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As is our tradition at the journal, we are pleased to publish the extended abstracts from the winners
of the 2003 MSOM Society Student Paper Competition. We do this to celebrate the achievements

of these young scholars and provide you with the opportunity to learn about their work in more
detail.
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The Martingale Evolution of Price Forecasts
in a Market for Supply Chain Capacity

Amar Sapra
School of Operations Research and Industrial Engineering, Cornell University, Ithaca, New York 14853, as236@cornell.edu

Advisor: Peter L. Jackson
School of Operations Research and Industrial Engineering, Cornell University, Ithaca, New York 14853

1. Introduction
We are seeing the advent of markets in which man-
ufacturers operate as job shops, but price their ser-
vices dynamically in response to the level of their
capacity utilization. We are interested in the volatil-
ity of prices in such a market, and we recognize that
this volatility cannot be properly understood with-
out recognizing the intertemporal nature of demand
price elasticity. That is, the demand for manufactur-
ing capacity in such markets typically comes from
consumer products assemblers who have the oppor-
tunity to modulate their demand for capacity over
time in response to the current price and anticipated
price changes. By carrying inventories or enduring
backorders with their customers (the end consumers),
these assemblers can shift their demand forward or
backward in time as the price of capacity changes. We
investigate this phenomenon using classical economic
equilibrium analysis under the assumption of perfect
markets and rational expectations.
The Martingale Model of Forecast Evolution

(MMFE) was developed independently by Graves
et al. (1986), and Heath and Jackson (1994). In this
paper, we derive a continuous time analog of the
additive MMFE model. In our model, we assume that
the forecast for the rate of consumer demand at any
instant t� 0 < t < � evolves as a continuous Mar-
tingale process over �0� t�. In the second half of the
paper, we apply the continuous-time MMFE model
to study the evolution of the equilibrium price in a
market for capacity. Our goal is to study how the res-
olution of consumer demand uncertainty translates
into the resolution of uncertainty of the equilibrium
price of capacity. We also study the impact of sup-
ply chain cost parameters on the the rate of resolving
price uncertainty.

2. Continuous-Time Martingale
Model of Forecast Evolution

Let f �s� t	 denote the forecast at time s of the rate
of consumer demand for time t and, let dsf �s� t	

denote the forecast update at s of rate of con-
sumer demand at t. Thus, f �t� t	 represents the actual
rate of consumer demand at t. Let W�·	�≡�W1�·	�
W2�·	� � � � �Wn�·		 be an n-dimensional Weiner’s pro-
cess defined on a complete probability space
���� ��	 and let �t be the filtration. The model devel-
oped in this section is similar to the Futures Prices
model in Health and Jara (2003).

Assumption 1. �t = ��W�s	 � 0 ≤ s ≤ t�. Further, �0
is �-complete and �-degenerate.

Assumption 2. f �·� t	 � � × �0� t� → � is a Martin-
gale.

Using Theorem 4.15 (Karatzas and Shreve 1988,
p. 182), if f �t� t	 is in �2 and is measurable with
respect to �s , then there exist progressively measur-
able �i ∈�2� i = 1� � � � �n such that:

f �s� t	= f �0� t	+
n∑

i=1

∫ s

0
�i�u� t	 dWi�u	�

which implies:

dsf �s� t	=
n∑

i=1
�i�s� t	 dWi�s	= ��s� t	 dW�s	T

where � ≡ ��1��2� � � � ��n	.

2.1. Additive Model
For the rest of this section, we shall assume ��·� t	

is deterministic. Let F �s� t	 be the forecast at s of the
cumulative consumer demand until t ≥ s. Thus, F �t� t	

represents the actual cumulative consumer demand
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until t. The state equation for the realized cumulative
consumer demand may be written as,

dF �t� t	= f �t� t	 dt +
n∑

i=1
�i�t� t	 dWi�t	�

Lemma 1. F �·� t	 � � × �0� t� → � is a Martingale
process.

3. Application of MMFE: The Market
Model for Capacity

We consider a simple, continuous-time market for the
commitment of production capacity to the actual pro-
duction of a single homogeneous product. The market
has numerous agents of two types: owners of capacity
and consumers of capacity. The equilibrium price at
every instant in the market is determined by the bal-
ance of supply and demand for capacity. We assume
that the price paid by a buyer in the capacity market
does not affect the price charged by the buyer in the
consumer market. Therefore, the revenue earned by
the buyer in the consumer market is not part of the
objective function for the buyer.
Each buyer forecasts his or her share of consumer

demand over the remaining horizon. While esti-
mating the instantaneous consumer demand at any
instant, the buyers take into account the resolution of
uncertainty from the beginning of the horizon until
that instant. Let Fj �t� t	 denote the cumulative demand
from end consumers for the sales of buyer j through
time t, and let Fj �s� t	 denote the forecast of this cumu-
lative demand made at time s. Any buyer’s decision
regarding the order quantity is dependent on future
prices in the capacity market. We invoke the theory
of Rational Expectations (Muth 1961) to understand
how the prices evolve in the capacity market.
Let Ck�Yk�t	� and yk�t	 denote the capacity, cumula-

tive production through time t and instantaneous rate
of production at time t, respectively, for seller k. We
assume Yk�0	= Y0k. Let Xj�t	�X0j � and xj�t	 denote the
cumulative orders for production placed by buyer j

through time t, the initial inventory of buyer j , and
the instantaneous order rate placed by buyer j at time
t, respectively.
There is no lead time between order placement

and order delivery: Production is instantaneously dis-
tributed from sellers to buyers. A market price P�t	

per unit is paid by buyers and received by sellers for
each unit of production. All agents in this market are
assumed to be pricetakers. We consider this price to
be a premium or discount from some exogenously
determined price that considers such factors as unit
production costs and consumer demand price sensi-
tivity for the final good. In this way, we focus on the
role of price in managing the evolution of inventory
in the economy. Because it can be either a premium
or a discount, we do not constrain the sign of P�t	.
The finite-horizon version of the buyer’s problem

is:

min
xj �·	∈�j �0�T �

E
∫ T

0

{
�Ij�t	

2+ P�t	xj�t	
}

dt

s.t. dIj �t	=
(

xj�t	−Dj −"j# cos#t

−
∫ t

0
�j�u� t	dW�u	T

)
dt

−�j�t� t	dW�t	T � t ∈ �0�T �

Xj�0	=X0j �

where � denotes the net inventory penalty coeffi-
cient, Dj is the average demand rate, "j is the ampli-
tude of seasonal variation, # is the period of seasonal
demand, and �j�s� t	dW�s	 is the forecast update at s

for the rate of demand at time t > s. We assume that
the forecast updates are the same for all buyers. Ij �t	

is the net inventory at time t (on-hand inventory less
backorders). We use the following model of instanta-
neous demand for buyer j :

dFj�t� t	 ≡
(

Dj +"j# cos#t +
∫ t

0
�j�u� t	dW�u	T

)
dt

+�j�t� t	dW�t	T �

We assume that the value of Dj is relatively large
compared to the randomness in the demand and,
therefore, the probability of occurrence of negative
order rate or production rate is negligible. The same
assumption ensures that the demand rate is nonneg-
ative with a high probability.
The finite-horizon version of the seller’s problem is:

min
yk�·	∈�k�0�T �

E
∫ T

0

{
%�Ck − yk�t		

2− P�t	yk�t	
}

dt

s.t. dYk�t	= yk�t	 dt� t ∈ �0�T �

Yk�0	= Y0k�
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where T > 0 denotes the length of the horizon, and
% is the penalty coefficient on the over- or under-
utilization of capacity. We model the equilibrium price
process as

P�t	= a�t	+
∫ t

0
b�u� t	dW�u	T

for suitable (equilibrium) values of a�·	 and b�·� ·	.
Every agent knows a�·	 and b�·� ·	 and makes deci-
sions accordingly. According to the Rational Expec-
tations theory, this would indeed result in the
realization of P�·	 in the market. Our goal in this
paper is to compute the equilibrium values of a�·	 and
b�·� ·	 such that ∑

j

xj �t	=
∑
k

yk�t	

at all times t ∈ �0�T �. We assume that a�·	 and b�·� ·	
are deterministic functions.

Assumption 3. E
∫ T

0 P�t	2 dt < � and P�t	 is �t-
adapted.

3.1. Solution Approach
We next summarize the solution approach to obtain
the equilibrium market quantities.
(1) Obtain the necessary and sufficient conditions

for optimality of the Buyer’s and the Seller’s models
using the Stochastic Maximum Principle (Cadenillas
and Karatzas 1995).
(2) Aggregate the two sets of conditions over all the

buyers and sellers, respectively, and combine them
using the balance of supply and demand condition.
(3) Solve the resulting stochastic differential equa-

tions to obtain the equilibrium market production and
price.
By adopting this approach, we are able to com-

pute closed-form expressions for the functions a�·	
and b�·� ·	 in equilibrium. Define the forecast at s of
market price at t as

P�s� t	= E�P�t	 ��s	= a�t	+
∫ s

0
b�u� t	dW�u	T �

Clearly, the price forecast process evolves as a mar-
tingale. Now, the forecast of price at t gets updated
by

dsP�s� t	= b�s� t	dW�s	T

at time s < t. The function b�s� t	 can be interpreted
as the forecast update coefficient at s for the price of
capacity at t. The behavior of b�·� ·	 describes the res-
olution of price uncertainty in the capacity market.

4. Evolution of Market Price as
a Martingale

We explore the impact of various parameters on the
price forecast update, dsP�s� t	, for a special case,
n= 1. We numerically analyze the impact of the rate
of resolution of consumer demand uncertainty and
the supply chain cost parameters on the resolution
of the price uncertainty. We find that as the rate of
resolution of demand uncertainty increases, so does
the rate of resolution of price uncertainty. Thus, the
learning behavior with regard to consumer demand
is translated to learning behavior for the price of
capacity.
We also find that the supply chain cost parame-

ters do affect the resolution of price uncertainty. As
%/� (that is, the relative cost of changing production
with respect to holding inventory) increases, the reso-
lution of the price uncertainty occurs more uniformly
in time. On the other hand, for low values of %/�,
most of the resolution of the price uncertainty is con-
centrated close to time t.
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Strategic Investments, Trading, and Pricing
Under Forecast Updating

Jiri Chod
The Simon School, University of Rochester, Rochester, New York 14627, chodji@simon.rochester.edu

Advisor: Nils Rudi
The Simon School, University of Rochester, Rochester, New York 14627

When deciding how much to invest in resources
such as capacity or inventory, firms must typi-

cally rely on imperfect forecasts of future market con-
ditions, such as demand, price, and exchange rates.
Often, however, firms have the opportunity to cor-
rect such quantity decisions and reduce the associ-
ated uncertainty cost by trading these resources later,
when more accurate market forecasts become avail-
able. Capacity trading or subcontracting is particu-
larly widespread in industries with high investment
costs and low production asset specificity, such as
pharmaceuticals, telecommunications, or electronics
manufacturing. Excess inventory trading is an equally
prevalent practice in most industries. According to an
AMR Research press release in 2000, the global mar-
ket with excess inventory of consumer goods alone is
on the order of a hundred billion USD.
While the existing subcontracting and transship-

ment literature (e.g., Kouvelis and Gutierrez 1997,
Van Mieghem 1999, Rudi et al. 2001, Lee and Whang
2002) does not capture the forecast evolution over
time, the extant literature on resource pooling under
forecast updating (e.g., Lee and Whang 1998, Aviv
and Federgruen 2001) is limited to centralized sys-
tems. We consider two firms that must make resource
investments well ahead of the selling season, based
on their forecasts of future market conditions. After
the investment decisions are made and the selling
season approaches, the firms update their forecasts.
The forecast revisions may be based on observing sig-
nals such as market trends, sales of related products,
etc. In general, as the forecasting horizon becomes
shorter, the forecasts become more accurate, reflect-
ing the reduction of uncertainty over time. Given the
revised forecasts, the firms have the option to engage
in a resource trade. When all uncertainty is finally
resolved, the firms realize their operating profits.

While some of the excess inventory trading has
moved to anonymous online auctions and exchanges,
because of the risks of diluting the brand, selling
to competitors, or purchasing defective or counter-
feited goods, a majority of deals with excess inven-
tory are still negotiated privately between firms with
a good knowledge of each other (Pickering 2001). Sim-
ilarly, capacity trading and subcontracting typically
require face-to-face cooperative negotiations between
the trading firms because of the inherent asset speci-
ficity. We assume that our two firms negotiate a
trade contract that is a Nash bargaining equilibrium.
A solution concept for cooperative games commonly
used in economics, the Nash bargaining equilibrium
is a Pareto-optimal contract that allocates the expected
value created by cooperation (i.e., trading) between
the firms in proportions that depend on their relative
bargaining powers (see, e.g., Van Mieghem 1999).
As opposed to trading, the firms’ investment deci-

sions will typically be made unilaterally. Thus, in
our base case, investment decisions result from a
noncooperative stochastic game in which the payoffs
depend on an embedded Nash bargaining stochastic
trading game. We characterize the Nash equilibrium
investment levels and prove existence and unique-
ness of this equilibrium for a fairly general func-
tional form of the operating profits while considering
two types of trading frictions: transaction cost and
resource specificity. At the equilibrium, the expecta-
tion of each firm’s marginal investment payoff must
be equal to its unit investment cost. We find that
a firm’s marginal investment payoff is the weighted
average of its marginal investment payoffs in the
cooperative investment scenario and in the case of no
trading, weighted by the bargaining powers of the
firm and its trading partner, respectively. Even though
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the firms know that they will have the opportunity to
trade, each firm strategically considers the scenario of
no trading to improve its alternative to trading and,
hence, its bargaining position. The more powerful the
firm, the more of the value created by the trade this
firm expects to extract, and the less strategically it
behaves in the investment stage.
To gain additional insights into the equilibrium,

we then focus on price-setting firms facing stochastic
demand functions. Specifically, we assume that each
firm faces an isoelastic demand curve that is subject
to a multiplicative random shock. Reflecting the rela-
tive flexibility of pricing versus quantity decisions in
many applications, we allow the firms to set prices
in response to the realized demand functions. Given
this demand model and an arbitrary distribution of
the initial as well as the updated forecasts, we prove
that the option to trade leads to higher investments,
prices, profits, and consumer surplus, and that invest-
ment cooperation further increases investments, prof-
its, and consumer surplus, but decreases prices.
With responsive pricing, trading enables the firms

to achieve higher expected prices, which lead to a
higher marginal profitability of the investments and
induce the firms to invest more. The higher ini-
tial investments then result in a higher total output,
which, in turn, moderates the increase in expected
prices. To be able to charge a higher price, the firms
must sell to consumers who are willing to accept the
higher price because they value the product more.
This and the larger output are the reasons why the
option to trade increases the expected consumer sur-
plus. Because in the noncooperative investment game
the firms weigh the trading and nontrading sce-
narios, the Nash equilibrium investment levels lie
between the optimal cooperative investment levels
and the optimal investment levels of the firms with-
out the option to trade. Because the option to trade
induces higher investments, the optimal cooperative
investment levels must exceed the Nash equilibrium
investment levels. Higher investments then lead to a
higher total output, which, in turn, results in lower
prices and higher consumer surplus.
To study the main driving forces of trading, we fur-

ther assume that the forecast evolution process fol-
lows a two-dimensional geometric Brownian motion.

This model of a forecast evolution process was ini-
tially proposed by Hausman (1969), and it has been
supported by statistical studies of actual forecasting
systems. A forecast evolution process asymptotically
follows a geometric Brownian motion if forecast revi-
sions result from observing a large number of infor-
mation signals, and the forecast adjustments induced
by these signals are proportional to the existing fore-
cast value. The quality of the forecast revision is mea-
sured by the fraction of uncertainty, in terms of the
variance-covariance matrix of the log-forecast, which
is resolved by the time the trade is negotiated.
Given this model of forecast evolution, we prove

that equilibrium investments, expected prices, prof-
its, and consumer surplus are (i) increasing in the
quality of the forecast revision, (ii) increasing in mar-
ket variability, and (iii) decreasing in market correla-
tion. A higher quality of the forecast revision leads, in
expectation, to more efficient resource allocation and,
hence, to higher marginal profitability of investments,
inducing higher investment levels. A more efficient
resource allocation means that more output is sold
in the market where a higher price is acceptable, i.e.,
where consumers value the product more. This and
the higher total output are the reasons why a bet-
ter quality of the forecast revision leads to a higher
expected consumer surplus.
The higher the market variability and the lower

the market correlation, the more resource, in expec-
tation, the firms trade. As trading leads to higher
investments, prices, profits, and consumer surplus,
it is not surprising that all of these measures are
increasing in market variability and decreasing in
market correlation. The opposite effect of market vari-
ability on the expected profits compared to the tra-
ditional newsvendor-type models stems from two
factors. Firstly, the ability to set prices in response to
the actual market conditions allows the firms to man-
age market variability more efficiently. Secondly, the
higher the market variability, the higher the expected
price differential between the markets and, hence, the
higher the value of the option to trade.
Finally, we consider resource trading in a global

context, when the firms generate their revenues
in different currencies. In this case, in addition to
demand curve uncertainty, the firms face uncertainty
of exchange rate, which is assumed to follow a geo-
metric Brownian motion. Exchange rate volatility has
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an effect similar to that of demand curve uncertainty,
as it increases the expected real price differential and,
hence, the value of the option to trade. Furthermore,
the exchange rate volatility increases the marginal
profitability of the resource investments and, thus,
induces higher equilibrium investments. The closer
to the actual selling season the trade takes place, the
better forecast of the selling season exchange rate is
available, and the more efficient, in expectation, the
trade will be. Thus, the relative timing of the trade
between the investment stage and the selling season
has an effect similar to the forecast revision quality,
increasing the equilibrium investments and expected
profits.

References
AMR Research. 2000. AMR Research predicts the excess con-

sumer goods inventory market will reach $60 billion by

the end of the year. AMR Research Press Release (June 19)
http://www.amrresearch.com.

Aviv, Y., A. Federgruen. 2001. Design for postponement: A com-
prehensive characterization of its benefits under unknown
demand distributions. Oper. Res. 49(4) 578–598.

Hausman, W. H. 1969. Sequential decision problems: A model to
exploit existing forecasters. Management Sci. 16(2) B93–B111.

Kouvelis, P., G. J. Gutierrez. 1997. The newsvendor problem in a
global market: optimal centralized and decentralized control
policies for a two-market stochastic inventory system. Manage-
ment Sci. 43(5) 571–585.

Lee, H., S. Whang. 1998. Value of postponement. T. Ho, C. Tang,
eds. Product Variety Management: Research Advances. Kluwer
Academic Publishers, Boston, MA.

Lee, H., S. Whang. 2002. The impact of the secondary market on
the supply chain. Management Sci. 48(6) 719–731.

Pickering, C. 2001. The price of excess. Business 2.0. (January)
http://www.business2.com.

Rudi, N., S. Kapur, D. F. Pyke. 2001. A two-location inventory
model with transshipment and local decision making. Manage-
ment Sci. 47(12) 668–680.

Van Mieghem, J. A. 1999. Coordinating investment, production, and
subcontracting. Management Sci. 45(7) 954–971.

Mass Customization vs. Mass Production:
Variety and Price Competition

Aydın Alptekinoğlu
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1. Introduction
A quintessential feature of modern commerce is the
proliferation of product variety in virtually every
industry. As a result, many companies have begun
formulating their marketing and operations strate-
gies around customization, while others still use mass
production technologies that limit them to a predeter-
mined set of products. Hence, we witness customiz-
ing firms competing against noncustomizing firms in
many industries ranging from health care to cosmetics.
The business press provides many examples of

customization: multivitamins (Acumins), industrial
detergents (ChemStation), pants and shirts (Lands’
End), lighting systems (Lutron), bicycles (National
Bicycle), sneakers (Nike), beauty-care products (Proc-
ter & Gamble’s Reflect.com), golf clubs (TaylorMade),

messenger bags (Timbuk2), plastic food containers
(Ultra Pac), and candles (Yankee Candle). This list is
by no means exhaustive, but reflects the diversity of
industries in which customization is gaining ground.
Many scholars and practitioners believe that, due

to advances in manufacturing and information tech-
nologies, very high levels of product variety—high
enough to be termed “mass customization”—can now
be achieved without a prohibitive cost penalty from
reduced efficiency. The main market appeal of cus-
tomization is the promise of products that fit bet-
ter with customers’ needs or desires. Customization
tends to be employed by new entrants (e.g., Dell)
rather than established mass production firms (e.g.,
Compaq). We can thus expect mass customizers and
mass producers to compete in many industries, at
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least in the short run, as new entrants adopt cus-
tomization before established firms respond.
In this paper we study competition between two

multiproduct firms with distinct production tech-
nologies, characterized by different fixed and vari-
able costs. The mass customizer (MC) has a perfectly
flexible production technology, and thus can offer
any variety within a product space, represented by
Hotelling’s (1929) linear city. The mass producer (MP)
has a focused production technology, and thus can
only offer a finite, predefined set of products. Cus-
tomers are heterogenous on a single taste attribute,
so firms compete on price and proximity to each cus-
tomer’s “ideal” product. The firms first simultane-
ously decide whether to enter the market. Then MP
designs its product line, determining the number and
location of its products. Finally, both firms simultane-
ously set prices. We characterize the subgame perfect
Nash equilibria in this three-stage game.

2. Literature Review
We draw from the parts of economics, marketing, and
operations management literatures that study prod-
uct variety, focusing on multiproduct firms that prac-
tice horizontal rather than vertical differentiation, and
emphasizing research inspired by Hotelling’s (1929)
model. (This extended abstract covers only the most
relevant parts of our literature review; for a more
in-depth coverage, please refer to our working paper.)
Competition between multiproduct firms remains

an under-studied subject in economics (Klemperer
1992, Lancaster 1990). Klemperer (1992) explores price
competition under shopping costs, when two multi-
product firms offer identical or differentiated prod-
uct lines with the same given number of products.
Martinez-Giralt and Neven (1988) analyze a location-
price game between two firms that can each open up
to two outlets with no fixed or variable cost. In one
equilibrium, firms open a single outlet at the oppo-
site ends of a linear city (or diametrically opposed in
a circular city); but other equilibria may exist. Heal
(1980) explores spatial distribution of retail outlets in
a circular city with a producer located at the center.
Heal’s producer is analogous to our MC, and his col-
lection of retail outlets to our MP. However, his cen-
tral producer is passive (does not set its own price),
in contrast to MC in our model.

The product strategy literatures of marketing and
economics are closely interrelated. Balasubramanian
(1998) studies price competition between a direct mar-
keter and multiple retailers that are evenly spaced on
a circular market. His model can also represent com-
petition between multiple specialized brands and a
mass customizer. Our model differs in several impor-
tant ways: His retailers are analogous to independent
single-product firms, while our “retailers” are man-
aged by a single decision maker, MP. His retailers are
evenly spaced on a circular market, while we use a
linear market with no ex ante restrictions on posi-
tioning. His reservation price is sufficiently high that
no consumer is priced out, an assumption we do not
make.
Product variety has been handled in the opera-

tions literature almost exclusively from a supply-
side perspective (Ramdas 2003, Ho and Tang 1998).
De Groote (1994) focuses on coordination between
marketing’s product-line design (number, location,
and price of products) and manufacturing’s choice of
process flexibility (setup cost). The market is mod-
eled using Hotelling’s framework, while the produc-
tion technology is modeled using a multiproduct
EOQ framework. His main finding is that decentral-
ization of product-line design and process flexibility
decisions typically leads to a serious global subopti-
mality. Dewan et al. (2000) study product strategy-
location-price competition of two firms that can offer
a single standard product or a range of custom prod-
ucts on a circular space. The unique equilibrium of
this three-stage game involves both firms choosing to
customize, because the first stage poses a Prisoner’s
Dilemma. The assumption of zero marginal produc-
tion cost is critical, as the customizing firm can then
always replicate (hence dominate) a standard-product
firm by setting the range of customization to zero.
Our model allows more general cost parameters, giv-
ing either MC or MP a cost advantage; besides, MP
can offer multiple products.

3. Model
In this section we present a model of competition
between two multiproduct firms with fundamentally
different production technologies. The mass producers
(MP) offers a finite set of standard products by using
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a focused production technology. The mass customizer
(MC) offers an infinite variety of custom products
by using a perfectly flexible production technology.
MP-MC competition revolves around price and abil-
ity to match each customer’s single “ideal” product
among a set of an infinite number of horizontally dif-
ferentiated products. Each product is fully character-
ized by a single taste attribute, quantified by a real
number between zero and one, which we refer to as
the product’s location on the product space �0�1�.
MP makes three decisions: entry, variety, and price.

MP first decides whether to enter the market. If it
does, it pays a fixed cost Fp for a focused technol-
ogy. Second, MP decides on variety, i.e., the number
and location of standard products. For each mem-
ber of its product line, MP pays another fixed cost f .
Let n ∈ �1�2�3� � � �� denote the number of products
and xi ∈ �0�1� the location of product i ∈ �1�2� � � � �n�.
The variety decision then involves setting the dimen-
sion n and the elements of the vector x≡ �x1� � � � � xn	.
Third, MP sets the prices p≡ �p1� � � � � pn	 for products
1� � � � �n, respectively. The variable unit cost of pro-
duction cp is the same for all products.
MC makes two decisions: entry and price. MC also

pays, if it enters, a fixed cost Fc for a perfectly flexible
technology capable of custom-producing any product
within the product space. Second, MC sets a uniform
price pc for its products. The variable unit cost of pro-
duction cc is again independent of location.
Each customer buys one unit (if any) from either

MP or MC. Customers are heterogenous in their
tastes: They each have a location on �0�1�, represent-
ing their ideal product. The total number of customers
is +, their locations uniformly spread between zero
and one. They pay a transportation cost (or disutil-
ity) d per unit distance between their location and
the purchased product; there is no transportation cost
for custom products. Each customer buys the product
with the smallest delivered price, the list price plus the
transportation cost, as long as this does not exceed
a reservation price p̄. A customer located at z ∈ �0�1�
receives a utility of U�z�x�p	= p̄−p−d�z−x� by pur-
chasing a product at x for price p. This customer will
therefore purchase the custom product located at z if
pc < pi + d�z − xi� for all i ∈ �1�2� � � � �n�, and pc ≤ p̄;
the standard product i ∈ �1�2� � � � �n� located at xi if
i = argminj∈�1�2� ����n��pj + d�z− xj �� and pi + d�z− xi� ≤

min�pc� p̄	; and will make no purchases if pc > p̄, and
pi + d�z − xi� > p̄ for all i ∈ �1�2� � � � �n�. Ties can be
broken arbitrarily. We assume that an indifferent cus-
tomer will prefer the standard product over the cus-
tom product, and a purchase over no purchase.
The interaction between MP and MC unfolds in

three stages. In the first stage, the entry game, firms
simultaneously decide whether to enter the market.
In the second stage, MP—if it enters—determines
its product variety, i.e., sets n and designs its prod-
uct line x. No decision by MC is needed in the
second stage. Finally, in the third stage, firms in
the market simultaneously set their prices, pc and
p. This sequence is consistent with the hierarchy
of decisions in marketing and economics models
of product strategy. Note that we do not let the
firms choose their production technology upon entry.
This is because endogenous technology choice would
require a treatment of competition between two MPs,
which appears to have no equilibrium (Klemperer
1992). Moreover, we believe the MP-MC competition
is the most interesting focus of analysis.
MC’s profit is given by �c�pc�n�x�p	 = �pc − cc	 ·

+yc�pc�n�x�p	 − Fc, where yc�·	 is the total mar-
ket share captured by the custom products. MP’s
profit is given by �p�pc�n�x�p	 = ∑n

i=1��pi − cp	 ·
+yi�pc�n�x�p	 − f � − Fp, where yi�·	 is the length of
the market segment captured by the standard prod-
uct i ∈ �1�2� � � � �n�. yc and

∑n
i=1 yi are MC’s and MP’s

total market share.
The entry game has four possible outcomes. If

both firms decide to enter, then a duopoly competition
ensues. If only one firm enters, then either MP or MC
is a monopoly. Finally, if neither firm enters, market
breakdown occurs. Throughout, we assume that cc < p̄

and cp < p̄; otherwise, one or both firms would never
enter.
We develop a full analysis of this three-stage

game to address the following research questions:
How would the firms set prices as monopolists or
duopolists? How would MP design its product line
when competing with MC, as opposed to when act-
ing as a monopolist? Does duopoly lead to higher or
lower variety of standard products than monopoly?
Under what conditions can MP profitably coexist
with MC? What conditions result in duopoly, or in a
monopoly of either firm?
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4. Summary of Analysis
In this section we provide a summary of our analysis,
with all but one of the propositions omitted (please
refer to our working paper for a full treatment). Our
objective is to characterize the subgame perfect Nash
equilibria of the three-stage game defined in §3. We
first consider the two monopoly cases, where only
one of the firms enters the market. In the case of MP
monopoly, we show that MP’s optimal pricing and
positioning decisions dictate that standard products
be priced uniformly and each capture an equal-length
market segment. This structural result considerably
reduces the solution space, as MP’s second- and third-
stage decisions reduce to setting the number of prod-
ucts n, and a uniform price pp. We thus derive the
optimum price p∗

p for any given n, and the optimum
variety n∗ (by relaxing the integrality of n). The case
of MC monopoly is trivial: MC charges the reserva-
tion price, p∗

c = p̄, yet still captures the entire market.
Secondly, we analyze the duopoly case. Analogous

to the MP monopoly case, a structural result that
reduces MP’s second-stage decision to choosing n,
and its third-stage decision to setting a uniform price
pp holds. We first derive the Nash equilibrium in
prices �p̂c� p̂p	 for a given n. We then solve for MP’s
optimal variety, n̂, under the presumption that the
price equlibrium will follow in the third stage.
Having obtained the profits under the monopoly

(�monop
c ��

monop
p ) and duopoly (�duop

c , �
duop
p ) cases, we

conclude the analysis by identifying all the equilib-
ria of the entry game, which can be stated in normal
form as follow:

MC\MP enter (e) do not enter (w)

enter (e) �
duop
c , �

duop
p �

monop
c , 0

do not enter (w) 0, �
monop
p 0, 0

The most interesting outcome of the entry game,
duopoly competition, can be characterized as follows:
Entry by both firms (e� e), is the unique equilibrium
of the entry game iff the exogenous parameters of the
model satisfy one of the two cases below.
Case 1. p̄ > d/3+�2cc + cp	/3, [(0< cc−cp ≤ d and f ≥

f̄ ) or (−d/2 ≤ cc − cp ≤ 0	�� Fc ≤ �2+/9d	�d − �cc − cp	�
2

and Fp ≤ �2+/9d	�cc − cp + d/2	2 − f , where f̄

uniquely satisfies ��2+�cc − cp		/9d	�cc − cp − d/4	 ≤ f̄

< ��+�cc − cp	
2	/2d	 and

√
2+d f̄ − f̄ = �2+/9d	�−�cc −

cp	
2+ �7d/2	�cc − cp	− d2/4�.
Case 2. p̄ ≤ d/3 + �2cc + cp	/3, ��0 < cc − cp < d and

f̆ ≤ f < ��+�p̄− cp	
2	/2d	 or −d/2 < cc − cp ≤ 0 and

f < ��+�p̄− cp	
2	/2d	�, Fc ≤ �2+�p̄− cc	

2	/�3p̄− 2cc − cp	

and Fp ≤ �d/�3p̄−2cc−cp		���+�p̄− cp	
2	/2d	−f �, where

f̆ uniquely satisfies ��+�cc − cp		/6d	�2cc − cp − p̄	 ≤
f̆ < ��+�cc − cp	

2	/2d	 and �3p̄− 2cc − cp	
√
2+df̆ − df̆ =

2+�p̄− cc	�cc − cp	+ �+/2	�p̄− cp	�2cc − cp − p̄	.
These two cases yield the following decisions by

the firms: Case 1: n̂= 1, �p̂c� p̂p	= �d/3+ ��2cc + cp	/3	,
d/6 + ��cc + 2cp	/3		; Case 2: n̂ = d/�3p̄− 2cc − cp	,
�p̂c� p̂p	 = �p̄� ��p̄+ cp	/2		. Note that MP offers multi-
ple products only when the reservation price is low
enough (Case 2).

5. Discussion
5.1. Coexistence or Dominance?
A key question is whether a finite-variety MP can
survive competition from an infinite-variety MC. We
offer three observations. First, contrary to basic intu-
ition, MP can profitably compete even if MC has a
variable production cost advantage, as long as that
advantage is not too large; i.e., cp − d/2< cc < cp. Sec-
ond, MP can profitably compete even if MC also has
a lower fixed cost; i.e., Fp > Fc. Third, for duopoly to
occur, the difference between cc and cp must be small
relative to d: −d/2 < cc − cp < d. These bounds are
skewed in favor of MC: MP drops out with a unit
cost disadvantage of d/2, whereas MC can withstand
a unit cost disadvantage of up to d.
It is surprising that MP can profitably coexist with

MC despite fixed and variable cost disadvantages.
The underlying reason is that even if MC has a lower
variable cost, it may choose not to lower its uniform
price enough to deter entry by MP. Revenue losses
in the already captured portions of the market might
outweigh the gains from the market segments that
would switch from MP to MC upon a price cut.

5.2. Monopoly vs. Duopoly
Comparing an MP monopoly (high Fc) with a
duopoly (low Fc), we observe the following. First, as
expected, prices are lower under duopoly than under
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monopoly; i.e., p̂c ≤ p∗
c and p̂p ≤ p∗

p . Second, in duopoly,
MC always charges a higher price and captures a
larger market share than MP; i.e., p̂c ≥ p̂p and yc ≥ n̂yp.
Finally, and most importantly, MP offers lower prod-

uct variety under duopoly competition than under
monopoly; i.e., n̂ ≤ n∗. Naively, one might expect
MP to increase its product variety to better compete
against MC. However, the results indicate that higher
variety can lead to increased price competition, hence
lower prices. Therefore, MP prefers to cut product
variety in order to soften the price competition at
the third stage. This result extends a recurring theme
from the economics and marketing literatures to the
OM literature: Incentive to soften price competition
often trumps other considerations (e.g., Martinez-
Giralt and Neven 1988, Klemperer 1992, Balasubra-
manian 1998).

5.3. When Does Higher Variety Imply Higher
Prices?

The prevailing view in the OM community seems
to be that higher product variety always allows
charging higher prices, because perceived value to
customers supposedly increases as product vari-
ety grows. Indeed, in a widely cited study based
on the PIMS (Profit Impact of Marketing Strate-
gies) database, Kekre and Srinivasan (1990, p. 1217)
hypothesized that “a broader product line may lead to
higher relative prices,” but found only marginal sup-
port in both industrial and consumer markets. Our
results may help explain this lack of strong support.
For MP monopoly, higher variety does imply

(weakly) higher prices. However, under duopoly, a
higher variety offered by MP may result in a lower,
equal, or higher equilibrium price. One reason why
Kekre and Srinivasan (1990) found a much weaker
link than expected between variety and price may
be that their sample included a mix of all the above
cases. Our analysis suggests that empirical studies of
the link between variety and price must consider the
prevailing competitive structure (monopoly versus
duopoly) and the relative costs of different production
technologies.

6. Concluding Remarks
We model competition between two multiproduct
firms on the basis of variety and price, where one

firm is a mass customerizer (MC) with infinite vari-
ety, while the other is a mass producer (MP) with
finite variety. We construct a three-stage game using
Hotelling’s (1929) model of horizontal differentiation.
First, both firms decide whether to enter the market;
next, MP designs its product line, and then both firms
set prices. We fully characterize the subgame perfect
Nash equilibria of this game. We find that MP will
decrease variety upon entry by MC. This reflects the
firms’ desire to soften the price competition under
duopoly. Also, the finite-variety MP can profitably
compete even if it has a disadvantage against the
infinite-variety MC in fixed cost of production tech-
nology, variable cost of production, or both.
We contribute to the product variety literature

in several ways. First, we introduce an important
supply-side element (production technology) to the
study of product differentiation, conducted so far
mostly from a demand perspective. Also, MC in
our model has perfect product-mix flexibility, so our
analysis is informative on the strategic value of a
production technology that can provide such flexibil-
ity. Second, within Hotelling’s (1929) model of prod-
uct differentiation, we introduce a mass customizing
firm that can produce and market any variety with no
penalty, in line with recent advances in manufacturing
and information technologies. Third, we partly con-
tradict a prevailing view in OM, by finding that MP
in a duopoly needs to reduce product variety (com-
pared to an MP monopoly) in order to soften price
competition with MC.
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1. Introduction
If a desired product is not available, a customer
may accept a substitute, or choose not to make any
purchase. The substitution probability is crucially
important in revenue management and inventory
management, but is not known with certainty. In two
simple but qualitatively insightful models, this paper
explores the managerial implications of simultaneous
quantity control and estimation of the unknown sub-
stitution probability. In particular, we model the cus-
tomers’ decision to substitute or not as i.i.d. Bernoulli
trials, and we update beliefs about the substitution
probability using a beta-binomial conjugate prior.
The beta-binomial is a very natural and surprisingly
tractable formulation.
The first problem under consideration is multi-

period inventory management of a perishable good
with unknown demand distribution. Following the
partial lost-sales model of Nahmias and Smith (1994),
we assume that when a stockout occurs during a
period, each excess demand generates a Bernoulli
trial. “Success” indicates that the customer will wait
for the product to be delivered at the end of the
ordering period, and “failure” corresponds to a lost
sale. We assume the demand distribution has an
unknown parameter (or vector of parameters) and
the Bernoulli probability of customer’s willingness to
wait is unknown as well. Both the demand param-
eter and Bernoulli wait probability are subject to

some prior beliefs, with the latter one following a
beta distribution. Moreover, we assume that the total
demand and the amount of lost sales are observed
in each period. This assumption holds when, for
instance, orders arrive through a call center or over
the Internet and detailed order data are recorded.
Under the Bayesian sequential decision framework,
we show it is optimal to stock less than a “myopic”
optimal inventory level, so that the inventory man-
ager can learn more about customers’ willingness to
wait as stockout is more likely to occur. This “stock
less” result when the customer’s decision to wait ver-
sus walk is observed contrasts nicely with the “stock
more” result by Lariviere and Porteus (1999) and
Ding et al. (2002) in the setting with unobserved lost
sales.
The second model stems from an airline rev-

enue management problem. Starting with the two-
fare model of Lee and Hersh (1993), we introduce
the probability that a discount-fare customer, denied
a booking request, will “buy up” to the full fare.
Assuming the buy-up probability is unknown, but
subject to a beta prior belief, we again characterize
the optimal booking limit policy using the Bayesian
sequential decision framework. We prove that it is
optimal to set the discount-fare booking limit lower
than a “myopic” optimal level (no Bayesian updat-
ing). Essentially, by reducing the quantity of discount-
fare seats available, the decision maker learns more
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about the buy-up probability and can better control
the booking limit in subsequent periods.

2. Bayesian Inventory Management
with Partial Lost Sales

In this section, we consider inventory management
for a perishable good with unknown demand dis-
tribution. There is a total of N periods. We number
the periods in a reverse order. At the beginning of
each period, the inventory manager selects an inven-
tory level for a perishable good. The inventory level
is achieved immediately after the decision. (We are
assuming a negligible delivery leadtime from the sup-
plier.) For each unit of the good, the production cost
is c and selling price is r . At the end of each period,
any leftover stock is salvaged for a value of s per unit.
If the demand during a period exceeds the inventory
level, every additional customer is asked to wait for
the product. Each customer is willing to wait with
probability p and becomes a lost sale with probability
1− p. If a customer agrees to wait, then the product
is expedited at a cost of e and delivered to him at the
end of the period. Hence, no back orders are carried
over to the next period. The objective of the inventory
manager is to maximize discounted expected profits;
2 denotes the discount factor. For nontriviality, we
assume s < c < e < r .
The demand in each period is independently and

identically generated by a general nonnegative dis-
crete demand distribution. The probability mass func-
tion of the demand distribution is denoted as f �3 � 4	,
3 = 0�1�2� � � � � where 4 is an unknown parameter (or
vector of parameters) with 4 ∈5. For period i, given a
prior distribution density �i�4	 and a demand obser-
vation 3i, the posterior distribution density �i−1�4 � 3i	

can be obtained by Bayes’ rule (note that the periods
are numbered in reverse order). Correspondingly, the
sequence of predictive demand densities �fi�3	� i =
N� � � � �1� satisfies fi�3	 = ∫

5
f �3 � 4	�i�4 � 3i+1	d4� The

predictive demand density fi�3	 is the Bayesian esti-
mate of the true demand distribution density f �3 � 4	

in period i.
Suppose the prior belief of p at the beginning of

period i follows a beta distribution with parameters
�"i�6i	. Denote vi�"i�6i��i�4		 as the value function
when there are i periods to go. Let yi be the inventory-
level decision. The profit-maximization problem can

be recursively formulated into the following dynamic
program. For i =N� � � � �1,

vi�"i�6i��i	

=max
yi≥0

{
�s−c	yi+�r−s	3̄i−

[
r−s− "i

"i+6i

�r−e	

]
·

�∑
3i=yi+1

�3i−yi	fi�3i	+2
yi∑

3i=0
vi−1�"i−1�6i−1��i−1	

·fi�3i	+2
�∑

3i=yi+1
E�"i�6i�3i−yi	

·�vi−1�"i−1�6i−1��i−1	�fi�3i	

}
�

v0�"0�60��0	=0� (1)

where 3̄i is the demand mean under density fi�·	, and
E�"�6�n	�·� denotes the expectation taken under a beta-
binomial distribution with parameters �"�6�n	. The
updating schemes of prior-posterior parameters are
given below:{

"i−1 = "i

6i−1 = 6i

if demand 3i ≤ yi�{
"i−1 = "i + xi

6i−1 = 6i + 3i − yi − xi

if demand 3i > yi�

and backorder is xi�

�i−1 =
f �3i � 4	�i�4	∫

5
f �3i � 4′	�i�4

′	d4′ �

We have the following proposition:

Proposition 1. Denote V
��i�3i	
�"i�6i�n	 as

E�"i�6i�n	

[
vi−1�"i+Xi�6i +n−Xi��i−1	

]
�

The necessary conditions for an optimal inventory level y∗
i

for Dynamic Program (1) are given by

�1	 s−c+
�∑

3i=y∗i

[
r−s− "i

"i+6i

�r−e	

+2
(
V

��i�3i	
�"i�6i�3i−y∗i 	−V

��i�3i	
�"i�6i�3i−y∗i +1	

)]
fi�3i	

≥0�
and

�2	 s−c+
�∑

3i=y∗i +1

[
r−s− "i

"i+6i

�r−e	

+2
(
V

��i�3i	
�"i�6i�3i−y∗i −1	−V

��i�3i	
�"i�6i�3i−y∗i 	

)]
fi�3i	

<0�
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By exploiting the structure properties of the beta-
binomial distribution, we can show for any n ≥ 0,
V

��i�3i	
�"i�6i�n	 ≤ V

��i�3i	
�"i�6i�n+1	� Therefore, by comparing the

results of this full updating case with those of the
“myopic” case (where only the prior for demand dis-
tribution is updated), we have the following theorem:

Theorem 1. In an N -period inventory management
problem with unknown demand distribution and unknown
probability of customer’s willingness to wait, the payoff of
a full Bayesian updating policy is always greater than that
of the “myopic” updating policy. Furthermore, the optimal
inventory level under full updating is always less than the
“myopic” optimal inventory level.

Theorem 1 confirms the intuition that in order to
gain information about the probability that a cus-
tomer will wait, the manager should initially reduce
the inventory level to increase the number of data
points (customers forced to wait or walk). It is strik-
ing that this result holds for any nonnegative dis-
crete demand distribution with unknown (or known)
parameters.

3. Bayesian Revenue Management
with Unknown Buy-Up Probability

Now consider another problem that concerns man-
aging bookings for a single-leg flight. For simplicity,
we assume that no customers cancel reservations, and
overbooking is not allowed. We adopt similar nota-
tions of Lautenbacher and Stidham (1999).
Customers may purchase a full-fare ticket for r1 or

a discount-fare ticket with booking restrictions for r2,
where r1 > r2. Multiple-seat bookings are not consid-
ered. The seating capacity is C. The booking horizon,
�0�T �, is divided into N “decision periods” in such
a way that, during each period, the probability of
two or more requests is negligible. Decision periods
are numbered in reverse order, with Period 0 denot-
ing the scheduled departure time. For i = 1� � � � �N ,
we define P i

1
�= Pr�one full-fare class arrival during

period i�, P i
2

�= Pr�one discount-fare class arrival dur-
ing period i�, and P i

0
�= Pr�no arrival during period i�,

with P i
0+ P i

1+ P i
2 = 1.

Observe that a request for the full-fare seat will
always be accepted as long as seats remain available.
The problem is to decide whether to accept or deny
customer requests for a discount-fare ticket. When a

customer is denied a discount-fare seat request, he
may choose to purchase a full-fare ticket. This type
of substitution is commonly called a “buy-up.” We
assume that a customer will choose to buy up with
probability p, or to leave the system with probability
1− p.
Suppose the prior belief of p at the beginning of

period i is beta distributed with parameters �"�6	.
Denoting Ui�x�"�6	 to be the optimal i-period-to-
go revenue function when x seats are booked under
a Bayesian updating policy, we have the following
recursive dynamic program:

Ui�x�"�6	

= P i
0Ui−1�x�"�6	+ P i

1�r1+Ui−1�x+ 1�"�6		

+ P i
2 ·max

{
r2+Ui−1�x+ 1�"�6	�

"

"+6

· r1+
"

"+6
·Ui−1�x+ 1�"+ 1�6	

+ 6

"+6
·Ui−1�x�"�6+ 1	

}
� (2)

U0�x� ·� ·	=
{
0 if x ≤C

−r1�x−C	 if x > C�

In this formulation, denying the customer’s request
for a discount fare generates data on the buy-up
probability. Hence, the accept/deny decision depends
upon the value of this information, as well as the
marginal expected revenue from booking a seat.

Proposition 2. The optimal solution for the dynamic
model under full Bayesian updating is to accept the
discount-fare request in period i if and only if 0 ≤ x <

b
�"�6	
i , where

b
�"�6	
i

�= min
{
x ≥ 0 �

"

"+6
·Ui−1�x+ 1�"+ 1�6	

+ 6

"+6
·Ui−1�x�"�6+ 1	

−Ui−1�x+ 1�"�6	 > r2−
"

"+6
· r1

}
�

Comparing the optimal booking limit of this full
updating case with the “myopic” case (where the beta
prior is not updated) under the conditions of r2 −
�"/�"+6		r1 ≤ 0 or P i−1

0 = 0, we have the following
theorem:
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Theorem 2. In an N -period, two-fare, dynamic book-
ing control problem with unknown buy-up probability.
The optimal booking limit under full Bayesian updating is
always less than the “myopic” optimal booking limit under
no updating.

Theorem 2 supports the intuitive idea that a deci-
sion maker should lower the booking limit to gain
information about customers’ buy-up potential and
use this to make better decisions in future periods.
Compared with the multiperiod inventory model of
§2, our dynamic booking control model is capaci-
tated. As a result, the value function has properties
very different from those of §2. For example, it is not
true that the expected revenue under full updating
is always greater than the “myopic” case. When few
seats remain, the booking control decisions with full
updating are identical to those for the case without
updating. However, in the case with full updating,
when a discount customer fails to buy up, the ongo-
ing expected revenue is reduced relative to the case
without updating. We have learned that the plane is
less likely to be filled.

4. Further Discussion
The Dirichlet-Multinomial conjugate prior is a gener-
alized version of the two-dimensional beta-binomial

conjugate prior. It is useful in studying Bayesian con-
trol problems that involve estimating a discrete prob-
ability mass function. For example, in the dynamic
airline reservation model of §3, we can use it to
capture learning about all three of the customer
arrival probabilities, P i

0, P
i
1, and P i

2. We conjecture that
the Dirichlet-Multinomial conjugate prior will prove
valuable in more general revenue management and
inventory management problems with multiple prod-
ucts or dynamic pricing.
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Assortment planning at a retailer involves choos-
ing the products to be carried and setting the

inventory levels for each product. With a broader
assortment (i.e., more variants in a category), the
retailer carries the favorite product of more cus-
tomers, but due to limited shelf space, average inven-

tory per product is lower, resulting in lower in-stock
rate and higher lost sales. The degree of importance
of the trade-off between breadth of assortment and
in-stock rates of products depends on the customers’
willingness to accept another product as a substitute
if their favorite product is not available.
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Although there has been significant research on
inventory and assortment decisions under substitu-
tion, there is little research on the estimation of input
parameters. We introduce a relatively simple model
of demand substitution and present a novel method-
ology for demand estimation under substitution. We
estimate a substitution rate common to all stores in
a chain. Also, for each store, we obtain demands of
products carried in the store as well as products pre-
viously not carried in that store.
The assortment optimization problem is a nonlin-

ear, nonseparable, discrete resource allocation prob-
lem. We describe an iterative heuristic that finds
solutions within 0.5% of the optimal on average.
Based on our solution procedure, we establish new
structural properties that relate the product selection
and their inventory levels to product characteristics
such as demand rate and variability, batch size, etc.
We applied our methodology at Albert Heijn, BV,

a large Dutch supermarket chain. Comparing results
with the existing assortments suggests more than 50%
increase in profits.

Problem Structure
A subcategory is defined as a group of substitutable
variants such that the difference between products
within a subcategory is minimal, but the differ-
ence between subcategories is significant. Let Ni =
�1� � � � � Ji� denote the set of potential variants in sub-
category i. A product is stocked on the shelves in
the allocated slots called facings. Let fij denote the
number of facings allocated to a product j in subcate-
gory i. Each facing has a fixed capacity cij (implying a
maximum inventory level of cijfij 	 and a fixed metric
width wij .
The original demand rate to each product is

denoted dij . A customer who cannot find her favorite
product available due to assortment decisions or
stockouts may choose to accept one of the avail-
able products as a substitute (similar to Smith and
Agrawal 2000). Hence, the effective demand rate of a
product is

Dij�fi�di	 = dij +
∑

k�fik=0
"ikjdik

+ ∑
k�fik>0

"ikj LostSalesik�dik� fik	� (1)

where fi = �fi1� fi2� � � � � fiJi
	, di = �di1�di2� � � � � diJi

	, and
"ikj is the probability that a customer of product k
in subcategory i is willing to substitute product j
(also in subcategory i) when k is not available. We
define "ikj = 2idij/

∑
l∈Ni\�k� dil. The parameter 2 single-

handedly determines the intensity of substitution in
the subcategory of interest, hence we are able to dif-
ferentiate between subcategories with low and high
substitution rates. This model of substitution has fea-
tures similar to those of utility-based choice models,
and it can be used consistently both in estimation of
substitution behavior and optimization of the assort-
ment. The first sum in Equation (1) is the redistributed
demand from assortment-based substitution, and the
second sum is from stockout-based substitution. The
LostSales function is the average unmet demand of a
product depending on the specifics of the replenish-
ment process.
The decision process involves allocating a discrete

number of facings to each product in order to max-
imize total expected gross profits from one or more
subcategories subject to a shelf space constraint.

max
fij �∀i�j

{∑
i

∑
j

Gij �fij �Dij �fi�di		� s.t.�

∑
i

∑
j

fijwij ≤ShelfSpace� fij ∈�0�1�2�����

}
(AP)

We assume that we can compute Gij given fij and Dij .
The unknown input to this optimization problem are
the demand rates dij and the function 2i. When there
is no substitution, Dij = dij , and dij can be estimated
easily. When there is substitution, however, we do not
observe dij , but observe the value of the Dij function
given the current assortment fi.

Estimation of Assortment-Based
Substitution
Consider stores h and B, with the same demand
rates for all products in a subcategory (subscript i is
dropped for brevity). Suppose that all stores have a
100% service rate for all the products they carry. Store
B carries every possible variant, assortment N ; hence,
no substitution takes place at store B (i.e., Dj = dj	.
Store h carries assortment Sh ⊂ N with subcategory
sales Th�Sh	. Let TB�Sh	 denote the total sales of prod-
ucts in Sh at store B. If Th�Sh	 > TB�Sh	, then it means
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that at store h, some of the customers whose favorite
products are in N\Sh purchased products from Sh as
substitutes. We estimate Th�Sh	 using data from store
h. We estimate d and TB�Sh	 using data from all stores
with assortment N . For given d and 2, we can theo-
retically compute how much products in S would sell
at store h, denoted T̂h�Sh�2	. Combining these esti-
mates (i.e., observed and theoretical subcategory sales
at a store) for multiple stores, we find the substitu-
tion rate 2 that minimizes

∑
h�T̂h�Sh�2	 − Th�Sh		. We

then reverse-engineer the true demand of each prod-
uct �dj	 at each store using the estimated substitution
rate and the observed demands (Djs) at that store. As
a result, for each store we obtain demands of products
carried in the store as well as products previously not
carried in that store. We test the substitution estima-
tion scheme on different data sets and find it to be a
reliable methodology. Anupindi et al. (1998) describes
a method for estimating stockout-based substitution
that requires inventory transactions data. We use the
estimated assortment-based substitution rate for both
types of substitution.

Assortment Optimization Under
Substitution
AP is a knapsack problem with a nonlinear and non-
separable objective function. We propose the Iterative
Heuristic (IH) to solve this mathematical program. We
set Dij = dij for all i and j and solve AP with the
original demand rates resulting in a particular fac-
ings allocation f0. At iteration t, we replace the Gij in
the objective function with Gij�f

t
ij �Dij �f

t−1
i �di		. This

makes AP additively separable in f t
ij , which is solved

using an enhanced Greedy Heuristic. We keep iter-
ating until fti converges for all i. The algorithm con-
cludes with a local search for improvement. Iterations
in IH is a way to seek consistency between the input
demand vectors and the optimal solution. Based on
our solution procedure we are able to prove the fol-
lowing structural results.

Proposition 1. Consider two products A and B in the
same subcategory under a periodic base stock replenishment
policy. Let m�B, and b denote per-unit gross margin, coef-
ficient of variation of demand, and batch size of a product,
respectively.
(i) If, ceteris paribus, �dA ≥ dB	 or �mA ≥mB	 or �wA ≤

wB	, then fA ≥ fB in the final solution of the IH.

(ii) If, ceteris paribus, �BA ≥ BB	 or �bA is an integer
multiple of bB	, then in the final solution of the Iterative
Heuristic product B is included in the assortment only if
product A is included (i.e., fB > 0⇒ fA > 0).

The result regarding the demand rates is similar
to the property of optimal assortments in van Ryzin
and Mahajan (1999). These results imply that products
with higher demand rate should be assigned the ini-
tial space, but, given sufficient space, it may be more
profitable to assign more inventory to products with
more constraining product characteristics.
In a numerical study, we observe that the IH solu-

tions are within 0.5% of the optimal solution on aver-
age, with a maximum of 12.1%. We find that the value
of explicitly modeling substitution is 2.5% of the total
profit on average.

Application
Albert Heijn, BV is the leading supermarket chain
in the Netherlands, with more than 600 stores and
$5 billion in sales.1 The estimation and optimiza-
tion system is tested on data for seven merchandise
categories (114 subcategories with 880 SKUs) for a
20-week period from 37 stores. Now the system is
being implemented at three pilot stores in the Nether-
lands. We compare the gross profit figures for the
existing and suggested assortments for two categories
and 10 stores. The improvement in the gross profits
optimized over the peakload periods is 12.3%. Using
the financial ratios from the financial statement of the
company, we project that the impact of our method-
ology is a 50% increase in profits. Based on Albert
Heijn’s $5 billion yearly sales, the bottom line impact
is an additional $75 million.
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1. Introduction
A recent trend for many industrial manufacturers has
been outsourcing; firms are considering outsourcing
everything from production and manufacturing to the
procurement function itself. Of course, the increase in
the level of outsourcing implies that the procurement
function becomes critical for a manufacturer to remain
in control of its destiny. As a result, many OEMs focus
on closely collaborating with the suppliers of their
strategic components. In some cases, this is done using
private exchange marketplaces and/or effective supply
contracts; both of these try to coordinate the supply
chain.
A different approach has been applied for nonstrate-

gic components. In this case, products can be purchased
from a variety of suppliers, and flexibility to market
conditions is perceived as more important than a per-
manent relationship with the suppliers. Indeed, com-
modity products, e.g., electricity, steel, grain, cotton, or
computer memory, are typically available from a large
number of suppliers and can be purchased in spot
markets. Because these are highly standard products,
switching from one supplier to another is not consid-
ered a major problem.
Despite the nonstrategic nature of commodity prod-

ucts, it is critical to identify effective procurement
strategies for these components, since manufacturers
may be completely dependent on them. For instance,
production costs might be very sensitive to the cost
of some commodity products, e.g., electricity for
automobile manufacturers, or memory for computer
manufacturers. At the same time, uncertainty in sup-
ply and customer demand raises the question of
whether to purchase supply now or wait for better
market conditions in the future.
Thus, an effective procurement strategy for com-

modity products has to focus on both driving costs

down and reducing risks. These risks include both
inventory and price risks. By inventory risks, we refer
to inventory shortages or unsold products; while price
risks refers to the purchasing price, which is uncertain
if the procurement strategy depends on spot markets.
The objective of this work is to develop a frame-

work that provides manufacturers with the ability to
select multiple contracts at the same time in order to
optimize their expected profit. This approach is par-
ticularly meaningful for commodity products, since
a large pool of suppliers is available, each offering
a different type of contract. Thus, the manufacturer
may be interested in selecting several different com-
plementary contracts so as to reduce expected pro-
curement and inventory holding costs.
For this purpose, we define a new type of contract,

called a portfolio contract, that is in fact a combination
of many traditional contracts, such as long-term con-
tracts, options, and flexibility contracts. Of course, in
the design of such a portfolio contract one may take
into account the spot market.
Interestingly, current trends in industry are also

directed toward the analysis and optimization of sup-
ply contracts. Most relevant to this research is the
work done at Hewlett-Packard (HP) on the use of
a portfolio approach for the procurement of electric-
ity or memory products; see Billington (2002). Specif-
ically, 50% of HP’s procurement cost is invested in
long-term contracts, 35% in option contracts, and the
remaining is left to the spot market, see Carbone
(2001).
We analyze the general case of a portfolio of con-

tracts taking into account the presence of the spot
market. Our objective is to design effective portfo-
lio contracts and identify the replenishment policy so
as to maximize the manufacturer’s (i.e., the buyer)
expected profit.
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2. The Model
Consider a manufacturer of a single item who faces
demand during several time periods. Future demands
are unknown, but as time goes by, more precise infor-
mation on the distribution of demand becomes avail-
able. The manufacturer’s objective is to optimally
manage its supply by buying well-chosen capacity
for every time period. Specifically, the objective is to
maximize expected profit by effectively managing the
supply process.
For this purpose, the manufacturer needs the right

trade-off between price and flexibility. That is, the
manufacturer needs to find the appropriate mix of
low price yet low flexibility (i.e., long-term) contracts;
reasonable price, but better flexibility (i.e., option)
contracts, or unknown price and quantity supply, but
no commitment (i.e., the spot market). Once these
decisions are made at the beginning of the hori-
zon, the manufacturer has to manage its inventory
effectively.
At the beginning of the planning horizon, i.e., in

period t = 0, the manufacturer decides on the type of
contact it will buy from its suppliers for the entire
planning horizon. This planning horizon is finite and
has T time periods indexed from 1 to T in an increas-
ing order. The contract specifies for every time period
the cost of receiving any amount of supply.
The contract purchased at time period t = 0 will

be denoted by r�·	 = �r1�·	� � � � � rT �·		. That is, at time
period t, the contract allows the manufacturer to buy
an amount qt ≥ 0 at a total cost of rt�qt	. Since we
are interested in studying portfolios of contracts, we
make the following assumption.

Assumption 1. For t = 1� � � � � T , the contract rt�·	 is
made up of nt options with capacities x

it
t , reservation unit

price v
it
t , and execution unit price w

it
t , it = 1� � � � �nt . With-

out loss of generality, we assume that w1
t ≤ · · · ≤ w

nt
t �

Therefore, the total purchase cost associated with these
options is determined by solving

rt�q	 =
nt∑

i=1
vi

tx
i
t +min

nt∑
i=1

wi
tq

i
t

subject to


nt∑

i=1
qi

t = q

0≤ qi
t ≤ xi

t ∀ i = 1� � � � �nt�

This formulation is appropriate, for instance, when
a manufacturer receives offers from different suppli-
ers offering different option terms, or when a single
supplier offers a broad spectrum of option contracts.
It captures a wide class of contracts, including long-
term or flexibility contracts.
Once the contract is signed, we move to Period 1.

At the beginning of period t, t = 1� � � � � T , the cus-
tomer demand Dt and the spot market price st�·	
become known. This function st�·	 describes the pric-
ing of the spot market as a function of the amount
purchased. That is, at period t, the manufacturer
obtains an amount qt ≥ 0 of supply at a total cost st�qt	,
which is random and will only be known at the begin-
ning of period t. Typically, st�·	 is a convex function.
In the context of portfolio contracts, we make the fol-
lowing assumption on spot market conditions, which
is common in industry.

Assumption 2. The spot market unit cost is constant
and equal to St , and the market only offers a limited supply
%t , for t = 1� � � � � T . That is, the structure of st�q	 is as
follows.

st�q	=
{

Stq for 0≤ q ≤ %t

+� else�

After demand and spot market conditions are
revealed, the manufacturer orders from the suppli-
ers and from the spot market. The inventory carried
from previous periods plus the incoming supply can
be used to satisfy this period’s demand, at an exoge-
nous price pt . The remaining inventory is carried over
to the next period. Finally, unsatisfied demand is lost
to the competition.
We denote by It , for t = 1� � � � � T + 1, the inventory

level at the beginning of period t. We assume I1 = 0,
although the model can handle any initial inventory
level. Because this is a lost-sales model, we impose
I≥ 0. As is common in traditional inventory models,
a convex inventory holding cost ht�It	 is incurred at
the beginning of period t.
The decisions the manufacturer must take can be

analyzed using dynamic programming. The decision
space at a given time period t ≥ 1 includes the follow-
ing quantities: the quantity qr

t ≥ 0 that the manufac-
turer executes from the supply contract at a cost rt�q

r
t 	;

the quantity qs
t ≥ 0 that the manufacturer purchases
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from the spot market at a cost st�q
s
t 	; the amount of

demand not satisfied qn
t , 0≤ qn

t ≤ dt .
At a given time period t, each one of the nt + 2

sources (options plus spot market plus demand rejec-
tion) offers supply at fixed marginal cost (execution
price) for a given maximum capacity. These supply
sources can be represented as a pair (unit cost, capac-
ity level): �wi

t� xi
t	 for i = 1� � � � �nt , �St�%t	 and �pt�Dt	.

Define nt = nt + 2 and sort these pairs by increasing
unit cost. Let �wj

t� x
j
t	 be the pair with jth smallest unit

cost. Thus, w1
t ≤ · · · ≤w

nt
t . With this notation, the opti-

mal replenishment policy has a simple structure: The
manufacturer should follow a modified base-stock policy
for every option, the spot market, and the demand source.

Theorem 1. For t = 1� � � � � T , there exist inventory
target levels b1t � � � � � b

nt
t such that

(i) for i = 1� � � � �nt − 1, bi+1
t ≤ bi

t − xi
t ;

(ii) for i = 1� � � � �nt , it is optimal to order from
source i

• 0 if It ≥ bi
t ;

• bi
t − It if bi

t − xi
t ≤ It ≤ bi

t ;
• xi

t otherwise.

3. Portfolio Selection
The analysis so far took as an input the structure
of the portfolio contract and derived the replenish-
ment policy effectively. Thus, the fixed (reservation)
cost associated with the contracts could be ignored.
It remains to establish the structure of the optimal
contract that will minimize both replenishment and
reservation cost.

Theorem 2. At period t = 0, the problem of choosing
the capacities �x

it
t � is a concave maximization problem.

This result is key from a practical standpoint.
Indeed, an extensive class of methods from nonlinear
programming can handle this type of concave maxi-
mization problems.
We can provide conditions and guidelines that help

establish whether a specific option is attractive for the
manufacturer, i.e., such an option should be part of
the optimal portfolio. This is presented in the follow-
ing theorems.

Theorem 3. At time period t, option it should not be
included in an optimal portfolio when

(i) there is an option kt such that v
it
t > v

kt
t and v

it
t +

w
it
t > v

kt
t +w

kt
t ;

(ii) there are options jt and kt such that w
jt
t < w

it
t < w

kt
t

and
w

it
t −w

jt
t

w
kt
t −w

jt
t

v
jt
t +

w
kt
t −w

it
t

w
kt
t −w

jt
t

v
kt
t < v

it
t D

Theorem 4. Assume that %t =� with probability one.
Then, at time period t, option it should not be included in
an optimal portfolio when

Ɛ
[
St −w

it
t

]+ ≤ v
it
t �

4. Conclusion
The ability to establish effective supply contracts
has been recently recognized, both in industry and
academia, as an important contributor to the success
of the firm. Indeed, effective supply contracts play an
important role in manufacturers’ abilities to reduce
cost and ensure adequate supply of components. This
is especially important for products for which cus-
tomer demand is highly uncertain and hence supply
flexibility is necessary.
Identifying effective contracts for commodity prod-

ucts is even more challenging since the manufacturer
typically has a number of options to choose from:
many suppliers willing to sign long-term or option
contracts as well as spot market purchasing. Thus,
portfolio contracts may be appropriate, as they pro-
vide flexibility over long-term contracts, and increase
expected profit by effectively selecting the various
options taking into account uncertainty in the spot
market.
We thus develop a general framework for the

design of supply contracts in a multi-period environ-
ment. This framework is especially suited for the anal-
ysis of a portfolio of different options. In this case,
the optimal replenishment policy is particularly sim-
ple: Every option’s optimal execution policy is a modified
base-stock policy. Moreover, the contract design prob-
lem has a concave structure that makes it tractable
in practice. More results can be found in Martínez-
de-Albéniz and Simchi-Levi (2002).
At this point it is important to point out an impor-

tant limitation of our model. So far, we have focused
on the problem of maximizing expected profit. One
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might wonder, however, if it is possible to modify the
model to take risk explicitly into account. This issue
is addressed in Martínez-de-Albéniz and Simchi-Levi
(2003b).
Finally, this work allows an important extension to

modeling supplier competition. That is, assuming that
buyers behave in the way presented here, suppliers
will compete in price and flexibility to capture market
share. This is presented in Martínez-de-Albéniz and
Simchi-Levi (2003a).
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