in R, in other words, §i — S, S — S1, ...
are independent and identically distributed. Let M, be the number of entrances to 7 in
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(0, t]; this is the counting process associated with the renewal process formed by the
times 7', for which X, = 7. The second important point is that we can write

(11.3) Sy, = SMt + R,

where the remainder term R, is, roughly speaking, stationary in time. Therefore, the
limiting behavior of Sy, is the same as that of Sur, .
The following is the strong law of large numbers for (Sy,).

(11.4) TarorEM. Suppose E,[| W1|] < « for every i € E, and let a(?) = ELW.].
Then, almost surely,

(11.5) lim;. . tl Sn, = Duierw(8)a(i)/ D ics w(D)m(3),

where m and m are as tn Proposition (5.5).

We omit the proof, and only remark that finiteness of the expectation of the absolute
value of W, is there to insure that | R, |/t — 0.

The strong law (11.5) is a generalized version of the one given in [557]. Next, we
will disecuss the central limit theorem for the process Sy,. This also will be a gen-
eralized version of the one in [55] where the W, were assumed to be of the form W, =
k(Xna,X,, Topr — Tw) for some function k. Further, [39] contains a central limit
theorem for the sequence S, . Here are the main steps of the central limit theorem.

We now need to assume that E,[(W1)?] < « for every 7. Then, in (11.3)

(11.6) R,/ ()12 — 0, t— .

Thus we need concern ourselves with only the term Sy, . Now, § is a random walk and
M is a renewal counting process. However, § and M are dependent and a certain
amount of care is necessary. The applicable result is the central limit theorem due to

Smith [60] in whose terminology (Sy,) is a cumulative process defined on (M,).
We have

(11.7) limeaw P{(Sy, — at) /bt < z} = / " (1) (2m) ) ety

where a is the limit appearing in (11.5) and
(11.8) b2 = Var(S, — aT))
with T denoting the first T, for which X, =7, n = 1, provided that the variance of

T, be‘finite. In view of (11.6), (11.7) yields the central limit theorem we were looking
for: under the assumptions mentioned,

(11.9) lim,., P{(Sy, — at)/bt\? < g} = /z (1/(2m)112) e=v*i2dly.

—c0
12, Extensions

We have been considering Markov renewal processes (X, , Th)nen with finite state
space K (except for some comments regarding the case of countably infinite E). The
most obvious extension concerns E. When E is countably infinite the relevant results
are in [117] and the references contained there.

In the case where the state space E is arbitrary, one can still obtain the same results
as in the countable case but with some adjustments. Such a theory was introduced in
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Cinlar [127; one of the open problems left in [12] was solved by Jacod [337in a com-
prehensive study. A theorem of [127], due to an overanxious estimation, is indeed
faulty; this was discovered and corrected by Kesten (his paper is to appear shortly).
This theory finds applications in continuous storage theory, (see [13], [18], [19])
and superpositions, ete. in [7].

The second extension concerns the space within which 7', take values. Instead of
requiring 7', to be increasing and non-negative, one can keep the definition (1.1) with
T, taking values in R or R™ without further restriction. This was done by Anderson
[1], Jannsen [35], and Jacod [33]. The resulting theory is the generalization of the
theory of random walks (rather than renewal theory).

Finally, an extension can be made by replacing the parameter set N of (X, , Th)nen
by the parameter set R, to obtain a genuine continuous-time process (X, T) e, -
Here, (X)cg. is a Markov process and (T;) (g, has independent increments given
(X¢). The defining property now becomes

P{X, € A;Te — T € B| Xy, Tu;u St} = Q(X:, 4, B)

forall?, s € R, , where Q is a “semi-Markov kernel” satisfying
Qua(z, 4,B) = [[ @, dy, ) Qu(y, 4, B ~ ).

The resulting theory is a generalization of the theory of processes with stationary
independent increments, and of the theory of additive functionals of Markov processes.
These processes were introduced by Cinlar [147], [15] and Ezhov and Skorokhod
[207, [21]. In addition to generalizing the modern potential theory of Markov pro-
cesses, this finds applications in processes in random environments [ 16 ], signal detee-
tion problems in the presence of noise, ete. In the case X takes values in a finite set,
we also have some results in Neveu [51], and central limit theorems in Fukushima and
Hitsuda [26] and Pinsky [52].
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