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Abstract. The Black-Litterman model provides a framework for combining the forecasts
of a backward-looking equilibrium model with the views of (several) forward-looking
experts in a portfolio allocation decision. The classical version uses the capital asset pricing
model to specify expected returns, and assumes that expert views are unbiased noisy
observations of future returns. It combines the two using Bayes’ rule and the portfolio
allocation decision is made on the basis of the updated forecast. The classical Black—
Litterman model assumes that the equilibrium and expert models are accurately specified.
This is generally not the case, however, and there may be substantial efficiency loss if
misspecification is ignored. In this paper, we formulate a generalized Black-Litterman
model that accounts for both misspecification and bias in the equilibrium and expert
models. We show how to calibrate this model using historical view and return data, and
study the value of our generalized model for portfolio construction. More generally, this
paper shows how the views of multiple experts can be modeled as a Bayesian graphical
model and estimated using historical data, which may be of interest in applications that
involve the aggregation of expert opinions for the purpose of decision making.
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1. Introduction

The Black and Litterman (1991, 1992) model provides a
framework for combining the forecasts of a backward-
looking equilibrium model with the views of (several)
forward-looking experts in a portfolio allocation de-
cision. The classical version of this model uses the
capital asset pricing model (CAPM) as the equilibrium
model and assumes that expert views are unbiased
forecasts of future returns. These forecasts are com-
bined using Bayes’ rule, and the allocation is made
using the updated return distribution. The classical
Black-Litterman model (BL) assumes that the equi-
librium and expert models are accurately specified,
which is generally not the case. For example, the equi-
librium model may ignore relevant factors that im-
pact expected returns, whereas expert views may be
biased, and efficiency loss from model misspecification
can be substantial. In this paper, we formulate a gen-
eralization of the Black-Litterman model that accounts
for misspecification and bias in both the equilibrium
and view models and show how it can be calibrated
using historical data. More generally, this paper shows
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how the views of multiple experts can be modeled as a
Bayesian hierarchical model and estimated using a
history of forecast data and outcomes that may be of
interest in applications that involve the aggregation of
expert opinions for the purpose of decision making.

The Black-Litterman model was introduced in Black
and Litterman (1991, 1992), using the mixed estimation
approach of Theil (1971) to combine the equilibrium
and expert forecasts. Qian and Gorman (2001) pro-
vide an interpretation of the update equations from
a Bayesian perspective, which is the framework we
adopt. A comprehensive literature review can be
found in Walters (2011).

Although concerns about the impact of model
misspecification in the classical Black-Litterman model
have been raised, many of the refinements are basi-
cally strategies for tuning parameters, and relatively
little has been done to address limitations of the
classical model by moving beyond the original frame-
work. For example, the parameter 7, which scales the
covariance matrix in Black and Litterman (1992), was
included as a way to account for uncertainty in the
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market equilibrium estimate of the expected return
(see Walters 2013). One limitation of this approach is
that it downweights the forecasting information that
is available in the CAPM estimate and ignores the
possibility that systematic errors such as forecast bias
can potentially be estimated and removed. A natural
approach to address the acknowledged limitations of
the CAPM is explored in Krishnan and Mains (2005),
which includes additional factors in the equilibrium
model. Similar concerns about misspecification arise
in the context of the expert model, where much of the
focus is centered around how confidence levels for
experts can be chosen (see, e.g., Walters 2011, where
several methods are discussed).

In this paper, we propose a substantial general-
ization of the traditional model that accounts for
its shortcomings directly. Specifically, we propose a
Bayesian graphical model that accounts for system-
atic biases and unmodeled factors/dynamics in both
the expert and equilibrium models and show how it
can be estimated in a Bayesian framework using a
history of expert forecasts and realized returns. We
characterize the optimal mean-variance portfolio in
terms of the mean and variance of returns under the
posterior and show how it can be estimated using
Gibbs sampling. We also show that this estimate is
consistent, asymptotically normal, and converges at
rate 1/+/m (Where m is the number of Gibbs samples),
generalizing analogous results for sample average
approximation (Shapiro et al. 2014) to the case when
samples are dependent and there is a risk function
in the objective. Empirical tests with simulated and
historical data are also provided.

As we have noted, much of the literature on the
Black-Litterman model stays close to the original
framework, and relatively little has been done to
address its shortcomings by generalizing the model,
which is one contribution of this paper. One nota-
ble exception is the paper by Bertsimas et al. (2012),
which combines forecasts from the equilibrium model
and experts using ideas from inverse optimization.
The advantage of their framework is that it allows for
nonstandard expert opinions (e.g., on volatility) and
the use of risk measures such as conditional value at
risk (CVaR). It can also handle uncertainty about the
covariance matrix using ideas from robust optimi-
zation. We note, however, that it does not address
concerns about misspecification in either the equi-
librium or expert models (and hence the forecast of
asset returns that is generated by combining these
models). Our paper is different in that we develop
equilibrium and view models with both learnable
bias and unresolvable estimation uncertainty using
probabilistic and Bayesian techniques and show how
sampling methods can be used to compute optimal port-
folios. Although we focus on mean-variance optimization,

we believe that mean-CVaR problems can be addressed
by combining the posterior sampling methods used in
this paper with the data-driven method from Rockafellar
and Uryasev (2000). In summary, both papers address
different limitations of the classical Black-Litterman
model with different tools.

The remainder of this paper is as follows: Section 2
covers the background of the Black-Litterman model
and its graphical representation. Section 3 introduces
the generalized Black-Litterman model (GBL) and the
associated Bayesian graphical model. Section 4 dis-
cusses the problem of estimation and shows how
Gibbs sampling can be used to calibrate the model
and generate samples from the updated posterior
distribution of returns. The optimal portfolio is char-
acterized in terms of the mean and variance of returns
of the posterior distribution in Section 5 and can be
estimated using Gibbs sampling. We show that this
estimate is consistent and asymptotically normal and
converges at rate 1//m (the number of Gibbs sam-
ples). Empirical tests on simulated and real data are
provided in Section 6. We conclude in Section 7.

2. The Black—-Litterman Model

The Black-Litterman model estimates future returns
by combining a backward-looking equilibrium model
with forward-looking expert views. We briefly sum-
marize the Bayesian perspective of the classical model
(see also Qian and Gorman 2001) and provide a graph-
ical representation of this model.

2.1. Description

A central concern in a portfolio choice problem is
modeling the distribution of asset returns. The clas-
sical Black-Litterman model constructs this distribu-
tion by combining a backward-looking equilibrium
model with forward-looking expert views where the
following sequence of events is assumed: (i) at the
start of the investment period, the investor specifies a
“prior” distribution for the vector of asset returns that
is calibrated using a backward-looking equilibrium
model, (ii) the investor receives expert views which
are modeled as noisy observations of the future asset
returns, (iii) expert views are combined with the
equilibrium model using Bayes’ rule to generate an
updated return distribution, (iv) a portfolio allocation
is made on the basis of the updated distribution, and
(v) asset returns are realized.

2.1.1. Equilibrium Model and Prior Distribution for
Returns. Our financial market consists of N risky
assets and a risk-free asset. Let r denote the N-
dimensional vector of returns for the risky assets. We
assume without loss of generality that the risk-free
rate is zero. (If the risk-free rate is nonzero, simply
replace r with the vector of excess returns and our
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analysis carries through.) The classical Black-Litterman
model assumes at stage (i) that r is normally distributed:

r~N(ux), (1)

where the mean p is set equal to the expected returns
obtained from a backward-looking equilibrium model
such as the CAPM. There are various methods for
specifying the covariance matrix I (see, e.g., He 2002,
Idzorek 2002, Meucci 2006, Beach and Orlov 2007,
Walters 2013). We can think of the distribution (1) as
a “prior” for the latent return vector * whose value will
only be revealed at the end of the investment period.

2.1.2. Expert Views. Expert views are solicited to refine
the (prior) distribution of returns (1). Views are forward-
looking forecasts of the latent asset returns which are
combined with the prior model using Bayes’ rule.

To illustrate the idea, suppose that our invest-
ment universe consists of three assets, Apple (AAPL),
Amazon (AMZN), and IBM, where the vector of
returns is given by

YAAPL
YAMZN
TIBM

Y=

At the start of the investment period, prior to the
realization of #, the investor receives expert forecasts
related to r. Forecasts could be absolute views about the
return of a single asset, for example, “Apple’s return
will be 10%,” or relative views about the difference
in return between two or more assets, for example,
“Amazon will outperform IBM by 2%.” We write this
as Vaapr = 10% and Vapzn-ism = 2%, which we in-
terpret as noisy forecasts of the (latent) returns ra4pr
and ramzn — tipm, respectively. Alternatively, we have
a vector of forecasts

Ve ( Vaapr ) 3 (10%)
Vamzn-1Bm 2%

of a linear mapping of returns

Py = 1 0 0 :AAPL ~ FAAPL
0 1 -—1|| AM2N YaMzZN — T1BM |
YIBM

More generally, experts express views about the
returns of K different asset portfolios represented
through a K x N “pick”/”link” matrix P. Each row of
P selects a linear combination/portfolio of assets and
the vector of views is a forecast of the returns of each
of these portfolios. Observe that rows of the link
matrix representing absolute views sum to 1, whereas
rows representing relative views sum to 0. (For more
discussion on specifying P, see He (2002), Idzorek
(2002), and Satchell and Scowcroft (2000).)

Consistent with the idea that views are forward-
looking forecasts of asset returns, views (conditional
on r) are modeled as normal random variables with
mean Pr and covariance matrix (2, namely,

V|r ~ N(Pr, Q). (2)

Here, QO models the accuracy of the forecast V of Pr
and is often interpreted as a measure of the level of
confidence in the expert’s opinions. There are several
approaches to defining Q, but generally this is de-
termined at the discretion of the practitioner.

2.1.3. Updating the Return Distribution. With the prior
model for returns (1), the model of views (2), and nu-
merical values of expert forecasts V = v (e.g., Vaapr =
10% and Vamzn-im = 2% in our example), the dis-
tribution of the return r is updated to a posterior
1|V = v using Bayes’ rule. Under these assumptions,
the updated distribution of returns is also normal:

to ~ N(upL, Lr), (3)

where
ppe = (Z+ QTP w4 Q) (4)
g = (27 +PQIP)L

This shows that the mean return is an average of
the prior mean and the view weighted by the confi-
dence in each, as determined by the inverse of the co-
variance matrices (the multivariate analog of the “pre-
cision” of a normal posterior distribution). The precision
of the return distribution increases from 27! in (1) to

(Zp) =21+ PPQ7P,

as determined by the link matrix P and the observa-
tion noise (). Portfolio allocations are obtained by
solving a mean-variance problem with return distri-
bution (3)—(4).

Compared with Black and Litterman (1992), we
have dropped the scalar 7, which represents un-
certainty in the market equilibrium vector, in favor
of incorporating it into T (for discussion on the role
of 7, see Walters 2013).

2.1.4. Optimal Portfolio. The optimal portfolio is ob-
tained by solving a mean-variance problem with the
updated return distribution (3). With risk coefficient
y € [0, o), we solve

max E[r]'n — %T('Var(r)n = (upL)'m — gn’(ZBL)n.
The optimal portfolio is given by
1
' =~ (Zpr) " taL- (5)

4
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Figure 1. Graphical Representation of the Classical
Black-Litterman Model

G r~N(u,X)

V ~ N(Pr,Q)

2.2. Graphical Representation

Bayesian graphical models are acyclic graphs where
nodes represent random variables and directed arcs
represent conditional dependence (Gilks et al. 1996,
Gelman et al. 2004). These are useful representations
of what may otherwise be complex models and allow
for straightforward applications of probabilistic in-
ference. In accordance with standard practice, we
depict the nodes of unobserved random variables
with circles and the nodes of observed random var-
iables with squares.

The Bayesian graphical model of the classical Black-
Litterman model is very simple and shown in Figure 1.
Here, the view V is observed data, so it appears in the
square node, whereas the return r is unobserved and
appears in the circle.

3. Generalized Black-Litterman Model

We describe the generalized Black-Litterman model
and show how it can be estimated using a history of
expert views and returns.

3.1. Overview

Generally speaking, both the classical and general-
ized models have the goal of estimating the return,
but differ in modeling assumptions and the data
used. A comparison of both models is provided in
Table 1, and we now elaborate on the details. From a
high level, the generalized model accounts for the
possibility that the assumptions about returns and
expert views in the classical model may be incorrect
and improves the model by accounting for these is-
sues in order to better estimate the return.

Consider first the model of the views. In the clas-
sical model, views are assumed to be unbiased noisy
observations of the realized future return (2). In the
generalized model, we account for the possibility
that views are biased and use the history of views
and returns to estimate this bias in order to improve
the forecast of the next period’s return.

One feature of a set of views is that they can be
influenced by multiple factors in ways that are not

Table 1. Summary of the Classical and Generalized Black-Litterman Models

Model traits

Black-Litterman model

Generalized Black-Litterman model

Expected return

the CAPM estimate (u = a)

Returns
and known covariance ©

Expert views Views (V) are unbiased

Views are “centered” around next period’s
realized returns (V|r ~ N(Pr, Q))

Unknown variables r: return

Exogenous variables
Historical data Link matrix P

V: reported expert view

X: covariance of returns
Q): covariance of expert views
a: CAPM estimate

User-specified parameters

Expected returns equal the CAPM estimate:
Expected returns (u) are constant
Expected returns are assumed to equal

Returns are normally distributed with mean

Expected returns do not equal the CAPM estimate:
Expected returns y; vary every period
The CAPM estimate a contains systemic bias b
Expected return will have mean centered around the

CAPM with the bias offset (u¢[b" ~ N(a + b*, B))

Returns are normally distributed with mean ;, which
varies every period, and known covariance X

Views (V) may be biased (b))

Views are “centered” around next period’s realized
returns plus the bias (Vi|r;, b} ~ N(Pr; + b/, Q))

Bias is normally distributed with constant mean and
covariance (b/[6Y,0" ~ N(8",0))

r: return

Ui, ..., te: expected returns

b*: error in the CAPM estimate

bY,...,b/: bias in expert views

§Y,0V: mean and covariance of expert bias

Link matrix P

Vi,...,Viz and V;: historical and current expert views

71,...,7-1: history of returns

Y.: covariance of returns

Q: covariance of expert views

a: CAPM estimate

B: covariance of expected return

(8, ©}): parameters of prior for bias (b*) in the CAPM

ny, Y, vy, Ay parameters of prior for mean and
variance of view-bias (5, ®")




Downloaded from informs.org by [216.73.216.140] on 14 July 2026, at 06:50 . For personal use only, al rights reserved.

Chen and Lim: A Generalized Black—Litterman Model
Operations Research, 2020, vol. 68, no. 2, pp. 381-410, © 2020 The Author(s)

385

necessarily understood. One implication is that biases
for different views change randomly from period to
period and may be dependent. (For example, different
components may correspond to views of different
experts, who may (or may not) interact personally,
read research from the same sources, etc.) We model
this by assuming that the view bias b}’ at time t is an
independent draw of a normal random variable with
parameters (6V,®"). We note, however, that the bias
is not observed. Rather, the decision maker only sees
the view V; and the subsequent return r;, where the
view is normal with a mean Pr; + b}. (In contrast, the
view in the classical model (2) is unbiased and has
mean Pr;.) The parameters of the bias distribution
(6Y,0") are estimated using historical view and return
data and used to correct for the bias at time t.

The graphical model Figure 2 generalizes the clas-
sical model Figure 1 and illustrates the multiperiod
nature of the data being used in the generalized
model, whereas Figure 3 extends this further by in-
cluding the model of view bias. Faced with the sit-
uation depicted in Figure 3, the plan is to use the
history of views and returns, (V1, r1),..., (Vi-1, 1-1) to
estimate the statistical properties (6, ®") of the bias,
and to use this information to correct for the bias b}
in the view V; so as to improve the forecast of the future
return r¢. As before, the history of views and returns
(V1, r1),..., (Vi1, 1) and the view V; at the start of
period t are observed and appear in boxes. The other
random variables, including the future return r;, are
not observed and are depicted in circles.

Consider now the model for equilibrium returns. In
the classical model (1), returns are random variables
where the mean i is constant and assumed to equal
the estimate a of expected returns from the CAPM,
us = a. Inreality, however, the actual expected return
is likely to differ from the CAPM forecast because
of breakdowns in the assumptions underlying the
CAPM or the noninclusion of relevant factors and
unmodeled return dynamics (Fama and French 2004).
In particular, there is concern about the impact of using
a misspecified equilibrium model on the portfolio allo-
cations that come from the classical Black-Litterman
model, and various methods have been proposed to
account for this error (e.g., Black and Litterman (1991)
uses the scalar 7 to scale the covariance matrix of the
expected returns vector).

Figure 2. Graphical Representation of Black-Litterman
After Multiple Periods

] [ - [7a] [

Figure 3. Graphical Representation of Generalized
Black-Litterman Accounting for Expert View Bias

We account for errors in the CAPM forecast of ex-
pected returns (model misspecification, unmodeled
factors, etc.) by dropping the assumption that y; is
constant, observable, and equal to a, but allow
to change from period to period according to in-
dependent samples of a normal random variable with
a mean «a + b*. Here, b* is a constant correction term
that models bias in the CAPM forecast of expected
returns, whereas randomness in pu; models devia-
tions from the mean a + b" due to unmodeled sto-
chastic factors that influence the expected returns
from one period to the next. These modeling as-
sumptions extend Figure 2 to the graphical model
found in Figure 4. We emphasize, however, that the
expected return ; and the correction b* are not ob-
servable but need to be estimated using knowledge of
the CAPM forecast o and the history of returns.

The generalized Black-Litterman model combines
both the expert (Figure 3) and equilibrium (Figure 4)
models and is shown in Figure 5. With this blueprint
in mind, we can now discuss specifics.

Figure 4. Graphical Representation of Generalized
Black-Litterman Model Accounting for Equilibrium Errors
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Figure 5. Graphical Representation of the Generalized
Black-Litterman Model that Accounts for Violations in
Black and Litterman’s (1991, 1992) Assumptions Regarding
the Market Equilibrium and Expert Views

Note. The terms in circles are unobserved factors at the start of time ¢
that need to be estimated, whereas the terms in the rectangles are data.

3.2. Graphical Model

Our market consists of N risky assets and a risk-free
asset. The vector of expert views observed at the
beginning of period t = 1,2, ... is denoted by V; € RX,
and the vector of returns observed at the end of time
period is denoted by r; € RN. We denote the history of
observed returns and expert views up to and including
period t by Ry ={r1,12,..., 1} and V= {Vy,..., V}},
respectively. At the start of period ¢, the investor has
a history of forecasts ¥, = {V1,..., Vi-1} and returns
Ri_q ={r,..., 11} and a forecast V; of the return 7,
(which will be observed only at the end of the period).
The objective is to use these data, {V-1, V;} and R4,
to estimate the parameters and biases in the equi-
librium and forecast model and to generate a forecast
of the return r;, which is to be used to optimize the time
t asset allocation. We now provide details of the compo-
nents of the equilibrium return and forecast model.

3.2.1. Equilibrium Model. We assume throughout that
asset returns are normal with mean y; and covariance
matrix X:

T’t|,ut ~ N(Ht/ Z)- (6)

The classical Black-Litterman model assumes that the
mean return 1, is deterministic and equals the forecast
of expected returns a from the CAPM (i.e., yu; = « for

every t in (6)). In the generalized Black-Litterman
model, we assume that y; is randomly drawn each
period from a normal distribution with mean a + b*
and covariance matrix f:

pelb! ~ N+ b, ). )

Here « is the CAPM forecast of expected return and is
known to the investor, whereas b* is a constant but is
unknown to the investor. The term b* models the bias
in the CAPM estimate of expected returns, whereas
the randomness in p; accounts for unmodeled sto-
chastic factors that change p; over time. The term b* is
the average impact of these unmodeled stochastic
factors on the expected return, which can be learned
over time, whereas fluctuations in these unmodeled
factors is captured by the assumption that y; is latent
and generated as independent and identically dis-
tributed (i.i.d.) at the start of each period with co-
variance f§ (and, hence, there is uncertainty in y; that is
impossible to resolve).

Empirical failings of the CAPM are discussed in
Fama and French (2004) and provide some justifica-
tion of our model. (Figures 2 and 3 in Fama and French
2004 are examples of annualized expected returns
deviating significantly from the predictions of the
CAPM.) Although many of these limitations of the
CAPM have been partly addressed by the Fama and
French (1993, 1996) three-factor model, it still re-
mains the case that these improved models are still
misspecified (e.g., the three-factor model is unable to
account for momentum effects; Fama and French 2004).

The covariance matrix $ is a parameter of the
model chosen by the investor that describes the un-
certainty in the latent expected return p;. By virtue
of (7), one might choose § so that a reasonable range
of values for the expected return p; is covered by the
spread associated with this normal distribution. For
example, B =0.22] means that the 95% confidence
region of u; is £1.96 X 0.2 = £0.392 (~ +40%). Alter-
natively, one can choose X and 8 so that the covariance
of returns under GBL is consistent with historical
returns. Both approaches, together with experimental
results, are discussed in Section 6.3.

We model uncertainty in the constant b* by spec-
ifying a prior N(5}), ©)), where the hyperparameters
(oh, @6‘) are user specified and are updated using
Bayes’ rule conditional on the history of forecasts 1_;
and returns R;_; available at the start of period ¢.

3.2.2. Expert Views. Views in the classical Black—
Litterman model are unbiased noisy observations
of (linear functions of) returns. In the generalized
Black-Litterman model, we allow for the possibility
that views are biased by assuming

Vi

r, b/ ~N(Pr;+b/,Q), 8)
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where biases by, bY,..., b/ are not observed by the
investor and drawn independently from a normal

distribution
b/|6",8" ~ N(s",0V). )

The parameters (6”,0") of the bias distribution are
constant but are not known by the investor. We as-
sume a normal inverse Wishart prior,

(6%,0") ~ NIW(ng, g, vg, A );

that is, the prior on the covariance matrix ®" is an
inverse Wishart distribution with parameters v} € R
and A} € REK whereas 6", given 8V, is normal:

1
-,

14 v
60" ~N (’70 "
where 7y € RX and «§ € R. Under this specifica-
tion, the mean of the prior on the covariance matrix
E[@V] = AY/(v§ =K =1). If n} =0 and A} =0, then
©V =0, 6" =0, and b} =0 (with probability 1), and
the view model (9) degenerates to that of classical
Black-Litterman where view bias is zero. The pa-
rameters (ny,xy,vy,Ay) are updated using Bayes’
rule and the history of views and returns.

Observe from (9) that ®" is not necessarily di-
agonal, so view biases at time t can be correlated.
(This can happen, for example, if experts have the
same source of information, or discuss views among
themselves before coming up with a final opinion.)
This model can handle data sets with asynchronous
views (e.g., when different experts release views at
different frequencies, or when the portfolios about
which views are being expressed, as given in the rows
of the link matrix P, can change from one period to the
next). This would involve changing the link matrix P
to match the views being expressed and introducing a
bias term and associated hyperparameters for each
view type. Bias parameters are updated only when
the associated view is expressed. To ease notation, we
will assume throughout that the link matrix does not
change from period to period.

3.2.3. Asymmetric Treatment of g and ®". Our treat-
ment of the equilibrium and view models is not sym-
metric in that the variance of expected returns (§) in the
equilibrium model is assumed to be known, whereas
that of the view bias (®") needs to be learned. This is a
modeling choice that is justified in part by us being
generally more familiar with returns than views (and
hence, more confident about selecting ballpark values
for B than @), as well as for computational reasons.

Specifically, the assets we are investing in are
typically “long lived,” so reasonable values for § can
be chosen on the grounds that it is a measure the
spread/uncertainty in the expected return p;, and we

know what reasonable values of returns are. (Methods
for specifying § are discussed in Section 6.3.) For the
expert model, however, the statistical characteristics
of the views will change depending on the group of
experts providing them. Because track records are
short, there is generally more uncertainty about the
parameters describing the views and reasonable
ranges for the view biases (which is described by @),
though this can be reduced with data.

Second, the computational burden of parameter
estimation increases with the number of parameters
that need to be learned, so although it is possible to
learn the pair (b*, f) using a normal inverse Wishart
prior as we have done for (6V,0") instead of treating
B as an input, we would then need to samplean N x N
covariance matrix from the joint posterior in each
round of Gibbs sampling, which corresponds to
N(N —1)/2 random variables. When g is an input
parameter, the number of samples grows linearly in
N. (See Section 4.3 for discussion of how computa-
tional demands in each round of Gibbs sampling scale
with the number of parameters in the model.)

3.3. Summary
The generalized Black-Litterman model is given by
(6)—(9). Itis assumed that the expected return estimate
a is from the CAPM and known to the investor,
whereas the covariance of returns X from (6), the
uncertainty in the CAPM forecast § from (7), and the
expert covariance matrix Q) for (8) are user specified.
The goal at the start of period ¢ is to determine the
distribution of the future return r;, conditional on the
history of views V';_; and returns R;_;, and the view V;
at the start of period .

The posterior distribution for ; is obtained from
the joint posterior

P(rt/ (‘Lll,. sy ["lt—ll Ht)/ le (bvl' ey bxll bY)/
(5V, QV) | Vi1, Req, Vt)/

where

® l1,..., Ui is the history of expected returns and
¢ is the time t expected return,

e bt is the CAPM bias,

e (b{,..., b)) are the expert biases for previous
periods, and b} is the expert bias for the current pe-
riod, and

* (6Y, ®")is the mean and covariance of the expert
bias.

There is a normal prior on the CAPM bias b* ~
N(5y, ©}). The expert bias parameters have a normal
inverse Wishart prior (6,8Y) ~ NIW(ny, xy, v, AY).

4. Estimation
Because of the complexity of the generalized Black—
Litterman model, sampling methods must be used
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to compute parameter estimates under the posterior.
In this section, we describe Gibbs sampling, which is
a Markov chain Monte Carlo method for generating
samples from posterior distributions for models with
graphical structure, and show how it can be applied
to our model.

4.1. Gibbs Sampling

Suppose we would like to obtain samples of the
multivariate random variable X = (x1,xp, ..., ;) with
joint distribution Q(xy,x2,...,x,). The Gibbs sam-
pling algorithm generates samples X', X?), ... where
X0 = (xgl),xg),...,
following way:

) denotes the ith sample in the

Initialize: Choose initial values for X© = (x(lo),
xéo), ... ,xﬁ,o)).

At the start of iteration i+1, we are given X0 =
(x(li),xg),. . .,xﬁf)). Construct XD a5 follows:

Sample: Sample x%”” from the conditional dis-
tribution

Q(Jq |x(2i), xg), ... ,xﬁf))
and x](.Hl), forj=2,..., n, from

Q™ 24, D 2l ).

Repeat: Increase the index i — i + 1 and repeat the
sampling step until the required number of samples XV
have been generated.

It is well known (see, e.g., Gelman et al. 2004) that
Gibbs samples have distribution Q as desired. More-
over, the algorithm defines a Markov chain {X(i),
i=0,1,2,...} with stationary distribution Q, so con-
vergence properties of these samples can be charac-
terized using stability results for Markov chains (e.g.,
Meyn and Tweedie 1993, Gilks et al. 1996, Roberts and
Rosenthal 2004). It is clear that implementability of
this algorithm depends on how easily samples from
the full conditional distributions Q(x;|X_;) can be
generated, which we now consider in the context of
the generalized Black-Litterman model.

4.2. Gibbs Sampling for the Generalized
Black-Litterman Model
In the notation of the previous section, we wish to
sample the random variable
X = (rt,b”,yl,...,yt,b}/,...,b;/,év,(%v)

from the posterior distribution

Q(X) = P(rt/brll/‘ul/- . '/,Llf/b}//' . -/ti/
6V, 0" |r, ..., 11, Vi,.., Ve, Vi), (10)

Priors on the bias parameters b* and (6", ®") are
as specified in Section 3.3, and the parameters
{a, B, L, P,Q} are also assumed to be known (Table 1).
Data

gbt = {(Vl/ 7’1), (VZ/ 72)1* vy (Vt—lf rt—l)/ Vt}

consists of the history of views and returns up to the
previous time period t—1 and the view V; of the
future return ;. The conditional distribution

P(Ttlrl, "'Irt—llvll"'lvt—ll Vt) (11)

is our forecast of the return r;. In contrast to the
classical model, explicit expressions for the mean
and variance of returns under the posterior (11) are
not available. We now show how samples from the
posterior can be generated using the Gibbs sampling
algorithm described in Section 4.1.

Let

X(Z) = (b#(i)/ Hgi)/ ri(‘i)/ %Y(l)/ 5V(i)/ @V(l))

denote the sample generated in step i of the Gibbs
sampling algorithm, where

0 = 0,0,
V(i) — V(i) 1,V V(i
RBYO = {bl O pYO ] @}.

Then, X(*V is generated by sampling its components
from the full conditional distributions of the posterior:

B B ), ), B, (570, ©40), ),
y}(m) N P([lebp(Hl)’ (_z;, T,(si)/ Ry (), ((5V(i)’ @)V(z‘)), th,),
i=1...,1
, ; i+1) (i+1 i
(5V(i)l @va)), gbt), j=1...,t

(6V(i+1) @V(H—l))
N P(((SV, @V) | pH D), Hgﬁ-l)[ r§i+1)’ %y(z‘ﬂ), @t),

where y(g denotes {y(li), ey y](i)l, [J](.ﬂzl, iy (and
similarly for B,7).

Consider first the problem of sampling b*(*1). Figure 5
shows that, conditional on i, . . ., p, b* is independent

of the data %; and the remaining parameters, so
PG P(by 1?0 gy sVe @), @t)

= P(b”|y§i)).
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Because b has a normal prior P(b*) = N(6};, ©)) and a
normal likelihood (7), it follows from Bayes’ rule that

) <o)
o P(bH) x P(/J(ll)/ ., ‘uii) | b”),

where i, = (11, .., 1) plays the role of ‘data”
this update of the pr1or of bt to P(b“|y ). Tt is well
known that this distribution is normal, so b*(*1 is
easy to sample (we provide details in Step 1 of the
algorithm below). More generally, the dependence
structure implied by the graphical model and the choice
of conditional distributions relating the different random
quantities in this model imply that sampling from the
full conditional distribution for b*(*1) is easy.
Similarly, it can be seen from Figure 5 that

W ~ (M]» W9, B, 0 V0 5V @V, gbt)
= P(!,l] | b‘ll(Hl), Tj),

and Bayes’ rule together with Equations (6) and (7)
imply that

P(Hf|b”(i+l)r Tj) oc P(ry | Hj)P(Mjlb“(M)),

where P(y; | b**V) = N(a + b1, g) plays the role of
a normal prior on Uj (recall that o, the CAPM forecast,
is assumed to be known, and the covariance matrix f3 is
a user specified matrix), whereas P(r;| u;) is a normal

likelihood (6) for y;. It follows that y('“)

by sampling from a normal distribution, the parameters
of which are provided in Step 2 of the algorithm below.

Observing the general rule that parameters asso-
ciated with “parent” nodes in the graph in Figure 5
characterize the distribution that plays the role of
the prior, whereas the parameters of the “children”
play the role of data, the conditional distributions
associated for D), bj‘-/(”l) and (6V#Y, @) can be
similarly derived. As we have already seen, the full
conditional distributions are easy to simulate if the
conditional distributions relating parents to children
form a conjugate pair.

Full conditional distributions for the remaining
parameters r;, by,..., b/, and (6V, ®") can be derived
similarly and the algorithm summarized as follows.

is generated

4.2.1. Gibbs Sampling Algorithm for GBL. For every
i=1,2,3,..., let the ith Gibbs sample be denoted by

X0 = (by(z) 0 Ve sV, @V(l))
where

! = {ul s ),

By = {blwf), Byo bY<f>}.

Given {oz B,Z,P,Q} and prior hyperparameters {5},
O, ny,x¥,v{, Ay}, the Gibbs sampling algorithm is
as follows:

Initialize: Choose initial X©.

For iteration i+ 1 in the loop, we are given X® and
construct XV in the following manner:

Step 1. Sample b*@*) ~ N (&, By), where
f = (157 + {©5)7) [tﬁ (7" - a) + {06} 105,
Bo = (15 +{O5))

and 71 dzeflzf 1 p](l) is the sample mean of u’, ..., u.

Step 2. Sample each component of u!'* as [u](1+1)
N(aw,ﬁ“,]) forj=1,2,...,t, where
— (Z—l + ‘B_l _1[2_17‘* + ‘B—] (a + by(i+1))],
Puj=(Z7 +5 )

and
o ifj=12,..,t-1,
W ifj=t.
Step 3. Sample i) ~ N(@, ), where
a, = (PQP+x) [PlQ—l (Vt _ b;/a)) ey 1#(”1)],
o= (PQiP+ )

Step 4. Sample each component of %)™V as
b]V(i+1) ~ N(ab‘/,j/ ﬁhv,j) forj=1,2,...,t, where
&h‘/,j = (Q_l + @V(l‘)’l) -1 [Q_l (V] _ Pr*) + @V(i)ilév(i)]/
[;bV,j = (Q*l + @V(i)_l)—l

and

Step 5. Sample §V(*D, @V(+D
AY), where

~ NIWGY, !, Y,

Ky T
a5 v YD)
P+t et

Vo_ .V
K, =Ky t+1,

vV _ .V
vy =V i,

t — . — '
AY _ A(l)/ n Z(b]y(iﬂ) _ b;/(z+1)) (b]y(z+1) _ b}/(z+1))
=1

L Kot Kg (bV(’”) nv)(b_v(m)_nv)'
Ky +t ! o)

HV+l) — 15t pV(i+1)
and b, Z bj .
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Repeat: Repeat Steps 1-5 to generate as many
samples of XV (j > 1) as necessary.

The samples X are distributed according to the
posterior distribution

Q(X) = P(rt/b"lllull"'r(utrb}/l' . '/btvrévr®v|r1/”-/rt—lr
Vl/ ey Vt—ll Vt)/

and the samples ) have distribution P(rry, ..., 721,
Vi,...,Viz1, Vi). Convergence properties of estimates
of the optimal portfolio generated using Gibbs sam-
ples (law of large numbers and central limit theorem)
are discussed in Section 5.

4.2.2. Example. We simulate 50 periods of view and
return data and the views for period 51 from a model
of the form Figure 5 and estimate the generalized
Black-Litterman model with these data using Gibbs
sampling. The purpose of this experiment is to il-
lustrate the output generated by the Gibbs sampling
algorithm and its ability to identify errors/biases in
the underlying data-generating model (DGM).

For the data-generating model, we assume a return
covariance matrix

0.015838413 —0.01307935 0.001936589
X = -0.013079347 0.03004989 —0.012119245
0.001936589 —-0.01211924 0.007054950

and equilibrium expected return a = (0.09, 0.05, 0.04).
We choose b* = 0and f§ = 0so the true expected return
is indeed a (there is no equilibrium error). The link
matrix P is equal to the identity (absolute views only).
The mean and variance of the view bias are 5" = -0.4
and ®Y = 0.015I, respectively. The variance of the
observed views is Q = 0.011.

In setting b* = 0 and g = 0, the assumptions of the
classical Black-Litterman model concerning the equi-
librium are satisfied in the data-generating model. The
classical assumptions concerning the views are vio-
lated, however, and the plots show how the general-
ized model estimates the view bias and corrects for it
in the posterior return distribution. A more compre-
hensive test comparing the performance of portfolios
computed on the basis of the classical and generalized
models, with real and simulated data, is presented in
Section 6.

Figure 6 shows the prior and posterior distributions
of 6V, demonstrating that GBL is able to detect the
negative bias in the simulation and be fairly accurate
in its estimation, even with a very uninformative
prior. Figure 7 shows the prior and posterior distri-
butions for BL and GBL when the view biases bY; for
each of the assets happened to be negative (the value

of bY, for each of the assets is shown in the plots). This
plot demonstrates the effect of view bias on the
posterior BL return distributions and the correction
of this bias in the GBL distribution. In particular, the
GBL posterior return distribution for each of the as-
sets has a higher mean due to its ability to correct the
negative view bias. Consistent with (33), the GBL
posterior variance is higher because of the additional
uncertainty in the model.

4.3. Computational Demands
The computational demands in each round of the Gibbs
sampling algorithm can be summarized as follows:

* b¥, ui, po, ..., yut, and r; are N dimensional and
multivariate normal, so the number of samples gen-
erated by the algorithm grows linearly in N;

e b/, bY,...,bY and 6" are K dimensional multi-
variate normal, whereas ©V is quadratic in K and has
an inverse Wishart distribution, and the number of
samples grows quadratically in K;

¢ there are 2t multivariate normal random vari-
ables 1, ua, ..., urand by, by,...,b/, so the number
of samples is linear in t.

Whereas the number of samples grows linearly in
tand N and quadratically in K, the random variables
themselves are from well-known distributional fami-
lies (multivariate normal, inverse Wishart). Of course,
this is not the complete story, as it is the convergence
rate of estimates, which are given by sample averages
of the samples, that determines the number of rounds
required to obtain estimates of sufficient accuracy. We
discuss this issue in the next section.

As noted in Section 3.2, our current model assumes
that the variance of the expected return f is known,
which differs from our treatment of the view model
where ®" needs to be learned. Although it is possible
to learn (b*, B) jointly by adopting a normal inverse
Wishart prior, the number of random variables that
need to be generated in each round of Gibbs sampling
then grows quadratically in N. Quadratic growth in K
(in the case of @) is less of a concern because the
number of views is typically smaller than the number
of assets N. The impact of the number of assets, views,
and historical samples on computational times is il-
lustrated in Section 6.

5. Optimal Portfolio Choice

We present conditions that guarantee consistency and
asymptotic normality of the estimate of the optimal
portfolio computed using Gibbs samples and show
how to determine the number of samples required to
obtain a predefined level of accuracy in the estimate.
Structural properties of the GBL portfolio are also
discussed, including natural regularization proper-
ties of the GBL model.
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Figure 6. (Color online) The Histograms Correspond to the Prior and Posterior Distributions of the Mean Expert Bias 6V for
Data Simulated from a Model Where There Is a Negative View Bias and No Equilibrium Error
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Note. Although the expected value of the bias 5" = —0.4 in the data-generating model is underestimated, the direction of the bias is substantial
and clearly captured.

5.1. Approximating the Optimal Portfolio where estimates of the posterior mean and variance
Consider the portfolio choice problem of returns
max Eq[r]'m - r n'Varg(r)m, (12)
s 2 = (l)
r(m) = Z T

where the expectation and variance of returns are

computed under the posterior M N o\
_ Adm) =530 -5 (4 - 7) (14)
Q = ]P)( | (Vll 7’1), LRy (Vt—l/ rt—l)/ V[) mi3

Th imal foli
e optimat portiofio are obtained using Gibbs samples. If Eg|r|* < oo, the

o= 1VarQ(n)_1E@[r¢] ergodic theorem implies that
is approximated by Lim 7(m) = Eq[r,
1 o
ni(m) = ;At(m) 7e(m) lim - Z P = By [rr)] = lLim Ay(m)

= arggnax{?(m)'n - %T{'A(m)n}, (13) = Varg(ry), as. (15)
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Figure 7. The Histograms Show the Prior and Posterior Distributions of Returns for Data Simulated from a Model Where

There Is a Negative View Bias and No Equilibrium Error

Prior and posterior distributions for the return of asset 1

0 l - - GBL prior
I GBL posterior
> 7 ! BL prior
Z o4 | BL posterior
g H - Expert view
a o - |
o —- gy ! p—
T T T
-0.5 0.0 0.5
Return
Prior and posterior distributions for the return of asset 2
0 - l - - GBL prior
I —— GBL posterior
o < - i - = BL prior
2 5 | —— BL posterior
S | - Expert view
@ !
o AN [
i —
o d-- T T T ST -
T T T
-0.5 0.0 0.5
Return
Prior and posterior distributions for the return of asset 3
! - - GBL prior
© | —— GBL posterior
1 - - BL prior
%‘ < 4 ; —— BL posterior
c N - = Expert view
o)
o 1
N |
1
o 4

Return

Note. Here, the expected value of the bias in the data-generating model is negative (6" = —0.4), and the realized bias of the expert views
in period 51, bY}, is also negative. The generalized Black-Litterman model attempts to remove this bias by estimating 6". This results
in a return distribution that is shifted to the right relative to that of the classical Black-Litterman model (which assumes that there is no

view bias).

(see Meyn and Tweedie 1993, theorem 17.0.1; Roberts
and Rosenthal 2004, theorem 4, fact 5), and the port-
folio estimate is consistent:

lim 7t(m) = 7 (a.s.).

5.2. Central Limit Theorem for the
Approximate Solution

Although consistency is a desirable property, the rate
at which n(m) converges to ©* is also of interest as
this determines the number of samples m required to
obtain a sufficiently accurate approximation. Similar
issues are addressed in Shapiro et al. (2014) for the
sample average approximation

n(m) = arg max% if(n, r(i)) (16)
" i=1

of the stochastic optimization problem

E arg max Eglf(r, 7)] (17)
under the assumption that 7! (i=1,..., m) are gen-
erated ii.d. from the distribution Q (typically a
simulation model). These results do not apply in our
setting because the approximate objective (13) isnota
sample average of i.i.d. terms due to Gibbs samples
being dependent and the variance term in (13) not
being in the form (16). We now develop analogous
results that can be applied to (12) and (13).

To account for the variance term in (12), consider
the optimization problem

H;écX{]E@[rt]’n - LEq| (i - o). (18)
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It is easy to show that (7%, ¢*) is a solution of (18) if
and only if " solves the original problem (12) and
c* = Eq[r:]'n", so both problems are equivalent. Like-
wise, (1t(m), c(m)) is a solution of

~ | } (19)

b ’ 1 L 1 l
ma{ron'n =L S
if and only if 7t(m) solves (13) and c(m) = 7,(m) 7(m).
This allows us to study the asymptotics of 7(m)
through (18) and (19) instead of (12) and (13), the
advantage being that it no longer involves the vari-
ance of returns, and hence can be approximated by a
sample average approximation.
Defining ¢* = yn* € RN and 1* = y¢* € R, the solu-
tion (7", ¢*) of (18) is uniquely characterized by the
first order conditions

Eq(r) - (Ea(rry’ — Eq(r) | _ (0)
(]EQ(”t)'lV - 77*) 0

(observe that this equation and (¢, 17*) are independent

of y). Likewise, (1t(m), c(m)) are uniquely determine

by the first order conditions for the approximate prob-
v 2( # () = c(m))

lem (19),
_Z (1) —y— Z( (i)’ n(m) — c(m)) (4) .
-[o]
which can be written
n(m) -7 [0
m_me(c(m)—c*)_ (0)/ (21)

(20)

where
(l) (ONON (1)
12" (7” Ty l,ll ren ) 12
Ap==3 . = >7n(r"),
mi3 (r(l) Y - *) mis
t n
1 m [0 _ 0
Bm =— ! t ’ ! ’
m ; I —rﬁl) 1

with i : RN — RN*! defined by
ny = |77 Y| (22)

(=)
To characterize the asymptotic properties of m(m),

central limit theorems for Markov chains are needed.
Toward this end, let {X®, i = 0, 1, 2,...} be the Markov

chain defined by the Gibbs sampling algorithm, Q
be its stationary distribution (i.e., the GBL posterior
at the start of period t), and

Pi(x, A)2P|XD e A|X© = x

the associated i-step transition distribution of this
Markov chain. We say that {(X®,i=1,2,3,...} is uni-
formly ergodic (Roberts and Rosenthal 2004) if

IP'(x,) = Q()II = sup IP'(x, ) = Q) < Mp,
i=1,2,3,...

for some p <1 and M < oo, where the supremum is
taken over all measurable sets.

If {X?,i=0,1,2,...} is uniformly ergodic and
Eg(|ri|*) < oo, the central limit theorem for Markov chains
(see Roberts and Rosenthal 2004, theorem 23) implies

\VmA,, » N(0, H), (23)

where ~ denotes weak convergence (convergence in
distribution) and the covariance matrix H € RIN+Dx(N+1)
is given by

H=

Hy H ,
i | =Bl

SN e

(H11 S RNXN, Hi2/H21 (S RN,HZZ S R) The condition
Eglri|* < oo also implies
Eq[riri]  —Eglr]

lim B,, = [ ,
—Eq[r] 1

m— 00

] =1L, as. (25)

(see (15)) and, hence, B,, » L. The following result
characterizes the asymptotic properties of the ap-
proximate solution 7t(m).

Theorem 1. Suppose that the Markov chain {X7,i=
0,1,2,...} generated by Gibbs sampling is uniformly er-
godic and Eg(|ri|*) < co. Then

Vim(r(m) — ") » N(0, V),

where

1 B Hy Hip
V==V UTE
SaVaro 1B | ]

Hy
[ ! ]Var (r) ™ (26)
EQ(H)' o

and H is defined by (24).
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Observe that B, and L are invertible, with

= [E@[M;] _EQ[rt]]_l
—Eq[r]’ 1

_ [8 (1)] + [E@Eﬁ)' ]Var@(f’t)_l[l Eq(r) |
and
m = \m&

rgi)r(z’)r —rgi) -1
—rf)’ 1
0 0 I
= + Ae(m) Y1 7(m ,
[0 1] [?t(m)’} ([T

where 7(m) and A;(m) are defined as in (14). This
implies that (21) can be written

M(n(m)—n*) 21

B, = (1§]

B, (VmAy). (27)

c(m) —c

Because L is deterministic, B,, and L are invertible,
By~ L, and vmA,, ~» N(0, H), it follows from Slut-
sky’s theorem that

n(m) —m | A gy
\/ﬁ(c(m)_c*) N(O,yzL H(L )).

The term V is obtained by substituting the expression
for L7! and extracting the portion of the covariance
matrix L~ H(L™!)" associated with rt(m) — *.

5.3. Number of Gibbs Samples Required

We now show how Theorem 1 can be used to estimate
the accuracy of an estimate mt(1m) of * obtained using
m Gibbs samples and the number of samples m" re-
quired to generate an estimate with the desired level
of accuracy.

It will be convenient to change the coordinate
system to the one that is defined by the eigenvectors
of V,(26). Let (X;, A;) eRN xR (i=1,..., N)bethe N
eigenvector—eigenvalue pairs of V, and let

&(m) = [&1(m)...., En(m)]" = X' (n(m) — 10°)

be the decomposition of m(m)—m* into orthogonal
components &1(m),. .., En(m), where

X = [Xl,. ey XN], A= diag()\l,. ey AN)

We assume without loss of generality that A; >
Ay > --- > An. We also assume that Ay > 0. It follows
from Theorem 1 that \mé&(m) (i=1,..., m) are as-
ymptotically independent and normal with vari-
ance A;:

N E(m) » N(O, A), ~m &(m)»N(0, A;), i=1,..., N.

We wish to estimate the accuracy of an estimate 7t(m)
of 1" obtained from m samples, and the number
of samples such that the error m(m)—n" in the k
most variable directions (k < N) is small with high
probability:

P(lél(ﬂ’l)l <71 0= 1,...,k)> 1-e. (28)
By focusing on the k largest eigenvalues/eigenvectors
of V, we account for the main sources of variability
in the estimate of the optimal portfolio. The decision
maker can set k = N if he or she prefers.

Observing that

)= TTR(E ) < 1)
it )

T

where the first equality follows from the indepen-
dence of &1(m),. .., &(m) and the last from asymptotic
normality of v/m &;(m), it follows that

w2 inffon: T1[20,7) -1

is the smallest number of samples such that (28) is
satisfied. Given an estimate of V' (and hence A4, ..., AN)
the probability (29) and m* are easy to compute. We
will show shortly how V can be estimated using the
output of Gibbs sampling.

P(E(m) <t i=1,..., k

1
k
i=1

>1- e} (30)

5.3.1. Upper and Lower Bounds. Although it is rela-
tively easy to estimate m* by solving (30) directly, this
characterization does not show how m* scales with the
number of assets N. To show this, we derive upper
and lower bounds on m* and examine how these
bounds depend on N. For this analysis, we control the
error in the first k principal directions (28), so k re-
mains fixed even when the number of assets N is
changing. As in (29), we assume that m is sufficiently
large for £(m) to be asymptotically normal.
For a lower bound, observe that

P& (m)| < 11) 2 P(&:(m)| < T, i=1,..., k),
S0
my = inf{m : P(|&1(m)| < 11) > 1 —€}

2\
=[5l
is a lower bound on m*, where the second equality
follows from the asymptotic normality of v/mé&;(m).
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For an upper bound, observe that for m sufficiently
large,

Pll&(m) <, i=1,..., k]

_oll&mPF
_P, gy <Ai'l_1"”'k
12 ()2
> P |El(::)| < min {T?/A,}]
K (£ ()2
> P ; |5z(;l1)| < min {le//\l} ,
SO
k e 2 1
my = 1nf{m P ; |El(::)| <iglpi?k{’fiz//\i} >1- e}

(31)
is always larger than m*. Because

k 2
|E:(m)|
m 2,

1

is a x?>-random variable with k degrees of freedom,
the condition in (31) is satisfied if

1

A
m X min 0> Xi( —€),

i=1,...,k

SO

Note that
1.4
EF)& (1-¢€)~0(1)

(indeed, the limit of this quantity is 1 as k — o).

To see how m; and my;, and hence m*, scale with the
number of assets, we need to make assumptions on
how the thresholds 7, ..., 7; scale with N. Assuming

o

Tl:TZ:"':Tk:N/

it follows that

— -1 €\ 12,4 (N)2
me= [0 (1-5)] "1(5) /

2

my = [%F)(%(l - €)]A1k(%) ’
so m* is also O(N?). If k = N, then the upper bound
scales like O(N?). The choice of 7; ~ O(1/N) sets the
equal weighted portfolio as a benchmark for the order
of magnitude of the accuracy. In general, however,
the appropriate choice of 7, 6, and k is problem

specific.

The bounds are tight when k =1, but the gap be-
tween my and my; can be very large when k > 1. The

lower bound my is typically closer to m* than my
because it corresponds to satisfying (30) in the di-
rection of greatest variability (i.e., k = 1). Regardless,
the purpose of these bounds is to understand how m*
scales with the number of assets, for which the large
difference between the constants in m; and my does
not matter.

5.3.2. Estimating V. Clearly, an estimate of V is re-
quired, which can be obtained by estimating H using
output from Gibbs sampling and V using (26). We can
estimate H using any number of methods, and the
following approach from chapter 3 of Gilks et al.
(1996) is particularly easy to implement.

We simulate samples X (i=1,..., m) from the
posterior and divide them into B batches each of size
S (so m = SB). For each batch k=1,..., B, compute
the sample average

o)

where h(r) is defined as in (22), and we approximate
' =y and 1" = yc* by yn(m) = Ay(m)7(m) and
ye(m) = #(m) (yn(m)) = 74(m)’ Ay(m)~17,(m). We choose
the batch size S such that Yj,..., Y3 are nearly in-
dependent. (If independence is a concern, one can
throw away a few samples between batches that are
used to compute the Y}’s). Because VmA,, » N(0, H),
Y is approximately N(0, H/S), so

1 kS
Yi=<

5 i=(k-1)S+1

s& - -
H~ EZ(Yk -Y)(Yr =YY,
k=1

where Y is the sample average of the Y;’s. An estimate
of V can now be obtained from (26), approximating
Eq(r:) and Varg(r:) by 7,(m) and As(m) (see (14)).

5.3.3. Example. We can estimate the eigenvalues of V
for our experiment in Section 6 (N = 50 assets, T = 60
months of historical data, equilibrium bias b* = 0.15,
view bias 6” = 0.3). These are shown in Figure 8 and
were computed with m = 20,000 Gibbs samples di-
vided into B =400 blocks of size S =50 using the
procedure described above.

It follows from (30) that an accuracy level of 7 =
0.015 (6 = 0.75) is satisfied with probability 0.85 (e =
0.15) with m = 20,000 samples when k = 50. We would
require m = 23,500 samples (1, =19,000, my; = 444,100)
to achieve an accuracy level of 7= 0.015 with prob-
ability 0.90.

For an accuracy level of 7 = 0.01 with probability
0.9 (k = 50), m = 53,000 samples are required. With
k = 3 instead of k = 50, m = 50,100 samples are re-
quired, and |&;(m)| < 0.01 for all 7 (not just i < 3) with
probability 0.886. When k=5, m =52,200, and |&;(m)| <
0.01 for all i with probability 0.897.
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Although the probability estimate (30) comple-
ments the use of convergence plots to assess whether
sufficiently many samples have been generated, m =
20,000 was sufficient for the standard errors of our
Sharpe ratio estimates to be sufficiently small.

5.4. Adaptive Regularization

We derive an alternative expression for the mean and

variance of returns that facilitates comparison with

the classical Black-Litterman model and reveals in-

trinsic regularization properties of the GBL model.
Let X_,, be X with r; deleted. It follows from Figure 5

(see also Step 3 of the algorithm in Section 4.2) that

Elr | X-,]

=P P+ )T PQTN(Vi-b) + 27 ),

which is random because of its dependence on latent
variables b/’ and y;. It follows that

Eqlri] = BofEqlri X~ ]}
= (PQ'P+ 7)) PQTN (V) - Eg(b)))

+ 2 Eq(u)]. (32)
This expression for the expected return is a natural
generalization of (4) for the classical model. Indeed,
the (unconditional) expected return y = a from the
CAPM in (4) is replaced by Eg(u:) in (32), which in-
cludes a correction for equilibrium bias, whereas the
other term in (32) is analogous to the view update in
(4), which also includes a correction Eg(b") for bias.

To calculate Varg(r;), we utilize the conditional
variance formula

Varg(ry) = Eg[Varg(r: | X-,,)] + Varg(Eg[r: | X-,]).

From our specification of the generalized Black-
Litterman model (Figure 5),

Varg(ri| X_y,) = B = (PQ'P+x71)!
is deterministic, so
Eq[Varg(ri| X-p,)] = (PQ'P+ 271!

To compute Varg(Eg[r:|X-,]), we use Gibbs sam-
pling to generate

E@[Tt | X(_il,] =4
=(Pa'p+x)
: [P’Q‘l (vt —bY <i>) +x! ,ﬂ”]
(see Step 3 of the algorithm), so

~ LS al - @, [l - a

i=1

Var(E[r: | X_,])

Sl*—‘

Figure 8. (Color online) Eigenvalues of the Matrix V
Defined by (26) Ranked from Largest to Smallest for Our
Experiment in Section 6 with N = 50 Assets and T = 60
Months of Historical Data
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It now follows that

Varg(ry) = (P’Q7'P + =)™ + Varg(Eg[r | X_,])
~(PQP+ L)

AL i[a@ @, ][a - @]

1=1

(33)

The variance of returns for the generalized model is
larger than that of the classical model (4) because of
the additional term Varg(Eg[r:| X-,]). The impact of
this term on the return distribution can be seen in
Figure 7, where the spread of return r; under the
generalized Black-Litterman posterior is higher than
that under the classical model.
It follows from (33) that
Y

n}zin {]EQ[rt]’n - ET(’E[Var@(n)]n}

= EQ[T}]/R _ gn/(PIQ—lp + Z_l)_l
- %n’Var@(EQ[n | X, D,

so the mean-variance objective for GBL equals that
of the classical model with an additional term,
' Varg(Eg[r: | X-,, )7, which plays the role of an L, reg-
ularizer. Because the diagonal entries of Varg(Eg[rX-,])
are larger for assets with more estimation uncertainty,
the shrinkage for each asset holding is roughly pro-
portional to the level of uncertainty in its expected
return estimate. This differs from classical regulari-
zation methods in portfolio choice applications where
the same penalty is used for all variables (see, e.g.,
DeMiguel et al. 2009, where it is shown that impos-
ing portfolio constraints is related to regularization).
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Observe, too, that Varg(Eg[r|X-,]) never completely
disappears, because the expected return y; ~ N(a +
b¥, B) and the view bias b}’ ~N(6Y, ©") are generated
ii.d. each period, so there will always be some degree
of uncertainty if f and ®" are nonzero, even if the
parameters b¥, B, 6V, and ®" are known.

Norms of GBL portfolios for training data sets
of varying length are reported as part of our experi-
ment in Section 6 and clearly show the impact of
regularization.

6. Empirical Tests

We now present empirical tests of the generalized
Black-Litterman model with both simulated and real
data. Computations in the following section were
done using an Intel Core i7-4600U central processing
unit at 2.1-2.7 GHz with 16 GB of RAM.

6.1. Controlled Tests

For our controlled tests, we simulate market data
from the model in Figure 5 and evaluate the out-of-
sample performance of four models:

1. the generalized Black-Litterman model;

2. theclassical Black-Litterman model thatignores
bias and invests according to the Equations (3) and (4)
with knowledge of the parameters (o, X, P, Q);

3. a generalized Black-Litterman model (GBL+)
that has learned the value of the bias parameters b*
and (6", ®") being used in the data-generating model;

4. an investor who does not account for bias and
trades the market portfolio (MP).

GBL+ is the GBL model with a degenerate prior
on the values of b* and (6", ®") used in the data-
generating model. GBL trades identically to GBL+
once it has an infinite amount of historical data, so
the out-of-sample performance of GBL+ is an upper
bound of that of GBL.

6.1.1. Data-Generating Model. The parameters o and
are generated randomly but consistent with the
CAPM, whereas returns in the data-generating model
are assumed to follow (6) and (7). We assume that
the return of the market portfolio has mean 0.1 and
standard deviation 0.2. For the purposes of this ex-
periment, we assume that the variance of the return
bias in the data-generating model g = 0.35%* X I, and
that the GBL investor adopts the same value of .
A discussion of approaches to selecting $ and a study
of the sensitivity of GBL performance to misspecification
is also provided.

Views in the data-generating model are generated
according to (8) and (9). For the purposes of this ex-
periment, we assume there are K =15 views with
link matrix

P = [IK QKX(N—K)] S RKXN.

We use Q =0.75? x I and ©" = 0.85% X I in the data-
generating model throughout. We vary the means of
the view and equilibrium biases " and b* depending
on the experiment.

6.1.2. GBL Investor. We assume that the parameters a,
L, B, P,and Qin the data-generating model are known
to the GBL investor (Table 1).

The prior on the view bias (§V, ®") is normal in-
verse Wishart with parameters (ny, x¥, v§, AY). In
this paper, there are K = 15 views, and we choose

ny =0€RY,

kg =K+4=19,

vy =K+4=19,

A =@y -K-1)x085*x1=3x085x1 (34)

With these choices, E[6"] = 0, and

E[©Y
Var(sV) ~ —[ | xI=0.195*x1I
KV
0

(E[®V] = 0.85°]). In other words, 95% of the prior
distribution for each component of the view bias ap-
proximately covers the interval 0 + 2 X 19.5% = £39%.

The prior on the equilibrium bias b* is normal,
N(6", ©"). For all experiments,

5y =0€eRN,
) =035 xI; (35)

that is, the expected bias (under the prior) E(b*) =0,
and the standard deviation of the bias for each asset is
35%, so 95% of the prior approximately covers the
interval 0 +£2 X 35% = +£70%.

6.2. Simulation Experiments

Although GBL accounts for potential misspecification
in BL by allowing for biases and errors in the equi-
librium and the views, the downside is that signifi-
cantly more parameters need to be estimated. In this
section, we compare the benefits of improving the
model to the cost of increasing estimation uncertainty.

We begin with experiments where data are gen-
erated according to the model described in Section 3
with the parameter values listed in Section 6.1.1 to
illustrate the impact of N, T, and K on out-of-sample
performance. Following this, we evaluate GBL when
modeling assumptions are violated, including mis-
specification of f and nonnormality of views and
returns in the data-generating model.

We evaluate GBL by comparing its out-of-sample
Sharpe ratio to the benchmarks GBL+, BL, and MP.
The difference between BL and MP can be interpreted
as the value of having (biased) expert views, whereas
the difference between GBL+ and BL is the potential
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improvement over BL if we adopt GBL and suc-
cessfully learn all the parameters. GBL+ is an upper
bound on the performance of GBL that is achieved
when the size of the training set T — oo and measures
the potential benefit of using GBL. The difference
between GBL and GBL+ can be attributed to esti-
mation uncertainty. Because there is a risk-free asset,
the efficient frontier is linear, and the Sharpe ratio is
equal toits slope. The Sharperatio is also independent
of the risk-aversion parameter.

6.2.1. Experiment. We simulate returns and views from
the data-generating model described in Section 6.1.1
and report out-of-sample Sharpe ratios of GBL
(with randomly generated training data of lengths
T =0,12,60, and 120 months), GBL+, BL, and MP for
different view and equilibrium biases in the data-
generating model. Sharpe ratios are computed by
generating a history of length T and applying the
resulting portfolios to one realization of period T + 1
asset returns. This is repeated 200 times, and the
collection of 200 (period T + 1) investment returns are
used to compute the Sharpe ratio for the portfolio.
Common histories and period T + 1 returns are used
across all experiments, and a common random seed
is used in all implementations of Gibbs sampling
to reduce sampling variability. Standard errors for
Sharpe ratios are also reported using Opdyke (2007)
(which accounts for dependence in the samples of
the investment returns induced by using a common
random seed in Gibbs sampling for each of the 200
histories).

Convergence Plots. For each of the M = 200 histories,
m = 20,000 samples from the posterior are generated
using Gibbs sampling. Figure 9 shows estimates of
the portfolio for one such history (history 100 in our
experiment) consisting of T = 60 months of training
dataand N = 15,50, and 250 assets, whereas Figure 10
shows estimates of three key parameters, the equi-
librium and view biases b and 6" and the expected
return E(rryq) for each asset, under the posterior.
These plots can be used to assess convergence of key
parameter estimates and the optimal portfolio hold-
ings. Both plots are typical for all simulated histories
and appear stable.

6.2.2. Discussion. Our first experiment is divided into
two parts, characterized by the nature of the data-
generating model. In the first part (Tables 2-5), the
equilibrium bias in the data-generating model has
zero mean (b* =0). This is consistent with the as-
sumptions of BL and is a setting where BL should do
well. For the same reason, this is a setting where the
additional flexibility of GBL is unnecessary, and we
are interested to see the impact of this redundancy on

the out-of-sample performance. (Tables 2—4 have K =
15 views, whereas Table 5 reports the same experi-
ment except with K = N views, one for each asset.) In
the second part (Tables 6-8), the mean equilibrium bias
in the data-generating model is nonzero (b* = 0.15).
This is a setting where BL incorrectly assumes that
biases are zero. We would like to evaluate the cost
of misspecification in BL (i.e., the difference between
BL and GBL+) and the degree to which this can be
bridged when GBL is calibrated using a limited data
set.

The results reported in Tables 2-5 and 6-8 are
consistent with our intuition about the performance
of BL in the two settings, respectively. Specifically,
BL does well when b* =0 and 8" = 0 in Tables 2-5,
with its out-of-sample Sharpe ratio being almost at
the level of GBL+. (There is a small difference because
BL ignores the variability in the equilibrium and view
biases, and though this difference increases when
the view bias 6" deviates from 0, it remains relatively
small.) In contrast, the difference between GBL+ and
BL is large in Tables 6-8, meaning that erroneously
assuming that biases are zero in BL has a significant
impact on its out-of-sample performance in these
tests.

In the case of GBL, observe that it performs at about
the level of BL in both experiments when there are no
training data (T = 0). We also see in Table 8 that GBL
improves when T increases, quickly outperforming
BL and almost reaching the level of GBL+, illustrating
the value of learning the biases in this example. There
are some unusual features, however, that we wish to
highlight. First, whereas the performance of GBL im-
proves in Tables 5-8 when N increases (T fixed), the
opposite occurs in Tables 2—4, where it gets worse.
Second, whereas GBL improves monotonically in T in
Tables 6-8, this is not the case in Tables 2-5, where
performance gets worse between T = 0 and 12 months.
We provide explanations of both observations below.

Performance of GBL as a Function of N. The out-of-
sample performance of GBL is determined by two
factors, the walue of the investment opportunities and
estimation uncertainty. When N increases, there are
more opportunities, but also more parameters to
estimate, and the out-of-sample performance of GBL
depends on therelative impact of each. To understand
the behavior of GBL, it is helpful to disentangle these
effects. We measure the value of the investment op-
portunities using the out-of-sample Sharpe ratio of
GBL+, and the impact of estimation uncertainty using
the ratio of the out-of-sample Sharpe ratio of GBL to
that of GBL+.

In this example, the Sharpe ratio of GBL+ (invest-
ment potential) increases in N in all cases, though this
increase is small in Table 4. (The only difference
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Figure 9. Estimates of Portfolio Weights for a Given T = 60 Months of Data as a Function of the Number of Gibbs Samples (200

Such Historical Samples Were Used in Our Simulation Study)

N =15 assets, T =60 months (weights for all assets)
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Notes. The plots on the left show estimates of portfolio weights for iterations 6,000 to M = 20,000 of Gibbs sampling, whereas the plots on the
right zero in on iterations 18,000 to 20,000 for the first 15 assets. The N portfolio weights obtained at iteration 20,000 were used in the simulation of
out-of-sample performance. There are K = 15 views and b* = 0.15 and 6" = 0.30 in the data-generating model.

between Tables 4 and 5 is the number of views, so
the improvement in GBL+ in Table 5 occurs because
the additional views improve the returns forecast).
On the other hand, Figure 11 shows that the perfor-
mance of GBL relative to GBL+ in Tables 4 (top),
5 (middle), and 8 (bottom) drops as N increases,
which is consistent with the intuition that more
estimation uncertainty hurts out-of-sample perfor-
mance. GBL gets worse in Table 4 because GBL+
hardly improves when N increases (the potential
associated with these new assets is small), so even a
small drop-off in performance relative to GBL+ due to
estimation uncertainty will result in the Sharpe ratio
getting worse. On the other hand, the increase in
GBL+ exceeds the drop-off from estimation uncer-
tainty in Tables 5 and 8, which leads to the im-
provement in the Sharpe ratio of GBL as N increases.

Dependence on T. To explain why the Sharpe ratio of
GBL is not monotone in T in Table 4, we take one of
the 200 simulated historical data sets from our ex-
periment and examine the posterior distribution for
the equilibrium bias parameter b after T = 12, 60,
and 120 months of training data for a collection of
assets i.

We begin with the case when b* = 0.15 and 6" =
0.30 in the data-generating model. The prior on the
bias parameters has mean zero (see (34) and (35)), and
we see from Table 8 that the out-of-sample Sharpe
ratio of GBL improves when T increases.

Figure 12 shows estimates of the bias (i.e., posterior
means) {Eq, (b!),i=1,..., N} for all N = 100 assets
after T = 0,12,60, and 120 months of data. Although
the distance between Eq, (b}) and 0.15 is large for some
of the assets, the general tendency is to learn the bias,
with the estimates being generally positive and be-
coming more concentrated around 0.15 as T increases.
This improvement in the bias estimate leads to a mono-
tonic improvement in the performance of GBL.

As noted, we do not always have monotonicity in
the Sharpe ratio of GBL, which decreases when going
from T=0 to T=12 in Table 4 before improving
again. This occurs because the prior mean for these
parameters in GBL is zero (i.e., Eq, (b}) = 0), which just
happens to coincide with the value of the bias pa-
rameters b and 6" in the data-generating model; that
is, GBL does well when there are no training data
(T = 0) because it was lucky in its choice of prior. For
the same reason, we see from Figure 13 that data add
nothing but noise to the estimate Eg, (b!), and the
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Figure 10. Estimates of the Bias Parameters (6", b*) and Expected Returns for N = 50 Assets with T = 60 Months of Data as a

Function of the Number of Gibbs Samples
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Notes. The same historical data set was used in Figure 9 for N = 50 assets. The plots on the left show estimates for iterations 6,000 to M = 20,000
of Gibbs sampling, whereas the plots on the right zero in on iterations 18,000 to 20,000 for the first 15 assets. The estimates obtained at iteration
20,000 were used in the simulation of out-of-sample performance. There are K = 15 views and b* = 0.15 and 6" = 0.30 in the data-generating

model.

performance of GBL with T = 12 months of training
data is worse. The performance of GBL improves as T
increases beyond 12 because the additional data allow
GBL to correct this mistake, though it does not reach
the level of T = 0 with the quantity of data provided,
which is insufficient to eliminate all of the estimation
uncertainty (Figure 13).

Shrinkage Effects. Table 9 shows the average [
norm of the GBL, GBL+, BL and MP portfolios over
the 200 randomly sampled histories generated for
the simulation study when b* =0.15 and 6" =0.3
in the data-generating model. The risk-aversion pa-
rameter is fixed at y =50 for all experiments. The
effects of shrinkage on GBL portfolios is clear; they
are smallest when there is no historical data and the
shrinkage penalty is the largest, and grow as the
model learns and the shrinkage penalty decreases.

Computational Times. Table 10 shows the average time
to generate 20,000 Gibbs samples for each entry of
Table 4 (averaged over 200 histories). Table 11 shows
average computational times for Table 5, where there

are K = N instead of K =15 views. For example, it
takes on average 54.1 seconds to generate 20,000 Gibbs
samples when there are N = 250 assets, K = 15 views,
and T = 120 months of historical data.

Whereas run times increase along the rows (N in-
creasing, T and K fixed) and down the columns (T
increasing, N and K fixed), there is a bigger jump
when going from a given (N, T) entry in Table 10 to the
same entry in Table 11. For instance, although moving
from (N, T) = (15, 0) to (N, T) = (250, 0) in Table 10
corresponds to an increase in N by 235 assets (T =0
and K =15 is fixed), and moving from (N, T) =
(250, 0) in Table 10 to the same entry in Table 11 is an
increase in K of 235 views (T = 0 and N = 250 fixed),
the jump in computation time from the change in K
is significantly larger. (Likewise, the increase in run
times when going downs the columns of Table 11,s0 T
is increasing while N and K = N are fixed, is modest.)
This is consistent with our discussion in Section 4.2,
where the number of samples required in each iter-
ation of Gibbs sampling increases linearly in T and N,
and quadratically in K (other variables remaining
fixed).
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Table 2. b* =0 and N = 20 in the Data-Generating Model

Mean view bias 6"

Portfolio (N = 20 assets) -0.3 0 0.3
GBL+ 1.30 (+0.08) 1.30 (+0.08) 1.30 (+0.08)
BL 1.25 (+0.08) 1.30 (+0.08) 1.27 (+0.09)
GBL (history T = 0 months) 1.32 (+0.09) 1.34 (+0.08) 1.29 (+0.08)
GBL (history T = 12 months) 1.13 (+0.08) 1.13 (+0.08) 1.08 (+0.07)
GBL (history T = 60 months) 1.24 (+0.08) 1.24 (+0.08) 1.27 (+0.08)
GBL (history T = 120 months) 1.27 (+£0.08) 1.26 (+£0.08) 1.27 (+£0.08)
MP 0.23 (+0.07) 0.23 (+0.07) 0.23 (+0.07)
Table 3. b = 0 and N = 100 in the Data-Generating Model
Mean view bias 6

Portfolio (N = 100 assets) -0.3 0 0.3
GBL+ 1.33 (+0.08) 1.33 (+0.08) 1.33 (+0.08)
BL 1.27 (+0.08) 1.31 (+0.08) 1.27 (+0.09)
GBL (history T = 0 months) 1.26 (+0.08) 1.28 (+0.08) 1.22 (+0.08)
GBL (history T = 12 months) 0.80 (+0.08) 0.80 (+0.07) 0.77 (+£0.07)
GBL (history T = 60 months) 1.06 (+£0.08) 1.05 (+0.08) 1.05 (+0.08)
GBL (history T = 120 months) 1.14 (+0.10) 1.15 (+0.10) 1.14 (+0.10)
MP 0.33 (+0.07) 0.33 (+0.07) 0.33 (+0.07)
Table 4. b = 0 and 6" = 0 in the Data-Generating Model

Number of assets (V)
Portfolio 15 20 50 100 250
GBL+ 131 (£0.08) 130 (£0.08) 1.33 (+0.08) 1.33 (+0.08) 1.34 (+0.08)
BL 1.30 (£0.08) 1.30 (£0.08) 1.33 (+0.08) 1.31 (+0.08) 1.33 (£0.09)
GBL (history T = 0 months) ~ 1.35 (£0.09) 1.34 (£0.08) 1.33 (£0.09) 128 (+0.08) 1.19 (0.08)
GBL (history T = 12 months) 121 (+0.08) 1.13 (+0.08) 0.93 (+0.08) 0.80 (+0.07) 0.63 (£0.07)
GBL (history T = 60 months) ~ 1.29 (£0.09) 1.24 (£0.08) 1.19 (x0.08) 1.05 (0.08) 0.96 (+0.09)
GBL (history T = 120 months) 125 (+0.09) 1.26 (+0.08) 1.27 (+0.08) 1.15 (+0.10) 1.13 (£0.09)
MP 022 (£0.07) 023 (+0.07) 049 (0.07) 0.33 (£0.07) 0.47 (£0.07)
Table 5. b = 0 and 6" = 0 in the Data-Generating Model with K = N Views

Number of assets (N)
Portfolio 15 20 50 100 250
GBL+ 131 (+0.08) 145 (+0.09) 2.11 (+0.10) 2.61 (0.15) 3.73 (£0.26)
BL 1.30 (£0.08) 1.46 (0.09) 2.13 (+0.11) 2.64 (+0.15) 3.76 (+£0.26)
GBL (history T = 0 months) 135 (£0.09) 1.54 (0.10) 2.23 (+0.14) 2.52 (£0.21) 3.26 (£0.31)
GBL (history T = 12 months) ~ 1.21 (+0.08) 1.31 (£0.09) 2.08 (£0.12) 238 (+0.15) 3.03 (:0.28)
GBL (history T = 60 months) ~ 1.29 (+0.09) 1.44 (£0.10) 2.08 (+0.12) 2.50 (0.17) 3.47 (£0.44)
GBL (history T = 120 months) 125 (+0.09) 1.43 (£0.09) 2.11 (+0.11) 2.46 (+0.15) 3.63 (0.25)
MP 022 (0.07) 023 (£0.07) 049 (£0.07) 0.33 (£0.07) 0.47 (+0.07)

6.3. Robustness Tests

6.3.1. Misspecification of the Model of Returns and
Views. GBL assumes that the distribution of views
and returns r;, p;, Vi, and bY are (conditionally) mul-
tivariate normal. To test the robustness of GBL to
violation of this assumption, we apply it to a data-

generating model where returns and views are mul-

tivariate t-distributions. (The correlation structure
used in the tests in Section 6.2 is retained, however).
GBL, BL, GBL+, and MP continue to make the same
assumptions as before. Sharpe ratios are reported in
Table 12.
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Table 6. b* = 0.15 and N = 20 in the Data-Generating Model

Mean view bias 6"

Portfolio (N = 20 assets) -0.3 0 0.3
GBL+ 1.95 (+0.11) 1.95 (+0.11) 1.95 (+0.11)
BL 0.99 (+0.08) 1.28 (+0.09) 1.49 (+0.09)
GBL (history T = 0 months) 1.10 (+0.08) 1.41 (+0.09) 1.64 (+0.10)
GBL (history T = 12 months) 1.67 (+0.09) 1.71 (£0.09) 1.73 (+0.09)
GBL (history T = 60 months) 1.86 (+0.10) 1.85 (+0.10) 1.90 (+0.11)
GBL (history T = 120 months) 1.87 (£0.11) 1.85 (£0.11) 1.88 (+£0.11)
MP -0.21 (0.07) -0.21 (0.07) -0.21 (0.07)
Table 7. b* = 0.15 and N = 100 in the Data-Generating Model
Mean view bias 6"
Portfolio (N = 100 assets) -0.3 0 0.3
GBL+ 4.05 (£0.22) 4.05 (£0.22) 4.05 (£0.22)
BL 1.17 (x£0.09) 1.45 (+£0.09) 1.64 (+0.10)
GBL (history T = 0 months) 1.36 (+0.09) 1.67 (+0.10) 1.92 (+0.11)
GBL (history T = 12 months) 3.03 (+0.16) 3.07 (+0.16) 3.09 (+0.17)
GBL (history T = 60 months) 3.50 (+0.19) 3.51 (+0.19) 3.55 (+0.19)
GBL (history T = 120 months) 3.71 (£0.22) 3.70 (+0.22) 3.73 (+0.22)
MP 0.63 (+0.07) 0.63 (+0.07) 0.63 (+0.07)
Table 8. b* = 0.15 and 6" = 0.3 in the Data-Generating Model
Number of assets N

Portfolio 15 20 50 100 250
GBL+ 1.71 (£0.10)  1.95 (£0.11) 2.79 (x£0.14) 4.05 (£0.22) 6.30 (+0.33)
BL 1.47 (£0.09) 1.49 (£0.09) 1.59 (+0.09) 1.64 (£0.10) 1.63 (+0.10)
GBL (history T = 0 months) 1.60 (0.10)  1.64 (+0.10) 1.61 (0.11) 1.92 (x0.11) 1.43 (£0.09)
GBL (history T = 12 months) ~ 1.63 (£0.09)  1.73 (£0.09) 229 (+0.14) 3.09 (0.17) 4.64 (£0.22)
GBL (history T = 60 months) ~ 1.70 (£0.09)  1.90 (£0.11) 2.70 (£0.15) 3.5 (0.19) 5.87 (£0.32)
GBL (history T = 120 months) ~ 1.60 (£0.09)  1.88 (£0.11) 2.62 (+0.14) 3.73 (+0.22) 5.74 (0.30)
MP —0.28 (+0.07) -0.21 (+0.07) 0.47 (+0.07) 0.63 (£0.07) 0.70 (£0.07)

Although the Sharpe ratios of all portfolios are lower,
the qualitative performance of all portfolios mirrors that
in Tables 7 and 8 (column N =100), with the per-
formance of GBL being around or below the level of
BL when there is no history, but substantially exceeding
the performance of BL with 12 months of data.

6.3.2. Misspecification of p. For this particular sub-
section, let Scpr denote the value of f that is used
in GBL, and let fpcm be the one used in the data-
generating model.

In applications, there are several ways of choosing
Bcar. One approach is to choose a matrix such that the
spread of u; around «a + b* is reasonable. In our ex-
periment, Bgpr = 0.352 x I, so 95% of the deviations
under this model are within +70% of the mean (quite a
conservative/large choice).

Although specifics of the application can lead
to reasonable specifications of this parameter, this

approach is admittedly quite ad hoc, and there are
natural concerns about misspecification. To address
this, we conduct an out-of-sample test with N =100
assets and our existing data-generating model (which
has Bpcm = 0.35% x I) and evaluate the impact when
GBL erroneously assumes that fcar = (1 + 0) X Bpeum
over a range of values for 6. As in our other tests, we
include GBL+, BL, and MP. Note, however, that BL
and MP do not depend on §, whereas GBL+ uses the
same value of f as the data-generating model, so the
performance of GBL+, BL, and MP are unchanged
from the test where fgpr is correctly specified (see
column N =100 in Table 8).

We see from Table 13 that although there is some
drop in performance as 6 increases from 0 (though
there is also improvement, in this particular example,
when 6 decreases), the same qualitative properties
for GBL as the experiments where it correctly spec-
ifies BgpL are apparent: GBL learns quickly, and its



Downloaded from informs.org by [216.73.216.140] on 14 July 2026, at 06:50 . For personal use only, al rights reserved.

Chen and Lim: A Generalized Black—Litterman Model
Operations Research, 2020, vol. 68, no. 2, pp. 381-410, © 2020 The Author(s)

403

Figure 11. (Color online) Plot of the Ratio of the Sharpe Ratio of GBL to the Sharpe Ratio of GBL+ for Tables 4 (Top), 5 (Middle),

and 8 (Bottom)
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Figure 12. (Color online) Distribution of Posterior Estimates {E@T(bf'), i=1,..., N} When b* = 0.15 and 6" = 0.3 in the Data-

Generating Model with N = 100 Assets and K = 15 Views
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Notes. As seen in the first plot, the mean of the prior on b,’.' is O (for all i), which differs from its actual value (0.15). The model starts to correct for
this as T increases, with the distribution of estimates of b* becoming more centered around 0.15. sd, Standard deviation.

performance exceeds that of BL with 12 months of
data in all cases except 6 = 0.4, where 60 months of
data are needed.

A second approach is based on the observation that
the covariance matrix of returns r; under the data-
generating model is given by

Var(r;) = E(Var(r; | u;)) + Var(E(r | ) = Z+ B

(conditional variance formula); that is, the covariance
of returns r; under the data-generating model comes
from the variability § of the expected return p; around
a +b* and variability X of returns r; around the re-
alized expected return y;.

It follows that one (albeit heuristic) method of speci-
fying BcaL is to estimate the covariance matrix Var(r;)
of r; from data, and to attribute some proportion 6 of
this to fcpr, with the remainder to Xgpy:

Bcer = 6Var(ry), Lgpr = (1 —-06)Var(ry).  (36)

One advantage is that the resulting covariance struc-
ture of r; under GBL (conditional on the bias pa-
rameters) is consistent with the history of returns

generated by the data-generating model, though it
is unclear how 6 should be chosen and whether out-
of-sample performance is sensitive to this choice.
To address this concern, we adopt the same data-
generating model as in our earlier examples and choose

Bear = 0 X (Zpcm + Ppocm),
Xepr = (1 -0) X (Zpcm + Ppem)

(recall, Bpcm = 0.35%> x I) for a range of 6’s. We also
include GBL+, BL, and MP, which use correctly
specified f = fpcm and L = Lpgm. Sharpe ratios re-
ported in Table 14 show good performance over a
reasonably large range of 6 (for this example). This
approach is used in the real data experiments in the
next section, where 6 = 1/5.

6.4. Backtests

In this experiment, we compare the performance
of classical Black-Litterman and generalized Black-
Litterman models over the 20-year period 1993-2012
on the ten industry portfolios from Kenneth French’s
data library."! The 13-week treasury bill (IRX) is the
risk-free asset. To assess the impact of view bias, we
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Figure 13. (Color online) Distribution of Posterior Estimates {EQT(bIH), i=1,..., N} When b* = 0 and 6V = 0 in the Data-
Generating Model with N = 100 Assets and K = 15 views
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Notes. The mean of the prior on b* is 0 (for all 7), which just happens to be its value in the data-generating model, so in this particular example,
data just adds noise and makes the estimate worse (relative to T = 0). GBL gradually corrects this error as the amount of data increases.
sd, Standard deviation.

Table 9. Average of ||rt|l; When b* = 0.15 and 6" = 0.3 in Table 11. Average Time (in Seconds) to Simulate
the Data-Generating Model with K = 15 Views and Risk m = 20,000 Gibbs Samples for the Histories Used to
Aversion y =50 Generate Table 5 (K = N Views)

Number of assets (N) Number of assets (N)
Portfolio 15 20 50 100 250 Portfolio 15 20 50 100 250
GBL+ 0.3 0.4 1.0 1.9 47 GBL (history T = 0 months) 3.0 37 108 381 152.9
BL 0.6 0.6 0.6 0.6 0.6 GBL (history T = 12 months) 35 42 124 405 1613
GBL (history T = 0 months) 0.2 0.2 0.3 0.4 0.6 GBL (history T = 60 months) 56 68 155 46.0 1822

GBL (history T = 12 months) 0.4 0.5 1.0 1.8 47 GBL (history T =120 months) 6.0 76 169 581 196.6
GBL (history T = 60 months) 0.4 0.5 1.0 22 5.0
GBL (history T = 120 months) 0.4 0.5 1.0 2.0 5.0

continue to simulate views. A plot of the asset prices
and the market portfolio is shown in Figure 14.

We adopt the following data-generating model for
the views. There is one independent view per asset
Number of assets (N) (K = 101in total), the link matrix P is the K x K identity
matrix, Q =052 x1, and ®" = 0.22 X . We compare
BL and GBL for a range of view biases 6" = x 1
GBL (history T = 0 months) 30 32 47 89 270 (1 is a column vector of 1’s of length K) with 6 =0,
GBL (history T =12 months) 35 37 59 101 316 0.2, +0.5. Views are simulated using the history of

GBL (history T = 60 months) 56 60 86 137 423 yetyrns from the French data set and this model of
GBL (history T = 120 months) 6.0 6.9 9.8 19.2 54.1 Views

Table 10. Average Time (in Seconds) to Simulate
m = 20,000 Gibbs Samples for the Histories Used to
Generate Table 4 (K = 15 Views)

Portfolio 15 20 50 100 250
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Table 12. DGM: bt = 0.15, 6V = 0.3, N = 100, and a Multivariate t-Distribution for Returns

Degrees of freedom

Portfolio (N = 100 assets) 5 8 10 15

GBL+ 3.40 (+0.51) 3.78 (£0.22) 3.59 (+0.18) 3.63 (+0.20)
BL 0.92 (+0.12) 1.23 (+0.14) 1.53 (+0.09) 1.22 (+£0.09)
GBL (history T = 0 months) 1.48 (+0.11) 1.60 (+0.09) 1.84 (+0.11) 1.71 (£0.11)
GBL (history T = 12 months) 1.79 (0.19) 291 (x0.17) 3.01 (x0.16) 2.96 (+0.16)
GBL (history T = 60 months) 2.15 (+0.17) 3.46 (+0.23) 3.55 (+0.17) 3.42 (+0.20)
GBL (history T = 120 months) 2.11 (£0.17) 3.43 (+0.21) 3.42 (+0.19) 3.21 (+0.18)
MP 0.29 (£0.07) 0.60 (+0.08) 0.59 (+0.07) 0.65 (+0.07)

Notes. Returns and views are multivariate t-Distributions in the DGM whereas BL and GBL erroneously

assume normality.

Table 13. DGM: bt = 0.15, 6V = 0.3, and Bpem = 0.35% X I

Inflation factor 6

Portfolio -0.6 -0.3 0 0.3 0.6

GBL+ 4.05 (+0.22) 4.05 (+£0.22) 4.05 (+0.22) 4.05 (+£0.22) 4.05 (+0.22)
BL 1.64 (+0.10) 1.64 (+0.10) 1.64 (+0.10) 1.64 (+0.10) 1.64 (+0.10)
GBL (T =0) 1.86 (+0.10) 1.91 (+0.11) 1.92 (+0.11) 1.92 (+0.11) 1.91 (+0.11)
GBL (T =12) 3.05 (+0.16) 3.11 (+0.17) 3.09 (+0.17) 3.02 (+0.16) 2.93 (+0.16)
GBL (T = 60) 3.70 (+0.20) 3.65 (+0.20) 3.55 (+0.19) 3.43 (+0.19) 3.31 (+0.18)
GBL (T = 120) 3.84 (+0.22) 3.82 (+0.22) 3.73 (+0.22) 3.61 (+0.21) 3.48 (+0.20)
MP 0.63 (+0.07) 0.63 (+0.07) 0.63 (+0.07) 0.63 (+0.07) 0.63 (+0.07)

Notes. GBL inflates Bgp. by a factor of 1 + 6, where 6 = 0, £0.3, £0.6. BL and MP construct portfolios as in
Table 8, which are independent of . GBL+ trades according to the correctly specified DGM and

corresponds to 0 = 0.

Table 14. DGM: b* = 0.15, 6V = 0.3, and N = 100

Proportion of variance ¢ allocated to Bcar

Portfolio (N = 100 assets) 0.75 0.5 0.25

GBL+ 4.05 (+0.22) 4.05 (+0.22) 4.05 (+0.22)
BL 1.64 (+£0.10) 1.64 (+£0.10) 1.64 (+0.10)
GBL (history T = 0 months) 1.78 (+0.11) 1.74 (+0.10) 1.70 (+0.10)
GBL (history T = 12 months) 3.15 (+0.17) 3.16 (+0.17) 3.18 (+0.17)
GBL (history T = 60 months) 3.83 (£0.22) 3.83 (£0.22) 3.84 (£0.22)
GBL (history T = 120 months) 3.81 (£0.21) 3.83 (+0.22) 3.84 (+0.22)
MP 0.63 (+0.07) 0.63 (+0.07) 0.63 (+0.07)

Notes. The variance of the equilibrium bias, fcpr, assumed in GBL is the proportion 6 of total variance of

returns, ¥ + §, in the data-generating model.

GBL adopts prior distributions on the return and
view biases according to the model described in Sec-
tion 3 with the following parameter values:

e prior on return bias w: 8 =0, ®) = 0.12 X [;

e prior on the view bias (6", ®"):

1](‘)/ =0, K(‘)/ =12, v(‘)/ =22 (:K+KX), and Ag =0.52 x
vy —-K-1)x1L

6.4.1. Experiment. At the start of each month between
January 2003 and December 2012, « is calibrated
using the preceding 120 months of data and the

CAPM. We calibrate ¥ and B by constructing the
sample covariance matrix using the same data and
attributing 1/5 of this to p and the rest to L. The
remaining parameters in GBL are estimated using
Gibbs sampling with the most recent T months
of returns and views (we try T =0,30,60,90, and
120 months). GBL portfolios associated with each of
these length T histories together with the classical
Black-Litterman model are applied to the next month,
and the returns are recorded. Sharpe ratios for all
portfolios are computed using its realized monthly
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Figure 14. Value of the Market Portfolio and Risky Assets in Excess of the Risk-Free Asset
Asset wealth processes
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investment returns and recorded in Table 15. This
experiment was repeated for views generated with
biases 6Y = 6 x I with 6 =0, +0.2, +0.5.

As an aside, both the classical and generalized
Black-Litterman models are single-period models,
and we are comparing the profit and loss generated
by resolving each model at the start of each period
and implementing the recommended holdings. These
holdings differ from those generated by multiperiod
generalizations of the Black-Litterman model, which
include an additional hedging demand to account for

T T T T T T
2008 2009 2010 2011 2012 2013

Year

the future evolution of the posterior and the associ-
ated resolution of uncertainty (and are also signifi-
cantly more challenging to compute). We refer to Lim
and Wimonkittiwat (2016) for work in this direction.

6.4.2. Discussion. The beginnings of the financial
crisis can be seen in mid-2007 in both the plot of asset
prices in Figure 14 and the changes in equilibrium
bias estimates in Figure 15. (August 2007 coincided
with the so-called quant meltdown (Khandani and Lo
2011), and the financial crisis occurred in 2008-2009.)

Table 15. Sharpe Ratios for the BL and GBL Portfolios with Histories of Lengths
T =12,30,60,90, and 120 Months and Views Generated with Biases 6V =0, +0.2, +0.5

View bias 6"

Portfolio -0.5 -0.2 0 0.2 0.5

BL 051 (£0.05) 058 (0.06)  0.62 (£0.07)  0.65 (0.08)  0.66 (£0.08)
GBL (T = 12) 0.62 (+0.08) 0.62 (0.07) 0.64 (0.07) 0.69 (+0.08) 0.79 (+0.09)
GBL (T = 30) 0.66 (+0.10) 0.62 (+0.07) 0.63 (+0.07) 0.66 (+0.08) 0.75 (+0.11)
GBL (T = 60) 0.66 (+0.10) 0.62 (+0.07) 0.63 (+0.07) 0.65 (+0.08) 0.72 (+0.10)
GBL (T = 120) 0.64 (£0.09) 061 (£0.07)  0.62 (£0.07)  0.64 (0.08)  0.68 (£0.09)
Market portfolio 0.217 0.217 0.217 0.217 0.217

Notes. BLis sensitive to view bias in the DGM. In the case of GBL, the sensitivity is less and performance

improves, relative to BL, as T increases.
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Figure 15.
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(Color online) Equilibrium Bias Correction for a Selection of Assets
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manuf,” “hitec” are industry portfolios for the energy, health, telecom, manufacturing, and high tech

industries, respectively. ‘other’ is the industry portfolio for businesses that do not fall into other categories, such as mining, construction, building
management, transportation, hotels, entertainment, and so forth. The error bars refer to the interquartile range of the posterior distribution for the
equilibrium bias.
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Figure 16. Value of Portfolios Net the Value of Investing in the Risk-Free Asset When View Bias 6V = —0.5 with (Left) T = 12

Months and (Right) T = 60 Months
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Table 16. Average I! Norm of Portfolios with y = 6.67

View bias 6"

Portfolio -0.5 -0.2 0 0.2 0.5
BL 43 3.9 3.9 42 5.0
GBL (T =12) 2.3 2.6 2.7 2.7 24
GBL (T = 30) 2.6 3.0 3.1 3.1 2.6
GBL (T = 60) 2.8 3.3 3.4 34 29
GBL (T = 90) 3.0 3.4 35 3.6 3.1
GBL (T = 120) 3.1 3.5 3.6 3.6 3.2

We see from Table 15 that the performance of
classical Black-Litterman model is sensitive to the
view bias, improving when 6" increases and dimin-
ishing when it becomes more negative. Although a
similar pattern is observed in GBL, the drop-off in
performance is much less and it improves as T in-
creases. This is consistent with the observations from
our simulations.

Plots of the excess wealth of BL, GBL, and MP
investors over risk-free investment are shown in
Figure 16 when the view biasis 6V = —0.5. (These plots
do not show the total wealth of each investor, but the
cumulative profit he or she would earn over investing
in the risk-free asset every period.) The GBL investor
in the plot on the left uses T = 12 months of data to cal-
ibrate the bias parameters, whereas the one on the
right uses T = 60 months. The performance of the GBL
relative to the BL and MP is consistent with the
Sharpe ratios reported in Table 15.

Finally, Table 16 shows the average I'-norms of BL
and GBL portfolios when the risk aversion parameter
y = 6.67. All GBL portfolios are shrunk closer to zero
compared with the BL portfolio, whereas shrinkage
for GBL portfolios is greater when the training set
horizon is smaller.

Portfolio wealth processes

Cumulative excess return

— GBL
— Black-litterman
- - Market portfolio

0.0
|

T T T T T T T T T T T
2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013

Year

7. Conclusion

In this paper we extend the Black-Litterman model to
take into account errors in the market equilibrium
estimate and the possibility for expert view bias.
Gibbs sampling is used to generate samples from
the posterior and the resulting estimate the optimal
portfolio is shown to be consistent and asymptotically
normal, converging to the optimal at rate 1/+/m (where
m is the number of Gibbs samples).

Experiments indicate that generalized Black-
Litterman performs well in comparison with its classi-
cal counterpart under a variety of conditions and is
able to detect monthly discrepancies between the
CAPM estimate and the actual returns for historical
data, learn the behavior of biased experts, and balance
the portfolio accordingly. More generally, this paper
shows how the views of multiple experts can be
modeled as a Bayesian graphical model and esti-
mated using historical data, which may be of interest
in applications that involve the aggregation of expert
opinions for the purpose of decision making.

Endnote

'See http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/Data
_Library/det_10_ind_port.html.
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