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1. Introduction

Auction design is a core problem in mechanism design, with immense applications in electronic commerce (such
as sponsored search auctions) as well as in the public sector (such as spectrum auctions). In a revenue-maximizing
auction, the auctioneer needs to design a mechanism to allocate resources to buyers, and set prices in order to max-
imize the expected revenue. The buyers’ preferences are private, and they may behave strategically by misreport-
ing them. For this reason, it is often desirable to devise dominant strategy incentive compatible (DSIC) and individually
rational (IR) mechanisms. By definition, in a DSIC mechanism, it is a dominant strategy for the buyers to report the
true valuations; in an IR mechanism, each participating truthful buyer receives a nonnegative payoff.

We focus on DSIC and IR mechanisms that maximize the expected revenue, assuming that the buyers” preferences
are drawn from a distribution known to the auctioneer. A classical result of Myerson [32] provides the optimal mecha-
nism for the case of a single item and arbitrary number of buyers. Finding the optimal mechanisms for more general
settings is a tantalizingly difficult problem. We refer the reader to the surveys by Manelli and Vincent [31], Rochet and
Stole [35], and Daskalakis [13] for partial results and references. In particular, no analytic solution is known even for
two items and two buyers. Selling multiple items to a single buyer is computationally intractable (Daskalakis et al.
[15]). Already for two items and a single buyer, the description of the optimal mechanism may be uncountable (Daska-
lakis et al. [14]). Recent work gives a number of important partial characterizations, for example, Daskalakis et al. [16]
and Giannakopoulos and Koutsoupias [24], as well as results for weaker notions of Bayesian incentive compatibility,
for example, Bhalgat et al. [4], Cai et al. [5], Cai et al. [6], and Cai et al. [7].

Conitzer and Sandholm [9] and Conitzer and Sandholm [10] propose the approach of automated mechanism
design to use optimization and computational methods to obtain (near) optimal mechanisms for specific pro-
blems; see also Sandholm and Likhodedov [36]. An active recent area of research uses machine learning tools. In
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particular, Diitting et al. [21] design and train neural networks to automatically find optimal auctions. They
study two network architectures, and show that several theoretically optimal mechanisms can be recovered
using this approach, as well as that interesting new mechanisms can be obtained. The first network they study is
RochetNet. This is a simple two-layer neural network applicable to the single buyer case, leveraging Rochet’s [34]
characterization of the optimal mechanism. The second network, RegretNet, does not require such a characteriza-
tion and is applicable for multiple buyers; however, it only provides approximate incentive compatibility.

Diitting et al. [21] coined the term “differentiable economics” for this approach, and there has been significant fur-
ther work in this direction. These include designing auctions for budget constrained buyers (Feng et al. [22]),
multifacility location (Golowich et al. [26]), balancing fairness and revenue objectives (Kuo et al. [30]), incorporat-
ing nonlinear utility functions and other networks trained from interaction data (Shen et al. [37])," designing
revenue-maximizing auctions with differentiable matchings (Curry et al. [12]), contextual auction design (Duan
et al. [19]), designing taxation policies (Zheng et al. [41]), and more.

The purpose of this work is to supply theoretical evidence behind the success of neural networks in differentia-
ble economics. The revenue is a highly nonconvex function of the parameters in the neural network. Curiously,
gradient approaches seem to recover globally optimal auctions despite this nonconvexity. Similar phenomena
have been studied more generally in the context of deep networks, and theoretical explanations have been pro-
posed, in particular, overparametrization (Allen-Zhu et al. [1], Du et al. [18]).

1.1. Mode Connectivity

Recent work has focused on this striking property of the landscape of loss functions of deep neural networks:
local optimal solutions (modes) found by gradient approaches are connected by simple paths in the parameter
space. We now give an informal definition of mode connectivity for general functions.

Definition 1 (¢-Mode-Connected (Informal)). Consider the optimization problem min,ek f(x) for f : K — R. We say
that x,y € K are e-mode-connected, if there is a continuous curve P C K connecting x and y such that f(z) <

max{ f(x),f(y)} + ¢ for any z € P.

Mode connectivity of loss functions in deep learning was identified by Garipov et al. [23] and by Draxler et al.
[17]. We particularly refer to Garipov et al. [23, figure 1] for an intuitive visualization of the phenomenon. Mode
connectivity can help to explain why stochastic gradient descent (SGD), the dominant optimization heuristic
used in deep learning, often results in near-zero training loss, regardless of the random starting point, whereas
the straight-line interpolation between optima can exhibit high loss.

To some extent, mode connectivity prevents a poor local minimal valley region on the function value, from
which the SGD method cannot escape easily. However, we would like to emphasize that mode connectivity does
not provide a formal proof, but only a useful intuition of the success of SGD.

Kuditipudi et al. [29] gave strong theoretical arguments for mode connectivity. They introduce the notion of
e-dropout stability: solutions to a neural network such that in each layer, one can remove at least half the neurons
and rescale the remaining units such that the loss function increases by at most ¢. Solutions that are e-dropout
stable are then shown to be e-mode-connected. Moreover, they show that noise stability (see, e.g., Arora et al. [2])
implies dropout stability, and hence, mode connectivity. Nguyen [33] showed mode connectivity when there is a
hidden layer larger than the training data set. Shevchenko and Mondelli [38] show that stochastic gradient
descent solutions to sufficiently overparametrized neural networks are dropout stable even if we only keep a
small, randomly sampled set of neurons from each layer.

1.2. Our Contributions

1.2.1. RochetNet. In this paper, we first establish mode connectivity properties of RochetNet, the architecture in
Diitting et al. [21] for multiple items and a single buyer. These networks have a single hidden layer, correspond-
ing to the menu. Each neuron on the hidden layer represents an option in the menu, in the form (x,p) € R" X R,
where x is an allocation of the items and p is a price offered to the buyer (see Figure 1). Given a valuation vector
v € R", the buyer has a quasilinear utility v"x — p. The buyer is assigned a single option (x, p) that maximizes their
utility, using some tie-breaking rule if needed. The chosen option is called active for the buyer. The revenue of
the auctioneer is the expected price paid by the buyer. The loss function in RochetNet is the negative revenue.
Despite its simplicity, the experiments on RochetNet by Diitting et al. [21] gave impressive empirical results in dif-
ferent scenarios. For example, in the experiments with up to six items and uniform value distributions, RochetNet
achieves almost the same revenue (99.9%) as the Straight-Jacket Auctions (Giannakopoulos and Koutsoupias
[25]), which are known to be optimal in this case. This success is not limited to a single example, as RochetNet
also consistently performs well in other scenarios, including when infinite menu size is necessary. Furthermore,
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Figure 1. RochetNet: This architecture maps the bid b to the utility of the buyer.

Diitting et al. [21] demonstrated the usefulness of RochetNet in discovering optimal auctions in situations that
were previously unexplored from a theoretical perspective.

First, in Theorem 1, we show that for linear utilities, e-mode connectivity holds between two solutions that are
e-reducible in the following sense: out of the K+ 1 menu options (neurons), there exists a subset of at most VK +1
containing an active option for the buyer with probability at least 1 — ¢. Assuming that the valuations are normal-
ized such that the maximum valuation of any buyer is at most one, it follows that if we remove all other options
from the menu, at most ¢ of the expected revenue is lost. The assumption of being ¢-reducible is stronger than
e-dropout stability that only drops a constant fraction of the neurons. At the same time, experimental results by
Diitting et al. [21] show evidence of this property being satisfied in practice. They experimented with different-
sized neural networks in a setting when the optimal auction requires infinite menu size. Even with 10,000 neurons
available, only 59 options were active, that is, used at least once when tested over a large sample size. We note
that this property also highlights an advantage of RochetNet over RegretNet and other similar architectures: instead
of a black-box neural network, it returns a compact, easy-to-understand representation of a mechanism.

Our second main result (Theorem 2) shows that for # items and linear utilities, if the number of menu options
K is sufficiently large, namely, (2/¢)*", then e-mode connectivity holds between any two solutions for any under-
lying distribution. The connectivity property holds pointwise: for any particular valuation profile, the revenue
may decrease by at most ¢ along the path. A key tool in this e-mode connectivity result is a discretization tech-
nique from Dughmi et al. [20]. We note that such a mode connectivity result can be expected to need a large
menu size. In Appendix A, we present an example with two disconnected local maxima for K=1.

1.2.2. Affine Maximizer Auctions (AMAs). We also extend our results and techniques to neural networks for
AMAs studied in Curry et al. [11]. This is a generalization of RochetNet for multibuyer scenarios. It can also be
seen as a weighted variant of the Vickrey-Clarke-Groves (VCG) mechanism (Clarke [8], Groves [27], Vickrey
[39]). AMA offers various allocation options. For a given valuation profile, the auctioneer chooses the allocation
with the highest weighted sum of valuations, and computes individual prices for the buyers; the details are
described in Section 2.2. AMA is DSIC and IR, but is not rich enough to always represent the optimal auction.
For AMA networks, we show similar results (Theorems 3 and 4) as for RochetNet. We first prove e-mode con-
nectivity holds between two solutions that are e-reducible (see Definition 6). Curry et al. [11, p. 8] provide evi-
dence of this property being satisfied in practice, observing (in section 7.1), “Moreover, we found that starting
out with a large number of parameters improves performance, even though by the end of training only a tiny
number of these parameters were actually used.” Secondly, we also show that if the number of menu options K

is sufficiently large, namely, (1613 /£2)*", then e-mode connectivity holds pointwise between any two solutions.
That is, it is valid for any underlying distribution of valuations, possibly correlated between different buyers.

1.2.3. Relation to Other Network Architectures. The focus of our results is to handle the challenges induced in
the specific network architectures of RochetNet and AMA. As such, they are of limited applicability to other net-
work architectures in deep learning, like feedforward neural networks and transformers. On the other hand, our
results do not seem to be deducible from previous mode connectivity results for feedforward networks, as we
outline as follows. Previous literature on mode connectivity investigated neural networks used for prediction.
The results in Kuditipudi et al. [29], Nguyen [33], and Shevchenko and Mondelli [38] and other papers crucially
rely on the properties that the networks minimize a convex loss function between the predicted and actual
values, and require linear transformations in the final layer. RochetNet and AMA networks are fundamentally
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different. The training data do not come as labeled pairs, and these network architectures are built directly for
solving an optimization problem. For an input valuation profile, the loss function is the negative revenue of the
auctioneer. In RochetNet, this is obtained as the negative price of the utility-maximizing bundle; for AMA it
requires an even more intricate calculation. The objective is to find parameters of the neural network such that
the expected revenue is as large as possible. The menu options define a piecewise linear surface of utilities, and
the revenue in RochetNet can be interpreted as the expected bias of the piece corresponding to a randomly cho-
sen input.

Hence, the landscape of the loss function is fundamentally different from those analyzed in the above-
mentioned works on prediction networks. The weight interpolation argument that shows mode connectivity
from dropout stability is not applicable in this context. The main reason is that the loss function is not a simple
function of the output of the network, but is defined by choosing the price corresponding to the utility-
maximizing option. We thus need a more careful understanding of the piecewise linear surfaces corresponding
to the menus.

1.2.4. Significance for Practitioners. We see the main contribution of our paper in explaining the empirical suc-
cess and providing theoretical foundations for already existent practical methods, and not in inventing new
methods. Nevertheless, two insights a practitioner could use are as follows: (i) It is worth understanding the
structure of the auction in question. If one can, for example, understand whether e-reducibility holds for a partic-
ular auction, this might indicate whether RochetNet or AMA is a good method to apply to this particular case.
(ii) Size helps: If one encounters bad local optima, increasing the menu size and rerunning RochetNet or AMA
might be a potential fix and will eventually lead to a network satisfying mode connectivity.

2. Auction Settings

We consider the case with m buyers and one seller with n divisible items each in unit supply. Each buyer has
an additive valuation function v;(S) := " jes Uij, Where v;; € V represents the valuation of the buyer i on item j and
V CR is the set of possible valuations. Throughout the paper, we normalize the range to the unit simplex: we
assume V =1[0,1], and ||v;|[1 = E; v; <1 for every buyer i.2 With slight abuse of notation, we let v = (v11,v12,
C D, L Omn) and v = (0,00, . ., vin)". The buyers’ valuation profile v is drawn from a distribution F € P
(V™). The seller has access to samples from this distribution. Throughout, we assume that the buyers have qua-
silinear utilities: If a buyer with valuation v; receives an allocation x € [0,1]" at price p, their utility is v, x — p.

In an auction mechanism, each bidder i reports a bid b; € [0,1]". The entire bid vector b € [0,1]™*" will be denoted
as b= (by,...,by) = (b;,b_;), where b_; represents all the bids other than buyer i. The mechanism outputs a set of
allocations x(b) = (x1(b), ..., xu(b)), x:(b) € [0,1]", along with prices p(b) = (p1(b),...,pm(b)) € R™. Because there is
unit supply of each item, we require ), x;(b) < 1, where x;(b) is the allocation of buyer i of item j.

Definition 2 (DSIC and IR Auction).
(i) Anauction is DSIC if v] x;(v;, b_;) — pi(vi, b—_;) = v x;(b;, b_;) — pi(b;, b_;) for any buyer i and any bid b = (b;, b_;).
(ii) Anauctionis IR if v x;(v;, b_;) — pi(v;,b_;) = 0 for any buyer i and any bid b = (b;, b_;).

Thus, in a DSIC mechanism, it is a dominant strategy for the agents to report b;=1v;, that is, reveal their true
preferences. Therefore, the revenue of a DSIC and IR auction is defined as

Z Pi(U)] .

Rev:=E,.r

2.1. Single Buyer Auctions: RochetNet
Diitting et al. [21] proposed RochetNet as a DSIC and IR auction for the case of a single buyer. We omit the sub-
script i for buyers in this case. A (possibly infinite-sized) menu M comprises a set of options offered to the buyer:
M = {(x®,p*)}, . In each option (x®,p®), x® €[0,1]" represents the amount of items, and p*) € R, represents
the price. We assume that 0 € K, and (x,p?) = (0,0) to guarantee IR. We call this the default option, whereas all
other options are called regular options. We will use K to denote the number of regular options; thus, || = K+ 1.
A buyer submits a bid b € [0,1]" representing their valuation, and is assigned to option k(b) € K that maximizes
the utility

k(b) € arg max b"x® — p®.
ke
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This is called the active option for the buyer. We break ties in favor of higher prices.” Note that option 0 guarantees
that the utility is nonnegative, implying the IR property. It is also easy to see that such an auction is DSIC. There-
fore, one can assume that b=v, that is, the buyer submits their true valuation, or equivalently, the buyer is
allowed to directly choose among the menu options one that maximizes their utility. Moreover, it follows from
Rochet [34] that every DSIC and IR auction for a single buyer can be implemented with a (possibly infinite-size)
menu using an appropriate tie-breaking rule.

Given a menu M, the revenue is defined as

Rev(M) := Ey_¢ [p*@)].

2.1.1. RochetNet. RochetNet (see Figure 1) is a neural network with three layers: an input layer (n neurons), a
middle layer (K neurons), and an output layer (one neuron):

1. The input layer takes an n-dimensional bid b € V", and sends this information to the middle layer;

2. The middle layer has K neurons. Each neuron represents a regular option in the menu M, which has para-
meters x0) € [0,1]" and p(") eR,, where x¥ € [0,1]" represents the allocation of option k and p(") represents the price
of option k. Neuron k maps from b € V" to b™x®) — p® that is, the utility of the buyer when choosing option k;

3. The output layer receives all utilities from different options and maximizes over these options and 0: max
{maxi{(x")"b —p®'}, 0}.

We will use Rev(M) to denote the revenue of the auction with menu options K ={0,1,2, ...,K}, where 0 repre-
sents the default option (0,0).

The training objective for the RochetNet is to maximize the revenue Rev(M), which is done by stochastic gradi-
ent ascent. Note, however, that the revenue is the price of an argmax option, which makes it a noncontinuous
function of the valuations. For this reason, Diitting et al. [21] use a softmax approximation of the argmax as their
loss function instead; see (16). However, argmax is used for testing. In Appendix B, we bound the difference
between the revenues computed with these two different activation functions, assuming that the probability den-
sity function of the distribution F admits a finite upper bound. Lemma B.1 shows that the difference between the
revenues for softmax and argmax is roughly inverse proportional to the parameter Y of the softmax function. This
allows the practitioner to interpolate between smoothness of the loss function and provable quality of the soft-
max approximation by tuning the parameter Y.

2.2. Affine Maximizer Auctions
AMAs also provide a menu M with a set of options K. Each option is of the form (x®,®) € [0,1]"" x R, where

xg.‘) € [0,1] represents the allocation of item j to buyer i, with the restriction that > l-xl(-]]f ) <1 for each item j, and p®

represents a “boost.” We again assume 0 € K, and (x?,%) =(0,0), and call this the default option; all other
options are called the regular options.

Given the bids b; € [0,1]" of the agents, the auctioneer computes a weighted welfare, using weights w; € R, for
the valuations of each agent, and adds the boost f*). Then, the allocation maximizing the weighted boosted wel-
fare is chosen, that is, the option with

BT o )
k(b) € arg I}galcxzi:wlbl x; +p.

This will also be referred to as the active option. The prices collected from the buyers are computed according to
the VCG scheme. Namely,

1 : 1
pib) = — (Z wgb;xﬁ;k(b”)) + ﬁ(k(bi))) - (Z wgb;ng(b)) + ‘B(k(h))>. 1)
Wi\ Wi\

Here, k(b_;) represents the option maximizing the weighted boosted welfare when buyer i is omitted, that is,
k(b_;) € argmaxex > #iwgb;x(gk) + ﬁ(k). It is known that AMA is DSIC and IR [11]. Hence, we can assume that the

submitted bids b; represent the true valuations v;. We also assume the ties are broken in favor of maximizing the
total payment. In the case of unit weights, this is equivalent to choosing the smallest %) values; see (3) in Section 4.
Given the menu M, the revenue of the AMA is

Rev(M) :=E,.r

Z Pi(U)] .
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In this paper, we focus on the case when w;=1 for all buyers. This is also used in the experiments by Curry
et al. [11]. For this case, AMA can be implemented by a three-layer neural network similar to RochetNet, with
m X n input neurons. For the more general case when the weights w; can also be adjusted, one can include an
additional layer that combines the buyers’ allocations.

Note that for a single buyer and w; = 1, AMA corresponds to RochetNet, with price p® = —g® for each menu
option. Indeed, in the formula defining the price p;(b), the first term is 0, as well as the sum in the second term.

As for RochetNet, stochastic gradient descent is used with the softmax approximation of the revenue Rev(M), in
order to avoid the discontinuities introduced by the argmax. We bound the difference in the revenue in Appendix
C, concluding that it decreases with large-parameter Y as in the RochetNet case.

2.3. Mode Connectivity
One can view the revenue as a function of the menus, that is, the parameters in the mechanism: (i) in RochetNet,
{(x®, p®)} e (i) in AMA, {(x®, %)}, .. We use M to denote the set of all possible menus.

Definition 3 (Mode Connectivity). Two menus M1, M, € M are e-mode-connected if there is a continuous curve
1:[0,1] = M such that (i) 7(0) = My; (ii) 7(1) = My; and (iii) for any t € [0,1], Rev(n(t)) > min{Rev(M;),Rev
(M)} —e.

3. Mode Connectivity for the RochetNet
In this section we present and prove our main results for the RochetNet. The following definition plays an analo-
gous role to e-dropout stability in Kuditipudi et al. [29].

Definition 4. A menu M with |K| = K+ 1 options is called e-reducible if there is a subset K’ C KL with 0 € K/, |K'| <
VK +1 such that, with probability at least 1 — ¢ over the distribution of the valuation of the buyer, the active
option assigned to the buyer is contained in X'

As noted in the introduction, such a property can be observed in the experimental results in Diitting et al. [21].
The motivation behind this definition is that if a menu satisfies this property, then all but VK +1 options are
more or less redundant. In fact, if a menu is e-reducible, then dropping all but the at-most VK + 1 many options
in K’ results in a menu M’ with Rev(M’) > Rev(M) — ¢ because the price of any selected option is bounded by
loll; < 1. Our first main theorem is as follows:

Theorem 1. If two menus My and M, for the RochetNet are e-reducible, then they are e-mode-connected. Moreover, the
curve transforming M, into M, is piecewise linear with only five pieces.

The role of the square root in the definition of e-reducibility becomes apparent in the proof of Theorem 1: intu-
itively, we can interpolate between two e-reducible menus M; and M, by looking at each pair of a nonredundant
option in M; and a nonredundant option in M,. By Definition 4, we have K+ 1 such pairs and each of them
defines an option in every intermediate menu between M; and M,. The same argument would hold for a stricter
definition of e-reducibility where the number VK + 1 is replaced with something smaller. For weaker definitions,
however, the intermediate menus would need to have more than K+1 many options, meaning that we do not
obtain mode connectivity with our arguments in those cases.

3.1. Interpolating Between 0-Reducible Menus
As a first step we show Theorem 1 for ¢ = 0. This will be used both to prove the general case of Theorem 1 as well
as to show our second main result, namely, that two large menus are always ¢-mode-connected (Theorem 2).

Proposition 1. If two menus M, and M, for the RochetNet are O-reducible, then they are 0-mode-connected. Moreover, the
curve transforming My into M, is piecewise linear with only three pieces.

To prove Proposition 1, we introduce two intermediate menus M; and M, and show that every menu in the
piecewise linear interpolation from M via M; and M, to M, yields a revenue of at least min{Rev(M;), Rev(Ma)}.
Using that menu M, has only YK+ 1 nonredundant options, menu M; will be defined by repeating each of the
VK +1 options VK +1 times. Menu M, will be derived from M, similarly. A technical lemma makes sure that
this copying can be done in such a way that each pair of a nonredundant option of M; and a nonredundant
option of M, occurs exactly for one index in M; and M.

To make this more formal, we first assume without loss of generality that K+ 1 is a square, such that VK +1
is an integer. It is straightforward to verify that the theorem is true for nonsquares K+ 1, too. Suppose the options
in M; and M, are indexed with k€ K ={0,1,...,K}. Because M; is 0-reducible, there is a subset K; C K with
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0€ K4, |K1] = VK +1 such that an option with index in K; is selected with probability 1 over the distribution
of the possible valuations. Similarly, such a set /C; exists for M,. To define the curve that provides mode con-
nectivity, we need the following technical lemma.

Lemma 1. There exists a bijection ¢ : KC — Ky X KCy such that for all k € Ky we have that @(k) € {k} X Ky, and for all k €
ICo we have that p(k) € K1 % {k}.

Proof. We prove the claim by providing an explicit construction for ¢ in two different cases.

First, suppose that there is some k* € Ky N /C,. In this case, start by setting ¢(k) := (k, k) for all k € IC; N KCy. Then,
for all k € Iy \ Ky, set (k) = (k,k*), and for all k € IC; \ K4, set @(k) = (k*, k). So far, we have not assigned any pair
twice and the two conditions of the lemma are already satisfied, so we can simply assign the remaining elements
in K\ (K1 U K,) arbitrarily.

Second, suppose that 1’y and K, are disjoint. Note that for this being possible, VK + 1 must be at least 2. Pick
some distinct ki, kj € K1 and ko, kj € Ka. Set p(ky) := (ki, ko), p(k}) := (K, k5), p(kz) := (K}, kz), and @(k3) = (ky, k).
Then, for all ke Ky \ {ki,k}}, set p(k) := (k, ko) and for all k € IC; \ {ko, K5}, set @(k) := (kq,k). Again, we have not
assigned any pair twice and the two conditions of the lemma are already satisfied, so we can simply assign the
remaining elements in K \ (K1 U K,) arbitrarily. O

With this lemma, we can define ]\711 and 1\712. Let @ be the bijection from Lemma 1 and suppose M; = {(x®,
P} iec- We then define M, = {(xl1®) ple D)} - where ¢, (k) is the first component of ¢(k). Similarly, M, is
derived from M, by using the second component ¢, (k) of ¢(k) instead of ¢, (k). It remains to show that all menus on

the three straight-line segments from M; via M; and M, to M, yield a revenue of at least min{Rev(M;), Rev(M>)},
which is established by the following two propositions.

Proposition 2. Let M = AM; + (1 — A)M; be a convex combination of the menus My and Mj. Then Rev(M) > Rev(M;).
Similarly, every convex combination of the menus M, and M, has revenue at least Rev(M).

Proof. We only prove the first statement on M;; the statement on M, follows analogously. The idea is that, on the
whole line segment from M; to M;, the only active options are those in X', implying that the revenue does not
decrease.

We show that for each possible valuation v of the buyer, the price paid to the seller for menu M is at least as
high as in menu M,. Suppose for valuation v that the buyer chooses the k-th option in menu M;. Note that we
may assume k € IC; because of O-reducibility of M;. By construction of ¢, it follows that ¢, (k) = k. Therefore, the
k-th option in M is exactly equal to the k-th option in M;. Making use of the fact that ties are broken in favor of
larger prices, it suffices to show that the k-th option is utility-maximizing in M, too.

To this end, let k’ € K be an arbitrary index. If M; = {(x®,p®}, ., then the utility of option k" in M is

o (Ax®) 4 (1 = 2)x(@®Dy — (Ap(k’) +(1— /\)p(%(k’)))
= A0 x®) = p®)) 4 (1 = 1) @7 E) _ D)
<A@"x® = p®) 4+ (1 = ) x® — p®)
=oTx® — p®),

where the inequality follows because the k-th option is utility-maximizing for menu M;. This shows that it is
utility-maximizing for menu M, completing the proof. O

Proposition 3. Let M = AM; + (1- )\)Mz be a convex combination of the menus M, and M. Then, Rev(M) > ARev
(M1) + (1 — M)Rev(Moy).

The idea to prove Proposition 3 is that, because of the special structure provided by Lemma 1, a linear interpo-
lation between the menus also provides a linear interpolation between the revenues. Note that without the con-
struction of Lemma 1, such a linear relation may not hold, as demonstrated by an example in Appendix A.

Proof of Proposition 3. The claim is trivial for A =0 or A = 1. Therefore, assume 0 < A < 1 for the remainder of the
proof. Again, we show that the claim holds pointwise for each possible valuation and therefore also for the reve-
nue. For valuation v, let k; and k; be the active option assigned to the buyer in M; and M,, respectively. Note that
by construction of the menus M 1 and Mz, we may assume without loss of generality that k; € K; and k; € K5. Let

= (P_l (kl/ kZ)
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We show that option k* is utility-maximizing in M = {(x®) p®)},_.. To this end, we use the notation M; =

{&®,p*N}, . and M, = {@®,50)} . Let K’ € K be an arbitrary index. The utility of option k” in menu M can be
bounded as follows:

oTx®) —p®) = 1072 ®) — p®)) 1+ (1 = V)@ HE) —4*))
<A@ ik — (k1 )+ (1= M) [k _ (kz))
= "2 — ﬁ(" N+ (1= 5% %)
=0T x®) — p*),

where the inequality in the second line follows because k; and k; are utility-maximizing for M; and M,, respec-
tively, and the equality in the third line follows because, by construction, in menu M; option k" is equivalent to
option k; = ¢, (k") € K1, and similarly in menu M, option k* is equivalent to option k, = ¢, (k") € K. This con-
cludes the proof that k* is utility-maximizing. [

With the same reasoning as above, we obtain p*) = Ap*) + (1 — 1)§*2, from which we conclude that the price
achieved by the seller in menu M for valuation v is at least as high as the convex combination of the achieved
prices for menus M; and M,. Proposition 1 directly follows from Proposition 2 and Proposition 3. Based on Prop-
osition 1, we can show our two main theorems for the RochetNet.

3.2. Mode Connectivity for e-Reducible Menus
We are now ready to derive Theorem 1.

Proof of Theorem 1. We prove this result by showing that every e-reducible menu M can be linearly trans-
formed into a O-reducible menu M such that each convex combination of M and M achieves a revenue of at least
Rev(M) — . This transformation converting M; and M, to M; and M, respectively, yields the first and the fifth
of the linear pieces transforming M; to M,. Together with Proposition 1 applied to M and M, serving as the sec-
ond to fourth linear piece, the theorem then follows.

To this end, let M be an ¢e-reducible menu with options indexed by k € K. By definition, there is a subset K’ € K
of at most VK + 1 many options such that, with probability at least 1 — ¢, the assigned active option is contained
in K’. Let M consist of the same allocations as M, but with modified prices. For an option / k € K', the price p® =

p® in M is the same as in M. However, for an option k € K \ K’, we set the price ® > 1 in M to be larger than the
largest possible valuation of any option |[v||; < 1. It follows that such an option will never be selected and M is
O-reducible. B

To complete the proof, let us look at the reward of a convex combination M’ = AM + (1 — A)M. If for a particular
valuation v the selected option in M was in K’, then the same option will be selected in M’. This happens with
probability at least 1 — ¢. In any other case, anything can happen, but the revenue cannot worsen by more than the
maximum possible valuation, which is |[v]|; < 1. Therefore, Rev(M) — Rev(M’) < ¢ -1 = ¢, completing the proof. O

3.3. Mode Connectivity for Large Menus
In this subsection we prove our second main result about mode connectivity for the RochetNet, namely that large
menus are e-mode-connected.

Theorem 2. If two menus M, and M, for the RochetNet have size at least [;%12”, then they are e-connected. Moreover, the
curve transforming My into M, is piecewise linear with only five pieces.

The intuition behind this theorem is that if menus are large, then they should contain many redundant optlons
Indeed, as in the previous theorem, the strategy is as follows. We show that every menu M of size at least [ 412"
can be linearly transformed into a 0-reducible menu M such that each convex combination of M and M achieves
a revenue of at least Rev(M) — ¢. This transformation converting M; and M, to M 1 and Mz, respectlvely, yields

the first and the fifth of the linear pieces transforming M, to M,. Together with Proposition 1 applied to M; and
M, serving as the second to fourth linear piece, the theorem then follows.

However, a more careful linear transformation is needed from M to M than in the previous theorem. It is not
sufficient to only adapt the prices, but we also need to change the allocations of the menu options by rounding
them to discretized values. Our approach is inspired by Dughmi et al. [20], but there are notable differences.
Because the rounding may also modify the active option for each valuation, we have to carefully adapt the prices
in order to make sure that for each valuation, the newly selected option is not significantly worse than the origi-
nally selected one. Finally, this property has to be proven not only for M, but for every convex combination of M
and M.
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After the above rounding, the number of possible allocations for any option is bounded by [£]". Out of several
options with the same allocation, the buyer would always choose the cheapest one, implying that the resulting
menu M is O-reducible.

To proceed with the formal proof, we will show how to convert any menu M of size at least [3—2]2" into a
0-reducible menu M such that each convex combination of M and M achieves a revenue of at least Rev(M) — ¢.
Without loss of generality, we assume that M has size exactly K+1 = [éf%'lz".

To construct the menu M satisfying these requirements, we adapt techniques from Dughmi et al. [20].* In gen-
eral, the idea is to discretize the allocations in the menu by a finite allocation set S (see Definition 5) of size at
most VK +1 = [4]". However, because of the discretization, the buyer may choose an option with a much smaller
price, providing a lower revenue compared with the original menu. To deal with this, we proportionally
decrease the prices on the menu. Intuitively, this incentivizes the buyer to choose the option with an originally
high price. We show, after this modification, the menu achieves a revenue of at least Rev(M) — ¢.

For ease of notation, we will use & := ‘1—2 and, therefore, 2VE = ¢.

Definition 5. Let S be a (finite) set of allocations. We say that S is an &-cover if, for every possible allocation x,
there exists an allocation ¥ € S such that for every possible valuation vector v we have thatv"x >v'¥ > v x — &.

The following proposition shows that one can construct an &-cover S with size at most [4]".
Proposition 4. If |[v||, <1, then

5= {55}5@0 X {ES}S%JO X e X {gs}s@o

nterms

is an &-cover, and |S| =[1]" = [4]".

Proof. For any allocation x, we can round it down to ¥, such that ¥; = |_ /|- &. It is not hard to see that v"x > v"%.
Additionally, the inequality v"% > v"x — & follows as the total loss is at most v" (¥ — x) < [|[v][1[|¥ — x|l <&. O

3.3.1. Construction of M Given S, we can construct M as follows. Each option (x®,p®) in menu M is modified
to (#®,5®) in menu M, where ¥® is the corresponding allocation of x® in S and the price is set to p®) =

~ Ve
M = (@9, 5" ek
The following lemma shows that this construction indeed ensures that the reward decreases by at most ¢.
Lemma 2. It holds that Rev(M) > Rev(M) — 2VE = Rev(M) — ¢.

Proof. The following inequalities demonstrate the buyer who chooses option k in menu M will not choose option
K in menu M such that p*) < p® — V.

o 70 (1 —E )p(k) > Tk — —F+E p(k)
>0 — —€+\/—p(k)
>oT#%) (1= ‘/g)p(k ) _ 74+ \/g(p(k) _p(k’))
- ®

The first and third inequalities hold by Definition 5, and the second inequality holds as the buyer will choose
option k in menu M.
Therefore, the total loss on the revenue is upper bounded by VEp® + V& <2V, as the price satisfies
(k)
P <1 O

In addition to this property of M itself, we also need to show the revenue does not drop more than ¢ for any
menu on the line segment connecting M to M.

Lemma 3. Let M’ = AM+ (1 —A)M be a convex combination of the menus M and M. Then, Rev(M’') > Rev(M)
—2VE =Rev(M) — .

Proof. Let M = {(x®, p®)},c,c and M’ = {(x’(k),p’ (k))}xexc- Similar to the proof of Lemma 2, we show that the buyer
who chooses option k in menu M will not choose option k' in menu M’ such that p*) < p® —+/g. This is true by
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the following (in)equalities. For any k” € K, we have that

(k) —p (k) = A2 = pP) + (1 = )T —p")
> AT ®) — p®) 4 (1 - N)TEE) — ).

The inequality follows by combining (i) v™x® — p® > oTx*) — p®) which is true as the buyer will choose option
k in menu M, and (ii) o7 ¥® — p® > v Tx*) — 5*) from (2).
Similar to the proof of Lemma 2, it follows than that the total loss on the revenue is upper bounded by

2V, O
With these lemmas at hand, we can finally prove Theorem 2.

Proof of Theorem 2. Applying the transformation described in this section to convert M; and M, results in two
menus, M1 and Mz, respectively. Because M1 and M2 contain at most VK+1 = |' 11" different allocations and a

buyer would always choose the cheapest out of several options with the same allocation, they are O-reducible.
Applying Proposition 1 to them implies that they are 0-mode-connected with three linear pieces. Combining
these observations with Lemmas 2 and 3 implies that M; and M, are e-connected with five linear pieces. O

4. Mode Connectivity for the Affine Maximizer Auctions
Throughout this section, we focus on AMAs with fixed weights w; =1 for all buyers i. Similarly to RochetNet, we
have the following definition for AMAs.

Definition 6. A menu M with K+ 1 options is e-reducible if and only if there exists a subset K’ C K, 0 K, |K'| <
VK +1 such that, with probability at least 1 — £ over the distribution of the valuation of the buyers, (i) k(v_;) € £’
for any buyer i and (ii) k(v) € K.

Such phenomena are observed in the experiments in Curry et al. [11, section 6.3].

1. Interpolating Between 0-Reducible Menus
Analogously to Proposition 1, the following proposition will be the key tool to derive our two main results,
namely that two e-reducible menus are always ¢-connected (Theorem 3), and that two large menus are always
e-connected (Theorem 4).

Proposition 5. If two AMA menus M, and M, are 0-reducible, then they are 0-connected. Moreover, the curve transform-
ing My into M, is piecewise linear with only three pieces.

The proof idea is similar to the proof of Proposition 1 in RochetNet, but requires additional arguments because
of the more intricate price structure.

Similar to RochetNet, we introduce two intermediate menus M1 and Mz, and show that every menu in the
piecewise linear interpolation from M, via M; and M, to M, yields a revenue of at least min{Rev(M;i), Rev(M;)}.
Using that menu M; has only VK + 1 nonredundant options, menu M; will be defined by repeating each of the

VK +1 options VK + 1 times. Menu M, will be derived from M, similarly.

To make this more formal, let K} (and K3) denote the set of the indexes of options in M; (and M) in definition
of e-reducibility, respectively. Let ¢ : K — K} X K as in Lemma 1. We define M; and M, as Mj := {(x®®),
ﬁ((”l (k)))}kE «» where @, (k) is the first component of ¢(k), and, similarly, M; is derived from M, by using the second
component ¢, (k) of ¢(k) instead of ¢, (k).

It remains to show that all menus on the three straight-line segments from M, via M 1 and Mz to M, yield reve-
nue of at least min{Rev(M;),Rev(M;)}.

Proposition 6. Let M = AM; + (1 — A)Mj be a convex combination of the menus M, and M. Then Rev(M) > Rev(M,).
Similarly, every convex combination of the menus My and My has revenue at least Rev(My).

Proof. We only prove the first statement; the second one follows analogously. We show that for each possible
valuation v € V™" (with ||7;|| <1 for all i) of the buyers, the total payment paid to the auctioneer for menu M is

at least as high as in menu M; = {(x®, )}, . Suppose for valuation v € V""" that the auctioneer chooses the
k(v)-th option in menu M; in maximizing the boosted welfare. Note that we may assume k(v) € K} because of
O-reducibility of M. By construction of ¢, it follows that ¢, (k(v)) = k(v). Therefore, the k(v)-th option in M exactly
equals the k(v)-th option in M;. Because ties are broken in favor of larger total payments, it suffices to show that
the k(v)-th option is the one with the highest boosted welfare also in M.’
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Let k” € K be an arbitrary index. The boosted welfare of option k” in M is

>0 x4 (1= x4 (B + (1 - 1))

_/\<ZUT GO ﬁ(k)> +(1- ) (ZUT (%(k)) ‘B(<p1(k’))>
< A(Z ,UT (k(v)) +ﬁ(k(0))> +(1 /\) <Z UT (k(v)) +ﬁ(k(v))>

_ZUT (ko) 4 gk(e)

where the inequality follows because the k(v)-th option is boosted welfare maximizing for menu M;. This shows
that k(v) is also a boosted welfare maximizer for menu M, completing the proof. O

Proposition 7. Let M = AM; + (1- )\)Mz be a convex combination of the menus M, and M. Then Rev(M) > ARev
(M1) + (1 — MRev(My).

Proof. The claim is trivial for A =0 or A = 1. Therefore, assume 0 < A < 1 for the remainder of the proof. For possi-
ble valuation v € V"™ such that ||v;|| <1 for all , let k;(v) and kz(v) be the boosted welfare maximizing options in
M and M,, respectively. Note that by the construction of the menus M; and M,, we may assume without loss of
generality that k;(v) € K} and k(v) € ). Let k*(v) := (k1 (v), k2(v)).

We show that option k*(v) is boosted welfare maximizing in M = {(x®, ﬁ(k))}ke « with valuation v. To this end,
we use the notation M; = {(R10, g9}, . and M, = {(R®P, B29)}, . Let K’ € K be an arbitrary index. Then, the
boosted welfare of option k’ can be bounded as follows:

S S A S R pe Rt
i i i
(Z oT 1K@ | B0, kl(v))> (-2 (ZU 22k | 3(2"‘2(”)))
i i

- Z v;l'xz(k*(v)) + ﬁ(k*(v)),
i

where the inequality in the second line follows because ki(v) and k;(v) are boosted welfare maximizers for M
and M,, respectively. The equality in the third line follows because, by construction, in menu M, option k*(v) is
equivalent to option ki(v) = ¢, (k*(v)) € K}. Similarly, in menu M, option k*(v) is equivalent to option k;(v) =
(k*(v)) € K5. This concludes the proof that k*(v) is a boosted welfare maximizer in M.

Recall that given the valuation v, and the selected menu option k(v), the total revenue of the auctioneer is

S =% (Z of 1k 4 B(k(vﬂ)) -y (Z o £k 4 ﬁ(k@»)
i i 1#i i 1#i

We have already shown that k*(v) is among the boosted welfare maximizers. As ties are broken in favor of larger
total payments, it follows that the total revenue of the auctioneer is

ZPi(U) > Z <Z vl-rxgk*(vfi)) + ﬁ(k*(l),))) _ Z (Z ?JT (k (v) + ﬁ(k*(v))> )

i I#i i I#i
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Because k*(v) is fixed for different A and, by linear combination, it holds that £*) = Az1:K ) 4 (1 — 1)£2K ()
and BEO) = ABLKO) (1 — 1)pke),

3 (Z o kD) ﬁ(k«—m)) = <Z ol 1 4 ﬁ“‘“”)

i 1#i i I+i
-1 [Z (Z vleC;l,k*(v,f)) T B(l,k*(vﬂ)) _ Z (Z vlT;C;l,k*(v)) + 3(1,1&(-@))1
i I#i i I#i
QK@) | 2K, NS A2,k
+(1-2) [Z (Z v]Tx§ (v-1)) +ﬁ(2,k (@ ))) _ Z <Z v,Txf (@) +‘3(2 k (m))]
i I#i i I#i

= ARev(M1) + (1 — A)Rev(M,).

This completes the proof. O
By construction of M; and M,, Proposition 5 now follows immediately from Propositions 6 and 7. Based on
this, we are able to show our two main results about AMAs.
4.2. Mode Connectivity for e-Reducible Menus
Our first result achieves e-connectivity from e-reducibility.

Theorem 3. If two AMAs My and M, are e-reducible, then they are e-mode-connected. Moreover, the curve transforming
M, to M, is piecewise linear with only five pieces.

Before the proof, we recall how the total payment is calculated for a valuation profile v. We choose k(v) as the
option which maximizes the boosted welfare, >, v; x( )+ ph. According to (1), the total revenue can be written as

ZP:’(U) _ Z <Z U;xgk(ui)) +ﬁ(k(vi))> (m 1) (Z ZJT (k(v)) ﬁ(k(v))> *ﬁ(k(z}))- o

i (+i

boosted welfare of v_; boosted welfare of v

Proof of Theorem 3. Similar to the proof of Theorem 1, it is sufficient to show that every ¢-reducible menu M can
be linearly transformed into a O-reducible menu M such that each convex combination of M and M achieves a
revenue of at least Rev(M) — ¢. This can then be used as the first and fifth linear piece of the curve connecting M;
and M,, whereas the middle three pieces are provided by Proposition 5.

We construct M by (i) keeping all options in K’ unchanged; (ii) for the options k € K \ ', we decrease ¥ to be
smaller than —m, which implies such an option will never be selected (recall that 0 € K’ is assumed, and the
option (0,0) is better than any such option). Consequently, M is O-reducible.

To complete the proof, let us look at the revenue of M’ = {(x’(k), ’)};c,c, which is a convex combination of
M and M: M’ = AM + (1 — A)M for 0 < A < 1. Let k' (v) = argmax; 3,07 5, + p'®. As we decrease g¥ for k ¢ K7,
k(v) € K implies k’(v) € K’ and, additionally, option k’(v) and option k(v) achieve the same boosted welfare and
same f. Therefore, because M is e-reducible, with probability at least 1 — £, the boosted welfare of v as well as the
boosted welfare of v_; for all buyers i is the same for M and for M". Accordlng to Equation (3), the total payment
for the profile v is the same for M and M’. Therefore, the loss on the revenue can only appear with probability at
most -, and the maximum loss is at most m, which implies an ¢ loss in total. 0

4.3. Mode Connectivity for Large Menus

Our second result shows that mode connectivity also holds for those AMAs with large menu sizes, namely for
K+1> |'16m -|2nm

Theorem 4. For any 0 < e <1, if two AMAs M, and M, have at least K +1 > [ options, then they are e-mode-

connected. Moreover, the curve transforming My to M, is piecewise linear with only five pieces.

Similar to RochetNet, the idea of proving Theorem 4 is to discretize the allocations in the menu; then one can
use Proposition 5 to construct the low-loss transformation from M; to M, by five linear pieces. To do this, one
wants the loss of revenue to be small during the discretization. Consider Equation (3) of the total payment. The
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first two terms do not change much by a small change of the discretization. However, the last term %) might
be significantly affected by discretization, which may cause a notable decrease in the total payment. To avoid
this, we perform a proportional discount on §, incentivizing the auctioneer to choose an allocation with a small §.
By this approach, the original revenue will be approximately maintained. Furthermore, we show a linear path,
connecting the original menu and the menu after discretizing, which will suffer a small loss.

Lemma 4. Consider an AMA M with at least K+1 = [165—’1‘3]2""’ options. There exists a 0-reducible menu ]\N/Il, such that,
for any linear combination of My and M1, M = AM; + (1 — A)M; for A € [0,1], Rev(M) > Rev(M;) — &.

Theorem 4 simply follows by combining Lemma 4 and Proposition 5.
We now formally define M;. We introduce parameters & and 6, which will be specified later.

®
4.3.1. Construction of My. For x®, we round it to ¥® in which x(k) b L ;C J With this rounding, for any v e
V™ guch that ||v;]| <1 for i,
k ~(k K -
Zv?xE)ZZviTxE)ZZviTxE)—e, 4)
i i i
where the second inequality uses vT(x(k) (k)) < vl ||x§k) - Q?Ek) o < <. Further, let B =(1- 5)pb.

Note that the payments and allocations only depend on those boosted welfare maximizing options. Therefore,
to show that M; is 0-reducible, it suffices to show M has at most VK + 1 different allocations.

Lemma 5. For any given 0 < ¢ <1, let 5 = ¥ and & =
Rev(Ml) > Rev(M;) —¢.
The number of %iﬁerent allocations in My is at most fli—TS]nm. Additionally, for any linear combination of My and My, M =
AM;1 + (1 — A)M1, Rev(M) > Rev(M;) — &.
Lemma 5 proves Lemma 4 and therefore Theorem 4. The only remaining part is to prove Lemma 5.
Proof of Lemma 5. We first demonstrate Rev(M;) > Rev(M;) — mé — 120 _ £ £ The result follows by picking 6 = £

and & =3 5. The proof of the bound on the linear combination of M; and M 1 is analogous. We use the notation
= {x®, g9} and My = {20 B} .
We fix the valuation v. Let k(v) = argmax; Y ;0 x;
using M; can be expressed as follows:

Z <Z UT (k(v i) +ﬁ(k(vi))> _ Z (Z vT (k(v)) ﬁ(k(v))>

i I1#i i 1#i

_ Z <Z Z)T (k(v i) +ﬁ(k(01))> (TYZ 1) (z ZJT (k(v)) +ﬁ(k(v))> B ﬁ(k(v)). (5)

i 1#i

Tl 4 p® and satisfy the tie-breaking rule. The total payment

A By

Similarly, let k(v) = argmax; 3, v (k) +B®; then, the total payment with M; is

Z (Z .UT (k(v 1) +B(l€(vi))> —(m-1) (Z U;ricl(]?(v)) +ﬁ(l§(v))> _ B(lz(v))_ (6)

i 1#i

Ay B,

We bound the differences between A; and A,, By and B,, and %@ and ﬁ(’;(”)) separately.
First, for the difference between A; and A,, we can use the following inequalities: for any possible v such that
o]l <1 for all i,

ZUT 2k | gko) <ZUT FHO) 4 BOOD 4 7 4 50E)

< S o7 @ 4 pEO) 4 g 4 ko),
i
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This implies
Ay < Ay +me+)  ophe), 7)
i

Second, for the difference between B; and B,, we can use the following inequalities: for any possible v such
that ||v;|| <1 for all i,

ZUT k@) Ig(k(v)) > ZUT 5 &@) IB(/Z(U))
> ZUT k@) | pkE) 1 5pk@)
This implies
By < By — (m — 1)5p*@). (8)
Finally, we want to claim
pk©) < gk 4 %, which implies fE) < g&@) + £ splon, )

as otherwise if <@ > pk@) 4 £, then this implies

ZUT 7 (k(v)) ﬁ(k(v)) > ZUT (k(v)) ﬁ(k(v)) _F_ 5ﬁ(k(v))
>3, x,f’?(”)) + RO _ g gD
> iv?fﬁk(v)) +B(l€(v)) _F+ 6(ﬁ(12(v)) . ﬁ(k(v)))
> XI:UT £ pe, (10)
i

which contradicts the fact that k(v) = arg max; 307 04 g,

By combining the formula of total payment with Mj, (5), the formula of total payment with M3, (6), and Inequal-
ities (7, 8) and (9), the loss on the total payment is at most mé + 3, 5% — m5p*@) +£. Note that Bk <
ﬁ(k(”)) +m.® Therefore, the total loss on the payment is at most mé +J=5 2 +f, which is Rev(A7I1) > Rev(My)—

me —mo _ &

-5 o
Now, we prove a similar result for M, Wthh 1s a linear combination of M; and M;: 1 M=AM;+(1 - )\)Ml Let
M= (x'(k),B'™)exc and K (v) = arg max; 3,07 ;™ + p®_ The total payment of M is
Z (Z UlTxE(k(vq)) +ﬁ/(k(vi))) —(m-1) <Z UiTx;(k(v)) +ﬁ/(k(v))> _ ﬁ'(k(v)). (11)
i \I# i
As Bs

Note that, by linear combination, for any k, Y ;0] (k) > >0l ® > >olx (k) —Zand 0 =(1-6)8% such that
= (1 — A)6. With similar proofs as (7) and (8), the followmg two 1nequaht1es hold:

Ar<As+mi+ Y 8 gD (12)
By < B3 — (m —1)5’p* @), (13)
And, similarly,

) < glio) %/ (14)
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as otherwise ¥ @) > p*@) 4 & implies

Z UiTX;-(k(v)) n ﬁl(k(v))
i

=A <Z o] 2 4 ﬁ““””) +(1-21) (Z oTEHO) 4 B(k(v)))
i i

> A <Z U;I'xglz(v)) + ﬁ(l?(ﬂ))) +(1—A) (Z U;rfcl(.k(v)) + B(k(v))>
i i

= Z v/ x;(k'“’)) +pEE),

i

The strict inequality follows from (10) and A < 1.
Therefore, combining inequalities (12, 13), and (14), the total payment with M;, (5), and the total payment with

M, (11), the total loss for M is at most m& + 2% + £ < m + 10 1. £,

|

2
16m2*

The result follows by picking 6 = ‘/75 and & =

5. Conclusion

We have given theoretical evidence of mode connectivity in neural networks designed to learn auction mecha-
nisms. Our results show that, for a sufficiently wide hidden layer, e-mode connectivity holds in the strongest
possible sense. Perhaps more practically, we have shown ¢-mode connectivity under ¢-reducibility, that is, the
assumption that there is a sufficiently small subset of neurons that preserve most of the revenue. There is evi-
dence for this assumption in previous work in differentiable economics. A systematic experimental study that
verifies this assumption under various distributions and network sizes is left for future work.

Our results make a first step in providing theoretical arguments underlying the success of neural networks in
mechanism design. Our focus was on some of the most basic architectures. A natural next step is to extend the
arguments for AMA networks with variable weights w;. Such a result will need to analyze a four-layer network,
and thus could make headway into understanding the behavior of deep networks. Besides RochetNet, Diitting
et al. [21] also proposed RegretNet, based on minimizing a regret objective. This network is also applicable to
multiple buyers, but only provides approximate incentive compatibility, and has been extended in subsequent
work, for example, Duan et al. [19], Feng et al. [22], and Golowich et al. [26]. The architecture is, however, quite
different from RochetNet: it involves two deep neural networks in conjunction, an allocation and a payment net-
work, and uses expected ex post regret as the loss function. Recently, Wang et al. [40] introduced GemNet, a
deep learning-based framework for multibuyer auctions that is both menu-based and incentive compatible. The
framework employs a menu network that determines the allocation and pricing for each buyer, using the valua-
tions of other buyers as input. To ensure feasibility—specifically, that no item is allocated more than once—the
authors incorporate a mixed-integer linear program and design a specialized loss function. Given these innova-
tions, we expect mode connectivity analyses for RegretNet and GemNet to require a considerable extension of the
techniques used by us. We believe that such analyses would be a significant next step in the theoretical analysis
of neural networks in differentiable economics.
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Appendix A. Example: Disconnected Local Maxima
This section shows that the revenue is not quasiconcave on M, and in fact it might have disconnected local maxima. It
therefore shows that the assumptions of our theorems (reducibility or sufficient width) are really necessary.

Recall that a function g is quasiconcave if and only if, for any x, y, and A € [0,1],

g(Ax+ (1 = A)y) 2 min{g(x),g(y)}.

Hence, quasiconcavity implies 0-mode connectivity with a single straight-line segment.
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Figure A.1. (Color online) Revenue of the mechanism M = {(x, p)} when the value distribution is f.
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We consider the case that there is only one buyer, one item, and one regular option on the menu. Consider the follow-
ing value distribution f:

15 0<x§%+0.15
1 2
fx)=10 3+015<x<2+015 (A1)

1.5 §+OA15<x§1.

With this probability distribution, we show the following result. As Figure A.1 shows, there are two local maxima so
that any continuous curve connecting them has lower revenue than either endpoint. Hence, mode connectivity fails
between these two points. We only give a formal proof of the fact that the revenue is not quasiconcave.

Lemma A.1. Rev(M) is not quasiconcave on M.

Proof. We consider the case where n=1 (single item case); K=1 (menu with single options). The value distribution, f, is
defined in (A.1).

We consider two menus, M; and M,, where M; ={(0,0),(1,0.36)} and M, ={(0,0),(1,0.84)}. Then, Rev(M;) = 0.1656 and
Rev(M,) = 0.2016.

However, if we consider M3 = %(Ml + M;) ={(0,0),(1,0.6)}, then this provides a revenue of 0.165, which is strictly smal-
ler than Rev(M;) and Rev(M;). More intuitively, Figure A.1 shows the revenue for x € [0,1] and p€[0,1]. O

Appendix B. Bounds on the Error of the Softmax Approximation for RochetNet
In the RochetNet, to ensure that the objective is a smooth function, a softmax operation is used instead of the argmax
during the training process:

Y(x“‘)Tv p®)

softmax _
(M) := / Z Pisk yaomo i) Ek' Y To—pt)

Here, Y is a sufficiently large constant. In this section, we will look at the difference between the actual revenue and this
softmax revenue.

We would like to assume the density of the valuation distribution is upper bounded by X =max,e(o 1} and |jojs <1 f (V)
which is a finite value. Given this assumption, the following lemma shows that, for any menu M of size K, the difference
between the actual revenue and the softmax revenue is bounded.

dF (o). (B.1)

Lemma B.1. For any M and Y > 1,

K+1 X
|RevSCEEmaX(M) — Rev(M)| < % ((n)( +1+ )logX + X)

Proof. We prove Rev®°f=™@*(M) — Rev(M) <X ((nX +1+9)log ¥+ X). Rev(M) — Rev=or™ax(M) <X ((nX +1+1)log %+ X)
follows by a similar argument.
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Let k(v) be the option chosen in menu M when the buyer’s valuation is v. Then, the difference between these two can
be bounded as follows:

Y@ —p)

SR, V@)

/ Z (P — pHNY e Y (o7 ¥ —pth) o) 4 ko)) dF (o).

K
RevSOLEmaX (M) — Rev(M) < /Z (p(k) _ p(k(v)))+ dF(v)

Here, ()" £max{-,0}. Now, we focus on one option k, and we will give an upper bound on

/(p(k) - p(k(v)))+1vTx("”—p‘k>+02v7x(k(v’)—p(k“’)’zzﬁx(’\” —p® dF(U) (B2)

for the nonnegative parameter o, which will be specified later. Note that it is always true that v7x*@) — p*©) > 5Tk _ p®)
If 072 ® — p®) 4+ 5 > o7 x k@) _ p*@) is not satisfied, then Y@ x" 7" —0"x" V") < ,=Y0 Therefore, if (B.2) is upper bounded by
C(0), then Rev§2ftma* — Rev(M) < (K+1)(C(0) + (1 +0)e™ 7)./

Note that

n
k ki + k ki
/(P( ) — P( (v))) 1?)Tx‘k)7p(k)+(722frx<k”’))—p(k(v))ZDTx(k)—p<k) dP(U) <o+ / E U]'(x; ) ( @) ) lvTx(k PO +020T x*E) —pkE) 27T x(8) —p®) dF(Z)).
P

The inequality follows as we consider the region of v such that v7x® —p® + g > vTxk®) _ pk©) - Additionally, because
€[0,1],

k k(v))\+ k k(v))\+
/vj(x]( ) _ x](. ( ))) 1v'rx(k) —p0) 40207 x K@) k) 3T xB) —p) dF(U) S/(x](. ) x](. ¢ ))) 1UTx(k) —p0 40207 xKO) —pk©) >uT x®) —pk) dF(Z))

Now we fix all coordinates of valuation v other than coordinate j. Note that the function o7 x* @) — p&@) _5Tx® _ 5k

() _ (ko)
]

is a convex function on v; and x; is the negative gradient of this convex function. Because we are looking at the

region such that the function v™x*®) — p®@) _5Tx® _ p® js bounded in [0,0], this directly implies
/ 01] (x](k) (k(v) ) 1Z,TX(A k)+gzz,rx(k(v)),p(kuv;)ZUTxm —p® dF(Z)) < Xo.
0,1

This implies Rev§Pft™* — Rev(M) < (K+1)(d + nXo + (1 +0)e”¥?), which is upper bounded by X2 ((nX +1+%)log L+ X)
by setting 0 = LlogX. O

Appendix C. Bounds on the Error of the Softmax Approximation for AMA
Similar to the case of the RochetNet, in the training process of AMA, the softmax operation is used instead of argmax.

Recall that the revenue of AMA is
rev= [ ¥ pio)ar(o),
L

where

pf(v) — <Z vT (k(v i) +ﬁ(k(v,))> - <Z vT (k(v)) +‘B(k(v))>’

1#i 1#i
and

— (k) k
k(v) = arg max Z ol 9 + 0.

For the softmax version, instead of using k(v), which exactly maximizes the boosted social welfare, now kS°£t#*(9) is a

random variable:
Y@ 30 +p0)
ksettmax () = k with probability

St )
and the price is the expectation on k(v)

<Z v?x;kso{tmax(v”)) I ﬁ(ksoftmax(vl))> _ (Z vl-rxgkmftmax(v)) + ﬁ(ksoftmax(v))>:| ;

I#i I#i

pisoftmax(v) =E

and the revenue is
evsoftmax(M) — / ZpisOftmaX(U)dF(U).
Jo 7

We show the following result. Note that we also assume the maximal density of a valuation type is X.
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Theorem C.1. It holds that

R softmaXM_R M) <
|[RevoTEm (M) — Rev(M)| < -

m(K+1) nmX(K+1) ( mY)
+ 1+log— ).
mX

To prove this theorem, we need the following lemma, which provides one of the basic properties of the softmax.

. Ya,

Lemma C.1. Given L values, a1 > a, > a3 >--->ay, then 0<a; — ), ﬂkﬁﬁﬁ-
Proof. It’s clear that 0 <ay — ), a7+ Z eY”k" On the other direction,

Yay eY(a—a)

e
— — <
RIS Sveed D) S
1 eY(a—a1)

< = _ -
= YZ Y(lll llk) . eY(”k' )

Y(ﬂk ar)

Y(a;—ap)—1
- Yze Zk gYﬂk' al)

Now, we can prove Theorem C.1.

Proof of Theorem C.1. We first give the upper bound on Rev(M) — RevSottmax(M).
Let k(v) = argmax;y ;0] xl(.k) +B® be the rule used in Rev(M). Recall that

k(v—i —i ki
S 0= (S o) -5 (S )
! NI i\ [#

and

Zpsoftmax(v) E

i 1#i i 1#i

Z (ZU (ksofthX(‘U i) ‘B(ksoftmaX(y ) Z <Z Zi] (k=ofema (o))

Then,
Rev(M) — RevSortmax()M])

5 (St o)

i I#i

:Ev

i I#i

+E

(ksotemax(p)) fsoftmax (k
m(Zv"Tx" D+ gl “’”ﬂ +Zv,-Tx,- O _g
i 1

K +1 softmax
m( ), Z oA | B |3 0T <v))} .
i

The inequality follows by Lemma C.1. Then, we will bound the difference between E[Y; v/
More specifically,

Z v;xgksoftmax(v))] :|
i

softmax
E[vqx(k(v))] E[v,xf]k (v))]

Y (>, opald+p®
=/vi'x(-k(v»—Zv,--x(-’-() oY (32, opal ) aF(0)
o T g o ()

b _ oy (3, o7 ap)
/ Z(X Z eY(Zr”T/X(,k')Jrﬁtk’)) dF(v)
k’ o

< / 3 _xgjl_c(v))fei/(zl/f (k)+/3(‘k)—zi/U;x:lf(w—ﬁ(km))dF(U).
v %

ﬂ(ksoftmax(v ) :|

_E Z <Z v;x;kSOftmEX(Uﬂ.)) +ﬁ(ksoft“‘“( - )} <Z UT (k(v +ﬁ(k(v))>

¥ and B[S, of 57O,
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Recall that (-)"£max{-,0}. Let’s define BW(k) =>,0v] x (k) +B% to be the boosted welfare of option k for simplicity.
Now, we focus on one option k, and we will give an upper bound on

/ (@ — N Ly BwkconsBwin AF (V) (C1)

for the nonnegative 0. The value of ¢ will be determined later. Note that it is always true that BW(k(v)) > BW(k) by the

definition of k(v). Additionally, if BW(k) + 0 > BW(k(v)) is not satisfied, then e O ) e Y%, There-
fore, if (C.1) is upper bounded by Cj(0), then RevS°*"#*(M) — Rev(M) <™ + (K + 1)(211(31](0) + nmeY0).
Note that

/ (xl(']]f) (k(v)) LBw(k)+o=BW(k(o)2Bw(k) AF (0) = / (x(k) (k(v))) LBwi(k(o)-BW(K)e[0, 0] AF (0). (C2)

Now we fix all coordinates of valuation v other than coordinate ij. Note that the function BW(k(v)) — BW(k) = >, v} (k(v))
+pHO) S ulx (k) — B is a convex function on v; and (x(k(v)) (.]1.‘)) is the gradient. Because we are looking at the region
such that the funchon BW(k(v)) — BW(k) is bounded in [0, 0], this directly implies

Bk
/ (xf]) A (v))) 1w +0sBW(k(o)=BwW(k) AF(0) < Xo

as the maximal density is at most X. This implies Rev(M) — Rev=or=max(M) S%+ (K+1DnmXo + (K + 1)nmeY°, which is

m K+1) + nmX( K+1) (

upper bounded by 1+log¥) by setting 0 = log L.

The upper bound on RevSOftmaX(M) —Rev(M) follows by a similar argument. O

Endnotes

! MenuNet, developed by Shen et al. [37], also encodes menu items as RochetNet. However, unlike RochetNet’s approach of repeatedly sam-
pling valuations from the underlying distribution, MenuNet discretizes the buyer’s valuation space into discrete values.

2Instead of making this normalization, one could also explicitly carry through ||v;||; in all our statements. For example, Theorems 1 and 2
would prove (¢ - max;||v; ||1)-connectivity instead of e-connectivity.

3 It is not hard to see that our results transfer to other tie-breaking rules, too. See also the discussion in section B.2 of Babaioff et al. [3].

4 In their paper, they construct a menu with a finite number of options to approximate the optimal mechanism. The approximation is based
on the multiplicative error, and they assume the buyer’s valuation is no less than one.

5 Recall that the auctioneer will choose the option k to maximize the %) among all boosted welfare maximizing options given the formula of
the total payment (3).

® This is true because 7 £*©-)) 1+ -0 < 5TEE) 4 BEEO) and 4T 7EO) <y,
7 Note that if p® > 1+ 0, then vTx® — p® + (p®) — 1) <oTx* @) — p*©) a5 LHS <0 and RHS > 0. Therefore, if vTx® — p® + g > T x*@) _ k)
is not satisfied, then (p® — p*@))*eY® T O—ph 0T DR < axyss {(1 +07)e" Y }. Note that maxysq{(1 +¢")e ¥’ } <(1+0)e Y when Y > 1.
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