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Technical Note

Evolution of ARMA Demand in Supply Chains

Xiaolong Zhang
Department of Information Systems and Decision Sciences, Fairleigh Dickinson University,

285 Madison Avenue, Madison, New Jersey 07940, zhang@fdu.edu

This paper shows that an ARMA demand generates an ARMA order history when ordering decisions are
made based on an order-up-to policy. The order history preserves the autoregressive structure of the demand

and transforms its moving average structure according to a simple algorithm. We apply this ARMA-in-ARMA-
out property to examine the evolution of the demand signal in supply chains. Its practical implications are
discussed in the context of quantifying the bullwhip effect, coordinating forecasting, and evaluating information
sharing.
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1. Introduction
Time series models have long been used in the
inventory literature to describe correlated consumer
demand. Johnson and Thompson (1975) establish the
existence of an optimal policy for ARIMA (autore-
gressive and integrated moving average) demand
processes. Aviv (2003) characterizes the order pro-
cess for a state-space demand model, which encom-
passes ARIMA as a special case (De Jong and
Penzer 2000, Hamilton 1994). Low order ARIMA pro-
cesses can be found in works that study the bull-
whip effect (Lee et al. 1997; Chen et al. 2000a, b;
Graves 1999), estimate the value of information shar-
ing (Lee et al. 2000, Raghunathan 2001, Cachon and
Fisher 2000), and derive the benefits from coor-
dinated forecasting (Seifert et al. 2003; Aviv 2001,
2002).
In this paper, we study an ARMA (autoregres-

sive and moving average) demand process and show
that it generates an ARMA ordering process. This
ARMA-in-ARMA-out (AIAO) property is derived in
the next section for a single inventory installation.
Section 3 then applies it to examine demand propa-
gation through supply networks. Section 4 discusses
the managerial implications of the AIAO property.
Section 5 concludes the paper.

2. The AIAO Property
Consider a periodic-review inventory system with a
single installation. The installation is supplied with
a constant leadtime L; there is no fixed ordering
cost, and all shortages are backordered. The sequence
of events during a replenishment period is as fol-
lows: At the beginning of each period, orders made
L periods ago are received first; the demand is then
observed, and finally the order decision is made.
Let Dt represent the demand that the installation
observes in period t, and DL

t =
∑L

�=1Dt+� be the cumu-
lative demand during leadtime. We assume that Dt is
described by an ARMA�p� q	 process (Box et al. 1994)
such as:

Dt = 
+�1Dt−1+�2Dt−2+ · · ·+�pDt−p

+ �t − 
1�t−1− · · ·− 
q�t−q� (1)

where 
 is a constant that determines the mean of the
process, �t is an i.i.d. normal error with a zero mean
and a standard deviation of � , p is the autoregressive
order of the process, q is the moving average order of
the process, �j is the autoregressive coefficient, and

j denotes the moving average coefficient. We assume
that the above ARMA�p� q	 process is invertible
and covariance stationary, i.e., the roots of the fol-
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lowing characteristic equations lie outside the unit
circle:

1−�1x−�2x
2− · · ·−�px

p = 0

1− 
1x− 
2x
2− · · ·− 
qx

q = 0�

These assumptions necessarily imply that �j and 
j
coefficients do not add up to one. To have a unique
representation of the demand process, we also assume
that the two characteristic equations share no com-
mon roots.
The inventory replenishment decision is based on

a simple order-up-to policy that keeps the inventory
position yt at a level determined by:

yt = D̂L
t + S� (2)

where D̂L
t is the minimum mean squared error fore-

cast for leadtime demand DL
t , which corresponds to

the anticipation stock, and S is the level of safety
stock. The level of S is set to achieve a desired ser-
vice level and to account for uncertainties in meeting
customer demand, such as forecasting errors and sup-
ply delays (Aviv 2003). The sequence of events and
conservation of flow imply that the order quantity is
given by:

qt = yt − yt−1+Dt� (3)

Substituting Equation (2) into Equation (3) yields

qt =
(
D̂L
t − D̂L

t−1
)+Dt� (4)

The simple ordering policy requires that we order
enough to replace the demand and to compensate for
an anticipated change in inventory position.1

Following standard time-series methods (Box et al.
1994, Hamilton 1994), we define dt = Dt − 
d as
the mean-centered demand where 
d = 
/�1 − �1 −
�2 · · · −�p	 is the unconditional mean of the demand
process. If we recursively substitute the lagged
demand into the ARMA process and continue this
calculation, we see that a stationary ARMA�p� q	
demand process admits an infinite moving average
representation (IMAR) such that:

dt =
�∑
j=0

�j�t−j � (5)

1 The order quantity can be negative, which is undesirable. Johnson
and Thompson (1975) added additional bounds on the random
shock to the demand system to address the issue. If the probabil-
ity of negative order quantity is negligible, the inventory policy
specified in this paper is a reasonable one (Zipkin 2000).

where �k = 0 for k < 0, �0 = 1, and �k for k≥ 1 can be
calculated recursively from the following:

�k =
p∑
j=1

�j�k−j − 
k� (6)

We can now state the AIAO property (see Gilbert
2002, Li et al. 2003 for independent parallel develop-
ments).

The AIAO Property. Let�=∑L
j=0�j , �1 =−�L+1/�,

and �k = �
∑k−1

j=1 �j�L+k−j −�L+k	/� for 1< k≤ p. The order
quantity follows anARMA�p�m	 process withm=Max�p�
q−L	 such as:

qt = 
+�1qt−1+�2qt−2+ · · ·+�pqt−p + �̃t

− 
̃1�̃t−1− 
̃2�t−2− · · ·− 
̃m�̃t−m� (7)

where �̃t = ��t and the moving average coefficients 
̃k are
determined from:

Case 1. m= p when p > q−L


̃k =�k + �k� (8)

Case 2. m= q−L when p≤ q−L


̃k =
{
�k + �k k≤ p


L+k/� p < k≤ q−L�
(9)

Proof. See the Appendix. �

The AIAO property reveals that the order quan-
tity process shares an AR structure identical to that
in the demand process. Their different moving aver-
age structures are linked in two ways. First, the error
terms associated with the order quantity process are
proportional to the errors for the demand process,
i.e., �̃t = ��t . Second, the moving average coefficients

̃k in the order quantity process are simple functions
of autoregressive coefficients �k and the IMAR �k

coefficients.

3. Demand Evolution in Supply
Chains

The AIAO property provides a convenient means for
tracking ARMA demand propagation in supply chain
networks. In a serial system linked by a demand
and supply relationship, we can repeatedly apply
the AIAO property for each installation to link the
demand signals through the entire chain, assuming
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that the demand at the upstream consists entirely of
orders made from the immediate downstream instal-
lations. As a result, the demand at each stage shares
the same AR structure, and the corresponding mov-
ing average coefficients can be calculated recursively
from Equations (8) and (9).
Combined with a well-known result from time-

series analysis (Hamilton 1994, pp. 102–108), that
the sum of uncorrelated ARMA processes remains
ARMA, the AIAO property shows that the ARMA
structure propagates through more complex supply
chain settings. For example, if upstream installations
in a serial system also have external ARMA demand
streams that are stochastically independent of their
order process, the arguments in the above paragraph
remain valid. In a distribution network with one dis-
tribution center and an arbitrary number of retailers
facing uncorrelated ARMA demands, their order his-
tories are uncorrelated ARMA processes as well. Then
the total demand for the distribution center is the
sum of uncorrelated ARMA processes, which again
is an ARMA process. Other network structures can
be considered in a similar spirit in which the ARMA
demand evolves through the chain as dictated by the
AIAO property.

4. Managerial Implications
The AIAO property provides a convenient means
for quantifying the bullwhip effect. Expanding the
ARMA order process into its IMAR, we obtain qt =∑�

k=0 �̃k�̃t−k. The ratio of the unconditional variance of
the order process to that of demand process, namely,
�2

∑�
k=0 �̃

2
k/

∑�
k=0�

2
k , measures the bullwhip effect. For

an AR(1) demand, this ratio yields an expression iden-
tical to Lee et al. (1997). In general, explicit formulas
for calculating this ratio are difficult to obtain, but the
AIAO property yields a simple algorithm for obtain-
ing numerical results.
In addition to quantifying the bullwhip effect, the

AIAO property facilitates implementing the coordi-
nated forecasting. First, it reduces the task of demand
estimation at the upstream echelons. The structures
for order streams can be recovered once the customer
demand is estimated. In practice, only a few demand
parameters are needed because the demand can usu-
ally be represented by an ARMA process with p,
q ≤ 2. This parsimony can represent a substantial cost

saving when extensive data is required for demand
estimation. Second, sampling errors associated with
estimating the order history processes are eliminated.
Lastly, the AIAO property makes it easier to coor-
dinate inventory control policies in a supply net-
work. When the parameters of the demand process
shift, upstage installations can anticipate the impact
of this shift on their leadtime demand forecasts
and make adjustments to their inventory positions
accordingly.
Resorting to the AIAO property, an upstream sup-

plier can identify and recover the underlying demand
of the immediate downstream customer from the
order history. This ability implies that sharing demand
information from the downstream installation is not
likely to add significant value to the upstream sup-
plier, beyond the savings from eliminating the sup-
plier’s need to estimate demand. Raghunathan (2001)
confirms this observation for an AR(1) demand
process.

5. Conclusions
This paper shows the existence of a simple AIAO
property linking the demand process between two
stages of a supply chain under a reasonable inven-
tory control policy. As an ARMA demand evolves
through a supply chain, this property reveals that the
autoregressive portion of the demand process is pre-
served and the moving average portion is updated
with a straightforward algorithm. The practical value
of this theoretical finding lies in its ability to facilitate
measuring the bullwhip effect, coordinating forecasts,
and understanding the value of information sharing
in supply chains.
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Appendix
Proof of the AIAO Property. If we substitute the IMAR

of the ARMA(p� q) demand in Equation (5) into leadtime
demand DL

t = L
d +
∑L

�=1 dt+� and combine the same error
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terms, we obtain:

DL
t −L
d = ��0+�1B+�2B

2+ · · · 	�t+L
where B is the backward shift operator and coefficients �k

are given by:

�k =
{
�k−1+�k 0< k< L

�k−1+�k −�k−L k≥ L�
(10)

The leadtime demand forecast is its conditional expectation
given the observed demand:

D̂L
t −L
d = E�DL

t � dt� dt−1� � � �	=
�∑
j=0

�L+j�t−j � (11)

Substituting the above into Equation (4) and simplifying
with the recursive relation for �k in Equation (10) and the
IMAR for the ARMA(p� q) demand, we have

qt =
d + �1+�L	�t +
�∑
j=1

�L+j�t−j � (12)

Recognizing that � = 1+ �L and 
d = 
/�1− �1 − �2 · · · −
�p	, we can obtain the following after substituting from
Equation (12) and combining the same error terms:

qt−�1qt−1−�2qt−2−· · ·−�pqt−q =
+��t−
�∑
j=1

 j�t−j (13)

where

 k =



�1�−�L+1 k= 1

�k�+
k−1∑
j=1

�j�L+k−j −�L+k 1< k≤ p

p∑
j=1

�j�L+k−j −�L+k k > p�

(14)

Consider the two cases when p > q−L and when p≤ q−L.
In the first case,  k = 0 for k > p because the �L+k coeffi-
cients satisfy the difference equation �L+k =

∑p
j=1�j�L+k−j

as shown in Equation (6). Equation (13) reduces to the
ARMA(p�p) process stated in the AIAO property. In the sec-
ond case,  k = 0 for k > q − L. For p < k ≤ q − L, we have∑p

j=1�j�L+k−j − �L+k = 
L+k from Equation (6). This set of
 k coefficients reduces Equation (13) to an ARMA(p� q − L)
process stated in the AIAO property. �
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