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1. Introduction Schalekamp et al. 2012, Haddadan et al. 2017, Haddadan
One of the most fundamental problems in combinato- ~ and Newman 2019, Karlin et al. 2020).
rial optimization is the traveling salesperson problem In contrast, there have been major improvements

(TSP), formalized as early as 1832 (Applegate et al.  to this algorithm for a number of special cases of TSP.
2007, chapter 1). In an instance of TSP, we are givena  FOr example, polynomial-time approximation schemes
set of n cities V along with their pairwise symmetric ~ (PTAS) have been fouqd fpr Euclidean (Arora 1998,
distances, ¢ : V X V — Rag. The goal is to find a Hamil- M1t.che11 1999), planar (Grigni et a!. 1995, A1."ora etal. 1998,
tonian cycle of minimum cost. It is well known that for Klem 2008), and lqw-genus metric (Demaine et a.l. 2010)
a general distance function, it is NP-hard to approxi- msta}nces. .In.ellddltlon, the case (_)f graph metrics has
mate TSP within any polynomial factor. Therefore, it is received significant attention. Oveis Gharan et al. (2011)

natural to study metric TSP, in which the distances sat- found a ; — & appro; ama"aon for thls'case. .Momke. and
. . . . . Svensson (2016) then obtained a combinatorial algorithm
isfy the triangle inequality, that is,

for graphic TSP with an approximation ratio of 1.461.
This ratio was later improved by Mucha (2012) to £ ~
1.444 and then by Seb6 and Vygen (2014) to 1.4.

In this paper, we prove the following theorem.

c(u,w) < c(u,v) + c(v,w) Yu,v,weV.

In this case, the problem is equivalent to finding a

closed Eulerian connected walk of minimum cost." Theorem 1.1. For some absolute constant € > 107 there
It is NP-hard to approximate metric TSP within a fac-  is a randomized algorithm that outputs a tour with expected

tor of 12 (Karpinski et al. 2015). An algorithm of  cost at most 3 — e times the cost of the optimum solution.

Christofides-Serdyukov (Christofides 1976, Serdyukov Although the algorithm makes use of the Held-Karp
1978) from four decades ago gives a 3-approximation for  relaxation, we do not prove that the integrality gap of
TSP (see van Bevern and Slugina (2020) for a historical  this polytope is bounded away from 3/2. We also
note about TSP). This remains the best known approxi-  remark that, although our approximation factor is only
mation algorithm for the general case of the problem  slightly better than Christofides-Serdyukov, we are not
despite significant work (Wolsey 1980, Shmoys and Wil- ~ aware of any example where the approximation ratio
liamson 1990, Boyd and Pulleyblank 1991, Goemans  of the algorithm we analyze exceeds 4/3 in expectation.
1995, Carr and Vempala 2000, Gamarnik et al. 2005, Following a new exciting result of Traub et al. (2020),

Boyd and Elliott-Magwood 2010, Boyd and Carr 2011,  we also get the following theorem.
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Theorem 1.2. For some absolute constant € > 0, there is a
randomized algorithm that outputs a TSP path with expected
cost at most 3 — € times the cost of the optimum solution.

1.1. Algorithm
First, we recall the classical Christofides-Serdyukov
algorithm: Given an instance of TSP, choose a mini-
mum spanning tree and then add the minimum cost
matching on the odd degree vertices of the tree. The
algorithm we study is very similar, except we choose a
random spanning tree based on the standard linear
programming relaxation of TSP.

Let x° be an optimum solution of the following TSP
linear program relaxation (Dantzig et al. 1959, Held
and Karp 1970):

min Z X(u,0)c(1, V)
u,v

s.t., Zx(,“,) =2 YvoeV,
u
> xue 22, VSCV,
ues, ves
X(u,0) = 0 Yu,veV.

(Held-Karp relaxation)

Given x°, we pick an arbitrary node, u, split it into two
nodes uy, vy, and set X, = 1,c(1p,vp) =0, and we
assign half of every edge incident to u to uy and the
other half to vy. This allows us to assume without loss
of generality that x° has an edge ey = (119, vo) such that
Xe, = 1,¢(e9) = 0.

Let Eg = E U {eg} be the support of x° and let x be x°
restricted to E and G = (V, E). x° restricted to E is in the
spanning tree polytope (2.1).

For a vector A : E — Ry, a A-uniform distribution 1,
over spanning trees of G = (V,E) is a distribution where
for every spanning tree

HeGTA@
c = -
b BT 2o leerAe

Now, find a vector A such that for every edge e€
E, P, [e€T]=x.(1*e¢), for somee <27". Such a vector
A can be found using the multiplicative weight update
algorithm (Asadpour et al. 2017) or by applying interior
point methods (Seb6 and Vygen 2014) or the ellipsoid
method (Asadpour et al. 2017). (The multiplicative
weight update method can only guarantee €<1/
poly(n) in polynomial time.) We will sometimes call
such a distribution the maximum entropy distribution
because a A-uniform distribution has maximal entropy
over all distributions with marginals x.”

Theorem 1.3 (Asadpour et al. 2017, Theorem 5.2). Let z
be a point in the spanning tree polytope (see (2.1)) of a
graph G =(V,E). For any € >0, a vector A : E — Ry can
be found such that the corresponding A-uniform spanning

tree distribution, u,, satisfies

> P ITI<(1+¢)z, VeeE,
TeT:T>e
that is, the marginals are approximately preserved. In the
previous notation, T is the set of all spanning trees of (V, E).
The running time is polynomial in n = |V|, — log min,cgz,
andlog(1/e).

Finally, we sample a tree T ~ 11, and then add the mini-
mum cost matching on the odd degree vertices of T. The
previous algorithm is a slight modification of the algo-
rithm proposed in Oveis Gharan et al. (2011). We refer
the interested reader to exciting work of Genova and
Williamson (2017) on the empirical performance of the
max-entropy rounding algorithm. We also remark that,
although the algorithm implemented in Genova and Wil-
liamson (2017) is slightly different from the previous
algorithm, we expect the performance to be similar.

Algorithm 1 (Improved Approximation Algorithm for
TSP)
Find an optimum solution x° of Held-Karp relaxa-
tion, and let ¢y = (1, V) be an edge with xgo =1,c(e)
=0.
Let Eg=E U {ey} be the support of x° and x be x°
restricted to E and G = (V,E).
Find a vector A:E — Ry such that for any e€E,
Py [e] = x.(1=27").
Sample atree T ~ .
Let M be the minimum cost matching on odd
degree vertices of T.
Output T UM.

1.2. New Techniques

Here we discuss new machinery and technical tools
that we developed for this result that could be of inde-
pendent interest.

1.2.1. Polygon Structure for Near Minimum Cuts
Crossed on One Side. Let G = (V, E, x) be an undirected
graph equipped with a weight function x : E — Ry such
that for any cut (S, S) such that ug, vy & S, x(5(S)) > 2.

For some (small) 1 > 0, consider the family of n-near
min cuts of G. Let C be a connected component of cross-
ing n-near min cuts. Given C we can partition vertices
of G into sets ag,...,a,_1 (called atoms); this is the
coarsest partition such that for each a4;, and each (S,?)
e€C, we have 4, C S or a; CS. Here g is the atom that
contains ug, Ug.

There have been several works studying the struc-
ture of edges between these atoms and the structure of
cuts in a connected component of cuts C with respect to
(w.r.t.) the a;s. The cactus structure (Dinits et al. 1976)
shows that if 7=0, then we can arrange the a;s of a con-
nected component around a cycle, say ay,...,a, (after
renaming), such that x(E(a;,4,41)) = 1 for all i.
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Benczur (1995) and Bencziur and Goemans (2008)
studied the case when 1 <6/5 and introduced the no-
tion of polygon representation, in which case atoms can be
placed on the sides of an equilateral polygon and some
atoms placed inside the polygon, such that every cutin C
can be represented by a diagonal of this polygon. Later,
Oveis Gharan et al. (2011) studied the structure of edges
of G in this polygon when 1 < 1/100.

In this paper, we show it suffices to study the struc-
ture of edges in a special family of polygon representa-
tions: Suppose we have a polygon representation for a
connected component C of -near min cuts of G such
that

e No atom is mapped inside.

o If we identify each cut (S,5) € C with the interval
along the polygon that does not contain 4y, then any
interval is only crossed on one side (only on the left or
only on the right).

Then, we have (i) for any atom a;, x(6(a;)) <2+ O(n),
and (ii) for any pair of atoms, a;,ai.1, X(E(a;,ai1) >
1 — (1) (see Theorem 4.3 for details).

We expect to see further applications of our theorem
in studying variants of TSP.

1.2.2. Generalized Gurvits’ Lemma. Given a real stable
polynomial p € Ryg[z1, . . ., z,] (with nonnegative coeffi-
cients), Gurvits (2006, 2008) proved the following
inequality:

|
PGl 5 ) <ingPE )

ntz>0  z1...2Zy >0 Z1...Zy
(1.1)

As an immediate consequence, one can prove the follow-
ing theorem about strongly Rayleigh (SR) distributions.

Theorem 1.4. Let i : 2" — Ry be SR and Ay, ..., A,, be
random variables corresponding to the number of elements
sampled in m disjoint subsets of [n] such that E[A;] = n;
foralli. If n;=1forall 1 <i <n, then P[Vi,A; =1] > &

>
One can ask what happens if the vector (n1,...,1y)
in the previous theorem is not equal but close to the all
ones vector, 1.
A related theorem was proved in Oveis Gharan et al.
(2011).

Theorem 1.5. Let u: ol Rso be SR and A, B be ran-
dom wvariables corresponding to the number of elements
sampled in two disjoint sets. If P[JA+B=2]>¢, P[A <
1],P[B<1]>a and P[A>1],P[B>1] > then P[A =B
=1]>eap/3.

We prove a generalization of both of the previous
statements; roughly speaking, we show that as long as
St ni— 1| <1 —¢, then P[Vi, A; = 1] > f(e, m), where
f(e,m) has no dependence on 7, the number of underly-
ing elements in the support of u.

Theorem 1.6 (Informal Version of Proposition 5.1). Let
U 2l Rso be SR and let A,...,A,, be random vari-
ables corresponding to the number of elements sampled in
m disjoint subsets of [n]. Suppose that there are integers
m, ..., Ny such that for any set S C [m], P[> ,ccAi = D ieg
n;] > €. Then,

P[Vi, A; = n;] > f(e, m).

The previous statement is even stronger than Theorem
1.4 as we only require P[};.sA; =) ;.sni] to be bou-
nded away from zero for any set S C [m], and we do not
need a bound on the expectation. Our proof of the previ-
ous theorem has double exponential dependence on e.
We leave it an open problem to find the optimum
dependency on €. Furthermore, our proof of the previ-
ous theorem is probabilistic in nature; we expect that an
algebraic proof based on the theory of real stable poly-
nomials will provide a significantly improved lower
bound. Unlike the previous theorem, such a proof may
possibly extend to the more general class of completely
log-concave distributions (Anari et al. 2018). In an inde-
pendent work, Gurvits and Leake (2021) proved a variant
of the previous theorem with a much better depend-
ence on € and m for a homogeneous strong Rayleigh
distribution.

1.2.3. Conditioning While Preserving Marginals. Consider
a SR distribution p : 20" 5 Roy and let x: [n] — Rso,
where for all i, x; = Pr.,[i € T], be the marginals.

Let A,B C[n] be two disjoint sets such that E[Ar],
E[Br] ~ 1. It follows from Theorem 1.6 that P[Ar = Br
=1]>Q(1). Here, however, we are interested in a
stronger event; let v=pu|Ar=Br=1 and let y; =Pr_,
[i € T]. It turns out that the y vector can be very differ-
ent from the x vector, in particular, for some is we can
have |y; — x;| bounded away from zero. We show that
there is an event of nonnegligible probability that is a
subset of At = Br = 1 under which the marginals of ele-
ments in A, B are almost preserved.

Theorem 1.7 (Informal Version of Proposition 5.2). Let
T 20" 5 Roy be a SR distribution and let A,B C [n] be
two disjoint subsets such that E[Ar],E[Br]~ 1. For any
a <1 there is an event £ p such that P[E4 5] > Q(a?)
and

o P[Ar=Br=1[E43] =1,

o > icalPli] = Pli|€a ]| <@,

o 5Pl —Plil€4 5] <a.

We remark that the quadratic lower bound on « is
necessary in the previous theorem for a sufficiently
small & > 0. The previous theorem can be seen as a gen-
eralization of Theorem 1.4 in the special case of two
sets.

We leave it an open problem to extend the previous
theorem to arbitrary k disjoint sets. We suspect that in



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 00:59 . For personal use only, all rights reserved.

2546

Karlin, Klein, and Oveis Gharan: Improved Approximation for Metric TSP

Operations Research, 2024, vol. 72, no. 6, pp. 2543-2594, © 2023 The Author(s)

such a case the ideal event £4,,... 4, occurs with proba-
bility Q(a)" and preserves all marginals of elements in
each of the sets Aj,...,A; up to a total variation dis-
tance of a.

2. Preliminaries

2.1. Notation

We write [n] :={1,...,n} to denote the set of integers
from one to n. For a set of edges ACE and (a tree)
T C E, we write

Ar=1ANT|.
ForasetS C V,we write
E(S)={(u,v)€E:u,veS}
to denote the set of edges in S, and we write
0(S)={(u,v) € E: [{u,0} N S| =1}

to denote the set of edges that leave S.
For two disjoint sets of vertices A, B C V, we write

E(A,B)={(u,v)€eE:uecA,veB}.

Foraset A C E and a function x : E — R, we write

X(A) = er.
ecA
For two sets A, B C V, we say A crosses B if all of the fol-
lowing sets are nonempty:

ANB,A~B,B~A,AUB.

We write G = (V,E, x) to denote an (undirected) graph
G together with special vertices uy, vy and a weight
function x : E — Rs( such that

x(6(5)) = 2, VSCV:up,vy¢S.

For such a graph, we say a cut S C V is an n-near min cut
w.r.t., x (or simply n-near min cut when x is under-
stood) if x(6(S)) <2+ 1. Unless otherwise specified, in
any statement about a cut (S,S) in G, we assume
o, vg & S.

2.2. Polyhedral Background

For any graph G = (V, E), Edmonds (1970) gave the fol-
lowing description for the convex hull of spanning
trees of a graph G = (V,E), known as the spanning tree

polytope:

z(E)=|V| -1
2(E(S)) < |S| — 1 vScv
220 VeeE. @.1)

Edmonds (1970) proved that the extreme point solu-
tions of this polytope are the characteristic vectors of
the spanning trees of G.

Fact 2.1. Let x° be a feasible solution of the Held-Karp
relaxation such that xJ, =1 with support Eg = E U {eo}. Let
x be x° restricted to E; then x is in the spanning tree poly-
tope of G = (V,E).

For any set SCV such that wup,vp¢S, x(E(S)) =
2ASI06) < S|~ 1. If ugeS,vp¢S, then x(E(S))=
w <|S|—1. Finally, if ug,v9€S, then
x(E(S)) =2|S|72+"0(b(5))§ |S| —2. The claim follows be-
cause x(E) = x°(Eg) —1=n—1.

Because c(ep) = 0, the following fact is immediate.

Fact 2.2. Let G = (V,E, x) where x is in the spanning tree
polytope. Let 1 be any distribution of spanning trees with
marginals x, then Er_,[c(T U eg)] = c(x).

To bound the cost of the min-cost matching on the
set O of odd degree vertices of the tree T, we use the fol-
lowing characterization of the O-join polytope’ due to
Edmonds and Johnson (1973).

Proposition 2.1. For any graph G = (V,E), cost function
c:E—= Ry, and a set O CV with an even number of verti-
ces, the minimum weight of an O-join equals the optimum
value of the following integral linear program.

min c(y)
s.t. y(6(S) =1 VSCV,|SNO| odd
Ye >0 VecE (2.2)

Definition 2.1 (Satisfied Cuts). For a set S C V such that
ug,vo ¢ S and a spanning tree T C E we say a vector i/ :
E — Ry satisfies S if 6(S) is even or y(6(S)) > 1.

To analyze our algorithm, we will see that the main
challenge is to construct a (random) vector y that satisfies
all cuts and E[c(y)] < (1/2 — €)OPT, where OPT is the
cost of an optimal solution.

2.3. Structure of Near Minimum Cuts

Lemma 2.1 (Oveis Gharan et al. 2011). For G = (V,E, x),
let A,BCV be two crossing €a,ep near min cuts respec-
tively. Then, ANB,AUB,A~B,B~A are €5 +e€p near
min cuts.

We prove the lemma only for A N B; the rest of the
cases can be proved similarly. By submodularity,
x(0(A N B)) +x(6(A U B)) < x(6(A)) + x(6(B))
<4+e€y +e€p.
Because x(6(A UB))>2, we have x(0(ANB))<2+ex

+ €g, as desired.
The following lemma is proved in Bencztr (1997).
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Lemma 2.2 (Benczur 1997, Lemma 5.3.5). For G =(V,
E,x),let A,BCV be two crossing e-near minimum cuts. Then,

x(E(AN B,A — B)),x(E(ANB,B — A)),
X(E(AUB,A - B)),x(EAUB,B—A)) > (1 —€/2).

Lemma 2.3. For G=(V,E,x), let A,BCV be two € near
min cuts such that A C B. Then

x(6(A) N 6(B)) = x(E(A,B)) <1+¢, and
2(5(A)~5(B)) > 1 —e/2.

Notice
2 +¢€ > x(6(A)) = x(E(A, B~ A)) + x(E(A, B))
2+¢€ > x(6(B)) = x(E(B~ A, B)) + x(E(A, B)) .
Summing these up, we get
2x(E(A, B)) + x(E(A, B~ A)) + x(E(B~ A, B))
= 2x(E(A, B)) + x(6(B~ A)) < 4 + 2e.

Because B~ A is nonempty, x(6(B~A)) = 2, which im-
plies the first inequality. To see the second one, let C =
B~ A and note

4 < x(6(A)) +x(6(C)) = 2x(E(A, C)) + x(6(B))
<2x(E(A,C))+2+¢,

which implies x(E(A,C)) =1 —¢/2.

2.4. Strongly Rayleigh Distributions and
A-Uniform Spanning Tree Distributions

Let Br be the set of all probability measures on the

Boolean algebra 2F. Let i € Bg. The generating polyno-

mial g, : R[{z},cg] of pt is defined as follows:

gu(2) = Z u(S)Hze.
S

eesS

We say p is a strongly Rayleigh distribution if g, # 0
over all {1}, € CF, where Im(z,) > 0 for all e € E. We
say u is d-homogenous if for any A €R, g,(Az) = A
gu(z). Strongly Rayleigh (SR) distributions were defined
in Borcea et al. (2009) where it was shown any A-uniform
spanning tree distribution is strongly Rayleigh. In this
section, we recall several properties of SR distributions
proved in Borcea et al. (2009) and Oveis Gharan et al.
(2011) that will be useful to us.

2.4.1. Closure Operations of SR Distributions. SR dis-
tributions are closed under the following operations.

e Projection. For any i € B, and any F C E, the pro-
jection of u onto F is the measure pp where for any
ACF,

pp(A) = > u(s).

S:SNF=A

e Conditioning. For any e € E, {|e out} and {ule
in}.

e Truncation. For any integer k>0 and u € B,
truncation of u to k, is the measure p; where for any
ACE,

HA ek
h(A) = {Zs:|5|_k#(5) i 14]

0 otherwise.

e Product. For any two disjoint sets E, F, and i, €
Bk, iy € Br the product measure i, is the measure
where forany A CE,BCF, up, (AU B) = i (A)up(B).

Throughout this paper, we will repeatedly apply the
previous operations. We remark that SR distributions
are not necessarily closed under truncation of a subset,
that is, if we require exactly k elements from F C E.

Because A-uniform spanning tree distributions are
special classes of SR distributions, if we perform any of
the previous operations on a A-uniform spanning tree
distribution i we get another SR distribution. Later, we
see that by performing the following particular opera-
tions, we still have a A-uniform spanning tree distribu-
tion (perhaps with a different A).

2.4.2. Closure Operations of A-uniform Spanning Tree
Distributions. For G = (V,E), a spanning tree distribu-
tion u € Bg,and T ~ u, we have the following:

o Conditioning. Foranye€ E, {u|e ¢ T}, {ulee T}.

o Tree Conditioning. For SCV, {u||E(S)NT| =S|
—1}, that is, T restricted to S is a tree. We will often just
write Sis a tree to denote such an event.

Arbitrary spanning tree distributions are not nece-
ssarily closed under truncation and projection. We
remark that SR measures are also closed under an ana-
logue of tree conditioning, that is, for a set FC E, let k =
maxsesupp u|S N F|. Then, {u[|SNF| =k} is SR. How-
ever, if i is a spanning tree distribution, we get an extra
independence property. The following independence is
crucial to several of our proofs.

Fact 2.3. For a graph G = (V,E), and a vector A(G) : E —
Rxo, let p1y ) be the corresponding A-uniform spanning
tree distribution. Then for any SCV,

{urc)|Sis atree} = ) grs)) X Hagys):-

Intuitively, this holds because in the max entropy distribu-
tion (recall a A-uniform distribution maximizes entropy
subject to matching the marginals of x), conditioned on S
being a tree, any tree chosen inside S can be composed
with any tree chosen on G/S to obtain a spanning tree
on G. Therefore, to maximize the entropy these trees
should be chosen independently. More formally, for any
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T1 €G[S]and T; € G/S,
P[T =T, UT,|Sis a tree]
ATIAT
B ZT;eG[S],T;eG/s/\Ti/\Té
AT AT
B ZT{GG[S]AT{ . ZT;ec/s)\Té
=Prcis)[ 17 = T1|Pr)-g/s[T5 = T2},

giving independence.

2.4.3. Negative Dependence Properties. An upward
event, A, on 2F is a collection of subsets of E that is closed
under upward containment, that is, if A€.A and A C
B CE, then B € A. Similarly, a downward event is closed
under downward containment. An increasing function
f:2F >R, is a function where for any ACBCE, we
have f(A) < f(B). We also say f : 2 — R is a decreasing
function if —f is an increasing function. Therefore, an
indicator of an upward event is an increasing function.
For example, if E is the set of edges of a graph G, then
the existence of a Hamiltonian cycle is an increasing
function, and the three-colorability of G is a decreas-
ing function.

Definition 2.2 (Negative Association). A measure u € Bg
is negatively associated if for any increasing functions
f,g:2F = R, that depend on disjoint sets of edges,

Eulf]-Eulgl 2 Eu[f -8l

It is shown in Borcea et al. (2009) and Feder and Mihail
(1992) that strongly Rayleigh measures are negatively
associated.

2.4.4. Stochastic Dominance. For two measures p,v:
2F — Ry, we say p < v if there exists a coupling p : 25 x
2F — R such that

> p(A,B) = p(A), VA €2,
B

> " p(A,B)=v(B), VBe2F,
A

and for all A, B such that p(A,B) >0, we have ACB
(coordinate-wise).

Theorem 2.1 (Borcea et al. 2009). If u is strongly Ray-
leigh and i, 1, are well defined, then u, <1, ,.

In the previous particular case, the coupling p satisfies
the following: For any A, B C E where p(A,B) >0, B2 A
and |B~A| =1, that is, B has exactly one more element.

Let y be a strongly Rayleigh measure on edges of G.
Recall that for a set A CE, we write A7 = |[ANT| to de-
note the random variable indicating the number of edges
in A chosen in a random sample T of . The following facts

immediately follow from the negative association and sto-
chastic dominance properties. We will use these facts re-
peatedly in this paper.

Fact 2.4 (Borcea et al. 2009, Theorems 4.8 and 4.19).
Let p be any SR distribution on E, then for any F C E, and
any integer k

1. (Negative Association) If e ¢ F, then IP,[e|Fr > k] <
Pule] and P, [e|Fr < k] > P, [e].

2. (Stochastic Dominance) If e € F, then Py[e|Fr > k] >
P,le] and Pyle|Fr < k] <P, [e].

The following fact is a direct consequence of the pre-
vious notation (see corollary 6.10 in Oveis Gharan et al.
(2011)).

Fact 2.5. Let u be a homogenous SR distribution on E.
Then,

o (Negative Association with Homogeneity) For any A CE,
andany BC A

Ey[BTlAT = 0] < E# [BT] + Ey[AT] (2.3)

e Suppose that u is a spanning tree distribution. For
SCV,letq:=|S| —1—E,[E(S)r]- For any ACE(S),BC
E(S),

E,[Br] —q <E,[Br|Sis a tree] <E,[Br]
(Negative association and homogeneity)

E.[Ar] <E,[Ar|Sis a tree] <E [Ar] +q

(Stochastic dominance and tree)

2.4.5. Rank Sequence. The rank sequence of u is the
sequence

P[IS| = OLP[IS] =1],...,P[|S]| = m],

where S ~ u. Let g,(z) be the generating polynomial of
. The diagonal specialization of u is the univariate poly-
nomial

8.2 =gu(zz...,2).

Observe that g(.) is the generating polynomial of the
rank sequence of y. It follows that if u is SR, then g, is
real rooted.

It is not hard to see that the rank sequence of i corre-
sponds to sum of independent Bernoullis if and only if
(iff) g is real rooted. It follows that the rank sequence
of an SR distributions has the law of a sum of indepen-
dent Bernoullis. As a consequence, it follows (Hardy
et al. 1952, Darroch 1964, Borcea et al. 2009) that the
rank sequence of any strongly Rayleigh measure is log
concave (see later for the definition), unimodal, and its
mode differs from the mean by less than one.

Definition 2.3 (Log-Concavity (Borcea et al. 2009, Definition
2.8)). A real sequence {a;};, is log-concave if a,% > a5
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“aryq for all 1<k<m—1, and it is said to have no
internal zeros if the indices of its nonzero terms form
an interval (of nonnegative integers).

2.5. Sum of Bernoullis
In this section, we collect a number of properties of sums
of Bernoulli random variables.

Definition 2.4 (Bernoulli Sum Random Variable). We say
BS(q) is a Bernoulli-Sum random variable if it has the
law of a sum of independent Bernoulli random vari-
ables, say By + B, + --- + B, for some n > 1, with E[B; +
- +B,]=4.
We start with the following theorem of Hoeffding.

Theorem 2.2 (Hoeffding 1956, Corollary 2.1). Let g: {0, 1,
n} = Rand 0<q<n for some integer n>0. Let By,
., By be n independent Bernoulli random variables with

success probabilities py,...,pn, where Y i py = q that mi-

nimizes (or maximizes)

E[g(B1+ -+ +By)]

over all such distributions. Then, p1,...,pn €{0,x,1} for
some 0 < x < 1. In particular, if only m of p;s are nonzero
and € of p;s are 1, then the remaining m — € are %

Fact 2.6. Let By,...,B, be independent Bernoulli random
variables each with expectation 0 < p < 1. Then

P [Z B; even] = %(1 +(1-2p)").

Note that

n n
(p+A—p)'=> pa- P)”"( ) and
k=0 k
n n
@=p=p=> pa- p)”"( )
k=0 k

Summing them up we get
n
1+(1-2p)" = 205 —p) ().
( p) 0<k<;even y ( P) (k>
Corollary 2.1. Given a BS(q) random variable with 0 <gq

<1.2, then

P[BS(q) even] < %(1 +e ),

First, if 4 <1, then by Hoeffding’s theorem we can
write BS(g) as sum of n Bernoullis with success prob-
ability p = g/n. If n=1, then the statement obviously
holds. Otherwise, by the previous fact, we have (for

some 1),
P[BS(q) even] < %(1 +(1-2p)") < %(1 +e72),

where we used that |1 —2p| <e % forp <1/2.

Therefore, now assume g >1. Write BS(q) as the sum
of n Bernoullis, each with success probabilities 1 or p.
First assume we have no ones. Then, either we only
have two nonzero Bernoullis with success probability
/2 in which case P[BS(q) even] < 0.6+ 0.4> and we
are done. Otherwise, 1 > 3 so p < 1/2 and similar to the
previous case we get P[BS(g) even] <1(1+e ).

Finally, if 4>1 and one of the Bernoullis is always
one, thatis, BS(q) = BS(g — 1) + 1, then we get

P[BS(q) even] =P[BS(g—1) odd]
—2a-a-2 <y,

where we used that p < 0.5 (because g < 1.2).

Lemma 2.4. Let py, ...,pu be a log-concave sequence. If for
some i, yp; > pi+1 for somey <1, then,

pr—l, , Vkx>i

ZP} ]< Pt (1+1+L>

j=i+l 1 Y

Because we have a log-concave sequence we can write

lsﬂsws... (2_4)
Y P+l Pi+2

Because all of the previous ratios are at least 1/, for all
[ > 1, we can write

Piv1 < VI_1P1+1 < VlPi~

Therefore, the first statement is immediate and the sec-
ond one follows:

z+1
Zp]]<27/pz+1(l+l+1) Pm( — v 2>.

j=i+1 Y (1 - 7/)

Corollary 2.2. Let X be a BS(q) random variable such that
P[X =k|>1—e€ for some integer k>1,e <1/10. Then,
k(1 —€)<qg<k(l+e)+3e.

The left inequality simply follows because X > 0.
Because P[X =k + 1] <€, we can apply Lemma 2.4 with

y=¢/(1—¢€)toget

E[X|X>k+1]P[X>k+1] < 61(1_ )(k L+ 1—€2e)'
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Therefore,

g=E[X] <k(1—e)+ 6(1 )(+1+

— 2e 1 —6 26)

sk(1+e)+3e

as desired.

Fact 2.7. For integers k<tandk—1<p <k,
k-1
[Ta-i/ma—p/p*zer
i=1

We show that the left-hand side (LHS) is a decreasing
function of t. Because In is monotone, it is enough to
show

0> 9;In(LHS) = 9, (kilna —i/t)+(t —k)n(l —p/ t))

i=1

1501 (t—k)p
‘E;i %+ln(1—p/t)+t(t_p).

Using \7 P < K~ (k- 1)/t—In(1— (k—

2 /x—t
1)/t), it is enough to show

O>—le—ln(1—le>+ln(1 p/ty+ U= 0p

t(t p)
L]
P 1)
B t—p p—k 1 k-1
11E—k+1 t—p+t+t(t—k+1)'

Rearranging, it is equivalent to show

n(1+P=kr) Pk, 1
t—p t—p t—k+1

Because p > k — 1, using Taylor series of In, to prove the
previous expression, it is enough to show

p—k+1_(p—k+1)2>p—k 1
t—p 2t—p)? t—p t—k+1

This is equivalent to show

(p k+1) - 1
Z(t_p) t*k‘l‘l

p—k+1
(t—p)(t—k+1)

JP- k+1
2t-p) -

Finally, the latter holds because (t —k+1)(p —k+1) <
(t—k+1)<2(t—p), whereweuset>k+1landp <k.

Let Poi(p, k) = e 7p* /k! be the probability that a Pois-
son random variable with rate p is exactly k; similarly,
define Poi(p, <k),Poi(p, > k) as the probability that a
Poisson with rate p is at most k or at least k.

Lemma 2.5. Let X be a Bernoulli sum BS(p) for some n.
For any integer k>0 such that k—1<p <k+1, the fol-
lowing holds true:

. p—C \"
P[XZ"]ZOSEQEkPO‘(P‘f'k‘f)(l‘k—m) /

where the minimum is over all nonnegative integers £ <p,k,
and forz € R, z, = max{z,0}.

Let X =By + --- +B,, where B; is a Bernoulli. Apply-
ing Hoeffding’s theorem, if £ of them have success prob-
ability 1, it suffices to prove a lower bound of Poi(p — ¢,

k— f)( = (+1)(p

ity none have success probability 1, it follows that each
has success probability p/n. If k > p,

P[X = K] = (Z) (O a—pimy

=Ii_[ 1—1/n) (1 p/n)" = e
i=1

. Because without loss of general-

= Poi(p, k),

where in the inequality we used Fact 2.7 (also, if n=k,
the inequality follows from Stirling’s formula and that
p=k—1).Ifk <p <k+1,then as previously shown:

k-1

Px =k =]]a —z/n) (1 p/m)" P —p/n)

i=1

k— Pk
zIla-imga—-p/ n)" @ —p/np*

=1

> Poi(p, k)(1 — p/n)" ¥,

\vl

where we used Fact 2.7 in the last inequality.
If we further know X >a with probability 1, we can
restrict £ in the statement to be in the interval [a, min(p, k)].

Lemma 2.6. Let X be a Bernoulli sum BS(p), where for
some integer k = [p], Then,

P[X > k] > min Poi(p — ¢, >k —¢),
0<t<p

where the minimum is over all nonnegative integers € < p.

Suppose that X is a BS(p) with n Bernoullis with
probabilities p1,...,p,. If p—1<k—1<p, by Hoeffd-
ing (1956, theorem 4, (25)),

K=\ | )
P[X <k —1] < max < . >¢71(1 . q)nfffz,
i

0<t<p

2.5)

S

where g ==
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If Y is a BS(p) with m > n Bernoullis with probabilities
q1,---,9m, the same upper bound applies of course,
with m replacing n. Also,

max P[X <k—1]< max P[Y<k-1],
Pi---Pn qis---sqm

because it is always possible to set g,=p; for i <n and
;=0 for j>n.

Therefore, the upper bound in (2.5) obtained by tak-
ing the limit as 1 goes to infinity applies, from which it
follows that

k—1—¢
<k-1]< i(p—¢i
PX<k-1]< (1)1;2;13}(7 ; Poi(p — ¢,1),

and therefore

P[X > k] > min Poi(p — ¢, > k —¢).
0<t<p

2.6. Random Spanning Trees

Lemma 2.7. Let G = (V, E, x), and let u be any distribution
over spanning trees with marginals x. For any e-near min
cut S CV (such that none of the endpoints of ey = (1o, vo)
are in S), we have

Pru [T NE(S)is tree] 21 —¢€/2.

Moreover, if u is a max-entropy distribution with margin-
als x, then for any set of edges A C E(S) and B C E~E(S),

E[A7] <E[Ar|Sis tree] <E[Ar]+¢€/2,E[Br] —€/2
< E[Br|Sis tree] < E[Br].

First, observe that

E[E(S)r] = x(E(S)) 2

wz 1S| —1—¢/2,

where we used that because ug,vg ¢S, and that for any
veS§, E[6(v)r)] =x(6(v)) =2.
Let ps = P[Siis tree]. Then, we must have
[S| =1—=(1—ps)=ps(IS| =1) + (1 —ps)(|S| —2)
>E[E(S)r] > |S| —1—€/2.

Therefore, ps > 1 —€/2.
The second part of the claim follows from Fact 2.5.

Corollary 2.3. Let A,BCV be disjoint sets such that A,
B,A U B are €, €p, € oup-hiear minimum cuts w.r.t., x, respec-
tively, where none of them contain endpoints of ey. Then for any
distribution u of spanning trees on E with marginals x,

PTN“[E(A,B)T = 1] >1-— (GA +€R +€AUB)/2-

By the union bound, with probability at least 1 — (€4
+€ep+€aup)/2, A, B, and A U B are trees. However, this
implies that we must have exactly one edge between
A, B.

The following simple fact also holds by the union
bound.

Fact 2.8. Let G = (V,E,x) and let u be a distribution over
spanning trees with marginals x. For any set A CE, we
have

Pr [TNA=0]>1-x(A).

Lemma 2.8. Let G=(V,E,x), and let y be a A-uniform
random spanning tree distribution with marginals x. For
any edge e = (1,v) and any vertex w # 1, v we have

E[Wrlee T] <E[Wr]+PlweP,leeT] -PleeT],

where Wr = |T N 6(w)| and for a spanning tree T and verti-
ces u,v €V, P, o(T) is the set of vertices on the path from u
tovinT.

Define E’ = E~{e}. Let i’ = u|p be u projected on all
edges except e. Define u, = u; , (corresponding to e in
the tree) and u,,, = u;,_, (corresponding to e out of the
tree). Observe that any tree T has positive measure in
exactly one of these distributions.

By Theorem 2.1, 1, X u,,, so there exists a coupling
p: 2F % 2F between them such that for any Ty, Tou
such that p(Ti,, Tou) > 0, the tree T,,; has exactly one
more edge than T;,. Also, observe that T,, is always a
spanning tree whereas T;, U {e} is a spanning tree. The
added edge (i.e., the edge in Ty~ Tj,) is always along
the unique path from u to v in T,,;.

For intuition for the rest of the proof, observe that if
w is not on the path from u to v in Ty, then the same set
of edges is incident to w in both T, and T,,,;. Therefore,
if w is almost never on the path from u to v, the distribu-
tion of Wr is almost independent of e. On the other
hand, whenever w is on the path from u to v, then in the
worst case, we may replace e with one of the edges inci-
dent to w, so conditioned on ¢ out, Wr increases by at
most the probability that ¢ is in the tree.

Say x, is the marginal of e. Then,

E[Wr] = E[Wrle ¢ T](1 — x.) + E[Wr|e € T]x,

= Z P(Tin/Tout)Wo(l_xf)

Tin 7 Tauz

+ Z P(Tin, Tout)wixe

Tm/ Tout

= Z P(Tin, Tour)(1 — xe) Wy + x. W),

Tin 7 Tout
2.6)
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where we write W;/ W, instead of Wt /Wr

E[WT|6 ¢ T] = Z p(Tin/ Tout)wo
Tin/ Tmu‘

= E P(Tin/ Tout)wo
Tiny Tout:ZUGle,v(Tuut)

+ Z P(Tinr Tou)Wo
Tiny Tout:wepu,v(Tout)

< Z P(Tin/ Tout)(xe(W; +1)

Tin, Toul:wepu, o(Tout)

+ (1 —x)W,) + Z P(Tin/ Tout)

Tin/Tauﬁw¢P11,v(T0u[)
(eri + (1 - xe)wo)

= E[WT] + Z P(Tm, Tout)xe
Tin, Tuuizwepu,v (Tunt)

=E[Wr] + Z luOMt(TDut)xE
TOLL[:ZUGPII,U(TDHI)

=E[Wr]+PlweP, e out]-P[e in],

where in the inequality, we used the following: When
wé¢ Py o(Toy), we have W;=W, and when weP,,
(Tout), we have W, < W; + 1. Finally, in the third to last
equality, we used (2.6).

Lemma 29. Let G=(V,E,x), and let u be a A-uniform
spanning tree distribution with marginals x. For any pair
of edges e = (u,v),f = (v,w) such that |Ple] —1/2|, |P[f]
—1/2| <€ (see Figure 1), ife < 1/1,000, then

E[Wrle ¢ T]+E[Ur|f ¢ T] < E[Wr + U] +0.81,

where U = 6(u)_, and W = d(w) ;.

All probabilistic statements are with respect to v, so
we drop the subscript. First, by Lemma 2.8 and nega-
tive association, we can write

E[Wr|e ¢ T] < E[Wr] + P[w € P, o |e ¢ T|P[e € T]
< E[Wr] + Plw € Py o Ae & T] + 2.

The lemma only implies E[6(w)r|e ¢ T] < E[6(w)] +
Plw € P, »|e ¢ T|P[e € T]. To derive the first inequality,
we also exploit negative association that asserts that the
marginal of every edge only goes up under e¢ T, so
any subset of 6(w) (in particular W) also goes up by at
most Ple¢ TAw € P, ,]. Also, the second inequality

Figure 1. Setting of Lemma 2.9

uses Ple € T] < P[e ¢ T] + 2¢. Using a similar inequality
for Uy, to prove the lemma, it is enough to show that

Plw € Pyo Ae ¢ T|+Plu € Py Af ¢ T) <0.806,

or that when this inequality fails, a different argument
yields the lemma.

The main observation is that in any tree it cannot be
that both u is on the v — w path, and w is on the u — v
path. Therefore,

Plu € Pyyle,f ¢ T|+Plwe Py ole,feT] <1
Therefore, we have
Ple¢ TAweP,] +P[f¢TAueP,,]
<Ple,fe TAweP, ,|+PleeT,feT]
+Ple,feTAu€eP,,|+P[feT,eeT]
<Ple,feT|+PleeT,feT|+P|fe¢T,ecT|
=1—"Ple,feT]

It remains to upper bound the right-hand side. Let a =
P[f € T|e ¢ T]. Observe that

Ple,f eT]=P[feT]-P[feT,e¢T|
>1/2—e—(1/2+¢€)a.

If @ <0.6, then P[e,f € T] > 0.198 (using € < 0.001) and
the claim follows. Otherwise, P[f |e ¢ T] > 0.6. Similarly,
Ple|f ¢ T] > 0.6. However, by negative association,

E[Wrlee T] <E[Wr] + Ple] — (P[f|e ¢ T] — P[f])
<E[Wr] +2e+0.4 <E[W7r] +0.405,

and similarly, E[Ur|f ¢ T] < E[Ur] + 0.405, so the claim
follows.

3. Overview of Proof

As alluded to earlier, the crux of the proof of Theorem
1.1 is to show that the expected cost of the minimum
cost matching on the odd degree vertices of the sampled
tree is at most OPT(1/2 — €). We do this by showing the
existence of a cheap feasible O-join solution to (2.2).

First, recall that if we only wanted to get an O-join
solution of value at most OPT/2, to satisfy all cuts, it is
enough to set y, := x,/2 for each edge Wolsey (1980). To
do better, we want to take advantage of the fact that we
only need to satisfy a constraint in the O-join for S when
O(S)r is odd. Here, we are aided by the fact that the sam-
pled tree is likely to have many even cuts because it is
drawn from a strong Rayleigh distribution.

If an edge e is exclusively on even cuts, then y, can
be reduced below x,/2. This, more or less, was the
approach in Oveis Gharan et al. (2011) for graphic TSP,
where it was shown that a constant fraction of LP edges
will be exclusively on even near min cuts with constant
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probability. The difficulty in implementing this ap-
proach in the metric case comes from the fact that a
high cost edge can be on many cuts and it may be
exceedingly unlikely that all of these cuts will be even
simultaneously. Overall, our approach to addressing
this is to start with y, := x, /2 and then modify it with a
random®* slack vector s:E — R: When certain special
(few) cuts that e is on are even, we let s, = —x.f (for
a carefully chosen constant > 0); for other cuts that
contain e, whenever they are odd, we will increase the
slack of other edges on that cut to satisfy them. The
bulk of our effort is to show that we can do this while
guaranteeing that E[s,] < —epx, for some € > 0.

By carefully choosing  smaller than 7, we do not
need to worry about the reduction breaking a con-
straint for any cut S such that x(6(S)) > 2(1 + n). In par-
ticular, if we choose  <n/4.1, any such cut is always
satisfied, even if every edge in 6(S) is decreased and no
edge is increased.

Let OPT be the optimum TSP tour, that is, a Hamilto-
nian cycle, with set of edges E*; throughout the paper,
we write ¢* to denote an edge in E*. To bound the
expected cost of the O-join for a random spanning tree
T ~ u,, we also construct a random slack vector s* : E* —
Ry such that (x + OPT)/4 + s +s" is a feasible for Equa-
tion (2.2) with probability 1. In Section 3.1, we explain
how to use s* to satisfy all but a linear number of near
min cuts.

Theorem 3.1 (Main Technical Theorem). Let x° be a solu-
tion of the Held -Karp relaxation with support Eg = E U {eo},
and x be x° restricted to E. Let z:=(x+ OPT)/2, n<
107", B> 0, and let u be the max-entropy distribution with
margmals x. Also, let E* denote the support of OPT. There
are two functions s : Eg — R and s* : E* — Ry (as functions
of T ~ u), such that

(i) Foreachedgee € E, s, > —x,f.

(ii) For each n-near-min cut S of z, if 5(S)r is odd, then
5(0(S)) +5°(6(S)) > 0.

(iii) For every OPT edge ', E[s;.] <218np and for every
LP edge e # ey, E[s.] < — xeepﬁ for €p=23.12-1071° (de-
fined in (7.4)).

In the next section, we explain the main ideas needed
to prove this technical theorem. However, first, we show
how our main theorem follows readily from Theorem 3.1.

Proof of Theorem 1.1. Let x° be an extreme point solu-
tion of the Held-Karp relaxation, with support E; and
let x be x° restricted to E. By Fact 2.1, x is in the spanning
tree polytope. For 1 = u,. the max entropy distribution
with marginals x and >0 a parameter we choose, let
s,s" be as defined in Theorem 3.1. We will define y:
Ey = Rypand y* : E* — Ryp. Let

_{xe/4+sg if e€e E
Yo7 oo if e=ep;

we also let yi. =1/4 +s5]. for any edge ¢* € E*. We will
show that y+y* is a feasible solution® to (2.2). First,
observe that for any S where ¢ € §(S), we have y(6(S))
+1(8(S)) = 1. Otherwise, we assume 1y, vp ¢ S. If S is an
n-near min cut w.r.t, z and 6(S); are odd, then by prop-
erty (ii) of Theorem 3.1, we have

Z(6(5))

y(6(5)) +y'(6(5)) = +5(8(5)) +5°(6(5)) = 1.

On the other hand, if S is not an n-near min cut (w.r.t., z):

Z(5(5))

y(6(5)) +y(6(5)) = — Bx(5(5))

Z(6(5))

— B2(z(56(5)) — 1)

> 2(5(5))(1/2 —2B)+2p

>(2+1)(1/2—-2p)+28,
where in the first inequality we used property (i) of
Theorem 3.1 that says that s, > x,f with probability 1 for
all LP edges and that s}. > 0 with probability 1. In the
second inequality, we used that z = (x+ OPT)/2, so,
because OPT > 2 across any cut, x(6(S)) < 2(z(6(S)) — 1).
Finally, if we choose

B=n/41, 3.1)

then the RHS is at least one, so i + " is a feasible O-join
solution.
Finally, using c(ep) = 0 and part (iii) of Theorem 3.1,

Elc(y) +c(y')] = OPT /4 +c(x) /4 + E[c(s) + c(s*)]

< OPT/4 +c(x) /4 +2181BOPT — %epﬁc(x)

< <1/2 — iepﬁ) OPT,
choosing n such that
1
2181 = zep (3.2)

and using c(x) < OPT.

Now, we are ready to bound the approximation factor
of our algorithm. First, because x” is an extreme point so-
lution of the Held-Karp relaxation, mineg,x{ > 1. There-
fore, by Theorem 1.3, in polynomial time, we can find
A1 E — Ry such that for any e € E, P, [e] < x,(1 +0) for

some 0 that we fix later. It follows that

Z |Pyu[e] —

ecE

u, le]| < no.

By stability of maximum entropy distributions (Straszak
and Vishnoi 2019, theorem 4, and references therein), we
have that ||z — p,[l; < O(n*6) =: g. Therefore, for some
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d<nt weget|lu—lli=g< %. That means that

Et.,, [min cost matching]

1 1
<Erule(y) +c(y)]+4q(OPT/2) < (E — gepﬁ + %) OPT,

where we used that for any spanning tree the cost
of the minimum cost matching on odd degree vertices
is at most OPT/2. Finally, because Er-, [c(T)] < OPT(1
+0),ep=3.12-10"", and f=1/4.1=¢,/5,362.8 (from
(3.2)) we get a 3/2 — 3- 10 approximation algorithm
for TSP.

3.1. Ideas Underlying Proof of Theorem 3.1

The first step of the proof is to show that it suffices to
construct a slack vector s for a “cactus-like” structure of
near min cuts that we call a hierarchy. Informally, a hier-
archy H is a laminar family of min cuts,® consisting of
two types of cuts: triangle cuts and degree cuts. A triangle
S is the union of two min cuts X and Y in H such that
x(E(X,Y)) = 1. Figure 2 provides an example of a hier-
archy with three triangles.

We will refer to the set of edges E(X, S) (respectively,
E(Y,S)) as A (respectively, B) for a triangle cut S. In
addition, we say a triangle cut S is happy if Ar and By
are both odd. All nontriangle cuts are called degree
cuts. A degree cut S is happy if 6(S)r is even.

Theorem 3.2 (Main Payment Theorem (Informal)). Let G =
(V,E, x) for LP solution x and let u be the max-entropy dis-
tribution with marginals x and B > 0. Given a hierarchy H,
there is a slack vector s : E — R such that

(i) Foreachedgee € E, s, > —x.p.

(ii) Foreachcut S e H if S is not happy, then s(6(S)) > 0.

(iii) For every LP edge e # ey, E[s.] < —epx, for ep > 0.

In the following section, we discuss how to prove this
theorem. Here we explain at a high level how to define

Figure 2. Example of Part of a Hierarchy with Three Triangles

the hierarchy and reduce Theorem 3.1 to this theorem.
The details are in Section 4.

First, observe that, given Theorem 3.2, cuts in H will
automatically satisfy (ii) of Theorem 3.1. The approach
we take to satisfying all other cuts is to introduce addi-
tional slack, the vector s*, on OPT edges.

Consider the set of all near-min cuts of z, where
z:= (x + OPT)/2. Starting with z rather than x allows us
to restrict attention to a significantly more structured col-
lection of near-min cuts. The key observation here is
that in OPT, all min cuts have value 2, and any non-min
cut has value of af least 4. Therefore, averaging x with
OPT guarantees that every n-near min cut of z must
consist of a contiguous sequence of vertices (an interval)
along the OPT cycle. Moreover, each of these cuts is a
2n-near min cut of x. Arranging the vertices in the OPT
cycle around a circle, we identify every such cut with
the interval of vertices that does not contain (1, vp).
Also, we say that a cut is crossed on both sides if it is
crossed on the left and on the right.

To ensure that any cut S that is crossed on both sides is sat-
isfied, we first observe that S is odd with probability O(n).
To see this, let S; and Sg be the cuts crossing S on the
left and right with minimum intersection with S and con-
sider the two (bad) events {E(SN S.,S.~5))r # 1} and
{E(S N Sg,Sr~S))r # 1}. Recall thatif A, Band A U B are
all near-min cuts, then P[E(A, B); # 1] = O(n) (see Corol-
lary 2.3). Applying this fact to the two aforementioned
bad events implies that each of them has probability O(n).
Therefore, we will let the two OPT edges in 0(S) be
responsible for these two events; that is, we will increase
the slack s* on these two OPT edges by O(1) when the res-
pective bad events happens. This gives E[s*(e*)] = O(n?)
for each OPT edge ¢*. As we will see, this simple step will
reduce the number of near-min cuts of z that we need to
worry about satisfying to O().

Next, we consider the set of near-min cuts of z that are
crossed on at most one side. Partition these into maximal

Notes. The graph on the left shows part of a feasible LP solution where dashed (and sometimes colored) edges have fraction 1/2 and solid edges
have fraction 1. The dotted ellipses on the left show the min cuts 11, 15, u3 in the graph. (Each vertex is also a min cut). On the right is a represen-
tation of the corresponding hierarchy. Triangle 11 corresponds to the cut {a,b}, u, corresponds to {c,d}and u3 corresponds to {a,b,c,d}. For
example, the edge (g, c), represented in green, is in 6(u1), 6(113), and inside u3. For triangle 11, we have A = 6(a) ~ (a,b)and B = 6(b) ~ (b, d).
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connected components of crossing cuts. Each such com-
ponent corresponds to an interval along the OPT cycle
and, by definition, these intervals form a laminar family.
A single connected component C of at least two cross-
ing cuts is called a polygon. We prove the following
structural theorem about the polygons induced by z.

Theorem 3.3 (Polygons Look Like Cycles (Informal Version
of Theorem 4.3). Given a connected component C of near-
min cuts of z that are crossed on one side, consider the coars-
est partition of vertices of the OPT cycle into a sequence ay,
...,am_1 Of sets called atoms (together with a, which is the
set of vertices not contained in any cut of C). Then

o Every cut in C is the union of some number of consecu-
tive atomsinay,...,apu—1.

e For each i such that 0 <i<m—1, x(E(a;,a;11)) = 1
and similarly x(E(a,—1,a0)) =~ 1.

e Foreachi>0,x(6(a;)) =~ 2.

The main observation used to prove Theorem 3.3 is
that the cuts in C crossed on one side can be partitioned
into two laminar families £ and R, where £ (respec-
tively, R) is the set of cuts crossed on the left (respec-
tively, right). This immediately implies that |C]| is linear
in m. Because cuts in £ cannot cross each other (and
similarly for R), the proof boils down to understanding
the interaction between £ and R.

The approximations in Theorem 3.3 are correct up
to O(n). Using additional slack in OPT, at the cost of
an additional O(n?) for edge, we can treat these appro-
ximate equations as if they are exact. Observe that if
x(E(a;,ai11)) =1, and x(6(a;)) = x(6(a;41)) =2 for 1 <i <
m — 2, then with probability 1, E(a;,4:41)7 = 1. Therefore,
any cut in C that does not include 4, or a,,_; is even with
probability 1. The cuts in C that contain a4, are even pre-
cisely” when E(ag,a; )7 is odd and similarly the cuts in C
that contain 4,1 are even when E(ap,a,_1)r is odd.
These observations are what allow us to imagine that
each polygon is a triangle, that is, assume m = 3. (Often it
is convenient to look at the event in which E(ag, 1) =1
and E(ag,a,-1)7 =1 becuase these are simple criteria
that imply that all cuts in C are even.)

The hierarchy 7 is the set of all n-near min cuts of z
that are not crossed at all (these will be the degree cuts),
together with a triangle for every polygon. In particu-
lar, for a connected component C of size more than one,
the corresponding triangle cut is aq U -+ Ua,,_1, with
A = E(ag,a1) and B = E(ag,a,,_1). Observe that from the
previous discussion, when a triangle cut is happy, then
all the cuts in the corresponding polygon C are even.

Summarizing, we show that if we can construct a
good slack vector s for a hierarchy of degree cuts and tri-
angles, then there is a nonnegative slack vector s* that
satisfies all near-minimum cuts of z not represented in
the hierarchy while maintaining slack for each OPT
edge e such that E[s*(¢")] = O(1).

3.1.1. Remarks. The reduction that we sketched previ-
ously only uses the fact that ¢ is an arbitrary distribution
of spanning trees with marginals x and not necessarily a
maximum-entropy distribution.

We also observe that to prove Theorem 1.1, we cru-
cially used that 287 < e. This forces us to take n very
small, which is why we get only a “very slightly” im-
proved approximation algorithm for TSP. Furthermore,
because we use OPT edges in our construction, we do
not get a new upper bound on the integrality gap. We
leave it as an open problem to find a reduction to the
“cactus” case that does not involve using a slack vector
for OPT (or a completely different approach).

3.2. Proof Ideas for Theorem 3.2

We now address the problem of constructing a good
slack vector s for a hierarchy of degree cuts and triangle
cuts. For each LP edge f, consider the lowest cut in the
hierarchy that contains both endpoints of f. We call this
cut p(f). If p(f) is a degree cut, then we call f a top edge,
and otherwise, it is a bottom edge.® We will see that bot-
tom edges are easier to deal with, so we start by dis-
cussing the slack vector s for top edges.

Let S be a degree cut and let e = (1,v) (where u and v
are children of S in H) be the set of all top edges f =
(1/,v") such that ' e u and v" € v. We call e a fop edge
bundle and say that 1 and v are the top cuts of each f € e.
We will also sometimes say thate € S.

Ideally, our plan is to reduce the slack of every edge
f € ewhen it is happy, that is, both of its top cuts are even
in T. Specifically, we will set s¢ := —nx; when 6(u); and
O(v)r are even. When this happens, we say that f is
reduced, and refer to the event {6(u)7,6(v); even} as the
reduction event for f. Because this latter event does not
depend on the actual endpoints of f, we view this as a
simultaneous reduction of s..

Now consider the situation from the perspective of
the degree cut u (where p(u) = S) and consider any inci-
dent edge bundle in S, for example, e = (u,v). Either its
top cuts are both even and s := —1x,, or they are not
even, because, for example, 6(u)7 is odd. In this latter
situation, edges in 6' (1) := (1) N 5(S) might have been
reduced (because their top two cuts are even), which a
priori could leave 6(u) unsatisfied. In such a case, we
increase se for edge bundles in 67 (u) := 6(u)~5(S) to
compensate for this reduction. Our main goal is then to
prove is that for any edge bundle its expected reduction
is greater than its expected increase. The next example
shows this analysis in an ideal setting.

Example 3.1 (Simple Case). Fix a top edge bundle e =
(u,0) with p(e) = S. Let x,, := x(5" (1)) and let x; := x(5'
(v)). Suppose we have constructed a (fractional) match-
ing between edges whose top two cuts are children of
S in H and the edges in 6(S), and this matching satis-
fies the following three conditions: (a) e = (1,v) € S is
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matched (only) to edges going higher from its top two
cuts (i.e., to edges in 6'(u) and 6'(v)), (b) e is matched
to an m, , fraction of every edge in (5T(u) and to an
me » fraction of each edge in 6! (v), where

Me,y + Me,y = Xe,

and (c) the fractional value of edges in 07 (1) := 6(u)~

6"(1) matched to edges in o1 (u) is equal to x,,. That is,
foreachu €S, 3 5 (1 Mt,u = Xu-

The plan is for e €S to be tasked with part of the
responsibility for fixing the cuts 6(u) and 6(v) when
they are odd and edges going higher are reduced.
Specifically, s is increased to compensate for an e,
fraction of the reductions in edges in 51 (1) when O(u)y
is odd (and similarly for reductions in v). Thus,

E[se] = —P[e reduced]nx.
+ e,y Z P[6(1)r odd|g reduced]

ged" ()
P[greduced]n
(5T(u))
+ Me,p Z P[6(v)r odd|g reduced]
geéT(v)
P[greduced]n (3.3)
(5T(U))

We will lower bound P[6(u); even|g reduced]. We can
write this as

P[67 (u); and &'(u); have same parity|g reduced].

Unfortunately, we do not currently have a good han-
dle on the parity of 6'(#); conditioned on g reduced.
However, we can use the following simple but crucial
property: Because x(6(S)) =2, by Lemma 2.7, T consists
of two independent trees, one on S and one on V.S,
each with the corresponding marginals of x. Therefore,
we can write

P[6(u); even|g reduced]
>min(P[(6 (u)); even], P[(67 (1)) odd]).

This gives us a reasonable bound when € <x,,x, <
1 — € because x(6(1)) = x(6(v)) = 2, by the SR property,

(67 (w))r (and similarly (67 (v))7) is the sum of Ber-
noulis with expectation in [1+¢,2 —e€]. From this, it
follows that

min(P[(67 (u)); even], P[(6 (u)); odd]) = Qfe).

We can therefore conclude that P[6(u); odd|greduced]
<1-0(e).

The rest of the analysis of this special case follows
from (a) the fact that our construction will guarantee
that for all edges g, the probability that g is reduced
is exactly p, that is, it is the same for all edges, and (b)
the fact that me, ,x, + e X, = xe. Plugging these facts
back into (3.3) gives

E[se] < —pnxe + me,u(1 —€)pn +me, (1 — €)pn
—pnxe + (1 — €)pnxe = —epnxe. (3.4)

If we could prove (3.4) for every edge f in the support of
x, that would complete the proof that the expected cost
of the min O-join for a random spanning tree T ~ u is at
most (1/2 — €)OPT.

3.2.1. Remark. Throughout this paper, we repeatedly
use a mild generalization of the previous “independent
trees fact”: that if S is a cut with x(6(S)) <2 +¢€, then St
is very likely to be a tree. Conditioned on this fact, mar-
ginals inside S and outside S are nearly preserved and
the trees inside S and outside S are sampled indepen-
dently (see Lemma 2.7).

3.2.2. Ideal Reduction. In the example, we were able to
show that P[6(11); odd|g reduced] was bounded away
from one for every edge g € 6' (1), and this is how we
proved that the expected reduction for each edge was
greater than the expected increase on each edge, yield-
ing negative expected slack.

This motivates the following definition: A reduction
for an edge g is k-ideal if, conditioned on g reduced,
every cut S that is in the top k levels of cuts containing g
is odd with probability that is bounded away from one.

3.2.3. Moving Away from an Idealized Setting. In Ex-
ample 3.1, we oversimplified in four ways:

(a) We assumed that it would be possible to show
that each top edge is good. That is, that its top two cuts
are even simultaneously with constant probability.

(b) We considered only top edge bundles (i.e., edges
whose top cuts were inside a degree cut).

(c) We assumed that x,,x, € [¢,1 —€].

(d) We assumed the existence of a nice matching
between edges whose top two cuts were children of S
and the edges in 6(S).

Our proof needs to address all four anomalies that
result from deviating from these assumptions.
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Figure 3. Example with Bad Edges

Notes. A feasible solution of the Held-Karp relaxation is shown;
dashed edges have fraction 1/2 and solid edges have fraction 1. Writ-
ing E = Eg~{eo} as a maximum entropy distribution y we get the fol-
lowing: Edges (a,b),(c,d) must be completely negatively correlated
(and independent of all other edges). So, (b,uy),(a,up) are also
completely negatively correlated. This implies (4, b) is a bad edge.

3.2.3.1. Bad Edges. Consider first (a). Unfortunately, it
is not the case that all top edges are good. Indeed, some
are bad. However, it turns out that bad edges are rare in
the following senses: First, for an edge to be bad, it must
be a half edge, where we say that an edge e is a half edge
if x. € 1/2 * €y, for a suitably chosen constant €; . Sec-
ond, of any two half edge bundles sharing a common
endpoint in the hierarchy, at least one is good. For exam-
ple, in Figure 3, (a, 1) and (b, uo) are good half-edge bun-
dles. We advise the reader to ignore half edges in the first
reading of the paper. Correspondingly, we note that our
proofs would be much simpler if half-edge bundles never
showed up in the hierarchy. It may not be a coincidence
that half edges are hard to deal with, as it is conjectured
that TSP instances with half-integral LP solutions are the
hardest to round (Schalekamp et al. 2012, 2013).

Our solution is to never reduce bad edges. However,
this in turn poses two problems. First, it means that we
need to address the possibility that the bad edges con-
stitute most of the cost of the LP solution. Second, our
objective is to get negative expected slack on each good
edge and nonpositive expected slack on bad edges.
Therefore, if we never reduce bad edges, we cannot
increase them either, which means that the responsibil-
ity for fixing an odd cut with reduced edges going
higher will have to be split amongst fewer edges (the
incident good ones).

We deal with the first problem by showing that in
every cut # in the hierarchy at least 3/4 of the fractional
mass in 6(u) is good and these edges suffice to compen-
sate for reductions on the edges going higher. More-
over, because there are sufficiently many good edges
incident to each cut, we can show that either using the
slack vector {s.} gives us a low-cost O-join, or we can
average it out with another O-join solution concen-
trated on bad edges to obtain a reduced cost matching
of odd degree vertices.

We deal with the second problem by proving Lemma 6.1,
which guarantees a matching between good edge bundles

Figure 4. Triangle Example

e
u
AB
(A=)

Notes. In this representation of the cut hierarchy (as in Figure 2), for
the triangle u corresponding to the cut 6(a; U a,), when At and By are
odd, all three cuts (6(a1)y,0(a2)rand 6(ay U az)r = 6(u); are even
(because fr is always one). (Recall also that the edges in the bundle e

must have one endpoint in {a; U a5} and one endpoint in {a3 U a4}, as
was the case, for example, for the edge (4, ¢) in Figure 2.)

e = (u,v) and fractions 1, ,,, M, » Of edges in 5 (u), 6'(v)
such that, roughly, 11, + 111e,o = (1 + O(€12))xe.

3.2.3.2. Dealing with Triangles. Turning to (b), con-
sider a triangle cut S, for example 6(a; U a,) in Figure 4.
Recall that in a triangle, we can assume that there is an
edge of fractional value 1 connecting 4, and 4, in the tree,
and this is why we defined the cut to be happy when Ar
and By are odd: this guarantees that all three cuts defined
by the triangle (6(a1), 0(a2), (a1 U a3) are even.

Now suppose that e = (1,v) is a top edge bundle,
where 1 and v are both triangles, as shown in Figure 4.
Then we would like to reduce s, when both cuts 1 and
v are happy. However, this would require more than
simply both cuts being even. This would require all
Ar,Br, A%, B} to be odd. If, for whatever reason, e is
reduced only when (1) and 6(v)r are both even, then
it could be, for example, that this only happens when
Ar and By are both even. In this case, both 6(a;); and
0(az)r will be odd with probability 1 (recalling that
fr = 1), which would then necessitate an increase in s¢
whenever e is reduced. In other words, the reduction
will not even be 1-ideal.

It turns out to be easier for us to get a 1-ideal reduc-
tion rule for e as follows: Say that e is 2-1-1 happy with
respect to u if 6(u)y is even and both A%, B} are odd. We
reduce e with probability p/2 when it is 2-1-1 happy
with respect to u and with probability p/2 when it is
2-1-1 happy with respect to v. This means that when e
is reduced, half of the time no increase in s¢ is needed
because u is happy. Similarly for v.

The 2-1-1 criterion for reduction introduces a new
kind of bad edge: a half edge that is good, but not 2-1-1
good. We are able to show that non-half-edge bundles
are 2-1-1 good (Lemmas 5.7 and 5.8) and that if there
are two half edges that are both in A or are both in B,
then at least one of them is 2-1-1 good (Lemma 5.9).
Finally, we show that if there are two half edges, where
one is in A and the other is in B, and neither is 2-1-1
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good, then we can apply a different reduction criterion
that we call 2-2-2 good. When the latter applies, we are
guaranteed to decrease both of the half edge bundles
simultaneously. All together, the various considera-
tions discussed in this paragraph force us to come up
with a relatively more complicated set of rules under
which we reduce s, for a top edge bundle e whose chil-
dren are triangle cuts. Section 5 focuses on developing
the relevant probabilistic statements.

3.2.3.3. Bottom Edge Reduction. Next, consider a
bottom edge bundle f = (a1,4,) where p(a1) = p(a2) is a
triangle. Our plan is to reduce s¢ (i.e., set it to —nx¢)
when the triangle is happy, that is, Ay = By =1. The
good news here is that every triangle is happy with
constant probability. However, when a triangle is not
happy, s¢ may need to increase to make sure that the
O-join constraint for 6(a;) and (ay) are satisfied, if
edges in A and B going higher are reduced. Because
x¢ = x(A) = x(B) = 1, this means that f may need to com-
pensate at twice the rate at which it is getting reduced.
This would result in E[s¢] > 0, which is the opposite of
what we seek.

We use two key ideas to address this problem. First,
we reduce top edges and bottom edges by different
amounts: Specifically, when the relevant reduction event
occurs, we reduce a bottom edge f by fx¢ and top edges
e by tx., where f > 7 (and 7 is a multiple of 7).

Thus, the expected reduction in s¢ is ppxs=pp,
whereas the expected increase (due to compensation of,
say, top edges going higher) is pt(x(A) + x(B))q = p12g,

where
q = P[triangle not happy|reductions in A and B].

Thus, as long as 279 <  — €, we get the expected reduc-
tion in s¢ that we seek.

The discussion thus far suggests that we need to take
7 smaller than /2q, which is /2 if q is 1, for example.
On the other hand, if 7 =3/2, then when a top edge
needs to fix a cut due to reductions on bottom edges,
we have the opposite problem — their expected increase
will be greater than their expected reduction, and we
are back to square one.

Coming to our aid is the second key idea, already dis-
cussed in Section 1.2.3. We reduce bottom edges only
when At = Br = 1 and the marginals of edges in A, B are
approximately preserved (conditioned on Ay = By =1).
This allows us to get much stronger upper bounds on
the probability that a lower cut a bottom edge is on is
odd, given that the bottom edge is reduced, and enables
us to show that bottom edge reduction is co-ideal.

It turns out that the combined effects of (a) choosing
7 =0.571p and (b) getting better bounds on the proba-
bility that a lower cut is even given that a bottom edge
is reduced, suffice to deal with the interaction between

Figure 5. Setting of Example 3.2

Notes. The set A =0(a;) N 6(a]) decomposes into two sets of edges,
AT, those that are also in 5(S), and the rest, which we call A~. Simi-
larly for B.

the reductions and the increases in slack for top and
bottom edges.

Example 3.2 (Bottom-Bottom Case). To see how preserv-
ing marginals helps us handle the interaction between
bottom edges at consecutive levels, consider a triangle cut
={a1,a,} whose parent cut S= {a},a}} is also a trian-
gle cut (as shown in Figure 5). Let’s analyze E[s¢] where
f = (a1,a2). Observe first that A~ U B~ is a bottom edge
bundle in the triangle 5 and all _edges in this bundle are
reduced simultaneously when Ar=Br =1 and margin-
als of all edges in A UB are approximately preserved.
(For the purposes of this overview, we'll assume they are
preserved exactly). Furthermore, because the tree inside
S is picked independently of the tree on G/$ (using
Lemma 2.7 and assuming € = 0 for this overview), exactly
one edge in A U B is selected independently of the re-
duction event A; = By = 1. Let x(AT) =a. Then because
A=ATUA™ and x(A)=1, we have x(A~) =1 —a. Mo-
reover, because A = AT UB' and x(A) = 1, we also have
xB)=1—-aandx(B~)=a
Therefore, using the fact that when A~ U B™ is re-
duced, exactly one edge in AT UBT is selected (and
also exactly one edge in A~ U B~ is selected indepen-
dently because it is a bottom edge bundle, as men-
tioned previously), and marginals are preserved given
the reduction, we conclude that

P[a} happy|A™ UB™ reduced]
=P[Ar =Br=1|A~ UB™ reduced] = a® + (1 — a)*.

Now, we calculate E[s¢]. First, f may have to increase
to compensate either for reduced edges in AT UB T or
in A7 UB™. For the sake of this discussion, suppose
that AT U BT is a set of top edges. Then, in the worst
case we need to increase f by pt in expectation to fix
the cuts a;, 4, due to the reduction in AT U BT. Now,
we calculate the expected increase due to the reduc-
tion in A~ U B™. The crucial observation is that edges
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in A~ U B~ are reduced simultaneously, so both cuts
O(a1) and 0(a2) can be fixed simultaneously by an
increase in s¢. Therefore, when they are both odd, it
suffices for f to increase by

max{x(A7),x(B7)}p = max{e, 1 — a}p,
to fix cuts a4, a,. Putting this together, we get
E[s¢] = —pp + E[increase due to A~ U B™]
+ E[increase due to AT U BT]

<_ 212
< p,8+pﬁa€r[rl1/az>’<l]a[l a-—(1—a)]+pt

which, since max e[ /2,171 — a?—(1- a)z] =8/27 and
7=0.571F1is

8
= pp (-1 tomt 0.571) = —0.13pp.

3.2.4. Dealing with x, Close to One.® Now, suppose
that e = (1,v) is a top edge bundle with x, := (6" (1)) is
close to one. Then, the analysis in Example 3.1, bound-
ing r:=P[6(u)r odd |g reduced] away from one for an
edge g € 6" (1) does not hold. To address this, we con-
sider two cases: The first case, is that the edges in 51 (u)
break up into many groups that end at different levels
in the hierarchy. In this case, we can analyze r sepa-
rately for the edges that end at any given level, taking
advantage of the independence between the trees cho-
sen at different levels of the hierarchy.

The second case is when nearly all of the edges in
67(u) end at the same level, for example, they are all in
07 (u'), where p(u’) is a degree cut. In this case, we
introduce a more complex (2-1-1) reduction rule for
these edges. The observation is that from the perspec-
tive of these edges u’ is a “pseudo-triangle.” That is, it
looks like a triangle cut, with atoms u and u’ ~ u, where
o(u) N 6(u”) corresponds to the “A”-side of the triangle.

Now, we define this more complex 2-1-1 reduction
rule: Consider a top edge f = (u/,v") € 6~ (u’). Thus far,
we only considered the following reduction rule for f:
If both u’,v" are degree cuts, f reduces when they are
both even in the tree; otherwise if say u’ is a triangle
cut, f reduces when it is 2-1-1 good w.r.t., #’ (and simi-
larly for v"). However, clearly these rules ignore the
pseudo triangle. The simplest adjustment is, if u” is a
pseudo triangle with partition (i, "~ u), to require f to
reduce when Ar = Br =1 and v’ is happy. However, as
stated, it is not clear that the sets A and B are well
defined. For example, u’ could be an actual triangle or
there could be multiple ways to see 1’ as a pseudo tri-
angle only one of which is (4, u’ ~u). Our solution is to
find the smallest disjoint pair of cuts a,b C 4’ in the hier-
archy such that x(0(a) N 6(u)), x(6(b) N 6(u')) 21— €11,

where €11 is a fixed universal constant, and then let
A=06@)no),B=ob)yndw) and C=06(u')~A~B
(see Figure 6 for an example). Then, we say f is 2-1-1
happy w.r.t, v if At = Br =1and Cr=0.

A few observations are in order:

e Because u is a candidate for, say 4, it must be that a
is a descendent of u in the hierarchy (or equal to u). In
addition, b cannot simultaneously be in u, because a N
b=0 and x(6(u) N 6(1')) <1 by Lemma 2.3. Therefore,
when f is 2-1-1 happy w.r.t. 1/, we get (6(u) N 6(1))
=1.

o If ' =(X,Y) is a actual triangle cut, then we must
have a C X,b CY. Therefore, when f is 2-1-1 happy
w.r.t. u’, we know that #’ is a happy triangle, that is,
O(X) N o))y =1and (6(Y) N o))y = 1.

Now, suppose for simplicity that all top edges in
o(u’) are 2-1-1 good w.r.t. . Then, when an edge g €
O(u) N o(u’) is reduced, (6(1) N 6(1'))r =1, s0

P[6(u) odd|g reduced]
<P[E(u,u’ ~u); even|g reduced] <0.57,

becuase edges in E(u, 1’ ~ 1) are in the tree independent
of the reduction and E[E(u, ' ~u)7] = 1.

3.2.3.4. Dealing with x, Close to Zero and the
Matching. We already discussed how the matching is
modified to handle the existence of bad edges. We now
observe that we can handle the case x, ~ 0 by further
modifying the matching. The key observation is that in
this case, x(67 (1)) > x(5"(w)). Roughly speaking, this
enables us to find a matching in which each edge in 6™ (1)
has to increase about half as much as would normally be
expected to fix the cut of u. This eliminates the need to
prove a nontrivial bound on P[6(1); odd|g reduced].
The details of the matching are in Section 6.

4. Polygons and the Hierarchy of Near

Minimum Cuts

Let OPT be a minimum TSP solution, that is, minimum
cost Hamiltonian cycle and without loss of generality
assume it visits 1y and v, consecutively (recall that
c(up,v9) = 0). We write E* to denote the edges of OPT,
and we write ¢* to denote an edge of OPT. Analogously,
we use s* : E* — Ry to denote the slack vector that we
will construct for OPT edges.

Throughout this section, we study n-near minimum
cuts of G=(V,E,z) These cuts are 21-near minimum
cuts w.r.t.,, x. For every such near minimum cut, (S,9),
we identify the cut with the side, say S, such that
g, vy ¢ S. Equivalently, we can identify these cuts with
an interval along the optimum cycle, OPT, that does
not contain u, vg.

We will use “left” synonymously with “clockwise”
and “right” synonymously with “counterclockwise.”
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Figure 6. Part of the Hierarchy of the Graph is Shown on Top

/

Ug () Wy
/N /N / \
U — Qq V1 — by W — €4
JIN /N N
ay az as by by b3 C1 C2 C3

N

Notes. Edges of the same color have the same fraction and € > 1 is a small constant. u; corresponds to the degree cut {a1,a;,a3}, u, corresponds
to the triangle cut {u7,a4} and u corresponds to the degree cut containing all of the vertices shown. Observe that edges in &' (a;) are top edges in
the degree cut u. If e < %61 ,1 then the (A, B, C)-degree partitioning of edges in 6(u2) is as follows: A = 8(a1) N 6(u2) are the blue highlighted edges
each of fractional value 1/2 — ¢, B = 6(as) N 6(u2) are the green highlighted edges of total fractional value 1, and C are the red highlighted edges
each of fractional value €. The cuts that contain edge (a1, ¢;) are highlighted in the hierarchy at the bottom.

We say a vertex is to the left of another vertex if it is to
the left of that vertex and to the right of edge ¢ =
(19,v0). Otherwise, we say it is to the right (including
the root itself in this case).

Definition 4.1 (Crossed on the Left/Right, Crossed on Both
Sides). For two crossing near minimum cuts S,S’, we
say S crosses S’ on the left if the leftmost endpoint of S
on the optimal cycle is to the left of the leftmost end-
point of S. Otherwise, we say S crosses S” on the right.
A near minimum cut is crossed on both sides if it is
crossed on both the left and the right. We also say a a
near minimum cut is crossed on one side if it is either
crossed on the left or on the right but not both.

4.1. Cuts Crossed on Both Sides
The following theorem is the main result of this section.

Theorem 4.1. Given OPT TSP tour with set of edges E,
and a feasible LP solution x° of the Held-Karp relaxation
with support Eg = E U {eg} and let x be x° restricted to E.
For any distribution u of spanning trees with marginals x

and B >0, if 1 <1/100, then there is a random vector s*:
E* — Ry (the randomness in s* depends exclusively on
T ~ ) such that

o For any vector s : E — R where s, > —x,f for all e and
for any n-near minimum cut S w.r.t, z=(x+OPT)/2
crossed on both sides where 6(S)r is odd, we have s(6(S))
+5*(6(S)) = 0;

e Foranye' € E*, E[s..] < 37np.

For an OPT edge ¢" = (u,v), let L(e*) be the largest
n-near minimum cut (w.r.t. z) containing # and not v that
is crossed on both sides. Let R(e") be the largest near mini-
mum cut containing v and not u that is crossed on both
sides (L(e*), R(e*) do not necessarily exist). For example,
see Figure 7.

Definition 4.2. For a near minimum cut S that is crossed
on both sides let Sy be the near minimum cut crossing S
on the left which minimizes the intersection with S, and
similarly for Sg; if there are multiple sets crossing S on
the left with the same minimum intersection, choose
the smallest one to be S; (and similar do for Sg).
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Figure 7. L and R for an OPT Edge ¢*

We partition 6(S) into three sets 8(S);,8(S)z and
0(S)o as in Figure 8 such that

5(S), = E(S N S1, 5.~ S)
5(S)g = E(S N Sk, Sz~ 5)
0(S8)o = 0(S)~(6(S), U 6(S)R) -

For an OPT edge ¢* define an (increase) event (of sec-
ond type) Z,(e*) as the event that at least one of the fol-
lowing does not hold. (If L(e*) does not exist, assume
the first and third events always hold; similarly if R(e*)
does not exist, assume the second and fourth events
always hold.)

ITNO(LENr] =1, |TNOR(E))| =1,

TNS(LEe)) =0, and TN (R(E)), = 0.

(4.1)

In the proof of Theorem 4.1, we will increase an OPT
edge e* whenever Z,(¢") occurs.

Lemma 4.1. For any OPT edge ¢*, P[Z,(e*)] < 18n.

Figure 8. A Cut Crossed on Both Sides

Sk

St
S

Notes. S is crossed on the left by S; and on the right by Sr. In green
are edges in 0(S);, in blue edges in 6(S)g, and in red are edges in
o(S)o-

Fix ¢*. To simplify notation we abbreviate L(¢"), R(¢")
to L, R. Because L is crossed on both sides, L;, Ly are
well defined. Because by Lemma 2.1 Ly N L,L; L are
4n-near min cuts and L is 2n-near min cut with respect
to x, by Corollary 2.3, P[|T N 6(L); )| = 1] > 1 — 5. Simi-
larly, P[|TN6(R);| =1] =1 —>5n. On the other hand,
because L,L;,Lr are 2n-near min cuts, by Lemma 2.2,
x(E(LN Lg,LR)),x(E(LNLL,Ly))=1—n. Therefore,

x(6(L)p) £2+2n—x(E(L N Lg,Lg))
—x(E(LN Ly, L)) <4n.

It follows that P[TNO(L)p=0]>1—4n. Similarly,
P[T N 6(R)p = 0] = 1 — 47. Finally, by the union bound,
all events occur simultaneously with probability at
least 1 — 181. Therefore, P[Z,(e*)] < 187 as desired.

Lemma 4.2. Let S be a cut that is crossed on both sides and
let e] e be the OPT edges on its interval where e] is the
edge further clockwise. Then, if 6(S)y # 2, at least one of
Ta(e;),Io(ey) occurs.

We prove by contradiction. Suppose none of Z(ej),
Z5(ey) occur; we will show that this implies 6(S); =2
(See Figure 9).

Let R=R(e); S is a candidate for R(e}), so SCR.
Therefore, S; = R;, and we have

6(R); =E(RNRy,R.~R)=E(RNS;,S.~R)=0(5),.

Weused SNS; =RNS; and that S; ~S = S; ~R. Simi-
larly let L = L(e), and, we have 6(L); = 6(S)x.

Now, because Z(ej ) has not occurred, 1 = |T N 6(R), |
=|TN8(S).|, and because Z,(ey) has not occurred, 1 =
|ITNO(L)g| =T NO(S)g|, where L = L(ey). Therefore, to
get 6(S)7 = 2, it remains to show that T N 6(S)y = 0. Con-
sider any edge e = (u,v) € 5(S) where u € S. We need to
show e ¢ T. Assume that v is to the left of S (the other case
can be proven similarly). Then e € 6(R). Therefore, because
e goes to the left of R, either e€ E(RN Ry, Ry ~R) or
e € 0(R)o. However, because e ¢ 6(S); = 6(R);, we must
have e € 6(R),. Therefore, because Z (e} ) has not occurred,
e¢ Tasdesired. O

Proof of Theorem 4.1. For any OPT edge ¢* whenever
Z»(e*) occurs, define s}, =2.028. Then, by Lemma 4.1,
Figure 9. Setting of Lemma 4.2

Sy

—00—0-0 00000 -0

*
R

L | g | |
1 1

Notes. Here we zoom in on a portion of the optimal cycle and assume the
root is not shown. If 7, (e} ) does not occur then E(S N Sy, S~ S)r = 1.
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E[s,] <18-2.028 and for any 2n-near min cut S (w.r.t.,
x) that is crossed on both sides if 6(S); is odd, then at
least one of Z5(e} ), Zw(ey) occurs, so

5(5(5)) +57(6(5)) 2 —x(6(S))B + 57, +5:
> —(2+2n)B+2.028 >0
for n < 1/100 as desired.

4.2. Proof of the Main Technical Theorem
(Theorem 3.1)
The following theorem is the main result of this section.

Theorem 4.2. Let x° be a feasible solution of the Held-Karp
relaxation with support Eg = E U {eo} and x be x° restricted
to E. Let u be the max entropy distribution with marginals
x. Forn < 10712, B >0, there is a set Eq C E~06({uo,vo}) of
good edges and two functions s : Eg — Rand s* : E* — Ryg
(as functions of T ~ 1) such that

(i) Foreachedgee € Eg, s, > —x.f and for any e € EXEq,
5.=0.

(ii) For each n-near-min cut S w.r.t. z, if 6(S)r is odd,
then s(6(S)) +s*(6(S)) > 0.

(iii) We have E[s.] < —eppx. for all edges e € E, and
E[s:.] <218np for all OPT edges e* € E*. for ep defined in
(7.4).

(iv) For every n-near minimum cut S of z crossed on (at
most) one side such that S # V ~{uo,vo}, x(6(S) N Eg) >
3/4.

Before proving this theorem, we use it to prove the
main technical theorem from the previous section.

Theorem 3.1 (Main Technical Theorem). Let x° be a solu-
tion of the Held-Karp relaxation with support Eg = E U {ep},
and x be x° restricted to E. Let z:=(x+ OPT)/2, n<
107", B> 0, and let u be the max-entropy distribution with
marginals x. Also, let E* denote the support of OPT. There
are two functions s : Eg — Rand s* : E* — Ry (as functions
of T ~ u), such that

(i) Foreachedgee € E, s, > —x,p.

(ii) For each n-near-min cut S of z, if 5(S)y is odd, then
s(6(S)) +5*(6(S)) = 0.

(iii) For every OPT edge e*, E[s}.] <218np and for every
LP edge e # e, E[sc] < —1x.epB for ep=3.12-107" (de-
fined in (7.4)).

Proof of Theorem 3.1. Let E, be the good edges defined
in Theorem 4.2 and let E; := E~E, be the set of bad
edges; in particular, edges in 6({ug, vo}) are bad edges.
We define a new vector 5 : E U {eg} — R as follows:

00 if e=e
§(e) «— ¢ —x.(4B/5)(1 —2n) if e€Ey, (4.2)
x.(4/3) otherwise.

Let §* be the vector s* from Theorem 4.1. We claim
that for any n-near minimum cut S such that 6(S); is

odd, we have
5(6(S)) +57(6(S)) = 0.

To check this note by (iv) of Theorem 4.2 for every set
S + V~Hug,v9} crossed on at most one side, we have
x(Eg N 6(S)) =2, so

5(6(S)) +57(6(S)) = 5(8(S5)) = %ﬁx(Eg N o6(S))

_ %ﬁu — 2m)x(Ey N 5(S)) > 0.
43)

For S = V~{ug, v}, we have 6(S); = 6(ug)7 + 6(vo)r =2
with probability 1, so condition (ii) is satisfied for
these cuts as well. Finally, consider cuts S which are
crossed on both sides. By Theorem 4.1,

3(5(S)) +§°(5(S)) = 0 (4.4)

because 5, > —2px, > —px, foralle.

Now, we are ready to define s,s". Let §,5" be the s, s
of Theorem 4.2, respectively. Define s =95+ (1—y)s
and similarly define s* = 5" + (1 — )$" for some y that
we choose later. We prove all three conclusions for s, s*.
(i) follows by (i) of Theorem 4.2 and Equation (4.2). (ii)
follows by (ii) of Theorem 4.2 and Equation (4.3). It
remains to verify (iii). For any OPT edge e*, E[s}.] <
2181 by (iii) of Theorem 4.2 and the construction of §*.
On the other hand, by (iii) of Theorem 4.2 and Equation
4.2),

<X ()/%Lﬁ -(1- y)epﬁ) Ve € Eg,
Els.]

= —x,)- <%5> (1-2n) Ve€kE,.

Setting y = Bep we get E[s,] < —1eppx, for e € E; and
E[s.] < —3ix.pep for e € Ej as desired. O

4.3. Structure of Polygons of Cuts Crossed on
One Side

Definition 4.3 (Connected Component of Crossing Cuts).
Given a family of cuts crossed on at most one side, con-
struct a graph where two cuts are connected by an edge
if they cross. Partition this graph into maximal connected
components. We call a path in this graph, a path of cross-
ing cuts.

In the rest of this section, we will focus on a single
connected component C of cuts crossed on (at most)
one side.

Definition 4.4 (Polygon). For a connected component C
of crossing near min cuts that are crossed on one side,
let ay,...,a,,—1 be the coarsest partition of the vertices
V, such that for all 0<i<m—1 and for any A€C
either a; C A or a; N A = (. These are called atoms. We
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assume 4 is the atom that contains the special edge ey,
and we call it the root. For any A € C,ap N A = 0.

Because every cut A € C corresponds to an interval of
vertices in V in the optimum Hamiltonian cycle, we
can arrange dy, . ..,4,—1 around a cycle (in the counter
clockwise order). We label the arcs in this cycle from
one to m, where i+1 is the arc connecting 4; and ;41
(and m is the name of the arc connecting a,,—1 and a).
Then every cut A € C can be identified by the two arcs
surrounding its atoms. Specifically, A is identified with
arcs i, j (where i<j) if A contains atoms 4;,...,a;_1, and
we write £(A) =i,7(A) = j. Note that A does not contain
the root a.

By construction for every arc 1 <i < m, there exists a
cut A such that £(A) =i or r(A) =i. Furthermore, A,B €
C (with €(A) < €(B)) cross iff £(A) < £(B) < r(A) < r(B).

See Figure 10 for a visual example.

Every atom of a polygon is an interval of the opti-
mal cycle. In this section, we prove the following
structural theorem about polygons of near minimum
cuts crossed on one side.

Theorem 4.3 (Polygon Structure). For €, > 14n and any
polygon with atoms ay. . .a,,_1 (where ag is the root) the fol-
lowing holds:

o For all adjacent atoms a;,a;+1 (also including ag, ay_1),
we have x(E(a;,ai41)) 2 1 — €.

o All atoms a; (including the root) have x(6(a;)) < 2 + €.

o We have x(E(ag, {az, . ..,am—2})) < €.

Figure 10. Example of a Polygon with Contracted Atoms

The interpretation of this theorem is that the struc-
ture of a polygon converges to the structure of an actual
integral cycle as 7 — 0. The proof of the theorem fol-
lows from the lemmas in the rest of this section.

Definition 4.5 (Left and Right Hierarchies). For a polygon
u corresponding to a connected component C of cuts
crossed on one side, let £ (the left hierarchy) be the set
of all cuts A € C that are not crossed on the left. We
call any cut in £ open on the left. Similarly, we let R be
the set of cuts that are open on the right. Therefore,
L, R is a partitioning of all cuts in C.

For two distinct cuts A, B € £ we say A is an ancestor
of B in the left polygon hierarchy if A 2 B. We say A is
a strict ancestor of B if, in addition, €(A) # ¢(B). We
define the right hierarchy similarly: A is a strict ances-
tor of Bif A 2 B and r(A) # r(B).

We say B is a strict parent of A if among all strict
ancestors of A in the (left or right) hierarchy, B is the
one closest to A.

Figure 10 provides examples of sets and their parent/
ancestor relationships.

Fact 4.1. If A, B are in the same hierarchy and they are not
ancestors of each other, then AN B = 0.

If AN B # 0 then they cross. Therefore, they cannot
be open on the same side.

This lemma immediately implies that the cuts in each
of the left (and right) hierarchies form a laminar family.

OACROAORORO,

Notes. Inblack are the cuts in the left polygon hierarchy; in red the cuts in the right polygon hierarchy. OPT edges around the cycle are shown in
green. Here R; is an ancestor of Ry; however, it is not a strict ancestor of R, because they have the same right endpoint. L, is a strict ancestor and
the strict parent of L3. By Theorem 4.3, every edge in the bottom picture represents a set of LP edges of total fraction at least 1 —¢,.
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Lemma 4.3. For A,B € R where B is a strict parent of A,
there exists a cut C € L that crosses both A, B. Similarly, if
A,B € L and B is a strict parent of A, there exists a cut CE€ R
that crosses A, B.

Because we have a connected component of near min
cuts, there exists a path of crossing cuts from A to B. Let
P=(A=Cy,Cy,...,Cr=B) be the shortest such path.
We need to show that k=2.

First, because C; crosses Cy and Cy is open on right,
we have

f(Cl) < f(CO) < T’(Cl) < T’(Co).

Let I be the closed interval [£(Cy),7(Cp)]. Note that C,=B
has an endpoint that does not belong to I. Let C; be the
first cut in the path with an endpoint not in I (definitely
i>1). This means C; 1 CI; so, because C; 1 crosses C;,
exactly one of the endpoints of C; is strictly inside I. We
consider two cases.

Case 1: 7(C;) > r(Cp). In this case, C; must be crossed
on the left (by C;_1) and C; € R and it does not cross Cj.
Therefore, Cy C C; and

{(Cy) < U(C;) £(Co),

where the first inequality uses that the left endpoint of
C;1is strictly inside I. Therefore, C; crosses both of Cy, C;,
and C; is a strict ancestor of A=C,. If C;=B we are
done, otherwise, A C B C C;, but because C; crosses
both A and C;, it also crosses B and we are done.

Case 2: €(C;) < {(Cy). In this case, C; must be crossed
on the right (by C;_1) and C; € £ and it does not cross
C;. Therefore, we must have

V(Cl) < I’(Ci) < T(Co),

where the second inequality uses that the right end-
point of C; is strictly inside I. However, this implies that
C; also crosses Cy. Therefore, we can obtain a shorter
path by excluding all cuts Cy,...,C;—; and that is a
contradiction. O

Lemma 4.4. Let A,B € R such that AN B =0, that is, they
are not ancestors of each other. Then, they have a common
ancestor, that is, there exists a set C € R such that A,B C C.

Without loss of generality (WLOG) assume r(A) < £(B).
Let C be the highest ancestor of A in the hierarchy, that is,
C has no ancestor. For the sake of contradiction, suppose
BN C =0 (otherwise, C is an ancestor of B, and we are
done). Therefore, 7(C) < £(B). Consider the path of cross-
ing cuts from C to B, say C = Cy, ..., Cy = B.

Let C; be the first cut in this path such that #(C;) >
7(Co). Such a cut always exists as 7(B) > r(C). Because
C;_q1 crosses C; and r(C;_1) <r(Cy), Ci_1 crosses C; on
the left and C; is open on the right. We show that C; is
an ancestor of C=C, and we get a contradiction to C
having no ancestors (in R). If £(Co) < €(C;), then C;
crosses Cp on the right and that is a contradiction.

Therefore, we must have Cy C C;, that is, C; is an ances-
tor of Cy.

It follows from the previous lemma that each of the left
and right hierarchies have a unique cut with no ancestors.

Lemma 4.5. If A is a cut in R such that r(A) <m, then A
has a strict ancestor. Similarly, if A € L satisfies {(A) > 1,
then it has a strict ancestor.

Fix a cut A € R. If there is a cut in B€ R such that
r(B) > r(A), then either B is a strict ancestor of A in which
case we are done, or A N B =, but then by Lemma 4.4
A, B have a common ancestor C, and C must be a strict
ancestor of A and we are done.

Now, suppose for any R € R, r(R) < r(A). Therefore,
there must be a cut B € £ such that 7(B) > r(A) (other-
wise we should have less than m atoms in our polygon).
The cut B must be crossed on the right by a cut C € R.
However, then, we must have 7(C) > r(B) > r(A) which
is a contradiction. O

Corollary 4.1. If A € C has no strict ancestor, then r(A)=m
if A€ R and {(A) = 1 otherwise.

Lemma 4.6 (Polygons Are Near Minimum Cuts). For any
polygon with atoms ay,...am—1 (where ay is the root), we
have x(6(a; U-+-U ay,_1)) <2 +41.

Let A € £ and B € R be the unique cuts in the left/right
hierarchy with no ancestors. Note that A and B are crossing
(because there is a cut C that crosses A on the right, and B
is an ancestor of C). Therefore, because A, B are both 27
near min cuts (with respect to x), by Lemma 2.1, AU Bisa
4nnear mincut. O

Lemma 4.7 (Root Neighbors). For any polygon with atoms
ag,...ay_1 (where ay is the root), we have x(E(ag,a1)),
x(E(ag,a,-1)) 21 —21.

Here we prove x(E(ap,a1)) > 1 —2n. One can prove
x(E(ap,am-1)) = 1 —2n similarly. Let A € £ and B € R be
the unique cuts in the left/right hierarchy with no
ancestors. First, observe that if £(B) = 2, then becaus A,
B are crossing, by Lemma 2.2, we have

x(E(A~B,AUB)) =x(E(ay,a0)) 21 —1.

By definition of atoms, there exists a cut C € C such that
either £(C) =2 or r(C)=2; but if 7(C)=2 we must have
£(C) =1 in which case C cannot be crossed, so this does
not happen. Therefore, we must have £(C) =2.If Ce R,
then because C is a descendent of B, we must have
{(B) = 2, and we are done by the previous paragraph.

Otherwise, suppose C € L. We claim that B crosses C.
This is because, C is crossed on the right by some cut B’
and B is an ancestor of B’, so BN C # ) and C ¢ B because
£(B) > 2. Therefore, by Lemma 2.1, B U C is a 47 near min
cut. Because A crosses B U C, by Lemma 2.2, we have

X(E(A~(BUC),AUBUC))=x(E(a1,a0)) =1 — 27
as desired.
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Lemma 4.8. For any pair of atoms a;,a;.1 where 1 <i<
m—2 we have x(6({a;,ai11})) <2+12n, so x(E(a;, ai+1))
>1-6n.

We prove the following claim: There exists j < i such
that x(6({aj, .. .,ai41})) < 2 + 67. Then, by a similar argu-
ment we can find j/>i+1 such that x(6({a,...,
ay})) <2+6n. By Lemma 2.1, it follows that x(6({a;,
ai11})) < 2+ 12n. Because x(6(a;)), x(6(a:41)) > 2, we have

x(6({ai, ai+1})) + 2x(E(a;,ai41)) > 4.

However, because of the bound on x(6({a;,a;11})), we
must have x(E(a;,a.11)) > 1 — 67 as desired.

It remains to prove the claim. First, observe that there
is a cut A separating a,,1,a42 (If i+1=m—1, then
a4 = ap); therefore, either £(A)=i+2 or r(A) =i+2.If
7(A) =1+ 2 then, A is the cut we are looking for and we
are done. Therefore, assume €(A) =i+ 2.

Case 1: A€ L. Let L € L be the strict parent of A. If
{(L) <i then we are done (because there is a cut Re R
crossing A, L on the right so L~ (A U R) is the cut that
we want. If {(L) = i + 1, then let L’ be the strict parent of
L). Then, there is a cut R € R crossing A, L and a cut R’
crossing L,L’. First, because both R,R’ cross L (on the
right) they have a nonempty intersection, so one of
them say R’ is an ancestor of the other (R) and therefore
R’ must intersect A. On the other hand, because R’
crosses L and (L) =i+ 1, £{(R") >i+2={(A). Because
R’ intersect A, either they cross, or A C R’, so we must
have x(6(A U R)) <2 + 4n. Finally, because R’ crosses L’
(on the right), we have x(6(L'~ (A UR))) <2+ 67, and
L'~ (A U R) is our desired set.

Case 2: A € R. We know that A is crossed on the left
by, say, L € €. If {(L) < i, we are done, since then L~ A is
the cut that we seek and we get x(8(L~A)) <2 +4n.

Suppose then that £(L) =i+ 1. Let L be the strict par-
ent of L, which must have £(L") <i. If L’ crosses A, then
L'~ Ais the cut we seek and we get x(0(L~A)) <2 +4n.

Finally, if L’ does not cross A, that is, r(A) <r(L’),
then consider the cut R € R that crosses L and L’ on the
right. Because r(L) < r(A), and A is not crossed on the
right, it must be that £(R) =i+ 2. In this case, L'~ R is
the cut we want, and we get x(6(L' ~R)) <2 +4n. O

Lemma 4.9 (Atoms Are Near Minimum Cuts). For any
1<i<m—1, we have x(5(a;)) <2+ 14n.

By Lemma 4.8, x(6({a;,4i+1})) <2+ 121 (in the special
case i = m — 1, we take the pair a;_1,4;). There must be a
2n-near minimum cut C (w.r.t., x) separating a; from
a;41. Then either a; = C N {a;,a;11} or a; = {a;,a;41} ~C. In
either case, we get x(6(a;)) <2 + 141 by Lemma 2.1.

4.4. Happy Polygons

Definition 4.6 (A, B, C-Polygon Partition). Let u be a poly-
gon with atoms ay, . ..,a,,_1 with root ay where ay,a,,_1
are the atoms left and right of the root. The A, B,

C-polygon partition of u is a partition of edges of
O(u) into sets A = E(ay,a9) and B = E(a,,_1,40), C = 6(u)
~ANB.

By Theorem 4.3, x(A),x(B)>1—¢, and x(C)<e,
where we set

€y =141 (4.5)
as needed for Theorem 4.3.

Definition 4.7 (Leftmost and Rightmost Cuts). Let u be a
polygon with atoms ay, .. .,a,,—1 and arcs labeled 1, ...,
m corresponding to a connected component C of n-near
minimum cuts (w.r.t, z). We call any cut C € C with
6C)=1 a leftmost cut of u and any cut CeC with
r(C)=m a rightmost cut of u. We also call a; the leftmost
atom of u (respectively, a,,—1 the rightmost atom).
Observe that by Corollary 4.1, any cut that is not a
leftmost or a rightmost cut has a strict ancestor.

Definition 4.8 (Happy Polygon). Let u be a polygon with
polygon partition A, B, C. For a spanning tree T, we
say that u is happy if

Arand Br odd,Cr =0.
We say that u is left-happy (respectively right-happy. if
Arodd,Cr =0,
(respectively, Br odd,Cr =0).

Definition 4.9 (Relevant Cuts). Given a polygon u corre-
sponding to a connected component C of cuts crossed
on one side with atoms 4y, ...,a,_1, define a family of
relevant cuts

C'=CU{a;:1<i<m—1,z(6(a;)) <2+1}

Atoms of u are always €, /2-near minimum cuts w.r.t.,
z but not necessarily 7-near minimum cuts. The fol-
lowing theorem is the main result of this section.

Theorem 4.4 (Happy Polygons and Cuts Crossed on One
Side). Let G=(V,E,x) for x be an LP solution and
z = (x+ OPT) /2. For a connected component C of near mini-
mum cuts of z, let u be the polygon with atoms ag,a;. . . ay_1
with polygon partition A, B, C. For u an arbitrary distribu-
tion of spanning trees with marginals x, B > 0, there is a ran-
dom vector s* : E* — Ry (as a function of T ~ u) such that
for any vector s : E — R, where s, > —px, for all e € E the
following holds:

o If u is happy then, for any cut S €C’ if 5(S)r is odd
then we have s(6(S)) +s*(6(S)) =0,

e For any S €’ that is not a rightmost/leftmost cut or
rightmost/leftmost atom, if 5(S)y is odd, then we have
s(6(S)) +5°(6(S)) = 0.

o Forall OPT edges e, . .., €}, , with respect to the above
polygon, E[s;. ] < 181nB. E[s;.] = 0 for all other OPT edges.

Before proving the previous theorem, we study a
special case.
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Lemma 4.10 (Triangles as Degenerate Polygons). Let S =
XUY where X, Y, S are €,;-near min cuts (w.r.t., x) and
each of these sets is a contiguous interval around the OPT
cycle. Then, viewing X as ay and Y as a; (and ag =X U Y),
the previous theorem holds viewing S as a degenerate

polygon.

In this case, A = E(ay,a9), B = E(az,a9),C = 0. For the
OPT edge ¢* between X, Y we define Z;(e*) to be the
event that at least one of TN E(X), TNE(Y), TN E(S)
is not a tree. Whenever this happens we define s;. =
2.05-B. If S is left-happy we need to show when 6(X)
is odd, then s(6(X)) +s*(6(X)) > 0. This is because when
S is left-happy we have Aris odd (and C1=0), so either
Z1(e") does not happen and 6(X); is even, or it happens
in which case s(6(X)) +5*(6(X)) >0 as s(6(X)) = —(2 +
2n)B and s;. = 2.058. Finally, observe that by Corollary
2.3, P[Z1(e)] < 3ey, so El[s.] = 3e,-2.05 < 87np using
1 <1/100 and €, as defined in Equation (4.5).

Lemma 4.11. For every cut A € C that is not a leftmost or a
rightmost cut, P[6(A)r =2] =1 —227.

Assume A € R; the other case can be proven similarly.
Let B be the strict parent of A. By Lemma 4.3 there is a
cut C € £ that crosses A, B on their left. It follows by
Lemma 2.1 that C~A,C N A are 41 near minimum cuts
(w.r.t., x). Therefore, by Corollary 2.3, P[E(A N C,C~A);
=1] =1 - 57. On the other hand, B~ (A U C) is a 61 near
minimum cut and A~NC,B~\C are 41 near min cuts
(w.r.t,, x). Therefore, by Corollary 2.3, P[E(A~C,B~(A
uC)r=1]>1-7n.

Finally, by Lemma 2.2, x(E(A N C,C~A)),x(E(A~C,
B~(AUC(Q)))>1-3n. Because A is a 21 near min cut
(w.r.t., x), all remaining edges have fractional value at
most 81, so with probability 1 — 81, T does not choose
any of them. Taking a union bound over all of these
events, P[0(A)r =2]>1-22n. O

Lemma 4.12. For any atom a; € C' that is not the leftmost
or the rightmost atom, we have

Plo(a;)r =2] =1 —42n.

By Lemma 4.8, x(6({a;,4i+1})) <2 + 121, and by Lemma
4.9, x(6(ai1)) < 2 + 141 (also recall by the assumption of
lemma x(6(a;)) < 2 + 21, Therefore, by Corollary 2.3,

P[E(a;,ais1)r = 1], P[E(a;—1,a))r = 1] 21— 14n,

where the second inequality holds similarly. Also, by Le-
mma 4.8, x(E(a;_1,4;)), x(E(a;,a1+1)) = 1 — 61). Because x(6
(a;)) <2+ 2n, x(E(a;,a;-1 Ua; Uaiyq)) < 141. Therefore,

P[T N E(a;,ai—1 Ua; Uau) =0]>1— 147.
Finally, by the union bound, all events occur with prob-
ability atleast1 — 42n. O

Let e3,...,e;, be the OPT edges mapped to the arcs
1,...,m of the component C, respectively.

Lemma 4.13. There is a mapping'® of cuts in C' to OPT
edges e, ...e, 1 such that each OPT edge has at most four
cuts mapped to it, an OPT edge € is mapped to a cut S
only if e € 6(S), and every atom of the polygon in C" gets
mapped to two (not necessarily distinct) OPT edges.

Consider first the set of cuts in C ;=R U {a;: 1 <i <
m—1,z(6(a;)) <2 +n} and similarly C;:= LU {g;:1<i
<m—1,z(6(a;)) £ 2+ n}. Observe that this is also a lam-
inar family. Atoms are in both C7, and C}. We define a
map from cuts in C; to OPT edges such that every OPT
edge é;,...,e;,_; gets at most two cuts mapped to it. A
similar argument works for cuts in C;.

Forany2 <i<m—1,wemap

argmax |A| and argmax |A]
AC:l(A)=i AeCp:r(A)=i

to €}, where recall £(A) is the OPT edge leaving A on the
left side and r(A) the OPT edge leaving on the right. By
construction, each OPT edge gets at most two cuts
mapped to it.

Furthermore, we claim every cut A € C}, gets mapped
to at least one OPT edge. For the sake of contradiction let
A €Cj be a cut that is not mapped to any OPT edge.
First, a, is mapped to edge €5 (in both hierarchies) and
ay—1 is mapped to edge ¢;, ;. Otherwise, if A € R, {(A)
# 1. Furthermore, if A € R and r(A)=m, then A is defi-
nitely the largest cut with left endpoint £(A). Therefore,
assume 1 < €(A)<r(A)<m.LetB = arg MaXpee .r(g)—¢(4)
|B| and let C = arg MaXpeor (C)=r(4) |C|. Because A is not
mapped to any OPT edge but B, C are mapped by previ-
ous definition, we must have B,C # A. However, this
implies A C B, C. Also, this means B, C cross; but this is a
contradiction with R being a laminar family. [

Definition 4.10 (Happy Cut). We say a leftmost cut L € £
is happy if

E(LagUL);=1.

Similarly, the leftmost atom a; is happy if E(a1,a0 U a1)7
= 1. Define rightmost cuts in u or the rightmost atom
in u to be happy, similarly.

By definition, if leftmost cut L is happy and u is left
happy then L is even, that is, 6(L); = 2. Similarly, a; is
even if it is happy and u is left-happy.

Lemma 4.14. For every leftmost or rightmost cut A in u that
is an n-near min cut w.r.t. z, PlA happy] > 1 — 101, and for
the leftmost atom a, (respectively, rightmost atom ay,_1), if
it is an n-near min cut then Play happy] > 1 — 24n (respec-
tively, Pla,—1 happy] > 1 — 24n).

Recall that if A is a -near min cut w.r.t. z then it is a
2n-near min cut w.r.t. x. Also, recall foracut L € £, Lg is
the near minimum cut crossing L on the right that mini-
mizes the intersection (Definition 4.2). We prove this for
the leftmost cuts and the leftmost atom; the other case
can be proven similarly. Consider a cut L € £. Because by
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Lemma 2.1, Lg N L, Lg L are 41 near min cuts (w.r.t., x)
and Ly is a 21 near min cut, by Corollary 2.3, P[E(Lg
NLLg~L); =1]>1—5n. On the other hand, by Le-
mma 2.2, x(E(Lk N L,Lg~L))>1—n, and by Lemma
4.7,x(E(L,a0)) = 1 — 2n. It follows that

x(6(L)~E(Lgr N L,Lr ~L)~E(L,ap)) < 51.

Therefore, by the union bound, P[L happy] > 1 — 101,
because if (O(L)~E(Lgx NL,Lx~L)~E(L,a0))y =0 and
E(Lk "L, Lg~L); =1, then E(L,apUL); =1 and there-
fore L is happy.

Now consider the atom a;, and suppose it is an 1 near
min cut. By Lemma 4.8, x(6({a1,42})) <2 + 127, and by
Lemma 4.9, x(6(a2)) < 2 + 141. Therefore, by Corollary
2.3, P[E(a1,a2)r =1] > 1 —141. On the other hand, by
Lemma 4.8, x(E(a1,42)) > 1 — 61, and by Lemma 4.7, x(E
(a1,a0)) = 1 — 21). Therefore,

x(E(a1,a3 U---Uay_1))
<2+2n—(1—6n)—(1-2n))<10n.

Observe, g, is happy when both of these events occur; so,
by the union bound, P[a; happy] > 1 — 2417 as desired. O

Proof of Theorem 4.4. Consider an OPT edge ¢; for
1 <i<m. For the at most four cuts mapped to ¢} in
Lemma 4.13, we define the following three events:

(i) A leftmost cut assigned to ¢; is not happy. (Equiva-
lently, a leftmost cut L € £ N C" with #(L) =i is not happy.)

(i) A rightmost cut assigned to ¢; is not happy.
(Equivalently, a rightmost cut R € R N C’ with I(R) =i is
not happy.'")

(iii) A cut that is not leftmost or rightmost assigned
to ¢} is odd.

Observe that the cuts in (i) and (ii) are assigned to e}
in Lemma 4.13. We say an atom 4 is singly-mapped to
e; if in the matching a is only mapped to ¢; once; other-
wise, we say it is doubly mapped to e;.

We say an event Z;(¢}) occurs if either (i), (ii), or (iii)
occurs. If 71(¢}) occurs then we set

2.058  If (i), (i), or (iii) occurred for at least
one non-atom cut in C’, or for an atom
i which is doubly-mapped to ¢}
2.058/2 Otherwise.

If Z1(e;) does not occur we set s, =0. First, observe
that for any nonatom cut S € C’ that is not a leftmost
or a rightmost cut, if 6(S); is odd, then if ¢} is the OPT
edge that § is mapped to, it satisfies s;. = 2.056, so

5(6(5)) +57(8(5)) = —x(8(S))p +5(€;)
>—(2+2n)B+2.056>0,
for ) < 1/100. The same inequality holds for nonleftmost/

rightmost atom cuts a € C’, which are doubly mapped to
e;. For nonleftmost/rightmost atom cuts a € C’, which are

singly mapped to ¢}, a is mapped (possibly even twice) to
another edge ¢; (note j=i—1 or i+1), and in this case,
s*(ef) +5°(¢j) > 2.056, and again the previous inequality
holds.

Now, suppose for a leftmost cut Se £LNC" with
r(S)=1i has 0(S); odd. If u is not left-happy, there is
nothing to prove. If u is left-happy, then we must have
S is not happy (as otherwise 6(S); would be even), so
Z1(ej) occurs, so similar to the previous inequality
s(6(S)) +5°(6(S)) = 0. The same holds for rightmost cuts
and the leftmost/rightmost atoms in C’ (leftmost/right-
most atoms are always doubly-mapped: a; to ¢; and
ay_1 toe), ;).

It remains to upper bound E[s*(¢})] for 1 <i < m. By
Lemma 4.13, at most four cuts are mapped to ¢;. Then,
either there is an atom that is doubly mapped to ¢; or
there is not.

First suppose exactly one atom is doubly mapped to
¢;. Then there are at most three cuts mapped to ¢;,
including that atom. The probability of an event of type
(i) or (ii) occurring for the leftmost or rightmost atom is
at most 1 — 24n by Lemma 4.14. Atoms that are not left-
most or rightmost are even with probability at least 1 —
42n by Lemma 4.12. Therefore, in the worst case, the
doubly mapped atom is not leftmost or rightmost. For
the remaining two cuts, leftmost and rightmost cuts are
happy with probability at least 1 — 101 by Lemma 4.14,
and (nonatom) non leftmost/rightmost cuts are even
with probability at least 1 — 221 by Lemma 4.11. There-
fore, in the worst case, the remaining two (nonatom)
cuts mapped to ¢ are not leftmost/rightmost. There-
fore, if an atom is doubly mapped to ¢},

E[s"(e;)] <42n-2.056+2-22n-2.05 < 177np.
If two atoms are doubly mapped to ¢;,
E[s*(e})] <2-42n-2.058 < 173np.

Otherwise, any atoms mapped to ¢; are singly mapped.
In this case, if only an atom cut is odd /unhappy, we set
s*(e;) =2.058/2. The probability of an event of type (i)
or (ii) occurring for the leftmost or rightmost atom is
at most 1 —24n by Lemma 4.14, so we can bound the
contribution of this event to E[s*(¢)] by 241 -2.058/2.
Atoms that are not leftmost or rightmost are even with
probability at least 1 — 421 by Lemma 4.12, and so we
can bound their contribution by 421-2.058/2. There-
fore, in the worst case four nonleftmost/rightmost non-
atom cuts are mapped to ¢}, in which case,

E[s*(e})] <4-22n-2.058 = 18118

as desired.

4.5. Hierarchy of Cuts and Proof of Theorem 4.2

Definition 4.11 (Hierarchy). For an LP solution x° with su-
pport Eg = E U {eo} and x be x” restricted to E, a hierarchy
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H is a laminar family of €,-near min cuts of G = (V,E, x)
with root V~{up,vo}, where every cut S € H is either a
polygon cut (including triangles) or a degree cut and
ug,vg ¢ S. Furthermore, every cut S is a union of its chil-
dren. For any (nonroot) cut S € H, define the parent of S,
p(S), to be the smallest cut S’ € H such that SC S’.

ForacutSe™H, let A(S):={ueH:pu)=S}.1fSisa
polygon cut, then we can order cuts in A(S), u, ...,
U1 such that

e Each of A=E(S,u)and B = E(u,,1,S) satisfy x(A),
x(B) =21 —e,.

e Forany 1<i<m—1, x(E(u;,ui11)) 21 €.

e For C =U";% E(u;,S) we have x(C) < €.

We call the sets A, B, C the polygon partition of
edges in 6(S). We say S is left-happy when At is odd
and Cr=0 and right happy when Br is odd and Cr=0
and happy when A7, Br are odd and C;=0.

We abuse notation, and for an (LP) edge e = (1,v)
that is not a neighbor of ug, vy, let p(e) denote the smal-
lest'? cut S’ € H such that u,v€ S’. We say edge ¢ is a
bottom edge if p(e) is a polygon cut and we say it is a
top edge if p(e) is a degree cut.

When S is a polygon cut, uj,...,u,—1 will be the
atoms a4y, ...,a4,-1 that we defined in the previous sec-
tion, but a reader should understand this definition
independent of the polygon definition that we dis-
cussed before; in particular, the reader no longer needs
to worry about the details of specific cuts C that make
up a polygon. Also, because V~{up, v} is the root of
the hierarchy, for any edge e € E that is not incident to
1 or v, p(e) is well defined; therefore, all those edges
are either bottom or top, and edges that are incident to
1 Or vy are neither bottom edges nor top edges.

The following observation is immediate from the
above definition.

Observation 4.1. For any polygon cut S € H, and any
cut S’ € H that is a descendant of S let D = 6(5”) N 6(S).
If D # 0, then exactly one of the following is true: D C
AorDCBorDCC.

Theorem 4.5 (Main Payment Theorem). For an LP solution
x° and x be x° restricted to E and a hierarchy H for some
€, <107 and any B > 0, the maximum entropy distribu-
tion u with marginals x satisfies the following:

(i) There is a set of good edges E; C E~0({uo,vo}) such
that any bottom edge e is in E, and for any (nonroot) S € H
such that p(S) is a degree cut, we have x(Eq N 6(S)) > 3 /4.

(ii) There is a random vector s : E; — R (as a function of
T ~ ) such that for all e, s, > —x.f (with probability 1).

(iii) If a polygon cut u with polygon partition A, B, C is not
left happy, then for any set F C E with p(e) = u for all e € F
and x(F) > 1 — €,,/2, we have

s(A)+s(F)+s (C)=0,

wheres(C) =Y ,.omin{s,,0}. A similar inequality holds if
u is not right happy.

(iv) For every cut S € H such that p(S) is not a polygon
cut, if 5(S)r is odd, then s(5(S)) = 0.

(v) Fora good edge e € Eg, E[s.| < —eppx, (see Equation
(7.4) for definition of ep).

The previous theorem is the main part of the paper
in which we use that i is a SR distribution. See Section
7 for the proof. We use this theorem to construct a ran-
dom vector s such that essentially for all cuts S € H in
the hierarchy z/2 + s is feasible; furthermore, for a large
fraction of “good” edges, we have that E[s,] is negative
and bounded away from zero.

As we will see in the this section, using part (iii) of
the theorem we will be able to show that every leftmost
and rightmost cut of any polygon is satisfied.

In the rest of this section, we use the previous theo-
rem to prove Theorem 4.2. We start by explaining how
to construct H. Given the vector z = (x + OPT)/2 run
the following procedure on the OPT cycle with the fam-
ily of n-near minimum cuts of z that are crossed on at
most one side.

For every connected component C of 1 near minimum
cuts (w.r.t.,, z) crossed on at most one side, if |C| = 1 then
add the unique cut in C to the hierarchy. Otherwise,
C corresponds to a polygon u with atoms ay, ..., 4,1
(for some m>3). Add ay,...,a, 1" and U"' a; to H.
Because every vertex except uy, vy has degree 2, they all
appear in the hierarchy as singletons. Therefore, every
set in the hierarchy is the union of its children. Because
z(0({uo,v0})) =2, the root of the hierarchy is always
V~ {uo , Uo}.

Now, we name every cut in the hierarchy. For a cut S if
there is a connected component of at least two cuts with
union equal to S, then call S a polygon cut with the A, B, C
partitioning as defined in Definition 4.6. If S is a cut with
exactly two children X, Y in the hierarchy, then also call
S a polygon cut,"* A =E(X,X~Y), B=E(Y,Y~X), and
C = 0. Otherwise, call S a degree cut.

Fact 4.2. The previous procedure produces a valid hierar-
chy for €, > 14n.

First observe that whenever |C| =1 the unique cut in
C is a 21 near min cut (w.r.t, x) that is not crossed. For a
polygon cut S in the hierarchy, by Lemma 4.6, the set S
is a €; near min cut w.r.t., x. If S is an atom of a polygon,
then by Lemma 4.9, S is a €, near min cut.

Now, it remains to show that for a polygon cut S we
have a valid ordering uj, ..., u of cuts in A(S). If Sis a
nontriangle polygon cut, the uy, ..., uy are exactly atoms
of the polygon of S and x(A), x(B) > 1 — €, and x(C) < ¢,
and x(E(u;,ui41)) 2 1 — €, follow by Theorem 4.3. For a
triangle cut S=X U Y because S, X, Y are €,-near min
cuts (by the previous paragraph), we get x(A),x(B) >
1—¢€, as desired, by Lemma 2.3. Finally, because x(6
(X)), x(6(Y)) 22wehavex(E(X,Y)) 21 —¢,. D

The following observation is immediate.
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Observation 4.2. Each cut S € H corresponds to a con-
tiguous interval around OPT cycle. For a polygon u (or
a triangle) with atoms ay, ...,a,_1 for m > 3, we say an
OPT edge e is interior to u if ¢* € E*(a;,a:41) for some
1<i<m—2. Any OPT edge ¢" is interior to at most one

polygon.

Theorem 4.2. Let x° be a feasible solution of the Held-Karp
relaxation with support Eg = E U {eo} and x be x° restricted
to E. Let u be the max entropy distribution with marginals
x. For n<107'2, B> 0, there is a set Eq € E~06({uo,vo}) of
good edges and two functions s : Eg — R and s* : E* — Ryg
(as functions of T ~ p) such that

(i) Foreachedgee € Ey, s, > —x.p and for any e € EXEy,
s,=0.

(ii) For each n-near-min cut S w.r.t. z, if 6(S)r is odd,
then s(6(S)) +s*(6(S)) > 0.

(iii) We have E[s.] < —eppx. for all edges e € E, and
E[s;] <218np for all OPT edges e* € E*. for ep defined in
(7.4).

(iv) For every n-near minimum cut S of z crossed on (at
most) one side such that S # V ~{ug,vo}, x(6(S) N Eg) >
3/4.

For €, as in Equation (4.5), let Eg, s be as defined in The-
orem 4.5, and let s,, = co. Also, let s* be the sum of the s*
vectors from Theorem 4.1 and Theorem 4.4. (i) follows (ii)
of Theorem 4.5. E[s.] <2181 follows from Theorem 4.1
and Theorem 4.4 and the fact that every OPT edge is inte-
rior to at most one polygon. Also, E[s.] < —epfx, for
edges e € E, follows from (v) of Theorem 4.5.

Now, we verify (iv): For any (nonroot) cut S € H such
that p(S) is not a polygon cut x(6(S) N E,) > 3/4 by (i) of
Theorem 4.5. The only remaining n-near minimum cuts
are sets S that are either atoms or near minimum cuts in
the component C corresponding to a polygon u. There-
fore, by Lemma 2.3, x(6(S) N o(u)) <1+¢€,. By (i) of
Theorem 4.5 all edges in 6(S) ~ 6(u) are in E,. Therefore,
x(0(S)NEg))>1—¢,23/4

It remains to verify (ii): We consider four groups of
cuts.

Type 1: Near minimum cuts S such that ey € 5(S).
Then, because s,, = o, s(6(5)) +5*(5(S)) > 0.

Type 2: Near minimum cuts S € H where p(S) is not
a polygon cut. By (iv) of Theorem 4.5 and that s* > 0 the
inequality follows.

Type 3: Near minimum cuts S crossed on both
sides. Then, the inequality follows by Theorem 4.1 and
the fact that s, > —fx, foralle € E.

Type 4: Near minimum cuts S that are crossed on
one side (and not in H) or S € H and p(S) is a (nontrian-
gle) polygon cut. In this case S must be an atom or a
n-near minimum cut (w.r.t., z) in some polygon u € H.
If S is not a leftmost cut/atom or a rightmost cut/atom,
then the inequality follows by Theorem 4.4. Other-
wise, say S is a leftmost cut. If u is left-happy then by
Theorem 4.4 the inequality is satisfied. Otherwise, for

F =06(S)~06(u), by Lemma 2.3, we have x(F) > 1 — ¢, /2.
Therefore, by (iii) of Theorem 4.5, we have

s(6(S5)) +57(6(S)) =s(A) +s(F)+s (C) =0

as desired. Because S is a leftmost cut, we always have
A € 6(S). However, C may have an unpredictable inter-
section with 6(S); in particular, in the worst case only
edges of C with negative slack belong to 6(S). A similar
argument holds when § is the leftmost atom or a right-
most cut/atom.

Type 5: Near min cut S is the leftmost atom or the
rightmost atom of a triangle . This is similar to the pre-
vious case except we use Lemma 4.10 to argue that the
inequality is satisfied when u is left happy. O

4.6. Hierarchy Notation
In the rest of the paper, we will not work with z, OPT
edges, or the notion of polygons. Therefore, practically,
by Definition 4.11, from now on, a reader can just think
of every polygon as a triangle. In the rest of the paper
we adopt the following notation.

We abuse notation and call any u € A(S) an atom of S.

Definition 4.12 (Edge Bundles, Top Edges, and Bottom
Edges). For every degree cut S and every pair of atoms
u,v € A(S), we define a fop edge bundle f= (u,v) such
that

f={e=W',v)eE:ple)=S,u" €eu,v ev}.

In the previous definition, u’,v" are actual vertices of G.
For every polygon cut S, we define the bottom edge
bundle f = {e: p(e) = S}.
We will always use bold letters to distinguish top
edge bundles from actual LP edges. Also, we abuse nota-
tion and write xe := 3" Xy to denote the total fractional

value of all edges in this bundle.

In the rest of the paper, unless otherwise specified,
we work with edge bundles and sometimes we just
call them edges.

For any 1 € H with p(1) = S, we write

o (u) == 6(u) N 8(S),
07 (u) := 6(u)~6(S).
E”(S) :={e = (uj,u)) : uz, uj € A(S), u; # u;}.

Also, for a set of edges A C5(u), we write A=, AT to
denote AN &~ (u),ANd (), respectively (when u is
clear in context). Note that E7(S) € E(S) includes only
edges between atoms of S and not all edges between
vertices in S.

Finally, for a set of edges F and an edge bundle e,
we define F_ = F~ e, and similarly F,. =F U e.
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5. Probabilistic Statements
5.1. Gurvits’ Machinery and Generalizations
The following is the main result of this section.

Proposition 5.1. Given a SR distribution y : 2 S R, et
A1, ..., Ay be random variables corresponding to the num-
ber of elements sampled from m disjoint sets, and let inte-
gersmy, ..., ny > 0 be such that for any S C [m],

Az Zni] >¢,

ieS i€S

D A< Zni] >e,

ieS ieS

P

P

it follows that,
P[Vi:Ai=n;] > f(e)P[A1+ - +Au =11+ - +ny],

where f(€) > " [[}:

1
k=2 max{n;, ni+--+n_ }+1°

We remark that in applications of the previous state-
ment, it is enough to know that for any set S C [m],
Y oieshti — 1 <E[Y,c6Ail <3 jeqni + 1. Because, then, by
Lemma 2.5, we can prove a lower bound on the proba-
blhty that ZieSAi = ZiESni'

We also remark the previous lower bound of f(¢€) is not
tight; in particular, we expect the dependency on m should
only be exponential (not doubly exponential). We leave it
as an open problem to find a tight lower bound on f(e).

LetEbetheevent A1 + - + A, =11+ - +ny,.

]P’[lSiSm:Ai:n,-]
=P[EIP[A) = 1y | ETP[An—1 = 1| Ap = 1, €]
P[Az = 1’12|A3 = I’lg,...,SA = Tlm,(c:]

m

Therefore, to prove the statement, it is enough to prove
that forany 2 <k <,

P[Ak = mi| Ay = ks, - - -, A = 1, E]
2m—k+1 1

(5.1)

max{ng, 1y + - +1_q}+1°

By the following Claim 5.1,

m—k+1
IP)[141( = nk|Ak+1 = Mit1y - - - /Am = N, 8] = €2 ’

]P[Ak < N |Ak+1 = NMgy1,-- - ,Am = Ny, 5] > 62"’7’”1 )
Therefore, (5.1) simply follows by Lemma 5.1. Now we
prove this claim.

Claim 5.1. Let [k] := {1,...,k}. For any 2 < k <m, and any
set S C [k],

m—k+1
S A2 S A = s A s] p e

ieS ieS

P

P

m—k+1
ZAZ'SZMA/M =My, Am =ﬂm,5] > .

i€S ieS

We prove by induction. First, notice for k = m, the state-
ment holds just by lemma’s assumption and Lemma
5.2. Now, suppose the statement holds for k+ 1. Now,
fix a set SC [k]. Let S = [k] ~ S. Define A =", A; and
B =3 ,5Ai and similarly define 1,4, n. By the induc-
tion hypothesis,
2" < PLA < 14| Apar = Misay ) Ay = 1, E].

The same statement holds for events A >nyu,B <ng,
B>ng,A+B>ns+ng,A+B<nu+ng. Let E41 be the
event Ay = gso, ..., Am = 1y, E. Conditioned on &1,
A+ B =nu +npif and only if Ajyq = 1141. By Lemma 5.1,
P[A + B =n4 +ng|Eks1] > 0. Therefore, by Lemma 5.2,

P[A > TlA|A+B =1 +n3,5k+1],

PA<nalA+B=na+np, ] P=e"""

as desired.
This finishes the proof of Proposition 5.1.

Lemma 5.1. Let u:2"l — Ry be a d-homogeneous SR
distribution. If for an integer 0 <k <d, Ps_,[|S| 2 k] > €
and P,[|S| < k] > €. Then,

€ €
PUS| = k12 min{p 5 7= )

e 1/max{k,d—k}
]P’[ISlzk]Zmin{pm,e<1—<p> )}

Here py <maxo<i<sP[|S| =1i] is a lower bound on the
mode of |S|.

Because p is SR, the sequence sy, sy, ...,s; where s; =
P[|S| =1i] is log-concave and unimodal. Therefore,
either the mode is in the interval [0,k] or in [k,d]. We
assume the former and prove the lemma; the latter can
be proven similarly. First, observe that because
Sk = Sk41 = = 54, We get sy > €/(d — k+1). In the rest of
the proof, we show that s, > e(1 — (e/pm)l/k) O Sk = Py-

Suppose s; is the mode. It follows that there is i <j <

) 1/(k—1)
k — 1 such that s}% > (i) . Therefore, by Lemma 2.4,

Sk
Sk

>1/<k—i> '

€S+ - +5; <
1—(S—k

Si

If sp > p or 5¢ > €, then we are done. Otherwise,

Sk 2 6(1 - (Sk/pm)l/(kii» > €(1 — (e/pm)l/k>,

where we used s; > p,, and sy <e. O

Lemma 5.2. Given a strongly Rayleigh distribution y : 2"
— Ry, let A, B be two (nonnegative) random variables
corresponding to the number of elements sampled from two
disjoint sets such that P[A + B = n] > 0 where n = ns + ng.
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Then,
P[A>ns|A+B=n]=P[B<ng|A+B=n]
>P[A > ns]P[B < np|, (5.2)
P[A <ns|A+B=n]=P[B>ng|A+B=n]
>P[A <ns|P[B = ng]. (5.3)

We prove the second statement. The first one can be
proven similarly. First, notice

P[A <nas,A+B=n]+P[B>ng,A+B<n]
=P[B >ng,A<ny,A+B>n|+PA < ny,
B>ng,A+B<mn]
=P[B > ng, A <nuy| >P[B=ng|P[A <nyl = a,

where the last inequality follows by negative associa-
tion. Say q=P[A+B>n]. From the previous state-
ment, either P[A<ns,A+B>n|>aqg or P[B>ng A
+B <n] > a(l —¢g). In the former case, we get P[A <14
|A+ B >n] > a, and in the latter, we get P[B > ng|A + B
<n]>a. Now the lemma follows by the stochastic
dominance property

P[A <na|A+B=n]>P[A<ns|A+B>n]
P[B>ng|A+B=n]>P[B>ng|A+B<n].

In the special case that A + B <n never happens, the
lemma holds trivially. O

Combining the previous two lemmas, we get the
following.

Corollary 5.1. Lef 2011 — Ry be a SR distribution. Let
A, B be two random variables corresponding to the number
of elements sampled from two disjoint sets of elements such
that A > ka with probability 1 and B > kg with probability
1. If P[A>n4],P[B>ng] > €1 and P[A <n],P[B <ng]
> €y, then, letting n)y =na —ka,nj = ng — ks,

1 1
P[A=na|A+B=n4+ > in{ ——, ——— ¢,
[ nal na + ng] _(—:mm{n;‘Jr1 n%+1}

P[A=ns|A+B=n4+ng|
> min{pm,e(l — (e/pm)l/ma"{";*’"i*}> },

where € = €16 and py, < MaXy, <k<ny+ny—ky PLA =k|A+B
=n4 + ng] is a lower bound on the mode of A.

In the special case that np =1,ng=1,ks =0,kg =0, if
P[A=1|A+B=2]<e,pn>1—-2e.Ife<1/3,

P[A=1|A+B=2] Zmax{e/Z,e(l ~1 _626)}.

To get the first statement, we construct a new SR distri-
bution from u as follows. First, we symmetrize g, by
setting all x, € A to x and all x; € B to y; call the resulting

polynomial ¢,. Then, notice q;, = q,,/ (xk2xk?) is real sta-
ble. Therefore, we can apply the above corollary to a
distribution with generating polynomial ;. °

To get the second statement, because the distribution
of A is unimodal,

min{P[A = 0], P[A =2]} <e.

5.2. Max Flow

This proposition and the max flow event are crucially
used in the analysis of the bottom-bottom case in the
payment theorem (Theorem 4.5). See Example 3.2 and
the preceding discussion for more high-level intuition.
The main consequences of this section are Corollary 5.3
and Corollary 5.4.

Proposition 5.2. Let yi: 2F SRy be a homogeneous SR
distribution. For any 303€ < C < 0.003 and disjoint sets A, B
CE such that E[Ar],E[Br]€[1—€,1+¢€] (where T ~ u)
there is an event &4 p(T) such that P[4 p(T)] = 0.002C%(1 —
C/3 — €) and it satisfies the following three properties.

(i) P[Ar=Br=1|&4,5(T)] =1,

(i) Dcen|Ple] —Ple|€a,(T)]| <C, and

(ii) > ecp Ple] —Plel€a,p(T)]] < C.

In other words, under event £,4 g which has a constant
probability, Ar = Br =1 and the marginals of all edges
in A, B are preserved up to total variation distance C. We
also remark that above statement holds for a much
larger value of C at the expense of a smaller lower bound
onP[€4,5(T)].

Before, proving the above statement we prove the
following lemma.

Lemma 5.3. Let ui:2F — Ry be a homogeneous SR distri-
bution. Let A,B CE be two disjoint sets such that E[Ar],
E[Brle[l—¢€,1+¢€] (where T~pu), A’CA and B'CB
and E[A% U B}] > 1+ a for some o > 100e. If o < 0.001, we
have

P[A} =B, =Ar=Br=1]>0.1a°.

First, condition on (A~A"); = (B~B’); =0. This hap-

pens with probability at least a —2e > 0.98a because
E[A7] +E[Br] <2+ 2¢ and E[A}] +E[B}] >1+a. Call

this measure v. It follows by negative association that

E,[A7],E,[B}] € [a —€,2 + 3¢ — a]. (5.4)

o Case 1: E,[A} + B} > 1.5. Because E,[A} +B%] <
2 +2¢, by Lemma 2.5, P,[A} + B} = 2] > 0.25. Further-
more, by

P,[A} > 1],P,[B;=1] 21 —e 9 >098a
(By Lemma 2.6, @ <0.001),

P,[A} <1],P,[B} <1] > /2 — 1.5¢

(Markov’s Inequality).
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Therefore, by Corollary 5.1 and using a <0.001, P[A;
=1|A} + B =2] > 0.4502. 1t follows that

P[Ar = Br =A% =B} =1]>(0.98a)P,[A} = B, = 1]
> (0.98)0.25(0.450%) > 0.1a°.

e Case 2: E[A} +B}] <1.5. Because E,[A}+B}]>
1+a, by Lemma 2.5, P[A}+B;=2]>ae*>099a.
However, now E[A%], E[B/] < 1.5 and therefore by Mar-
kov’s inequality,

P,[A} <1],P,[B} < 1] > 0.25.

On the other hand, by Lemma 2.6 (similar to case 1)
P,[A} >1],P,[B} > 1] > 1 —e " > 0.98a. It follows by
Corollary 5.1 that P[A} = 1|A7 + B} =2] > 0.2a. There-
fore,

P[Ar = Br = A} = B, = 1] > (0.98a)
P,[A% = B; = 1] > (0.98a)(0.2¢)(0.99) > 0.1a°

as desired.

It is worth noting that a®> dependency is necessary in
the previous example. For an explicit strongly Rayleigh
distribution consider the following product distribu-
tion:

(ax1 + (1 —a)y2)(ayr + (1 — a)zo)(azr + (1 — a)xz),

and let A = {x1,x2}, B =B ={y1,12}, and A’ = {x1}. Ob-
serve that

P[Ar=Br=A;=B;=1]=Plx;=1,y1 =1,z =1] =a’.

Proof of Proposition 5.2. To prove the lemma, we con-
struct an instance of the max-flow, min cut problem.
Consider the following graph with vertex set {s, A, B, t}.
For any e € A,f € B connect e to f with a directed edge of
capacity v, s = Ple,f € T|Ar = Br = 1]. For any e € E, let
X, :=P[e € T]. Connect s to e € A with an arc of capacity
Bx. and similarly connect f € B to t with arc of capacity
Bxs, where f is a parameter that we choose later. We
claim that the min cut of this graph is at least (1 —
€ — (/3). Assuming this, we can prove the lemma as fol-
lows: let z be the maximum flow, where z, f is the flow
on the edge from e to f. We define the event £4 p(T) =
&(T) to be the union of events z, . More precisely, con-
ditioned on Ar=Br =1 the events ¢,f e T|Ar =Br =1
are disjoint for different pairs e € A,f € B, so we know
that we have a specific ¢, f in the tree T with probability
Y- Of course, 3 ,cy repVes = 1. Therefore, fore € A, f € B
we include a z, ; measure of trees, T, such that At = Br
=1,¢,f € T. First, observe that

P[E]= Y zeP[Ar=Br=1]
ecA,feB
>p(1-C/3—€)P[Ar=Br=1]. (55)
Part (i) of the proposition follows from the definition
of £ Now, we check part (ii): Say z=3_,c4 repZer, and

the flow into e is z,. Then,

D lxe—PleeT[]l=)

ecA ecA

=2

ecA

Xe ——|.
z

Ze,f
Xe — ;7

Both x and z./z define a probability distribution on
edges in A; therefore, the RHS is just the total varia-
tion distance between these two distributions. We can
write

Sl —PBleeTlEll=2 3 (%—xe)

e€eA ecAz, [z>x,

e
- 2eeA§/:z>xe (;8(1 - C/3 - G) xe)
/3+e
<2Z ‘1-¢/3—¢

_,(1+e)((/3+e)

<2 sC

The first inequality uses that the max-flow is at least
B(1 —C/3) and that the incoming flow of e is at most
Bx., and the last inequality follows by {<1/20 and
€ < /300. (iii) can be checked similarly.

It remains to lower bound the max-flow or equiva-
lently the min cut. Consider an s, t-cut S,S, that is,
assume s€S and t ¢ S. Define Sy =ANS,Sg=BNS,
and similarly SAs=ANS,Sp=BNS.We write

cap(S,S) = px(Sa) + px(Sp) + Z Ye,f
€Sy, f€Sp
= ﬁx(gA U SB) + P[(SA)T
= (Sp)r =1|Ar =Br =1].
If x(Sg) > x(Sa) — C/3, then
cap(S,S) = px(Sa U Sp) = B(x(Sa U Sa) — C/3)

and we are done. Otherwise, say x(Sg) + 7 = x(54), for
some y > (/3. Therefore,
x(Sp) +x(S4) =x(Sp) +x(Sg) +y >1—€+7.

Therefore, by Lemma 5.3 with (¢ =y —€>(/3—€>
100e),

P[(SA)T = GB)T =1|Ar=Br=1]
S P[(Sa)r = (Sp)r = Ar = Br =1]

- P[Ar =Br =1]
S 0.1(y — €)’
T“P[Ar=Br=1]



Downloaded from informs.org by [216.73.216.182] on 04 June 2026, at 00:59 . For personal use only, all rights reserved.

Karlin, Klein, and Oveis Gharan: Improved Approximation for Metric TSP

Operations Research, 2024, vol. 72, no. 6, pp. 2543-2594, © 2023 The Author(s)

2573

It follows that
_ — 0.1(y —e)®
cap(S,S) = px(Sa U Sp) + ﬁ
0.1(y —e)’

> B(x(Sa U Sa) —y) + P[Ar = Br = 1]

0.1(y — e)’
>p(l—€— i VA
2p(l—e V)+]P[AT:BT:1]
To prove the lemma, we just need to choose § such
that RHS is at least f(1 — € — C/3). Or equivalently,

0.1(y —e)’
P[Ar =Br=1] > B(y —C/3).

3
In other words, it is enough to choose f < P[ATE;T(Z%.

Because y > (/3 and (/3 > 100e, we certainly have y —e

> (/6. Therefore, we can set = %. Finally, this

plus (5.5) gives

P[] = (1 - (/3 —€)BP[Ar = Br=1]
=0.1(C*/6%)(1— /3 —€) > 0.0020*(1 - /3 —€)

as desired.

Definition 5.1 (Max-Flow Event). For a polygon cut S € H
with polygon partition A, B, C, let v be the max-
entropy distribution conditioned on S is a tree and
Cr=0. By Lemma 2.7, we can write v : vs X vg/5, where
Vs is supported on trees in E(S) and vg/s on trees in
E(G/S). For a sample (Ts, T¢/s) ~vs X vgs, we say Es
occurs if €4 (T/s) occurs, where £4 3(.) is the event
defined in Proposition 5.2 for sets A, B and C =€y :=
4,% and € = 2¢,.

Corollary 5.2. For a polygon cut S € H with polygon parti-
tion A, B, C, we have

(i) P[Es]>0.001€3,.

(ii) For any set F C 0(S) conditioned on Es marginals of
edges in F are preserved up to ey + €, in total variation
distance.

(iii) For any F C E(S) U 6(S) where either FNA =0 or
F N B =0, there is some q € x(F) = (em + 2€;,) such that the
law of Fr|Es is the same as a BS(q).

Condition S to be a tree and Cr=0 and let v be the
resulting measure. It follows that
P[Es] = P,[Es]P[Cr =0,S tree]
> 0.002¢2,(1 — /3 — €)P[CT = 0,S tree]
> 0.001€3,.
This proves (i).

Now, we prove (ii). By Proposition 5.2, the marginals
of edges in 6(S) are preserved up to a total variation

distance of €, so
E,[(FN6(S)r|€a,8(Tc)s)] = Eo[(F N O(S))r] * em.

Because x(C) < €, and x(56(S)) <2 +¢,, by negative as-
sociation,

X(FN5(S)) — e,/2 <E[(F N 5(S))r] < x(EN6(S)) +é.

This proves (ii). Also observe that because conditioned
on &s, we choose at most one edge of FNo(S), (FN
6(S))r is a BS(qg/s) for some qg/s = x(F N 6(S)) * (em
+é€y).

On the other hand, observe that conditioned on £s, S
is a tree, so

X(F N E(S)) < E[(F N E(S))7|Es] < x(F NE(S)) +€y/2.

Because the distribution of (F N E(S)); under v|Es is SR,
there is a random variable BS(gs) = (F N E(S)); where
x(F N E(S)) < qs < x(FNE(S)) +€,/2.

Finally, Fr|&s is exactly BS(qs) + BS(q¢/s) = BS(q) for
q=x(F) = (em + 2¢€y).

Normally, conditioning on 6(S); for a polygon S € H
may dramatically change the distribution of any ran-
dom variable 6(u); for any u that is an ancestor of S
and for that 6(u) N 6(S) # 0. For example, it may essen-
tially determine the parity of 6(u)r. On the other hand,
the following two corollaries show that after condi-
tioning on &s the probability 6(u) is even remains a
(large) constant. Therefore, in some sense, condition-
ing on the max-flow event £s decouples the random
variables 6(S)r and o(u)y.

Corollary 5.3. For u € H and a polygon cut S € H that is
an ancestor of u,

P[6(u) odd|Es] < 0.5678.

First, notice by Observation 4.1, 6(u) N 6(S) is either a
subset of A, B, or C. Therefore, by (iii) of Corollary 5.2,
we can write 0(u)r|Es as a BS(g) for ge2+[0.001]
(Where we use that ey +3€,; <0.001). Furthermore,
because 6(u)7 # 0 with probability 1, we can write this
asal+ BS(g — 1). Therefore, by Corollary 2.1,

P[5(u); odd|Es] =P[BS(g— 1) even] < %(1 +e 207Dy
< %(1 +e719%9) <0.5678

as desired.

Corollary 5.4. For a polygon cut u € H and a polygon cut
S € 'H that is an ancestor of u,

P[unot left happy|Es] < 0.56797.
The same follows for right happy.

Let A, B, C be the polygon partition of u. Recall that
for u to be left-happy, we need Cr=0 and Ar odd.
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Similar to the previous statement, we can write At|Es as
aBS(qa) for g4 € 1=[0.00026] (where we used that ey, =
1/4,000 and €, < €1/300). Therefore, by Corollary 2.1,

1 1
P[Ar even|&s] < 5(1 +e )< E(l +e 19918) < 0.56771.

Finally, E[CT|Es]< x(Cr) + ep + 26,] <0.00026. Now
using the union bound,

P[unot left happy|£s] < 0.56771 +0.00026 < 0.56797

as desired.

5.3. Good Edges

Definition 5.2 (Half Edges). We say an edge bundle e =
(u,v) in a degree cut S € H, that is, p(e) =S, is a half
edge if |xe —1/2| < €1/, where € is defined in global
constants.

Definition 5.3 (Good Edges). We say a top edge bundle
e =(u,v) in a degree cut S € H is (2-2) good, if one of
the following holds:

1. eisnota half edge or

2. eis a half edge and P[6(u1); = 6(v); =2|u,v trees]
> 361 /2-

We say a top edge e is bad otherwise. We say every
bottom edge bundle is good (but generally do not
refer to bottom edges as good or bad). We say any
edge e that is a neighbor of 1 or v is bad.

In the next section we will see that for any top edge
bundle e =(u,v) that is not a half edge, P[(6(u)); =
(0(0))r =2|u,v trees] = Q(1). The following theorem is
the main result of this section.

Theorem 5.1. For €, <0.0002, €, < €7 ,, a top edge bun-
dle e = (u,v) is bad only if the following three conditions
hold simultaneously:

o The edge bundle e is a half edge,

o We have x(6" (1)), x(6T (v)) < 1/2 + 9e1)2,

o Every other half edge bundle incident to u or v is (2-2)
good.

The proof of this theorem follows from Lemma 5.5
and Lemma 5.6.

In this section, we use repeatedly that for any atom u
in a degree cut S, x(6(u)) <2 +¢€,. We also repeatedly
use that for a half edge bundle e = (u, v) in a degree cut,
conditioned on u, v trees, e is in or out with probability
atleast 1/2 —€;, — 3¢, > 0.49.

Lemma 5.4. Let e = (u, V) be a good half edge bundle in a
degree cut S € H. Let A =06(u)_o and B =06(v)_,. If €12 <
0.001 and €, < €1/,/100, then

P[A7 + By <2|u,v trees],

P[A7r + Br 2 4|u,v trees| > 0.4€1),

Throughout the proof all probabilistic statements are
with respect to the measure p conditioned on u, v trees.

Let p<; = P[Ar + Br <2] and similarly define p>4. Ob-
serve that whenever 6(ut); = 6(v); =2, we must have
At + Br # 3. Because e is 2-2 good, this event happens
with probability at least 3¢ ,, that is,

P<2 + P>4 > 3€1/2. (56)

By Lemma 2.5, using the fact that po =0, we get p=3
>1/4.
First, we show that p<; > 0.4¢;,. We have

3+ 2€1/2 > E[AT + BT] > 4}?24 + szz + 3(1 — P4 — pgz)
=3+ P4 —p=2—3p=1.
Again, we are using pg = 0. By log-concavity p2, > p_3
p=1,s0 because p—3 > 1/4, p1 <4p?, < 4p>,. Therefore,
P24 —2€12 S p=2 +3p=1 = p<2 +2p=1 < po(l +8p).

Finally, because €1/, < 0.001, plugging this upper bound
on px4 into Equation (5.6) we get p<; > 0.4€ 5.

Now, we show ps4 > 0.4€;/,/2. Assume ps4 < €1/2/2
(otherwise we are done). Because p=3 > 1/4 by Lemma
2.4 with Yy < (€1/2/2)/(1/4) = 2€1/21

E[Ar +Br|Ar+Br 2 4] -pay < — P22 (44 3¢, ).
1- 26‘1/2
Therefore,
3— 261/2 — 267] < E[AT + BT] < 2}?52
P>4
+ m(‘l +3€1/2) +3(1 —p<2 — p2a).

Therefore, 1.01p»4 > p<» — 2.02¢; , where we used €7, <
0.001 and €, <€1/,/100. Now, p>4 > 0.4€;), follows by
Equation (5.6). O

Lemma 5.5. Let e = (u, V) be a half edge bundle in a degree
cut S € H, and suppose x(6" () = 1/2 + ke Ifk =29, €12
<0.0002, and e, < €2 12 then, e is 2-2 good.

First, condition u, v, S to be trees. Let W = S~ {u} as
in Figure 11. Because S is a near min cut,

X(8(W)) = x(5(S)) +x(8(u)) — 2x(8 ()
< 2(2 + 677) — 2(1/2 +k€1/2) =3- 2k€1/2 +2€,7.

Therefore, by Lemma 2.7, P[W is tree| > 1/2+key)»
— €, — €. The extra —¢;, comes from the fact that condi-
tioning u be a tree can decrease marginals of edges in
E(W) by atmost €.

Let v be the resulting measure, namely the measure
obtained by first conditioning 1, v, S to be trees and then
W to be a tree. Note that v is a strongly Rayleigh distribu-
tion on the set of edges in E(W) U E(u, W) U E(G/S);
This is because v is a product of three SR distributions
each supported on one of the aforementioned sets.

Let X = 6! (u); and Y = 6(v); — 1. Observe that, under
v, X=Y=1 iff 6(u); =06(v); =2. Furthermore, Y >0
with probability 1 because v is connected to the rest of the
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Figure 11. Setting of Lemma 5.5

6T (u)

graph. Therefore, we just need to lower bound P,[X =
Y = 1]. First, notice

E,[X]€[0.5+ke, —€;,1+€;]
EV[Y] € [05 + k€1/2 — 46,],1.5 — k€1/2 + 367]] (57)

We will give a brief explanation of this: first, 3 + key» <
E[X] <1 +¢, before conditioning. By conditioning u, v,
S to be trees, we can increase E[|E(S)|r] by at most €,;
therefore, this may decrease E[X] by at most €,,. Under
this measure, E(S) is independent of X; therefore, con-
ditioning on W to be a tree cannot change E[X]. Second,
1<E[Y] <1 +¢, before conditioning. Now, condition-
ing on u, v, S to be trees may decrease E[Y] by at most
2¢, and increase by at most €,. Conditioning on W to
be a tree may increase or decrease E[Y] by a most 1/2
—keq 2t 2¢ n-

Using Proposition 5.1, we can immediately argue
that P,[X =Y = 1] > Q(e;»). We do the following more
refined analysis to make sure that this probability is at
least 6¢/, (for €/, <0.0005) and k > 9. Once we prove
this, we obtain the lemma:

P(o(u) = 0(v)r =2|u,v trees]
>P[S, W trees|u,v trees|P,[X=Y =1]
>05- 661/2.

Case 1: P,[X +Y =2] > 48¢; ,. By Lemma 2.6, P,[X
>1],P,[Y > 1] >1—¢7%5. On the other hand, by Theo-
rem 2.2, P,[X <1],P,[Y <1] >7/16. This is because if
we have one Bernoulli of value 1, P,[X <1] > (1— %)"
is minimized at n =1, whereas if we have no Bernoullis
of value 1, P,[X <1] > (1 — %)" +1.5(1— %)”_1 which
is minimized at n=2. Therefore, by Corollary 5.1,
P,[X =1|X+Y =2]>0.1269. Therefore, we get

PV[X =1,Y= 1] > 4861/2 -0.1269 > 661/2.

Case 2: P,[X +Y =2] <48¢;/, < 0.01. By Lemma 2.5,
P,[X+Y=1]>025 (if E,[X+Y]>1.2 then the assu-
mption of this case obviously fails). So, since P, [X + Y =
2] <0.01, by log concavity, P,[X+Y =3]<0.01/25.
Furthermore, by Lemma 2.4 (with y =1/25,i =1,k =3),
P,[X +Y > 2] <0.0005.

Now, assume that P,[X > 1], P,[Y > 1] > 0.47 (we will
prove this shortly). Now, applying stochastic dominance,

we have

PIX>1|X+Y=2]>2P[X>1|X+Y<2]
>P,[X>1,X+Y<2]
>P[X>1]-P[X+Y>2]
>P,[X > 1] —0.0005 > 0.469.

Similarly, P,[X <1|X+Y=2]=P, [Y>1|X+Y=2]>
P,[Y > 1] —0.0005 > 0.469. Finally because the distribu-
tion of X conditioned on X+ Y =2 is the same as the
number of successes in two independent Bernoulli trials,
with probabilities, say, p; and p,, we can minimize
p1(1 —p2) +(1 —p1)p2 subject to 1 —pipr >0.469 and
1—(1—p1)[ —p2) =0.469. Solving this yields P,[X =1
| X+Y =2]>0.395.

Lastly, observe that because by Equation (5.7) 1.2 >
E,[X+Y] > 1+ (2k — 1)e; o, by Lemma 2.5, we can write

]P)V[X +Y = 2] > (Zk - 1)€1/2€_(2k_1)€1/2 > (2k - 2)61/2.
Therefore,
P[X=Y=1]=P[X=1|X+Y =2]P,[X+Y = 2]
> 0.395(2k — 2)ey 5.

To get the RHS to be at least 6¢ /; it suffices that k > 9.
Now we prove thatP,[X > 1] > 047, P,[Y > 1] > 0.47
follows similarly.

P,[X=2]<P,[X+Y >2] <0.01+0.00042 < 0.0105

Also notice that P,[X =1] > 0.3 by Lemma 2.5. Now,
using Lemma 2.4 we can write, fory =1/25and i=1,

E,[X|X >2]P,[X > 2] <0.0224.
Therefore, because X is integer valued,

P,[X > 1] > E,[X] — E,[X|X > 2]P,[X > 2]
> E,[X] — 0.0224 > 0.47,

as desired.

Lemma 5.6. Let e = (u, v), f = (v, w) be two half edge bun-
dles in a degree cut S € H. If €1/, <0.0005 and €, < e%/z,
then one of e or f is good.

We use the following notation V =6(v)_o_¢ U=
O(t)_e, W =0(w)_¢ (see Figure 12 for an illustration).
For a set A of edges and an edge bundle e we write
A,e = AU {e}. Furthermore, for a measure v we write
1_e to denote v conditioned one ¢ T.

Condition u, v, w to be trees. This occurs with proba-
bility at least 1 — 3¢,,. Let v be this measure. By Lemma
2.9, without loss of generality, we can assume

E,[Wr|e ¢ T] < E,[Wr] +0.405. (5.8)
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Figure 12. Setting of Lemma 5.6

Now, if E,[Vr|e ¢ T] > E,[Vr] + 0.03, then we will show
e is 2-2 good. First,

E, [(Vig)r] €[1.53 - €12 — 3571/2 + 61]]/
E, [Ur]€[1.5—¢€1 —3€y,2+¢€y],
E, [(Vig)r +Ur] €[3.03 —2¢1/, — 3€,,3.5 +2¢€1 5 +2¢y],
where we may decrease the marginals by 3¢, due to
conditioning u, v, w to be trees.

Therefore, by Lemma 2.5, P, [(Vi¢)r + Ur = 4] >0.029,
where we use the fact that Ur >1 and (Vig)r > 1 with

probability 1 under v_, and apply this and the remaining
calculations to Ut — 1, (V4¢)1 — 1. In addition, we have

P, [Ur<2],P, [(Vig)r <2]>0.499
(by Markov’s Inequality),
P, [Ur>2],P, .[(Vig)y >2]>0.39 (By Lemma 2.6).

It follows by Corollary 5.1 applied to Ur—1 and
(Vig)r — 1 (withe =0.194 and p,, = 0.6) that

Pvfe[UT = 2| Ur + (V+f)T = 4] >0.13,

where we use that Ur > 1, (V) = 1 with probabil-
ity 1 under v_. because otherwise the tree would be
disconnected.

Therefore,

Plo(u)r = 0(v)r = 2|u,v trees]
> Plwis a tree,e ¢ T|P,_,[Ur = (Vg7 = 2]
> (0.49)(0.029)(0.13) > 0.0018.

The lemma follows (i.e., e is 2-2 good) because 0.0018 >
361/2 for 61/2 <0.0005.

Otherwise, if E,[Vr|e¢ T] <E,[Vr]+0.03, then we
will show that £ is 2-2 good. We have

EV” [(V+e)T]/]EV+f[WT] € [1 — 261/2 — 367],1.5 +2€1/2 + €q],

Py, [(Vie)y <1],P, [Wr<1]>0.249
(By Markov’s Inequality),

Py [(Vie)r =1],P, [Wr>1]>0.63 (By Lemma2.6).

Therefore, by Corollary 5.1 (with € =0.15,p,, = 0.7), we
get P, [Wr=1|(Vie)r + Wy =2] > 0.11. On the other

hand,

PV+f [(V+9)T + WT = 2] 2 ]P)VH [e ¢ T]
P, [(Vie)y + Wy =2] > (0.49)(0.0582) > 0.0285.

To derive the last inequality, we show P,  [(Vie)r+
Wy =2] >0.0582. This is because by negative associa-
tion and Equation (5.8):

]EVJrFe [(V+e)T + WT] = Ehhe [VT + WT] < Ev,e [VT + WT]
< E,[Wr] +0.405 + E,[ V1] +0.03
<294,

therefore, because (V)5 + Wr is always at least on, by
Theorem 2.2, in the worst case, P,__ [(Vie)r + Wy =2]
is the probability that the sum of two Bernoullis with
success probability 1.94/2 is 1, which is 0.0582.

Therefore, similar to the previous case,
Plo(v)r = 6(w)r = 2|v, w trees]
> Plu is a tree,f € T|P, [(Vie)r + Wr = 2]
Py [Wr =1[(Vye)r + Wr = 2]
> (0.49)(0.0285)(0.11) > 3¢y 7
for €1, <0.0005 as desired.

5.4. 2-1-1 and 2-2-2 Good Edges

Consider a cut u € H, and recall that x(6(u)) ~ 2. Nor-
mally, it is sufficient to have 6(u); =2 when an edge e €
O(u) is reduced. In the worst case, the edges of (i)
essentially come from two of its descendants u’, 7', that
is, x(6(u’)No(u)) ~1 and x(6(v") N d(u)) ~1. Let A=
o)y N od(u),B=06(v") No(u),C=06(u)~(AUB). In such
a case, if we condition on reducing an edge in A, we
may have Ar to be even with probability close to one,
and it will be very expensive to fix the constraint com-
ing from 6(u’), as (6(u’)~(6(u)))r is one, that is, odd,
with probability close to one. Therefore, it is crucial to
make sure that when we reduce an edge in A (B), we
have Ar (By) is odd with some probability. Because
when 6(1) is even and Ar is odd, By will be odd as well
(discounting the leftovers C, which have negligible
expectation), a natural criterion is to ask for Ar = Br
=1, hence motivating the upcoming definition of 2-1-1
happy. To get a more high level understanding of how
we use these events, see the following two sections of
the overview: dealing with x, close to one and dealing
with triangles.

Definition 5.4 (A, B, C Degree Partitioning). For u € H and
€11 defined in global constants, we define a partition-
ing of edges in 6(u): Let a,b C u be minimal cuts in the
hierarchy, that is, a,b € H, such that a # b and x(6(a) N
6(u)), x(6(b) N 6(u)) =1 — €;/1. Because the hierarchy is
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laminar, a, b cannot cross. Let A = 6(a) N 6(u), B = 6(b)
N o(u),C =6(u)~A~B.

If there is no cut aCu (in the hierarchy) such that
x(0(a) N 6(u)) 21— €11, we just let A, B be two arbi-
trary disjoint sets of edges in 6(u) for which x(A), x(B)
>1—e¢y)1. As previously shown, set C=06(u)~A~B.
This exists WLOG because we may split any edge into
an arbitrary number of parallel copies.

If there is just one minimal cut a C u (in the hierarchy)
with x(6(a) N 6(u)) 21 — €1y, that is, b does not exist in
the previous definition, then we define A = 6(a) N o(u).
Let a’ € H be the unique child of u such that a Ca’,
that is, a is equal to a’ or a descendant of a’. Then we
define C=06(a") N 6(u)~06(a) and B = (6(u)~A)~C. In
this case, because x(6'(2)) <1 + €, we have x(B) > 1 —
677 >1-— €1 /1-

See Figure 6 for an example. The following inequalities
on A, B, C degree partitioning will be used in this section:

x(A)/x(B) € [1 - 61,1/ 1 + 67]]/
x(C) < 2e1)1 + €. (5.9)

In this section, we will define a constant p >0 that is
the minimum probability that a good edge bundle is

happy.

Definition 5.5 (2-1-1 Happy/Good). Let e = (u, v) be a top
edge bundle. Let A,B,C C 6(u) be a degree partition-
ing of edges 6(u) as defined in Definition 5.4. We say
that e is 2-1-1 happy with respect to u if the event

AT =1,Br = 1,CT = 0,(5(7])7- = Z,and
u and v are both trees

occurs.
We say e is 2-1-1 good with respect to u if

P[eis 2-1-1 happy wrt u] > p.

Remark 5.1. We also use this A, B, C partitioning to help
deal with the triangle cut case. In the special case that u
is a polygon cut with A, B, C-polygon partitioning, let
A’,B’,C" be the degree partitioning of 6(u). Then, by
Definition 4.11, we have A’ CA, B’ C B, C C C’. There-
fore, if an edge in 6(u) is reduced and is 2-1-1 happy
with respect to u, the polygon u is also happy. See the
overview for an example.

Many of the lemmas in this section are proved in
Appendix A. In the following, we assume that €, <
e%/z and 12¢;/; < €y5.

Lemma 5.7. Let e = (u,v) be a top edge bundle such that
Xe £1/2 —€1. If €1/ <0.001 then, e is 2-1-1 happy with
probability at least 0.005€ ,.

Lemma 5.8. Let e = (u, V) be a top edge bundle such that
Xe 2 1/2+€1. If €12 <0.001, then, e is 2-1-1 happy with
respect to u with probability at least 0.006€2 12

Fix u in the hierarchy with degree partitioning A, B, C.
The previous two lemmas show that any edge bundle

e € 6(u) that is not a half edge bundle is 2-1-1 good, so
the difficult case is when the majority of x(6™ (1)) comes
from half edge bundles. In Theorem 5.1, we showed that
O(u) can have at most one 2-2 bad edge. Oddly enough,
one of the simplest cases of the reduction argument is
when there is a bad edge in 6(u). This is because we
never reduce bad edges, and therefore, we never need to
increase edges which are matched to them.'® Therefore,
the main problem is good edges that are not 2-1-1 good.
The following key statement, Lemma 5.11, shows that
these problematic edges are rare in the sense that there is
at most one good half edge bundle in A (respectively, B)
that is not 2-1-1 good.

To prove this, we need the following two lemmas. In
the first one, we show that if e, f are two half edge bun-
dles that almost entirely land in A (or B), at least one of
them is 2-1-1 good. In the second, we show that if a
good half edge bundle does not entirely land in A (or
B), then it is 2-1-1 good. This is the main tool we use to
upper bound the expected increase of good top edges
in Section 7.

For a set of edges D, and an edge bundle e, let (D) :=
e N D. Note that e(D) is not really an edge bundle.

Lemma 5.9. Let e = (v,u) and f = (v,w) be good half top
edge bundles and let A, B, C be the degree partitioning of
0(v) such that xe(s), X¢p) < €1/2. Then, one of e, f is 2-1-1
happy with probability at least 0.005¢3 12

Lemma 5.10. Let e = (u, V) be a good half edge bundle and
let A, B, C be the degree partitioning of 6(u) (Figure A.3).
If €1/, <0.001 and xe(ay, Xe(B) = €12, then

Ple2-1-1 happy w.r.t u] > 0.02¢3 .

Lemma 5.11. For a degree cut S € H, and u € A(S), let A,
B, C be the degree partition of u. Then, AN6~(u) =: A~
has fraction at most 1/2 +4ey ), of good edges that are not
2-1-1 good (w.r.t., u).

Suppose by way of contradiction that there is a set
D C A~ of good edges that are not 2-1-1 good w.r.t. u
with x(D) >1+4€;/,. By Lemma 5.7 and Lemma 5.8,
every edge in D is part of a half edge bundle.

There are at least two half edge bundles e, f such that
x(DNe),x(DNf)>epp, as there are at most four half
edge bundles in 6~ (1) (and using that for any half edge
bundlee, xe <1+¢; /2)- Because D € A™, we have

x(Ane),x(ANf)>ey)p.

Because x(A N e) > €15, if x(B N e) > €, then, by Lemma
5.10, e is 2-1-1 good. However, because every edge in D
is not 2-1-1 good w.r.t u, we must have x(B N e) <¢€; 5.
The same also holds for f. Finally, because x(B Ne) <
€1/2 and x(B N f) < €1, by Lemma 5.9, at least one of e, f
is 2-1-1 good w.r.t u. This is a contradiction. O
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5.4.1. 2-2-2 Good Edges. Although Lemma 5.11 is suffi-
cient for bounding the increase of top edges, it is not suffi-
cient for bottom edges. Fix a polygon u with partition A, B,
C and suppose p(u) =S is a degree cut (recall that by
Remark 5.1, the degree partitioning and polygon partition-
ing of u are essentially the same). Roughly speaking, a bot-
tom edge ¢ € E(u) is “matched” to all edges in 6(u), and
needs to increase for edges f € A when f is reduced and
Aris even, and for edges f € B when fis reduced and Bris
even. Therefore, g is matched to essentially twice its frac-
tion. If most of the edges in 6(1) are 2-1-1 good, this is suf-
ficient to bound the expected increase of g because when
such an edge is reduced and 2-1-1 happy with respect to
u, g does not need to increase.

It turns out that the previous lemmas are sufficient
to bound the expected increase of g € E(u1) except when
ANSS)~BNH(S)~1/2 and e~xANS (u) and f~B
N 6~ (u) are both good edge bundles that are not 2-1-1
good. In this extreme case, we use a new strategy. In
Lemma 5.12, we prove that the two edge bundles e, f are
2-2 happy simultaneously with a constant probability. We
call such a pair 2-2-2 good. Later, in Section 7, we use
this to ensure that e and f are always reduced simulta-
neously. The point is that because e, f do not both come
from A (or B), no cut inside u contains e and f. Therefore,
g only needs to increase by the maximum of the decrease
of e, f (not the sum), effectively saving a factor of 2.

Definition 5.6 (2-2-2 Happy/Good). Let e = (u,v), f = (v,
w) be top half-edge bundles (with p(e) = p(f)). We say
e, f are 2-2-2 happy (with respect to v) if 6(u); = 8(v)
=0(w); =2 and u, v, w are all trees.

We say e, f are 2-2-2 good with respect to v if
Ple, £2-2-2 happy] > p.

Lemma 5.12. Let e = (u,v), f = (v, w) be two good top half
edge bundles and let A, B, C be degree partitioning of 6(v)
such that xem), Xga) < €172 If e,f are not 2-1-1 good with
respect to v, and €1/, <0.0002, then e, f are 2-2-2 happy
with probability at least 0.01.

The following theorem summarizes the previous re-
sults in a compact form. This is the main result used in
the analysis of the increase for bottom edges in Section 7.

Theorem 5.2. Let v,S € H where p(v) =S, and let A, B, C
be the degree partitioning of 6(v). For p > 0.005€2 12 With
€172 £0.0002, €11 < €12/12 and €, < e%/z, at least one of
the following is true:

(i) The set 6 (v) has at least 1/2 — €y, fraction of bad
edges,

(ii) The set 6 (v) has at least 1/2 — €1, — €,, fraction of
2-1-1 good edges with respect to v.

(iif) There are two (top) half edge bundles e, f€ 6~ (v)
such that xep) < €12, Xg(a) < €12, and e, f are 2-2-2 good
(with respect to v).

Suppose case (i) does not happen. Because every bad
edge has fraction at least 1/2 — €, this means that 6(v)

has no bad edges. First, notice by Lemma 5.7 and Lemma
5.8, any non-half-edge in 6 (v) is 2-1-1 good (with respect
to v). (Recall we define 6~ (v) = 6(v) ~ 6(p(v)), where p(v)
is the immediate parent of v in the hierarchy.) If there is
only one half edge in 6 (v), then we have at least fraction
1—¢€;—(1/2+€y),) fraction of 2-1-1 good edges, and we
are done with case (ii). Otherwise, there are two good half
edgese, f€ 67 (v).

First, by Lemma 5.10, if x¢(4), Xe(B) = €1/2, then e is 2-1-
1 good (w.r.t, v) and we are done. Similarly, if x¢),
xgB) = €12, then f is good. Therefore, assume none of
these happens.

Furthermore, by Lemma 5.9, if xe(s), xgp) < €12 (or
Xe(A), Xf(4) < €1/2) then one of e, f is 2-1-1 good.

Therefore, the only remaining case is when e, f are
not 2-1-1 good and xe(p), X¢4) < €1/2. However, in this
case, by Lemma 5.12, e, f are 2-2-2 good; so (iii) holds.

6. Matching

The main result of this section is to construct a match-
ing that we use to decide which edges will have posi-
tive slack to compensate for the negative slack of edges
going higher. Refer to Example 3.1 for a high-level
motivation to construct a matching.

Definition 6.1 (er Fractional Edge). For z > 0, we say that
z is ep-fractional if ef <z <1 —e€f.
The following lemma is the main result of this section

Lemma 6.1 (Matching Lemma). For any S € H, er <1/10,
€p = 2leypp,a 2 2€,, €12 <0.0002, there is a matching
from good edges (see Definition 5.3) in E7(S) to edges in
0(S) where every good edge bundle e=(u,v) (where
u,v € A(S)) is matched to a fraction me , of edges in o1 (u)
and a fraction me, , of 61 (v), and

Me ,Fiy + e, Fy < Xe(1 + ), (6.1)
Z Me,u = x(éT(u))Zur (6.2)
e€d " (u)

where for every atom u € A(S), define
F,=1—egl{x(8"(n)) is er fractional},
Zu= (1+{AGS)| 2 4,x(6"(w)) < er}).

Roughly speaking, the intention of the previous lemma is
to match good edges in E7(S) to a similar fraction of
edges that go higher (such that an edge bundle e adjacent
to atoms u, v is only matched to edges in 81 (u), 8" (v)).
Because we never “reduce” bad edges in the proof of
payment theorem (Theorem 4.5), we do not use them in
the matching. That inherently can cause a problem, as
there could not be “enough” good edges in E7(S) to sat-
urate the edges going higher in the matching. The param-
eter F,, help us in this regard; in particular, it allows us to
match some of the (good) edges in E7(S) to more than
their fraction in 6(S).
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Next, we motivate the parameter Z,,. If x(87 (1)) = 0,
when those edges are reduced the conditional probabil-
ity that 6(u); is even could be very close to zero. The
parameter Z, lets us match twice as many edges to
51 (u); therefore, there will be only half a burden to fix
the parity of 5(u)7. See the discussion in overview sec-
tion for more details.

Throughout this section, we adopt the following
notation: Fora cut S € H and a set W C A(S), we write

E(W,S ~ W) = UMEW,UEA(S)\WE(u’ U),
ST (W) := Uyewd (1) = (W) N 5(S),
67 (W) = Uewd ™ (u).

In 67 (W) € 6(W), because it includes edge bundles be-
tween atoms in W.

Before proving the main lemma we record the fol-
lowing facts.

Lemma 6.2. For any S € H and W C A(S) (recall A(S) is
the set of u € H with p(u) = S), we have
x(67(W)) > %Zx(é(a)) —€/2> |W|—¢/2.
ueW

We have
x(67 (W)

- % (Z(x(é(u)) + x(E(W, S~ W)) — x(57 (W))) .
uew

Because x(6(S~W)) > 2 and x(5(S)) < 2 + €, we have

(@) x(EW,S~W)) +x(8"(S~W)))>2 and
(b) (8T (W) +x(8T(S~W)) <2 +e.

Subtracting (b) from (a), we get
X(E(W, S~W) = x(6' (W) = —¢,

which after substituting into the previous equation,
completes the proof of the first inequality in the lemma
statement. The second inequality follows from the fact
that 0(u) > 2 for each atom u. O

Lemma 6.3. For S € H, if | A(S)| = 3, then there are no bad
edges in E7(S).

Suppose A(S) = {u,v,w} and e = (1,v) is a bad edge
bundle. Then |xe —%| < €12. In addition, by Theorem
5.1, x(8"(u)), x(8" (v)) < 1/2 +9¢y,. Therefore,

X w) = X(6(1) = xe = x(87 () = 1 — 10y 2.

Similarly, X(y,w) = 1 — 10€1 ,. Finally, because x(6(S)) > 2,
and x(6'(11)), x(87(v)) <1/2 +9¢; /2, we must have x(8
(w)) > 1 — 18¢; . However, this contradicts the assump-
tion that w € H must satisfy x(0(w)) <2 + ¢,

Proof of Lemma 6.1. We will prove this by setting up a
max-flow min cut problem. Construct a graph with
vertex set {s,X,Y,t}, where s, t are the source and
sink. We identify X with the set of good edge bundles
in E7(S) and Y with the set of atoms in .A(S). For
every edge bundle e € X, add an arc from s to e of
capacity c(s,e) := (1 + a)x.. For every u € A(S), there is
an arc (u, t) with capacity

c(u, t) = x(6"(w))Fu Z,.

Finally, connect e =(u,v)€ X to nodes u and veY
with a directed edge of infinite capacity, that is,
c(e,u) = c(e,v) = co. We will show later that there is a
flow saturating ¢, that is, there is a flow of value

)= cwt)=> x(8"(w)FuZy.
ucA(S) ucA(S)

Suppose that in the corresponding max-flow, there is
a flow of value f, , on the edge (e, u). Define

fe,u

u

Me,y =

Then (6.1) follows from the fact that the flow leaving e
is at most the capacity of the edge from s to e, and
(6.2) follows by conservation of flow on the node u
(after cancelling out F,, from both sides).

We have left to show that for any s-f cut A, A where
s € A,t € A that the capacity of this cut is at least c(t).

Claim 6.1. If A = {s}, then capacity of (A, A) is at least c(t).
First, note that

o)=Y x@W)FZy < Y x0T w)Z,

ue A(S) ueA(S)

<T{AS)| 24} [{u € AS) : x(0T(w) < er}| - er
+x(5(S))

<2+e, +erl{|AS)| = 4} AS)], (6.3)

because F, <1and Z, = 1+ I{| A(S)| > 4,x(5" (1)) < er}.
Second, note that

x(E7(S)) =% > @(©w) = x(6' ()

ueA(S)

2 HAOLREE) gy 1 ey2

Therefore, if there are k bad edges in E7(S), then
1
xcz|A(S)|—1—en/2—k<§+el/2>. (6.4)
Case 1: |.A(S)| =3. Then Z,,=1 for all u € A(S) and

by Lemma 6.3 all edges are good. Therefore, by Eg-
uation (6.4), x(E7(S)) =2 —€,/2. Thus, for a > 2¢, we
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have
cs)=(1+a)xcg=>2(2—-€,/2)1+a)>2+€, > c(t)
Eq. (6.3)
as desired.

Case 2: | A(S)| = 5. By Theorem 5.1 there is at most
one bad half edge adjacent to every vertex. Therefore, there
are at most | A(S)|/2 bad edges, so by Equation (6.4),

1+ a)xg

2(1+a)<|A(S)| —1—6,,/2—%|.A(S)| (;+el/2))

>2+e,+ep|AS)] = c(t),
Eq. (6.3)

where the second to last inequality holds, using a > 2¢,),
|A(S)| 25, €1/, <0.01,and er < 0.1.

Case 3: |A(S)| =4, and we have zero or one bad
edges. Then by Equation (6.4), xc > 2.5 —€,/2 — €1/, 50
by Equation (6.3), (1 +a)xg > 2 +€, +4€er > c(t) for ef <
0.1, a > 2ey,€1» <0.01.

Case 4: | A(S)| =4, and there are two bad edges.
Then they form a perfect matching inside S and for
each 1 € A(S), x(8"(u)) < 1/2+9¢, (see Theorem 5.1).

Therefore, it must also be the case that x(5' (1)) > er
for each u € A(S). If not, there would have to be a node
' € A(S) such that x(8'(')) > (2 — €r)/3 > 1/2 + 9ey s,
which is a contradiction to #’ having an incident bad
edge. Thus, for each u € A(S), x(6"(u)) is ep-fractional,
that is, F,=1—€p and Z,=1 implying that c(t) <
(2 +¢€,)(1 — ep). Therefore, by Equation (6.4),

c(s) =1 +a)c = (1+a)2—2e, —¢€,/2),

and the rightmost quantity is at least c(t) for ep > 2¢7,
and o > 2¢,.

From now on, we assume that the min s-t cut
A # {s}. In the following, we will prove that for any set
of atoms WC S, we have

(5,67 (W) = (1 +a)xg(67 (W) = c(6T(W),1),  (6.5)

where for a set F of edges, we write x¢(F) to denote the
total fractional value of good edges in F.

Let Ax =ANX,Ay =ANY and so on. Assuming the
previously inequality, let us prove the lemma: First, for
the set of edges Ax chosen from X, let Q be the set of
endpoints of all edge bundles in Ay (in \A(S)).

Observe that we must choose all atoms in Q inside
Ay due to the infinite capacity arcs, that it, Q C Ay. Let
W =S5~Q. Note that W # S. Then,

c(A,A)=c(Ay,t)+c(s,Ax)
> c(67(Q), 1) +c(s, 6 (W))

=c(81(8),£) = (6T (W) + (5,67 (W) 2 c(61(9), ),
where the last inequality follows by (6.5).

Finally, we prove (6.5). Suppose atoms in W are adja-
cent to k bad edges. Then

xG(07 (W) = x(67(W)) — x5(67"(W)),

which by Fact 6.2 and the fact that each bad edge has
fraction at most 1/2 + €15, is

> |W| = e,/2 —k(1/2+e€1)2). 6.6)

To upper bound c(5'(W),t), we observe that for any
ue A(S),
c(u,t)
x(6'()Z, <1/5  if x(5T () <er
(1/2+9¢1,)(1 —ep) if x(6" (1)) > er and u incident
to bad edge
1+e¢, otherwise, using Lemma 2.3.

Therefore, we can write

c(6T(W), £) < k(1/2 +9e12)(1 — €p) + (IW| — k)1 +€,).

Now, to prove (6.5), using (6.6), it is enough to choose a
and ep such that

1+ a)(IW] —ey/2—k(1/2+€1 )
> K(1/2+9€12)(1 — ) + (|W| = F)(1 +¢,),

or equivalently,

|W|(0‘_€77)
> k(aw/2 +10€y, + a€1ys — €3/2 — 9epern — €y)

€;
+E’(1 +a).

Because every atom is adjacent to at most one bad
edge, k < |W|and |W| > 1, the inequality follows using
€p > 2leyp and a > 2¢; and €1/, < 0.0002 and €, < e%/z.

7. Reduction and Payment
In this section, we prove Theorem 4.5.

In Section 5, we defined a number of happy events,
such as 2-1-1 happy or 2-2-2 happy and showed that
each of these events occurs with probability at least p.
In this section, we will subsample these events to define
a corresponding decrease event that occurs with proba-
bility exactly'” p. See Table 1 for a list of all relevant con-
stants used in this section.

7.1. Reduction Events

o Bottom edges. For each polygon cut S € H, let Rs
be the indicator of a uniformly random subset of mea-
sure p of the max flow event £s. When Rgs =1 then in
particular we know that the polygon S is happy.
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e Top edges. For a top edge bundle e = (1, v) define

1 if e is 2-1-1 happy and good w.r.t. u

1 if e is 2-2 happy and good, but not 2-1-1
He, u = .
good with respect to u

0 otherwise.

Let H.,» be defined similarly. Because p is a lower
bound on the probability a good edge is happy, we
may now let R, and R, be indicators of subsets of
measure p of He,, and He,,, respectively (note R, and
Re,» may overlap). In this way every top edge bundle
e = (u,v) is associated with indicators R , and Re,,. In
the special case that u is in case 3 (and not case 1 or 2) of
Theorem 5.2, fix two half edge bundles e, f that are
neighbors of u that satisfy the conditions of case 3. For
these edges, by Theorem 5.2, H,,, N Hy,,, has measure
at least p. This is because He,,, N Hs,, happens if and
only if e, f are 2-2-2 happy with respect to u. Here, we
choose Re, ., Rs,, to be the same subset of measure p of
He,u N 7—{f, u-

Define r: E — Ry as follows: For any (nonbundle)
edgee,

Bx.Rs if p(e) = S for a polygon
cutSeH

=<1
e ETxe(Rf,u +R¢,) ifecf foratop edge

bundle f = (u,v),

for f, the parameter of Theorem 4.5 and 7 as defined in
global constants.

7.2. Increase Events

Let E be the set of edge bundles, that is, top/bottom
edge bundles. Now, we define the increase vector I:
E — R, as follows:

e Bottom edges. For each polygon S € H (and corre-
sponding bottom edge bundle) with polygon partition
A, B, C, let r(A):= ZfeArf/ r(B) := ZfeBrf’ and r(C) :=
>_rec’s- Then set

Is := (1 + €,)(max{r(A) - I{Snot left happy}, 7(B)
-I{Snot right happy}}
+ r(C)I{S not happy}). (7.1)

e Top edges. For every degree cut S €H, invoke
Lemma 6.1 with

a =2¢,,ep=2leyp,er=1/10
(Matching parameters)

and let 1, ,, be the resulting matching for every u € A(S).
For each top edge bundle e = (1, v), let

= 3 e e u s odd), (7.2)
gEDT(u) Zfeb (u)mf u

and define I , analogously. Let I = I¢,, + e, 0.

The following theorem is the main technical result of
this section.

Theorem 7.1. For any good top edge bundle e, E[I
(1 —=L)pxe, and for any bottom edge bundle S, E[Is
0.999948p.

o] <
] <

Using this theorem, we can prove the desired
theorem.

Theorem 4.5 (Main Payment Theorem). For an LP solution
X and x be x° restricted to E and a hierarchy H for some
€; < 1071 and any B > 0, the maximum entropy distribu-
tion p with marginals x satisfies the following:

(i) There is a set of good edges E; C E~06({uo,vo}) such
that any bottom edge e is in E, and for any (nonroot) S € H
such that p(S) is a degree cut, we have x(Eq N 6(S)) > 3 /4.

(ii) There is a random vector s : E¢ — R (as a function of
T ~ u) such that for all e, s, > —x,f (with probability 1), and

(iii) If a polygon cut u with polygon partition A, B, C is
not left happy, then for any set F C E with p(e) = u forall e €
Fand x(F) > 1 — €,,/2, we have

s(A)+s(F)+s (C) =0,

wheres—(C) = .cmin{s,, 0}. A similar inequality holds if
u is not right happy.

(iv) For every cut S € H such that p(S) is not a polygon
cut, if 5(S)r is odd, then s(6(S)) = 0.

(v) Fora good edge e € Eg, E[s.| < —eppx, (see Equation
(7.4) for definition of ep).

Proof of Theorem 4.5. First, we set the constants:

€
€12 =0.0002, €1/, = 1—5,;7 = 0.005€2 ,, e = 0.00025,

T = 0.571p. (Global constants)

Define E, to be the set of bottom edges together with any
edge ¢ which is part of a good top edge bundle. Now,
we verify (i), we show for any S € H such that p(S) is a
degree cut, x(E; N 6(S)) > 3/4. First, by Theorem 5.1, if
x(61(S)=1/2+ €1/, then all edges in 67 (S) are good,
so the claim follows because by Lemma 2.3, x(67(S)) >
1— €, >3/4. Otherwise, x(61(8))<1/2+ 9€1/2. Then, by
Theorem 5.1, there is at most one bad edge in 6 (S).
Therefore, there is a fraction at least x(67(S)) — (1/2 +
€1/2) = 3/4 of good edges in 67 (S).
For any edge e € E’, define

Xg
Isx, if p(e) = S for a polygon cut S € H.
(7.3)

{ IfE if e € f for a top edge bundle f,
Se=—T¢+

Now, we verify (ii): First, we observe that s, =0 (with
probability 1) if e is part of a bad edge bundle because
we defined reduction events only for good edges and
Me,, is nonzero only for good edge bundles. Because
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Table 1. All Constants Used in the Paper

Name Value Set in Explanation

€12 0.0002 Global constants Half edge threshold, Definition 5.2

€11 %z Global constants A, B, C partitioning threshold, Definition 5.4

p 0.005¢2 ;2 Global constants Min prob. of happiness for a (2-*) good edge
€M 0.00025 Global constants Marginal errors due to max flow, Definition 5.1
T 0. 571ﬁ Global constants Top edge decrease

€p Upz 5 (7.4) Expected decrease constant, Theorem 4.5

a 2¢y Matching parameters =~ Parameter of Lemma 6.1

€3 VALY Matching parameters ~ Parameter of Lemma 6.1

€F 1/10 Matching parameters ~ Parameter of Lemma 6.1

€ 14n (4.5) Definition 4.11

n lee:p (3.2) Near min cut constant

B n/4.1 (3.1) Slack shift constant; e.g., Theorems 4.1, 4.4, and 4.5

7. < px. for bottom edges and r. < 7x, for top edges,
and 7 <, it follows that s, > —x,. with probability 1.

Now, we verify (iii): Suppose a polygon cut u is not
left-happy. Because u is not happy, we must have
Ry =0and r,=0 for any e € F. Therefore,

S(A)+s(F) +s5 (C) =s(A) + Isx(F) +s (C)

> —1(A) + (1 +¢€,)(r(A) +1(C))
(1-€,/2)=1(C)20.

Here, we used that x(F) > 1 —¢,/2.

Now, we verify (iv): Let S € H, where p(S) is a degree

cut. If S is odd, then r,=0 for all edges e € 67 (S); there-
fore, by Equation (7.2)

s(6(S)) > — Z re + Z Ie s

gesl(s) e (S)

== rgt Yy DT TS,

gedl(s) <o (5)gesl(s) D tes ()1 s

Finally, we verify (v): Here, we use Theorem 7.1. For a good
top edge e that is part of a top edge bundle f, we have

E[s.] = —E[r.] + E[I] %’ < —tpr.+ (1 B 6%) pe

€1 /1
Xe = ———PTX,.

On the other hand, for a bottom edge ¢ with p(e) =S
then

E[s.] = —E[r.] + E[Is]x, < —Bpx, +0.99994ppx,
< —0.00006ppx.,.
Finally, we can let
€11 _€1p
epi=—Lpe Ps= —220.005¢},0.571 > 0000039’
>3.12-1071° (7.4)

as desired.

In the rest of this section, we prove Theorem 7.1.
Throughout the proof, we will repeatedly use the fol-
lowing facts proved in Section 5: If a top edge e = (u,v)
that is part of a bundle f is reduced (equivalently Hs,, =
1 or H¢, = 1), then u and v are trees, which means that
tree sampling inside u and v is independent of the re-
duction of e.

However, that conditioning on a near-min cut or
atom to be a tree increases marginals inside and reduces
marginals outside as specified by Lemma 2.7. Because
for any SeH,x(6(S)) <2+¢,, the overall change is
*ep/2.

The proof of Theorem 7.1 simply follows from Lemma
7.1 and Lemma 7.4 that we will prove in the following
two sections.

7.3. Increase for Good Top Edges
The following lemma is the main result of this section.

Lemma 7.1 (Top Edge Increase). Let S € H be a degree cut
and e = (u,v) a good edge bundle with p(e)=S. If €1/, <
0.0002, €11 < €1/2/12 and e, <, ep = 1/10 then

E[Ie,u] + E[Ie,v] SPTXe ( - %) .

We will use the following technical lemma to prove the
previous lemma.

Lemma 7.2. Let S€H be a degree cut with an atom
ue A(S) If x(6T(w)) > er, €12 <0.0002, €11 < €1/5/12,

€1/1
€y < 100, then we have

1
S0 ST (LG odd|Rey]
geéT(u),
gef=(u',v') good top

+P[o(u)r odd| Ry, ])

+ > Bxg - P[o(u)7 0dd|Rs']
g€d! (1), p(g)=S" polygon

<t (1 - 1—“) (6" (11))Fa, (7.5)
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where recall we set Fy =1 — egl{x(5' (1)) is e fractional}
in Lemma 6.1, where ep:=21e;), and er=1/10 as in
matching parameters.

Proof of Lemma 7.1. By linearity of expectation and
using Equation (7.2):

Elle,u]

Me, LZ re - H{uis odd}]

Zfeé (u)mf u e (u)

Me,y 1
= eu 5 Txg (P[RR, 0(ut) 7
Zfeéﬂ(u)mfr u ggT(u) : 2
gef=(u',v") good top
odd] + P[Ry,, 5(u)7 odd])
+ 3 BxP[Rs,6(u)p odd] . (7.6)

ge0"(1):p(g)=S’ polygon

A similar equation holds for E[I, ,].

The case where x(8' (1)) < er or x(6'(v)) < er is dealt
with in Lemma 7.3. Therefore, consider the case where
x(87(1)), x(6" (v)) > er. Now recall that from (6.2),

7 mgy = Z,x(5"(w)), (7.7)
£e6™ (u)
where Z, =1+I{|S| > 4,x(6' (1)) < er}. In this case, Z,,
=Z,=1.
Using P[Ry, ., 0(1); odd] = pP[6(1); odd|Ry ], and
plugging (7.5) into (7.6) for u and v, we get (and using
Equation (7.7)):

E[Ie,ll] + E[IE,U]

o eli T e u e,v
<pr(1-—% )(x(é (W)Fy s x0T @)F (v))>
:pT( 1/1)(13 Me,u + Folte,)
<pt (1 15/1) (1+2€;)xe <pTXe ( 16/1) . (7.8)

Here, on the final line, we used (6.1) and €, < %.

Proof of Lemma 7.2. Suppose that S; € H are the ances-
tors of S in the hierarchy (in order) such S; = S and for
each i, S;y1 = p(S;). Let

6 i=0u)No(S)  and & :=6(u) N6 (SH).

Each group of edges &' is either entirely top edges or
entirely bottom edges. First, if g € ' and g is a bottom
edge, that is, S;,1 is a polygon cut, then by Corollary 5.3,

P[o(u)y odd|Rs,,] =P[6(u)r odd|Es,,,] < 0.5678

(see Definition 5.1 and Section 7 for definition of &g,

i+17

Ri+1), where in the equality we used that Rsg,,, is a uni-
formly random event chosen in E&s,,. Therefore, to
prove Equation (7.5), it is enough to show

1
Z ETxg(P[é(u)T Odd|Rf,u’]
geé;md(u) :
gef=(u',v’) top,

+P[6(u)r odd| Ry, ])

< (1= 52 P (300 1) + (8]0

+ 0.0014x(6;(u))), (7.9)

where we write 65(14), 0go0d (), Obad (1) to denote the set
of bottom edges, good top edges, and bad (top) edges
in 6(u), respectively, and we used that

T (1 - 1—/1) (1—e5) — 0.56788 > 0.00147

because 7=0.571f, €)1 < 12 , €1/2<0.0002, and €p =
21€y; as defined in matching parameters.

Because h(f) := L (P[6(u); odd| Ry, ] +P[o(u)r odd]
Rf/y']) <1 and (
following cases,

x(8)(w))

—SA)F, is nearly one, in each of the

0.003 when F, =1

>¢ or x(8] (1)) >0.006
gx((ST(u)) when F, =1 —¢p when F, >1—€3,

(7.10)

(79) holds. To see this, just plug in €, <ar 12 2, €1 <
0.0002, € =21€y /2, €, <10, x(6'(1)) <1+ €,,andany
inequality from (7.10) into (7.9), using the upper bound
h(f) =1.

Alternatively, for Oop(t) = 0good (1) U Opad(1) be the
set of top edges in 6(u), if we can show the existence

ofasetD C 6tTop(u) such that
D)- i
D)y min

gef=(u',v’) good
P[6(u)r 0dd|Ryg,w] +P[6(u)r odd|Ry,v ]
2

( 15/1+1 F )x(étop(u)), (7.11)

then again, (7.9) holds.

In the rest of the proof, we will consider a number
of cases and show that in each of them, either one of
the inequalities in (7.10) or the inequality in (7.11) for
some set D is true, which will imply the lemma.

1—
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2(07F) > 2e, + £

IL’((SEJ) Z 1— €1/1

First, let

j=max{i:x(6>)>1— €11}
k = max{i : x(6>") > 2¢, +€r/2},

¢ = max{i : x(6*") > 2e, + €11}

noting that j <k < ¢. Levels ¢ and k exist because x(6'
(1)) > e, whereas level j may not exist (if x(67(1)) <1
—€1/1)- We consider three cases.

Case 1: x(éT(u)) >1—€y/1: Then j exists and S; has a
valid A, B, C degree partitioning (Definition 5.4), where
A =0(v) N 6(S;) such that either u=v or v is a descen-
dant of u in H. Note that, x(6(u) N 6(S;)) 21 — €11, and
by Definition 5.4, B N 6(u) = 0. In addition, in this case,
x(87 (1)) is not er fractional (see Lemma 6.1), so F,, = 1.

Case 1a: x(6) > 3/4. If 6/ are bottom edges, then

(7.10) holds. Therefore, suppose that & is a set of

top edges. By Lemma 5.11, at most 1/2 + 4ey, frac-

tion of edges in A N ¢/ are good but not 2-1-1 good

(w.r.t.,, u). Therefore, the rest of the edges in A N &/

are either bad or 2-1-1 good. Because

X(ANd)>3/4—x(C)=3/4—2e11 — €y,

6 either has a mass of 1(1/4 —2e1; — €, — 4€12) >
1/8 —3¢1/> of bad edges or of 2-1-1 good edges."®
The former case implies that (7.10) holds. In the latter
case, by Claim 7.1, for any 2-1-1 good edge g € &/
with gef=(,v"), we have P[6(u); odd|Ry,,] <
2e; + €11, therefore, (7.11) holds for D defined as the
set of 2-1-1 good edges in &’

Case 1b: x(5/) <3/4. If x(5}(u))>0.003, then
(7.10) holds. Otherwise, we apply Claim 7.2 with € =
€11 to all good top edge bundles f € D = 6%/ < 51,
and we get that

1
5 Blo(w)r odd| R ] +Plo(w)r odd| R ])
<1- €11 +€%/1.

Because x(D)>1-—¢€); —3/4—2¢,;—€1/; —0.003 >
0.24, (7.11) holds.

Case 2: 1—ep<x(6'(n))<1— €1/1- Again we have
F, = 1. Therefore, we can either show that x(ég(u)) >
0.003 or take D to be the top edges in ' (1) ~6>*! and
use Claim 7.2 with € = €, ;. This will enable us to show
that (7.11) holds as in the previous case.

Case 3: er < x(8' (1)) < 1 — ep: In this case, F, = 1 — €.
If at least 4/5 of the edges in &' (i) are bottom edges,
then we are done by (7.10).

Otherwise, let u’ = p(u). For any top edge e € 5T (u),

where e € f=(u",v"”), we have

P[o(u)r odd| Ry, ] <Pu” tree|Re,u]
P[6(u)r odd|u’ tree, Rg ] + P’ not tree| Ry, ].

Using that #’ C 1" is a tree under | R¢,,,» with probabil-
ity at least 1 —€,/2, and applying Claim 7.2 (to u and
u’) with € =ep we have P[o(u); odd|u’ tree, Rg ] <
1 —er + €%, and we get

P[6(u)r odd| R ,] <1 —ep+e:+ €,/2.

Now, let D be all top edges in &'(i). Then, we apply
Equation (7.11) to this set of mass at least x(6"(u)) /5, and
we are done, using that (ef —2€2)/5> ("L +¢p) that
holds for er > 1/10, ep = 21€7 5, and €1, < 0.0002. O

Claim 7.1. For ue’H and a top edge ecf=(u',v") for
some w' € H that is an ancestor of u, if x(6(u) No(u’)) =
1 — €11 and fis 2-1-1 good, then

P[G(M)T Odd|Rf,u'] < 267] + €1/1-

Let A, B, C be the degree partitioning of 6(u’). By the
assumption of the claim, without loss of generality,
assume A C06(u) N 6(u’). Furthermore, by definition,
BN o6(u) =0. This means that if R¢, =1, then ©’ is a
tree and Ar =1=(6(1) N 6(u'))r (also using Cr=0 and
B N 6(u) = 0). Therefore,

Plo(u)r odd|Re,w ] =P[(6(u)~0(u'))r even| Ry, ].
To upper bound the RHS, first observe that
E[(6(u) ~o(u" )1 | R, w] < €7/2 + x(6(u) ~ 0(u"))
<€,/2+x(6(u)) — x(A)
<1+2;+e1n.
Under the conditional measure | Ry, 1’ is a tree, so u
must be connected inside 1, that is, (6(u)~0(u'))r >1
with probability 1. Therefore,
P[6(u) ~6(u"))r even|Ry, ]
SP[(0(u)~6(u'))r —1# 0| Rg ] <26, + €11

as desired.

Claim 7.2. For u,u’ € H such that u’ is an ancestor of u. Let
V=V XVg)y be the measure resulting from conditioning
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' to be a tree. if x(0(1) N 6(1')) € [e,1 — €], then

Py [6(u) odd|(5(u) N 6(u’))r] <1 — € + max{2e,, €}.
(7.12)

In other words, for any integer k > 0, we have P,,[6(u) odd|
(6(u) N 6('))r =k] <1 — e +max{2e,, e}

Let D = 06(u)~06(u’). By assumption, u’ is a tree, so
Dr >1 with probability 1. Therefore, because we have
no control over the parity of (6(1) N 6(1"))r,

Py[6(u)r even|(6(u) N 6(u"))r]

> min{P[Dr — 1 odd|u’ tree],P[Dr —1=0|u" tree]},
where we removed the conditioning by taking the worst
case over (6(u) N 6(u’)) even, (6(u) N O6(u'))r odd. First,
observe by the assumption of the claim and that x(87 (1))
<2+¢,wehave

E[Dr —1[u’ tree] € [e,1 — € +2¢].

Furthermore, because we have a SR distribution on
G[u’], Dt — 1 is a Bernoulli sum random variable. There-
fore,

P[Dr —1=0[u tree] > € — 2¢,,

and by Corollary 2.1,
P[Dr —1 odd|u’ tree] >1—1/2(1+¢ %) > € — €
as desired.

Lemma 7.3. Let S € H be a degree cut and e = (u,v) a good
edge bundle with p(e) = S. Ifx(éT(u)) <e€r, €12 <0.0002,
€1/1 < €1/2/10 then

E[le ] + Elle 0] < p’(xe( . 51—6/1) .

First notice, by Corollary 5.3, for any bottom edge g €
6" (u) with p(g) =S, we have

Plo(u); odd|Rs ] =P[6(u); odd|Es] <0.5678,
using 0.56788 <t and F,=1 (as x(8" (1)) <€), we can
write,

Me,y

E Ie u < Fu‘i-
el 2 b™Fe 7o)

hed! (u)

(7.13)

Second, if x((ST(zJ)) > er, applying (7.5) and (7.6) to I o,
and using Z, > 1, we get

Ne,v el/l 1
Elleo] < % pr(1- )67 (0)
¢ Zfeé_)(v)mf,vp ( 5 )
Fy = meope —%)FU. (7.14)

Case 1: | A(S)| =3, where A(S) ={u,v,w}. Let f=
(1, w), g = (v,w) (and of course e = (u,v)). We will use

the following facts:

Xe+X¢>2—€f (x(6(u)) = 2 and x(5" (1)) < €p)

X(61(0)) + x0T (w)) 2 2 — e (x(5(S)) 22)
xe, x(6T(w)) <1+ €y, (Lemma 2.3),
so we have
Xe, x(07(0)) =1 —ep — €. (7.15)

Now we bound E[l ]+ E[le]. By Equation (7.13)
and Equation (7.14) (which we may apply to E[I, ]
because x(5' (v)) > er),

Elle,u] + E[le,o]
Me,y €11
< 2wt (01 (1 ))+m( 5 Foes

hed! (1)
€11
g

(Z,=1as|A(S)| =3)

= pTFume,u + PT<
1/1
= pT(Fute,y + Fote o) ——=pTFoe o
€
< pr(l+2¢;)xe - %ﬂprvme,v/ (7.16)

where the final inequality follows from (6.1). To com-
plete the proof, we lower bound 1 ;.
Using (6.2) for v and w, we can write

(0! (0) +x(5"(w))

=Me,p + Mg, + Mgy + Mgy

< g+ o )

B (1+2e) x(0(a))  x(5(S))

=TMep + - 63’7) (ﬂ;(s) SR xe>

S M,y + ((11+ 26”)) (2 3671 xe) (using (61)),

and using the fact that x(87(0)) + x(6T (w)) = 2 — eF, we
get

M,y > Xe —€p — 4ep > (1 — 1.2ex)x,,
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where the second inequality follows from (7.15) and ep =
2le1); and €, <€), and ep >1/10. Plugging this back
into (7.16) and using F, > 1 — e = 1 — 21€y o, we get

Elle,] + Elle ]

< pTXe (1 +2€, — 5

<o (1-52)

as desired. In the last inequality, we used e < 1/10 and
€12 <0.0002.

Case 2: |S| > 4. In this case, Z,=2. Therefore, by
Equation (7.13),

m 1
E[le,.] < XepTFy—— =~
eu ee%(:u) e u Zux(éT(u)) 2

(1 —12¢7)(1 - 21e, /2))

ptF, me .

If x(6 (v)) < ep, we get the same inequality for I, . Then,

1
E[Ie,u] + E[Ie,v] < EPT(Fume,u + vae,v)
1
< = 1+2
((ﬁ)szxe( €n),

which is clearly sufficient for the lemma statement.

Otherwise, x(6(v)) > €r, in which case by (7.14), we get
E[le,0] < me,optFy(1 —€1/1/5). We conclude the lemma
similar to the previous case. [

7.4. Increase for Bottom Edges
The following lemma is the main result of this section.

Lemma 7.4 (Bottom Edge Increase). If €1/, < 0.0002, €, <
e Jor for any polygon cut S € 'H,

E[Is] <0.999948p.
For a set of edges D C 0(S) define the random variable:
Is(D) := (1 + e;)(max{r(A N D)I{Snot left happy},
7(B N D)I{Snot right happy}}
+1(C N D)I{Snot happy}). (7.17)

By definition I5(6(S)) = Is and for any two disjoint sets Dy,
Dy, Is(Dy U Dy) < Is(Dy) + Is(Dy). Also, define I = I5(5"
(8)) and Iy = Is(67°(S)).

First, we upper bound E[I;]. Let f €6'(S) and sup-
pose that f with p(f) = S’ is a bottom edge. Say we have
f € AT(S) (f € B1(S) is similar). We write

E[Is(f)] = (1 + €,)pxsP[Rs |P[Snot left happy|Rs |

< 0.568xpp < xspr,
where in the inequality we used Corollary 5.4 and that
P[Snot left happy|Rs] = P[Snot left happy|Es]

because Rs is a uniformly random subset of &s. If f €
C'(S), we use the trivial guarantee E[Is(f)] < (1+e€,)

xfpﬁ.

On the other hand, if f is a top edge, then we use the
trivial bound

E[Is(f)] < (1 + ;) tpxy. (7.18)
Therefore,
E[11] < (1 + €,)tpx(51(S)) + (1 + €,)e,pp
< (1+€,)(0.571)Bpx(57(S)) + 2€,pp (7.19)

because x(C) < €.
Now, we consider three cases.

Case 1: S =p(S) is a degree cut. Combining (7.19)
and Lemma 7.5, we get

E[Is] < (1+€,)p(0.571)B(7 /4 + 6€1 /5 + €,) + 2€,pp
<0.99994pp

using €1/, < 0.0002 and €, < €] 12
Case 2: § =p(S) is a polygon cut with ordering
uy, ..., ux of A(S), S=u; or S=uy Then, by Lemma 7.6,

E[Is] < (1 +€,)Bp(0.571x(57(S)) + 0.31) + 2¢,pp
<0.898p,

where we used x(61(S) <1+ €
Case 3: § =p(S) is a polygon cut with ordering
uy, ..., ux of A(S), S # uy, ux Then, by Lemma 7.8,

E[Is] < (1+€,)p(0.571x(5'(S)) + 0.85) + 2¢,pB < 0.868p,

where we use that x(57(5)) < €, because we have a hier-
archy. This concludes the proof.

7.4.1. Case 1: S is a Degree Cut A
Lemma 7.5. Let S€H be a polygon cut with parent S
which is a degree cut. Then

E[I7] < (1 +ep)pr(x(67(5)) — (1/4 — 6€1 ).

Let A, B, C be the polygon partition of S. We will show
that for a constant fraction of the edges in 6(S), we
can improve over the trivial bound in (7.18). To this
end, consider the cases given by Theorem 5.2.

Case 1: There is a bad half edge e in 6 (S). Because
bad edges never decrease, no corresponding increase
occurs, so by the trivial bound Equation (7.18)

E[I5"] < (1 +ep)pr(x(67(5)) — (1/2 — €12)).

This concludes the proof.

Case 2: There is a set of 2-1-1 good edges (w.r.t., 5)
D c 67(S), such that xp > 1/2 — €1, — €;,. For any (top)
edge eef=(S,u) such that ee D, if R¢g, then S is
happy, thatis A = Br =1,Cr = 0 by Remark 5.1.
Therefore,

1+e€
E[IS (D)] < Z TnTerFD[S not haPPY | Rf,u]P[Rf,u]

eeD:eef=(S,u)

<1+e,7

< ptx(D).
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Using the trivial inequality Equation (7.18) for edges in
07 (S)~D, we get

E[Ig7] < (1 +€,)pt (@ +x(67(8)) — x(D))

< (L +eppt(x(67(S) — (1/4 —€172))

as desired. In the last inequality, we used x(D)>
1/2 —61/2 —6,].

Case 3: Cases 1 and 2 do not hold. Therefore, by
Theorem 5.2 there are least two 2-2-2 good top half
edge bundles. In this case, S has chosen a fixed pair of
2-2-2 good edges e = (S,v), f=(S,w) in 67(S) (as de-
fined in the reduction events) such that x), x¢4) < €172
and R s = Ry s with probability 1. (Recall that e(A) =
eNA.) Let D=e(A) U f(B). In this case, e and f are re-
duced simultaneously by 7 when they are 2-2-2 happy
(w.r.t, S), thatis, when Re s = R¢ s = 1. In such a case,
we have 6(S); = 6(v)r = 6(w); = 2. Therefore,

E[Is(D)] < (1 + &,)E[max{r(A N D), (B N D)}]
<(1+ eq)%max{xe(A)rxf(B) }P[Re,s ARg 5]

+ ]P)[Re v] + P[Rf w])

<(1+ eq)’[ x(D) ( + 3€1/2)

= (1+¢€,)tpx(D) ( +4. 561/2>

where we used that 1/2—2¢/, —x(C) < xe(a), X¢B) <
1/2+ €1/, and that x(C) < ¢;,. Using the trivial inequal-
ity Equation (7.18) for edges in 67 (S)~ D, we get
E[I57] < (1 +€,)pt(x(D)(3/4 + 4.5¢1 )
+x(67(5)) — x(D))
< (1 +eppr(x(67(5)) — (1/4 = 6€112)),

where we used x(D) > 1 —4¢€;, —€;. O

7.4.2. Case 2: S and its Parent $ are Both Polygon
Cuts. In this section, we prove two lemmas: Lemma
7.6, which bounds E[I5’] when § is the leftmost or
rightmost atom of S, and Lemma 7.8, which bounds
this quantity when S is not leftmost or rightmost.

Lemma 7.6. Let S € H be a polygon cut with p(S) = § also
a polygon cut. Let uy, ..., uy be the ordering of cuts in A(S)
(as defined in Deﬁnztzon 4.11). If em <0.001, €, < €3y,
S=uq or S=uy, then
E[I5°] <0.318p.
Let S be the leftmost atom of S and let A, B, C be the
polygon partition of 0(S). First, note
E[I5"] < (1 +¢€,)(E[max(r(A™),7(B7)) - I[{Snot happy}]
+E[+(C7)I{Snot happy}]). (7.20)

Here, recall that A~ = AN 6 (S). WLOG assume x(A™)
> x(B7). Then,

E[max{r(A™),7(B™)}I{Snot happy}]
= Bpx(A™) - P[Snot happy|R¢]
By Lemma 7.7 we have

X(A™) - P[Snot happy|R¢]

<x(A7)1 — (1 —x(A7))* + ((A7))* — 2em — 17¢y))
< (2x(A7) = 2x(A7) + 2emx(A7) + 176, x(A7))

< (8/27 +2ey +17¢,),

where in the final inequality we used that the function
x b x2(1 — x) is maximized at x=2/3, and using ey <
0.001, €, < €3,.

Plugging this back into (7.20), and using x(C) <€,
we get

B[l <1+ e,,)ﬁp( +2ey + 18e,7) <0.31pp,

where the last inequality follows because ey < 0.001
ande, <€ O

Lemma 7.7. Let S € H be a polygon cut with p(S) = S also
a polygon cut. Let uy,...,ux be the ordering of cuts in
A(S). If S=uy, (or S=uy), then

PLS happy|Rs |
> (1-x(A7)) + (x(A7))* — 2em — 176,

Let A, B, C,A,B,é be the polygon partition of S,ﬁ, re-
spectively. Observe that because S=u;, we have A=
E(u1,8)=ATUBTUCTand B,C N (AUBUC) =0.Con-
ditioned on Ry, $ is a tree, and marginals of all edges in
A is changed by a total variation distance at most €)=
€m + 2¢; from x (see Corollary 5.2), and they are indepen-
dent of edges inside 5. The tree conditioning increases
marginals inside by at most €, /2. Because after the cha-
nges just described

E[Cr] < xc+e,+€y < 4e; +en,
it follows that P[Cr = 0| R¢] > 1 — 4¢;, — em. Therefore,
P[S happy|R;]
> (1 —467] —€M)]P[AT = BT = 1|CT = O,RS‘ ]
(7.21)

Let v be the conditional measure Cr =0, Rs. We see
that

P,[Ar=Br=1]=P,[Al =1,B] =0,A7 =0,B;" =1]
+P,[Al =0,Bl =1,A7 =1,B7 = 0],
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s0, using independence of (67(S))r and (57 (S))y
=P,[Al =1,Bl = 0|P,[A7 = 0,B; =1]
+P,[AL =0,BL =1]P,[A7 =1,B7 = 0]
> (H(AT) — B LA =0,B7 = 1]+ (x(B) — €},)
P,[A7 =1,B7 =0].

In the final inequality, we used the fact that conditioned
on Rg, A=(ATuBlU C"y =1 and marginals in A"
and B! are approximately preserved. Now, we lower
bound P,[A7 =1,B7 =0]. Let ey, € be such that

E,[A7]=P,[A7 =1,B7 =0] +e4,
E,[B7] =P,[A7 = 0,B7 = 1] +e5.

First P,[A7 + B3 >1]=1, and so P,[A} +By >2] <
E,[A7 + B7’] — 1. Therefore,

ea+ep=E,[A7 +B7 ] -P,[A7 +Bf =1]
=E,[A7 +B7] - (1-P,[A7 + By 22])
<2(E,[A7 +B7’]—1) < 5ey.

To see the last inequality, first, by Definition 4.11,
x(87(8)) =1 - €;. Because x(0(S)) <2+¢€,, we get that
x(67(S)) <1+ 2¢,. Therefore,

E,[AT +B7 ] <E[67(S)|R¢] £ x(67(S)) +€,/2
<1+25¢,.

Therefore,

P,[Ar=Br=1]

> (x(A") — eh) BB ] —e5) + (x(BT) — €4 )(E,[AT'] — €a)

> (x(AT) — €})(x(B) — 5ey) + (x(BT) — €}, ) (x(A™) — 5ey),
where the second inequality uses that the tree condi-
tioning and C;” = 0 can only increase the marginals of

edges in A~ and B™. Simplify the previous expression
using x(A") + x(A™) > 1 — ¢, and similarly for B,

P,[Ar =Br =1]
>(1—x(A7)—e;—ep)(x(B™) —5e,) + (1 —x(B™)
€y —€y)(x(A7) — 5ey)

and since x(A7)+x(B7)>1-2¢, (because x(AT) +
x(BN) <1+ epand xc <€), thisis

>(1—x(A7)—ey—ep)(1—x(A7) —7ey)
+(x(A7) —3e; — €3)(x(A7) — 5ey)

> (1 - x(A7))* + (x(A7))* — €} — 8.

Plugging this into Equation (7.21), we obtain
P[Ar =Br=1,Cr =0|R¢]
> (1—2e,—€))P[Ar =Br =1|Cr =0, R¢]
> (126, — €4)(1 = x(A7))* + (x(A™))* — €} — 8ey)

> (1—x(A7)) + (x(A™))* — 2¢}, — 10e,,

which noting €}, = ey +2€, completes the proof of
the lemma. O

Lemma 7.8. Let S € H be a polygon cut with p(S) = S also
a polygon cut with uy,...,u be the ordering of cuts in
A(S) If S # uq, uy, then

E[I5’] < 0.858p.

Let S=u; forsome 2 <i<k-—1. Let A, B, C be the poly-
gon partitioning of 6(1;) and A, B, C be the polygon par-
tition of S. Because 1; is in the hierarchy AT U BT U oll
¢ C. Therefore, conditioned on Re, AT = BT = CT =
Once again, let v be the condltlonal measure CT =0,
R¢. Similar to the previous case, we will lower bound

P[S happy|Rq]
>(1- 261])P[A]_") =1,B7=1,|Cr= O,Rﬁ]
=(1-2¢,)P,[AT =1]|A7 + By =2]P,[A7 + B =2],
(7.22)

where we used E[C7’|R¢] < 2¢,, in the first inequality.
Therefore, it remains to lower bound each of the two
terms in the RHS.

We start with the first one. Because x(A) € [1 —¢€,,1 +
€] and x(AT) < €y, we have

E,[A7] € [1—2e,,1+3¢,].

The same bounds hold for E,[x(B7)].
Therefore,

P,[A7 >1],P,[By 21]>1—¢ ** (By Lemma 2.6)
P,[A7 <1],P,[By <1]>0.495 (By Markov).

Therefore, by Corollary 5.1 (with € = 0.495(1 — e~ +2)
>0.31), we have
P,[A7 =1|A7 + By =2] > 0.155.

By Corollary 2.3, P, [E(u;—1,u;)r = 1] > 1 — 4e,,. Similarly,
Py [E(u;, ui1)r = 1] > 1 — 4e,. Also,

P [67 (ui)y — E(ui—1,ui)r — E(ui, uia)r = 0] 2 1 —4e,.
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Therefore, by a union bound, all of these events happen
simultaneously, and we get P, [67 (1;)r = 2] > 1 — 12¢,,.
Therefore,

P,[(A7)r =(B7)r =1] 2 0.155(1 — 12¢,) > 0.153.
Plugging this back into (7.22), we get
P[S happy|R¢ | = 0.153(1 — 2¢,) > 0.152.
Plugging this in (7.20), we get
E[I5*] < (1 +€,)BpP[Snot happy | R¢]
(max{x(A™),x(B7)} +x(C7))
< (1+€,)pp(1-0.152)(1 + €, +€,) <0.856p

as desired.
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Appendix A. Proofs from Section 5
In all of the following lemmas, we assume that ¢, Se% »
and 1261/1 < €1)2-

Lemma 5.7. Let e=(u,v) be a top edge bundle such that
Xe <1/2 —€15. If €15 <0.001, then e is 2-1-1 happy with proba-
bility at least 0.005€7 ,.

Let A, B, C be the degree partitioning of 6(u). Let V :=
0(v)_, (Figure A.1). Condition u, v be trees, e and C to zero, let
v be the resulting measure. This happens with probability at
least 0.5 and increases marginals in A_.,B_¢,V by at most
Xe +2€1/1 + €, < Xe +2.1€1/; and by tree conditioning decre-
ases marginals by at most 2¢,. After conditioning, we have

E,[Ar] € X(A) — Xe(a) + [ 265, Xe +2.1€1 1]
c[0.5,1.5], similarly E,[Br]c[0.5,1.5]
E,[Vr] € x(8(0)) — xe + [~2€,, Xe +2.1€1 1] C [1.5,2.01]
E,[Br + V1] € x(B) + x(0(v)) — Xe — Xe(s) + [—2€5, Xe +2.1€11]
C[2+1.8€1/,3.01],
E,[Ar + Br] € x(A) + x(B) — Xe(a) — Xe(n) + [ 26y, Xe +2.1€1/1]
c[1.5,2.01],
E,[Ar + Br + V1] € x(A) + x(B) + x(0(v)) — Xe — Xe(A) — Xe(B)
+[—2€y,xe +2.1€11] C[3+1.75€1,,4.01].

Figure A.1. Setting of Lemma 5.7

Here, we used €1/, <0.001 and 12€;/; < €15 and X(a), Xe(B),
Xe(a) + Xe() < Xe < 1/2 — €1. It immediately follows from Pro-
position 5.1 that P,[Ar = By =1, Vp = 2] is at least a constant.
In the rest of the proof, we do a more refined analysis. Using
Ar+Br>1,Vr>1,

Py[Ar +Br + Vi =4] > (1.75€1 p)e 72 > 1.7€y 5
(By Lemma 2.5),
P,[Ar+ Br >2],P,[Vr > 2] >0.39 (By Lemma 2.6),

P,[Ar+Br <2],P,[Vr<2]>05
(Markov, Ar+Br>1,Vy > 1 underv),

P,[Ar <1]>0.25,P,[Br+ Vr <3]>0.33
(Markov’s Inequality and V7 > 1 under v).

P,[Ar >1] 2 0.39,P,[Br + V1 >3] > 1.75¢;, (By Lemma 2.6),

It follows by Corollary 5.1 (with € =0.195,p,, > 1 —2¢e > 0.6)
that

]PJV[VT = 2|AT +Br+Vr= 4] >0.13.

Because V1 > 1, Ar + Br > 1 with probability 1, we apply Cor-
ollary5.1to Vr —1,Ar+Br — 1.

Furthermore, by Lemma 5.2, P,[A7 > 1|Ar + Br+ Vr =4] >
0.128, P,[Ar < 1|Ar + Br + V1 = 4] > 0.43€; . The same holds
for Br. Therefore, by Corollary 5.1 (with € = 0.055¢, ), using
that €12 < 0.001,

PV[AT = 1|AT +Br=2,Vr= 2] > 0.0561/2.
Putting these together, we have

Ple 2-1-1 happy] >05P,|Ar=Br=1,Vr=2]
= 0.5PV[AT +Br+Vr= 4]
]P)V[VT = 2|AT +Br+Vr= 4]
‘P, [Ar =1|Vr =2,Ar + Br =2]
> 0.5(1.7€1/2)(0.13)(0.05€1 ) > 0.005¢7 ,

as desired.

Lemma 5.8. Let e=(u,v) be a top edge bundle such that
Xe21/2+€15.If €15 <0.001, then, e is 2-1-1 happy with respect
to u with probability at least 0.006€2 o

Let A, B, C be the degree partitioning of the edges in o(u),
V =06_(v). Condition u, v be trees, Cr=0 and 1 U v to be a tree
(in order). This happens with probability at least 1+ €7/, —
3e; —2€1/1 2 0.5. Let v be the resulting measure restricted to
edges in A, B, V. Note that v on edges in A, B, V is SR. This is
because v is a product of two strongly Rayleigh distribution on
the following two disjoint set of edges (i) the edges between 1,
vand (ii) the edgesin A_,B_, V.

Furthermore, observe that under v, every set of edges in A_,
B_.,V increases by at most 21/ + €, <0.2¢/, (using 12€;/;
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< €1)2), and decreases by at most 1 — x + 2¢,,. Therefore,
E,[Ar] € x(A) +[—(1 — xe) — 265, 1 — X +0.2€1 5]
c [0.5,1.5], similarly, E,[Br]€[0.5,1.5]

E,[Vr] € x(6(v)) — xe + [—(1 — xe) — 2€,;,0.2€1 ] € [0.995,1.5].
E,[Ar + Br] € x(A) + x(B) + 1 — Xo(a) — Xe()

+[—(1 = xe) — 2¢,,0.2¢1 5] € [1.995,2.5],
E,[Br + V1] € x(B) + x(6(v)) — xe + [—(1 — xe) — 265, 1 — xe

+0.2€1 /5] € [1.99,3 — 1.75€, ).
E,[Ar + Br + V1] € x(A) + x(B) + x(0(v)) + 1 — Xe — Xe(a) — Xe(B)

+[—(1 —xe) — 2€,,0.2¢1 5]
C[2.99,4—1.75€, 5.

Here, in the upper bound on E,[A7], E,[Br], E,[Br + V1], we
used that the marginals of edges in the bundle e can only
increase by 1 — x. (in total) when conditioning # U v to be a
tree. Therefore,

P,[Ar+Br+Vr=3]2>€1 (By Theorem 2.2),

P,[Ar+Br>2]>0.63,P,[Vr >1]>0.63
(By Lemma 2.6, A7+ Br >1)

PV[AT +Br< 2] > 025,PV[VT < 1] >0.25
(By Markov Inequality, Ar + Br > 1),

P,[Ar>1]>0.39,P,[Br+ Vr >2]>059  (By Lemma 2.6)

P,[Ar <1] 2 0.25,P,[Br + V1 < 2] > 1.75€y 5,
(By Markov, In worst case P[Br + Vr <2] =0).
It follows by Corollary 5.1 (with € = 0.157, p,, = 0.68) that
IPV[AT +Br = 2|AT +Br+Vr= 3] >0.12.

Because Ar + Br > 1 with probability 1, we apply Corollary
51toAr+Br—1,Vr.

Furthermore, by Lemma 5.2, P,[Ar > 1|Ar + Br + V1 =3] >
0.68¢1/, and P,[Ar < 1|Ar + Br + V1 = 3] > 0.147. By symme-
try, the same holds for Br. Therefore, by Corollary 5.1,

P,[Ar=1|Ar+Br=2,Vr=1] > 0.0961/2.
Here, we used €, < 0.001.
Finally,
P[e 2-1-1 happy] > (0.0%1/2)0.12(€12)0.5 > 0.005¢7 5,

as desired.

Lemma A.1. For a good half top edge bundle e = (u,v), let A, B, C
be the degree partitioning of 5(u), and let V = 6(v)_ (Figure A.2).

Figure A.2. Setting of Lemma A.1

If €1/, £0.001, Xe(p) < €12, and P[(A_e)r + Vr < 1] > 5ey, then
e is 2-1-1 good,

Ple2-1-1 happy w.r.t. u] > 0.005€] .

The proof is similar to Lemma 5.8. We condition u, v to be
trees, Cr=0, u U v to be a tree. Let v be the resulting SR mea-
sure on edges in A, B, V. The main difference is because
Xe 21/2+¢ /2, we use the lemma’s assumptions to lower
bound ]P)v[AT +Br+Vr= 3],]£DV[AT +Vr< 2],PV[BT +Vr < 2]

First, because e is 2-2 good, by Lemma 5.4 and negative
association,

Py[(6(w) ) + VT <2] 2 P[(6(u) )7 + V1 2] = P[Cr = 0]

> 0.461/2 — 251/1 — €r] > 0.2261/2,

where we used €11 < €1/,/12. Letting p; = P[(6(u) o) + VT =1],
we therefore have p<; > 0.22€; ;. In addition, by Lemma 2.5,
ps 2 1/4. If pr <0.2¢1 2, then from po/p3 < 0.8¢1/2, we could
use log-concavity to derive a contradiction to p<; > 0.22¢4,
(analogously to what’s done in the proof of Lemma 2.4). There-
fore, we must have

P,[Ar+Br+Vr=3]= Pv[(é(u),e)T +Vr=2]> 0.261/2.
Next, because P[u,v,uUv trees,Cr =0] > 0.49, by the lem-
ma’s assumption, P, [e(B)] < 2.01¢; ;. Therefore,

E,[Br + V7] <x(V) +x(B) +1.01€1 )2 + 2611 +€; < 2.51.

Therefore, by Markov, IP,[Br + V1 < 2] > 0.15. Finally, by neg-
ative association,

P AT+ Vr <2]2P[(A_e)r + Vr <1]
>P[(A_e)r + Vr <1] —P[Cr =0] > 4.8¢1 5,

where we used the lemma’s assumption.

Now, following the same line of arguments as in Lemma
5.8, we have P,[Ar+Br =2|Ar+Br+Vy=3]>0.12. Also,
P,[Ar > 1|A — T+ By + Vr = 3] > 3.02, which implies P, [Ar =
1|Ar+Br =2,V =1] > 0.42¢. This implies

Pe2-1-1 happy] > (0.42¢1/2)0.12(0.2€1/2)0.498 > 0.005¢3

as desired.

Lemma 5.9. Let e = (v,u)and f = (v,w) be good half top edge
bundles and let A, B, C be the degree partitioning of 6(v) such that
Xe(B), X¢(B) < €1/2. Then, one of e, f is 2-1-1 happy with probability
at least 0.0056%/2.

Let U = 6(u)_,. By Lemma 2.9, we can assume, without loss
of generality, that

E[Ur|f¢T,u,0,w tree] < x(Ur) +0.405 + 3¢;,. (A1)
On the other hand,
E[(A_ef)7] 2 E[(A_e_f)r|f¢ T, u,0,w tree]
Plfe¢T,u,v,w, tree]

>E[(A e g)r|fe T, u,v,w tree]0.49.
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Figure A.3. Setting of Lemma 5.10

Figure A.4. Setting of Lemma 5.12

Therefore,

1
E[(A_e—f)7|f & T, u,0,w, tree] < 79x(A—e—f)

4
—49(461/2 +€7]) < 8.261/2.
(A2)

Combining (A.1) and (A.2), we get E[Ur+(A_e)|fe T, u,
v, w tree] < 1.91 where we used €; /2 <0.001. Therefore, using
Lemma 2.5, we get

P[Ur + (A _o)p < 1] = 0.49P[U7r + (A _o)p < 1|f¢ T, u,0,w tree]
>0.01.

Because €1/, < 0.001, by Lemma A.1, e is 2-1-1 good.

Lemma 5.10. Let e = (u,v) be a good half edge bundle and let
A,B,C be the degree partitioning of Oo(u) (Figure A.3). If
€172 £0.001and xea), Xe() = €12, then

(e}

IN
o

Ple2-1-1 happy w.r.t u] > 0.026%/2.

Condition Cr to be zero, u,v and u U v be trees. This happens
with probability at least 0.49. Let v be the resulting measure.
Let X=A_.UB_,, Y =0(v)_, Because e is 2-2 good by Le-
mma 5.4 and stochastic dominance,
PV[XT + YT < 2] > P[((S(H)_e)T + YT < 2] — IP)[CT = O]
> 0,46’1/2 — 2€1/1 — €y > 0.2261/2,
where we used €11 <12¢yy,. It follows by log-concavity of
Xr+Yrthat P, [ X7+ Y7 =2] > 0.261/2. Now,
E,[Xr],E,[Yr] €[1— 361/1, 1.5+ €12t 261/1 + 3€q]
c[0.995,1.51].
Therefore,

P, [X7 > 1],P,[YT>1] >0.63 (Lemma 2.6),

P,[Xr <1],P,[Yr <1]>0.245 (Markov).

Therefore, by Corollary 5.1, P, [ X1 = 1| X7 + Y7 =2] > 0.119:
P[Xr=Yr=1]> (0.261/2)0.119 > 0.02361/2,

and let € be the event {X7 = Yr = 1|v}. In v, we always choose
exactly one edge from the e bundle, and that is independent of
edges in X, Y, in particular the above event. Therefore, we can cor-
rect the parity of A, B by choosing from e, or eg. It follows that

P[e2-1-1 happy w.r.t u] > P, [£](1.99€;/,)0.49 > 0.02¢7 ,

where we used that E,[e(A)r] 21995, and the same fact
for e(B)r. To see why this latter fact is true, observe that con-
ditioned on u,v trees, we always sample at most one edge
between u,v. Therefore, because under v, we choose exactly

Notes. We assume that the dotted green/blue edges are at most € 5.
The edges of C are not shown.

one edge between u, v, the probability of choosing from e(A)
(and similarly choosing from e(B)) is at least
Ele(A)|u,v trees,Cr = 0]  Xe(a) — 2e, €15 —2¢,
Ple|u,v trees,Cr =0] — xe+3e1;1  1/2+1.3€1p
> 1.9961/2

as desired.

Lemma 5.12. Let e = (u,v), f = (v,w) be two good top half edge
bundles and let A,B,C be degree partitioning of 6(v) such that
Xe(B), Xf(1) < €1/2. If e, f are not 2-1-1 good with respect to v, and
€12 <0.0002, then e, f are 2-2-2 happy with probability at
least 0.01.

See Figure A.4 for the setting of this lemma. First, observe
that by Lemma A.1 if P[Ur + (A_¢)r < 1] > 0.25¢, where € >
20€1/, is a constant that we fix later, then e is 2-1-1 good,
which is a contradiction. Therefore, assume P[Ut + (A_¢) >
2]>1-0.25¢. Furthermore, let g=P[Ur+ (A_e)r=3].
Because x(U)+x(A_e)<2+3e1), +2€1/1 +36; <2 +3.2¢1
(where we used Xe(a) = Xe — Xe) —Xc 2 1/2 — 2617 — 2611 —
€, and where we used 12¢1/1 < ¢€1)2),

2(1 - —0.25¢) + 3 <2 +3.2¢1 .

This implies that q<0.5¢ +3.2¢1/;, <0.75¢ (for € >13€y).
Therefore,

PUr +(A-e)r =2],P[Wr + (B_g)r =2] 21 —¢, (A.3)
where the second inequality follows by a similar argument.

Claim A.1. Let Z =0(u) N o(w). If € <1/15, then either E[Z|u,
v, w tree] <3eor E[Z|u,v,w tree] > (1 — 3¢).

For the whole proof we work with i conditioned on 1, v, w are
trees. Let z=E[Z]. Let D=UUWUA_. UB_¢~Z. Note that
Dy +2Zy = Ur UWr U (A_e)r U (B_g)7. By Equation (A.3) and
aunion bound P[Dr +2Z1 = 4] > 1 — 2¢ — 3¢,,. Therefore,

2.1€ > 2e + 3¢, > P[Dr +2Zr # 4] 2 P[Dr = 3]

> /P[Dr =2|P[Dr = 4],

where the last inequality follows by log-concavity. On the
other hand,

z=P[Z=1]<P[D;r=2,Z =1]+P[Dr +2Z # 4]
<P[Dr=2]+2.1¢,
1-z=P[Z=0]<P[Dr=4,Z=0]+P[Dr+2Zr #4]
<P[Dr=4]+21e.
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Putting everything together,
(2.1 > (z—21e)1 —z—2.1€) =z(1 — z) — 2.1€ + 2.1€%.

Therefore, using € <1/15, we get that either z<3eorz>
1-3e. O

Therefore, for the rest of proof, we assume E[Zr|u,v,
w trees] < 3e. A similar proof shows e, f are 2-2-2 good when
E[Zr|u,v,w trees] > 1 — 3e. We run the following condition-
ings in order: u,v,w trees, Zr =0,Cr =0, e(B),f¢ T,e(A) € T.
Note that e(A) € T is equivalent to u Uv be a tree. Call this
event & (i.e., the event that all things we conditioned on hap-
pen). First, notice

P[E] = (1 —3¢,)(1 —3€ —2€1)1 — €, — €12
—(1/2+€12))(1/2 = 3€15) 2 0.22 > 1/5. (A4)

Moreover, because all these conditionings correspond to
upward/downward events, u|€ is strongly Rayleigh. The
main statement we will show is that

Ple, f 2-2-2 happy|€] = P[Ur = (A—e)7r =1,(B_¢)r =0,
Wr =2|€] = Q(1).

The main insight of the proof is that Equation (A.3) holds (up

to a larger constant of €), even after conditioning £,B_¢ =0,

A_e =1; therefore, we can bound the preceding event by just a

union bound. The main nontrivial statement is to argue thatthe

expectations of B_¢ and A_. do not change so much under £.
Combining (A.3) and (A.4),

P[Ur + (A_e)r =2|E], P[Wr + (B_f)r = 2[€] =2 1 — be.
(A.5)
We claim that

E[BT |€] = E[(B,f)Tlg] < X(B,f) + 36,] + 361/1 + €12 +35¢
<0.66 (A.6)

using €1/, <0.0002and € = 20¢;,. To see this, observe that
after each conditioning in € either all marginals increase or all
decrease. Furthermore, the events Cr=0,Z7 =0,e(B); =0
can increase marginals by at most 3¢, + 3€;/; +€1,2; the only
other event that can increase B_¢is f¢ T. Now we know
P[(B_¢)r + Wr =2|£] 2 1 — 5¢ before and after conditioning
f ¢ T. Therefore, by Corollary 2.19, 2 — 10e <E[(B_¢); + Wr]
<2+ 25e. However, if E[(B_¢)] increased by more than 35¢,
then either before conditioning f ¢ T, E[(B_¢) + Wr] <2 — 10e
or afterward it is more than 2 + 25¢, which is a contradiction,
and completes the proof of (A.6). A similar argument shows
that E[(A_e)7|E] < 0.66.
We also claim that

E[(A_)r|€] = X(A_,) — 3¢, — 35¢ > 0.33.

As previously, everything conditioned on & increases E[(A_.)7]
except for possibly e(A)eT. As previously, we know that
P[Ur + (A_;)r =2|€] = 1 — 5¢ before and after e(A) ¢ T. There-
fore, again applying Corollary 2.19, we see that it cannot decrease
by more than 35e.

It follows that

0.33 <E[(A_e)r|E] <E[(A_e)r|E, (B_g)r = 0] < 0.66 + 0.66
<1.32.

Therefore, by Lemma 2.5 and Theorem 2.2, P[(A_.); = 1|&,
(B_f)r =0] > 0.33¢~%> 0.237.
Therefore, by Lemma 2.5,

P&, (A—e)r = 1,(B_g)r = 0] > (0.22)(0.39)(0.23) > 0.019.
Therefore, by (A.5)

PlUr =1|&,(Ae)r
P[Wr =2|&,(A-e)r =1,(B_g)r =0] 2 1 - 5¢/0.019.
Finally, by union bound

PUr =1, Wr =2|&,(A_e)r = 1,(B_¢)y = 0] > 1 — €/0.009.

Using € =20e;,and €1, <0.0002, this means both of the
above events happens, so e, f are 2-2-2-happy with probabil-
ity 0.019(1 — €/0.009) > 0.01 as desired.

Endnotes

! Given such an Eulerian cycle, we can use the triangle inequality to
shortcut vertices visited more than once to get a Hamiltonian cycle.

2 Although, because we do not always find a distribution that pre-
serves marginals exactly (as one does not necessarily exist), for pre-
cision we generally refer to the distribution used by the algorithm
as A-uniform instead.

3 The standard name for this is the T-join polytope. Because we
reserve T to represent our tree, we call this the O-join polytope, where
O represents the set of odd vertices in the tree.

4 Where the randomness comes from the random sampling of the tree.

® Recall that we merely need to prove the existence of a cheap O-join
solution. The actual optimal O-join solution can be found in polyno-
mial time.

© This is really a family of near-min cuts, but for the purpose of this
overview, assume 1 =0.

7 Roughly, this corresponds to the definition of the polygon being
left-happy.

8 For example, in Figure 2, p(a,c) = u3, and (g, ¢) is a bottom edge.

9Some portions of this discussion might be easier to understand
after reading the rest of the paper.

19 Each cut will be mapped to one or two OPT edges.

" In the special case that i=2, L in (i) will be the leftmost atom if it
is a near min cut, and similarly in (ii) when i =m — 1, R will be the
rightmost atom if it is a near min cut.

2 In the sense of the number of vertices that it contains.

3 An atom may already correspond to a connected component; in
such a case, we do not add it in this step.

" Think about such set as a degenerate polygon with atoms
a1:=X,a3:=Y,ap := X U Y. Therefore, for the rest of this section, we
call them triangles and in later section we just think of them as poly-
gon cuts.

15 To be precise, we apply the previous corollary to the polarization
of q;,, where x, y are polarized by a disjoint set of variables of size
equal to their maximum degree.

'8 The main problem with bad edges is that we cannot match them
to edges going higher in the matching Lemma 6.1. Therefore, to
prove the matching lemma we need to justify that there are not too
many bad edges in any cut. Therefore, we cannot simply “pretend”
that one half edge bundle of 6() is bad.

7 Suppose that under the distribution g on spanning trees, some
event D’ has probability g >p and we seek to define an event D C
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T’ that has probability exactly p. To this end, one can copy every
tree T in the support of u, exactly L%J times for some integer k>0,
and whenever we sample T, we choose a copy uniformly at ran-
dom. Therefore, to get a probability exactly p for an event, we say
this event occurs if for a “feasible” tree T one of the first k copies are
sampled. Now, as k — oo the probability that D occurs converges to
p. Now, for a number of decreasing events, D;,D,..., that occur
with probabilities g1,42,... (respectively), we just need to let k be
the least common multiple of p/q1,p/q2,... and follow the above
procedure. Another method is to choose an independent Bernoulli
with success probability p / g for any such event D.

18 We are using the fact that €1/, = €;/,/12 and that ¢, is tiny by
comparison with these.
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