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NOTES

One need only change G to x*/t* and delete w, (or w, if x* > Gr*). With these
changes the linear program (4) becomes

min ' Wy

x—(x*/t*)t +w,=0
b o o—ayy =0
t—a;y =0
Ay <b

y, w, 20,

which is equivalent to (A) since min w, is the same as —max(—w,), and —w, = x —
(x*/t*)t. Hence, one first solves (4), and then reoptimizes (4) when the Single
parameter G is changed to x*/¢*. If the objective value of this perturbed program is
zero, then the solution of (4) also solves (2).
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~ SOLVING THE GENERALIZED MARKET AREA
PROBLEMY

i+ MICHAEL J, TODD{

Lowe and Hurter introduced the “generalized market area problem” of simultaneously
determining production levels and distribution patterns at n plants to satisfy demand
distributed over a subset of R*. Here we give simpler proofs and extensions of their results.
We also show how the problem can be solved using unconstrained optimization techmques
(PROGRAMMING-NONLINEAR ALGORITHMS; INVENTORY /PRODUCTION)

1. Introducﬁon -
Lowe and Hurter [3] studied the “generalized market area problem” of simul-
taneously determining production levels and distribution patterns at » plants to satisfy
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1550 NOTES

demand distributed over a subset of R¥. The purpose of this note is to provide simpler
proofs and extensions of results of Lowe and Hurter. Our arguments are based on
nonlinear programming duality. The dual problem is an unconstrained finite dimen-
sional convex minimization problem, and can thus be solved by known techniques.
Let S C R* be a compact Jordan-measurable set. Following Lowe and Hurter [3]
we use Jordan measure (see [1]) and Riemann integration, but our results are also
valid with Lebesgue measure and integration. Note that Lowe and Hurter also assume
S connected. The demand density is given by a function A : §'= R that is bounded,
nonnegative and continuous almost everywhere (that is, except on a set of Jordan
measure zero). In other words, [,A is the demand of the Jordan-measurable subset 4
of S. Without loss of generality we assume that the total demand [sA is 1. Costs are
described by n + 1 continuous functions f.: S—>R, i=1,... ,noand c: Z—>R U
{+o0}, where Z={z € R} | 3,z,=1}. Here f(x) is the unit transportation cost
from plant i to x € S and ¢(z) is the total production cost when production at plant i

isz,i=1,...,n Lowe and Hurter suppose c(z) is separable, c(2) =3,¢i(z), but the
general case is no more difficult.
Let &= {6={(0),...,0,) | each o,: S— R, is bounded and continuous almost

everywhere, and 3,0, = A almost everywhere}. Ez_iqh o € ) represents a supply policy
with plant i supplying f,0, to the subset 4 of §. Denote by [so the vector
([s01 - - - » [50,) of production levels. Then o € Q and [sA=11mply that [so is in
z

For any ¢ €Q denote by T(o) the associated transportation cost 3. [s0.f- The
problem we consider is

ingig{T(o)+c(Lo)}. P)

A related problem fixes the total production Z € Z, yielding a “semi-infinite” trans-
portation problem

%3{7’(0) [fso=z}. | P(2)
When A= 1, P(Z) is the partition problem of Corley and Roberts [2]. "

2. Preliminary Lemmas and Weak Duality
Problem (P) and P(Z) involve the infinyitc-diinensional‘ supply pOIicy'dL We use
duality to obtain finite-dimensional optimization problems. First write (P) as
Minseq, ;ez{T(6) + ¢(z) | [s0 — z =0}. Then dualizing with respect to the explicit
constraints we get \ , _
i +u + mi —u-z} .
max {mm{T(o) u‘ Lo} ?,’EH;}{C(Z) u z}}

uER” { c€Q

Similarly, from P(Z) we are led to

max { (xynelg{T(o) + u-fso} - u~z}.
To simplify these dual problems we put further restrictions on the f’s.
AsSsUMPTION 1. Forany 1 <i,j < n and any u, 4; € R, the set {x € S| fi(x) + u,
= fi(x) + u;} has (Jordan) measure zero.
This is assumption a of Lowe and Hurter [3].
DermNiTIONS,  For any u € R”, define

O(u)= [ min (fi+u}a;

sl<ign




Downloaded from informs.org by [216.73.216.198] on 21 June 2026, at 15:38 . For personal use only, all rights reserved.

Y

EoL S

¥

[ LRI
R

NOTES 1551
S,~(u)={xES\f,-(x)+ui<]}(x)+uj,1<j<n};

crrrg(w) = A; and
| &%) 560 ,;
o(u)=A onS;(u), fori=1, 2,...,nm,
0 elsewhere. ‘

By our assumption, the boundary of S(v) has measure zero; hence S,.(zi) is

“measurable and g(u) € Z for any u € R”". Also o(u) € Q with [s0(u) = g(w).

Lemva 1. For any u € R", 8(u) = min,cq{ T(0) + u- [50) and the minimum is
achieved for 6 = o(u). '

~Proor. For any o € we have
| T(o)‘+u-fso=v§;fgoi(fi+u,.)
=2 gfsj RO
>2’§ fsj(u)o,.(j; +u)
-3 3ol
=3 [ U= 0

~ But equality is attained wfhén o= o(u),‘f/:‘éiﬁéﬁcé the lemma follows.
"' Using Lemma 1 we can write our dual problems as '

- | Jré% {B(u) — ¢*(u)) ’ ’ , (D)
' where ¢*(u) is defined as max, ez {u-z ~e@))and | |
max (0u) — u-2). o

THEOREM | (WEAK DUALITY). Let u € R". Then for any o ESZ,“}O(vu);'c*(u)

- < T(6) + c([ 50), and for any 06 € Q with [0 =Z, 8(u) = u-Z < T(0).

ProOF. Let z = [co. Then by Lemma I, f#(u) < T(0) + u- [s0. By definition of
¢*, —c*(u) < c(z) — u-z. Adding gives the first part. The second part follows directly
from Lemma 1. ) ' o ’ B

COROLLARY 1. If o* € Q satisfies T(o*) + c(fs0*) = 8(u*) — c*(u*) for some u*
€ R", o* is an optimal solution to (P) and u* is an optimal solution to (D). Similarly if
o* € Q satisfies [s0* = Z and T(0*) = O(u*) — u* - Z for some u* € R”, o* are optimal
solutions to (P(2)) and (D(Z)) respectively.

In order to use the dual problems, we must investigate the functions appearing in
them. - ' o :

. LeMMA 2. 8 is concave and c* is convex.

PrROOF. Since c* is the maximum of a family of affine functions, it is convex.
Similarly, for each x € S, min, ., { fi(x) + %} is a concave function of u. Since A is
nonnegative, the integral () is also concave.
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LEMMA 3. 8 is continuously differentiable with gradient g.

ProOOF.  We show first that g is continuous. Suppose ubsu. Let QF = S(u*)\
Si(u) and R¥ = S;(u)\S,(u*). Then

8:(u) = du(R)) < g(u*) < gi(u) + 8u(QF),

where p denotes (Jordan) measure and A(x) < & for all x. We must show that w(0F)
and M(R ) converge to zero.
Let’ Q (u, e)— (x€S|u~u f(x) F) <w—w). With of = Qi (u,
—ul - w + "), we have 0 C U ]Q It is therefore sufficient to show that
p(Qy(u €)—0 as €— 0. Note that 1(Q;(u, 0)) = 0 by Assumption 1. Hence there is a
measurable set T; with u(T;) < m and Q;(u, 0) C 1nt T; for all n > 0. For sufficiently
small €, 0, (4, €) C T, Ty; otherW1se take a sequence x E Qy(u, 1/r\T;; and a conver-
gent subsequence x"—x%. Then x* &int T,, but x* € o (u, 0) by continuity of f, f.
This contradiction shows that for sufflmently small €, Ql (u €) C T;; hence u(Q;(u, e))
< 7. But n was arbitrary, so that the continuity of g is estabhshed
~We can now prove the lemma. We only need to show that 98(«)/du, = g.(u). But if
e' is the ith unit vector in R", then for any € > 0 we have

0, (u, €)= (0(u+ ee’) — 8(u)) /¢
=fe"[min{f,.(x) +u+ & min { f(x) + u}} = min{ f(x) + u.}]A.

Now the term in brackets is at most e, ‘and is only posmve if x E S.(u). Hence
0;(u, €) < [y = g(u). Conversely, the term in brackets is always nonnegative and is
equal to e if x € S;(u) but x & Q,(u, €) for all j. Hence 6,(u, ¢) > g,(u)
—-2 ( f o A) Now as ¢—0, (@i, e)) tends to zero as proved above. It follows

that hmtjw() (u, € = g,(u). A similar proof establishes lim ,0,(u, €) = g,(4), and the
lemma is proved.

3. Strong Duality and Algorithms

We consider first P(Z). Note first that (u) ~ u-z = Bv)y—v-Z if v— u'is a
multiple of (I,...,1). Hence we may restrict # so that 3, u,=0. Now let »
= max{ f,(x) - f(x)|1 ,j<n x&€S}<oo. SetU—{uER”]E u,=0, u, <w
for all i}. '

THEOREM 2 (STRONG DUALITY FOR P(Z2), D(2)). There is a u* € U that is an optimal
solution to D(Z). Further O(u*) — u* -z = T(o(u*)) and a(u*) is an optimal solution to
P(2). /

PROOF. Let u* maximize §(u) — u-Z over U. Then by the Karush-Kuhn-TuCker
conditions, g(u*) ~ z;=A + @, for 1 < i< n, with m, > 0 and =,(u* — ») =0 for all i.

If all #’s are zero, A =3, (g,(u )— z)=0 gives A =0 and g(u*) = Z. Otherwise,
let 7, > 0 be the maximum of the 7’s. Then u* =» and some u* < 0; hence by
definition of », §;(v*) =@ and g (u*) 0. Thus g(u*) -z, <0, and since g,(u*) - Z;
<g (u*) - z; for all i and 3, (g,(u —z) =0, we again have gu*)=1z.

Smce gis the gradient of § (Lemma 3), it follows that u* is an optimal solution of
D(Z). Now we have [go(u*)=g(u*)=2Z, so from Lemma 1, O(u*)— u*-7
= T(o(u*)). Corollary 1 now implies the optimality of o(u*). '

Our Theorem 2 implies Theorem 2 of [3].

The proof above also g1ves the followmg result, which is Assumption b in Loweand

Hurter [3]:

COROLLARY 2. For any Z € Z, there is some u € R" with g(u) = Z.
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Suppose that given any u € R”" the sets Sy(u) and the function g(u) can easily be
found. Then Theorem 2 implies that max1m1zmg the continuously differentiable
concave function f(u) — u-Z gives a solution of P(2). Note that 3(g(u) — Z) = 0;
hence a gradient or Quasi-Newton algorithm initiated in {# € R" ] >, =0} will
remain in this set. In practice one would delete any plants with z 0 For the

" ‘remaining subproblem we have Z > 0; thus any u maximizing (u) — u-Z has g(u)

> 0. It follows that any optimal solution to D(Z) with ¥,u, =0 also lies in the
compact set U, and that every level set of B(u) — u-z has a compact intersection with

{uER"| X4 =0}

- We now turn to the general problems (P) and (D). We make

ASSUMPTION 2. ¢ : Z->R U {+ o0} is a proper closed convex function.

This assumption is satisfied if ¢ : Z — R is convex, but also allows some production
vectors z to be infeasible—then set ¢(z) = co. The function ¢* is then the convex
conjugate of ¢ when c is extended to R" by setting c(z)=x 1f z é Z—see Rockafellar
[4]. From [4, Theorems 23.5 and 23.8], we have

uEdc(z)ec(z)+ c*(u)=uzez €dc*(u)and
d(c* = 8)(u) =3c*(u) — { g(w)},
where 9 is the subgradient 'mapping for a convex function:

3f(x) = (| f(z) > f(x) +y- (z — x) forall z}.

THEOREM 3 (STRONG DUALITY FOR (P), (D)). There is a u* € U that is an optimal
solution to (D). Further, 8(u*) — c*(u*) = T(c(u*)) + c(fso(u*)) and o(u*) is an
optimal solution to (P).

~PROOF. By [4, Theorem 27.3], the convex function ¢* — # attains its infimum over
the compact set U at some u*. By [4, Corollary 28.2.2], there is some z € dc*(u*) with
g,(u*)—z =A+7 for 1 <i<nwith 7 >0and 7(u*—»)=0 for all i. Now z €
dc*(u*) implies c(z) < co0 and hence z E:Z Exactly as in Theorem 2 we deduce that
g(u*) =z and thus »* is an optimal solution to (D); indeed 0=z — z €9(c* — )
(u*).

Now [so(u*)=g(u*)=1=z and c(z) + c*(u*)=u*-z. Hence O(u*)- c*(u*)

= T(o(u*) + ¢(f s0(u*)) from Lemma 1. Corollary 1 implies that ¢(u*) is optimal in

(P).

Theorem 3 shows that one may solve (P) by maximizing the concave function
§ — c*. (Again we assume that S; (u) and g(u) can be evaluated for any u € R”) If c is
essentially stnctly convex [3, §26] c* is continuously differentiable. Otherwise we may
have to maximize the nondifferentiable function 8 — c¢*, by subgradient optimization,
for example. Here we assume that for any u € R”, c¢*(u) and some element of dc*(u)
can be obtained. S o

An alternative approach is to find z € Z fo minimize b(2) + ¢(z), where b(z) is the
optimal value of P(z). By Theorem 2, b(z) is also the optimal value of D(z), i.e.

- max, e ge(8(u) — u-z) = max,cz(u- (—z) — (—)(u)). But the latter expression is

merely the convex conjugate of — @ evaluated at —z : b(z) = (— 8)*(— z). It follows
that b is convex. A subgradient of b at z is a byproduct of finding b(z) by solving
D(z). For u €b(2)o~u€(—0)*(—2)e -z EN—-0)—u)oz = g(—u)ye —u
solves D(z). Hence the alternative approach iterates on z; for each z, b(z) and some
u € 0b(2) is found by solving D(z). Of course, in this approach one must deal with the
constraints z € Z, Note that if @ restricted to {u e R™ | ¥u; = 0} is strictly convex,

then an optimal solution of D(z) in this set is unique and b restricted to Z is
continuously differentiable.
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The result u €9b(z)<> g(—u) =z above is related to theorem 8 of Lowe and

Hurter [3], wherein the “partial derivatives” of b at z are determined under an

additional assumption. It is claimed that this assumption always holds if S is
connected and A is continuous almost everywhere. However, the claim fails even with
A constant. The following example shows that partial derivatives may not exist. Let S
be the “barbell” in R*:

{(x€R?*||lx—(~2,0)| <1}U{xER?| - 1< x, <1, x,=0}
U{xER*||x—(2,0)]<1}.

Let A=1/27 on 8, and let f(x) be the Euclidean distance from x € R? to
((—1)2,0), i=1,2. Then 8b/0z, (3, 3) does not exist. For z = (3 +¢, 3 —¢), the

first plant must supply a small region of demand ¢ near (1, 0) and the cost is § + 2¢ to

first order in €. The cost is also % + 2e to first order in € when z = (3 —¢, 1 +¢) for

similar reasons.'

'] am indebted to Tom Magnanti for helpful discussions about nonlinear programming duality.
This research was partially supported by NSF Grant ENG76-08749, and was written while the author

was on leave at the Center for Operations Research and Econometrics, Universiie Catholique de Louvain,

Heverlee, Belgium.
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