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This paper is concerned with optimal maintenance decision making in the presence of model misspecification. Specifically,
we are interested in the situation where the decision maker fears that a nominal Bayesian model may be miss-specified
or unrealistic, and would like to find policies that work well even when the underlying model is flawed. To this end, we
formulate a robust dynamic optimization model for condition-based maintenance in which the decision maker explicitly
accounts for distrust in the nominal Bayesian model by solving a worst-case problem against a second agent, “nature,” who
has the ability to alter the underlying model distributions in an adversarial manner. The primary focus of our analysis is on
establishing structural properties and insights that hold in the face of model miss-specification. In particular, we prove (i) an
explicit characterization of nature’s optimal response through an analysis of the robust dynamic programming equation,
(ii) convexity results for both the robust value function and the optimal robust stopping region, (iii) a general robustness
result for the preventive maintenance paradigm, and (iv) the optimality of a robust control limit policy for the important
subclass of Bayesian change point detection problems. We illustrate our theoretical result on a real-world application from
the mining industry.
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1. Introduction
Many stochastic control problems that arise in condition-
based maintenance applications are concerned with deter-
mining the optimal time to repair or replace a system before
it fails. A common modeling approach is to represent sys-
tem degradation as an unobservable Markov process that
can only be indirectly or partially observed using stochas-
tically related signals collected through online condition
monitoring (see, e.g., Dayanik and Gurler 2002, Dayanik
et al. 2008, Kim and Makis 2013, Maillart 2006). From
the perspective of real-world implementation, this modeling
approach implicitly assumes that the decision maker is able
to accurately and completely specify the full joint distribu-
tion governing the real-world degradation/failure dynamics
as well as the condition-monitoring observations.

In practice however, there are many situations in which
this assumption is violated. For example, the model dynam-
ics may contain complex nonstationarities or depend on
(possibly unknown) factors (e.g., human, environmental,
etc.) in a way that is difficult to identify and model.
Alternatively, calibration or model selection errors may
arise when there is limited or poor quality data. In such
cases, model miss-specification is unavoidable, and con-
sequently the out-of-sample performance of maintenance
policies computed on the basis of a miss-specified model

may be poor. Motivated by these concerns, the goals of
this paper are to (i) formulate a model for condition-based
maintenance optimization that explicitly accounts for possi-
ble model miss-specification at the decision-making stage,
and (ii) characterize the structural form of the optimal pol-
icy in the presence of such miss-specification.

In this paper, we consider a failing system whose under-
lying state is unobservable and can only be inferred using
(imperfect) signals obtained through condition monitoring.
At each stage, the decision maker acquires condition mon-
itoring data and processes this information using Bayesian
learning to obtain a posterior distribution over the underly-
ing system state. A decision is then made to either initiate
preventive maintenance or to run the system until the next
decision epoch. We formulate this nominal problem as a
partially observable Markov decision process. We are inter-
ested in situations where the decision maker distrusts the
nominal model (e.g., state dynamics, signal distributions,
etc.) and fears that it may be miss-specified. To account for
such distrust, we formulate a robust version of the nominal
problem that explicitly incorporates possible model miss-
specification at the decision-making stage.

One novelty of our model is that we account for possible
miss-specification in the decision-maker’s learning mecha-
nism itself. That is, we allow the decision maker to update
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his or her belief about the underlying system state via
Bayesian learning, while also accounting for the possibil-
ity that the resulting posterior distribution may be incor-
rect. To model this feature, we introduce two new distinct
concepts of model miss-specification—positional ambigu-
ity and transitional ambiguity. In this regard, one of the
general contributions of the this paper is that it provides a
modeling framework in which decision makers can remain
robust with respect to model miss-specification while also
learning at the same time.

The decision maker accounts for distrust in the nominal
model by solving a worst-case problem against an adver-
sary, “nature,” who alters the underlying model distribu-
tions to maximally damage the decision-maker’s expected
profit. We formulate this adversarial problem as a zero-
sum stochastic dynamic game, and use the concept of rel-
ative entropy as a way to measure the distance between
the nominal model and the alternative distributions cho-
sen by nature. Under this formulation we derive the robust
dynamic programming (Bellman) equation, which in prin-
ciple prescribes the optimal action of the decision maker as
well the optimal worst-case response of nature.

The focus of our analysis is on characterizing the struc-
tural form of the optimal robust policy. In this regard,
our primary contribution to the maintenance optimiza-
tion literature is establishing new structural properties and
insights for decision making in the presence of model miss-
specification. More generally, our findings also make con-
tributions to the robust dynamic optimization literature in
which very few structural results characterizing the optimal
robust policy have been published.

To this end, we first establish an explicit and intuitive
characterization of nature’s optimal policy through an anal-
ysis of the robust dynamic programming equation using
a variational equality from the theory of large deviations.
We show how this characterization allows us to trans-
form the robust dynamic programming equation into its
so-called certainty equivalent. The certainty equivalent rep-
resentation is then analyzed to establish structural proper-
ties of the decision-maker’s optimal policy. In particular,
we first prove that even in the presence of model miss-
specification, the robust value function preserves convexity
with respect to the current posterior distribution. We next
prove a general robustness result for the preventive main-
tenance paradigm. In particular, we show that preventive
maintenance is always a worthwhile strategy for manag-
ing failure risk, even when the decision maker distrusts the
underlying model assumptions. Following this result, we
then show that the optimal robust stopping region may in
general not necessarily be convex, however it is convex
when we impose a condition that moderates nature’s ability
to select alternative distributions. We show how this convex
structure leads to useful geometric and managerial insights.

Finally, we establish structural results for the practi-
cal subclass of problems—Bayesian change point detection
problems. In particular, we show that the optimal robust

policy for this class of problems is characterized by a robust
threshold policy. To illustrate how this policy can be both
visualized and implemented in practice, we apply it to a
real-world problem from the mining industry.

In the condition-based maintenance literature, there has
been a long and rich history of establishing structural prop-
erties of optimal maintenance policies (see, e.g., Ross 1971,
Makis and Jardine 1992, White 1978, Elwany et al. 2011,
Maillart 2006, Kurt and Kharoufeh 2010, Ulukus et al.
2012). Although a lot of research has been conducted in
this area, to our knowledge, this paper constitutes the first
paper reporting structural results for maintenance optimiza-
tion in the presence of model miss-specification.

In the area of dynamic optimization with model miss-
specification, broadly speaking, there are two basic ap-
proaches found in the literature: the constraint approach
and the penalty approach. In the constraint approach, the
set of alternative models is represented as a hard constraint,
and confidence in the nominal is captured by the size
of this uncertainty set (see, e.g., Ben-Tal and Nemirovski
1998, 1999, 2000; Bertsimas and Sim 2004; El Ghaoui
and Lebret 1997; Iyengar 2005; Li and Kwon 2013; Nilim
and El Ghaoui 2005; Wiesemann et al. 2013). The penalty
approach on the other hand expresses confidence in the
nominal by penalizing alternative models that deviate too
far from the nominal, and does so via a penalty func-
tion (soft constraint) that appears in the objective func-
tion (see, e.g., Dai Pra et al. 1996, Peterson et al. 2000,
Hansen and Sargent 2007, Jain et al. 2010, Kim and Lim
2015, Lim and Shanthikumar 2007). In this paper, we
adopt an entropy penalty approach to represent model miss-
specification, because it provides a number of advantages
from the perspective of characterizing the structure of the
optimal robust control policy.

Research on dynamic optimization with model miss-
specification—using either the penalty or constraint ap-
proach—has mainly focused on computation of the optimal
robust policy (e.g., Lim and Shanthikumar 2007, Mannor
et al. 2012, Wiesemann et al. 2013, Xu and Mannor 2012).
As pointed out by Chan and Farias (2009), Brown et al.
(2010), and Rogers (2007), even without the added diffi-
culty of accounting for model miss-specification, solving
dynamic optimization problems to optimality is difficult
and one must often resort to heuristics. As such, other
papers in this research area have diverted their efforts
to developing methods for bounding the performance of
heuristic policies relative to the robust optimal (e.g., Caro
and Gupta 2015, Kim and Lim 2015). However, very few
results regarding the structure of the optimal robust pol-
icy have been published in the robust dynamic optimization
literature, which is the focus of this paper.

2. The Nominal Model
Let 4ì1¦1�5 be a complete probability space on which
the following stochastic processes are defined. The nominal
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model assumes that the state process 4Xn2 n ∈�+5 follows
a discrete-time homogeneous Markov chain with N unob-
servable states ³ = 811 0 0 0 1N 9. The state transition matrix
is denoted by P = 4pij5N×N , where transition probabilities

pij = �4Xn+1 = j �Xn = i51 i1 j ∈ ³1 n ∈�+0 (1)

State 1 represents the “good-as-new” or healthy state, and
state N represents the failure state. To model monotonic
system deterioration, the state process is assumed to be
nondecreasing with probability one, i.e., pij = 0 for all
j < i. Furthermore, pii < 1 for all i 6= N . This implies that
the failure state N is absorbing. In this setting, the time
to system failure � = inf8n ∈�+2 Xn =N9 is unobservable
and can only be detected upon full system inspection.

The system is monitored at each time point, and condi-
tion monitoring data obtained at time n are denoted by Yn,
which takes values in some measurable space 4E1¥5. Here,
E is the data space and ¥ is the �-algebra of subsets
of E. The condition monitoring data Yn are viewed as a
noisy observation of the true underlying system state Xn.
In particular, under the nominal model, conditional on
the state process Xn = i, i ∈ ³, observations Yn are dis-
tributed according to some known probability measure �i

on 4E1¥5. We assume that probability measures �11 0 0 0 1�N

admit densities with respect to some �-finite measure � on
4E1¥5, and we denote these densities by f11 0 0 0 1 fN , i.e.,
fi ¬ d�i/d�.

Let Y= 4¹n2 n ∈�+5 denote the natural filtration gener-
ated by the condition monitoring information at each sam-
pling epoch, i.e.,

¹n = �4Y11 0 0 0 1 Yn51 (2)

and let F= 4¦n2 n ∈�+5 denote the larger filtration gener-
ated by the state and observation process at each sampling
epoch, i.e., ¦n = �4Y11 0 0 0 1 Yn1X01X11 0 0 0 1Xn5.

At each stage n, after collecting a condition monitor-
ing sample Yn and processing the new information, a deci-
sion is made to continue running the system until the next
sampling epoch or to stop the system and carry out full
system inspection followed by preventive maintenance. We
consider the following cost/reward structure: Ci > 0 is the
operational cost rate in state i ∈ ³, Cpi > 0 is the preventive
maintenance cost in state i ∈ ³, and Ri > 0 is the production
reward rate in state i ∈ ³. To avoid trivial cases, we assume
the profit rate Ri − Ci is nonincreasing in i ∈ ³, and that
the boundary cases satisfy R1 −C1 > 0 and RN −CN < 0.

The nominal problem can then be formulated as fol-
lows. Let ´ ¬ ´4Y5 be the class of all Y-stopping times
� ∈ �+ ∪ 8�9. The objective is to find a Y-stopping time
�∗ ∈´, if it exists, that maximizes the expected total dis-
counted profit, i.e.,

V 4�05 ¬ sup
�∈´

Ɛ

[ �
∑

n=0

�n
∑

i∈³

4Ri −Ci5I8Xn=i9

−��
∑

i∈³

CpiI8X�=i9

∣

∣

∣

∣

�0 =�

]

1 (3)

where �0 = 4�
415
0 1 0 0 0 1�

4N 5
0 5 is the initial distribution of

the system state X0, i.e., �4i5
0 = �4X0 = i5, i ∈ ³, and � ∈

40115 is the discount factor. We refer to V 4 · 5 in (3) as the
nominal value function.

Example 1 (Bayesian Change-Point Detection). An
important special case is that of Bayesian Change-Point
Detection (see, e.g., Dayanik et al. 2008, Makis 2008),
where N = 2; it has applications in quality control, finan-
cial surveillance, and biomedical signal processing, among
others. We will revisit this application in our investiga-
tion of the structural form of the optimal robust policy in
Section 4.

From the theory of partially observable Markov deci-
sion processes, it is known that the stochastic control prob-
lem (3) can be cast as a fully observable Markov decision
process in which the “state” at each decision epoch n is the
posterior distribution �n = 4�415

n 1 0 0 0 1�4N 5
n 5, where

�4j5
n ¬�4Xn = j �¹n51 j ∈ ³1 (4)

which is sufficient for optimal decision making.
Bayes’ Theorem implies that �n = 4�415

n 1 0 0 0 1�4N 5
n 5 can

be expressed recursively as

�
4j5
n+1 =

fj4Yn+158
∑

i∈³�
4i5
n pij9

∑

l∈³ fl4Yn+158
∑

k∈³�
4k5
n pkl9

1 j ∈ ³0 (5)

To make the above dependence on Yn+1 and �n clear, we
will sometimes write �

4j5
n+14Yn+11�n5 and �n+14Yn+11�n5

instead of �4j5
n+1 and �n+1, respectively.

It follows that the posterior distribution process
4�n2 n ∈�+5 itself constitutes a temporally homogeneous
Markov chain taking values in the space

°=

{

� ∈ 60117N 2
∑

i∈³

�4i5
= 1

}

1 (6)

referred to as the probability simplex. In particular, the
posterior distribution �n makes one-step transitions in °
according to (5). It will be convenient in later analysis to
“abstract away” the details of (5) and generically denote
the nominal transition probability function of �n by

�4�n1A5 ¬ �4�n+1 ∈A �¹n5

= �48Yn+12 �n+14Yn+11�n5 ∈A9 ��n51

� ∈°1 A⊆°1 (7)

where �n+14Yn+11�n5 is given in (5).
If we define functions h14x5 = −Cpx and h24x5 = Rx

−Cx for all x ∈ ³, then

Ɛ6h14Xn5 ��n =�7= −
∑

i∈³

Cpi�
4i51 (8)

represents the expected profit generated by initiating pre-
ventive maintenance given �n =�, and

Ɛ6h24Xn5 ��n =�7=
∑

i∈³

4Ri −Ci5�
4i51 (9)
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represents the expected profit when running the system
until the next sampling epoch given �n =�.

For any � ∈ °, standard dynamic programming argu-
ments show that the nominal value function V 4�5 defined
in (3) is the unique solution to the dynamic programming
(Bellman) equation

V 4�5 = max
{

Ɛ�6h14Xn571Ɛ�6h24Xn57

+�Ɛ�4�1 ·56V 4�n+157
}

(10)

and the optimal control policy can in principle be obtained
by solving (10). In particular, for all � ∈ ° such that
V 4�5 = Ɛ�6h14Xn57, it is optimal to stop the system and
carry out full system inspection followed by preventive
maintenance. On the other hand, for all � ∈ ° such that
V 4�5 = Ɛ�6h24Xn57 + �Ɛ�4�1 ·56V 4�n+157, it is optimal to
run the system until the next sampling epoch.

3. The Robust Model
In this section, we formulate a robust version of nominal
control problem described in Section 2 that explicitly incor-
porates possible model miss-specification at the decision-
making stage. To model possible miss-specification in the
nominal model we first introduce the notions of positional
and transitional ambiguity.

Positional and Transitional Ambiguity. Recall that under
the nominal model assumptions we showed the posterior
distribution �n, which summarizes the decision-maker’s
current belief about the unobservable system state Xn, is
sufficient for optimal decision making at each stage n. Fur-
thermore, the posterior distribution process 4�n2 n ∈ �+5
constitutes a temporally homogeneous Markov chain with
state space ° defined in (6) and transition probability func-
tion �4�n1 ·5 defined in (7). We let D4°5 be the set of all
probability measures on °, so that the nominal transition
probability �4�n1 ·5 can be viewed as an element of D4°5.

If the decision maker distrusts the nominal model as-
sumptions (e.g., the state transition matrix P = 4pij5N×N or
the observation densities f11 0 0 0 1 fN ), then (5) suggests this
distrust may carry over to both the value of the posterior
distribution �n ∈ ° at each stage n, as well as the law
governing its one-step transitions, �4�n1 ·5 ∈ D4°5. The
decision maker is therefore compelled to weight possible
alternative specifications of �n and �4�n1 ·5 when evaluat-
ing the quality of a given decision at each stage. We refer
to distrust in �n as positional ambiguity, since the current
position of the posterior �n in the probability simplex °
may be miss-specified, and we refer to distrust in the nom-
inal transition probability function �4�n1 ·5 as transitional
ambiguity for obvious reasons.

To account for positional and transitional ambiguity, we
introduce a hypothetical second agent, “nature,” who is
allowed to select an alternative posterior distribution �n ∈°
and transition probability function �n ∈D4°5 in an adver-
sarial manner. In effect, nature is introduced to help the

decision maker make robust decisions that work well even
when the nominal model is miss-specified. With these con-
cepts of ambiguity in place, we now formalize the robust
control problem as a zero-sum stochastic dynamic game.

Zero-Sum Stochastic Dynamic Game. The robust control
problem is formulated as a zero-sum stochastic dynamic
game that evolves in discrete time (n ∈ �+), between the
decision maker and the adversarial second agent “nature.”

Let us consider what happens at an arbitrary stage n.
At the beginning of the stage, the decision maker computes
the current value of the posterior distribution �n under
the nominal model assumptions, which he or she fears
may be miss-specified. The decision maker then “makes
the first move” and chooses between stopping the sys-
tem to initiating preventive maintenance (an = 1) or run-
ning the system until the next sampling epoch (an = 2).
We note that the decision-maker’s choice an ∈ 81129 can
only depend on historical observations Y11 0 0 0 1 Yn and previ-
ous choices a01 0 0 0 1 an−1. Mathematically, if we let ¡n−1 =

�4a01 0 0 0 1 an−15 denote the sigma-algebra generated by all
previous choices a01 0 0 0 1 an−1 of the decision maker, then
we require that the decision-maker’s current choice an ∈

81129 be 4¹n ∨¡n−15-measurable.
The decision maker accounts for possible miss-specifica-

tion in the nominal posterior distribution �n ∈° (positional
ambiguity) and nominal transition probability function
�4�n1 ·5 ∈D4°5 (transitional ambiguity) by introducing the
second agent, nature, who is permitted to choose an alter-
native posterior distribution �n ∈ ° and an alternative tran-
sition probability function �n ∈D4°5, with the objective of
minimizing the decision-maker’s expected profit.

In particular, once the decision maker selects a decision
an ∈ 81129, this choice is communicated to nature, who re-
sponds by choosing alternatives �n ∈ ° and �n ∈ D4°5 so
that the posterior distribution now follows �4Xn = j �¹n5
= �4j5

n , j ∈ ³, and the posterior transition probability func-
tion now follows �4�n+1 ∈ A �¹n5 = �n4A5, A ⊆ °. We
allow nature to have an informational advantage in the
sense that its decision

bn ¬ 4�n1�n5 ∈°×D4°51 (11)

can depend on all historical observations Y11 0 0 0 1 Yn and
state transitions X01 0 0 0 1Xn, as well as all past choices of
both the decision maker a01 0 0 0 1 an and nature b01 0 0 0 1 bn−1.
Mathematically, if we let ¢n−1 = �4b01 0 0 0 1 bn−15 denote
the sigma-algebra generated by all previous choices
b01 0 0 0 1 bn−1 of nature, then we allow nature’s current
choice bn ∈°×D4°5 to be ¦n ∨¡n ∨¢n−1-measurable.

The decision-maker’s level of confidence (or lack
thereof) in the nominal model is captured by limiting the
amount by which nature’s choices �n and �n can deviate
from �n and �4�n1 ·5, respectively, using the notion of rel-
ative entropy.

Definition 1 (Relative Entropy). Given a measurable
space 4M1­5 and probability measures �1� on 4M1­5
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such that � is absolutely continuous with respect to �,
i.e., � � �, the relative entropy of � with respect to � is
defined by

R4� ��5¬
∫

M
log
(

d�

d�

)

d�0 (12)

If � is not absolutely continuous with respect to �, then
R4� ��5¬+�.

Relative entropy R4� ��5 is convex in �, nonnegative,
and equals zero if and only if � = �, so one can think
of R4� ��5 as a “distance” from probability measure � to
probability measure �.

Applying the notion of relative entropy in our context,
nature is free to select alternative posteriors �n and transi-
tion probability functions �n in an adversarial manner, but
does so at a cost

�PR4�n ��n5+ �TR4�n ��4�n1 ·551 (13)

which must be paid directly to the decision maker.
The first penalty parameter �P > 0 controls the level of

positional ambiguity, whereas the second penalty parameter
�T > 0 controls the level of transitional ambiguity. Specifi-
cally, a large value of �P (respectively, �T ) makes it expen-
sive for nature to choose an alternative �n (respectively, �n)
that is far from the nominal and corresponds to a high
degree of confidence in �n (respectively, �4�n1 ·5), while a
small �P (respectively, �T ) corresponds to less confidence in
the nominal and forces the decision maker to play against
a more powerful adversary since it is less costly for nature
to deviate. In this regard, one can view �P and �T as a
tuning parameters that parametrizes a family of policies of
increasing robustness with decreasing �P and �T . In prac-
tice, to select specific values of the ambiguity parameters
using historical data, the parameters can be tuned using out-
of-sample tests (see, for example, the recent papers of Kim
and Lim 2015 and Gotoh et al. 2016 who consider this issue
in detail and propose a number of robust cross-validation
procedures to select ambiguity parameters from data).

In summary, at each stage n, if the decision maker
selects choice an ∈ 81129 and nature responds by select-
ing alternatives bn = 4�n1�n5 ∈ ° × D4°5, the pay-
off to the decision maker is the sum of the immediate
reward Ɛ�n

6han
4Xn57 defined in (8)–(9) and the penalty

�PR4�n ��n5+ �TR4�n ��4�n1 ·55 on nature, i.e.,

r4�n1 an1 bn5 ¬ Ɛ�n
6han

4Xn57+ �PR4�n ��n5

+ �TR4�n ��4�n1 ·550

The decision maker and nature choose equilibrium poli-
cies to solve a zero-sum stochastic dynamic game with
robust value function defined by

W4�5 ¬ sup
a∈¡

inf
b∈¢

Ɛa1b

[ �
∑

n=0

�nr4�n1an1bn5

∣

∣

∣

∣

�0 =�

]

1 (14)

where � = inf8n2 an = 19 is the first time the decision
maker decides to stop the system for preventive mainte-
nance, and the class of admissible policies for the decision
maker and nature by

¡=
{

a=4a01a110005�an∈81129 is 4¹n∨¡n−15-measurable
}

1

¢=
{

b=4b01b110005�bn∈°×D4°5

is 4¦n∨¡n∨¢n−15-measurable
}

0

Robust Dynamic Programming Equation. The robust
value function defined in (14) satisfies the following dyna-
mic programming equation.

Theorem 1. At any arbitrary stage n ∈�+, given the cur-
rent posterior is �n = �, the robust value function W4�5
defined in (14) is the unique solution to

W4�5= max
{

H 14�1W51H 24�1W5
}

1 (15)

where

H 14�1W5 = inf
4�1�5∈°×D4°5

{

Ɛ�6h14Xn57+�PR4� ��5

+�TR4���4�1·55
}

1

H 24�1W5 = inf
4�1�5∈°×D4°5

{

Ɛ�6h24Xn57+�PR4� ��5

+�TR4���4�1·55+�Ɛ�6W4�n+157
}

0

(16)

The action a∗ ∈ 81129 that maximizes the right-hand side
of (15), i.e., W4�5 = Ha∗4�1W5, prescribes the optimal
(robust) choice of the decision maker, and the ordered pair
b∗ = 4�∗1�∗5 minimizing the right-hand side of (16) pre-
scribes the optimal response of nature.

Furthermore, the robust value function W4�5 can be
obtained as the limit W4�5= lim

k→�
Wk4�5, where Wk4�5 is

the unique solution of the k-stage robust dynamic program-
ming equations

Wl4�5=max8H 14�1Wl−151H
24�1Wl−1591 l=110001k1

W04�5=00 (17)

The robust control problem (14) is a special case of
the infinite-horizon �-discounted minimax control problem
studied in González-Trejo et al. (2003), Section 4. Conse-
quently, Theorem 1 follows as an application of González-
Trejo et al. (2003, Theorem 4.2), for appropriately defined
action sets for the decision maker and nature.

In the next section, we analyze the robust dynamic pro-
gram (15) to analyze the structure of the optimal robust policy.

4. Structure of the Optimal Robust Policy
The goal of this section is to investigate the structural form
of the optimal robust policy. That is, we would like to char-
acterize the optimal choice of the decision maker at an arbi-
trary stage in the presence of the adversarial agent nature.
To accomplish this, we analyze the robust dynamic pro-
gramming equation (15) developed in the previous section,
which (in principle) prescribes the optimal actions of both
the decision maker and nature. The strategy we take is to
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first characterize the optimal response of nature. We do this
by making use of a variational equality from the theory of
large deviations. Characterizing nature’s optimal response
then allows us to transform the robust dynamic program-
ming equation (15) into its so-called certainty equivalent.
This representation is then used to establish structural prop-
erties of the decision-maker’s optimal policy.

4.1. Structure of Nature’s Optimal Policy

We begin by first studying nature’s optimal policy in detail.
Recall, in Theorem 1 we showed that at any stage n, given
the current posterior is �n = �, and the decision maker
selects action a ∈ 81129, the pair 4�∗1�∗5 minimizing the
right-hand side of (16) prescribes the optimal response
of nature.

Let us first consider nature’s response when the decision
maker selects action a= 1, i.e., stop the system and initiate
preventive maintenance. In this case, nature’s minimization
problem is

H 14�1W5 = inf
4�1�5∈°×D4°5

{

Ɛ�6h14Xn57+�PR4� ��5

+�TR4���4�1·55
}

= inf
�∈°

{

Ɛ�6h14Xn57+�PR4� ��5
}

+ inf
�∈D4°5

{

�TR4���4�1·55
}

= inf
�∈°

{

Ɛ�6h14Xn57+�PR4� ��5
}

+�T inf
�∈D4°5

R4���4�1·550 (18)

The first term on the right-hand side of (18) captures
positional ambiguity, and can be simplified by restricting
the space of alternatives � ∈° without loss of optimality. In
particular, we note that nature will only explore alternative
posterior distributions � ∈° that are absolutely continuous
with respect to the nominal posterior � ∈°, i.e., �4i5 = 0
whenever �4i5 = 0, i ∈ ³. This is because, if � is not abso-
lutely continuous with respect to �, by the definition of
relative entropy (12), R4� ��5 = +�, which is clearly a
suboptimal response of nature.

The second term on the right-hand side of (18) captures
transitional ambiguity and in this case is a trivial mini-
mization problem—nature will simply select �∗ ≡ �4�1 ·5
so that �T inf�R4� ��4�1 ·55 = �TR4�4�1 ·5 ��4�1 ·55 = 0.
This optimal response of nature is intuitive. If the decision
maker stops the system, there are no further transitions of
the posterior distribution �n, and therefore nature cannot
hurt the decision-maker’s expected profit by selecting alter-
native transition probability functions � ∈ D4°5, so it has
no incentive to deviate from the nominal �4�1 ·5.

Using these two observations, nature’s minimization
problem (18) can now be simplified to

H 14�1W5 = inf
�∈°

{

Ɛ�6h14Xn57+ �PR4� ��5
}

+ �T inf
�∈D4°5

R4� ��4�1 ·55

= inf
���

{

Ɛ�6h14Xn57+ �PR4� ��5
}

0 (19)

To solve the minimization problem (19), we appeal to
the following variational formula from the theory of large
deviations (see, e.g., Dupuis and Ellis 1997).

Proposition 1. Let 4M1­5 be a measurable space, Z a
bounded measurable function mapping M into �, � a pos-
itive constant, and � a probability measure on 4M1­5.
Then, we have the following variational formula:

inf
���

{

∫

M
Zd�+�R4���5

}

=−� log
∫

E
exp

(

−
Z

�

)

d�0 (20)

Furthermore, the infimum in (20) is uniquely attained at
probability measure �∗ � � with Radon-Nikodym derivative

d�∗

d�
4�5=

exp4−Z4�5/�5
∫

M
exp4−Z/�5d�

1 � ∈M0 (21)

Applying Proposition 1 to problem (19), we obtain

H 14�1W5 = inf
���

{

Ɛ�6h14Xn57+ �PR4� ��5
}

= −�P logƐ�

[

exp
(

−
h14Xn5

�P

)]

0 (22)

Notice that there is no longer any model ambiguity (posi-
tional or transitional) in representation (22). In this sense,
(22) can be thought of as a certainty equivalent of nature’s
original minimization problem (18). It turns out that rep-
resentation (22) is easier to analyze and will be used as
the basis to establish structural properties of the decision-
maker’s optimal policy in later analysis.

In addition, it follows from (21) that the worst-case alter-
native posterior distribution �∗ chosen by nature has Radon-
Nikodym derivative

d�∗

d�
4i5=

exp4−h14i5/�P 5

Ɛ�6exp4−h14Xn5/�P 57
1 i ∈ ³1 (23)

so that the measure �∗ is given explicitly by

�4i5
∗

=
exp4−h14i5/�P 5

Ɛ�6exp4−h14Xn5/�P 57
�4i51 i ∈ ³0 (24)

Nature’s optimal response (24) is intuitive. It modifies
the nominal posterior distribution � by increasing the prob-
ability that the unobservable system state Xn belongs to
states with high preventive maintenance costs, i.e., states i
in which −h14i5 = Cpi is large, and decreases the proba-
bility that Xn belongs to states with low preventive main-
tenance costs, i.e., states i in which −h14i5=Cpi is small.

We next consider nature’s optimal response when the
decision maker selects a= 2, i.e., continue running the sys-
tem until the next sampling epoch. Using similar arguments
to the previous case (a= 1), in this case nature’s minimiza-
tion problem can be simplified to

H 24�1W5

= inf
4�1�5∈°×D4°5

{

Ɛ�6h24Xn57+�PR4� ��5

+�TR4���4�1·55+�Ɛ�6W4�n+157
}
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= inf
�∈°

{

Ɛ�6h24Xn57+�PR4� ��5
}

+ inf
�∈D4°5

{

�Ɛ�6W4�n+157+�TR4���4�1·55
}

= inf
���

{

Ɛ�6h24Xn57+�PR4� ��5
}

+ inf
���4�1 ·5

{

�Ɛ�6W4�n+157+�TR4���4�1·55
}

0 (25)

Notice that in this case, transitional ambiguity, captured
by the second term on the right-hand side of (25), persists.
Again, we apply Proposition 1 to (25), which gives

H 24�1W5 = −�P logƐ�

[

exp
(

−
h24Xn5

�P

)]

− �T logƐ�4�1 ·5

[

exp
(

−
�W4�n+15

�T

)]

0 (26)

We summarize the above findings in the following result.

Theorem 2. At any arbitrary stage n, given the current
posterior is �n = �, the robust value function W4�5 de-
fined in (14) is the unique solution to

W4�5= max
{

H 14�1W51H 24�1W5
}

1 (27)

where

H 14�1W5 = −�P logƐ�

[

exp
(

−
h14Xn5

�P

)]

1

H 24�1W5 = −�P logƐ�

[

exp
(

−
h24Xn5

�P

)]

(28)

−�T logƐ�4�1 ·5

[

exp
(

−
�W4�n+15

�T

)]

0

The action a∗ ∈ 81129 that maximizes the right-hand side
of (27), i.e., W4�5 = Ha∗4�1W5, prescribes the optimal
(robust) choice of the decision maker.

Remark 1. Observe that as ambiguity parameters �P ,
�T → �, the robust dynamic programming equations (27)
and (28) reduce to the nominal dynamic programming
equation (10).

Remark 2. One implication of Theorem 2 is that from a
complexity perspective, the robust control problem (14) is
no harder to solve than the nominal control problem defined
in Section 2. While such problems are in general PSPACE-
hard (see, e.g., Papadimitriou and Tsitsiklis 1987, Theo-
rem 6), we will show that by deriving structural properties
of the optimal robust policy the computational complexity
can be reduced substantially (see Section 4.4).

Relation to Dynamic Measures of Risk. The certainty equi-
valent given in Equation (28) points toward a close relation-
ship between the robust control problem considered in this
paper and risk-averse control problems involving dynamic
measures of risk (see, for example, the excellent recent
papers of Çavuş and Ruszczyński 2014a, b, Ruszczyński
2010 for the coherent case, and Ruszczyński and Shapiro

2006 for the convex case). In particular, for any bounded
measurable function g2 °→� and � ∈°, if we define

�4g1�1�4�1·55 = −�T logƐ�4�1 ·5

[

exp
(

−
g4X5

�T

)]

1 (29)

then the sequence �4g1�n1 �4�n1 ·55, n ¾ 0, can be inter-
preted as one-step conditional risk mappings for profit
maximization as defined, for example, in Ruszczyński and
Shapiro (2006). The mappings are also Markov and station-
ary in that their dependence on the past is carried only via
the current posterior �n as opposed to the entire history ¹n

(see, e.g., Çavuş and Ruszczyński 2014a, b; Ruszczyński
2010 for a similar construction in the coherent case). Build-
ing on this relation, we denote for short �n4g4�n+155 =

�4g1�n1 �4�n1 ·55 and consider the following risk-averse
control problem:

J 4�05 = sup
a∈¡

{

r4�01a05+�0

(

�
(

r4�11a15

+�14�4r4�21a25+···+��−14�r4�� 1a�55···55
))}

1

(30)

where ¡ is the class of admissible policies given in (3),
� = inf8n2 an = 19 is the first time the decision maker
decides to stop the system for preventive maintenance, and
the “reward” sequence

r4�n1an5=−�P logƐ�n

[

exp
(

−
han

4Xn5

�P

)]

1 n¾00 (31)

If we define the dynamic programming operator

T 4f54�5=max
{

r4�1151r4�125+�4�f 1�1�4�1·55
}

1 (32)

then, by adapting similar arguments given in Ruszczyński
(2010, Section 7) or Bertsekas and Shreve (1978, Section 4)
it can be shown that the operator T is a contraction map-
ping and the risk-averse value function J 4�5 given in (30)
uniquely satisfies J 4�5= T 4J 54�5. On the other hand, the
dynamic programming equation J 4�5= T 4J 54�5 precisely
coincides with the robust dynamic programming equations
(27)–(28), so that Theorem 2 implies J 4�5=W4�5, where
W4�5 is the robust value function defined in (14).

We next analyze the certainty equivalent Equations (27)–
(28) to establish structural properties of the optimal robust
policy of the decision maker.

4.2. Structure of the Decision-Maker’s
Optimal Policy

In the maintenance optimization literature, one of the key
structural properties to establish is convexity of the value
function (see, e.g., Dayanik et al. 2008, Kim and Makis
2012, Maillart 2006, Makis 2008). In the current setting
however, it is not clear that the robust value function W4�5
defined in (14) will preserve such a convex structure in
the presence of positional and transitional model ambigu-
ity. This is because the functions H 14�1W5 and H 24�1W5
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are themselves optimization problems, which makes estab-
lishing convexity significantly more complex.

However, by exploiting the structure of nature’s optimal
policy given in the previous subsection, we are able to show
that convexity of the robust value function is indeed pre-
served under model miss-specification. The proof is long,
but we believe it contains useful techniques, and have there-
fore chosen to keep it in the main body of the paper.

Theorem 3. The robust value function W4�5 is convex in
� ∈°.

Proof. By Equation (27) of Theorem 2, since the “max”
operator preserves convexity, it suffices to show that both
H 14�1W5 and H 24�1W5 given in (28) are convex func-
tions of �. We start with the first function H 14�1W5
given by

H 14�1W5 = −�P logƐ�

[

exp
(

−
h14Xn5

�P

)]

0 (33)

Since the term inside the “log” can be expressed as

Ɛ�

[

exp
(

−
h14Xn5

�P

)]

=
∑

i∈³

exp
(

−
h14i5

�P

)

�4i51 (34)

it is linear in �, and therefore also concave in �. Fur-
thermore, since the mapping z 7→ −�P log4z5 is convex and
nonincreasing, it follows that the composition H 14�1W5
given in (33) is convex in �.

We next study the second function H 24�1W5 given by

H 24�1W5 = −�P logƐ�

[

exp
(

−
h24Xn5

�P

)]

−�T logƐ�4�1·5

[

exp
(

−
�W4�n+15

�T

)]

0 (35)

The first summand on the right-hand side of (35) is struc-
turally equivalent to H 14�1W5, so using the same reason-
ing as above, it is a convex function of �. Showing that
the second summand is also convex cannot be argued so
cleanly; we proceed by means of mathematical induction.

For k = 1, H 14�1Wk−15=H 14�1W05 remains the same
as in (33). On the other hand, H 24�1Wk−15 = H 24�1W05
simplifies to

H 24�1W05= −�P logƐ�

[

exp
(

−
h24Xn5

�P

)]

1 (36)

since W0 ≡ 0. Therefore, both H 14�1W05 and H 24�1W05
are convex in � (as argued above), and hence W14�5 =

max8H 14�1W051H
24�1W059 is convex in �.

Assume now that for some k ¾ 1, Wk4�5 is a convex
function of �. We want to show that Wk+14�5 is also con-
vex in �. Again, H 14�1Wk5 remains the same as in (33),
whereas H 24�1Wk5 is given by

H 24�1Wk5 = −�P logƐ�

[

exp
(

−
h24Xn5

�P

)]

−�T logƐ�4�1 ·5

[

exp
(

−
�Wk4�n+15

�T

)]

0 (37)

Since the first summand on the right-hand side of (37) has
already been shown to be convex in �, it suffices to show
that the second summand is also convex in �, which we
denote by

C4�5¬−�T logƐ�4�1·5

[

exp
(

−
�Wk4�n+14Yn+11�55

�T

)]

1 (38)

where �n+14Yn+11�5 is given after Equation (5).
Fix any two posteriors �11 �2 ∈ °, and for any constant

� ∈ 60117 define �� = ��1 +41−�5�2. Suppose the current
posterior �n = ��, then by Equation (5) for each j ∈ ³,

�
4j5
n+14Yn+11 ��5 =

fj4Yn+15
∑

i∈³ �
4i5
� pij

∑

l∈³ fl4Yn+15
∑

k∈³ �
4k5
� pkl

= �̂�
4j5
n+14Yn+11 �15

+ 41 − �̂5�
4j5
n+14Yn+11 �251 (39)

where

�̂ ¬ �

∑

l∈³ fl4Yn+15
∑

k∈³ �
4k5
1 pkl

∑

l∈³ fl4Yn+15
∑

k∈³ �
4k5
� pkl

0 (40)

It is not difficult to see that �̂ defined above is bounded in
the unit interval, i.e., �̂ ∈ 60117.

Then, applying representation (39), C4��5 defined in
Equation (38) satisfies

C4��5 = −�T logƐ�4��1·5

[

exp
(

−
�Wk4�n+14Yn+11��55

�T

)]

¶ −�T logƐ�4��1 ·5

[

exp4−4�̂Wk4�
4j5
n+14Yn+11�155

+41−�̂5Wk4�
4j5
n+14Yn+11�2555·4�T /�5

−15
]

1

where the last inequality follows since �̂ ∈ 60117 and we
have assumed convexity of Wk4 · 5. Also, since the map-
ping z 7→ exp4−z5 is convex, it follows that C4��5 can be
further bounded as

C4��5 ¶ −�T logƐ�4��1·5

[

�̂exp
(

−
Wk4�

4j5
n+14Yn+11�155

�T /�

)

+41−�̂5exp
(

−
Wk4�

4j5
n+14Yn+11�255

�T /�

)]

= −�T log
{

�Ɛ�4�11·5

[

exp
(

−
Wk4�

4j5
n+14Yn+11�155

�T /�

)]

+41−�5Ɛ�4�21·5

[

exp
(

−
Wk4�

4j5
n+14Yn+11�255

�T /�

)]}

1

where the last equality above follows from the definition
of �̂. To see this, from (40) we have

Ɛ�4��1 ·5

[

�̂ exp
(

−
Wk4�

4j5
n+14Yn+11 �155

�T /�

)]

=

∫

y∈E
�̂ exp

(

−
Wk4�

4j5
n+14y1�155

�T /�

)
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·

(

∑

l∈³

fl4y5
∑

k∈³

�
4k5
� pkl

)

�4dy5

= �
∫

y∈E
exp

(

−
Wk4�

4j5
n+14y1�155

�T /�

)

·

(

∑

l∈³

fl4y5
∑

k∈³

�
4k5
1 pkl

)

�4dy5

= �Ɛ�4�11 ·5

[

exp
(

−
Wk4�

4j5
n+14Yn+11 �155

�T /�

)]

0 (41)

Similarly, it can be shown that

Ɛ�4��1 ·5

[

41 − �̂5 exp
(

−
Wk4�

4j5
n+14Yn+11 �255

�T /�

)]

= 41 −�5Ɛ�4�21 ·5

[

exp
(

−
Wk4�

4j5
n+14Yn+11 �255

�T /�

)]

1

so that the last equality in (41) follows.
Lastly, using the fact that the mapping z 7→ −�T log4z5

is convex, it follows that C4��5 can be further bounded
above as

C4��5 ¶ −��T logƐ�4�11 ·5

[

exp
(

−
Wk4�

4j5
n+14Yn+11 �155

�T /�

)]

− 41 −�5�T

· logƐ�4�21 ·5

[

exp
(

−
Wk4�

4j5
n+14Yn+11 �255

�T /�

)]

= �C4�15+ 41 −�5C4�250

Therefore, the second summand C4�5 of H 24�1Wk5 is
convex in �, which implies H 24�1Wk5 is convex in �,
which implies further that

Wk+14�5 = max8H 14�1Wk51H
24�1Wk591 (42)

is convex in �. Thus, by mathematical induction, for
each k ¾ 1, Wk4�5 is a convex function of �. Therefore,
W4�5 = limk→� Wk4�5 is also convex in �, which com-
pletes the proof. �

We now make the following definition.

Definition 2. The optimal robust stopping region is de-
fined by the following subset of the probability simplex °:

è¬ 8� ∈°2 H 14�1W5 >H 24�1W591 (43)

where H 14�1W5 and H 24�1W5 are defined in (16).

The set è represents all posteriors � ∈ °, such that
whenever the current posterior �n = � at an arbitrary
stage n, the optimal choice for the decision maker (in the
presence of nature) is to stop the system and initiate pre-
ventive maintenance. We next show that the failure point
�� ¬ 401 0 0 0 10115 ∈° belongs to this optimal robust stop-
ping region.

Lemma 1. If at any stage n, �n =�� , it is optimal to stop
the system to initiate preventive maintenance, i.e., �� ∈è.

A proof of Lemma 1 is given in Appendix A. Notice
that Lemma 1 is not strong enough to assert that preventive
maintenance will always be employed in the presence of
model ambiguity. For example, if it turned out that the opti-
mal robust stopping region were the singleton set è= 8��9,
it is not difficult to see that the posterior �n will never
enter è in finite time, and consequently the decision maker
would never initiate preventive maintenance.

In the next result, we show that this situation is not pos-
sible. In particular, we show that the policy that never stops
the system for preventive maintenance is not optimal. In
this sense, the next result can be viewed as a robustness
result for the preventive maintenance paradigm. That is,
preventive maintenance is always a worthwhile strategy for
managing failure risk, even when the decision maker dis-
trusts the underlying model assumptions.

Proposition 2. The optimal robust stopping region è is
an open set in the subspace topology (induced topology)
on the probability simplex °⊂�N . Consequently, if we let
�è ¬ inf8n ∈ �+2 �n ∈ è9 be the hitting time of è ⊆ °,
then for any � ∈°,

�4�è <+���0 =�5= 10 (44)

In words, the policy that never stops the system for preven-
tive maintenance is not optimal.

Proof. We first show that è is an open set in the subspace
topology on °. Define the difference function f 2 °→� by

f 4�5¬H 14�1W5−H 24�1W51

for all � ∈ °. Since we have shown in the proof of The-
orem 3 that both H 14�1W5 and H 24�1W5 are convex
in �, it follows that f is a continuous function. Therefore,
from general point-set topology (see, e.g., Munkres 2000,
p. 102), it follows that the preimage of the open interval
401+�5 under f , i.e., f −14401+�55 = è, is an open set
of °.

We next use the fact that è is open to show that the
hitting time

�è = inf8n ∈�+2 �n ∈è91

is finite almost surely, i.e., �4�è < +���0 = �5 = 1 for
any � ∈ °. Recall, from Lemma 1 that �� ∈ è. Since è
is open in the subspace topology on °⊂�N , it follows by
definition of an open set (see, e.g., Munkres 2000, p. 88)
that there exists � > 0 such that the open ball B�4��5 =

8� ∈�N 2 �� −���2 < �9 satisfies

B�4��5∩°⊆è0

Since we have assumed that the underlying state pro-
cess Xn is nondecreasing with probability 1, it follows that
for any � ∈°,

�4�n ∈è ��0 =�5¾�4�n ∈ B�4��5∩° ��0 =�5→ 11
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Figure 1. (Color online) A picture proof of Proposi-
tion 2: The optimal robust stopping region
è⊆° contains an open ball B�4��5 centered
at failure point �� .

�n

�

��

B�(��)

�

Note. Since the posterior probability process �n ∈° enters this open ball
in finite time almost surely, it must also enter the optimal robust stopping
region in finite time.

as n → �. See Figure 1 for an illustration. Therefore, for
any 0 < � < 1, there exists a nonnegative integer M4�5 ∈

�+ such that �4�M4�5 ∈è ��0 =�5¾ �. We now construct
a new (related) two-state Markov chain Zn ∈ 81129 with
transition probability matrix

Q =

(

1 − � �
0 1

)

0

If we let � = inf8n ∈ �+2 Zn = 29, then by construction it
follows that

Ɛ6�è ��0 =�7 ¶ Ɛ6M4�5 · � �Z0 = 17

= M4�5 · Ɛ6� �Z0 = 17=
M4�5

�
<+�0

Hence, �4�è < +���0 = �5 = 1, which completes the
proof. �

We have shown in Lemma 1 and Proposition 2 that the
optimal robust stopping region is an open set in the sub-
space topology on the probability simplex, which also con-
tains the failure point �� . One may hope to show that this
stopping region is also a convex subset of the probabil-
ity simplex. However, as the following reasoning demon-
strates, this cannot be established generally.

From the proof of Theorem 3, we have shown that
H 14�1W5 and H 24�1W5 defined in (16) can be expressed as

H 14�1W5 = −�P logL14�51

H 24�1W5 = −�P logL24�5+C4�51
(45)

where L14�5 and L24�5 are linear functions in � given by

Li4�5 = Ɛ�

[

exp
(

−
hi4Xn5

�P

)]

1 i = 1121 (46)

and C4�5 is a convex function in � given by

C4�5= −�T logƐ�4�1 ·5

[

exp
(

−
�W4�n+15

�T

)]

0 (47)

The optimal robust stopping region è can therefore be ex-
pressed as

è =

{

� ∈°2 �P log
(

L14�5

L24�5

)

+C4�5 < 0
}

1 (48)

which is a sublevel set of the function

h4�5= �P log
(

L14�5

L24�5

)

+C4�50 (49)

Therefore, the question of convexity of è can be posed as
a question of quasiconvexity of the function h4�5.

Definition 3. A function h2 �N → � is called quasi-
convex if both its domain and all of its sublevel sets

S�4h5¬ 8x ∈ dom4h52 h4x5¶ �91 (50)

for � ∈�, are convex.

Although it can be shown that the two summands
�P log4L14�5/L24�55 and C4�5 of h4�5 are individually
both quasiconvex in � (see, e.g., Boyd and Vandenberghe
2004), the sum of two quasiconvex functions is not nec-
essarily quasiconvex (see, e.g., Greenberg and Pierskalla
1971). Therefore, the function h4�5 is not necessarily
quasiconvex, which implies the optimal robust stopping
region è is not necessarily a convex subset of °.

The following condition will however lead to convexity
of the stopping region è.

Assumption 1 (Semi-Weakened Nature). Assume that
nature still has the ability to select alternative transition
probability functions �n ∈ D4°5 in an adversarial man-
ner, but can no longer select alternative posterior distribu-
tions �n ∈°, i.e., �n =�n. Mathematically, we impose this
assumption by setting positional ambiguity penalty param-
eter �P = +�.

In other words, we weaken nature in the sense that we
allow for transitional ambiguity, but we do not allow for
positional ambiguity.

Proposition 3. Under Assumption 1, the optimal robust
stopping region è defined in (43) is a convex subset of the
probability simplex °.

A proof of Proposition 3 is given in Appendix B. The
structure of the decision-maker’s optimal policy can be
sharpened further when we specialize the above results to
the robust Bayesian change point detection problem (i.e.,
the case where N = 2). In this case, the optimal robust
policy is a simple threshold policy.
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Theorem 4 (Optimality of Robust Threshold Policy).
Under Assumption 1, the optimal policy for the robust
Bayesian change point detection problem (N = 2) is a
threshold policy. Specifically, there exists �̄ ∈ 60115 such
that at any stage n, whenever the posterior distribution
�n = 4�415

n 1�425
n 5 is such that �425

n > �̄, it is optimal to stop
the system and initiate preventive maintenance (a = 1).
Otherwise, if �425

n ¶ �̄, it is optimal to run the system until
the next sampling epoch (a= 2).

A proof of Theorem 4 is given in Appendix C. Theo-
rem 4 has both managerial insights and practical value—it
shows that the optimal robust control policy of the deci-
sion maker can be visualized and implemented as a control
chart, which monitors the conditional probability �425

n that
the system is in a failure state (see Figure 2).

4.3. Consistency of the Robust Model and
Related Data Issues

Let us denote for short the nominal model as � =

84pij51 f11 0 0 0 1 fN 9, and the posterior state vector as �n4Y4n55
given a data set Y4n5 = 4Y11 0 0 0 1 Yn5. In this section, we
investigate the situation in which data Ỹ4n5 = 4Ỹ11 0 0 0 1 Ỹn5

are actually generated from a data generating model �̃ =

84p̃ij51 f̃11 0 0 0 1 f̃N 9 that may be different than �. We first
study the behavior of the posterior state vector �n =

�n4Ỹ4n55 and its associated transition probability function
�n = �4�n1 ·5 constructed under the nominal model � when
data Ỹ4n5 are generated from �̃. We assume that the data
generating model �̃ is absolutely continuous with respect
to � in that for each i ∈ ³, p̃i· � pi· and f̃i � fi. We also
make the following assumption on �̃.

Assumption 2 (Distinguishable Failure Signals). For
each i ∈ ³\8N9, �̃ satisfies

Ɛf̃N

[

log
(

fN 4Y 5

fi4Y 5

)]

> 00 (51)

To understand the intuition behind Assumption 2, con-
sider the case where N = 2, and suppose f̃2 = f2. In this
case, the quantity in (51) is nothing more than R4f2 � f15
the relative entropy of f2 with respect to f1 defined in (12),
which is positive whenever f1 6= f2. On the other hand, if
f̃2 6= f2, we can express Equation (51) as

Ɛf̃2

[

log
(

f24Y 5

f14Y 5

)]

=

∫

log
(

f24y5

f14y5

)

f̃24y5d�4y5

=

∫

log
(

f24y5

f14y5

)(

f̃24y5

f24y5

)

f24y5d�4y50 (52)

From the above equation, we see that the term in (51) can
be thought of as a modification (change of measure) to
standard relative entropy R4f2 � f15 by the Radon-Nikodym

derivative f̃2/f2. In this regard, Assumption 2 is quite
mild as it effectively states that the only restriction placed
on �̃ is that the resulting “modified” relative entropy must
remain positive, i.e., the failure density must remain statisti-
cally distinguishable from operational-state densities under
this change of measure. An example of a data generating
model �̃ that would not satisfy Equation (51) is as follows.
Suppose f̃1 = f2 and f̃2 = f1, i.e., the operational and fail-
ure signal densities are swapped. In this case, one would
not expect to be able to distinguish between operational
and failure states since data coming from a failure state
will induce a belief that the system is still operational, and
vice versa. Indeed, in this case, Ɛf̃2

6log4f24Y 5/f14Y 557 =

Ɛf1
6log4f24Y 5/f14Y 557 = −R4f1 � f25 < 0, so that Equa-

tion (51) is not satisfied.
If we now let �̃n = �̃n4Ỹ4n55 and �̃n = �̃4�̃n1 ·5 be the

posterior state vector and transition probability function
under the data generating model �̃, then it is natural to ask
whether the error between �n and �̃n (or �n and �̃n) will
accumulate or diminish over time. The next result shows
that the error is not only bounded over time, but tends to
zero (�̃-a.s.).

Proposition 4. Suppose model �̃ satisfies Assumption 2.
Then, for each i ∈ ³,

��4i5
n − �̃4i5

n � → 01 �̃-a.s.1 (53)

and for each measurable subset A⊂°,

��n4A5− �̃n4A5� → 01 �̃-a.s. (54)

A proof of Proposition 4 is given in Appendix D. Tak-
ing this discussion one step further, we next establish a
similar consistency result for the worst-case posterior �∗1 n

and transition probability function �∗1 n constructed in Sec-
tion 4.1 with respect to the (incorrect) nominal model �. In
particular, we ask whether the error between the worst-case
posterior �∗1 n and �̃n (or �∗1 n and �̃n) will accumulate or
diminish over time. The answer to this question is not obvi-
ous since one implicit assumption made in the robust model
is that the ambiguity parameters �P and �T are fixed con-
stants that do not change with time. This effectively means
that nature’s power/ability to select alternative worst-case
measures �∗1 n and �∗1 n does not diminish over time, so it
is conceivable that consistency can never be achieved. The
next result shows that in spite of this, the error still tends
to zero.

Proposition 5. Suppose model �̃ satisfies Assumption 2.
Then, for each i ∈ ³,

��4i5
∗1 n − �̃4i5

n � → 01 �̃-a.s.1 (55)

and for each measurable subset A⊂°,

��∗1 n4A5− �̃n4A5� → 01 �̃-a.s. (56)

A proof of Proposition 5 is given in Appendix E. We
conclude this section with a numerical investigation of the
robust Bayesian change point detection problem applied to
a real-world condition-based maintenance problem coming
from mining industry.
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4.4. Application to Bayesian Change Point
Detection

Consider the following real-world application from the
mining industry, which will constitute our nominal model.
The system can be in one of two unobservable states—
a healthy state 1 and a failure state 2. The system state Xn ∈

81129 follows a Markov chain with nominal state transition
matrix

P =

[

p11 p12

p21 p22

]

=

[

0097 0003
0 1

]

0

In this application, each time step represents 600 opera-
tional hours. At the beginning of each stage, oil samples are
collected and spectrometric analysis is carried out, which
provides a d-dimensional vector of concentration levels
Yn ∈ �d (measured in parts per million) of wear metals
stochastically related to the underlying system state (see,
e.g., Stachowiak et al. 2004). Here, we will consider d = 2
wear metals, where the first wear metal is copper (Cu) and
the second wear metal is iron (Fe). The nominal model
assumes that these two wear metal concentrations Yn ∈ �2

follow a bivariate normal distribution N4�11è15 when the
system is in a healthy state 1, and N4�21è25 when the
system is in a failure state 2, where observation parameters
are given by

�1 =

[

101
109

]

1 �2 =

[

401
505

]

1

è1 =

[

702 200
200 306

]

1 è2 =

[

706 100
100 302

]

0

Cost parameters for this application are Cp1 = 450, Cp2 =

11000, C1 = 10, C2 = 100, R1 = 100, R2 = 10, and the
discount factor is �= 0095.

We note that in this particular application, the histori-
cal data set used to select and calibrate the above nominal
model was relatively small and, in some parts, of poor qual-
ity. Accordingly, one of the primary concerns with using
the above nominal model as the basis for decision making
is that it may be miss-specified. We now illustrate how the
theoretical results developed in the previous section can be
implemented in practice to help come up with decisions
that are robust with respect to possible miss-specification
in the nominal model.

Suppose now that the initial prior distribution over the
system state is �0 = 4�

415
0 1�

425
0 5= 40095100055. Theorem 4

shows that the optimal robust policy for the decision maker
is characterized by a threshold policy. This implies that
the policy can be visualized and implemented as a simple
control chart, in which one plots the posterior probabil-
ity �425

n that the system is in the failure state, as it evolves
over time according to Bayes’ Theorem. Once the posterior
probability �425

n exceeds a fixed threshold �̄, the decision
maker stops the system to initiate preventive maintenance.
Accordingly, the problem reduces to finding the optimal

value of the threshold �̄ ∈ 60115, which considerably sim-
plifies the computational complexity of the problem.

In particular, the optimal policy is now identified with
a univariate parameter �̄ contained in the unit interval, so
that rather than searching over all possible robust policies,
we need only search over the unit interval to determine the
optimal robust policy. More specifically, the optimal thresh-
old can be efficiently computed by discretizing the state
space 60115, i.e., restricting the search to thresholds of the
form �̄ =m/M , for M ∈� large and m= 0111 0 0 0 1M − 1.
Under this discretization, we can adapt the computational
algorithm developed in Kim and Makis (2012, Section 5),
which has complexity O4M45. This complexity comes from
the fact that for each of the M possible values of the thresh-
old �̄, the algorithm run Gaussian elimination on m vari-
ables, which has complexity O4M35.

For example, suppose we choose an ambiguity parame-
ter �T = 10, using MATLAB we obtain an optimal robust
threshold �̄ = 0074. To compute this optimal robust thresh-
old value, it took 4.66 seconds on an Intel Core i5-2400,
3.10-GHz with 4.00 GB RAM. Figure 2 illustrates the use
of this optimal robust threshold policy on a sample data
history.

In the current context, one may be interested to know
how the optimal robust threshold �̄ changes as a func-
tion of the ambiguity parameter �T . Let �̄4�T 5 be the opti-
mal robust threshold value when using ambiguity parameter
value �T . For example, in Figure 2, we found that �̄4105=

0074. We now compute �̄4�T 5 over a wide range of �T and
plot the results in Figure 3.

From Figure 3, we make a few interesting observations.
First, the optimal robust threshold �̄4�T 5 is nondecreasing
in the value of the ambiguity parameter �T . The intuition
behind this result is as follows. At the core, the primary
cause of concern (risk) for the decision maker is the cost
due to unobservable failure. When the ambiguity param-
eter is small, nature has more power to deviate from the
nominal model and select alternatives that magnify this
failure risk. As a result, the decision maker will naturally
lower the threshold value �̄4�T 5 to mitigate such risk. In
short, smaller values of the ambiguity parameter leads to
smaller values of optimal robust threshold, which explains
the monotonicity result of Figure 3. The second interest-
ing observation is that in this application we can clearly
see that the optimal threshold approaches a limit �̄� as
�T → �. Moreover, from the previous sections, we know
what this limit is; �̄� is nothing more than the nominal
optimal threshold value �̄nom obtained from solving the
nominal model without model miss-specification. In this
particular application, �̄� = �̄nom = 0087.

5. Conclusions
In this paper, we considered a robust modeling approach
for maintenance decision making in the presence of model
miss-specification. Under this formulation we derived the
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Figure 2. (Color online) The control chart plots the posterior probability �425
n that the system is in the failure state, with

starting value �
425
0 = 0005.

Note. In this realization of the posterior trajectory, � 425
n exceeds the optimal robust threshold �̄ = 0074 at the 8th decision epoch.

Figure 3. (Color online) The optimal robust threshold �̄4�T 5 as a function of the ambiguity parameter �T .

robust dynamic programming equation, and through its
analysis explicitly characterized nature’s optimal policy. We
then used this characterization of nature’s optimal policy to
establish structural properties of the decision-maker’s opti-
mal policy. In particular, we proved that even in the pres-
ence of model miss-specification, the robust value function
preserves convexity with respect to the current posterior
distribution. We next proved a general robustness result
for the preventive maintenance paradigm, which showed
that preventive maintenance is always a worthwhile strat-
egy for managing failure risk, even when the decision
maker distrusts the underlying model assumptions. We also
established the optimality of a robust threshold policy for
the practical subclass of Bayesian change point detection
problems.
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thanks goes to Dragan Banjević for helpful discussions on Sec-
tion 4.3. This research was partially supported by the NSERC Dis-
covery [Grant RGPIN-2015-04019]. The opinions, findings, con-
clusions, or recommendations expressed in this material are those
of the author and do not necessarily reflect the views of the Natural
Sciences and Engineering Research Council.

Appendix A. Proof of Lemma 1
If at an arbitrary stage n, �n =�� , by Equation (28) of Theorem 2,
H14�n1W5 simplifies to

H 14��1W5 = −�P logƐ��

[

exp
(

−
h14Xn5

�P

)]

= h14N 5= −CpN 1 (A1)

since �� = 401 0 0 0 10115, i.e., it is concentrated at the failure state
Xn =N . Similarly,

H24��1W5 = −�P logƐ��

[

exp
(

−
h24Xn5

�P

)]

− �T logƐ�4�� 1 ·5

[

exp
(

−
�W4�n+15

�T

)]
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= h24N 5+�W4��5

= 4RN −CN 5+�W4��5 <W4��51 (A2)

where the second last equality follows since �� is an absorbing
state so that �n = �� implies �n+1 = �� , and the last inequality
follows since we have assumed in Section 2 that in the failure
state N , the running profit RN −CN < 0. It therefore follows that

W4��5 = max8H 14��1W51H24��1W59

= H14��1W5= −CpN 0 (A3)

In other words, whenever �n =�� , it is optimal to stop the system
and initiate preventive maintenance, i.e., �� ∈è, which completes
the proof. �

Appendix B. Proof of Proposition 3

Under Assumption 1, it can be shown that H14�1W5 and
H24�1W5 given in (28) simply to

H14�1W5 = Ɛ� 6h14Xn571

H24�1W5 = Ɛ� 6h24Xn57

−�T logƐ�4�1 ·5

[

exp
(

−
�W4�n+15

�T

)]

0

(B1)

Furthermore, from the proof of Theorem 3, we have shown that
the second summand of H24�1W5,

C4�5= −�T logƐ�4�1 ·5

[

exp
(

−
�W4�n+15

�T

)]

1 (B2)

is convex in � ∈°. If we let L14�5= Ɛ� 6h14Xn57 and L24�5=

Ɛ� 6h24Xn57, then the optimal robust stopping region è simpli-
fies to

è = 8� ∈°2 4L2
−L154�5+C4�5 < 091 (B3)

which is a sublevel set of the function 4L2 − L154�5 + C4�5.
Since both L14�5 and L24�5 are linear functions in �, the dif-
ference function 4L2 −L154�5 is also linear, which implies the
function 4L2 −L154�5+C4�5 is convex in �. It follows that the
optimal robust stopping region è is a convex subset of °, which
completes the proof. �

Appendix C. Proof of Theorem 4

For the N = 2 version of the robust problem, the simplex °
defined in (6) takes the form

°= 841 −�1�5 ∈�22 0 ¶� ¶ 191 (C1)

which is the line segment in �2 connecting points e1 = 41105 and
e2 = 40115. By Lemma 1 and Propositions 2 and 3, the optimal
robust stopping region è defined in (43) is an open convex subset
of ° containing the failure point �� = 40115= e2, i.e.,

è= 841 −�1�5 ∈�22 �̄ < � ¶ 191 (C2)

for some 0 ¶ �̄ < 1, from which the threshold policy immediately
follows. �

Appendix D. Proof of Proposition 4

We start by studying the conditional probability �
4N 5
n 4Ỹ4n55. If we

denote an arbitrary state sequence �4n5 = 4�01 0 0 0 1 �n5 ∈ ³n+1, then
from Bayes’ Theorem (5), we can express �

4N 5
n 4Ỹ4n55 as

�4N 5
n 4Ỹ4n55 = �4Xn =N �Ỹ110001Ỹn5

=

(

∑

�4n5∈³
n+1

�n=N

n
∏

m=1

p�m−1�m
f�m4Ỹm5�

4�05
0

)

·

(

∑

�4n5∈³
n+1

�n 6=N

n
∏

m=1

p�m−1�m
f�m4Ỹm5�

4�05
0

+
∑

�4n5∈³
n+1

�n=N

n
∏

m=1

p�m−1�m
f�m4Ỹm5�

4�05
0

)−1

0 (D1)

If we let

Rn =

(

∑

�4n5∈³
n+1

�n 6=N

n
∏

m=1

p�m−1�m

(

f�m4Ỹm5

fN 4Ỹm5

)

�
4�05
0

)

·

(

∑

�4n5∈³
n+1

�n=N

n
∏

m=1

p�m−1�m

(

f�m4Ỹm5

fN 4Ỹm5

)

�
4�05
0

)−1

1 (D2)

then

�4N 5
n 4Ỹ4n55= 41 +Rn5

−10 (D3)

We now study the numerator and denominator of Rn separately.
We start with the numerator, which we will show tends to zero �̃-
a.s. To see this, first note that the state process under the nominal
model � enters the failure state N in finite time �-a.s. Since the
sum in the numerator is taken over all state sequences �4n5 for
which �n 6=N , to show the numerator converges to zero, it suffices
to show that the product

∏n
m=1 f�m4Ỹm5/fN 4Ỹm5 is finite �̃-a.s. We

will in fact show the product converges to zero. To see this, we
now denote for each i ∈ ³\8N9,

�i = Ɛf̃N

[

log
(

fN 4Y 5

fi4Y 5

)]

> 01 (D4)

which is positive by Assumption 2. Since the alternative model
�̃ is absolutely continuous with respect to �, the underlying state
process X̃n →N , �̃-a.s., so that the Strong Law of Large Numbers
implies

1
n

n
∑

m=1

log
(

fi4Ỹm5

fN 4Ỹm5

)

→ −�i < 01 �̃-a.s. (D5)

It follows that the product

n
∏

m=1

f�m4Ỹm5

fN 4Ỹm5
= exp

( n
∑

m=1

log
(

f�m4Ỹm5

fN 4Ỹm5

))

= exp
(

n

{

1
n

n
∑

m=1

log
(

f�m4Ỹm5

fN 4Ỹm5

)})

→ 01 �̃-a.s. (D6)

Therefore, the numerator in Rn tends to zero �̃-a.s. Since the
sum in the denominator is taken over all state sequences �4n5 for
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which �n = N and the state process under the nominal model �
enters the failure state N in finite time �-a.s., it is clear that the
denominator of Rn converges �̃-a.s. to a constant that does not
equal to zero. It follows that the ratio Rn → 0, �̃-a.s., so that
�

4N 5
n 4Ỹ4n55= 41 +Rn5

−1 → 1, �̃-a.s. Therefore, for each i ∈ ³,

��4i5
n − �̃4i5

n � → 01 �̃-a.s. (D7)

For any measurable subset of the probability simplex A ⊂ °,
Equation (7) implies that the mapping � 7→ �4�1A5 is continu-
ous. It follows that, for any measurable set A⊂°,

lim
n→�

��4�n1A5−�̃4�̃n1A5�

=��4��1A5−�̃4��1A5�=����
4A5−���

4A5�=01 �̃-a.s.1 (D8)

which completes the proof. �

Appendix E. Proof of Proposition 5

Recall from Equation (24) that if �n =�, the worst-case posterior
�∗1 n at stage n is given by

�4i5
∗1n4�5=�4i5

∗1n=
exp4−h14i5/�P 5

Ɛ� 6exp4−h14X5/�P 57
�4i51 i∈³0 (E1)

Since the above mapping � 7→ �∗4�5 is continuous, it follows
from the proof of Proposition 4 that for each i ∈ ³,

lim
n→�

��4i5
∗1n4�n5−�̃4i5

n � = ��4i5
∗1n4 lim

n→�
�n5− lim

n→�
�̃4i5

n �

= ��4i5
∗1n4��5−�� �=��� −�� �=01 �̃-a.s.

Similarly, since the worst-case transition probability function
�∗1 n4 · 5 can also be viewed as a continuous mapping in the cur-
rent posterior �n, Equation (56) follows using the same argument
above, which completes the proof. �
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