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Abstract. Problem definition: This paper examines whether widely used online learning 
algorithms used in pricing can independently reach competitive outcomes or whether they 
may instead foster tacit collusion. This issue has drawn considerable attention from competi
tion regulators, because algorithmic pricing is increasingly common in digital markets. 
Understanding when such algorithms lead to equilibrium prices or to supra-competitive 
prices is critical for buyers, sellers, and policymakers. Methodology/results: We study the 
behavior of multiarmed bandit algorithms in repeated price competition. These algorithms 
only observe profits from the prices actually chosen, making them realistic models of auto
mated pricing. Using formal analysis, we show that an important class of online learning 
algorithms, called mean-based algorithms, reliably converges to the Nash equilibrium in Ber
trand competition. This finding is notable because, in general, online learning algorithms do 
not guarantee convergence to equilibrium. In addition, we run extensive numerical experi
ments with different widely used bandit algorithms. The experiments confirm that most of 
them, including those that are not mean based, also converge to equilibrium. We observe 
supra-competitive prices only in special cases where all sellers implement the same symmet
ric version of certain algorithms, such as upper confidence bound. Even then, supra- 
competitive pricing vanishes as the number of competing sellers increases. Managerial 
implications: Our results highlight that the risk of algorithmic collusion in competitive pric
ing markets is often overstated. For most practical implementations of bandit algorithms, 
sellers’ prices converge to competitive levels. Only under very specific and symmetric setups 
do prices remain above competitive benchmarks, and this effect diminishes with more com
petitors. These insights provide reassurance to regulators concerned with consumer welfare, 
as well as to managers considering algorithmic pricing tools. They suggest that, although 
vigilance is warranted, fears of widespread algorithm-driven collusion may be exaggerated.
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1. Introduction
Algorithmic pricing, where prices are determined by soft
ware agents, is becoming increasingly prevalent in online 
retail markets. Chen et al. (2011) estimated for 2015 that 
algorithms were involved in the pricing of approximately 
one-third of the roughly 1,600 best-selling products on 
the Amazon marketplace. In 2018, the average product 
price on Amazon was reported to change once every 10 
minutes.1 Since then, an industry has emerged that spe
cializes in automated pricing software, with more than 
130 companies offering a variety of 185 pricing algo
rithms in 2021 (Calzolari and Hanspach 2024).

From the point of view of a single seller, algorithmic 
pricing aims to solve an online optimization problem, 
where a firm’s actions are the prices it sets, and the 
objective is the (average) profit it wants to maximize over 
time. When entering the market, sellers have little infor
mation about competitors’ costs or the demand of buyers 
at different prices and need to find out over time which 
prices maximize profit. A key challenge is deciding 
whether to prioritize short-term revenue (by exploiting a 
known price with a high payoff) or invest in discovering 
better long-term pricing strategies (through exploration 
of different prices). Online optimization algorithms are 
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designed to effectively balance this tradeoff, and they 
scale effectively across large sets of products (Bubeck 
2011). In online exchanges, such optimization algorithms 
have access to bandit feedback. This means that after per
forming an action (setting a price), an agent learns the 
value of the objective function (his profit) for this specific 
action. This (multiarmed) bandit model in online optimi
zation is particularly suitable for algorithmic pricing 
applications, which was recognized early on. Bandit algo
rithms were already suggested for pricing by Rothschild 
(1974) long before digital platform markets emerged. 
Today, there is an extensive academic literature on multi
armed bandit algorithms for pricing (den Boer 2015, 
Trovo et al. 2015, Bauer and Jannach 2018, Mueller et al. 
2019, Elreedy et al. 2021, Taywade et al. 2023, Qu 2024), 
and there are many resources by practitioners on how to 
implement bandit algorithms for pricing.2

Online optimization algorithms target online pro
blems where agents optimize against a stochastic pro
cess that is unknown and independent of their actions. 
Game-theoretical problems are different because the 
actions of one player impact the objectives of the others. 
In games, the Nash equilibrium (NE) describes a state 
where no agent wants to deviate unilaterally. Unlike 
the optimum in single-player optimization, this state 
may bring suboptimal payoffs to all agents. Despite 
the amount of literature on learning in games, we do 
not have a comprehensive theory about which algo
rithms converge to an NE in which types of games 
(Fudenberg and Levine 1999, Cesa-Bianchi and Lugosi 
2006, Young 2010).

Algorithmic pricing is a game-theoretical setting. An 
online retail market where multiple sellers compete via 
prices in a market for homogeneous goods is naturally 
modeled as a Bertrand competition (Bertrand 1883b). This 
established oligopoly model allows for different assump
tions about consumer demand (e.g., all-or-nothing, linear, 
or logit demand models), and there is large amount of lit
erature characterizing the prices that emerge in equilib
rium. In a Bertrand competition with homogeneous 
products and all-or-nothing demand, the equilibrium 
price equals marginal cost, which leads to the maximiza
tion of consumer welfare.

Equilibrium analysis assumes rational agents that 
play their equilibrium strategy from the start. In prac
tice, however, competitors lack information about each 
other’s costs and the demand model, which are both 
needed to calculate such a price in advance. Additionally, 
changes in demand and supply over time would require 
players to recalculate their equilibrium strategy.

A growing number of articles shows that optimization 
and learning algorithms can lead to supra-competitive 
prices, which are prices that exceed the NE of the stage 
game (Waltman and Kaymak 2008, Calvano et al. 
2019, Klein 2021, Abada and Lambin 2023, Brown and 
MacKay 2023, Abada et al. 2024a).3 The phenomenon is 

commonly referred to as algorithmic collusion (den Boer 
2023), and it raised substantial concerns among regula
tors (OECD 2017) because it decreases consumer welfare. 
Meanwhile, some states start to regulate the use of pric
ing algorithms, especially if they are used jointly 
between competitors (Aguiar-Curry and Ward 2025, 
Ballard et al. 2025). Abada et al. (2024b) provide an up- 
to-date treatment of the subject, an overview of relevant 
literature, and policy implications. They define algorith
mic collusion as persistent supra-competitive outcomes 
produced by learning algorithms without human design 
to produce those outcomes, and we adhere to this defini
tion. They also state that these algorithms should be 
“relevant for use in real market environments,” and we 
argue that bandit-feedback online learning algorithms 
are exactly that further below.

The discussion on algorithmic collusion draws largely 
on numerical experiments of certain learning algorithms 
in a repeated Bertrand competition with a fixed set of sell
ers and a specific demand model. Although real-world 
environments might be more complex, this model 
enables an analysis of convergence to the static NE. In 
particular, analysts can perform comparative statics 
based on the knowledge of costs and demand functions 
that are not available in empirical work. One might argue 
that if algorithmic collusion does not arise in repeated 
play in a Bertrand pricing game, it is unlikely to emerge 
in more complex environments.

There are a number of environments where algorith
mic collusion was shown experimentally. Most articles 
focus on Q-learning (Calvano et al. 2020a, b; Klein 
2021), but Hansen et al. (2021) recently found evidence 
for supra-competitive prices with upper confidence 
bound (UCB; Auer et al. 2002), a multiarmed bandit 
algorithm, as well. Reward-punishment schemes that 
might be the result of reinforcement learning algo
rithms with state spaces can be ruled out in these envir
onments (Lambin 2024). Section B.6 in the Online 
Appendix includes Q-learning as a benchmark because 
it is a dominant baseline in prior algorithmic-collusion 
papers; our focus and contributions are on scalable 
online optimization/learning algorithms with bandit 
feedback.

Decades of research on learning in games (Foster and 
Vohra 1997, Young 2010) have shown that convergence 
of learning algorithms to an NE typically requires 
strong assumptions. It is well known that there are 
games that cannot be learned via any uncoupled learn
ing dynamics (Hart and Mas-Colell 2006, Milionis et al. 
2022). Also, random normal-form games can lead to 
cycles or even chaotic dynamics (Sanders et al. 2018). 
We argue that it is important to study not only proper
ties of algorithms but also to consider the structure of 
the games at hand when analyzing the convergence to 
equilibrium. The Bertrand competition has structural 
properties that we exploit in this paper to show the 
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convergence of large classes of algorithms relevant to 
algorithmic pricing.

1.1. Contributions
Prior studies on algorithmic pricing and algorithmic 
collusion analyzed specific algorithms in a repeated 
Bertrand competition with specific demand models. 
We make two main contributions. First, we prove that 
an important class of online optimization algorithms, 
mean-based algorithms, converge to correlated rational
izable strategies (Brandenburger and Dekel 1987), a solu
tion concept that contains correlated equilibria (Aumann 
1987) and NE. Then, we show that in symmetric Bertrand 
competition with all-or-nothing or linear demand and 
discrete actions, mean-based algorithms converge almost 
surely to actions that are close to their NE. This is because 
the set of correlated rationalizable strategies is equivalent 
or close to the set of NE of these games. The connection 
between mean-based algorithms and correlated rational
izable strategies was unknown, and the finding adds to 
the literature on learning in games. The result has real- 
world relevance because it provides proof that widely 
used algorithms such as Exp3 converge to an NE in 
important models of pricing competition. Note that such 
convergence results of bandit algorithms to NE are rare 
in the literature on learning in games.

Not all online optimization algorithms suitable for 
algorithmic pricing are mean based. In a second contri
bution, we provide extensive experiments with a vari
ety of multiarmed bandit algorithms that have been 
suggested for algorithmic pricing and show that sus
tained supra-competitive prices are an exception limited 
to symmetric installations of UCB algorithms among a 
small number of sellers. We report experiments on Exp3, 
ε-greedy, UCB, and Thompson sampling, showing that 
UCB leads to high prices, whereas the other algorithms 
converge to the NE. This holds for all-or-nothing, linear, 
and logit demand models for symmetric and asymmetric 
model parameterizations. In experiments in which two 
or more different algorithms (including UCB) are com
bined, we find that prices converge to the NE quickly. 
Supra-competitive pricing with UCB is also much 
reduced if there are more than three sellers. Overall, these 
results for a variety of standard Bertrand competition 
models indicate that noncompetitive outcomes are less of 
a concern with this important class of online optimization 
algorithms.

1.2. Organization of the Paper
In the next section, we discuss related work on online 
optimization, algorithmic collusion, and learning in 
games. In Section 3, we introduce the relevant game- 
theoretical solution concepts and the Bertrand competi
tion. Section 4 provides the central theoretical result of our 
paper on the convergence of mean-based algorithms to 
equilibrium, before we describe our experimental results 

in Section 5. Section 6 provides conclusions and an 
outlook.

2. Related Work
In what follows, we provide an overview of the rele
vant literature. We briefly discuss online optimization 
algorithms and summarize the literature on algorithmic 
collusion and the key results from the literature on 
learning in games relevant to this paper.

2.1. Online Optimization
Online optimization is concerned with making sequen
tial decisions in an unknown environment with the 
goal of optimizing a performance metric over time. Let 
us briefly introduce the basic model of online optimiza
tion. At each stage t � 1, 2, : : : the agent chooses a strat
egy xt ∈ X from some set and gets a utility ut(xt). In 
algorithmic pricing, this action could be the price or the 
quantity. It is usually assumed that X is a closed convex 
subset of some vector space and ut are convex functions 
(Shalev-Shwartz 2011).

Algorithms are commonly analyzed in two models: 
the adversarial model and the stochastic model. In 
the stochastic model, the objective is to minimize the 
expected regret over the distribution of the input, 
which is drawn independently and identically from 
some underlying distribution. In the adversarial model 
(Auer et al. 1995), the input can be chosen by an adver
sary. A standard performance measure of algorithms 
generating a sequence of strategies xt in both models is 
the notion of (external) regret.

Definition 1 (No-Regret Algorithm). The (external) regret 
denotes the difference between the aggregated utili
ties after T stages and the best fixed action in hind
sight. It is defined by

Reg(T) � max
x∈X

XT

t�1
ut(x)� ut(xt): (1) 

We say that an algorithm has no regret if the regret 
Reg(T) grows sublinearly. This means that an algo
rithm performs at least as well as the best fixed action 
in hindsight.

There are different types of no-regret online algo
rithms. One can distinguish such algorithms based on 
the feedback available to the agents. Some noteworthy 
feedback types include the following: 
• Bandit feedback: The algorithm only receives partial 

feedback about the performance of its decisions. Typi
cally, the feedback consists of a scalar reward or cost 
signal associated with the chosen action, but it does not 
reveal the potential rewards or costs of the other 
actions.
• Gradient feedback: The algorithm receives feedback 

about the first-order derivatives (e.g., gradients) of the 
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cost or payoff function with respect to the chosen 
action. Although it is typically unavailable to learning 
algorithms in the field, one can compute gradient feed
back when the goal is to develop equilibrium solvers 
rather than to mimic real-world interactions.
• Full feedback: The algorithm receives feedback on 

the reward of all its possible actions or is granted access 
to the entire reward function. This information is given 
independent of which action was selected, thus provid
ing access to counterfactual information.

We will largely focus on bandit feedback, which is a 
natural algorithm design principle for algorithmic pricing. 
Sellers set a price, and they learn their profit for this price 
in the next period. They often have no or only incomplete 
information about the demand model or the strategies 
used by all other sellers. This is particularly true on large 
online retail platforms where there are many substitutes 
for a good. We also include experiments with full feed
back, and our theoretical results cover both bandit- 
feedback and full-feedback algorithms.

Exponential weights, follow-the-perturbed-leader 
(FTPL), online gradient descent, and online mirror 
descent are all algorithms that satisfy the no-regret prop
erty (which does not make any assumptions on the feed
back model). Exponential weights (or the Exp3 variant) 
uses bandit feedback and updates the weights associated 
with each action based on the cumulative reward ob
served for that action. The algorithm then chooses actions 
with probabilities proportional to their weights.

Exp3 is also a mean-based algorithm (Braverman et al. 
2018), a property of online optimization algorithms that 
will play an important role in our analysis. Informally, 
if the mean reward of action a is significantly larger 
than the mean reward of action b, the learning algorithm 
will choose action b with negligible probability. Apart 
from Exp3, multiplicative weights update (MWU), and 
FTPL are also mean based. We will show that such algo
rithms converge to an NE in versions of the Bertrand 
competition.

Reinforcement learning (RL) algorithms have also 
been applied to algorithmic pricing (Rana and Oliveira 
2014, Kastius and Schlosser 2022, Deng et al. 2024). RL 
with states can be appropriate in environments where 
demand systematically depends on state variables, such 
as the day of the week or customer history (Abada 
and Lambin 2023). Most notably, prior work often uses 
tabular Q-learning with ɛ-greedy exploration where the 
agents observe the last-period prices (Calvano et al. 
2021a, b; Klein 2021; Schaefer 2022). These algorithms are 
typically sample inefficient: As the state and action space 
grow, they require extensive training rounds and adapt 
slowly to changing market conditions. This makes them 
less suitable for dynamic pricing environments, where 
rapid adaptation is crucial. By contrast, online learning 
algorithms with bandit feedback can adjust more quickly 
and scale better. Based on this argument and discussions 

with practitioners, we therefore focus on online optimiza
tion algorithms with bandit feedback in our work.

2.2. Algorithmic Pricing and Collusion
According to Harrington (2018, p. 336), “[c]ollusion is 
when firms use strategies that embody a reward– 
punishment scheme which rewards a firm for abiding 
by the supra-competitive outcome and punishes it for 
departing from it.” Although this definition states that a 
reward-punishment scheme is a necessary mechanism 
for genuine collusion, Abada et al. (2024a, p. 5) argue that 
“[h]arm to consumers comes from supra-competitive 
prices, not the policy functions that produce those prices 
nor the learning algorithm that produces the policy 
function.” This is why some contributions from the com
putational literature also refer to supra-competitive out
comes as algorithmic “collusion.”

Recent work has emphasized that supra-competitive 
algorithmic pricing and algorithmic collusion should 
not be conflated. Hartline et al. (2024) propose a notion 
of plausible algorithmic noncollusion based on certify
ing unilateral competitive behavior, whereas Hartline 
(2026) argues that some supra-competitive outcomes are 
better understood as unilateral noncompetitive behavior 
rather than collusion. This distinction is important for 
regulatory interpretation: Anticompetitive algorithmic 
pricing is the broader category, whereas collusion is a 
narrower case in which multiple firms’ behavior jointly 
sustains supra-competitive prices. We use “algorithmic 
collusion” in the broad outcome-based sense, merely 
indicating supra-competitive prices.

Algorithmic pricing has drawn substantial attention 
from the research community and from policymakers, 
as we outlined in the Introduction. Most of this litera
ture analyzes specific algorithms such as Q-learning for 
specific model variations, that is, Bertrand oligopolies 
with standard all-or-nothing demand, with linear, or 
logit demand (Bertrand 1883a). Calvano et al. (2020a) 
analyze a Bertrand competition with logit demand and 
constant marginal cost. They find that Q-learning agents 
under self-play can lead to supra-competitive prices. A 
related sequential move pricing duopoly environment 
with linear demand (instead of the simultaneous move 
Bertrand model in Calvano et al. (2020a)) was analyzed 
by Klein (2021), who also found collusion with Q- 
learning agents. Asker et al. (2024) detect in their 
experiments on Bertrand competition with standard 
(all-or-nothing) demand that the outcome depends on 
specifics of the Q-learning algorithm (e.g., synchronous 
versus asynchronous updating). Lambin (2024) analyzes 
a two-staged exploration scheme that helps explain how 
collusion can sometimes form with Q-learning under 
self-play, and Schaefer (2022) empirically derives a prob
ability boundary for the evolution of cooperation in a 
repeated prisoner’s dilemma. Although there are mea
sures that can be implemented against collusion, for 
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example, on a platform level (Johnson et al. 2023), these 
articles agree on the potential risk to consumer wel
fare posed by algorithmic sellers, although some raise 
doubts about the purposeful coordination between the 
algorithms.

In contrast, Abada et al. (2024a) analyze Q-learning in 
Bertrand oligopolies and show that Q-learning algo
rithms with sufficiently large ɛ-greedy exploration show 
no collusion. den Boer et al. (2024) provide a detailed 
analysis of the inner workings of Q-learning and reveal 
that there is no immediate reason to believe that 
Q-learning would lead to collusion easily. In addition, 
Eschenbaum et al. (2022) criticize the claim that algo
rithms can be trained offline to successfully collude 
online in different market environments. The authors 
find that collusion breaks down when collusive reinforce
ment learning policies are extrapolated from a training 
environment to the market.

Most of this experimental literature on algorithmic 
collusion is based on Q-learning, although there is no 
evidence that this algorithm is particularly important 
or widespread for algorithmic pricing. Hansen et al. 
(2021) analyze the price levels that arise in a duopoly 
setting with UCB agents. They run a series of experi
ments where these agents interact simultaneously in a 
Bertrand economy competition with linear demand 
functions. The agents observe a perturbed estimate of 
their revenues, which are a result of their prices and the 
corresponding demand. Hansen et al. (2021) find that, 
under sufficiently small reward noise, agents eventu
ally explore prices in a correlated manner, giving rise to 
supra-competitive outcomes.4 Douglas et al. (2024) pro
vide more details on these results by analyzing UCB 
and an ɛ-greedy bandit algorithm in a repeated prison
er’s dilemma. They argue that deterministic algorithms 
(UCB) always learn to cooperate (“collude”), whereas 
randomized algorithms (ɛ-greedy) never do so in this 
simple game.

A more extensive discussion of the literature is 
provided by Abada et al. (2024b). They find that in 
the settings studied in the literature, sets that include 
Q-learning and non–Q-learning algorithms do not seem 
to constitute persistent sets of supra-competitive algo
rithms. We provide a rationale for this by analyzing the 
properties of these games and analyze a variety of ban
dit algorithms that have been reported for algorithmic 
pricing.

In summary, the literature on algorithmic collusion 
largely focuses on specific algorithms (mostly Q-learning) 
that are employed in specific types of oligopoly models. 
The same type of algorithm is used in a symmetric 
model. We analyze a variety of multiarmed bandit algo
rithms competing against the same, but also against dif
ferent algorithms. We analyze standard all-or-nothing 
demand, linear, and logit demand models in a Bertrand 
competition.

2.3. Learning in Games
The literature on algorithmic collusion is inherently 
tied to that on learning in games. The latter has a long 
history and asks what type of equilibrium behavior (if 
any) may arise in the long run of a process of learning and 
adaptation, in which agents try to maximize their payoff 
while learning about the actions of other agents through 
repeated interactions (Fudenberg and Levine 1999). Cour
not’s study of duopoly (Cournot 1838) already introduced 
an NE and a particular learning process. Cournot’s model 
of best reply dynamics appears unrealistic as a model for 
algorithmic pricing because players would need a lot of 
information about competitors. Later, Brown (1951) sug
gested fictitious play, which converges to equilibrium for 
any two-player, finite-strategy, zero-sum game. However, 
Shapley (1964) established that it can lead to cycles and 
that the frequency distribution does not necessarily con
verge. Many learning algorithms have been developed, 
ranging from iterative best-response to first-order online 
optimization algorithms in which agents follow their util
ity gradient (Mertikopoulos and Zhou 2019, Bichler et al. 
2023).

In this general context, it is well known that the 
dynamics of learning agents do not always converge to 
an NE (Vlatakis-Gkaragkounis et al. 2020, Milionis et al. 
2022): They may cycle, diverge, or be chaotic, even in 
zero-sum games, where the NE is tractable (Bailey and 
Piliouras 2018, Mertikopoulos et al. 2018). Although 
there is no comprehensive characterization of games that 
are “learnable” and one cannot expect that uncoupled 
dynamics lead to NE in all games (Hart and Mas-Colell 
2003, Milionis et al. 2022), there are some important 
results regarding learners. A classical result is that the 
class of no-regret learning algorithms converges to the 
[coarse] correlated equilibrium ([C]CE) of a game (Fuden
berg and Levine 1999), a result that has recently been 
extended to Markov games for an algorithm called 
“V-learning” (Jin et al. 2024). [C]CEs are supersets of NE. 
However, CCEs can also contain dominated strategies 
and are a rather weak solution concept. Wu (2008) and 
Jann and Schottmüller (2015) have shown that the Ber
trand competition with “all-or-nothing” demand has a 
unique CE, and convergence guarantees to CE exist for 
no-internal-regret algorithms, such as the one introduced 
by Foster and Vohra (1999). However, these schemes 
lack the simplicity of no-external-regret algorithms. Our 
results provide a complementary guarantee for mean- 
based algorithms.

Less is known about conditions of games in which 
learning algorithms converge to a NE. In a landmark 
paper, Monderer and Shapley (1996) introduced the 
class of potential games and showed that Cournot oligo
polies with linear price or cost functions are potential 
games. Potential games are guaranteed to have at least 
one pure NE. Importantly, it was shown that algo
rithms such as best and better response dynamics or 
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fictitious play converge to an NE in these games. More 
recently, convergence of MWU (Palaiopanos et al. 2017) 
and Exp3 (Heliou et al. 2017) in potential games was 
also shown.

Another important property of a game is supermo
dularity (Milgrom and Roberts 1990, Topkis 1998, Vives 
2001). In supermodular games, the best response of 
each player is positively correlated with the strategies 
chosen by other players. Milgrom and Roberts (1990) 
showed that Bertrand oligopoly games are (log-)super
modular if each firm’s elasticity of demand is a decreas
ing function of its competitors’ prices. Later, Milgrom 
and Roberts (1991) established that adaptive learning 
algorithms converge to the unique NE in a Cournot 
duopoly model and Bertrand oligopoly models with 
linear and logit demand. Adaptive learning algorithms 
include best-response dynamics and fictitious play. In 
the bandit algorithms that we analyze, an agent can only 
observe their profit for a particular action, but not neces
sarily the strategies of all other players, because is neces
sary for these earlier equilibrium-finding algorithms.

Mertikopoulos et al. (2024) develop a general stochastic 
approximation template that unifies many online learn
ing algorithms (gradient, multiplicative weights, optimis
tic, bandit, etc.) and analyze their convergence properties 
across broad classes of games. Our paper complements 
this by focusing on repeated Bertrand competition, show
ing how such bandit dynamics manifest in price competi
tion with direct implications for market design and 
regulation.

It is important to note the distinction between learn
ing algorithms that have access to full payoff informa
tion (as in Fudenberg and Levine (1999)) and bandit 
feedback, where players only observe realized payoffs 
from their chosen actions; although convergence results 
are more established in the former case, our work con
tributes to the latter, where such guarantees are harder 
to obtain. Our work also differs from the extensive liter
ature on dynamic pricing in the monopolist setting 
(den Boer 2015), which focuses on single-seller learning 
of demand, whereas we study learning dynamics in 
competitive multiseller environments where strategic 
interaction is central.

Finally, some recent papers aim to find an algorithm 
that, when employed by all agents, yields an NE. They 
require a common and coordinated exploration scheme. 
Yang et al. (2024) introduce an algorithm that learns the 
NE in a variety of Bertrand settings, based on a common 
exploration scheme that all participants need to follow. 
Goyal et al. (2023) restrict their attention to the multino
mial logit-demand case and show that the NE can be 
found with a specialized, decentralized online learning 
algorithm. Similar to our work, Wang et al. (2022) focus 
on rationalizability in (coarse) correlated equilibria. They 
provide a number of algorithms that are able to achieve 
this under limited coupling requirements.

3. Model
In the following, we will first introduce the necessary 
notation and definitions before we define different 
types of Bertrand competition models.

3.1. Basic Definitions and Notation
We begin with the concepts of a finite normal-form 
game, an NE, and a symmetric game. A normal-form 
game is a representation in game theory that defines 
the strategies available to each player, their correspond
ing payoffs, and the resulting outcomes in a simulta
neous and strategic interaction. Formally, we have the 
following definition.

Definition 2 ((Finite) Normal-Form Game). A normal-form 
game with n players can be described as a tuple 
G � (N ,A, u), with a finite set of players i ∈N �

{1, : : : , n}, an action space A �A1 ×⋯×An for all 
i ∈N , and payoff or utility functions u � (u1, : : : , un)

with ui : A→ R. We call the game a finite normal- 
form game if the action spaces are also finite, that is, 
|Ai | <∞.

Please note the slight abuse of notation in the sub
scripts: Previously, we used indices to refer to time 
(e.g., “ut(: : : )”); now, we mostly differentiate players 
(e.g., “ui(: : : )”). In the following, we will use letters s, 
t, and T whenever we consider time, and i, j, and n 
whenever we refer to players.

In a normal-form game, all agents i � 1, : : : , n submit 
their actions ai simultaneously to form an action pro
file a � (a1, : : : , an). We often abbreviate the profile by 
(ai, a�i) where a�i � (a1, : : : , ai�1, ai+1, : : : , an). Similarly, 
we will sometimes index parts of combined spaces 
as follows: A�i �A1 ×⋯×Ai�1 ×Ai+1 ×⋯×An. The 
agents may also play a distribution over actions, 
known as a mixed strategy, denoted by xi ∈ ∆(Ai), 
where ∆(Ai) is the probability simplex over Ai. For 
any joint distribution x ∈ ∆(A) over action tuples, the 
expected utility of player i is ui(x) � Ea~x[ui(ai, a�i)]. 
Similarly, we will write ui(ai, x�i) � Ea�i~x�i[ui(ai, a�i)]

for the expected utility of some action ai of player i 
against randomizing opponents.

An NE is a situation in a strategic interaction where 
each player’s strategy is optimal given the strategies 
chosen by all other players, and no player has an 
incentive to unilaterally deviate from their chosen 
strategy.

Definition 3 (NE). In a normal-form game G � (N , 
A, u), a strategy profile x∗ � (x∗1, : : : , x∗n) is a NE if, for 
every player i ∈N , we have

ui(x∗i , x∗�i) ≥ ui(xi, x∗�i), ∀xi ∈ ∆Ai: (2) 

It is well known that computing NE is PPAD-hard in 
the worst case (Daskalakis et al. 2009). There are specific 
subsets of normal-form games where the utilities have 
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more structure. This allows us to find an equilibrium 
with faster iterative algorithms. Potential games (Mon
derer and Shapley 1996) and supermodular games (Top
kis 1979, Milgrom and Roberts 1990) have received 
significant attention.

Definition 4 (Potential Game). A game G � (N ,A, u) is a 
potential game if there exists a potential function φ :

A→ R such that for every player i ∈N and every pair 
of actions ai, a′i ∈Ai:
ui(ai, a�i)� ui(a′i , a�i) � φ(ai, a�i)�φ(a′i , a�i), ∀a�i ∈A�i:

(3) 

It is known that best response dynamics, better 
response dynamics, fictitious play, replicator dynamics, 
and simultaneous gradient ascent all converge in poten
tial games (Monderer and Shapley 1996, Fudenberg and 
Levine 1999, Sandholm 2010, Swenson et al. 2018). 
Heliou et al. (2017) also showed convergence of bandit 
algorithms such as Exp3 to an NE in potential games.

Bertrand competitions with some demand models are 
supermodular games, which were introduced by Topkis 
(1979) and Milgrom and Roberts (1990). Because we only 
consider one-dimensional action spaces A ⊂ R, the utility 
functions trivially satisfy the necessary supermodularity 
condition, and we can use the componentwise ordering 
to define a complete lattice on Ai and A�i. Then, the def
inition of supermodular games reduces to the following.

Definition 5 (Supermodular Game). A normal-form 
game G � (N ,A, u) with Ai ⊂ R is called a supermodular 
game if it satisfies the following conditions for each 
player i ∈N : 

1. The utility function ui is order upper semicontinu
ous in ai and continuous in x�i and has a finite upper 
bound.

2. The utility function ui has increasing differences 
in ai and a�i; that is, for any two action profiles a �
(ai, a�i) and a′ � (a′i , a′�i) such that a′i ≥ ai and a′j ≥ ajfor 
all j ≠ i, the following inequality holds:

ui(a′i , a′�i)� ui(ai, a′�i) ≥ ui(a′i , a�i)� ui(ai, a�i): (4) 

If we restrict ourselves to finite normal-form games, 
that is, discrete actions, then we only have to check the 
increasing differences property (2) and can ignore the 
continuity requirements (1).

It is known that pure strategy NE exist in supermod
ular games. The set of actions surviving iterated strict 
dominance has a greatest and least element, and both 
are NEs (Levin 2006). Consequently, if a game has a 
unique NE, then strict elimination of dominated strate
gies finds this equilibrium. However, the elimination 
of dominated strategies is not a learning method that 
can be used independently by all players of the game 
because it requires complete information about the 
payoff matrix of a game. Such information is not avail
able in algorithmic pricing. Therefore, we will focus on 

uncoupled algorithms that can be used independently 
by the agents and that only learn from bandit feedback 
after each round.

3.2. Bertrand Competition
The Bertrand pricing game or Bertrand competition (Ber
trand 1883b) is an economic model that describes the rev
enue of a firm according to the price it sets for its product 
and the resulting demand. The firm’s action ai ∈Ai is the 
price for a good it wants to produce. Firms compete for 
demand with their prices and affect each other’s reven
ues: The demand depends on all agents’ actions and is 
decreasing in the agent’s own price. As is common, we 
assume that the cost functions are linear in the demand. 
In summary, the utility can be described by

ui(ai, a�i) � di(a) · (ai� ci): (5) 

3.2.1. Demand Models. We consider different demand 
models. The standard or all-or-nothing demand (also called 
Bertrand demand) is similar to an auction, where only 
the highest bidder gets the item. In this case, the firm 
with the lowest price gets all the demand. Different from 
auctions, where the valuation of an item does not depend 
on its price, the demand in this competition is addition
ally linearly decreasing in the agent’s price. If multiple 
firms offer the lowest price, the demand is shared 
equally. This leads to a demand function given by

di ai, a�i( ) �

D
nmin

1� ai( ) if i ∈ arg minj∈N aj

0 else,

8
<

:
(6) 

where D > 0 is the maximum total demand, and nmin :�

|arg minj∈N aj | is the number of firms with the lowest 
price. Another demand model that was used in Calvano 
et al. (2020a) is the multinomial or logit demand. In this set
ting, the demand is split between the n agents/goods 
and some outside good (indexed with zero) according to

di ai, a�i( ) �
exp αi�ai

µ

� �

exp α0
µ

� �
+
Pn

j�1exp αj�aj
µ

� � : (7) 

The parameters αi > 0 capture different product quality 
indices, and µ > 0 models a product differentiation 
between the goods, that is, if µ→ 0, the goods are per
fect substitutes. (Please note the difference between α 
(“alpha”) and a in the formula.) Finally, we also intro
duce the linear demand that was considered in Hansen 
et al. (2021). The agents’ demand function is given by

di ai, a�i( ) � αi� βiai +
γ

n� 1
X

j≠i
aj: (8) 

Similar to the standard model, the demand decreases 
with rate βi > 0 in the price of the agent, but it also 
increases with rate γ > 0 in the sum of the prices of all 
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other agents. We assume that the effect of the own price 
is greater than the effect of the average opponents’ 
prices, that is, βi > γ.

In a standard Bertrand model with homogeneous 
products and symmetric firms, prices equal marginal 
costs in equilibrium. However, this changes with asym
metries or product differentiation. With asymmetric 
costs between firms, the NE typically involves the low- 
cost firm pricing at or just below the marginal cost of 
the high-cost firm. With product differentiation (as in 
logit demand), equilibrium prices are typically above 
marginal costs due to firms having some market power. 
Independent of the demand model, we will use the NE 
as a baseline for the learning outcome.

3.2.2. Game-Theoretical Properties. Let us now dis
cuss some properties that are already known about Ber
trand pricing models. Milgrom and Roberts (1991) 
showed that Bertrand competition with linear and logit 
demand and continuous actions are (log-)supermodu
lar games. As indicated earlier, iterated elimination of 
dominated strategies converges to a unique NE in this 
model. However, this is not the case for standard all- 
or-nothing demand, as we show (see Proposition 3 in 
the Online Appendix).

Potential games have even stronger properties, as we 
have seen. Apart from best- and better-response dynam
ics, and fictitious play, the class of no-regret learning con
verges to equilibrium in potential games. We show that 
the Bertrand competition with a linear demand function 
is not only supermodular, it is also a potential game (see 
Proposition 4 in the Online Appendix). For Bertrand 
competitions with standard all-or-nothing and logit de
mand, we can show that these games are, in general, not 
potential games (see Propositions 5 and 6 in the Online 
Appendix). An overview of these concepts for the differ
ent utility models is given in Table 1.

3.3. Alternative Solution Concepts
We explore alternative solution concepts to the NE. 
Although the latter is computationally hard to find, 
there exist simple iterative algorithms that can identify 

strategy profiles corresponding to these solution con
cepts. In some games, the alternatives coincide with the 
NE, which is what we will leverage in our convergence 
proof for mean-based algorithms.

Table 1. Overview of Games and Properties

Game properties

Demand model

Convergence to NEAll-or-nothing Linear Logit

Potential ✗ (Proposition 5) ✓ (Proposition 4) ✗ (Proposition 6) FP, BR, Exp3
Supermodular and unique NE ✗ (Proposition 3) ✓ (MR90) ✓ (MR90) ISD, FP, BR (MR90)
Unique CR ✓ (Proposition 9) ✓a (Proposition 10) ?b ISD, MB (Theorem 1)

Notes. MR90 refers to Milgrom and Roberts (1990). FP, fictitious play; BR, best response; Exp3, exponential weights; ISD, iterated strict 
dominance; MB, mean based.

aThe set of CR is almost unique. We show that only two neighboring actions per agent can be in CR. Depending on the discretization, either 
one or both are in NE.

bNumerically, we observe two neighboring or one unique NE in the game, depending on the discretization. Only the actions of the NE are 
contained in CR.

3.3.1. (C)CE. Apart from NEs, CE, and CCE have re
ceived significant attention in the literature on learning 
in games. It is well known that NE ⊆ CE ⊆ CCE.

Definition 6 (CE). A joint distribution σ ∈ ∆(A) is a CE 
if for every player i ∈N and for all actions ai, a′i ∈Ai,

Ea~σ[ui(ai, a�i) |ai] ≥ Ea~σ[ui(a′i , a�i) |ai]:

Definition 7 (CCE). A joint distribution σ ∈ ∆(A) is a 
CCE if for every player i ∈N and for all actions a′i ∈Ai,

Ea~σ[ui(ai, a�i)] ≥ Ea~σ[ui(a′i , a�i)]:

Both CE and CCE capture a scenario in which a 
mediator recommends actions to the players, based on 
a joint action profile distribution, such that no player 
wants to deviate. For CEs, deviation may depend on 
the recommended action, whereas the deviation for 
CCEs does not take this information into account. The 
corresponding CCE constraints form a polytope, and 
therefore, individual CCEs can be computed via a 
linear program. It was shown that algorithms with no 
internal regret converge to a CE and those with no 
external regret to a CCE (Foster and Vohra 1997). Pop
ular bandit algorithms such as Exp3 are no-external- 
regret algorithms. However, CCEs are a weak solution 
concept, and they can contain dominated strategies 
(Viossat and Zapechelnyuk 2013). Also, the set of CCEs 
can be a very large superset of the set of NE. In Example 
1, we computed different CCEs for Bertrand competition 
models with linear and all-or-nothing demand.

Example 1 (CCE in Bertrand Competitions). We consider 
Bertrand competitions with two players, action spaces 
A � {0:1, 0:2, : : : , 0:9}, cost parameters c1 � c2 � 0, and 
two different demand functions, namely linear demand 
(αi � 0:48, βi � 0:9, γ � 0:6 for i ∈N ) and all-or-nothing 
demand (D � 1). The computed CCEs are visualized in 
Figure 1.
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Figure 1. (Color online) Coarse Correlated Equilibria for Different Bertrand Competitions 

Notes. We visualize exemplary CCEs and highlight the Nash equilibria (boxes with black frames). The CCEs were computed by solving an LP 
where the constraints come from the definition of a CCE, and the objective was chosen such that the Wasserstein distance to the Nash equilibria 
is maximized; that is, we put more weight on action profiles further away from the equilibrium profiles.

For the linear demand model, the CCEs contain only 
actions near the NE. However, for the all-or-nothing 
demand model, we can find CCEs that contain domi
nated actions. This is why the guarantee that no-regret 
learners converge to a CCE is not sufficient in a Ber
trand competition with all-or-nothing demand.

3.3.2. Serially Undominated Set. Another important 
solution concept that can be computed by means of a 
simple, iterative algorithm is that of a serially undomi
nated set. For this, let us introduce different types of 
dominance relationships.

Definition 8 (Dominated Actions). An action ai ∈Ai is 
• Strongly dominated if there exists another action 

â ∈Ai, such that ui(â, a�i) > ui(ai, a�i).
• Strictly dominated if there exists a mixed strategy 

x̂ ∈ ∆(Ai), such that ui(x̂, a�i) > ui(ai, a�i) for all oppo
nents’ action profiles a�i ∈A�i.

By iterative removal of dominated actions, we end 
up with a serially undominated set. From Milgrom and 
Roberts (1990), we know that in supermodular games, 
the iterative procedure of removing strongly domi
nated strategies leads to a set where the maximum and 
minimum elements are component strategies of pure 
NE. This set includes all NE, CE, and rationalizable 
actions (Bernheim 1984, Pearce 1984).

Iteratively crossing out strictly dominated actions, 
also known as iterated strict dominance (ISD), leads to a 
smaller set of actions, which we will call strictly serially 
undominated set (SSU). A game is said to be strict domi
nance solvable if ISD yields a unique strategy profile. In 
finite games, this strategy profile is necessarily the 
unique NE (Fudenberg and Tirole 1991, Kolpin 2009). 
Note that, in order to perform ISD, we need complete 
information about the payoff matrix. This assumption 
is too strong for algorithmic pricing, which is why we 

will focus on bandit algorithms later. In finite games, 
there is a close relationship between actions that sur
vive ISD and correlated rationalizable (CR) actions, 
which we will explore in the following section.

3.3.3. CR Set. Our main convergence statement is cen
tered on the concept of CR (Brandenburger and Dekel 
1987). CR actions are actions that are a best response 
against any joint mixed strategy of the opponents that 
is also correlated rationalizable.

Definition 9 (CR). Let Ā � Ā1 ×⋯× Ān, Āi ⊆Ai, be 
the largest product set of actions such that, for each i ∈
N and ai ∈ Āi

∃ x̂�i ∈ ∆(Ā�i), ∀a′i ∈Ai :

ui(ai, x̂�i) ≥ ui(a′i , x̂�i):

The set Ā is called the CR.

This means that an action ai is in Āi (CR) if it maxi
mizes the player’s utility for some probability x̂�i with 
support on Ā�i. Note the recursive nature of the defini
tion, which ensures that only actions are in the support 
of x̂�i which are correlated rationalizable themselves.

Different from the definition of rationalizable actions 
(Bernheim 1984, Pearce 1984), correlated rationalizabil
ity allows the mixed strategies x̂�i ∈ Â�i to be corre
lated probability distributions. The set of rationalizable 
actions is a subset of CR, but the subset relation may 
not be strict. Bernheim (1984) has shown that all NE are 
rationalizable. As a consequence, all NE are also corre
lated rationalizable. In finite games, ISD and correlated 
rationalizability give the same solution set (Levin 2006). 
Although this set (SSU) can be computed with ISD hav
ing the complete payoff matrix available, we will show 
that uncoupled mean-based algorithms also find speci
fic instances of the CR.
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3.3.4. Summary. We summarize the relation between 
different solution concepts for games in Figure 2. It is 
well known that NE ⊆ CE ⊆ CCE in finite games. The 
relationship between CRs (or SSD) and (C)CE is more 
complex. First, we can show that, similar to rationaliz
able actions, actions contained in the support of CE are 
also CR.

Proposition 1. Given a finite normal-formal game, any 
action profile that is in the support of a CE is also in 
the CR.

Although it is known that CCE may contain domi
nated strategies (Viossat and Zapechelnyuk 2013), we 
can show that actions supported by a CCE are not a 
superset of CR actions. To show this, we use the equiva
lence of CR and SSU.

Proposition 2. There exists a finite-normal form game 
where an action from the SSU is not in the support of any 
CCE.

Please refer to the Online Appendix for both proofs.
As indicated earlier, algorithms that have no (external) 

regret (see Equation (1)) converge to a CCE, whereas 
algorithms with no internal regret (such as regret match
ing) converge to CEs (Foster and Vohra 1997). ISD com
putes the SSU and thus also the CR, but this algorithm 
requires full access to the payoff matrix.

Table 1 summarizes properties of games that are sat
isfied by Bertrand competitions with different demand 
models (all-or-nothing, linear, and logit demand) and 
algorithms that are known to converge to an NE if cer
tain of the game properties hold.

The Bertrand competition with linear demand is a 
potential game for which we know that even bandit algo
rithms such as Exp3 converge. However, other demand 
types do not lead to a potential game as we showed ear
lier. Milgrom and Roberts (1990) showed that Bertrand 
competition with continuous actions and linear demand 
is supermodular and has a unique NE, whereas with 
logit demand, it is log-supermodular. We do not know of 
convergence proofs for bandit algorithms, but we know 
that ISD, fictitious play, and best response dynamics find 
the unique NE in such supermodular games. ISD also 

finds correlated rationalizable sets, because they are 
equivalent to serially undominated sets. Our main ana
lytical contribution is to show that mean-based algo
rithms, with Exp3 as the leading example, converge to 
the correlated rationalizable set. Importantly, in a Ber
trand competition with all-or-nothing or linear demand, 
this set is either a singleton, meaning it must be the NE, 
or consists of only two adjacent actions.

Figure 2. Relation Between Solution Concepts 

Notes. The displayed relations are between the support sets of the 
solution concepts. CCE, coarse correlated equilibrium; SSU, Strictly 
serially undominated; CR, Correlated rationalizable; CE, correlated 
equilibrium; NE, Nash equilibrium.

4. Convergence of Mean-Based 
Algorithms

Let us now focus on mean-based algorithms. These are 
online optimization algorithms that pick actions with 
low average rewards with low probability (Braverman 
et al. 2018, Deng et al. 2022).

Definition 10 (Mean-Based Algorithm). Let αt(a) be the 
average reward of action a ∈A in the first t� 1 rounds: 
αt(a) �

Pt�1
s�1 us(a)=(t� 1). An algorithm is γt-mean- 

based if, for any a ∈A, whenever there exists a′ ∈A 

such that αt(a′)� αt(a) > γt, the probability that the 
algorithm picks a at round t is at most γt. An algorithm 
is mean based if it is γt-mean based for some decreasing 
sequence (γt)

∞
t�1 such that γt→ 0 as t→∞.

There are many no-regret algorithms, such as Exp3, 
multiplicative weights, and the FTPL algorithm, which 
are also mean based. We know from Kolumbus and 
Nisan (2022) that if a mean-based algorithm converges 
to a CCE, then the CCE is co-undominated, which 
avoids outcomes with dominated strategies as illus
trated in Figure 1(b). Deng et al., 2022 and Feng et al. 
(2021) analyzed the convergence of mean-based algo
rithms in first-price and second-price auctions, and 
they found convergence in the complete-information 
games. We focus on Bertrand competitions, which are 
different due to the various demand models. In what 
follows, we provide proof that mean-based algorithms 
converge to strategy profiles in the correlated rational
izable set.

We analyze convergence in a time-average and in a 
last-iterate sense (Anagnostides et al. 2023). Although 
the former measures the fraction of times that all 
players have chosen actions according to a reference 
profile or reference set of actions, the latter makes a 
statement about the current strategy of the players, that 
is, their current distribution over action selections.

Definition 11 (Time-Average Convergence). A sequence 
of action profiles {as}

t
s�1 converges in time-average to a 

set of actions Ā ⊆A if limt→∞
1
t
Pt

s�1 I[∀i : as, i ∈ Ā] � 1. 
The sequence converges in time-average to a single 
action profile ā if Ā � {ā}.

With this definition at hand, we can state our central 
convergence theorem. For brevity of notation, we restrict 
ourselves to an informal formulation and provide a 
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mathematically thorough version in Section A.4.8 of the 
Online Appendix. The proof, building on techniques 
introduced by Feng et al. (2021) and Deng et al., 2022, is 
provided in Section A.4 of the Online Appendix.

Theorem 1 (Informal Version). If all players use mean-based 
algorithms in a finite normal-form game, their empirical fre
quency of play converges almost surely to the set of correlated 
rationalizable actions (time-average convergence). This also 
holds if players i observe Uit at time t, which is a stochastic 
version of the average reward ui, as long as the random 
variables Uit(ai, a�i) are bounded, sampled independently 
for each time t, and have expected value ui. Moreover, 
agents may enter the game at different points in time τi.

Thus far, we have shown that players will eventu
ally play CR actions in almost every round. But we can 
also say something about the actual (mixed) strategy 
profile of the players, that is, about last-iterate conver
gence. In the general setting of the previous theorem, we 
can only show that the support of the mixed strategies is 
within the CR actions in the limit. In the special case, 
where the CR actions correspond to the unique NE, for 
example, in the all-or-nothing demand setting as 
described in Proposition 9, we get last-iterate conver
gence to the NE. We formalize this result in the corollary 
below and provide its proof in Section A.4.9 of the Online 
Appendix.

Corollary 1. In games with a unique pure NE a∗ being 
the only correlated rationalizable action, mean-based algo
rithms converge almost surely to the NE in last-iterate, that 
is, limt→∞xt � x, where xt is the sequence of mixed strategy 
profiles and x̄i � 1a∗i .

Our analysis leads to a corollary that is of indepen
dent interest and beyond the analysis of Bertrand 
competition.

Corollary 2. Mean-based algorithms converge to strategy 
profiles in the serially undominated set.

This follows from the fact that serially undominated 
sets are equivalent to CR sets of strategy profiles. Next, 
we focus on the class of Bertrand competition games. 
Let us present our second main result informally.

Informal Theorem. In symmetric Bertrand competi
tion games with standard or linear demand and dis
crete actions, mean-based algorithms converge almost 
surely to actions that are close to their NE.

For this, we just need to show that the CR sets are 
close to the set of NE for the two demand models, 
which we do in Section A.3 of the Online Appendix.

5. Experimental Analysis
In our experimental analysis, we analyze the behavior 
of various bandit algorithms in Bertrand oligopolies 
with different demand models. The focus variables of 

our experiments are the converged prices and the con
vergence behavior. We focus on scenarios that our theo
retical contribution does not cover. We use algorithms 
that are well known but (with the exception of Exp3) 
not known to be mean based, and we simulate their 
behavior in a variety of Bertrand oligopolies.

In our numerical experiments, most algorithms con
sistently reach NE prices within a few iterations, indi
cating that even without tens of thousands of repeated 
interactions and without the mean-based property, 
supra-competitive prices are rarely established. By 
including different demand functions and both 
symmetric and asymmetric environments, we show 
that our findings are robust across a wide range of 
treatments.

5.1. Selected Algorithms
In our study, we include ɛ-greedy, UCB, Thompson 
sampling, and Exp3, which are widely used and cited 
in the literature (Bubeck, 2011). All bandit algorithms 
share similarities. First, an action is selected according 
to some potentially random action-selection rule that is 
based on past experiences. Then, the agent receives a 
corresponding reward feedback with which it subse
quently updates its internal state. We describe this 
generic scheme in Algorithm 1. All algorithms that we 
analyze follow this generic scheme while implementing 
distinct rules for selecting actions and updating their 
beliefs. Details of the algorithms can be found in Section 
B.1 of the Online Appendix. Typically, the algorithms 
allow for different variations, and each description 
describes a family of algorithms.

Algorithm 1 (Bandit Algorithm Scheme)
Initialization: Algorithm parameters θ
for t � 1, 2, : : : do

at← get_action(θ, t) // Agents choose action.
ut← environment(at) // Agents submit actions 

and observe own utility.
θ← update(θ, at, ut, t) // Agents update 

their strategy.
end for

5.2. Experiment Setup
We demonstrate that even in treatments where no 
analytical convergence results are available, conver
gence to competitive prices can be observed consis
tently with many bandit algorithms. Supra-competitive 
(“collusive”) prices, which are prices between the NE 
and the joint profit-maximizing prices, only occur 
under symmetric combinations of certain algorithms. 
We characterize supra-competitive prices via the fol
lowing metrics. Let (āi)

n
i�1 be the largest component strate

gies of any pure NE and let (aM
i )

n
i�1 be the actions played 

in the monopoly. We define the price-competition index of 
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player i by

CIprice, i(ai) �
ai� āi

aM
i � āi

, i ∈ [n], (9) 

and the profit-competition index of all players by

CIprofit a( ) �
Pn

i�1(ui(a)� ui(ā))
Pn

i�1(ui(aM)� ui(ā))
: (10) 

A price-competition index of zero captures that player i 
plays āi, and thus is competitive. A value of one means 
that the agent plays indicates cooperative pricing. 
The profit-competition index represents the fraction of 
monopolistic payoff surplus that all agents could achieve 
in total.

Let us briefly discuss the choice of metrics. In essence, 
we want to capture a deviation from competitive play 
(NE) to cooperation. A NE naturally lends itself as the 
lower bound of our metric’s values, but the choice of 
the upper deserves discussion. As noted by Loots and 
den Boer (2023), multiple notions of collusive prices are 
reasonable, and joint profit maximization might not 
always be the adequate choice. In line with previous 
research (Calvano et al. 2020a), we nonetheless select 
these prices as our upper reference points, because in 
our analyzed settings, joint profit maximization is bene
ficial to all firms. Being a joint maximum, it is Pareto- 
optimal for sellers, too. As indicated by Loots and den 
Boer (2023), joint profit maximization also exhibits the 
highest price increase and the worst effect on consumer 
welfare, on average.

In the following, we introduce the treatment vari
ables of our experiments, such as the oligopoly config
urations and the bandit algorithms, as well as the 
experiment setup. We then state the conclusions drawn 
from our experiments and present the empirical evi
dence supporting them. In our experiments, we vary 
the games that the agents compete in, the algorithms 
they use, and the number of competitors they face. An 
experiment is formed by a unique combination of these 
factors. Table 2 provides an overview of the treatment 
and focus variables.

Table 2. Treatment and Focus Variables of the Experiments

Treatment variables Variations

Oligopoly model Demand models (standard, linear, 
logit), symmetric/asymmetric 
parameterization

Algorithms UCB-T, Exp3-ɛ, ɛ-Greedy, TS, 
(UCB1, Q-Learning, MWU)

Number of competitors 2–10

Focus variables Description

Prices Prices after convergence
Convergence speed Time to convergence and 

convergence behavior

5.2.1. Oligopoly Model. Our oligopolies model the 
demand and the costs that firms face. They are based on 
the games described in Section 3.2. We implemented 
models with standard, linear, and logit demand func
tions. Depending on the parameter choices, the utility 
functions are the same for all agents (symmetric game) or 
not (asymmetric game). Our experiments are based on 
the following instances of Bertrand competition. The first 
three configurations are symmetric games with standard 
demand (O1), linear demand (O2), and logit demand 
(O3). O2 and O3 are inspired by Calvano et al. (2020a) 
and Hansen et al. (2021), respectively. Likewise, we 
defined asymmetric counterparts for duopolies with lin
ear demand (O2′) and logit demand (O3′). The asymmet
ric settings are a step toward more realistic scenarios 
where firms might face different costs and demand struc
tures. The configurations are summarized in Table 3. We 
selected price ranges that span the NE prices and joint- 
profit-maximizing prices, including a small margin. The 
agents can choose from 21 evenly distributed prices 
within this range. For example, an agent in O3 can select 
actions from the set {1:00, 1:05, 1:10, : : : , 1:95, 2:00}. Other 
discretizations, and in particular asymmetric discretiza
tions for the players, did not substantially change our 
results in preliminary experiments.

5.2.2. Algorithms. We investigate the behavior of four 
widespread bandit algorithms. First, we evaluate a var
iant of the UCB-tuned (UCB-T) algorithm that resolves 
ties randomly and does not eliminate actions. Next, we 
run experiments with the simple ɛ-greedy algorithm 
(ɛ-Greedy) and an Exp3 (Exp3-ɛ ) algorithm with fixed 
exploration rate ɛ. We note that this version of Exp3 is 
not mean based. Known mean-based versions of Exp3 
suffer from a very slowly decaying exploration rate, 
which makes them impractical for experiments and 
applications. Finally, we implemented an algorithm 
(TS) that performs Thompson sampling with Gaussian 
priors, likelihoods, and posteriors. We note that our 
experiment results are stable against reasonable modifi
cations of the parameters. In one result on mean-based 
algorithms, we also analyze MWU and the mean-based 
version of Exp3 introduced by Braverman et al., 2018. 
In the Online Appendix, we also report results on 
Q-learning to provide a comparison. However, given 
the multitude of hyperparameters available in this algo
rithm, we restrict our analysis to a few experiments rep
licating prior results. We also compare these results to 
those of the algorithms in the main part of the article.

5.2.3. Number of Competitors. Some of our empirical 
results are based on the number of firms that compete 
in an oligopoly. The symmetric games (O1, O2, O3) can 
be easily extended to an arbitrary number of players. 
We investigate numbers between 2 and 10 for an oli
gopoly based on O2.
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Table 3. Parameterization of the Bertrand Oligopoly Models

Model Demand Costs(c1, c2) Other parameters Price range Nash Monopoly

O1 Standard (0:0, 0:0) — [0.05, 1.00] (0:05, 0:05) (0:48, 0:48)
O2 Linear (0:0, 0:0) α � 0:48, β � 0:9, γ � 0:6 [0.00, 1.00] (0:40, 0:40) (0:80, 0:80)
O3 Logit (1:0, 1:0) a1 � a2 � 2:0, a0 � 0:0, µ � 0:25 [1.00, 2.00] (1:50, 1:50) (1:90, 1:90)
O2′ Linear (0:0, 0:2) α � 0:48, β � 0:9, γ � 0:6 [0.00, 1.00] (0:45, 0:50) (0:80, 0:90)
O3′ Logit (0:5, 1:0) a1 � 1:5, a2 � 2:0, µ � 0:25, a0 � 0:0 [1.00, 2.00] (0:95, 1:48) (1:40, 1:93)

Notes. The (pure) Nash equilibria and monopoly prices are stated for the discretized game. In case of multiple equilibria, the maximum prices 
are taken.

We run each experiment 10 times with random seeds 
from zero to nine. Fixing the seeds allows us to reproduce 
results despite the random nature of the algorithms. Each 
run consists of 250,000 iteration steps during which the 
agents first submit their actions simultaneously and inde
pendently to the market. Then, the demands are evalu
ated, and the agents observe their respective rewards. 
The agents update their beliefs at the end of each step. 
We found that almost all our experiments converged 
within the provided time frame.

5.3. Results
Let us now report the main results of our experimental 
analysis.

5.3.1. Convergence Speed with Mean-Based Algorithms. 
We first focus on markets with mean-based algorithms. 
Our convergence guarantee applies, but the speed of 
convergence is unknown. We consider the mean-based 
versions of MWU and Exp3 that have been described 
by Braverman et al., 2018. Figure 3 shows the evolution 
of the price-competition index over the course of the 
experiments. We observe convergence to very low index 
values. Although the MWU algorithm reaches the final 
outcome within a few iterations, the Exp3 algorithm 
requires noticeably more iterations. This is expected 
because MWU has access to full feedback, whereas 
Exp3 only receives bandit feedback. Below, we use a 

different version of Exp3 that is faster than its mean- 
based counterpart.

Figure 3. Evolution of Prices During Training for Mean-Based Algorithms 

Notes. The experiments are based on the symmetric environment with linear demand (O2). The figures display the competition indices based on 
the charged prices (running medians over 1,000 steps) for 10 runs of the experiment in thin lines. The thick line shows the average of all runs and 
thus indicates the overall trend.

5.3.2. Algorithmic Pricing in Duopolies. Next, we ana
lyze duopolies with different algorithms that are not 
mean based anymore. We first report the prices at the 
end of the experiments in two-player games. In Section 
B.2 of the Online Appendix, we provide an analysis of 
the convergence speed: After 250,000 iterations, the 
algorithms consistently settle at a price level, so we can 
assume convergence. Our first result makes a statement 
about the price levels agents eventually reach.

Result 1. Supra-competitive pricing only evolves with 
UCB algorithms under self-play. Other algorithms consis
tently price close to the NE prices. In particular, combina
tions of diverse algorithms rarely display noncompetitive 
behavior. This happens for all demand models (standard, 
linear, logit) and for symmetric and asymmetric settings.

We visualize these results in Figure 4, which displays 
the profit- and price-competition indices found in our 
experiments. We average the indices over settings, runs, 
and—if applicable—over agents. In settings with two 
identical competing algorithms (diagonal entries), we 
only observe noncompetitive behavior with the UCB-T 
algorithm. In this case, prices and profits are high, mean
ing that cooperating algorithms indeed benefit from 
their noncompetitive play. The combined settings of any 
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two different algorithms show competition indices close 
to zero, with a combination of UCB-T and ɛ-Greedy 
resulting in only slightly supra-competitive prices.

Figure 4. (Color online) Pricing in Duopolies 

Notes. We visualize the competition indices based on (a) the median prices and (b) the mean profits in the last 1,000 steps of several combinations 
of algorithms. The displayed numbers are the numeric values of the competition indices; the values in brackets display their corresponding stan
dard deviation. Averages and standard deviations were computed over two agents, 10 runs, and the five settings O1–O3′.

Our experiments also demonstrate that noncompeti
tive behavior with Bandit algorithms does not develop in 
a stable manner. Although we could observe high prices 
with UCB-T for all demand functions, and in symmetric 
as well as asymmetric games, these experiments usually 
suffer from a high variance between runs, making the 
result unpredictable in advance. In contrast, competitive 
algorithms performed consistently in all environments 
and all runs.

Although experiments with two players in simplified 
oligopolies are useful to extract the essence of algorith
mic interaction, we also investigated extensions of our 
games with more players and richer demand functions. 
We provide our results in Online Appendix B.

6. Conclusions
The discussion of algorithmic collusion is largely based 
on the experimental results of specific algorithms and 
versions of the Bertrand competition. In general, learning 
algorithms do not converge to an equilibrium. However, 
we prove that important algorithms do so in repeated 
Bertrand pricing competition with all-or-nothing and lin
ear demand models. The convergence of mean-based 
algorithms to correlated rationalizable strategies is of 
independent interest and might be useful for the analysis 
of different games as well. The result closes a gap in the 
literature on learning in games, which largely focused 
on algorithms with no internal or external regret, which 
converge to correlated or coarse correlated equilibria, 
respectively. Mean-based algorithms such as Exp3 only 
require bandit feedback after each round, a realistic 
assumption for algorithms used in algorithmic pricing. 
The fact that correlated rationalizable strategy profiles 

coincide with the set of Nash equilibria in Bertrand com
petition games is an important insight, and it shows that 
such games can be learned even with very simple algo
rithms relevant in practice.

We also show experimentally that when (not mean- 
based) online optimization algorithms are used in combi
nation, supra-competitive prices are mostly not sustained 
in experiments. If sellers use UCB or Q-learning symmet
rically, they might learn prices higher than the NE. A 
combination of different algorithms, however, rarely 
develops noncompetitive outcomes. Such insights are 
important for regulators when they want to identify non
competitive behavior in online markets. Although multi
armed bandit algorithms are an important and widely 
used class of algorithms used for algorithmic pricing, one 
cannot guarantee that sellers don’t use other algorithms. 
In future research, it will be valuable to analyze and clas
sify alternative algorithms and models. The properties 
that we showed for the Bertrand competition will also be 
useful for subsequent studies.

Endnotes
1 See https://www.businessinsider.com/amazon-price-changes- 
2018-8.
2 See https://towardsdatascience.com/dynamic-pricing-with-multi- 
armed-bandit-learning-by-doing-3e4550ed02ac, https://www.grid 
dynamics.com/blog/dynamic-pricing-algorithms.
3 Note that by the Folk theorem, such a supracompetitive price 
could still be an equilibrium in an infinitely repeated game if 
players have sufficient patience (Fudenberg and Tirole 1991).
4 Note that in this literature review, we focus on algorithms that 
were not designed to collude (Meylahn and den Boer 2022).
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