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1. Introduction
One of the most fundamental problems in combinato
rial optimization is the traveling salesperson problem 
(TSP), formalized as early as 1832 (Applegate et al. 
2007, chapter 1). In an instance of TSP, we are given a 
set of n cities V along with their pairwise symmetric 
distances, c : V × V→ R≥0. The goal is to find a Hamil
tonian cycle of minimum cost. It is well known that for 
a general distance function, it is NP-hard to approxi
mate TSP within any polynomial factor. Therefore, it is 
natural to study metric TSP, in which the distances sat
isfy the triangle inequality, that is,

c(u, w) ≤ c(u, v) + c(v, w) ∀u, v, w ∈ V:

In this case, the problem is equivalent to finding a 
closed Eulerian connected walk of minimum cost.1

It is NP-hard to approximate metric TSP within a fac
tor of 123

122 (Karpinski et al. 2015). An algorithm of 
Christofides-Serdyukov (Christofides 1976, Serdyukov 
1978) from four decades ago gives a 32-approximation for 
TSP (see van Bevern and Slugina (2020) for a historical 
note about TSP). This remains the best known approxi
mation algorithm for the general case of the problem 
despite significant work (Wolsey 1980, Shmoys and Wil
liamson 1990, Boyd and Pulleyblank 1991, Goemans 
1995, Carr and Vempala 2000, Gamarnik et al. 2005, 
Boyd and Elliott-Magwood 2010, Boyd and Carr 2011, 

Schalekamp et al. 2012, Haddadan et al. 2017, Haddadan 
and Newman 2019, Karlin et al. 2020).

In contrast, there have been major improvements 
to this algorithm for a number of special cases of TSP. 
For example, polynomial-time approximation schemes 
(PTAS) have been found for Euclidean (Arora 1998, 
Mitchell 1999), planar (Grigni et al. 1995, Arora et al. 1998, 
Klein 2008), and low-genus metric (Demaine et al. 2010) 
instances. In addition, the case of graph metrics has 
received significant attention. Oveis Gharan et al. (2011) 
found a 3

2� ɛ0 approximation for this case. Mömke and 
Svensson (2016) then obtained a combinatorial algorithm 
for graphic TSP with an approximation ratio of 1.461. 
This ratio was later improved by Mucha (2012) to 13

9 ≈
1:444 and then by Sebö and Vygen (2014) to 1.4.

In this paper, we prove the following theorem.
Theorem 1.1. For some absolute constant ɛ > 10�36, there 
is a randomized algorithm that outputs a tour with expected 
cost at most 32� ɛ times the cost of the optimum solution.

Although the algorithm makes use of the Held-Karp 
relaxation, we do not prove that the integrality gap of 
this polytope is bounded away from 3/2. We also 
remark that, although our approximation factor is only 
slightly better than Christofides-Serdyukov, we are not 
aware of any example where the approximation ratio 
of the algorithm we analyze exceeds 4/3 in expectation.

Following a new exciting result of Traub et al. (2020), 
we also get the following theorem.
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Theorem 1.2. For some absolute constant ɛ > 0, there is a 
randomized algorithm that outputs a TSP path with expected 
cost at most 32� ɛ times the cost of the optimum solution.

1.1. Algorithm
First, we recall the classical Christofides-Serdyukov 
algorithm: Given an instance of TSP, choose a mini
mum spanning tree and then add the minimum cost 
matching on the odd degree vertices of the tree. The 
algorithm we study is very similar, except we choose a 
random spanning tree based on the standard linear 
programming relaxation of TSP.

Let x0 be an optimum solution of the following TSP 
linear program relaxation (Dantzig et al. 1959, Held 
and Karp 1970):

min
X

u, v
x(u, v)c(u, v)

s:t:,
X

u
x(u, v) � 2 ∀v ∈ V,

X

u∈S, v∉S
x(u, v) ≥ 2, ∀S ( V,

x(u, v) ≥ 0 ∀u, v ∈ V:
(Held-Karp relaxation) 

Given x0, we pick an arbitrary node, u, split it into two 
nodes u0, v0, and set x(u0, v0) � 1, c(u0, v0) � 0, and we 
assign half of every edge incident to u to u0 and the 
other half to v0. This allows us to assume without loss 
of generality that x0 has an edge e0 � (u0, v0) such that 
xe0 � 1, c(e0) � 0.

Let E0 � E ∪ {e0} be the support of x0 and let x be x0 

restricted to E and G � (V, E). x0 restricted to E is in the 
spanning tree polytope (2.1).

For a vector λ : E→ R≥0, a λ-uniform distribution µλ 
over spanning trees of G � (V, E) is a distribution where 
for every spanning tree 

T ⊆ E, Pµ[T] �
Q

e∈Tλe
P

T′
Q

e∈T′λe
:

Now, find a vector λ such that for every edge e ∈
E, Pµλ[e ∈ T] � xe(1 6ɛ), for some ɛ < 2�n. Such a vector 
λ can be found using the multiplicative weight update 
algorithm (Asadpour et al. 2017) or by applying interior 
point methods (Sebö and Vygen 2014) or the ellipsoid 
method (Asadpour et al. 2017). (The multiplicative 
weight update method can only guarantee ɛ < 1=
poly(n) in polynomial time.) We will sometimes call 
such a distribution the maximum entropy distribution 
because a λ-uniform distribution has maximal entropy 
over all distributions with marginals x.2

Theorem 1.3 (Asadpour et al. 2017, Theorem 5.2). Let z 
be a point in the spanning tree polytope (see (2.1)) of a 
graph G � (V, E). For any ɛ > 0, a vector λ : E→ R≥0 can 
be found such that the corresponding λ-uniform spanning 

tree distribution, µλ, satisfies
X

T∈T :T � e
Pµλ[T] ≤ (1+ ε)ze, ∀e ∈ E, 

that is, the marginals are approximately preserved. In the 
previous notation, T is the set of all spanning trees of (V, E). 
The running time is polynomial in n � |V | , � logmine∈Eze 
and log(1=ɛ).

Finally, we sample a tree T ~ µλ and then add the mini
mum cost matching on the odd degree vertices of T. The 
previous algorithm is a slight modification of the algo
rithm proposed in Oveis Gharan et al. (2011). We refer 
the interested reader to exciting work of Genova and 
Williamson (2017) on the empirical performance of the 
max-entropy rounding algorithm. We also remark that, 
although the algorithm implemented in Genova and Wil
liamson (2017) is slightly different from the previous 
algorithm, we expect the performance to be similar.

Algorithm 1 (Improved Approximation Algorithm for 
TSP)

Find an optimum solution x0 of Held-Karp relaxa
tion, and let e0 � (u0, v0) be an edge with x0

e0
� 1, c(e0)

� 0.
Let E0 � E ∪ {e0} be the support of x0 and x be x0 

restricted to E and G � (V, E).
Find a vector λ : E→ R≥0 such that for any e ∈ E, 
Pµλ[e] � xe(1 6 2�n).
Sample a tree T ~ µλ.
Let M be the minimum cost matching on odd 
degree vertices of T.
Output T ∪M.

1.2. New Techniques
Here we discuss new machinery and technical tools 
that we developed for this result that could be of inde
pendent interest.

1.2.1. Polygon Structure for Near Minimum Cuts 
Crossed on One Side. Let G � (V, E, x) be an undirected 
graph equipped with a weight function x : E→ R≥0 such 
that for any cut (S, S) such that u0, v0 ∉ S, x(δ(S)) ≥ 2.

For some (small) η ≥ 0, consider the family of η-near 
min cuts of G. Let C be a connected component of cross
ing η-near min cuts. Given C we can partition vertices 
of G into sets a0, : : : , am�1 (called atoms); this is the 
coarsest partition such that for each ai, and each (S, S)
∈ C, we have ai ⊆ S or ai ⊆ S. Here a0 is the atom that 
contains u0, v0.

There have been several works studying the struc
ture of edges between these atoms and the structure of 
cuts in a connected component of cuts C with respect to 
(w.r.t.) the ais. The cactus structure (Dinits et al. 1976) 
shows that if η�0, then we can arrange the ais of a con
nected component around a cycle, say a1, : : : , am (after 
renaming), such that x(E(ai, ai+1)) � 1 for all i.
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Benczúr (1995) and Benczúr and Goemans (2008) 
studied the case when η ≤ 6=5 and introduced the no
tion of polygon representation, in which case atoms can be 
placed on the sides of an equilateral polygon and some 
atoms placed inside the polygon, such that every cut in C 

can be represented by a diagonal of this polygon. Later, 
Oveis Gharan et al. (2011) studied the structure of edges 
of G in this polygon when η < 1=100.

In this paper, we show it suffices to study the struc
ture of edges in a special family of polygon representa
tions: Suppose we have a polygon representation for a 
connected component C of η-near min cuts of G such 
that 
• No atom is mapped inside.
• If we identify each cut (S, S) ∈ C with the interval 

along the polygon that does not contain a0, then any 
interval is only crossed on one side (only on the left or 
only on the right).

Then, we have (i) for any atom ai, x(δ(ai)) ≤ 2+O(η), 
and (ii) for any pair of atoms, ai, ai+1, x(E(ai, ai+1) ≥

1�Ω(η) (see Theorem 4.3 for details).
We expect to see further applications of our theorem 

in studying variants of TSP.

1.2.2. Generalized Gurvits’ Lemma. Given a real stable 
polynomial p ∈ R≥0[z1, : : : , zn] (with nonnegative coeffi
cients), Gurvits (2006, 2008) proved the following 
inequality:

n!

nn inf
z>0

p(z1, : : : , zn)

z1: : : zn
≤ ∂z1 : : :∂zn p | z�0 ≤ inf

z>0

p(z1, : : : , zn)

z1: : : zn
:

(1.1) 

As an immediate consequence, one can prove the follow
ing theorem about strongly Rayleigh (SR) distributions.

Theorem 1.4. Let µ : 2[n] → R≥0 be SR and A1, : : : , Am be 
random variables corresponding to the number of elements 
sampled in m disjoint subsets of [n] such that E[Ai] � ni 
for all i. If ni�1 for all 1 ≤ i ≤ n, then P[∀i, Ai � 1] ≥ m!

mm.

One can ask what happens if the vector (n1, : : : , nm)

in the previous theorem is not equal but close to the all 
ones vector, 1.

A related theorem was proved in Oveis Gharan et al. 
(2011).

Theorem 1.5. Let µ : 2[n] → R≥0 be SR and A, B be ran
dom variables corresponding to the number of elements 
sampled in two disjoint sets. If P[A+B � 2] ≥ ɛ, P[A ≤
1],P[B ≤ 1] ≥ α and P[A ≥ 1],P[B ≥ 1] ≥ β then P[A � B 
� 1] ≥ ɛαβ=3.

We prove a generalization of both of the previous 
statements; roughly speaking, we show that as long as 
Pm

i�1 |ni� 1 | < 1� ɛ, then P[∀i, Ai � 1] ≥ f (ɛ, m), where 
f (ɛ, m) has no dependence on n, the number of underly
ing elements in the support of µ.

Theorem 1.6 (Informal Version of Proposition 5.1). Let 
µ : 2[n] → R≥0 be SR and let A1, : : : , Am be random vari
ables corresponding to the number of elements sampled in 
m disjoint subsets of [n]. Suppose that there are integers 
n1, : : : , nm such that for any set S ⊆ [m], P[

P
i∈SAi �

P
i∈S 

ni] ≥ ɛ. Then,

P[∀i, Ai � ni] ≥ f (ɛ, m):

The previous statement is even stronger than Theorem 
1.4 as we only require P[

P
i∈SAi �

P
i∈Sni] to be bou

nded away from zero for any set S ⊆ [m], and we do not 
need a bound on the expectation. Our proof of the previ
ous theorem has double exponential dependence on ɛ. 
We leave it an open problem to find the optimum 
dependency on ɛ. Furthermore, our proof of the previ
ous theorem is probabilistic in nature; we expect that an 
algebraic proof based on the theory of real stable poly
nomials will provide a significantly improved lower 
bound. Unlike the previous theorem, such a proof may 
possibly extend to the more general class of completely 
log-concave distributions (Anari et al. 2018). In an inde
pendent work, Gurvits and Leake (2021) proved a variant 
of the previous theorem with a much better depend
ence on ɛ and m for a homogeneous strong Rayleigh 
distribution.

1.2.3. Conditioning While Preserving Marginals. Consider 
a SR distribution µ : 2[n] → R≥0 and let x : [n] → R≥0, 
where for all i, xi � PT~µ[i ∈ T], be the marginals.

Let A, B ⊆ [n] be two disjoint sets such that E[AT], 
E[BT] ≈ 1. It follows from Theorem 1.6 that P[AT � BT 
� 1] ≥Ω(1). Here, however, we are interested in a 
stronger event; let ν � µ |AT � BT � 1 and let yi � PT~µ
[i ∈ T]. It turns out that the y vector can be very differ
ent from the x vector, in particular, for some is we can 
have |yi� xi | bounded away from zero. We show that 
there is an event of nonnegligible probability that is a 
subset of AT � BT � 1 under which the marginals of ele
ments in A, B are almost preserved.

Theorem 1.7 (Informal Version of Proposition 5.2). Let 
µ : 2[n] → R≥0 be a SR distribution and let A, B ⊆ [n] be 
two disjoint subsets such that E[AT],E[BT] ≈ 1. For any 
α≪ 1 there is an event EA, B such that P[EA, B] ≥Ω(α2)

and 
• P[AT � BT � 1 |EA, B] � 1,
•
P

i∈A |P[i]�P[i |EA, B] | ≤ α,
•
P

i∈B |P[i]�P[i |EA, B] | ≤ α.

We remark that the quadratic lower bound on α is 
necessary in the previous theorem for a sufficiently 
small α > 0. The previous theorem can be seen as a gen
eralization of Theorem 1.4 in the special case of two 
sets.

We leave it an open problem to extend the previous 
theorem to arbitrary k disjoint sets. We suspect that in 
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such a case the ideal event EA1, : : : , Ak occurs with proba
bility Ω(α)k and preserves all marginals of elements in 
each of the sets A1, : : : , Ak up to a total variation dis
tance of α.

2. Preliminaries
2.1. Notation
We write [n] :� {1, : : : , n} to denote the set of integers 
from one to n. For a set of edges A ⊆ E and (a tree) 
T ⊆ E, we write

AT � |A ∩ T | :

For a set S ⊆ V, we write

E(S) � {(u, v) ∈ E : u, v ∈ S}

to denote the set of edges in S, and we write

δ(S) � {(u, v) ∈ E : | {u, v} ∩ S | � 1}

to denote the set of edges that leave S.
For two disjoint sets of vertices A, B ⊆ V, we write

E(A, B) � {(u, v) ∈ E : u ∈ A, v ∈ B}:

For a set A ⊆ E and a function x : E→ R, we write

x(A) :�
X

e∈A
xe:

For two sets A, B ⊆ V, we say A crosses B if all of the fol
lowing sets are nonempty:

A ∩ B, A \ B, B \ A, A ∪ B:

We write G � (V, E, x) to denote an (undirected) graph 
G together with special vertices u0, v0 and a weight 
function x : E→ R≥0 such that

x(δ(S)) ≥ 2, ∀S ( V : u0, v0 ∉ S:

For such a graph, we say a cut S ⊆ V is an η-near min cut 
w.r.t., x (or simply η-near min cut when x is under
stood) if x(δ(S)) ≤ 2+ η. Unless otherwise specified, in 
any statement about a cut (S, S) in G, we assume 
u0, v0 ∉ S.

2.2. Polyhedral Background
For any graph G � (V, E), Edmonds (1970) gave the fol
lowing description for the convex hull of spanning 
trees of a graph G � (V, E), known as the spanning tree 
polytope:

z(E) � |V | � 1

z(E(S)) ≤ |S | � 1 ∀S ⊆ V

ze ≥ 0 ∀e ∈ E: (2.1) 

Edmonds (1970) proved that the extreme point solu
tions of this polytope are the characteristic vectors of 
the spanning trees of G.

Fact 2.1. Let x0 be a feasible solution of the Held-Karp 
relaxation such that x0

e0
� 1 with support E0 � E ∪ {e0}. Let 

x be x0 restricted to E; then x is in the spanning tree poly
tope of G � (V, E).

For any set S ⊆ V such that u0, v0 ∉ S, x(E(S)) �
2 |S |�x0(δ(S))

2 ≤ |S | � 1. If u0 ∈ S, v0 ∉ S, then x(E(S)) �
2 |S |�1�(x0(δ(S))�1)

2 ≤ |S |� 1. Finally, if u0, v0 ∈ S, then 
x(E(S)) � 2 |S |�2�x0(δ(S))

2 ≤ |S | � 2. The claim follows be
cause x(E) � x0(E0)� 1 � n� 1.

Because c(e0) � 0, the following fact is immediate.

Fact 2.2. Let G � (V, E, x) where x is in the spanning tree 
polytope. Let µ be any distribution of spanning trees with 
marginals x, then ET~µ[c(T ∪ e0)] � c(x).

To bound the cost of the min-cost matching on the 
set O of odd degree vertices of the tree T, we use the fol
lowing characterization of the O-join polytope3 due to 
Edmonds and Johnson (1973).

Proposition 2.1. For any graph G � (V, E), cost function 
c : E→ R+, and a set O ⊆ V with an even number of verti
ces, the minimum weight of an O-join equals the optimum 
value of the following integral linear program.

min c(y)

s:t: y(δ(S)) ≥ 1 ∀S ⊆ V, |S ∩O | odd

ye ≥ 0 ∀e ∈ E (2.2) 

Definition 2.1 (Satisfied Cuts). For a set S ⊆ V such that 
u0, v0 ∉ S and a spanning tree T ⊆ E we say a vector y :

E→ R≥0 satisfies S if δ(S)T is even or y(δ(S)) ≥ 1.

To analyze our algorithm, we will see that the main 
challenge is to construct a (random) vector y that satisfies 
all cuts and E[c(y)] ≤ (1=2� ɛ)OPT, where OPT is the 
cost of an optimal solution.

2.3. Structure of Near Minimum Cuts

Lemma 2.1 (Oveis Gharan et al. 2011). For G � (V, E, x), 
let A, B ( V be two crossing ɛA,ɛB near min cuts respec
tively. Then, A ∩ B, A ∪ B, A \ B, B \ A are ɛA + ɛB near 
min cuts.

We prove the lemma only for A ∩ B; the rest of the 
cases can be proved similarly. By submodularity,

x(δ(A ∩ B)) + x(δ(A ∪ B)) ≤ x(δ(A)) + x(δ(B))
≤ 4+ ɛA + ɛB:

Because x(δ(A ∪ B)) ≥ 2, we have x(δ(A ∩ B)) ≤ 2+ ɛA 
+ ɛB, as desired.

The following lemma is proved in Benczúr (1997).

Karlin, Klein, and Oveis Gharan: Improved Approximation for Metric TSP 
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Lemma 2.2 (Bencz�ur 1997, Lemma 5.3.5). For G � (V, 
E, x), let A, B ( V be two crossing ɛ-near minimum cuts. Then,

x(E(A ∩ B, A�B)), x(E(A ∩ B, B�A)),
x(E(A ∪ B, A�B)), x(E(A ∪ B, B�A)) ≥ (1� ɛ=2):

Lemma 2.3. For G � (V, E, x), let A, B ( V be two ɛ near 
min cuts such that A ( B. Then

x(δ(A) ∩ δ(B)) � x(E(A, B)) ≤ 1+ ɛ, and

x(δ(A) \ δ(B)) ≥ 1� ɛ=2:

Notice

2 + ɛ ≥ x(δ(A)) � x(E(A, B \ A)) + x(E(A, B))

2 + ɛ ≥ x(δ(B)) � x(E(B \ A, B)) + x(E(A, B)) :

Summing these up, we get

2x(E(A, B)) + x(E(A, B \ A)) + x(E(B \ A, B))
� 2x(E(A, B)) + x(δ(B \ A)) ≤ 4 + 2ɛ:

Because B \ A is nonempty, x(δ(B \ A)) ≥ 2, which im
plies the first inequality. To see the second one, let C �
B \ A and note

4 ≤ x(δ(A)) + x(δ(C)) � 2x(E(A, C)) + x(δ(B))
≤ 2x(E(A, C)) + 2+ ɛ, 

which implies x(E(A, C)) ≥ 1� ɛ=2.

2.4. Strongly Rayleigh Distributions and 
l-Uniform Spanning Tree Distributions

Let BE be the set of all probability measures on the 
Boolean algebra 2E. Let µ ∈ BE. The generating polyno
mial gµ : R[{ze}e∈E] of µ is defined as follows:

gµ(z) :�
X

S
µ(S)

Y

e∈S
ze:

We say µ is a strongly Rayleigh distribution if gµ ≠ 0 
over all {ye}e∈E ∈ CE, where Im(ze) > 0 for all e ∈ E. We 
say µ is d-homogenous if for any λ ∈ R, gµ(λz) � λd 

gµ(z). Strongly Rayleigh (SR) distributions were defined 
in Borcea et al. (2009) where it was shown any λ-uniform 
spanning tree distribution is strongly Rayleigh. In this 
section, we recall several properties of SR distributions 
proved in Borcea et al. (2009) and Oveis Gharan et al. 
(2011) that will be useful to us.

2.4.1. Closure Operations of SR Distributions. SR dis
tributions are closed under the following operations. 
• Projection. For any µ ∈ BE, and any F ⊆ E, the pro

jection of µ onto F is the measure µF where for any 
A ⊆ F,

µF(A) �
X

S:S∩F�A
µ(S):

• Conditioning. For any e ∈ E, {µ |e out} and {µ |e 
in}.
• Truncation. For any integer k ≥ 0 and µ ∈ BE, 

truncation of µ to k, is the measure µk where for any 
A ⊆ E,

µk(A) �
µ(A)

P
S: |S | �kµ(S)

if |A | � k

0 otherwise:

8
<

:

• Product. For any two disjoint sets E, F, and µE ∈

BE,µF ∈ BF the product measure µE×F is the measure 
where for any A ⊆ E, B ⊆ F, µE×F(A ∪ B) � µE(A)µF(B).

Throughout this paper, we will repeatedly apply the 
previous operations. We remark that SR distributions 
are not necessarily closed under truncation of a subset, 
that is, if we require exactly k elements from F ( E.

Because λ-uniform spanning tree distributions are 
special classes of SR distributions, if we perform any of 
the previous operations on a λ-uniform spanning tree 
distribution µwe get another SR distribution. Later, we 
see that by performing the following particular opera
tions, we still have a λ-uniform spanning tree distribu
tion (perhaps with a different λ).

2.4.2. Closure Operations of l-uniform Spanning Tree 
Distributions. For G � (V, E), a spanning tree distribu
tion µ ∈ BE, and T ~ µ, we have the following: 
• Conditioning. For any e ∈ E, {µ |e ∉ T}, {µ |e ∈ T}.
• Tree Conditioning. For S ⊆ V, {µ | |E(S) ∩ T | � |S |

�1}, that is, T restricted to S is a tree. We will often just 
write S is a tree to denote such an event.

Arbitrary spanning tree distributions are not nece
ssarily closed under truncation and projection. We 
remark that SR measures are also closed under an ana
logue of tree conditioning, that is, for a set F ⊆ E, let k �
maxS∈supp µ |S ∩ F | . Then, {µ | |S ∩ F | � k} is SR. How
ever, if µ is a spanning tree distribution, we get an extra 
independence property. The following independence is 
crucial to several of our proofs.

Fact 2.3. For a graph G � (V, E), and a vector λ(G) : E→
R≥0, let µλ(G) be the corresponding λ-uniform spanning 
tree distribution. Then for any S ( V,

{µλ(G) |S is a tree} � µλ(G[S]) × µλ(G=S):

Intuitively, this holds because in the max entropy distribu
tion (recall a λ-uniform distribution maximizes entropy 
subject to matching the marginals of x), conditioned on S 
being a tree, any tree chosen inside S can be composed 
with any tree chosen on G/S to obtain a spanning tree 
on G. Therefore, to maximize the entropy these trees 
should be chosen independently. More formally, for any 
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T1 ∈ G[S] and T2 ∈ G=S,

P[T � T1 ∪ T2 |S is a tree]

�
λT1λT2

P
T′1∈G[S], T′2∈G=Sλ

T′1λT′2

�
λT1

P
T′1∈G[S]

λT′1
·

λT2

P
T′2∈G=Sλ

T′2

� PT′1~G[S][T′1 � T1]PT′2~G=S[T′2 � T2], 

giving independence.

2.4.3. Negative Dependence Properties. An upward 
event, A, on 2E is a collection of subsets of E that is closed 
under upward containment, that is, if A ∈A and A ⊆
B ⊆ E, then B ∈A. Similarly, a downward event is closed 
under downward containment. An increasing function 
f : 2E→ R, is a function where for any A ⊆ B ⊆ E, we 
have f (A) ≤ f (B). We also say f : 2E→ R is a decreasing 
function if – f is an increasing function. Therefore, an 
indicator of an upward event is an increasing function. 
For example, if E is the set of edges of a graph G, then 
the existence of a Hamiltonian cycle is an increasing 
function, and the three-colorability of G is a decreas
ing function.

Definition 2.2 (Negative Association). A measure µ ∈ BE 
is negatively associated if for any increasing functions 
f , g : 2E→ R, that depend on disjoint sets of edges,

Eµ[f ] ·Eµ[g] ≥ Eµ[f · g]:

It is shown in Borcea et al. (2009) and Feder and Mihail 
(1992) that strongly Rayleigh measures are negatively 
associated.

2.4.4. Stochastic Dominance. For two measures µ,ν :

2E→ R≥0, we say µ≼ν if there exists a coupling ρ : 2E ×

2E→ R≥0 such that
X

B
ρ(A, B) � µ(A), ∀A ∈ 2E,

X

A
ρ(A, B) � ν(B), ∀B ∈ 2E, 

and for all A, B such that ρ(A, B) > 0, we have A ⊆ B 
(coordinate-wise).

Theorem 2.1 (Borcea et al. 2009). If µ is strongly Ray
leigh and µk,µk+1 are well defined, then µk ≼µk+1.

In the previous particular case, the coupling ρ satisfies 
the following: For any A, B ⊆ E where ρ(A, B) > 0, B ⊇ A 
and |B \ A | � 1, that is, B has exactly one more element.

Let µ be a strongly Rayleigh measure on edges of G. 
Recall that for a set A ⊆ E, we write AT � |A ∩ T | to de
note the random variable indicating the number of edges 
in A chosen in a random sample T of µ. The following facts 

immediately follow from the negative association and sto
chastic dominance properties. We will use these facts re
peatedly in this paper.

Fact 2.4 (Borcea et al. 2009, Theorems 4.8 and 4.19). 
Let µ be any SR distribution on E, then for any F ⊂ E, and 
any integer k 

1. (Negative Association) If e ∉ F, then Pµ[e |FT ≥ k] ≤
Pµ[e] and Pµ[e |FT ≤ k] ≥ Pµ[e].

2. (Stochastic Dominance) If e ∈ F, then Pµ[e |FT ≥ k] ≥
Pµ[e] and Pµ[e |FT ≤ k] ≤ Pµ[e].

The following fact is a direct consequence of the pre
vious notation (see corollary 6.10 in Oveis Gharan et al. 
(2011)).

Fact 2.5. Let µ be a homogenous SR distribution on E. 
Then, 
• (Negative Association with Homogeneity) For any A ⊆ E, 

and any B ⊆ A

Eµ[BT |AT � 0] ≤ Eµ[BT] +Eµ[AT] (2.3) 

• Suppose that µ is a spanning tree distribution. For 
S ⊆ V, let q :� |S | � 1�Eµ[E(S)T]. For any A ⊆ E(S), B ⊆
E(S),

Eµ[BT]� q ≤ Eµ[BT |S is a tree] ≤ Eµ[BT]

(Negative association and homogeneity)

Eµ[AT] ≤ Eµ[AT |S is a tree] ≤ Eµ[AT] + q
(Stochastic dominance and tree)

2.4.5. Rank Sequence. The rank sequence of µ is the 
sequence

P[ |S | � 0],P[ |S | � 1], : : : ,P[ |S | � m], 

where S ~ µ. Let gµ(z) be the generating polynomial of 
µ. The diagonal specialization of µ is the univariate poly
nomial

gµ(z) :� gµ(z, z, : : : , z):

Observe that g(:) is the generating polynomial of the 
rank sequence of µ. It follows that if µ is SR, then gµ is 
real rooted.

It is not hard to see that the rank sequence of µ corre
sponds to sum of independent Bernoullis if and only if 
(iff) gµ is real rooted. It follows that the rank sequence 
of an SR distributions has the law of a sum of indepen
dent Bernoullis. As a consequence, it follows (Hardy 
et al. 1952, Darroch 1964, Borcea et al. 2009) that the 
rank sequence of any strongly Rayleigh measure is log 
concave (see later for the definition), unimodal, and its 
mode differs from the mean by less than one.

Definition 2.3 (Log-Concavity (Borcea et al. 2009, Definition 
2.8)). A real sequence {ak}

m
k�0 is log-concave if a2

k ≥ ak�1 
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· ak+1 for all 1 ≤ k ≤m� 1, and it is said to have no 
internal zeros if the indices of its nonzero terms form 
an interval (of nonnegative integers).

2.5. Sum of Bernoullis
In this section, we collect a number of properties of sums 
of Bernoulli random variables.

Definition 2.4 (Bernoulli Sum Random Variable). We say 
BS(q) is a Bernoulli-Sum random variable if it has the 
law of a sum of independent Bernoulli random vari
ables, say B1 +B2+ ⋯ +Bn for some n ≥ 1, with E[B1+

⋯ +Bn] � q.
We start with the following theorem of Hoeffding.

Theorem 2.2 (Hoeffding 1956, Corollary 2.1). Let g : {0, 1, 
: : : , n}→ R and 0 ≤ q ≤ n for some integer n ≥ 0. Let B1, 
: : : , Bn be n independent Bernoulli random variables with 
success probabilities p1, : : : , pn, where 

Pn
i�1 pn � q that mi

nimizes (or maximizes)

E[g(B1+ ⋯ +Bn)]

over all such distributions. Then, p1, : : : , pn ∈ {0, x, 1} for 
some 0 < x < 1. In particular, if only m of pis are nonzero 
and ℓ of pis are 1, then the remaining m� ℓ are q�ℓ

m�ℓ.

Fact 2.6. Let B1, : : : , Bn be independent Bernoulli random 
variables each with expectation 0 ≤ p ≤ 1. Then

P
X

i
Bi even

" #

�
1
2 (1+ (1� 2p)n):

Note that

(p + (1� p))n �
Xn

k�0
pk(1� p)n�k

n

k

 !

and

((1� p)� p)n �
Xn

k�0
(�p)k(1� p)n�k

n

k

 !

:

Summing them up we get

1 + (1� 2p)n �
X

0≤k≤n, k even
2pk(1� p)n�k n

k

� �

:

Corollary 2.1. Given a BS(q) random variable with 0 < q 
≤ 1:2, then

P[BS(q) even] ≤ 1
2 (1+ e�2q):

First, if q ≤ 1, then by Hoeffding’s theorem we can 
write BS(q) as sum of n Bernoullis with success prob
ability p � q=n. If n�1, then the statement obviously 
holds. Otherwise, by the previous fact, we have (for 

some n),

P[BS(q) even] ≤ 1
2 (1+ (1� 2p)n)) ≤ 1

2 (1+ e�2q), 

where we used that |1� 2p | ≤ e�2p for p ≤ 1=2.
Therefore, now assume q> 1. Write BS(q) as the sum 

of n Bernoullis, each with success probabilities 1 or p. 
First assume we have no ones. Then, either we only 
have two nonzero Bernoullis with success probability 
q=2 in which case P[BS(q) even] ≤ 0:62 + 0:42 and we 
are done. Otherwise, n ≥ 3 so p ≤ 1=2 and similar to the 
previous case we get P[BS(q) even] ≤ 1

2 (1+ e�2q).
Finally, if q> 1 and one of the Bernoullis is always 

one, that is, BS(q) � BS(q� 1) + 1, then we get

P[BS(q) even] � P[BS(q� 1) odd]

�
1
2 (1� (1� 2p)n�1

) ≤ 1=2, 

where we used that p ≤ 0:5 (because q ≤ 1:2).

Lemma 2.4. Let p0, : : : , pn be a log-concave sequence. If for 
some i, γpi ≥ pi+1 for some γ < 1, then,

Xn

j�k
pj ≤

pk

1� γ , ∀k ≥ i

Xn

j�i+1
pj · j ≤

pi+1

1� γ i+ 1+ γ

1� γ

� �

:

Because we have a log-concave sequence we can write

1
γ
≤

pi

pi+1
≤

pi+1

pi+2
≤⋯ (2.4) 

Because all of the previous ratios are at least 1=γ, for all 
l ≥ 1, we can write

pi+l ≤ γ
l�1pi+1 ≤ γ

lpi:

Therefore, the first statement is immediate and the sec
ond one follows:
Xn

j�i+1
pjj ≤

X∞

l�0
γlpi+1(i + l + 1) � pi+1

i + 1
1� γ +

γ

(1� γ)2

 !

:

Corollary 2.2. Let X be a BS(q) random variable such that 
P[X � k] ≥ 1� ɛ for some integer k ≥ 1, ɛ < 1=10. Then, 
k(1� ɛ) ≤ q ≤ k(1+ ɛ) + 3ɛ.

The left inequality simply follows because X ≥ 0. 
Because P[X � k+ 1] ≤ ɛ, we can apply Lemma 2.4 with 
γ � ɛ=(1� ɛ) to get

E[X |X ≥ k+ 1]P[X ≥ k+ 1] ≤ ɛ(1� ɛ)1� 2ɛ k+ 1+ ɛ

1� 2ɛ

� �
:
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Therefore,

q � E[X] ≤ k(1� ɛ) + ɛ(1� ɛ)1� 2ɛ k + 1 + ɛ

1� 2ɛ

� �

≤ k(1 + ɛ) + 3ɛ

as desired.

Fact 2.7. For integers k< t and k� 1 ≤ p ≤ k,

Yk�1

i�1
(1� i=t)(1� p=t)t�k

≥ e�p:

We show that the left-hand side (LHS) is a decreasing 
function of t. Because ln is monotone, it is enough to 
show

0 ≥ ∂t ln(LHS) � ∂t
Xk�1

i�1
ln(1� i=t) + (t� k)ln(1� p=t)

 !

�
1
t2

Xk�1

i�1

1
1
i �

1
t
+ ln(1� p=t) + (t� k)p

t(t� p)
:

Using 
Pk�2

i�1
1

t2=i�t ≤
R k�1

0
dx

t2=x�t ��(k� 1)=t� ln(1� (k�
1)=t), it is enough to show

0 ≥� k� 1
t � ln 1� k� 1

t

� �

+ ln(1� p=t) + (t� k)p
t(t� p)

+
1

t2 1
k�1�

1
t

� �

� ln t� p
t� k+ 1+

p� k
t� p +

1
t +

k� 1
t(t� k+ 1) :

Rearranging, it is equivalent to show

ln 1 + p� k + 1
t� p

� �

≥
p� k
t� p

+
1

t� k + 1 :

Because p > k� 1, using Taylor series of ln, to prove the 
previous expression, it is enough to show

p� k+ 1
t� p �

(p� k+ 1)2

2(t� p)2
≥

p� k
t� p +

1
t� k+ 1 :

This is equivalent to show

p� k + 1
(t� p)(t� k + 1) ≥

(p� k + 1)2

2(t� p)2
w

1
t� k + 1 ≥

p� k + 1
2(t� p) :

Finally, the latter holds because (t� k+ 1)(p� k+ 1) ≤
(t� k+ 1) ≤ 2(t� p), where we use t ≥ k+ 1 and p ≤ k.

Let Poi(p, k) � e�ppk=k! be the probability that a Pois
son random variable with rate p is exactly k; similarly, 
define Poi(p, ≤ k), Poi(p, ≥ k) as the probability that a 
Poisson with rate p is at most k or at least k.

Lemma 2.5. Let X be a Bernoulli sum BS(p) for some n. 
For any integer k ≥ 0 such that k� 1 < p < k+ 1, the fol
lowing holds true:

P[X � k] ≥ min
0≤ℓ≤p, k

Poi(p� ℓ, k� ℓ) 1� p� ℓ
k� ℓ+ 1

� �(p�k)+
, 

where the minimum is over all nonnegative integers ℓ ≤ p, k, 
and for z ∈ R, z+ �max{z, 0}.

Let X � B1+ ⋯ +Bn, where Bi is a Bernoulli. Apply
ing Hoeffding’s theorem, if ℓ of them have success prob
ability 1, it suffices to prove a lower bound of Poi(p� ℓ, 

k� ℓ) 1� p�ℓ
k�ℓ+1

� �(p�k)+
. Because without loss of general

ity none have success probability 1, it follows that each 
has success probability p/n. If k ≥ p,

P[X � k] �
n

k

 !
p
n

� �k
(1� p=n)n�k

�
Yk�1

i�1
(1� i=n)p

k

k!
(1� p=n)n�k

≥
pk

k!
e�p

� Poi(p, k), 

where in the inequality we used Fact 2.7 (also, if n� k, 
the inequality follows from Stirling’s formula and that 
p ≥ k� 1). If k < p < k+ 1, then as previously shown:

P[X � k] �
Yk�1

i�1
(1� i=n)p

k

k!
(1� p=n)n�p

(1� p=n)p�k

≥
p≥k

Yk�1

i�1
(1� i=n)p

k

k!
(1� p=n)n�k

(1� p=n)p�k

≥ Poi(p, k)(1� p=n)p�k, 

where we used Fact 2.7 in the last inequality.
If we further know X ≥ a with probability 1, we can 

restrict ℓ in the statement to be in the interval [a, min(p, k)].

Lemma 2.6. Let X be a Bernoulli sum BS(p), where for 
some integer k � ⌈p⌉, Then,

P[X ≥ k] ≥ min
0≤ℓ≤p

Poi(p� ℓ, ≥ k� ℓ), 

where the minimum is over all nonnegative integers ℓ ≤ p.

Suppose that X is a BS(p) with n Bernoullis with 
probabilities p1, : : : , pn. If p� 1 < k� 1 < p, by Hoeffd
ing (1956, theorem 4, (25)),

P[X ≤ k� 1] ≤max
0≤ℓ<p

Xk�1�ℓ

i�0

n� ℓ
i

� �

qi(1� q)n�ℓ�i,

(2.5) 

where q � p�ℓ
n�ℓ.
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If Y is a BS(p) with m> n Bernoullis with probabilities 
q1, : : : , qm, the same upper bound applies of course, 
with m replacing n. Also,

max
p1: : :pn

P[X ≤ k� 1] ≤ max
q1, : : : ,qm

P[Y ≤ k� 1], 

because it is always possible to set qi�pi for i ≤ n and 
qj�0 for j>n.

Therefore, the upper bound in (2.5) obtained by tak
ing the limit as n goes to infinity applies, from which it 
follows that

P[X ≤ k� 1] ≤ max
0≤ℓ<p

Xk�1�ℓ

i�0
Poi(p� ℓ, i), 

and therefore

P[X ≥ k] ≥ min
0≤ℓ<p

Poi(p� ℓ, ≥ k� ℓ):

2.6. Random Spanning Trees

Lemma 2.7. Let G � (V, E, x), and let µ be any distribution 
over spanning trees with marginals x. For any ɛ-near min 
cut S ⊆ V (such that none of the endpoints of e0 � (u0, v0)
are in S), we have

PT~µ[T ∩ E(S) is tree] ≥ 1� ɛ=2:

Moreover, if µ is a max-entropy distribution with margin
als x, then for any set of edges A ⊆ E(S) and B ⊆ E \ E(S),

E[AT] ≤ E[AT |S is tree] ≤ E[AT] + ɛ=2,E[BT]� ɛ=2

≤ E[BT |S is tree] ≤ E[BT]:

First, observe that

E[E(S)T] � x(E(S)) ≥ 2 |S | � x(δ(S))
2 ≥ |S | � 1� ɛ=2, 

where we used that because u0, v0 ∉ S, and that for any 
v ∈ S, E[δ(v)T)] � x(δ(v)) � 2.

Let pS � P[S is tree]. Then, we must have

|S | � 1� (1� pS) � pS( |S | � 1) + (1� pS)( |S | � 2)

≥ E[E(S)T] ≥ |S | � 1� ɛ=2:

Therefore, pS ≥ 1� ɛ=2.

The second part of the claim follows from Fact 2.5.

Corollary 2.3. Let A, B ⊆ V be disjoint sets such that A, 
B, A ∪ B are ɛA,ɛB,ɛA∪B-near minimum cuts w.r.t., x, respec
tively, where none of them contain endpoints of e0. Then for any 
distribution µ of spanning trees on E with marginals x,

PT~µ[E(A, B)T � 1] ≥ 1� (ɛA + ɛB + ɛA∪B)=2:

By the union bound, with probability at least 1� (ɛA 
+ɛB + ɛA∪B)=2, A, B, and A ∪ B are trees. However, this 
implies that we must have exactly one edge between 
A, B.

The following simple fact also holds by the union 
bound.

Fact 2.8. Let G � (V, E, x) and let µ be a distribution over 
spanning trees with marginals x. For any set A ⊆ E, we 
have

PT~µ[T ∩ A � ∅] ≥ 1� x(A):

Lemma 2.8. Let G � (V, E, x), and let µ be a λ-uniform 
random spanning tree distribution with marginals x. For 
any edge e � (u, v) and any vertex w ≠ u, v we have

E[WT |e ∉ T] ≤ E[WT] +P[w ∈ Pu, v |e ∉ T] ·P[e ∈ T], 

where WT � |T ∩ δ(w) | and for a spanning tree T and verti
ces u, v ∈ V, Pu, v(T) is the set of vertices on the path from u 
to v in T.

Define E′ � E \ {e}. Let µ′ � µ |E′ be µ projected on all 
edges except e. Define µin � µ

′
n�2 (corresponding to e in 

the tree) and µout � µ
′
n�1 (corresponding to e out of the 

tree). Observe that any tree T has positive measure in 
exactly one of these distributions.

By Theorem 2.1, µin ≼µout so there exists a coupling 
ρ : 2E′ × 2E′ between them such that for any Tin, Tout 
such that ρ(Tin, Tout) > 0, the tree Tout has exactly one 
more edge than Tin. Also, observe that Tout is always a 
spanning tree whereas Tin ∪ {e} is a spanning tree. The 
added edge (i.e., the edge in Tout \ Tin) is always along 
the unique path from u to v in Tout.

For intuition for the rest of the proof, observe that if 
w is not on the path from u to v in Tout, then the same set 
of edges is incident to w in both Tin and Tout. Therefore, 
if w is almost never on the path from u to v, the distribu
tion of WT is almost independent of e. On the other 
hand, whenever w is on the path from u to v, then in the 
worst case, we may replace e with one of the edges inci
dent to w, so conditioned on e out, WT increases by at 
most the probability that e is in the tree.

Say xe is the marginal of e. Then,

E[WT] � E[WT |e ∉ T](1� xe) + E[WT |e ∈ T]xe

�
X

Tin, Tout

ρ(Tin, Tout)Wo(1� xe)

+
X

Tin, Tout

ρ(Tin, Tout)Wixe

�
X

Tin, Tout

ρ(Tin, Tout)((1� xe)Wo + xeWi),

(2.6) 
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where we write Wi/Wo instead of WTin /WTout

E[WT |e ∉ T] �
X

Tin,Tout

ρ(Tin, Tout)Wo

�
X

Tin,Tout:w∈Pu,v(Tout)

ρ(Tin, Tout)Wo

+
X

Tin,Tout:w∉Pu,v(Tout)

ρ(Tin, Tout)Wo

≤
X

Tin,Tout:w∈Pu,v(Tout)

ρ(Tin, Tout)(xe(Wi + 1)

+ (1� xe)Wo) +
X

Tin,Tout:w∉Pu,v(Tout)

ρ(Tin, Tout)

(xeWi + (1� xe)Wo)

� E[WT] +
X

Tin,Tout:w∈Pu,v(Tout)

ρ(Tin,Tout)xe

� E[WT] +
X

Tout:w∈Pu,v(Tout)

µout(Tout)xe

� E[WT] +P[w ∈ Pu,v |e out] ·P[e in], 

where in the inequality, we used the following: When 
w ∉ Pu, v(Tout), we have Wi�Wo and when w ∈ Pu, v 
(Tout), we have Wo ≤Wi + 1. Finally, in the third to last 
equality, we used (2.6).

Lemma 2.9. Let G � (V, E, x), and let µ be a λ-uniform 
spanning tree distribution with marginals x. For any pair 
of edges e � (u, v), f � (v, w) such that |P[e]� 1=2 | , |P[f ]
�1=2 | < ɛ (see Figure 1), if ɛ < 1=1, 000, then

E[WT |e ∉ T] +E[UT | f ∉ T] ≤ E[WT +UT] + 0:81, 

where U � δ(u)�e and W � δ(w)�f .
All probabilistic statements are with respect to ν, so 

we drop the subscript. First, by Lemma 2.8 and nega
tive association, we can write

E[WT |e ∉ T] ≤ E[WT] + P[w ∈ Pu, v |e ∉ T]P[e ∈ T]

≤ E[WT] + P[w ∈ Pu, v ∧ e ∉ T] + 2ɛ:

The lemma only implies E[δ(w)T |e ∉ T] ≤ E[δ(w)T]+
P[w ∈ Pu, v |e ∉ T]P[e ∈ T]. To derive the first inequality, 
we also exploit negative association that asserts that the 
marginal of every edge only goes up under e ∉ T, so 
any subset of δ(w) (in particular W) also goes up by at 
most P[e ∉ T ∧ w ∈ Pu, v]. Also, the second inequality 

uses P[e ∈ T] ≤ P[e ∉ T] + 2ɛ. Using a similar inequality 
for UT, to prove the lemma, it is enough to show that

P[w ∈ Pu, v ∧ e ∉ T] +P[u ∈ Pv, w ∧ f ∉ T] ≤ 0:806, 

or that when this inequality fails, a different argument 
yields the lemma.

The main observation is that in any tree it cannot be 
that both u is on the v – w path, and w is on the u – v 
path. Therefore,

P[u ∈ Pv, w |e, f ∉ T] + P[w ∈ Pu, v |e, f ∉ T] ≤ 1:

Therefore, we have

P[e ∉ T ∧ w ∈ Pu, v] + P[f ∉ T ∧ u ∈ Pv, w]

≤ P[e, f ∉ T ∧ w ∈ Pu, v] + P[e ∉ T, f ∈ T]

+ Pν[e, f ∉ T ∧ u ∈ Pv, w] + P[f ∉ T, e ∈ T]

≤ P[e, f ∉ T] + P[e ∉ T, f ∈ T] + P[f ∉ T, e ∈ T]

� 1� P[e, f ∈ T]:

It remains to upper bound the right-hand side. Let α �
P[f ∈ T |e ∉ T]. Observe that

P[e, f ∈ T] � P[f ∈ T]�P[f ∈ T, e ∉ T]
≥ 1=2� ɛ� (1=2+ ɛ)α:

If α ≤ 0:6, then P[e, f ∈ T] ≥ 0:198 (using ɛ < 0:001) and 
the claim follows. Otherwise, P[f |e ∉ T] ≥ 0:6. Similarly, 
P[e | f ∉ T] ≥ 0:6. However, by negative association,

E[WT |e ∉ T] ≤ E[WT] +P[e]� (P[f |e ∉ T]�P[f ])
≤ E[WT] + 2ɛ+ 0:4 ≤ E[WT] + 0:405, 

and similarly, E[UT | f ∉ T] ≤ E[UT] + 0:405, so the claim 
follows.

3. Overview of Proof
As alluded to earlier, the crux of the proof of Theorem 
1.1 is to show that the expected cost of the minimum 
cost matching on the odd degree vertices of the sampled 
tree is at most OPT(1=2� ɛ). We do this by showing the 
existence of a cheap feasible O-join solution to (2.2).

First, recall that if we only wanted to get an O-join 
solution of value at most OPT=2, to satisfy all cuts, it is 
enough to set ye :� xe=2 for each edge Wolsey (1980). To 
do better, we want to take advantage of the fact that we 
only need to satisfy a constraint in the O-join for S when 
δ(S)T is odd. Here, we are aided by the fact that the sam
pled tree is likely to have many even cuts because it is 
drawn from a strong Rayleigh distribution.

If an edge e is exclusively on even cuts, then ye can 
be reduced below xe=2. This, more or less, was the 
approach in Oveis Gharan et al. (2011) for graphic TSP, 
where it was shown that a constant fraction of LP edges 
will be exclusively on even near min cuts with constant 

Figure 1. Setting of Lemma 2.9
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probability. The difficulty in implementing this ap
proach in the metric case comes from the fact that a 
high cost edge can be on many cuts and it may be 
exceedingly unlikely that all of these cuts will be even 
simultaneously. Overall, our approach to addressing 
this is to start with ye :� xe=2 and then modify it with a 
random4 slack vector s : E→ R: When certain special 
(few) cuts that e is on are even, we let se ��xeβ (for 
a carefully chosen constant β > 0); for other cuts that 
contain e, whenever they are odd, we will increase the 
slack of other edges on that cut to satisfy them. The 
bulk of our effort is to show that we can do this while 
guaranteeing that E[se] <�ɛβxe for some ɛ > 0.

By carefully choosing β smaller than η, we do not 
need to worry about the reduction breaking a con
straint for any cut S such that x(δ(S)) > 2(1+ η). In par
ticular, if we choose β ≤ η=4:1, any such cut is always 
satisfied, even if every edge in δ(S) is decreased and no 
edge is increased.

Let OPT be the optimum TSP tour, that is, a Hamilto
nian cycle, with set of edges E∗; throughout the paper, 
we write e∗ to denote an edge in E∗. To bound the 
expected cost of the O-join for a random spanning tree 
T ~ µλ, we also construct a random slack vector s∗ : E∗ →
R≥0 such that (x+OPT)=4+ s+ s∗ is a feasible for Equa
tion (2.2) with probability 1. In Section 3.1, we explain 
how to use s∗ to satisfy all but a linear number of near 
min cuts.

Theorem 3.1 (Main Technical Theorem). Let x0 be a solu
tion of the Held-Karp relaxation with support E0 � E ∪ {e0}, 
and x be x0 restricted to E. Let z :� (x+OPT)=2, η ≤
10�12, β > 0, and let µ be the max-entropy distribution with 
marginals x. Also, let E∗ denote the support of OPT. There 
are two functions s : E0→ R and s∗ : E∗ → R≥0 (as functions 
of T ~ µ), such that 

(i) For each edge e ∈ E, se ≥�xeβ.
(ii) For each η-near-min cut S of z, if δ(S)T is odd, then 

s(δ(S)) + s∗(δ(S)) ≥ 0:
(iii) For every OPT edge e∗, E[s∗e∗ ] ≤ 218ηβ and for every 

LP edge e ≠ e0, E[se] ≤�
1
3 xeɛPβ for ɛP � 3:12 · 10�16 (de

fined in (7.4)).

In the next section, we explain the main ideas needed 
to prove this technical theorem. However, first, we show 
how our main theorem follows readily from Theorem 3.1.

Proof of Theorem 1.1. Let x0 be an extreme point solu
tion of the Held-Karp relaxation, with support E0 and 
let x be x0 restricted to E. By Fact 2.1, x is in the spanning 
tree polytope. For µ � µλ∗ the max entropy distribution 
with marginals x and β > 0 a parameter we choose, let 
s, s∗ be as defined in Theorem 3.1. We will define y :

E0→ R≥0 and y∗ : E∗ → R≥0. Let

ye �
xe=4+ se if e ∈ E
∞ if e � e0;

�

we also let y∗e∗ � 1=4+ s∗e∗ for any edge e∗ ∈ E∗. We will 
show that y+ y∗ is a feasible solution5 to (2.2). First, 
observe that for any S where e0 ∈ δ(S), we have y(δ(S))
+y∗(δ(S)) ≥ 1. Otherwise, we assume u0, v0 ∉ S. If S is an 
η-near min cut w.r.t., z and δ(S)T are odd, then by prop
erty (ii) of Theorem 3.1, we have

y(δ(S)) + y∗(δ(S)) � z(δ(S))
2 + s(δ(S)) + s∗(δ(S)) ≥ 1:

On the other hand, if S is not an η-near min cut (w.r.t., z):

y(δ(S)) + y∗(δ(S)) ≥ z(δ(S))
2 � βx(δ(S))

≥
z(δ(S))

2 � β2(z(δ(S))� 1)

≥ z(δ(S))(1=2� 2β) + 2β

≥ (2 + η)(1=2� 2β) + 2β, 

where in the first inequality we used property (i) of 
Theorem 3.1 that says that se ≥ xeβ with probability 1 for 
all LP edges and that s∗e∗ ≥ 0 with probability 1. In the 
second inequality, we used that z � (x+OPT)=2, so, 
because OPT ≥ 2 across any cut, x(δ(S)) ≤ 2(z(δ(S))� 1). 
Finally, if we choose

β � η=4:1, (3.1) 

then the RHS is at least one, so y+ y∗ is a feasible O-join 
solution.

Finally, using c(e0) � 0 and part (iii) of Theorem 3.1,

E[c(y) + c(y∗)] �OPT=4+ c(x)=4+E[c(s) + c(s∗)]

≤OPT=4+ c(x)=4+ 218ηβOPT� 1
3ɛPβc(x)

≤ 1=2� 1
6ɛPβ

� �

OPT, 

choosing η such that

218η� 1
6ɛP (3.2) 

and using c(x) ≤OPT.
Now, we are ready to bound the approximation factor 

of our algorithm. First, because x0 is an extreme point so
lution of the Held-Karp relaxation, mine∈E0 x0

e ≥
1
n!

. There
fore, by Theorem 1.3, in polynomial time, we can find 
λ : E→ R≥0 such that for any e ∈ E, Pµλ[e] ≤ xe(1+ δ) for 
some δ that we fix later. It follows that

X

e∈E
|Pµ[e]�Pµλ[e] | ≤ nδ:

By stability of maximum entropy distributions (Straszak 
and Vishnoi 2019, theorem 4, and references therein), we 
have that ‖µ�µλ‖1 ≤O(n4δ)≕ q. Therefore, for some 
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δ≪ n�4, we get ‖µ�µλ‖1 � q ≤ ɛPβ
100. That means that

ET~µλ[min cost matching]

≤ET~µ[c(y) + c(y∗)] + q(OPT=2) ≤ 1
2�

1
6ɛPβ+

ɛPβ

100

� �

OPT, 

where we used that for any spanning tree the cost 
of the minimum cost matching on odd degree vertices 
is at most OPT=2. Finally, because ET~µλ[c(T)] ≤OPT(1 
+δ),ɛP � 3:12 · 10�16, and β � η=4:1 � ɛp=5, 362:8 (from 
(3.2)) we get a 3=2� 3 · 10�36 approximation algorithm 
for TSP.

3.1. Ideas Underlying Proof of Theorem 3.1
The first step of the proof is to show that it suffices to 
construct a slack vector s for a “cactus-like” structure of 
near min cuts that we call a hierarchy. Informally, a hier
archy H is a laminar family of min cuts,6 consisting of 
two types of cuts: triangle cuts and degree cuts. A triangle 
S is the union of two min cuts X and Y in H such that 
x(E(X, Y)) � 1. Figure 2 provides an example of a hier
archy with three triangles.

We will refer to the set of edges E(X, S) (respectively, 
E(Y, S)) as A (respectively, B) for a triangle cut S. In 
addition, we say a triangle cut S is happy if AT and BT 
are both odd. All nontriangle cuts are called degree 
cuts. A degree cut S is happy if δ(S)T is even.

Theorem 3.2 (Main Payment Theorem (Informal)). Let G �
(V, E, x) for LP solution x and let µ be the max-entropy dis
tribution with marginals x and β > 0. Given a hierarchy H, 
there is a slack vector s : E→ R such that 

(i) For each edge e ∈ E, se ≥�xeβ.
(ii) For each cut S ∈H if S is not happy, then s(δ(S)) ≥ 0:
(iii) For every LP edge e ≠ e0, E[se] ≤�βɛPxe for ɛP > 0.

In the following section, we discuss how to prove this 
theorem. Here we explain at a high level how to define 

the hierarchy and reduce Theorem 3.1 to this theorem. 
The details are in Section 4.

First, observe that, given Theorem 3.2, cuts in H will 
automatically satisfy (ii) of Theorem 3.1. The approach 
we take to satisfying all other cuts is to introduce addi
tional slack, the vector s∗, on OPT edges.

Consider the set of all near-min cuts of z, where 
z :� (x+OPT)=2. Starting with z rather than x allows us 
to restrict attention to a significantly more structured col
lection of near-min cuts. The key observation here is 
that in OPT, all min cuts have value 2, and any non-min 
cut has value of at least 4. Therefore, averaging x with 
OPT guarantees that every η-near min cut of z must 
consist of a contiguous sequence of vertices (an interval) 
along the OPT cycle. Moreover, each of these cuts is a 
2η-near min cut of x. Arranging the vertices in the OPT 
cycle around a circle, we identify every such cut with 
the interval of vertices that does not contain (u0,v0). 
Also, we say that a cut is crossed on both sides if it is 
crossed on the left and on the right.

To ensure that any cut S that is crossed on both sides is sat
isfied, we first observe that S is odd with probability O(η). 
To see this, let SL and SR be the cuts crossing S on the 
left and right with minimum intersection with S and con
sider the two (bad) events {E(S ∩ SL, SL \ S))T ≠ 1} and 
{E(S ∩ SR, SR \ S))T ≠ 1}. Recall that if A, B and A ∪ B are 
all near-min cuts, then P[E(A, B)T ≠ 1] �O(η) (see Corol
lary 2.3). Applying this fact to the two aforementioned 
bad events implies that each of them has probability O(η). 
Therefore, we will let the two OPT edges in δ(S) be 
responsible for these two events; that is, we will increase 
the slack s∗ on these two OPT edges by O(η)when the res
pective bad events happens. This gives E[s∗(e∗)] �O(η2)

for each OPT edge e∗. As we will see, this simple step will 
reduce the number of near-min cuts of z that we need to 
worry about satisfying to O(n).

Next, we consider the set of near-min cuts of z that are 
crossed on at most one side. Partition these into maximal 

Figure 2. Example of Part of a Hierarchy with Three Triangles 

Notes. The graph on the left shows part of a feasible LP solution where dashed (and sometimes colored) edges have fraction 1=2 and solid edges 
have fraction 1. The dotted ellipses on the left show the min cuts u1, u2, u3 in the graph. (Each vertex is also a min cut). On the right is a represen
tation of the corresponding hierarchy. Triangle u1 corresponds to the cut {a, b}, u2 corresponds to {c, d}and u3 corresponds to {a, b, c, d}. For 
example, the edge (a, c), represented in green, is in δ(u1), δ(u3), and inside u3. For triangle u1, we have A � δ(a) \ (a, b)and B � δ(b) \ (b, d).
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connected components of crossing cuts. Each such com
ponent corresponds to an interval along the OPT cycle 
and, by definition, these intervals form a laminar family.

A single connected component C of at least two cross
ing cuts is called a polygon. We prove the following 
structural theorem about the polygons induced by z.

Theorem 3.3 (Polygons Look Like Cycles (Informal Version 
of Theorem 4.3). Given a connected component C of near- 
min cuts of z that are crossed on one side, consider the coars
est partition of vertices of the OPT cycle into a sequence a1, 
: : : , am�1 of sets called atoms (together with a0 which is the 
set of vertices not contained in any cut of C). Then 
• Every cut in C is the union of some number of consecu

tive atoms in a1, : : : , am�1.
• For each i such that 0 ≤ i <m� 1, x(E(ai, ai+1)) ≈ 1 

and similarly x(E(am�1, a0)) ≈ 1.
• For each i> 0, x(δ(ai)) ≈ 2.

The main observation used to prove Theorem 3.3 is 
that the cuts in C crossed on one side can be partitioned 
into two laminar families L and R, where L (respec
tively, R) is the set of cuts crossed on the left (respec
tively, right). This immediately implies that |C | is linear 
in m. Because cuts in L cannot cross each other (and 
similarly for R), the proof boils down to understanding 
the interaction between L and R.

The approximations in Theorem 3.3 are correct up 
to O(η). Using additional slack in OPT, at the cost of 
an additional O(η2) for edge, we can treat these appro
ximate equations as if they are exact. Observe that if 
x(E(ai, ai+1)) � 1, and x(δ(ai)) � x(δ(ai+1)) � 2 for 1 ≤ i ≤
m� 2, then with probability 1, E(ai, ai+1)T � 1. Therefore, 
any cut in C that does not include a1 or am�1 is even with 
probability 1. The cuts in C that contain a1 are even pre
cisely7 when E(a0, a1)T is odd and similarly the cuts in C 

that contain am�1 are even when E(a0, am�1)T is odd. 
These observations are what allow us to imagine that 
each polygon is a triangle, that is, assume m�3. (Often it 
is convenient to look at the event in which E(a0, a1)T � 1 
and E(a0, am�1)T � 1 becuase these are simple criteria 
that imply that all cuts in C are even.)

The hierarchy H is the set of all η-near min cuts of z 
that are not crossed at all (these will be the degree cuts), 
together with a triangle for every polygon. In particu
lar, for a connected component C of size more than one, 
the corresponding triangle cut is a1 ∪ ⋯ ∪ am�1, with 
A � E(a0, a1) and B � E(a0, am�1). Observe that from the 
previous discussion, when a triangle cut is happy, then 
all the cuts in the corresponding polygon C are even.

Summarizing, we show that if we can construct a 
good slack vector s for a hierarchy of degree cuts and tri
angles, then there is a nonnegative slack vector s∗ that 
satisfies all near-minimum cuts of z not represented in 
the hierarchy while maintaining slack for each OPT 
edge e∗ such that E[s∗(e∗)] �O(η2).

3.1.1. Remarks. The reduction that we sketched previ
ously only uses the fact that µ is an arbitrary distribution 
of spanning trees with marginals x and not necessarily a 
maximum-entropy distribution.

We also observe that to prove Theorem 1.1, we cru
cially used that 28η≪ ɛ. This forces us to take η very 
small, which is why we get only a “very slightly” im
proved approximation algorithm for TSP. Furthermore, 
because we use OPT edges in our construction, we do 
not get a new upper bound on the integrality gap. We 
leave it as an open problem to find a reduction to the 
“cactus” case that does not involve using a slack vector 
for OPT (or a completely different approach).

3.2. Proof Ideas for Theorem 3.2
We now address the problem of constructing a good 
slack vector s for a hierarchy of degree cuts and triangle 
cuts. For each LP edge f, consider the lowest cut in the 
hierarchy that contains both endpoints of f. We call this 
cut p(f ). If p(f ) is a degree cut, then we call f a top edge, 
and otherwise, it is a bottom edge.8 We will see that bot
tom edges are easier to deal with, so we start by dis
cussing the slack vector s for top edges.

Let S be a degree cut and let e � (u, v) (where u and v 
are children of S in H) be the set of all top edges f �
(u′, v′) such that u′ ∈ u and v′ ∈ v. We call e a top edge 
bundle and say that u and v are the top cuts of each f ∈ e. 
We will also sometimes say that e ∈ S.

Ideally, our plan is to reduce the slack of every edge 
f ∈ e when it is happy, that is, both of its top cuts are even 
in T. Specifically, we will set sf :��ηxf when δ(u)T and 
δ(v)T are even. When this happens, we say that f is 
reduced, and refer to the event {δ(u)T,δ(v)T even} as the 
reduction event for f. Because this latter event does not 
depend on the actual endpoints of f, we view this as a 
simultaneous reduction of se.

Now consider the situation from the perspective of 
the degree cut u (where p(u) � S) and consider any inci
dent edge bundle in S, for example, e � (u, v). Either its 
top cuts are both even and se :��ηxe, or they are not 
even, because, for example, δ(u)T is odd. In this latter 
situation, edges in δ↑(u) :� δ(u) ∩ δ(S)might have been 
reduced (because their top two cuts are even), which a 
priori could leave δ(u) unsatisfied. In such a case, we 
increase se for edge bundles in δ→(u) :� δ(u) \ δ(S) to 
compensate for this reduction. Our main goal is then to 
prove is that for any edge bundle its expected reduction 
is greater than its expected increase. The next example 
shows this analysis in an ideal setting.

Example 3.1 (Simple Case). Fix a top edge bundle e �
(u, v) with p(e) � S. Let xu :� x(δ↑(u)) and let xv :� x(δ↑
(v)). Suppose we have constructed a (fractional) match
ing between edges whose top two cuts are children of 
S in H and the edges in δ(S), and this matching satis
fies the following three conditions: (a) e � (u, v) ∈ S is 
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matched (only) to edges going higher from its top two 
cuts (i.e., to edges in δ↑(u) and δ↑(v)), (b) e is matched 
to an me, u fraction of every edge in δ↑(u) and to an 
me, v fraction of each edge in δ↑(v), where

me, u +me, v � xe, 

and (c) the fractional value of edges in δ→(u) :� δ(u) \
δ↑(u) matched to edges in δ↑(u) is equal to xu. That is, 
for each u ∈ S,

P
f∈δ→(u)mf, u � xu.

The plan is for e ∈ S to be tasked with part of the 
responsibility for fixing the cuts δ(u) and δ(v) when 
they are odd and edges going higher are reduced. 
Specifically, se is increased to compensate for an me, u 
fraction of the reductions in edges in δ↑(u) when δ(u)T 
is odd (and similarly for reductions in v). Thus,

E[se] ��P[e reduced]ηxe

+me, u
X

g∈δ↑(u)

P[δ(u)T odd |g reduced]

P[g reduced]η
xg

x(δ↑(u))

+me, v
X

g∈δ↑(v)

P[δ(v)T odd |g reduced]

P[g reduced]η
xg

x(δ↑(v))
: (3.3) 

We will lower bound P[δ(u)T even |g reduced]. We can 
write this as

P[δ→(u)T and δ↑(u)T have same parity |g reduced]:

Unfortunately, we do not currently have a good han
dle on the parity of δ↑(u)T conditioned on g reduced. 
However, we can use the following simple but crucial 
property: Because x(δ(S)) � 2, by Lemma 2.7, T consists 
of two independent trees, one on S and one on V \ S, 
each with the corresponding marginals of x. Therefore, 
we can write

P[δ(u)T even |g reduced]
≥min(P[(δ→(u))T even],P[(δ→(u))T odd]):

This gives us a reasonable bound when ɛ ≤ xu, xv ≤

1� ɛ because x(δ(u)) � x(δ(v)) � 2, by the SR property, 

(δ→(u))T (and similarly (δ→(v))T) is the sum of Ber
noulis with expectation in [1+ ɛ, 2� ɛ]. From this, it 
follows that

min(P[(δ→(u))T even],P[(δ→(u))T odd]) �Ω(ɛ):

We can therefore conclude that P[δ(u)T odd |g reduced]
≤ 1�O(ɛ):

The rest of the analysis of this special case follows 
from (a) the fact that our construction will guarantee 
that for all edges g, the probability that g is reduced 
is exactly p, that is, it is the same for all edges, and (b) 
the fact that me, uxu +me, vxv � xe. Plugging these facts 
back into (3.3) gives

E[se] ≤�pηxe +me, u(1� ɛ)pη+me, v(1� ɛ)pη

≤�pηxe + (1� ɛ)pηxe ��ɛpηxe: (3.4) 

If we could prove (3.4) for every edge f in the support of 
x, that would complete the proof that the expected cost 
of the min O-join for a random spanning tree T ~ µ is at 
most (1=2� ɛ)OPT.

3.2.1. Remark. Throughout this paper, we repeatedly 
use a mild generalization of the previous “independent 
trees fact”: that if S is a cut with x(δ(S)) ≤ 2+ ɛ, then ST 
is very likely to be a tree. Conditioned on this fact, mar
ginals inside S and outside S are nearly preserved and 
the trees inside S and outside S are sampled indepen
dently (see Lemma 2.7).

3.2.2. Ideal Reduction. In the example, we were able to 
show that P[δ(u)T odd |g reduced] was bounded away 
from one for every edge g ∈ δ↑(u), and this is how we 
proved that the expected reduction for each edge was 
greater than the expected increase on each edge, yield
ing negative expected slack.

This motivates the following definition: A reduction 
for an edge g is k-ideal if, conditioned on g reduced, 
every cut S that is in the top k levels of cuts containing g 
is odd with probability that is bounded away from one.

3.2.3. Moving Away from an Idealized Setting. In Ex
ample 3.1, we oversimplified in four ways: 

(a) We assumed that it would be possible to show 
that each top edge is good. That is, that its top two cuts 
are even simultaneously with constant probability.

(b) We considered only top edge bundles (i.e., edges 
whose top cuts were inside a degree cut).

(c) We assumed that xu, xv ∈ [ɛ, 1� ɛ].
(d) We assumed the existence of a nice matching 

between edges whose top two cuts were children of S 
and the edges in δ(S).

Our proof needs to address all four anomalies that 
result from deviating from these assumptions.
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3.2.3.1. Bad Edges. Consider first (a). Unfortunately, it 
is not the case that all top edges are good. Indeed, some 
are bad. However, it turns out that bad edges are rare in 
the following senses: First, for an edge to be bad, it must 
be a half edge, where we say that an edge e is a half edge 
if xe ∈ 1=2 6ɛ1=2 for a suitably chosen constant ɛ1=2. Sec
ond, of any two half edge bundles sharing a common 
endpoint in the hierarchy, at least one is good. For exam
ple, in Figure 3, (a, u0) and (b, u0) are good half-edge bun
dles. We advise the reader to ignore half edges in the first 
reading of the paper. Correspondingly, we note that our 
proofs would be much simpler if half-edge bundles never 
showed up in the hierarchy. It may not be a coincidence 
that half edges are hard to deal with, as it is conjectured 
that TSP instances with half-integral LP solutions are the 
hardest to round (Schalekamp et al. 2012, 2013).

Our solution is to never reduce bad edges. However, 
this in turn poses two problems. First, it means that we 
need to address the possibility that the bad edges con
stitute most of the cost of the LP solution. Second, our 
objective is to get negative expected slack on each good 
edge and nonpositive expected slack on bad edges. 
Therefore, if we never reduce bad edges, we cannot 
increase them either, which means that the responsibil
ity for fixing an odd cut with reduced edges going 
higher will have to be split amongst fewer edges (the 
incident good ones).

We deal with the first problem by showing that in 
every cut u in the hierarchy at least 3/4 of the fractional 
mass in δ(u) is good and these edges suffice to compen
sate for reductions on the edges going higher. More
over, because there are sufficiently many good edges 
incident to each cut, we can show that either using the 
slack vector {se} gives us a low-cost O-join, or we can 
average it out with another O-join solution concen
trated on bad edges to obtain a reduced cost matching 
of odd degree vertices.

We deal with the second problem by proving Lemma 6.1, 
which guarantees a matching between good edge bundles 

e � (u, v) and fractions me, u, me, v of edges in δ↑(u), δ↑(v)
such that, roughly, me, u +me, v � (1+O(ɛ1=2))xe.

3.2.3.2. Dealing with Triangles. Turning to (b), con
sider a triangle cut S, for example δ(a1 ∪ a2) in Figure 4. 
Recall that in a triangle, we can assume that there is an 
edge of fractional value 1 connecting a1 and a2 in the tree, 
and this is why we defined the cut to be happy when AT 
and BT are odd: this guarantees that all three cuts defined 
by the triangle (δ(a1),δ(a2),δ(a1 ∪ a2) are even.

Now suppose that e � (u, v) is a top edge bundle, 
where u and v are both triangles, as shown in Figure 4. 
Then we would like to reduce se when both cuts u and 
v are happy. However, this would require more than 
simply both cuts being even. This would require all 
AT, BT, A′T, B′T to be odd. If, for whatever reason, e is 
reduced only when δ(u)T and δ(v)T are both even, then 
it could be, for example, that this only happens when 
AT and BT are both even. In this case, both δ(a1)T and 
δ(a2)T will be odd with probability 1 (recalling that 
fT � 1), which would then necessitate an increase in sf 
whenever e is reduced. In other words, the reduction 
will not even be 1-ideal.

It turns out to be easier for us to get a 1-ideal reduc
tion rule for e as follows: Say that e is 2-1-1 happy with 
respect to u if δ(u)T is even and both A′T, B′T are odd. We 
reduce e with probability p=2 when it is 2-1-1 happy 
with respect to u and with probability p=2 when it is 
2-1-1 happy with respect to v. This means that when e 
is reduced, half of the time no increase in sf is needed 
because u is happy. Similarly for v.

The 2-1-1 criterion for reduction introduces a new 
kind of bad edge: a half edge that is good, but not 2-1-1 
good. We are able to show that non-half-edge bundles 
are 2-1-1 good (Lemmas 5.7 and 5.8) and that if there 
are two half edges that are both in A or are both in B, 
then at least one of them is 2-1-1 good (Lemma 5.9). 
Finally, we show that if there are two half edges, where 
one is in A and the other is in B, and neither is 2-1-1 

Figure 3. Example with Bad Edges 

Notes. A feasible solution of the Held-Karp relaxation is shown; 
dashed edges have fraction 1/2 and solid edges have fraction 1. Writ
ing E � E0 \ {e0} as a maximum entropy distribution µ we get the fol
lowing: Edges (a, b), (c, d) must be completely negatively correlated 
(and independent of all other edges). So, (b, u0), (a, u0) are also 
completely negatively correlated. This implies (a, b) is a bad edge.

Figure 4. Triangle Example 

Notes. In this representation of the cut hierarchy (as in Figure 2), for 
the triangle u corresponding to the cut δ(a1 ∪ a2), when AT and BT are 
odd, all three cuts (δ(a1)T ,δ(a2)T and δ(a1 ∪ a2)T � δ(u)T are even 
(because fT is always one). (Recall also that the edges in the bundle e 
must have one endpoint in {a1 ∪ a2} and one endpoint in {a3 ∪ a4}, as 
was the case, for example, for the edge (a, c) in Figure 2.)
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good, then we can apply a different reduction criterion 
that we call 2-2-2 good. When the latter applies, we are 
guaranteed to decrease both of the half edge bundles 
simultaneously. All together, the various considera
tions discussed in this paragraph force us to come up 
with a relatively more complicated set of rules under 
which we reduce se for a top edge bundle e whose chil
dren are triangle cuts. Section 5 focuses on developing 
the relevant probabilistic statements.

3.2.3.3. Bottom Edge Reduction. Next, consider a 
bottom edge bundle f � (a1, a2) where p(a1) � p(a2) is a 
triangle. Our plan is to reduce sf (i.e., set it to �ηxf) 
when the triangle is happy, that is, AT � BT � 1. The 
good news here is that every triangle is happy with 
constant probability. However, when a triangle is not 
happy, sf may need to increase to make sure that the 
O-join constraint for δ(a1) and δ(a2) are satisfied, if 
edges in A and B going higher are reduced. Because 
xf � x(A) � x(B) � 1, this means that f may need to com
pensate at twice the rate at which it is getting reduced. 
This would result in E[sf] > 0, which is the opposite of 
what we seek.

We use two key ideas to address this problem. First, 
we reduce top edges and bottom edges by different 
amounts: Specifically, when the relevant reduction event 
occurs, we reduce a bottom edge f by βxf and top edges 
e by τxe, where β > τ (and τ is a multiple of η).

Thus, the expected reduction in sf is pβxf � pβ, 
whereas the expected increase (due to compensation of, 
say, top edges going higher) is pτ(x(A) + x(B))q � pτ2q, 
where

q � P[triangle not happy |reductions in A and B]:

Thus, as long as 2τq < β� ɛ, we get the expected reduc
tion in sf that we seek.

The discussion thus far suggests that we need to take 
τ smaller than β=2q, which is β=2 if q is 1, for example. 
On the other hand, if τ � β=2, then when a top edge 
needs to fix a cut due to reductions on bottom edges, 
we have the opposite problem – their expected increase 
will be greater than their expected reduction, and we 
are back to square one.

Coming to our aid is the second key idea, already dis
cussed in Section 1.2.3. We reduce bottom edges only 
when AT � BT � 1 and the marginals of edges in A, B are 
approximately preserved (conditioned on AT � BT � 1). 
This allows us to get much stronger upper bounds on 
the probability that a lower cut a bottom edge is on is 
odd, given that the bottom edge is reduced, and enables 
us to show that bottom edge reduction is ∞-ideal.

It turns out that the combined effects of (a) choosing 
τ � 0:571β and (b) getting better bounds on the proba
bility that a lower cut is even given that a bottom edge 
is reduced, suffice to deal with the interaction between 

the reductions and the increases in slack for top and 
bottom edges.

Example 3.2 (Bottom-Bottom Case). To see how preserv
ing marginals helps us handle the interaction between 
bottom edges at consecutive levels, consider a triangle cut 
a′1 � {a1, a2} whose parent cut Ŝ � {a′1, a′2} is also a trian
gle cut (as shown in Figure 5). Let’s analyze E[sf] where 
f � (a1, a2). Observe first that A→ ∪ B→ is a bottom edge 
bundle in the triangle Ŝ and all edges in this bundle are 
reduced simultaneously when ÂT � B̂T � 1 and margin
als of all edges in Â ∪ B̂ are approximately preserved. 
(For the purposes of this overview, we’ll assume they are 
preserved exactly). Furthermore, because the tree inside 
Ŝ is picked independently of the tree on G=Ŝ (using 
Lemma 2.7 and assuming ɛ � 0 for this overview), exactly 
one edge in A→ ∪ B→ is selected independently of the re
duction event ÂT � B̂T � 1. Let x(A↑) � α. Then because 
A � A↑ ∪ A→ and x(A)�1, we have x(A→) � 1� α. Mo
reover, because Â � A↑ ∪ B↑ and x(Â) � 1, we also have 
x(B↑) � 1� α and x(B→) � α.

Therefore, using the fact that when A→ ∪ B→ is re
duced, exactly one edge in A↑ ∪ B↑ is selected (and 
also exactly one edge in A→ ∪ B→ is selected indepen
dently because it is a bottom edge bundle, as men
tioned previously), and marginals are preserved given 
the reduction, we conclude that

P[a′1 happy |A→ ∪ B→ reduced]
� P[AT � BT � 1 |A→ ∪ B→ reduced] � α2 + (1� α)2:

Now, we calculate E[sf]. First, f may have to increase 
to compensate either for reduced edges in A↑ ∪ B ↑ or 
in A→ ∪ B→. For the sake of this discussion, suppose 
that A↑ ∪ B↑ is a set of top edges. Then, in the worst 
case we need to increase f by pτ in expectation to fix 
the cuts a1, a2 due to the reduction in A↑ ∪ B↑. Now, 
we calculate the expected increase due to the reduc
tion in A→ ∪ B→. The crucial observation is that edges 

Figure 5. Setting of Example 3.2

Notes. The set A � δ(a1) ∩ δ(a′1) decomposes into two sets of edges, 
A↑, those that are also in δ(S), and the rest, which we call A→. Simi
larly for B.
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in A→ ∪ B→ are reduced simultaneously, so both cuts 
δ(a1) and δ(a2) can be fixed simultaneously by an 
increase in sf. Therefore, when they are both odd, it 
suffices for f to increase by

max{x(A→), x(B→)}β �max{α, 1� α}β, 

to fix cuts a1, a2. Putting this together, we get

E[sf] ��pβ+E[increase due to A→ ∪ B→]

+E[increase due to A↑ ∪ B↑]

≤�pβ+ pβ max
α∈[1=2,1]

α[1� α2� (1�α)2] + pτ 

which, since maxα∈[1=2, 1]α[1� α2� (1� α)2] � 8=27 and 
τ � 0:571β is

� pβ �1+ 8
27+ 0:571

� �

��0:13pβ:

3.2.4. Dealing with xu Close to One.9 Now, suppose 
that e � (u, v) is a top edge bundle with xu :� x(δ↑(u)) is 
close to one. Then, the analysis in Example 3.1, bound
ing r :� P[δ(u)T odd |g reduced] away from one for an 
edge g ∈ δ↑(u) does not hold. To address this, we con
sider two cases: The first case, is that the edges in δ↑(u)
break up into many groups that end at different levels 
in the hierarchy. In this case, we can analyze r sepa
rately for the edges that end at any given level, taking 
advantage of the independence between the trees cho
sen at different levels of the hierarchy.

The second case is when nearly all of the edges in 
δ↑(u) end at the same level, for example, they are all in 
δ→(u′), where p(u′) is a degree cut. In this case, we 
introduce a more complex (2-1-1) reduction rule for 
these edges. The observation is that from the perspec
tive of these edges u′ is a “pseudo-triangle.” That is, it 
looks like a triangle cut, with atoms u and u′ \ u, where 
δ(u) ∩ δ(u′) corresponds to the “A”-side of the triangle.

Now, we define this more complex 2-1-1 reduction 
rule: Consider a top edge f � (u′, v′) ∈ δ→(u′). Thus far, 
we only considered the following reduction rule for f: 
If both u′, v′ are degree cuts, f reduces when they are 
both even in the tree; otherwise if say u′ is a triangle 
cut, f reduces when it is 2-1-1 good w.r.t., u′ (and simi
larly for v′). However, clearly these rules ignore the 
pseudo triangle. The simplest adjustment is, if u′ is a 
pseudo triangle with partition (u, u′ \ u), to require f to 
reduce when AT � BT � 1 and v′ is happy. However, as 
stated, it is not clear that the sets A and B are well 
defined. For example, u′ could be an actual triangle or 
there could be multiple ways to see u′ as a pseudo tri
angle only one of which is (u, u′ \ u). Our solution is to 
find the smallest disjoint pair of cuts a, b ⊂ u′ in the hier
archy such that x(δ(a) ∩ δ(u′)), x(δ(b) ∩ δ(u′)) ≥ 1� ɛ1=1, 

where ɛ1=1 is a fixed universal constant, and then let 
A � δ(a) ∩ δ(u′), B � δ(b) ∩ δ(u′) and C � δ(u′) \ A \ B 
(see Figure 6 for an example). Then, we say f is 2-1-1 
happy w.r.t., u′ if AT � BT � 1 and CT�0.

A few observations are in order: 
• Because u is a candidate for, say a, it must be that a 

is a descendent of u in the hierarchy (or equal to u). In 
addition, b cannot simultaneously be in u, because a ∩
b � ∅ and x(δ(u) ∩ δ(u′)) ≤ 1 by Lemma 2.3. Therefore, 
when f is 2-1-1 happy w.r.t. u′, we get (δ(u) ∩ δ(u′))T 
� 1.
• If u′ � (X, Y) is a actual triangle cut, then we must 

have a ⊆ X, b ⊆ Y. Therefore, when f is 2-1-1 happy 
w.r.t. u′, we know that u′ is a happy triangle, that is, 
(δ(X) ∩ δ(u′))T � 1 and (δ(Y) ∩ δ(u′))T � 1.

Now, suppose for simplicity that all top edges in 
δ(u′) are 2-1-1 good w.r.t. u′. Then, when an edge g ∈
δ(u) ∩ δ(u′) is reduced, (δ(u) ∩ δ(u′))T � 1, so

P[δ(u)T odd |g reduced]
≤ P[E(u, u′ \ u)T even |g reduced] ≤ 0:57, 

becuase edges in E(u, u′ \ u) are in the tree independent 
of the reduction and E[E(u, u′ \ u)T] ≈ 1.

3.2.3.4. Dealing with xu Close to Zero and the 
Matching. We already discussed how the matching is 
modified to handle the existence of bad edges. We now 
observe that we can handle the case xu ≈ 0 by further 
modifying the matching. The key observation is that in 
this case, x(δ→(u)) ≫ x(δ↑(u)). Roughly speaking, this 
enables us to find a matching in which each edge in δ→(u)
has to increase about half as much as would normally be 
expected to fix the cut of u. This eliminates the need to 
prove a nontrivial bound on P[δ(u)T odd |g reduced]. 
The details of the matching are in Section 6.

4. Polygons and the Hierarchy of Near 
Minimum Cuts

Let OPT be a minimum TSP solution, that is, minimum 
cost Hamiltonian cycle and without loss of generality 
assume it visits u0 and v0 consecutively (recall that 
c(u0, v0) � 0). We write E∗ to denote the edges of OPT, 
and we write e∗ to denote an edge of OPT. Analogously, 
we use s∗ : E∗ → R≥0 to denote the slack vector that we 
will construct for OPT edges.

Throughout this section, we study η-near minimum 
cuts of G � (V, E, z) These cuts are 2η-near minimum 
cuts w.r.t., x. For every such near minimum cut, (S, S), 
we identify the cut with the side, say S, such that 
u0, v0 ∉ S. Equivalently, we can identify these cuts with 
an interval along the optimum cycle, OPT, that does 
not contain u0, v0.

We will use “left” synonymously with “clockwise” 
and “right” synonymously with “counterclockwise.” 
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We say a vertex is to the left of another vertex if it is to 
the left of that vertex and to the right of edge e0 �

(u0, v0). Otherwise, we say it is to the right (including 
the root itself in this case).

Definition 4.1 (Crossed on the Left/Right, Crossed on Both 
Sides). For two crossing near minimum cuts S, S′, we 
say S crosses S′ on the left if the leftmost endpoint of S 
on the optimal cycle is to the left of the leftmost end
point of S. Otherwise, we say S crosses S′ on the right.

A near minimum cut is crossed on both sides if it is 
crossed on both the left and the right. We also say a a 
near minimum cut is crossed on one side if it is either 
crossed on the left or on the right but not both.

4.1. Cuts Crossed on Both Sides
The following theorem is the main result of this section.

Theorem 4.1. Given OPT TSP tour with set of edges E∗, 
and a feasible LP solution x0 of the Held-Karp relaxation
with support E0 � E ∪ {e0} and let x be x0 restricted to E. 
For any distribution µ of spanning trees with marginals x 

and β > 0, if η < 1=100, then there is a random vector s∗ :

E∗ → R≥0 (the randomness in s∗ depends exclusively on 
T ~ µ) such that 
• For any vector s : E→ R where se ≥�xeβ for all e and 

for any η-near minimum cut S w.r.t., z � (x+OPT)=2 
crossed on both sides where δ(S)T is odd, we have s(δ(S))
+ s∗(δ(S)) ≥ 0;
• For any e∗ ∈ E∗, E[s∗e∗ ] ≤ 37ηβ.

For an OPT edge e∗ � (u, v), let L(e∗) be the largest 
η-near minimum cut (w.r.t. z) containing u and not v that 
is crossed on both sides. Let R(e∗) be the largest near mini
mum cut containing v and not u that is crossed on both 
sides (L(e∗), R(e∗) do not necessarily exist). For example, 
see Figure 7.

Definition 4.2. For a near minimum cut S that is crossed 
on both sides let SL be the near minimum cut crossing S 
on the left which minimizes the intersection with S, and 
similarly for SR; if there are multiple sets crossing S on 
the left with the same minimum intersection, choose 
the smallest one to be SL (and similar do for SR).

Figure 6. Part of the Hierarchy of the Graph is Shown on Top 

Notes. Edges of the same color have the same fraction and ɛ≫ η is a small constant. u1 corresponds to the degree cut {a1, a2, a3}, u2 corresponds 
to the triangle cut {u1, a4}and u corresponds to the degree cut containing all of the vertices shown. Observe that edges in δ↑(a1) are top edges in 
the degree cut u. If ɛ < 1

2ɛ1=1 then the (A, B, C)-degree partitioning of edges in δ(u2) is as follows: A � δ(a1) ∩ δ(u2) are the blue highlighted edges 
each of fractional value 1=2� ɛ, B � δ(a4) ∩ δ(u2) are the green highlighted edges of total fractional value 1, and C are the red highlighted edges 
each of fractional value ɛ. The cuts that contain edge (a1, c1) are highlighted in the hierarchy at the bottom.
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We partition δ(S) into three sets δ(S)L,δ(S)R and 
δ(S)O as in Figure 8 such that

δ(S)L � E(S ∩ SL, SL \ S)

δ(S)R � E(S ∩ SR, SR \ S)

δ(S)O � δ(S) \ (δ(S)L ∪ δ(S)R) :

For an OPT edge e∗ define an (increase) event (of sec
ond type) I2(e∗) as the event that at least one of the fol
lowing does not hold. (If L(e∗) does not exist, assume 
the first and third events always hold; similarly if R(e∗)
does not exist, assume the second and fourth events 
always hold.)

|T ∩ δ(L(e∗))R | � 1, |T ∩ δ(R(e∗))L | � 1,
T ∩ δ(L(e∗))O � ∅, and T ∩ δ(R(e∗))O � ∅:

(4.1) 

In the proof of Theorem 4.1, we will increase an OPT 
edge e∗ whenever I 2(e∗) occurs.

Lemma 4.1. For any OPT edge e∗, P[I2(e∗)] ≤ 18η.

Fix e∗. To simplify notation we abbreviate L(e∗), R(e∗)
to L, R. Because L is crossed on both sides, LL, LR are 
well defined. Because by Lemma 2.1 LL ∩ L, LL \ L are 
4η-near min cuts and L is 2η-near min cut with respect 
to x, by Corollary 2.3, P[ |T ∩ δ(L)L) | � 1] ≥ 1� 5η. Simi
larly, P[ |T ∩ δ(R)L | � 1] ≥ 1� 5η. On the other hand, 
because L, LL, LR are 2η-near min cuts, by Lemma 2.2, 
x(E(L ∩ LR, LR)), x(E(L ∩ LL, LL)) ≥ 1� η. Therefore,

x(δ(L)O) ≤ 2+ 2η� x(E(L ∩ LR, LR))

� x(E(L ∩ LL, LL)) ≤ 4η:

It follows that P[T ∩ δ(L)O � ∅] ≥ 1� 4η. Similarly, 
P[T ∩ δ(R)O � ∅] ≥ 1� 4η. Finally, by the union bound, 
all events occur simultaneously with probability at 
least 1� 18η. Therefore, P[I2(e∗)] ≤ 18η as desired.

Lemma 4.2. Let S be a cut that is crossed on both sides and 
let e∗L, e∗R be the OPT edges on its interval where e∗L is the 
edge further clockwise. Then, if δ(S)T ≠ 2, at least one of 
I 2(e∗L),I2(e∗R) occurs.

We prove by contradiction. Suppose none of I 2(e∗L), 
I 2(e∗R) occur; we will show that this implies δ(S)T � 2 
(See Figure 9).

Let R � R(e∗L); S is a candidate for R(e∗L), so S ⊆ R. 
Therefore, SL�RL, and we have

δ(R)L � E(R ∩ RL, RL \ R) � E(R ∩ SL, SL \ R) � δ(S)L:

We used S ∩ SL � R ∩ SL and that SL \ S � SL \ R. Simi
larly let L � L(e∗R), and, we have δ(L)R � δ(S)R.

Now, because I2(e∗L) has not occurred, 1 � |T ∩ δ(R)L |
� |T ∩ δ(S)L | , and because I2(e∗R) has not occurred, 1 �
|T ∩ δ(L)R | � |T ∩ δ(S)R | , where L � L(e∗R). Therefore, to 
get δ(S)T � 2, it remains to show that T ∩ δ(S)O � ∅. Con
sider any edge e � (u, v) ∈ δ(S)O where u ∈ S. We need to 
show e ∉ T. Assume that v is to the left of S (the other case 
can be proven similarly). Then e ∈ δ(R). Therefore, because 
e goes to the left of R, either e ∈ E(R ∩ RL, RL \ R) or 
e ∈ δ(R)O. However, because e ∉ δ(S)L � δ(R)L, we must 
have e ∈ δ(R)O. Therefore, because I 2(e∗L) has not occurred, 
e ∉ T as desired. w

Proof of Theorem 4.1. For any OPT edge e∗ whenever 
I 2(e∗) occurs, define s∗e∗ � 2:02β. Then, by Lemma 4.1, 

Figure 7. L and R for an OPT Edge e∗

Figure 8. A Cut Crossed on Both Sides 

Notes. S is crossed on the left by SL and on the right by SR. In green 
are edges in δ(S)L, in blue edges in δ(S)R, and in red are edges in 
δ(S)O.

Figure 9. Setting of Lemma 4.2

Notes. Here we zoom in on a portion of the optimal cycle and assume the 
root is not shown. If I2(e∗L) does not occur then E(S ∩ SL , SL \ S)T � 1.
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E[se∗ ] ≤ 18 · 2:02β and for any 2η-near min cut S (w.r.t., 
x) that is crossed on both sides if δ(S)T is odd, then at 
least one of I 2(e∗L),Iw(e∗R) occurs, so

s(δ(S)) + s∗(δ(S)) ≥�x(δ(S))β+ s∗e∗L + s∗e∗R
≥�(2+ 2η)β+ 2:02β ≥ 0 

for η < 1=100 as desired.

4.2. Proof of the Main Technical Theorem 
(Theorem 3.1)

The following theorem is the main result of this section.

Theorem 4.2. Let x0 be a feasible solution of the Held-Karp 
relaxation with support E0 � E ∪ {e0} and x be x0 restricted 
to E. Let µ be the max entropy distribution with marginals 
x. For η ≤ 10�12, β > 0, there is a set Eg ⊂ E \ δ({u0, v0}) of 
good edges and two functions s : E0→ R and s∗ : E∗ → R≥0 
(as functions of T ~ µ) such that 

(i) For each edge e ∈ Eg, se ≥�xeβ and for any e ∈ E \ Eg, 
se�0.

(ii) For each η-near-min cut S w.r.t. z, if δ(S)T is odd, 
then s(δ(S)) + s∗(δ(S)) ≥ 0:

(iii) We have E[se] ≤�ɛPβxe for all edges e ∈ Eg and 
E[s∗e∗ ] ≤ 218ηβ for all OPT edges e∗ ∈ E∗: for ɛP defined in 
(7.4).

(iv) For every η-near minimum cut S of z crossed on (at 
most) one side such that S ≠ V \ {u0, v0}, x(δ(S) ∩ Eg) ≥

3=4:

Before proving this theorem, we use it to prove the 
main technical theorem from the previous section.

Theorem 3.1 (Main Technical Theorem). Let x0 be a solu
tion of the Held-Karp relaxation with support E0 � E ∪ {e0}, 
and x be x0 restricted to E. Let z :� (x+OPT)=2, η ≤
10�12, β > 0, and let µ be the max-entropy distribution with 
marginals x. Also, let E∗ denote the support of OPT. There 
are two functions s : E0→ R and s∗ : E∗ → R≥0 (as functions 
of T ~ µ), such that 

(i) For each edge e ∈ E, se ≥�xeβ.
(ii) For each η-near-min cut S of z, if δ(S)T is odd, then 

s(δ(S)) + s∗(δ(S)) ≥ 0:
(iii) For every OPT edge e∗, E[s∗e∗ ] ≤ 218ηβ and for every 

LP edge e ≠ e0, E[se] ≤�
1
3 xeɛPβ for ɛP � 3:12 · 10�16 (de

fined in (7.4)).

Proof of Theorem 3.1. Let Eg be the good edges defined 
in Theorem 4.2 and let Eb :� E \ Eg be the set of bad 
edges; in particular, edges in δ({u0, v0}) are bad edges. 
We define a new vector s̃ : E ∪ {e0}→ R as follows:

s̃(e) ←

∞ if e � e0

�xe(4β=5)(1� 2η) if e ∈ Eb,

xe(4β=3) otherwise:

8
>><

>>:

(4.2) 

Let s̃∗ be the vector s∗ from Theorem 4.1. We claim 
that for any η-near minimum cut S such that δ(S)T is 

odd, we have

s̃(δ(S)) + s̃∗(δ(S)) ≥ 0:

To check this note by (iv) of Theorem 4.2 for every set 
S ≠ V \ {u0, v0} crossed on at most one side, we have 
x(Eg ∩ δ(S)) ≥ 3

4, so

s̃(δ(S)) + s̃∗(δ(S)) ≥ s̃(δ(S)) � 4β
3 x(Eg ∩ δ(S))

�
4β
5 (1� 2η)x(Eb ∩ δ(S)) ≥ 0:

(4.3) 

For S � V \ {u0, v0}, we have δ(S)T � δ(u0)T + δ(v0)T � 2 
with probability 1, so condition (ii) is satisfied for 
these cuts as well. Finally, consider cuts S which are 
crossed on both sides. By Theorem 4.1,

s̃(δ(S)) + s̃∗(δ(S)) ≥ 0 (4.4) 

because s̃e ≥�
4
5βxe ≥�βxe for all e.

Now, we are ready to define s, s∗. Let ŝ, ŝ∗ be the s, s∗
of Theorem 4.2, respectively. Define s � γs̃ + (1� γ)ŝ 
and similarly define s∗ � γs̃∗ + (1� γ)ŝ∗ for some γ that 
we choose later. We prove all three conclusions for s, s∗. 
(i) follows by (i) of Theorem 4.2 and Equation (4.2). (ii) 
follows by (ii) of Theorem 4.2 and Equation (4.3). It 
remains to verify (iii). For any OPT edge e∗, E[s∗e∗ ] ≤
218ηβ by (iii) of Theorem 4.2 and the construction of s̃∗. 
On the other hand, by (iii) of Theorem 4.2 and Equation 
(4.2),

E[se]

≤ xe γ
4
3β� (1� γ)ɛPβ

� �

∀e ∈ Eg,

��xeγ ·
4
5β
� �

(1� 2η) ∀e ∈ Eb:

8
>>><

>>>:

Setting γ � 15
32ɛP we get E[se] ≤�

1
3ɛPβxe for e ∈ Eg and 

E[se] ≤�
1
3 xeβɛP for e ∈ Eb as desired. w

4.3. Structure of Polygons of Cuts Crossed on 
One Side

Definition 4.3 (Connected Component of Crossing Cuts). 
Given a family of cuts crossed on at most one side, con
struct a graph where two cuts are connected by an edge 
if they cross. Partition this graph into maximal connected 
components. We call a path in this graph, a path of cross
ing cuts.

In the rest of this section, we will focus on a single 
connected component C of cuts crossed on (at most) 
one side.

Definition 4.4 (Polygon). For a connected component C 

of crossing near min cuts that are crossed on one side, 
let a0, : : : , am�1 be the coarsest partition of the vertices 
V, such that for all 0 ≤ i ≤m� 1 and for any A ∈ C 

either ai ⊆ A or ai ∩ A � ∅. These are called atoms. We 
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assume a0 is the atom that contains the special edge e0, 
and we call it the root. For any A ∈ C, a0 ∩ A � ∅.

Because every cut A ∈ C corresponds to an interval of 
vertices in V in the optimum Hamiltonian cycle, we 
can arrange a0, : : : , am�1 around a cycle (in the counter 
clockwise order). We label the arcs in this cycle from 
one to m, where i+1 is the arc connecting ai and ai+1 
(and m is the name of the arc connecting am�1 and a0). 
Then every cut A ∈ C can be identified by the two arcs 
surrounding its atoms. Specifically, A is identified with 
arcs i, j (where i< j) if A contains atoms ai, : : : , aj�1, and 
we write ℓ(A) � i, r(A) � j. Note that A does not contain 
the root a0.

By construction for every arc 1 ≤ i ≤m, there exists a 
cut A such that ℓ(A) � i or r(A)� i. Furthermore, A, B ∈
C (with ℓ(A) ≤ ℓ(B)) cross iff ℓ(A) < ℓ(B) < r(A) < r(B).

See Figure 10 for a visual example.
Every atom of a polygon is an interval of the opti

mal cycle. In this section, we prove the following 
structural theorem about polygons of near minimum 
cuts crossed on one side.

Theorem 4.3 (Polygon Structure). For ɛη ≥ 14η and any 
polygon with atoms a0: : : am�1 (where a0 is the root) the fol
lowing holds: 
• For all adjacent atoms ai, ai+1 (also including a0, am�1), 

we have x(E(ai, ai+1)) ≥ 1� ɛη.
• All atoms ai (including the root) have x(δ(ai)) ≤ 2+ ɛη.
• We have x(E(a0, {a2, : : : , am�2})) ≤ ɛη.

The interpretation of this theorem is that the struc
ture of a polygon converges to the structure of an actual 
integral cycle as η→ 0. The proof of the theorem fol
lows from the lemmas in the rest of this section.

Definition 4.5 (Left and Right Hierarchies). For a polygon 
u corresponding to a connected component C of cuts 
crossed on one side, let L (the left hierarchy) be the set 
of all cuts A ∈ C that are not crossed on the left. We 
call any cut in L open on the left. Similarly, we let R be 
the set of cuts that are open on the right. Therefore, 
L,R is a partitioning of all cuts in C.

For two distinct cuts A, B ∈ L we say A is an ancestor 
of B in the left polygon hierarchy if A ⊇ B. We say A is 
a strict ancestor of B if, in addition, ℓ(A)≠ ℓ(B). We 
define the right hierarchy similarly: A is a strict ances
tor of B if A ⊇ B and r(A) ≠ r(B).

We say B is a strict parent of A if among all strict 
ancestors of A in the (left or right) hierarchy, B is the 
one closest to A.

Figure 10 provides examples of sets and their parent/ 
ancestor relationships.

Fact 4.1. If A, B are in the same hierarchy and they are not 
ancestors of each other, then A ∩ B � ∅.

If A ∩ B ≠ ∅ then they cross. Therefore, they cannot 
be open on the same side.

This lemma immediately implies that the cuts in each 
of the left (and right) hierarchies form a laminar family.

Figure 10. Example of a Polygon with Contracted Atoms 

Notes. In black are the cuts in the left polygon hierarchy; in red the cuts in the right polygon hierarchy. OPT edges around the cycle are shown in 
green. Here R1 is an ancestor of R2; however, it is not a strict ancestor of R2 because they have the same right endpoint. L1 is a strict ancestor and 
the strict parent of L3. By Theorem 4.3, every edge in the bottom picture represents a set of LP edges of total fraction at least 1� ɛη.

Karlin, Klein, and Oveis Gharan: Improved Approximation for Metric TSP 
Operations Research, 2024, vol. 72, no. 6, pp. 2543–2594, © 2023 The Author(s) 2563 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

16
.1

82
] 

on
 0

4 
Ju

ne
 2

02
6,

 a
t 0

0:
59

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



Lemma 4.3. For A, B ∈R where B is a strict parent of A, 
there exists a cut C ∈ L that crosses both A, B. Similarly, if 
A, B ∈ L and B is a strict parent of A, there exists a cut C ∈R 

that crosses A, B.

Because we have a connected component of near min 
cuts, there exists a path of crossing cuts from A to B. Let 
P � (A � C0, C1, : : : , Ck � B) be the shortest such path. 
We need to show that k�2.

First, because C1 crosses C0 and C0 is open on right, 
we have

ℓ(C1) < ℓ(C0) < r(C1) < r(C0):

Let I be the closed interval [ℓ(C1), r(C0)]. Note that Ck�B 
has an endpoint that does not belong to I. Let Ci be the 
first cut in the path with an endpoint not in I (definitely 
i>1). This means Ci�1 ⊆ I; so, because Ci�1 crosses Ci, 
exactly one of the endpoints of Ci is strictly inside I. We 
consider two cases. 

Case 1: r(Ci) > r(C0). In this case, Ci must be crossed 
on the left (by Ci�1) and Ci ∈R and it does not cross C0. 
Therefore, C0 ( Ci and

ℓ(C1) < ℓ(Ci) ≤ ℓ(C0), 

where the first inequality uses that the left endpoint of 
Ci is strictly inside I. Therefore, C1 crosses both of C0, Ci, 
and Ci is a strict ancestor of A�C0. If Ci�B we are 
done, otherwise, A ⊆ B ⊆ Ci, but because C1 crosses 
both A and Ci, it also crosses B and we are done.

Case 2: ℓ(Ci) < ℓ(C1). In this case, Ci must be crossed 
on the right (by Ci�1) and Ci ∈ ℓ and it does not cross 
C1. Therefore, we must have

r(C1) ≤ r(Ci) < r(C0), 

where the second inequality uses that the right end
point of Ci is strictly inside I. However, this implies that 
Ci also crosses C0. Therefore, we can obtain a shorter 
path by excluding all cuts C1, : : : , Ci�1 and that is a 
contradiction. w

Lemma 4.4. Let A, B ∈R such that A ∩ B � ∅, that is, they 
are not ancestors of each other. Then, they have a common 
ancestor, that is, there exists a set C ∈R such that A, B ⊆ C.

Without loss of generality (WLOG) assume r(A) ≤ ℓ(B). 
Let C be the highest ancestor of A in the hierarchy, that is, 
C has no ancestor. For the sake of contradiction, suppose 
B ∩ C � ∅ (otherwise, C is an ancestor of B, and we are 
done). Therefore, r(C) ≤ ℓ(B). Consider the path of cross
ing cuts from C to B, say C � C0, : : : , Ck � B.

Let Ci be the first cut in this path such that r(Ci) >

r(C0). Such a cut always exists as r(B) > r(C). Because 
Ci�1 crosses Ci and r(Ci�1) ≤ r(C0), Ci�1 crosses Ci on 
the left and Ci is open on the right. We show that Ci is 
an ancestor of C�C0 and we get a contradiction to C0 
having no ancestors (in R). If ℓ(C0) < ℓ(Ci), then Ci 
crosses C0 on the right and that is a contradiction. 

Therefore, we must have C0 ⊆ Ci, that is, Ci is an ances
tor of C0.

It follows from the previous lemma that each of the left 
and right hierarchies have a unique cut with no ancestors.
Lemma 4.5. If A is a cut in R such that r(A)<m, then A 
has a strict ancestor. Similarly, if A ∈ L satisfies ℓ(A) > 1, 
then it has a strict ancestor.

Fix a cut A ∈R. If there is a cut in B ∈R such that 
r(B) > r(A), then either B is a strict ancestor of A in which 
case we are done, or A ∩ B � ∅, but then by Lemma 4.4
A, B have a common ancestor C, and C must be a strict 
ancestor of A and we are done.

Now, suppose for any R ∈R, r(R) ≤ r(A). Therefore, 
there must be a cut B ∈ L such that r(B) > r(A) (other
wise we should have less than m atoms in our polygon). 
The cut B must be crossed on the right by a cut C ∈R. 
However, then, we must have r(C) > r(B) > r(A) which 
is a contradiction. w

Corollary 4.1. If A ∈ C has no strict ancestor, then r(A)�m 
if A ∈R and ℓ(A) � 1 otherwise.

Lemma 4.6 (Polygons Are Near Minimum Cuts). For any 
polygon with atoms a0, : : : am�1 (where a0 is the root), we 
have x(δ(a1 ∪⋯∪ am�1)) ≤ 2+ 4η:

Let A ∈ ℓ and B ∈R be the unique cuts in the left/right 
hierarchy with no ancestors. Note that A and B are crossing 
(because there is a cut C that crosses A on the right, and B 
is an ancestor of C). Therefore, because A, B are both 2η 
near min cuts (with respect to x), by Lemma 2.1, A ∪ B is a 
4η near min cut. w

Lemma 4.7 (Root Neighbors). For any polygon with atoms 
a0, : : : am�1 (where a0 is the root), we have x(E(a0, a1)), 
x(E(a0, am�1)) ≥ 1� 2η.

Here we prove x(E(a0, a1)) ≥ 1� 2η. One can prove 
x(E(a0, am�1)) ≥ 1� 2η similarly. Let A ∈ L and B ∈R be 
the unique cuts in the left/right hierarchy with no 
ancestors. First, observe that if ℓ(B) � 2, then becaus A, 
B are crossing, by Lemma 2.2, we have

x(E(A \ B, A ∪ B)) � x(E(a1, a0)) ≥ 1� η:

By definition of atoms, there exists a cut C ∈ C such that 
either ℓ(C) � 2 or r(C)�2; but if r(C)�2 we must have 
ℓ(C) � 1 in which case C cannot be crossed, so this does 
not happen. Therefore, we must have ℓ(C) � 2. If C ∈R, 
then because C is a descendent of B, we must have 
ℓ(B) � 2, and we are done by the previous paragraph.

Otherwise, suppose C ∈ L. We claim that B crosses C. 
This is because, C is crossed on the right by some cut B′
and B is an ancestor of B′, so B ∩ C ≠ ∅ and C ⊈ B because 
ℓ(B) > 2. Therefore, by Lemma 2.1, B ∪ C is a 4η near min 
cut. Because A crosses B ∪ C, by Lemma 2.2, we have

x(E(A \ (B ∪ C), A ∪ B ∪ C)) � x(E(a1, a0)) ≥ 1� 2η 
as desired.
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Lemma 4.8. For any pair of atoms ai, ai+1 where 1 ≤ i ≤
m� 2 we have x(δ({ai, ai+1})) ≤ 2+ 12η, so x(E(ai, ai+1))
≥ 1� 6η.

We prove the following claim: There exists j ≤ i such 
that x(δ({aj, : : : , ai+1})) ≤ 2+ 6η. Then, by a similar argu
ment we can find j′ ≥ i+ 1 such that x(δ({ai, : : : , 
aj′ })) ≤ 2+ 6η. By Lemma 2.1, it follows that x(δ({ai, 
ai+1})) ≤ 2+ 12η. Because x(δ(ai)), x(δ(ai+1)) ≥ 2, we have

x(δ({ai, ai+1})) + 2x(E(ai, ai+1)) ≥ 4:

However, because of the bound on x(δ({ai, ai+1})), we 
must have x(E(ai, ai+1)) ≥ 1� 6η as desired.

It remains to prove the claim. First, observe that there 
is a cut A separating ai+1, ai+2 (If i+ 1 �m� 1, then 
ai+2 � a0); therefore, either ℓ(A) � i+ 2 or r(A) � i+ 2. If 
r(A) � i+ 2 then, A is the cut we are looking for and we 
are done. Therefore, assume ℓ(A) � i+ 2. 

Case 1: A ∈ L: Let L ∈ L be the strict parent of A. If 
ℓ(L) ≤ i then we are done (because there is a cut R ∈R 

crossing A, L on the right so L \ (A ∪ R) is the cut that 
we want. If ℓ(L) � i+ 1, then let L′ be the strict parent of 
L). Then, there is a cut R ∈R crossing A, L and a cut R′
crossing L, L′. First, because both R, R′ cross L (on the 
right) they have a nonempty intersection, so one of 
them say R′ is an ancestor of the other (R) and therefore 
R′ must intersect A. On the other hand, because R′
crosses L and ℓ(L) � i+ 1, ℓ(R′) ≥ i+ 2 � ℓ(A). Because 
R′ intersect A, either they cross, or A ⊆ R′, so we must 
have x(δ(A ∪ R)) ≤ 2+ 4η. Finally, because R′ crosses L′
(on the right), we have x(δ(L′ \ (A ∪ R))) ≤ 2+ 6η, and 
L′ \ (A ∪ R) is our desired set.

Case 2: A ∈R: We know that A is crossed on the left 
by, say, L ∈ ℓ. If ℓ(L) ≤ i, we are done, since then L \ A is 
the cut that we seek and we get x(δ(L \ A)) ≤ 2+ 4η.

Suppose then that ℓ(L) � i+ 1. Let L′ be the strict par
ent of L, which must have ℓ(L′) ≤ i. If L′ crosses A, then 
L′ \ A is the cut we seek and we get x(δ(L \ A)) ≤ 2+ 4η.

Finally, if L′ does not cross A, that is, r(A) ≤ r(L′), 
then consider the cut R ∈R that crosses L and L′ on the 
right. Because r(L) < r(A), and A is not crossed on the 
right, it must be that ℓ(R) � i+ 2. In this case, L′ \ R is 
the cut we want, and we get x(δ(L′ \ R)) ≤ 2+ 4η. w

Lemma 4.9 (Atoms Are Near Minimum Cuts). For any 
1 ≤ i ≤m� 1, we have x(δ(ai)) ≤ 2+ 14η:

By Lemma 4.8, x(δ({ai, ai+1})) ≤ 2+ 12η (in the special 
case i �m� 1, we take the pair ai�1, ai). There must be a 
2η-near minimum cut C (w.r.t., x) separating ai from 
ai+1. Then either ai � C ∩ {ai, ai+1} or ai � {ai, ai+1} \ C. In 
either case, we get x(δ(ai)) ≤ 2+ 14η by Lemma 2.1.

4.4. Happy Polygons

Definition 4.6 (A, B, C-Polygon Partition). Let u be a poly
gon with atoms a0, : : : , am�1 with root a0 where a1, am�1 
are the atoms left and right of the root. The A, B, 

C-polygon partition of u is a partition of edges of 
δ(u) into sets A � E(a1, a0) and B � E(am�1, a0), C � δ(u)
\ A \ B.

By Theorem 4.3, x(A), x(B) ≥ 1� ɛη and x(C) ≤ ɛη 
where we set

ɛη � 14η (4.5) 

as needed for Theorem 4.3.

Definition 4.7 (Leftmost and Rightmost Cuts). Let u be a 
polygon with atoms a0, : : : , am�1 and arcs labeled 1, : : : , 
m corresponding to a connected component C of η-near 
minimum cuts (w.r.t., z). We call any cut C ∈ C with 
ℓ(C) � 1 a leftmost cut of u and any cut C ∈ C with 
r(C)�m a rightmost cut of u. We also call a1 the leftmost 
atom of u (respectively, am�1 the rightmost atom).

Observe that by Corollary 4.1, any cut that is not a 
leftmost or a rightmost cut has a strict ancestor.

Definition 4.8 (Happy Polygon). Let u be a polygon with 
polygon partition A, B, C. For a spanning tree T, we 
say that u is happy if

AT and BT odd, CT � 0:

We say that u is left-happy (respectively right-happy. if

AT odd, CT � 0, 

(respectively, BT odd, CT � 0).

Definition 4.9 (Relevant Cuts). Given a polygon u corre
sponding to a connected component C of cuts crossed 
on one side with atoms a0, : : : , am�1, define a family of 
relevant cuts

C′ � C ∪ {ai : 1 ≤ i ≤m� 1, z(δ(ai)) ≤ 2+ η}:

Atoms of u are always ɛη=2-near minimum cuts w.r.t., 
z but not necessarily η-near minimum cuts. The fol
lowing theorem is the main result of this section.

Theorem 4.4 (Happy Polygons and Cuts Crossed on One 
Side). Let G � (V, E, x) for x be an LP solution and 
z � (x+OPT)=2. For a connected component C of near mini
mum cuts of z, let u be the polygon with atoms a0, a1: : : am�1 
with polygon partition A, B, C. For µ an arbitrary distribu
tion of spanning trees with marginals x, β > 0, there is a ran
dom vector s∗ : E∗ → R≥0 (as a function of T ~ µ) such that 
for any vector s : E→ R, where se ≥�βxe for all e ∈ E the 
following holds: 
• If u is happy then, for any cut S ∈ C′ if δ(S)T is odd 

then we have s(δ(S)) + s∗(δ(S)) ≥ 0,
• For any S ∈ C′ that is not a rightmost/leftmost cut or 

rightmost/leftmost atom, if δ(S)T is odd, then we have 
s(δ(S)) + s∗(δ(S)) ≥ 0.
• For all OPT edges e∗2, : : : , e∗m�1 with respect to the above 

polygon, E[s∗e∗i ] ≤ 181ηβ. E[s∗e∗ ] � 0 for all other OPT edges.

Before proving the previous theorem, we study a 
special case.

Karlin, Klein, and Oveis Gharan: Improved Approximation for Metric TSP 
Operations Research, 2024, vol. 72, no. 6, pp. 2543–2594, © 2023 The Author(s) 2565 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

16
.1

82
] 

on
 0

4 
Ju

ne
 2

02
6,

 a
t 0

0:
59

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



Lemma 4.10 (Triangles as Degenerate Polygons). Let S �
X ∪ Y where X, Y, S are ɛη-near min cuts (w.r.t., x) and 
each of these sets is a contiguous interval around the OPT 
cycle. Then, viewing X as a1 and Y as a2 (and a0 � X ∪ Y), 
the previous theorem holds viewing S as a degenerate 
polygon.

In this case, A � E(a1, a0), B � E(a2, a0), C � ∅. For the 
OPT edge e∗ between X, Y we define I1(e∗) to be the 
event that at least one of T ∩ E(X), T ∩ E(Y), T ∩ E(S)
is not a tree. Whenever this happens we define s∗e∗ �
2:05 · β. If S is left-happy we need to show when δ(X)T 
is odd, then s(δ(X)) + s∗(δ(X)) ≥ 0. This is because when 
S is left-happy we have AT is odd (and CT�0), so either 
I 1(e∗) does not happen and δ(X)T is even, or it happens 
in which case s(δ(X)) + s∗(δ(X)) ≥ 0 as s(δ(X)) ≥�(2 +
2η)β and s∗e∗ � 2:05β. Finally, observe that by Corollary 
2.3, P[I1(e∗)] ≤ 3ɛη, so E[s∗e∗ ] � 3ɛη · 2:05β ≤ 87ηβ using 
η < 1=100 and ɛη as defined in Equation (4.5).

Lemma 4.11. For every cut A ∈ C that is not a leftmost or a 
rightmost cut, P[δ(A)T � 2] ≥ 1� 22η.

Assume A ∈R; the other case can be proven similarly. 
Let B be the strict parent of A. By Lemma 4.3 there is a 
cut C ∈ L that crosses A, B on their left. It follows by 
Lemma 2.1 that C \ A, C ∩ A are 4η near minimum cuts 
(w.r.t., x). Therefore, by Corollary 2.3, P[E(A ∩ C, C \ A)T 
� 1] ≥ 1� 5η. On the other hand, B \ (A ∪ C) is a 6η near 
minimum cut and A \ C, B \ C are 4η near min cuts 
(w.r.t., x). Therefore, by Corollary 2.3, P[E(A \ C, B \ (A 
∪ C))T � 1] ≥ 1� 7η.

Finally, by Lemma 2.2, x(E(A ∩ C, C \ A)), x(E(A \ C, 
B \ (A ∪ C))) ≥ 1� 3η. Because A is a 2η near min cut 
(w.r.t., x), all remaining edges have fractional value at 
most 8η, so with probability 1� 8η, T does not choose 
any of them. Taking a union bound over all of these 
events, P[δ(A)T � 2] ≥ 1� 22η. w

Lemma 4.12. For any atom ai ∈ C′ that is not the leftmost 
or the rightmost atom, we have

P[δ(ai)T � 2] ≥ 1� 42η:

By Lemma 4.8, x(δ({ai, ai+1})) ≤ 2+ 12η, and by Lemma 
4.9, x(δ(ai+1)) ≤ 2+ 14η (also recall by the assumption of 
lemma x(δ(ai)) ≤ 2+ 2η, Therefore, by Corollary 2.3,

P[E(ai, ai+1)T � 1],P[E(ai�1, ai)T � 1] ≥ 1� 14η, 

where the second inequality holds similarly. Also, by Le
mma 4.8, x(E(ai�1, ai)), x(E(ai, ai+1)) ≥ 1� 6η. Because x(δ 
(ai)) ≤ 2+ 2η, x(E(ai, ai�1 ∪ ai ∪ ai+1)) ≤ 14η. Therefore,

P[T ∩ E(ai, ai�1 ∪ ai ∪ ai+1) � ∅] ≥ 1� 14η:

Finally, by the union bound, all events occur with prob
ability at least 1� 42η. w

Let e∗1, : : : , e∗m be the OPT edges mapped to the arcs 
1, : : : , m of the component C, respectively.

Lemma 4.13. There is a mapping10 of cuts in C′ to OPT 
edges e∗2, : : : e∗m�1 such that each OPT edge has at most four 
cuts mapped to it, an OPT edge e∗ is mapped to a cut S 
only if e∗ ∈ δ(S), and every atom of the polygon in C′ gets 
mapped to two (not necessarily distinct) OPT edges.

Consider first the set of cuts in C′R :�R ∪ {ai : 1 ≤ i ≤
m� 1, z(δ(ai)) ≤ 2+ η} and similarly C′ℓ :� L ∪ {ai : 1 ≤ i 
≤m� 1, z(δ(ai)) ≤ 2+ η}. Observe that this is also a lam
inar family. Atoms are in both C′R and C′L. We define a 
map from cuts in C′R to OPT edges such that every OPT 
edge e∗2, : : : , e∗m�1 gets at most two cuts mapped to it. A 
similar argument works for cuts in C′ℓ.

For any 2 ≤ i ≤m� 1, we map

arg max
A∈C′R:ℓ(A)�i

|A | and arg max
A∈C′R:r(A)�i

|A |

to e∗i , where recall ℓ(A) is the OPT edge leaving A on the 
left side and r(A) the OPT edge leaving on the right. By 
construction, each OPT edge gets at most two cuts 
mapped to it.

Furthermore, we claim every cut A ∈ C′R gets mapped 
to at least one OPT edge. For the sake of contradiction let 
A ∈ C′R be a cut that is not mapped to any OPT edge. 
First, a1 is mapped to edge e∗2 (in both hierarchies) and 
am�1 is mapped to edge e∗m�1. Otherwise, if A ∈R, ℓ(A)
≠ 1. Furthermore, if A ∈R and r(A)�m, then A is defi
nitely the largest cut with left endpoint ℓ(A). Therefore, 
assume 1 < ℓ(A) < r(A) <m. Let B � arg maxB∈C′R:ℓ(B)�ℓ(A)
|B | and let C � arg maxB∈C′R:r(C)�r(A) |C | . Because A is not 
mapped to any OPT edge but B, C are mapped by previ
ous definition, we must have B, C ≠ A. However, this 
implies A ( B, C. Also, this means B, C cross; but this is a 
contradiction with R being a laminar family. w

Definition 4.10 (Happy Cut). We say a leftmost cut L ∈ L 

is happy if

E(L, a0 ∪ L)T � 1:

Similarly, the leftmost atom a1 is happy if E(a1, a0 ∪ a1)T 
� 1. Define rightmost cuts in u or the rightmost atom 
in u to be happy, similarly.

By definition, if leftmost cut L is happy and u is left 
happy then L is even, that is, δ(L)T � 2. Similarly, a1 is 
even if it is happy and u is left-happy.

Lemma 4.14. For every leftmost or rightmost cut A in u that 
is an η-near min cut w.r.t. z, P[A happy] ≥ 1� 10η, and for 
the leftmost atom a1 (respectively, rightmost atom am�1), if 
it is an η-near min cut then P[a1 happy] ≥ 1� 24η (respec
tively, P[am�1 happy] ≥ 1� 24η).

Recall that if A is a η-near min cut w.r.t. z then it is a 
2η-near min cut w.r.t. x. Also, recall for a cut L ∈ L, LR is 
the near minimum cut crossing L on the right that mini
mizes the intersection (Definition 4.2). We prove this for 
the leftmost cuts and the leftmost atom; the other case 
can be proven similarly. Consider a cut L ∈ L. Because by 
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Lemma 2.1, LR ∩ L, LR \ L are 4η near min cuts (w.r.t., x) 
and LR is a 2η near min cut, by Corollary 2.3, P[E(LR 
∩ L, LR \ L)T � 1] ≥ 1� 5η. On the other hand, by Le
mma 2.2, x(E(LR ∩ L, LR \ L)) ≥ 1� η, and by Lemma 
4.7, x(E(L, a0)) ≥ 1� 2η. It follows that

x(δ(L) \ E(LR ∩ L, LR \ L) \ E(L, a0)) ≤ 5η:

Therefore, by the union bound, P[L happy] ≥ 1� 10η, 
because if (δ(L) \ E(LR ∩ L, LR \ L) \ E(L, a0))T � 0 and 
E(LR ∩ L, LR \ L)T � 1, then E(L, a0 ∪ L)T � 1 and there
fore L is happy.

Now consider the atom a1, and suppose it is an η near 
min cut. By Lemma 4.8, x(δ({a1, a2})) ≤ 2+ 12η, and by 
Lemma 4.9, x(δ(a2)) ≤ 2+ 14η. Therefore, by Corollary 
2.3, P[E(a1, a2)T � 1] ≥ 1� 14η. On the other hand, by 
Lemma 4.8, x(E(a1, a2)) ≥ 1� 6η, and by Lemma 4.7, x(E 
(a1, a0)) ≥ 1� 2η. Therefore,

x(E(a1, a3 ∪⋯∪ am�1))

≤ 2+ 2η� (1� 6η)� (1� 2η)) ≤ 10η:

Observe, a1 is happy when both of these events occur; so, 
by the union bound, P[a1 happy] ≥ 1� 24η as desired. w

Proof of Theorem 4.4. Consider an OPT edge e∗i for 
1 < i <m. For the at most four cuts mapped to e∗i in 
Lemma 4.13, we define the following three events: 

(i) A leftmost cut assigned to e∗i is not happy. (Equiva
lently, a leftmost cut L ∈ L ∩ C′ with r(L)� i is not happy.)

(ii) A rightmost cut assigned to e∗i is not happy. 
(Equivalently, a rightmost cut R ∈R ∩ C′ with l(R)� i is 
not happy.11)

(iii) A cut that is not leftmost or rightmost assigned 
to e∗i is odd.

Observe that the cuts in (i) and (ii) are assigned to e∗i 
in Lemma 4.13. We say an atom a is singly-mapped to 
e∗i if in the matching a is only mapped to e∗i once; other
wise, we say it is doubly mapped to e∗i .

We say an event I1(e∗i ) occurs if either (i), (ii), or (iii) 
occurs. If I1(e∗i ) occurs then we set

s∗e∗i �

2:05β If (i), (ii), or (iii) occurred for at least
one non-atom cut in C′, or for an atom
which is doubly-mapped to e∗i

2:05β=2 Otherwise:

8
>>><

>>>:

If I 1(e∗i ) does not occur we set s∗e∗i � 0. First, observe 
that for any nonatom cut S ∈ C′ that is not a leftmost 
or a rightmost cut, if δ(S)T is odd, then if e∗i is the OPT 
edge that S is mapped to, it satisfies s∗e∗i � 2:05β, so

s(δ(S)) + s∗(δ(S)) ≥�x(δ(S))β+ s∗(e∗i )
≥�(2+ 2η)β+ 2:05β ≥ 0, 

for η < 1=100. The same inequality holds for nonleftmost/ 
rightmost atom cuts a ∈ C′, which are doubly mapped to 
e∗i . For nonleftmost/rightmost atom cuts a ∈ C′, which are 

singly mapped to e∗i , a is mapped (possibly even twice) to 
another edge e∗j (note j � i� 1 or i+1), and in this case, 
s∗(e∗i ) + s∗(e∗j ) ≥ 2:05β, and again the previous inequality 
holds.

Now, suppose for a leftmost cut S ∈ L ∩ C′ with 
r(S)� i has δ(S)T odd. If u is not left-happy, there is 
nothing to prove. If u is left-happy, then we must have 
S is not happy (as otherwise δ(S)T would be even), so 
I 1(e∗i ) occurs, so similar to the previous inequality 
s(δ(S)) + s∗(δ(S)) ≥ 0. The same holds for rightmost cuts 
and the leftmost/rightmost atoms in C′ (leftmost/right
most atoms are always doubly-mapped: a1 to e∗2 and 
am�1 to e∗m�1).

It remains to upper bound E[s∗(e∗i )] for 1 < i <m. By 
Lemma 4.13, at most four cuts are mapped to e∗i . Then, 
either there is an atom that is doubly mapped to e∗i or 
there is not.

First suppose exactly one atom is doubly mapped to 
e∗i . Then there are at most three cuts mapped to e∗i , 
including that atom. The probability of an event of type 
(i) or (ii) occurring for the leftmost or rightmost atom is 
at most 1� 24η by Lemma 4.14. Atoms that are not left
most or rightmost are even with probability at least 1�
42η by Lemma 4.12. Therefore, in the worst case, the 
doubly mapped atom is not leftmost or rightmost. For 
the remaining two cuts, leftmost and rightmost cuts are 
happy with probability at least 1� 10η by Lemma 4.14, 
and (nonatom) non leftmost/rightmost cuts are even 
with probability at least 1� 22η by Lemma 4.11. There
fore, in the worst case, the remaining two (nonatom) 
cuts mapped to e∗i are not leftmost/rightmost. There
fore, if an atom is doubly mapped to e∗i ,

E[s∗(e∗i )] ≤ 42η · 2:05β+ 2 · 22η · 2:05β ≤ 177ηβ:

If two atoms are doubly mapped to e∗i ,

E[s∗(e∗i )] ≤ 2 · 42η · 2:05β ≤ 173ηβ:

Otherwise, any atoms mapped to e∗i are singly mapped. 
In this case, if only an atom cut is odd/unhappy, we set 
s∗(e∗i ) � 2:05β=2. The probability of an event of type (i) 
or (ii) occurring for the leftmost or rightmost atom is 
at most 1� 24η by Lemma 4.14, so we can bound the 
contribution of this event to E[s∗(e∗i )] by 24η · 2:05β=2. 
Atoms that are not leftmost or rightmost are even with 
probability at least 1� 42η by Lemma 4.12, and so we 
can bound their contribution by 42η · 2:05β=2. There
fore, in the worst case four nonleftmost/rightmost non- 
atom cuts are mapped to e∗i , in which case,

E[s∗(e∗i )] ≤ 4 · 22η · 2:05β � 181ηβ 

as desired.

4.5. Hierarchy of Cuts and Proof of Theorem 4.2

Definition 4.11 (Hierarchy). For an LP solution x0 with su
pport E0 � E ∪ {e0} and x be x0 restricted to E, a hierarchy 
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H is a laminar family of ɛη-near min cuts of G � (V, E, x)
with root V \ {u0, v0}, where every cut S ∈H is either a 
polygon cut (including triangles) or a degree cut and 
u0, v0 ∉ S. Furthermore, every cut S is a union of its chil
dren. For any (nonroot) cut S ∈H, define the parent of S, 
p(S), to be the smallest cut S′ ∈H such that S ( S′.

For a cut S ∈H, let A(S) :� {u ∈H : p(u) � S}. If S is a 
polygon cut, then we can order cuts in A(S), u1, : : : , 
um�1 such that 
• Each of A � E(S, u1) and B � E(um�1, S) satisfy x(A), 

x(B) ≥ 1 �ɛη.
• For any 1 ≤ i <m� 1, x(E(ui, ui+1)) ≥ 1� ɛη.
• For C �∪m�2

i�2 E(ui, S)we have x(C) ≤ ɛη.
We call the sets A, B, C the polygon partition of 

edges in δ(S). We say S is left-happy when AT is odd 
and CT�0 and right happy when BT is odd and CT�0 
and happy when AT, BT are odd and CT�0.

We abuse notation, and for an (LP) edge e � (u, v)
that is not a neighbor of u0, v0, let p(e) denote the smal
lest12 cut S′ ∈H such that u, v ∈ S′. We say edge e is a 
bottom edge if p(e) is a polygon cut and we say it is a 
top edge if p(e) is a degree cut.

When S is a polygon cut, u1, : : : , um�1 will be the 
atoms a1, : : : , am�1 that we defined in the previous sec
tion, but a reader should understand this definition 
independent of the polygon definition that we dis
cussed before; in particular, the reader no longer needs 
to worry about the details of specific cuts C that make 
up a polygon. Also, because V \ {u0, v0} is the root of 
the hierarchy, for any edge e ∈ E that is not incident to 
u0 or v0, p(e) is well defined; therefore, all those edges 
are either bottom or top, and edges that are incident to 
u0 or v0 are neither bottom edges nor top edges.

The following observation is immediate from the 
above definition.

Observation 4.1. For any polygon cut S ∈H, and any 
cut S′ ∈H that is a descendant of S let D � δ(S′) ∩ δ(S). 
If D ≠ ∅, then exactly one of the following is true: D ⊆
A or D ⊆ B or D ⊆ C.

Theorem 4.5 (Main Payment Theorem). For an LP solution 
x0 and x be x0 restricted to E and a hierarchy H for some 
ɛη ≤ 10�10 and any β > 0, the maximum entropy distribu
tion µ with marginals x satisfies the following: 

(i) There is a set of good edges Eg ⊆ E \ δ({u0, v0}) such 
that any bottom edge e is in Eg and for any (nonroot) S ∈H 

such that p(S) is a degree cut, we have x(Eg ∩ δ(S)) ≥ 3=4.
(ii) There is a random vector s : Eg→ R (as a function of 

T ~ µ) such that for all e, se ≥�xeβ (with probability 1).
(iii) If a polygon cut u with polygon partition A, B, C is not 

left happy, then for any set F ⊆ E with p(e) � u for all e ∈ F 
and x(F) ≥ 1� ɛη=2, we have

s(A) + s(F) + s�(C) ≥ 0, 

where s�(C) �
P

e∈Cmin{se, 0}. A similar inequality holds if 
u is not right happy.

(iv) For every cut S ∈H such that p(S) is not a polygon 
cut, if δ(S)T is odd, then s(δ(S)) ≥ 0.

(v) For a good edge e ∈ Eg, E[se] ≤�ɛPβxe (see Equation 
(7.4) for definition of ɛP).

The previous theorem is the main part of the paper 
in which we use that µ is a SR distribution. See Section 
7 for the proof. We use this theorem to construct a ran
dom vector s such that essentially for all cuts S ∈H in 
the hierarchy z=2+ s is feasible; furthermore, for a large 
fraction of “good” edges, we have that E[se] is negative 
and bounded away from zero.

As we will see in the this section, using part (iii) of 
the theorem we will be able to show that every leftmost 
and rightmost cut of any polygon is satisfied.

In the rest of this section, we use the previous theo
rem to prove Theorem 4.2. We start by explaining how 
to construct H. Given the vector z � (x+OPT)=2 run 
the following procedure on the OPT cycle with the fam
ily of η-near minimum cuts of z that are crossed on at 
most one side.

For every connected component C of η near minimum 
cuts (w.r.t., z) crossed on at most one side, if |C | � 1 then 
add the unique cut in C to the hierarchy. Otherwise, 
C corresponds to a polygon u with atoms a0, : : : , am�1 
(for some m>3). Add a1, : : : , am�1

13 and ∪m�1
i�1 ai to H. 

Because every vertex except u0, v0 has degree 2, they all 
appear in the hierarchy as singletons. Therefore, every 
set in the hierarchy is the union of its children. Because 
z(δ({u0, v0})) � 2, the root of the hierarchy is always 
V \ {u0, v0}.

Now, we name every cut in the hierarchy. For a cut S if 
there is a connected component of at least two cuts with 
union equal to S, then call S a polygon cut with the A, B, C 
partitioning as defined in Definition 4.6. If S is a cut with 
exactly two children X, Y in the hierarchy, then also call 
S a polygon cut,14 A � E(X, X \ Y), B � E(Y, Y \ X), and 
C � ∅. Otherwise, call S a degree cut.

Fact 4.2. The previous procedure produces a valid hierar
chy for ɛη ≥ 14η.

First observe that whenever |C | � 1 the unique cut in 
C is a 2η near min cut (w.r.t, x) that is not crossed. For a 
polygon cut S in the hierarchy, by Lemma 4.6, the set S 
is a ɛη near min cut w.r.t., x. If S is an atom of a polygon, 
then by Lemma 4.9, S is a ɛη near min cut.

Now, it remains to show that for a polygon cut S we 
have a valid ordering u1, : : : , uk of cuts in A(S). If S is a 
nontriangle polygon cut, the u1, : : : , uk are exactly atoms 
of the polygon of S and x(A), x(B) ≥ 1� ɛη and x(C) ≤ ɛη 
and x(E(ui, ui+1)) ≥ 1� ɛη follow by Theorem 4.3. For a 
triangle cut S � X ∪ Y because S, X, Y are ɛη-near min 
cuts (by the previous paragraph), we get x(A), x(B) ≥
1� ɛη as desired, by Lemma 2.3. Finally, because x(δ 
(X)), x(δ(Y)) ≥ 2 we have x(E(X, Y)) ≥ 1� ɛη. w

The following observation is immediate.
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Observation 4.2. Each cut S ∈H corresponds to a con
tiguous interval around OPT cycle. For a polygon u (or 
a triangle) with atoms a0, : : : , am�1 for m ≥ 3, we say an 
OPT edge e∗ is interior to u if e∗ ∈ E∗(ai, ai+1) for some 
1 ≤ i ≤m� 2. Any OPT edge e∗ is interior to at most one 
polygon.

Theorem 4.2. Let x0 be a feasible solution of the Held-Karp 
relaxation with support E0 � E ∪ {e0} and x be x0 restricted 
to E. Let µ be the max entropy distribution with marginals 
x. For η ≤ 10�12, β > 0, there is a set Eg ⊂ E \ δ({u0, v0}) of 
good edges and two functions s : E0→ R and s∗ : E∗ → R≥0 
(as functions of T ~ µ) such that 

(i) For each edge e ∈ Eg, se ≥�xeβ and for any e ∈ E \ Eg, 
se�0.

(ii) For each η-near-min cut S w.r.t. z, if δ(S)T is odd, 
then s(δ(S)) + s∗(δ(S)) ≥ 0:

(iii) We have E[se] ≤�ɛPβxe for all edges e ∈ Eg and 
E[s∗e∗ ] ≤ 218ηβ for all OPT edges e∗ ∈ E∗: for ɛP defined in 
(7.4).

(iv) For every η-near minimum cut S of z crossed on (at 
most) one side such that S ≠ V \ {u0, v0}, x(δ(S) ∩ Eg) ≥

3=4:

For ɛη as in Equation (4.5), let Eg, s be as defined in The
orem 4.5, and let se0 �∞. Also, let s∗ be the sum of the s∗
vectors from Theorem 4.1 and Theorem 4.4. (i) follows (ii) 
of Theorem 4.5. E[s∗e∗ ] ≤ 218ηβ follows from Theorem 4.1
and Theorem 4.4 and the fact that every OPT edge is inte
rior to at most one polygon. Also, E[se] ≤�ɛPβxe for 
edges e ∈ Eg follows from (v) of Theorem 4.5.

Now, we verify (iv): For any (nonroot) cut S ∈H such 
that p(S) is not a polygon cut x(δ(S) ∩ Eg) ≥ 3=4 by (i) of 
Theorem 4.5. The only remaining η-near minimum cuts 
are sets S that are either atoms or near minimum cuts in 
the component C corresponding to a polygon u. There
fore, by Lemma 2.3, x(δ(S) ∩ δ(u)) ≤ 1+ ɛη. By (i) of 
Theorem 4.5 all edges in δ(S) \ δ(u) are in Eg. Therefore, 
x(δ(S) ∩ Eg)) ≥ 1� ɛη ≥ 3=4.

It remains to verify (ii): We consider four groups of 
cuts. 

Type 1: Near minimum cuts S such that e0 ∈ δ(S). 
Then, because se0 �∞, s(δ(S)) + s∗(δ(S)) ≥ 0.

Type 2: Near minimum cuts S ∈H where p(S) is not 
a polygon cut. By (iv) of Theorem 4.5 and that s∗ ≥ 0 the 
inequality follows.

Type 3: Near minimum cuts S crossed on both 
sides. Then, the inequality follows by Theorem 4.1 and 
the fact that se ≥�βxe for all e ∈ E.

Type 4: Near minimum cuts S that are crossed on 
one side (and not in H) or S ∈H and p(S) is a (nontrian
gle) polygon cut. In this case S must be an atom or a 
η-near minimum cut (w.r.t., z) in some polygon u ∈H. 
If S is not a leftmost cut/atom or a rightmost cut/atom, 
then the inequality follows by Theorem 4.4. Other
wise, say S is a leftmost cut. If u is left-happy then by 
Theorem 4.4 the inequality is satisfied. Otherwise, for 

F � δ(S) \ δ(u), by Lemma 2.3, we have x(F) ≥ 1� ɛη=2. 
Therefore, by (iii) of Theorem 4.5, we have

s(δ(S)) + s∗(δ(S)) ≥ s(A) + s(F) + s�(C) ≥ 0 

as desired. Because S is a leftmost cut, we always have 
A ⊆ δ(S). However, C may have an unpredictable inter
section with δ(S); in particular, in the worst case only 
edges of C with negative slack belong to δ(S). A similar 
argument holds when S is the leftmost atom or a right
most cut/atom.

Type 5: Near min cut S is the leftmost atom or the 
rightmost atom of a triangle u. This is similar to the pre
vious case except we use Lemma 4.10 to argue that the 
inequality is satisfied when u is left happy. w

4.6. Hierarchy Notation
In the rest of the paper, we will not work with z, OPT 
edges, or the notion of polygons. Therefore, practically, 
by Definition 4.11, from now on, a reader can just think 
of every polygon as a triangle. In the rest of the paper 
we adopt the following notation.

We abuse notation and call any u ∈A(S) an atom of S.

Definition 4.12 (Edge Bundles, Top Edges, and Bottom 
Edges). For every degree cut S and every pair of atoms 
u, v ∈A(S), we define a top edge bundle f � (u, v) such 
that

f � {e � (u′, v′) ∈ E : p(e) � S, u′ ∈ u, v′ ∈ v}:

In the previous definition, u′, v′ are actual vertices of G.
For every polygon cut S, we define the bottom edge 

bundle f � {e : p(e) � S}.
We will always use bold letters to distinguish top 

edge bundles from actual LP edges. Also, we abuse nota
tion and write xe :�

P
f∈exf to denote the total fractional 

value of all edges in this bundle.
In the rest of the paper, unless otherwise specified, 

we work with edge bundles and sometimes we just 
call them edges.

For any u ∈H with p(u) � S, we write

δ↑(u) :� δ(u) ∩ δ(S),

δ→(u) :� δ(u) \ δ(S):

E→(S) :� {e � (ui, uj) : ui, uj ∈A(S), ui ≠ uj}:

Also, for a set of edges A ⊆ δ(u), we write A→, A↑ to 
denote A ∩ δ→(u), A ∩ δ↑(u), respectively (when u is 
clear in context). Note that E→(S) ⊆ E(S) includes only 
edges between atoms of S and not all edges between 
vertices in S.

Finally, for a set of edges F and an edge bundle e, 
we define F�e � F \ e, and similarly F+e � F ∪ e.
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5. Probabilistic Statements
5.1. Gurvits’ Machinery and Generalizations
The following is the main result of this section.

Proposition 5.1. Given a SR distribution µ : 2[n] → R+, let 
A1, : : : , Am be random variables corresponding to the num
ber of elements sampled from m disjoint sets, and let inte
gers n1, : : : , nm ≥ 0 be such that for any S ⊆ [m],

P
X

i∈S
Ai ≥

X

i∈S
ni

" #

≥ ɛ,

P
X

i∈S
Ai ≤

X

i∈S
ni

" #

≥ ɛ, 

it follows that,

P[∀i : Ai � ni] ≥ f (ɛ)P[A1+ ⋯ +Am � n1+ ⋯ +nm], 

where f (ɛ) ≥ ɛ2mQm
k�2

1
max{nk,n1+⋯+nk�1}+1.

We remark that in applications of the previous state
ment, it is enough to know that for any set S ⊆ [m], P

i∈Sni� 1 < E[
P

i∈SAi] <
P

i∈Sni + 1. Because, then, by 
Lemma 2.5, we can prove a lower bound on the proba
bility that 

P
i∈SAi �

P
i∈Sni.

We also remark the previous lower bound of f (ɛ) is not 
tight; in particular, we expect the dependency on m should 
only be exponential (not doubly exponential). We leave it 
as an open problem to find a tight lower bound on f (ɛ).

Let E be the event A1+ ⋯ +Am � n1+ ⋯ +nm.

P[1 ≤ i ≤m : Ai � ni]

� P[E]P[Am � nm |E]P[Am�1 � nm�1 |Am � nm,E]
: : :P[A2 � n2 |A3 � n3, : : : , SAm � nm,E]

Therefore, to prove the statement, it is enough to prove 
that for any 2 ≤ k ≤ n,

P[Ak � nk |Ak+1 � nk+1, : : : , Am � nm,E]

≥ ɛ2m�k+1 1
max{nk, n1+ ⋯ +nk�1} + 1 : (5.1) 

By the following Claim 5.1,

P[Ak ≥ nk |Ak+1 � nk+1, : : : , Am � nm, E] ≥ ɛ2m�k+1
,

P[Ak ≤ nk |Ak+1 � nk+1, : : : , Am � nm, E] ≥ ɛ2m�k+1
:

Therefore, (5.1) simply follows by Lemma 5.1. Now we 
prove this claim.

Claim 5.1. Let [k] :� {1, : : : , k}. For any 2 ≤ k ≤m, and any 
set S ( [k],

P
X

i∈S
Ai ≥

X

i∈S
ni |Ak+1 � nk+1, : : : , Am � nm,E

" #

≥ ɛ2m�k+1
,

P
X

i∈S
Ai ≤

X

i∈S
ni |Ak+1 � nk+1, : : : , Am � nm,E

" #

≥ ɛ2m�k+1
:

We prove by induction. First, notice for k�m, the state
ment holds just by lemma’s assumption and Lemma 
5.2. Now, suppose the statement holds for k+ 1. Now, 
fix a set S ( [k]. Let S � [k] \ S. Define A �

P
i∈SAi and 

B �
P

i∈SAi, and similarly define nA, nB. By the induc
tion hypothesis,

ɛ2m�k
≤ P[A ≤ nA |Ak+2 � nk+2, : : : , Am � nm,E]:

The same statement holds for events A ≥ nA, B ≤ nB, 
B ≥ nB, A+B ≥ nA + nB, A+B ≤ nA + nB. Let Ek+1 be the 
event Ak+2 � nk+2, : : : , Am � nm,E. Conditioned on Ek+1, 
A+B � nA + nB if and only if Ak+1 � nk+1. By Lemma 5.1, 
P[A+B � nA + nB |Ek+1] > 0. Therefore, by Lemma 5.2,

P[A ≥ nA |A+B � nA + nB,Ek+1],

P[A ≤ nA |A+B � nA + nB,Ek+1] ≥ (ɛ
2m�k
)
2
� ɛ2m�k+1 

as desired.
This finishes the proof of Proposition 5.1.

Lemma 5.1. Let µ : 2[n] → R≥0 be a d-homogeneous SR 
distribution. If for an integer 0 ≤ k ≤ d, PS~µ[ |S | ≥ k] ≥ ɛ
and Pµ[ |S | ≤ k] ≥ ɛ. Then,

P[ |S | � k] ≥min ɛ

k+ 1 , ɛ

d� k+ 1

n o
,

P[ |S | � k] ≥min pm,ɛ 1� ɛ

pm

� �1=max{k, d�k}
 !( )

:

Here pm ≤max0≤i≤dP[ |S | � i] is a lower bound on the 
mode of |S | .

Because µ is SR, the sequence s0, s1, : : : , sd where si �

P[ |S | � i] is log-concave and unimodal. Therefore, 
either the mode is in the interval [0, k] or in [k, d]. We 
assume the former and prove the lemma; the latter can 
be proven similarly. First, observe that because 
sk ≥ sk+1 ≥⋯≥ sd, we get sk ≥ ɛ=(d� k+ 1). In the rest of 
the proof, we show that sk ≥ ɛ(1� (ɛ=pm)

1=k
) or sk ≥ pm.

Suppose si is the mode. It follows that there is i ≤ j ≤

k� 1 such that sj
sj+1
≥ si

sk

� �1=(k�i)
. Therefore, by Lemma 2.4,

ɛ ≤ sk+ ⋯ + sd ≤
sk

1� sk
si

� �1=(k�i) :

If sk ≥ pm or sk ≥ ɛ, then we are done. Otherwise,

sk ≥ ɛ
�
1� (sk=pm)

1=(k�i)�
≥ ɛ
�
1� (ɛ=pm)

1=k�, 

where we used si ≥ pm and sk ≤ ɛ. w

Lemma 5.2. Given a strongly Rayleigh distribution µ : 2[n]
→ R≥0, let A, B be two (nonnegative) random variables 
corresponding to the number of elements sampled from two 
disjoint sets such that P[A+B � n] > 0 where n � nA + nB. 
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Then,

P[A ≥ nA |A+B � n] � P[B ≤ nB |A+B � n]
≥ P[A ≥ nA]P[B ≤ nB], (5.2) 

P[A ≤ nA |A+B � n] � P[B ≥ nB |A+B � n]
≥ P[A ≤ nA]P[B ≥ nB]: (5.3) 

We prove the second statement. The first one can be 
proven similarly. First, notice

P[A ≤ nA, A + B ≥ n] + P[B ≥ nB, A + B < n]

�P[B ≥ nB, A ≤ nA, A + B ≥ n] + P[A ≤ nA,

B ≥ nB, A + B < n]

�P[B ≥ nB, A ≤ nA] ≥ P[B ≥ nB]P[A ≤ nA] ≕ α, 

where the last inequality follows by negative associa
tion. Say q � P[A+B ≥ n]. From the previous state
ment, either P[A ≤ nA, A+B ≥ n] ≥ αq or P[B ≥ nB, A 
+B < n] ≥ α(1� q). In the former case, we get P[A ≤ nA 
|A+B ≥ n] ≥ α, and in the latter, we get P[B ≥ nB |A+B 
< n] ≥ α. Now the lemma follows by the stochastic 
dominance property

P[A ≤ nA |A+B � n] ≥ P[A ≤ nA |A+B ≥ n]

P[B ≥ nB |A+B � n] ≥ P[B ≥ nB |A+B < n] :

In the special case that A+B < n never happens, the 
lemma holds trivially. w

Combining the previous two lemmas, we get the 
following.

Corollary 5.1. Let µ : 2[n] → R≥0 be a SR distribution. Let 
A, B be two random variables corresponding to the number 
of elements sampled from two disjoint sets of elements such 
that A ≥ kA with probability 1 and B ≥ kB with probability 
1. If P[A ≥ nA],P[B ≥ nB] ≥ ɛ1 and P[A ≤ nA],P[B ≤ nB]

≥ ɛ2, then, letting n′A � nA� kA, n′B � nB� kB,

P[A � nA |A+B � nA + nB] ≥ ɛmin 1
n′A + 1 , 1

n′B + 1

� �

,

P[A � nA |A+B � nA + nB]

≥min pm,ɛ 1� (ɛ=pm)
1=max{n′A, n′B}

� �n o
, 

where ɛ � ɛ1ɛ2 and pm ≤maxkA≤k≤nA+nB�kBP[A � k |A+B 
� nA + nB] is a lower bound on the mode of A.

In the special case that nA � 1, nB � 1, kA � 0, kB � 0, if 
P[A � 1 |A+B � 2] ≤ ɛ, pm ≥ 1� 2ɛ. If ɛ ≤ 1=3,

P[A � 1 |A+B � 2] ≥max ɛ=2,ɛ 1� ɛ

1� 2ɛ

� �n o
:

To get the first statement, we construct a new SR distri
bution from µ as follows. First, we symmetrize gµ by 
setting all xa ∈ A to x and all xb ∈ B to y; call the resulting 

polynomial qµ. Then, notice q′µ � qµ=(xkA xkB ) is real sta
ble. Therefore, we can apply the above corollary to a 
distribution with generating polynomial q′µ.15

To get the second statement, because the distribution 
of A is unimodal,

min{P[A � 0],P[A � 2]} ≤ ɛ:

5.2. Max Flow
This proposition and the max flow event are crucially 
used in the analysis of the bottom-bottom case in the 
payment theorem (Theorem 4.5). See Example 3.2 and 
the preceding discussion for more high-level intuition. 
The main consequences of this section are Corollary 5.3
and Corollary 5.4.

Proposition 5.2. Let µ : 2E→ R≥0 be a homogeneous SR 
distribution. For any 303ɛ < ζ < 0:003 and disjoint sets A, B 
⊆ E such that E[AT],E[BT] ∈ [1� ɛ, 1+ ɛ] (where T ~ µ) 
there is an event EA, B(T) such that P[EA, B(T)] ≥ 0:002ζ2(1�
ζ=3� ɛ) and it satisfies the following three properties. 

(i) P[AT � BT � 1 |EA, B(T)] � 1,
(ii) 

P
e∈A |P[e]�P[e |EA, B(T)] | ≤ ζ, and

(iii) 
P

e∈B |P[e]�P[e |EA, B(T)] | ≤ ζ.

In other words, under event EA, B which has a constant 
probability, AT � BT � 1 and the marginals of all edges 
in A, B are preserved up to total variation distance ζ. We 
also remark that above statement holds for a much 
larger value of ζ at the expense of a smaller lower bound 
on P[EA, B(T)].

Before, proving the above statement we prove the 
following lemma.

Lemma 5.3. Let µ : 2E→ R≥0 be a homogeneous SR distri
bution. Let A, B ⊆ E be two disjoint sets such that E[AT], 
E[BT] ∈ [1� ɛ, 1+ ɛ] (where T ~ µ), A′ ⊂ A and B′ ⊆ B 
and E[A′T ∪ B′T] ≥ 1+ α for some α > 100ɛ. If α < 0:001, we 
have

P[A′T � B′T � AT � BT � 1] ≥ 0:1α3:

First, condition on (A \ A′)T � (B \ B′)T � 0. This hap
pens with probability at least α� 2ɛ ≥ 0:98α because 
E[AT] +E[BT] ≤ 2+ 2ɛ and E[A′T] +E[B′T] ≥ 1+ α. Call 
this measure ν. It follows by negative association that

Eν[A′T],Eν[B
′
T] ∈ [α� ɛ, 2+ 3ɛ� α]: (5.4) 

• Case 1: Eν[A′T +B′T] > 1:5. Because Eν[A′T +B′T] ≤
2+ 2ɛ, by Lemma 2.5, Pν[A′T +B′T � 2] ≥ 0:25. Further
more, by

Pν[A′T ≥ 1],Pν[B′T ≥ 1] ≥ 1� e�(α�ɛ) ≥ 0:98α
(By Lemma 2:6, α < 0:001), 

Pν[A′T ≤ 1],Pν[B′T ≤ 1] ≥ α=2� 1:5ɛ
(Markov’s Inequality):
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Therefore, by Corollary 5.1 and using α ≤ 0:001, P[A′T 
� 1 |A′T +B′T � 2] ≥ 0:45α2. It follows that

P[AT � BT �A′T � B′T � 1] ≥ (0:98α)Pν[A′T � B′T � 1]
≥ (0:98α)0:25(0:45α2) ≥ 0:1α3:

• Case 2: E[A′T +B′T] ≤ 1:5. Because Eν[A′T +B′T] ≥
1+ α, by Lemma 2.5, P[A′T +B′T � 2] ≥ αe�α ≥ 0:99α. 
However, now E[A′T],E[B′T] ≤ 1:5 and therefore by Mar
kov’s inequality,

Pν[A′T ≤ 1],Pν[B′T ≤ 1] ≥ 0:25:

On the other hand, by Lemma 2.6 (similar to case 1) 
Pν[A′T ≥ 1],Pν[B′T ≥ 1] ≥ 1� e�α+ɛ ≥ 0:98α. It follows by 
Corollary 5.1 that P[A′T � 1 |A′T +B′T � 2] ≥ 0:2α. There
fore,

P[AT � BT � A′T � B′T � 1] ≥ (0:98α)
Pν[A′T � B′T � 1] ≥ (0:98α)(0:2α)(0:99α) ≥ 0:1α3 

as desired.
It is worth noting that α3 dependency is necessary in 

the previous example. For an explicit strongly Rayleigh 
distribution consider the following product distribu
tion:

(αx1 + (1� α)y2)(αy1 + (1� α)z2)(αz1 + (1� α)x2), 

and let A � {x1, x2}, B′ � B � {y1, y2}, and A′ � {x1}. Ob
serve that

P[AT � BT �A′T � B′T � 1] � P[x1 � 1,y1 � 1,z1 � 1] � α3:

Proof of Proposition 5.2. To prove the lemma, we con
struct an instance of the max-flow, min cut problem. 
Consider the following graph with vertex set {s, A, B, t}. 
For any e ∈ A, f ∈ B connect e to f with a directed edge of 
capacity ye, f � P[e, f ∈ T |AT � BT � 1]. For any e ∈ E, let 
xe :� P[e ∈ T]. Connect s to e ∈ A with an arc of capacity 
βxe and similarly connect f ∈ B to t with arc of capacity 
βxf , where β is a parameter that we choose later. We 
claim that the min cut of this graph is at least β(1�
ɛ� ζ=3). Assuming this, we can prove the lemma as fol
lows: let z be the maximum flow, where ze, f is the flow 
on the edge from e to f. We define the event EA, B(T) �
E(T) to be the union of events ze, f . More precisely, con
ditioned on AT � BT � 1 the events e, f ∈ T |AT � BT � 1 
are disjoint for different pairs e ∈ A, f ∈ B, so we know 
that we have a specific e, f in the tree T with probability 
ye, f . Of course, 

P
e∈A, f∈Bye, f � 1. Therefore, for e ∈ A, f ∈ B 

we include a ze, f measure of trees, T, such that AT � BT 
� 1, e, f ∈ T. First, observe that

P[E] �
X

e∈A, f∈B
ze, fP[AT � BT � 1]

≥ β(1� ζ=3� ɛ)P[AT � BT � 1]: (5.5) 

Part (i) of the proposition follows from the definition 
of E. Now, we check part (ii): Say z �

P
e∈A, f∈Bze, f , and 

the flow into e is ze. Then,

X

e∈A
|xe�P[e ∈ T |E] | �

X

e∈A
xe�

X

f

ze, f

z

�
�
�
�
�
�

�
�
�
�
�
�
�
X

e∈A
xe�

ze

z

�
�
�

�
�
�:

Both x and ze=z define a probability distribution on 
edges in A; therefore, the RHS is just the total varia
tion distance between these two distributions. We can 
write
X

e∈A
|xe�P[e ∈ T |E] | � 2

X

e∈A:ze=z>xe

ze

z
� xe

� �

≤ 2
X

e∈A:ze=z>xe

βxe

β(1� ζ=3� ɛ)� xe

� �

≤ 2 ·
X

e
xe
ζ=3+ ɛ

1� ζ=3� ɛ

≤ 2 (1+ ɛ)(ζ=3+ ɛ)
1� ζ=3� ɛ ≤ ζ:

The first inequality uses that the max-flow is at least 
β(1� ζ=3) and that the incoming flow of e is at most 
βxe, and the last inequality follows by ζ < 1=20 and 
ɛ < ζ=300. (iii) can be checked similarly.

It remains to lower bound the max-flow or equiva
lently the min cut. Consider an s, t-cut S, S, that is, 
assume s ∈ S and t ∉ S. Define SA � A ∩ S, SB � B ∩ S, 
and similarly SA � A ∩ S, SB � B ∩ S. We write

cap(S, S) � βx(SA) + βx(SB) +
X

e∈SA, f∈SB

ye, f

� βx(SA ∪ SB) +P[(SA)T

� (SB)T � 1 |AT � BT � 1]:

If x(SB) ≥ x(SA)� ζ=3, then

cap(S, S) ≥ βx(SA ∪ SB) ≥ β(x(SA ∪ SA)� ζ=3)
≥ β(1� ɛ� ζ=3), 

and we are done. Otherwise, say x(SB) + γ � x(SA), for 
some γ > ζ=3. Therefore,

x(SB) + x(SA) � x(SB) + x(SB) + γ ≥ 1� ɛ+ γ:

Therefore, by Lemma 5.3 with (α � γ� ɛ > ζ=3� ɛ >
100ɛ),

P[(SA)T � (SB)T � 1 |AT � BT � 1]

≥
P[(SA)T � (SB)T � AT � BT � 1]

P[AT � BT � 1]

≥
0:1(γ� ɛ)3

P[AT � BT � 1] :
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It follows that

cap(S, S) ≥ βx(SA ∪ SB) +
0:1(γ� ɛ)3

P[AT � BT � 1]

≥ β(x(SA ∪ SA)� γ) +
0:1(γ� ɛ)3

P[AT � BT � 1]

≥ β(1� ɛ� γ) + 0:1(γ� ɛ)3

P[AT � BT � 1] :

To prove the lemma, we just need to choose β such 
that RHS is at least β(1� ɛ� ζ=3). Or equivalently,

0:1(γ� ɛ)3

P[AT � BT � 1] ≥ β(γ� ζ=3):

In other words, it is enough to choose β ≤ 0:1(γ�ɛ)3
P[AT�BT�1](γ�ζ=3). 

Because γ ≥ ζ=3 and ζ=3 > 100ɛ, we certainly have γ� ɛ
≥ ζ=6. Therefore, we can set β � 0:1ζ2=62

P[AT�BT�1]. Finally, this 
plus (5.5) gives

P[E] ≥ (1� ζ=3� ɛ)βP[AT � BT � 1]
� 0:1(ζ2=62)(1� ζ=3� ɛ) ≥ 0:002ζ2(1� ζ=3� ɛ)

as desired.

Definition 5.1 (Max-Flow Event). For a polygon cut S ∈H 

with polygon partition A, B, C, let ν be the max- 
entropy distribution conditioned on S is a tree and 
CT�0. By Lemma 2.7, we can write ν : νS × νG=S, where 
νS is supported on trees in E(S) and νG=S on trees in 
E(G=S). For a sample (TS, TG=S) ~ νS × νG=S, we say ES 
occurs if EA, B(TG=S) occurs, where EA, B(:) is the event 
defined in Proposition 5.2 for sets A, B and ζ � ɛM :�

1
4,000 and ɛ � 2ɛη.

Corollary 5.2. For a polygon cut S ∈H with polygon parti
tion A, B, C, we have 

(i) P[ES] ≥ 0:001ɛ2
M:

(ii) For any set F ⊆ δ(S) conditioned on ES marginals of 
edges in F are preserved up to ɛM + ɛη in total variation 
distance.

(iii) For any F ⊆ E(S) ∪ δ(S) where either F ∩ A � ∅ or 
F ∩ B � ∅, there is some q ∈ x(F)6 (ɛM + 2ɛη) such that the 
law of FT |ES is the same as a BS(q).

Condition S to be a tree and CT� 0 and let ν be the 
resulting measure. It follows that

P[ES] � Pν[ES]P[CT � 0, S tree]
≥ 0:002ɛ2

M(1� ɛM=3� ɛ)P[CT � 0, S tree]
≥ 0:001ɛ2

M:

This proves (i).
Now, we prove (ii). By Proposition 5.2, the marginals 

of edges in δ(S) are preserved up to a total variation 

distance of ɛM, so

Eν[(F ∩ δ(S))T |EA, B(TG=S)] � Eν[(F ∩ δ(S))T]6ɛM:

Because x(C) ≤ ɛη and x(δ(S)) ≤ 2+ ɛη, by negative as
sociation,

x(F ∩ δ(S))� ɛη=2 ≤ Eν[(F ∩ δ(S))T] ≤ x(F ∩ δ(S)) + ɛη:

This proves (ii). Also observe that because conditioned 
on ES, we choose at most one edge of F ∩ δ(S), (F ∩
δ(S))T is a BS(qG=S) for some qG=S � x(F ∩ δ(S))6 (ɛM 
+ɛη).

On the other hand, observe that conditioned on ES, S 
is a tree, so

x(F ∩ E(S)) ≤ E[(F ∩ E(S))T |ES] ≤ x(F ∩ E(S)) + ɛη=2:
Because the distribution of (F ∩ E(S))T under ν |ES is SR, 
there is a random variable BS(qS) � (F ∩ E(S))T where 
x(F ∩ E(S)) ≤ qS ≤ x(F ∩ E(S)) + ɛη=2.

Finally, FT |ES is exactly BS(qS) +BS(qG=S) � BS(q) for 
q � x(F)6 (ɛM + 2ɛη).

Normally, conditioning on δ(S)T for a polygon S ∈H 

may dramatically change the distribution of any ran
dom variable δ(u)T for any u that is an ancestor of S 
and for that δ(u) ∩ δ(S)≠ ∅. For example, it may essen
tially determine the parity of δ(u)T. On the other hand, 
the following two corollaries show that after condi
tioning on ES the probability δ(u) is even remains a 
(large) constant. Therefore, in some sense, condition
ing on the max-flow event ES decouples the random 
variables δ(S)T and δ(u)T.

Corollary 5.3. For u ∈H and a polygon cut S ∈H that is 
an ancestor of u,

P[δ(u)T odd |ES] ≤ 0:5678:

First, notice by Observation 4.1, δ(u) ∩ δ(S) is either a 
subset of A, B, or C. Therefore, by (iii) of Corollary 5.2, 
we can write δ(u)T |ES as a BS(q) for q ∈ 2 6 [0:001]
(where we use that ɛM + 3ɛη < 0:001). Furthermore, 
because δ(u)T ≠ 0 with probability 1, we can write this 
as a 1+BS(q� 1). Therefore, by Corollary 2.1,

P[δ(u)T odd |ES] � P[BS(q� 1) even] ≤ 1
2 (1+ e�2(q�1))

≤
1
2 (1+ e�1:999) ≤ 0:5678 

as desired.

Corollary 5.4. For a polygon cut u ∈H and a polygon cut 
S ∈H that is an ancestor of u,

P[u not left happy |ES] ≤ 0:56797:

The same follows for right happy.

Let A, B, C be the polygon partition of u. Recall that 
for u to be left-happy, we need CT� 0 and AT odd. 
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Similar to the previous statement, we can write AT |ES as 
a BS(qA) for qA ∈ 16 [0:00026] (where we used that ɛM �

1=4, 000 and ɛη ≤ ɛM=300). Therefore, by Corollary 2.1,

P[AT even |ES] ≤
1
2 (1+ e�2qA) ≤

1
2 (1+ e�1:99948) ≤ 0:56771:

Finally, E[CT |ES]≤ x(CT) + ɛM + 2ɛη ≤ 0:00026. Now 
using the union bound,

P[u not left happy |ES] ≤ 0:56771+ 0:00026 ≤ 0:56797 
as desired.

5.3. Good Edges

Definition 5.2 (Half Edges). We say an edge bundle e �
(u, v) in a degree cut S ∈H, that is, p(e) � S, is a half 
edge if |xe� 1=2 | ≤ ɛ1=2, where ɛ1=2 is defined in global 
constants.

Definition 5.3 (Good Edges). We say a top edge bundle 
e � (u, v) in a degree cut S ∈H is (2-2) good, if one of 
the following holds: 

1. e is not a half edge or
2. e is a half edge and P[δ(u)T � δ(v)T � 2 |u, v trees]
≥ 3ɛ1=2:

We say a top edge e is bad otherwise. We say every 
bottom edge bundle is good (but generally do not 
refer to bottom edges as good or bad). We say any 
edge e that is a neighbor of u0 or v0 is bad.

In the next section we will see that for any top edge 
bundle e � (u, v) that is not a half edge, P[(δ(u))T �
(δ(v))T � 2 |u, v trees] �Ω(1). The following theorem is 
the main result of this section.

Theorem 5.1. For ɛ1=2 ≤ 0:0002, ɛη ≤ ɛ2
1=2, a top edge bun

dle e � (u, v) is bad only if the following three conditions 
hold simultaneously: 
• The edge bundle e is a half edge,
• We have x(δ↑(u)), x(δ↑(v)) ≤ 1=2+ 9ɛ1=2,
• Every other half edge bundle incident to u or v is (2-2) 

good.

The proof of this theorem follows from Lemma 5.5
and Lemma 5.6.

In this section, we use repeatedly that for any atom u 
in a degree cut S, x(δ(u)) ≤ 2+ ɛη. We also repeatedly 
use that for a half edge bundle e � (u, v) in a degree cut, 
conditioned on u, v trees, e is in or out with probability 
at least 1=2� ɛ1=2� 3ɛη > 0:49.

Lemma 5.4. Let e � (u, v) be a good half edge bundle in a 
degree cut S ∈H. Let A � δ(u)�e and B � δ(v)�e. If ɛ1=2 ≤
0:001 and ɛη < ɛ1=2=100, then

P[AT +BT ≤ 2 |u, v trees],
P[AT +BT ≥ 4 |u, v trees] ≥ 0:4ɛ1=2 

Throughout the proof all probabilistic statements are 
with respect to the measure µ conditioned on u, v trees. 

Let p≤2 � P[AT +BT ≤ 2] and similarly define p≥4. Ob
serve that whenever δ(u)T � δ(v)T � 2, we must have 
AT +BT ≠ 3. Because e is 2-2 good, this event happens 
with probability at least 3ɛ1=2, that is,

p≤2 + p≥4 ≥ 3ɛ1=2: (5.6) 

By Lemma 2.5, using the fact that p0 � 0, we get p�3 
≥ 1=4.

First, we show that p≤2 ≥ 0:4ɛ1=2. We have

3+ 2ɛ1=2 ≥ E[AT +BT] ≥ 4p≥4 + 2p�2 + 3(1� p≥4� p≤2)

� 3+ p≥4� p�2� 3p�1:

Again, we are using p0 � 0. By log-concavity p2
�2 ≥ p�3 

p�1, so because p�3 ≥ 1=4, p�1 ≤ 4p2
�2 ≤ 4p2

≤2. Therefore,

p≥4� 2ɛ1=2 ≤ p�2 + 3p�1 � p≤2 + 2p�1 ≤ p≤2(1+ 8p≤2):

Finally, because ɛ1=2 < 0:001, plugging this upper bound 
on p≥4 into Equation (5.6) we get p≤2 ≥ 0:4ɛ1=2.

Now, we show p≥4 ≥ 0:4ɛ1=2=2. Assume p≥4 < ɛ1=2=2 
(otherwise we are done). Because p�3 ≥ 1=4 by Lemma 
2.4 with γ ≤ (ɛ1=2=2)=(1=4) � 2ɛ1=2:

E[AT +BT |AT +BT ≥ 4] · p≥4 ≤
p≥4

1� 2ɛ1=2
(4+ 3ɛ1=2):

Therefore,

3� 2ɛ1=2� 2ɛη ≤E[AT +BT] ≤ 2p≤2

+
p≥4

1� 2ɛ1=2
(4+ 3ɛ1=2) + 3(1� p≤2� p≥4):

Therefore, 1:01p≥4 ≥ p≤2� 2:02ɛ1=2 where we used ɛ1=2 ≤

0:001 and ɛη < ɛ1=2=100. Now, p≥4 ≥ 0:4ɛ1=2 follows by 
Equation (5.6). w

Lemma 5.5. Let e � (u, v) be a half edge bundle in a degree 
cut S ∈H, and suppose x(δ↑(u)) ≥ 1=2+ kɛ1=2. If k ≥ 9, ɛ1=2 
≤ 0:0002, and ɛη ≤ ɛ2

1=2, then, e is 2-2 good.

First, condition u, v, S to be trees. Let W � S \ {u} as 
in Figure 11. Because S is a near min cut,

x(δ(W)) � x(δ(S)) + x(δ(u))� 2x(δ↑(u))

≤ 2(2+ ɛη)� 2(1=2+ kɛ1=2) � 3� 2kɛ1=2 + 2ɛη:

Therefore, by Lemma 2.7, P[W is tree] ≥ 1=2+ kɛ1=2 
�ɛη� ɛη. The extra �ɛη comes from the fact that condi
tioning u be a tree can decrease marginals of edges in 
E(W) by at most ɛη.

Let ν be the resulting measure, namely the measure 
obtained by first conditioning u, v, S to be trees and then 
W to be a tree. Note that ν is a strongly Rayleigh distribu
tion on the set of edges in E(W) ∪ E(u, W) ∪ E(G=S); 
This is because ν is a product of three SR distributions 
each supported on one of the aforementioned sets.

Let X � δ↑(u)T and Y � δ(v)T � 1. Observe that, under 
ν, X � Y � 1 iff δ(u)T � δ(v)T � 2. Furthermore, Y ≥ 0 
with probability 1 because v is connected to the rest of the 
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graph. Therefore, we just need to lower bound Pν[X �
Y � 1]: First, notice

Eν[X] ∈ [0:5+ kɛ1=2� ɛη, 1+ ɛη]

Eν[Y] ∈ [0:5+ kɛ1=2� 4ɛη, 1:5� kɛ1=2 + 3ɛη] (5.7) 

We will give a brief explanation of this: first, 12+ kɛ1=2 ≤

E[X] ≤ 1+ ɛη before conditioning. By conditioning u, v, 
S to be trees, we can increase E[ |E(S) |T] by at most ɛη; 
therefore, this may decrease E[X] by at most ɛη. Under 
this measure, E(S) is independent of X; therefore, con
ditioning on W to be a tree cannot change E[X]. Second, 
1 ≤ E[Y] ≤ 1+ ɛη before conditioning. Now, condition
ing on u, v, S to be trees may decrease E[Y] by at most 
2ɛη and increase by at most ɛη. Conditioning on W to 
be a tree may increase or decrease E[Y] by a most 1=2 
� kɛ1=2 + 2ɛη.

Using Proposition 5.1, we can immediately argue 
that Pν[X � Y � 1] ≥Ω(ɛ1=2). We do the following more 
refined analysis to make sure that this probability is at 
least 6ɛ1=2 (for ɛ1=2 ≤ 0:0005) and k ≥ 9. Once we prove 
this, we obtain the lemma:

P[δ(u)T � δ(v)T � 2 |u,v trees]
≥ P[S,W trees |u,v trees]Pν[X �Y� 1]
≥ 0:5 · 6ɛ1=2:

Case 1: Pν[X+Y � 2] ≥ 48ɛ1=2. By Lemma 2.6, Pν[X 
≥ 1],Pν[Y ≥ 1] ≥ 1� e�0:5. On the other hand, by Theo
rem 2.2, Pν[X ≤ 1],Pν[Y ≤ 1] ≥ 7=16. This is because if 
we have one Bernoulli of value 1, Pν[X ≤ 1] ≥ 1� 0:5

n
� �n 

is minimized at n�1, whereas if we have no Bernoullis 
of value 1, Pν[X ≤ 1] ≥ 1� 1:5

n
� �n

+ 1:5 1� 1:5
n

� �n�1 which 
is minimized at n�2. Therefore, by Corollary 5.1, 
Pν[X � 1 |X+Y � 2] ≥ 0:1269. Therefore, we get

Pν[X � 1, Y � 1] ≥ 48ɛ1=2 · 0:1269 ≥ 6ɛ1=2:

Case 2: Pν[X+Y � 2] < 48ɛ1=2 < 0:01. By Lemma 2.5, 
Pν[X+Y � 1] ≥ 0:25 (if Eν[X+Y] ≥ 1:2 then the assu
mption of this case obviously fails). So, since Pν[X+Y �
2] < 0:01, by log concavity, Pν[X+Y � 3] ≤ 0:01=25. 
Furthermore, by Lemma 2.4 (with γ � 1=25, i � 1, k � 3), 
Pν[X+Y > 2] < 0:0005.

Now, assume that Pν[X ≥ 1],Pν[Y ≥ 1] ≥ 0:47 (we will 
prove this shortly). Now, applying stochastic dominance, 

we have

Pν[X ≥ 1 |X+Y � 2] ≥ Pν[X ≥ 1 |X+Y ≤ 2]

≥ Pν[X ≥ 1, X+Y ≤ 2]

≥ Pν[X ≥ 1]�Pν[X+Y > 2]

≥ Pν[X ≥ 1]� 0:0005 ≥ 0:469:

Similarly, Pν[X ≤ 1 |X+Y � 2] � Pν [Y ≥ 1 |X+Y � 2] ≥
Pν[Y ≥ 1]� 0:0005 ≥ 0:469. Finally because the distribu
tion of X conditioned on X+Y � 2 is the same as the 
number of successes in two independent Bernoulli trials, 
with probabilities, say, p1 and p2, we can minimize 
p1(1� p2) + (1� p1)p2 subject to 1� p1p2 ≥ 0:469 and 
1� (1� p1)(1� p2) ≥ 0:469. Solving this yields Pν[X � 1 
|X+Y � 2] ≥ 0:395.

Lastly, observe that because by Equation (5.7) 1:2 ≥
Eν[X+Y] ≥ 1+ (2k� 1)ɛ1=2, by Lemma 2.5, we can write

Pν[X+Y � 2] ≥ (2k� 1)ɛ1=2e�(2k�1)ɛ1=2 ≥ (2k� 2)ɛ1=2:

Therefore,

Pν[X � Y � 1] � Pν[X � 1 |X + Y � 2]Pν[X + Y � 2]

≥ 0:395(2k� 2)ɛ1=2:

To get the RHS to be at least 6ɛ1=2 it suffices that k ≥ 9.
Now we prove that Pν[X ≥ 1] ≥ 0:47; Pν[Y ≥ 1] ≥ 0:47 

follows similarly.

Pν[X � 2] ≤ Pν[X+Y ≥ 2] ≤ 0:01+ 0:00042 ≤ 0:0105 

Also notice that Pν[X � 1] ≥ 0:3 by Lemma 2.5. Now, 
using Lemma 2.4 we can write, for γ � 1=25 and i�1,

Eν[X |X ≥ 2]Pν[X ≥ 2] ≤ 0:0224:

Therefore, because X is integer valued,

Pν[X ≥ 1] ≥ Eν[X] � Eν[X |X ≥ 2]Pν[X ≥ 2]

≥ Eν[X] � 0:0224 ≥ 0:47, 

as desired.

Lemma 5.6. Let e � (u, v), f � (v, w) be two half edge bun
dles in a degree cut S ∈H. If ɛ1=2 < 0:0005 and ɛη ≤ ɛ2

1=2, 
then one of e or f is good.

We use the following notation V � δ(v)�e�f, U �
δ(u)�e, W � δ(w)�f (see Figure 12 for an illustration). 
For a set A of edges and an edge bundle e we write 
A+e � A ∪ {e}. Furthermore, for a measure ν we write 
ν�e to denote ν conditioned on e ∉ T.

Condition u, v, w to be trees. This occurs with proba
bility at least 1� 3ɛη. Let ν be this measure. By Lemma 
2.9, without loss of generality, we can assume

Eν[WT |e ∉ T] ≤ Eν[WT] + 0:405: (5.8) 

Figure 11. Setting of Lemma 5.5
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Now, if Eν[VT |e ∉ T] ≥ Eν[VT] + 0:03, then we will show 
e is 2-2 good. First,

Eν�e[(V+f)T] ∈ [1:53� ɛ1=2� 3ɛη, 2+ ɛη],

Eν�e[UT] ∈ [1:5� ɛ1=2� 3ɛη, 2+ ɛη],

Eν�e[(V+f)T +UT] ∈ [3:03� 2ɛ1=2� 3ɛη, 3:5+ 2ɛ1=2 + 2ɛη], 

where we may decrease the marginals by 3ɛη due to 
conditioning u, v, w to be trees.

Therefore, by Lemma 2.5, Pν�e[(V+f)T +UT � 4] ≥ 0:029, 
where we use the fact that UT ≥ 1 and (V+f)T ≥ 1 with 
probability 1 under ν�e and apply this and the remaining 
calculations to UT � 1, (V+f)T � 1. In addition, we have

Pν�e[UT ≤ 2],Pν�e[(V+f)T ≤ 2] ≥ 0:499
(by Markov’s Inequality), 

Pν�e[UT ≥ 2],Pν�e[(V+f)T ≥ 2] ≥ 0:39 (By Lemma 2:6):

It follows by Corollary 5.1 applied to UT � 1 and 
(V+f)T � 1 (with ɛ � 0:194 and pm � 0:6) that

Pν�e[UT � 2 |UT + (V+f)T � 4] ≥ 0:13, 

where we use that UT ≥ 1, (V+f)T ≥ 1 with probabil
ity 1 under ν�e because otherwise the tree would be 
disconnected.

Therefore,

P[δ(u)T � δ(v)T � 2 |u, v trees]

≥ P[w is a tree, e ∉ T]Pν�e[UT � (V+f)T � 2]

≥ (0:49)(0:029)(0:13) ≥ 0:0018:

The lemma follows (i.e., e is 2-2 good) because 0:0018 ≥
3ɛ1=2 for ɛ1=2 ≤ 0:0005.

Otherwise, if Eν[VT |e ∉ T] ≤ Eν[VT] + 0:03, then we 
will show that f is 2-2 good. We have

Eν+f[(V+e)T],Eν+f[WT] ∈ [1�2ɛ1=2�3ɛη,1:5+2ɛ1=2+ɛη], 

Pν+f[(V+e)T ≤ 1],Pν+f[WT ≤ 1] ≥ 0:249
(By Markov’s Inequality), 

Pν+f[(V+e)T ≥ 1],Pν+f[WT ≥ 1] ≥ 0:63 (By Lemma 2:6):

Therefore, by Corollary 5.1 (with ɛ � 0:15, pm � 0:7), we 
get Pν+f[WT � 1 | (V+e)T +WT � 2] ≥ 0:11. On the other 

hand,

Pν+f[(V+e)T +WT � 2] ≥ Pν+f[e ∉ T]
Pν+f�e[(V+e)T +WT � 2] ≥ (0:49)(0:0582) ≥ 0:0285:

To derive the last inequality, we show Pν+f�e[(V+e)T+

WT � 2] ≥ 0:0582. This is because by negative associa
tion and Equation (5.8):

Eν+f�e[(V+e)T +WT] � Eν+f�e[VT +WT] ≤ Eν�e[VT +WT]

≤ Eν[WT] + 0:405+Eν[VT] + 0:03

≤ 2:94;

therefore, because (V+e)T +WT is always at least on, by 
Theorem 2.2, in the worst case, Pν�e+f[(V+e)T +WT � 2]
is the probability that the sum of two Bernoullis with 
success probability 1:94=2 is 1, which is 0.0582.

Therefore, similar to the previous case,

P[δ(v)T � δ(w)T � 2 |v, w trees]

≥ P[u is a tree, f ∈ T]Pν+f[(V+e)T +WT � 2]

· Pν+f[WT � 1 | (V+e)T +WT � 2]

≥ (0:49)(0:0285)(0:11) ≥ 3ɛ1=2 

for ɛ1=2 ≤ 0:0005 as desired.

5.4. 2-1-1 and 2-2-2 Good Edges
Consider a cut u ∈H, and recall that x(δ(u)) ≈ 2. Nor
mally, it is sufficient to have δ(u)T � 2 when an edge e ∈
δ(u) is reduced. In the worst case, the edges of δ(u)
essentially come from two of its descendants u′, v′, that 
is, x(δ(u′) ∩ δ(u)) ≈ 1 and x(δ(v′) ∩ δ(u)) ≈ 1. Let A �
δ(u′) ∩ δ(u), B � δ(v′) ∩ δ(u), C � δ(u) \ (A ∪ B). In such 
a case, if we condition on reducing an edge in A, we 
may have AT to be even with probability close to one, 
and it will be very expensive to fix the constraint com
ing from δ(u′), as (δ(u′) \ (δ(u)))T is one, that is, odd, 
with probability close to one. Therefore, it is crucial to 
make sure that when we reduce an edge in A (B), we 
have AT (BT) is odd with some probability. Because 
when δ(u) is even and AT is odd, BT will be odd as well 
(discounting the leftovers C, which have negligible 
expectation), a natural criterion is to ask for AT � BT 
� 1, hence motivating the upcoming definition of 2-1-1 
happy. To get a more high level understanding of how 
we use these events, see the following two sections of 
the overview: dealing with xu close to one and dealing 
with triangles.

Definition 5.4 (A, B, C Degree Partitioning). For u ∈H and 
ɛ1=1 defined in global constants, we define a partition
ing of edges in δ(u): Let a, b ( u be minimal cuts in the 
hierarchy, that is, a, b ∈H, such that a ≠ b and x(δ(a) ∩
δ(u)), x(δ(b) ∩ δ(u)) ≥ 1� ɛ1=1. Because the hierarchy is 

Figure 12. Setting of Lemma 5.6
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laminar, a, b cannot cross. Let A � δ(a) ∩ δ(u), B � δ(b)
∩ δ(u), C � δ(u) \ A \ B.

If there is no cut a ( u (in the hierarchy) such that 
x(δ(a) ∩ δ(u)) ≥ 1� ɛ1=1, we just let A, B be two arbi
trary disjoint sets of edges in δ(u) for which x(A), x(B)
≥ 1� ɛ1=1. As previously shown, set C � δ(u) \ A \ B. 
This exists WLOG because we may split any edge into 
an arbitrary number of parallel copies.

If there is just one minimal cut a ( u (in the hierarchy) 
with x(δ(a) ∩ δ(u)) ≥ 1� ɛ1=1, that is, b does not exist in 
the previous definition, then we define A � δ(a) ∩ δ(u). 
Let a′ ∈H be the unique child of u such that a ⊆ a′, 
that is, a is equal to a′ or a descendant of a′. Then we 
define C � δ(a′) ∩ δ(u) \ δ(a) and B � (δ(u) \ A) \ C. In 
this case, because x(δ↑(a′)) ≤ 1+ ɛη, we have x(B) ≥ 1�
ɛη ≥ 1� ɛ1=1.

See Figure 6 for an example. The following inequalities 
on A, B, C degree partitioning will be used in this section:

x(A), x(B) ∈ [1� ɛ1, 1, 1 + ɛη],
x(C) ≤ 2ɛ1=1 + ɛη: (5.9) 

In this section, we will define a constant p> 0 that is 
the minimum probability that a good edge bundle is 
happy.

Definition 5.5 (2-1-1 Happy/Good). Let e � (u, v) be a top 
edge bundle. Let A, B, C ⊆ δ(u) be a degree partition
ing of edges δ(u) as defined in Definition 5.4. We say 
that e is 2-1-1 happy with respect to u if the event
AT � 1, BT � 1, CT � 0,δ(v)T � 2, and

u and v are both trees 
occurs.

We say e is 2-1-1 good with respect to u if
P[e is 2-1-1 happy wrt u] ≥ p:

Remark 5.1. We also use this A, B, C partitioning to help 
deal with the triangle cut case. In the special case that u 
is a polygon cut with A, B, C-polygon partitioning, let 
A′, B′, C′ be the degree partitioning of δ(u). Then, by 
Definition 4.11, we have A′ ⊆ A, B′ ⊆ B, C ⊆ C′. There
fore, if an edge in δ(u) is reduced and is 2-1-1 happy 
with respect to u, the polygon u is also happy. See the 
overview for an example.

Many of the lemmas in this section are proved in 
Appendix A. In the following, we assume that ɛη ≤
ɛ2

1=2 and 12ɛ1=1 ≤ ɛ1=2.

Lemma 5.7. Let e � (u, v) be a top edge bundle such that 
xe ≤ 1=2� ɛ1=2. If ɛ1=2 ≤ 0:001 then, e is 2-1-1 happy with 
probability at least 0:005ɛ2

1=2.

Lemma 5.8. Let e � (u, v) be a top edge bundle such that 
xe ≥ 1=2+ ɛ1=2. If ɛ1=2 ≤ 0:001, then, e is 2-1-1 happy with 
respect to u with probability at least 0:006ɛ2

1=2.

Fix u in the hierarchy with degree partitioning A, B, C. 
The previous two lemmas show that any edge bundle 

e ∈ δ(u) that is not a half edge bundle is 2-1-1 good, so 
the difficult case is when the majority of x(δ→(u)) comes 
from half edge bundles. In Theorem 5.1, we showed that 
δ(u) can have at most one 2-2 bad edge. Oddly enough, 
one of the simplest cases of the reduction argument is 
when there is a bad edge in δ(u). This is because we 
never reduce bad edges, and therefore, we never need to 
increase edges which are matched to them.16 Therefore, 
the main problem is good edges that are not 2-1-1 good. 
The following key statement, Lemma 5.11, shows that 
these problematic edges are rare in the sense that there is 
at most one good half edge bundle in A (respectively, B) 
that is not 2-1-1 good.

To prove this, we need the following two lemmas. In 
the first one, we show that if e, f are two half edge bun
dles that almost entirely land in A (or B), at least one of 
them is 2-1-1 good. In the second, we show that if a 
good half edge bundle does not entirely land in A (or 
B), then it is 2-1-1 good. This is the main tool we use to 
upper bound the expected increase of good top edges 
in Section 7.

For a set of edges D, and an edge bundle e, let e(D) :�
e ∩D:Note that e(D) is not really an edge bundle.

Lemma 5.9. Let e � (v, u) and f � (v, w) be good half top 
edge bundles and let A, B, C be the degree partitioning of 
δ(v) such that xe(B), xf(B) ≤ ɛ1=2. Then, one of e, f is 2-1-1 
happy with probability at least 0:005ɛ2

1=2.

Lemma 5.10. Let e � (u, v) be a good half edge bundle and 
let A, B, C be the degree partitioning of δ(u) (Figure A.3). 
If ɛ1=2 ≤ 0:001 and xe(A), xe(B) ≥ ɛ1=2, then

P[e 2-1-1 happy w:r:t u] ≥ 0:02ɛ2
1=2:

Lemma 5.11. For a degree cut S ∈H, and u ∈A(S), let A, 
B, C be the degree partition of u. Then, A ∩ δ→(u)≕ A→
has fraction at most 1=2+ 4ɛ1=2 of good edges that are not 
2-1-1 good (w.r.t., u).

Suppose by way of contradiction that there is a set 
D ⊆ A→ of good edges that are not 2-1-1 good w.r.t. u 
with x(D) ≥ 1

2+ 4ɛ1=2. By Lemma 5.7 and Lemma 5.8, 
every edge in D is part of a half edge bundle.

There are at least two half edge bundles e, f such that 
x(D ∩ e), x(D ∩ f) ≥ ɛ1=2, as there are at most four half 
edge bundles in δ→(u) (and using that for any half edge 
bundle e, xe ≤

1
2+ ɛ1=2). Because D ⊆ A→, we have

x(A ∩ e), x(A ∩ f) ≥ ɛ1=2:

Because x(A ∩ e) ≥ ɛ1=2, if x(B ∩ e) ≥ ɛ1=2 then, by Lemma 
5.10, e is 2-1-1 good. However, because every edge in D 
is not 2-1-1 good w.r.t u, we must have x(B ∩ e) < ɛ1=2. 
The same also holds for f. Finally, because x(B ∩ e) <
ɛ1=2 and x(B ∩ f) < ɛ1=2 by Lemma 5.9, at least one of e, f 
is 2-1-1 good w.r.t u. This is a contradiction. w
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5.4.1. 2-2-2 Good Edges. Although Lemma 5.11 is suffi
cient for bounding the increase of top edges, it is not suffi
cient for bottom edges. Fix a polygon u with partition A, B, 
C and suppose p(u) � S is a degree cut (recall that by 
Remark 5.1, the degree partitioning and polygon partition
ing of u are essentially the same). Roughly speaking, a bot
tom edge g ∈ E(u) is “matched” to all edges in δ(u), and 
needs to increase for edges f ∈ A when f is reduced and 
AT is even, and for edges f ∈ B when f is reduced and BT is 
even. Therefore, g is matched to essentially twice its frac
tion. If most of the edges in δ(u) are 2-1-1 good, this is suf
ficient to bound the expected increase of g because when 
such an edge is reduced and 2-1-1 happy with respect to 
u, g does not need to increase.

It turns out that the previous lemmas are sufficient 
to bound the expected increase of g ∈ E(u) except when 
A ∩ δ(S) ≈ B ∩ δ(S) ≈ 1=2 and e ≈ A ∩ δ→(u) and f ≈ B 
∩ δ→(u) are both good edge bundles that are not 2-1-1 
good. In this extreme case, we use a new strategy. In 
Lemma 5.12, we prove that the two edge bundles e, f are 
2-2 happy simultaneously with a constant probability. We 
call such a pair 2-2-2 good. Later, in Section 7, we use 
this to ensure that e and f are always reduced simulta
neously. The point is that because e, f do not both come 
from A (or B), no cut inside u contains e and f. Therefore, 
g only needs to increase by the maximum of the decrease 
of e, f (not the sum), effectively saving a factor of 2.

Definition 5.6 (2-2-2 Happy/Good). Let e � (u, v), f � (v, 
w) be top half-edge bundles (with p(e) � p(f)). We say 
e, f are 2-2-2 happy (with respect to v) if δ(u)T � δ(v)T 
� δ(w)T � 2 and u, v, w are all trees.

We say e, f are 2-2-2 good with respect to v if 
P[e, f 2-2-2 happy] ≥ p.

Lemma 5.12. Let e � (u, v), f � (v, w) be two good top half 
edge bundles and let A, B, C be degree partitioning of δ(v)
such that xe(B), xf(A) ≤ ɛ1=2. If e, f are not 2-1-1 good with 
respect to v, and ɛ1=2 ≤ 0:0002, then e, f are 2-2-2 happy 
with probability at least 0.01.

The following theorem summarizes the previous re
sults in a compact form. This is the main result used in 
the analysis of the increase for bottom edges in Section 7.

Theorem 5.2. Let v, S ∈H where p(v) � S, and let A, B, C 
be the degree partitioning of δ(v). For p ≥ 0:005ɛ2

1=2, with 
ɛ1=2 ≤ 0:0002, ɛ1=1 ≤ ɛ1=2=12 and ɛη ≤ ɛ2

1=2, at least one of 
the following is true: 

(i) The set δ→(v) has at least 1=2� ɛ1=2 fraction of bad 
edges,

(ii) The set δ→(v) has at least 1=2� ɛ1=2� ɛη fraction of 
2-1-1 good edges with respect to v.

(iii) There are two (top) half edge bundles e, f ∈ δ→(v)
such that xe(B) ≤ ɛ1=2, xf(A) ≤ ɛ1=2, and e, f are 2-2-2 good 
(with respect to v).

Suppose case (i) does not happen. Because every bad 
edge has fraction at least 1=2� ɛ1=2 this means that δ(v)

has no bad edges. First, notice by Lemma 5.7 and Lemma 
5.8, any non-half-edge in δ→(v) is 2-1-1 good (with respect 
to v). (Recall we define δ→(v) � δ(v) \ δ(p(v)), where p(v)
is the immediate parent of v in the hierarchy.) If there is 
only one half edge in δ→(v), then we have at least fraction 
1� ɛη� (1=2+ ɛ1=2) fraction of 2-1-1 good edges, and we 
are done with case (ii). Otherwise, there are two good half 
edges e, f ∈ δ→(v).

First, by Lemma 5.10, if xe(A), xe(B) ≥ ɛ1=2, then e is 2-1- 
1 good (w.r.t., v) and we are done. Similarly, if xf(A), 
xf(B) ≥ ɛ1=2, then f is good. Therefore, assume none of 
these happens.

Furthermore, by Lemma 5.9, if xe(B), xf(B) ≤ ɛ1=2 (or 
xe(A), xf(A) ≤ ɛ1=2) then one of e, f is 2-1-1 good.

Therefore, the only remaining case is when e, f are 
not 2-1-1 good and xe(B), xf(A) ≤ ɛ1=2. However, in this 
case, by Lemma 5.12, e, f are 2-2-2 good; so (iii) holds.

6. Matching
The main result of this section is to construct a match
ing that we use to decide which edges will have posi
tive slack to compensate for the negative slack of edges 
going higher. Refer to Example 3.1 for a high-level 
motivation to construct a matching.

Definition 6.1 (ɛF Fractional Edge). For z ≥ 0, we say that 
z is ɛF-fractional if ɛF ≤ z ≤ 1� ɛF.

The following lemma is the main result of this section

Lemma 6.1 (Matching Lemma). For any S ∈H, ɛF ≤ 1=10, 
ɛB ≥ 21ɛ1=2,α ≥ 2ɛη, ɛ1=2 ≤ 0:0002, there is a matching 
from good edges (see Definition 5.3) in E→(S) to edges in 
δ(S) where every good edge bundle e � (u, v) (where 
u, v ∈A(S)) is matched to a fraction me, u of edges in δ↑(u)
and a fraction me, v of δ↑(v), and

me, uFu +me, vFv ≤ xe(1+ α), (6.1) 
X

e∈δ→(u)
me, u � x(δ↑(u))Zu, (6.2) 

where for every atom u ∈A(S), define

Fu � 1� ɛBI{x(δ↑(u)) is ɛF fractional},
Zu :�

�
1+ I{ |A(S) | ≥ 4, x(δ↑(u)) ≤ ɛF}

�
:

Roughly speaking, the intention of the previous lemma is 
to match good edges in E→(S) to a similar fraction of 
edges that go higher (such that an edge bundle e adjacent 
to atoms u, v is only matched to edges in δ↑(u),δ↑(v)). 
Because we never “reduce” bad edges in the proof of 
payment theorem (Theorem 4.5), we do not use them in 
the matching. That inherently can cause a problem, as 
there could not be “enough” good edges in E→(S) to sat
urate the edges going higher in the matching. The param
eter Fu help us in this regard; in particular, it allows us to 
match some of the (good) edges in E→(S) to more than 
their fraction in δ(S).
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Next, we motivate the parameter Zu. If x(δ↑(u)) ≈ 0, 
when those edges are reduced the conditional probabil
ity that δ(u)T is even could be very close to zero. The 
parameter Zu lets us match twice as many edges to 
δ↑(u); therefore, there will be only half a burden to fix 
the parity of δ(u)T. See the discussion in overview sec
tion for more details.

Throughout this section, we adopt the following 
notation: For a cut S ∈H and a set W ⊆A(S), we write

E(W, S \W) :� ∪u∈W, v∈A(S) \WE(u, v),

δ↑(W) :� ∪u∈Wδ
↑(u) � δ(W) ∩ δ(S),

δ→(W) :� ∪u∈Wδ
→(u):

In δ→(W)⊈δ(W), because it includes edge bundles be
tween atoms in W.

Before proving the main lemma we record the fol
lowing facts.

Lemma 6.2. For any S ∈H and W (A(S) (recall A(S) is 
the set of u ∈H with p(u) � S), we have

x(δ→(W)) ≥ 1
2
X

u∈W
x(δ(a))� ɛ=2 ≥ |W | � ɛ=2:

We have

x(δ→(W))

�
1
2
X

u∈W
(x(δ(u)) + x(E(W, S \ W))� x(δ↑(W))

 !

:

Because x(δ(S \W)) ≥ 2 and x(δ(S)) ≤ 2+ ɛ, we have

(a) x(E(W, S \W)) + x(δ↑(S \W))) ≥ 2 and
(b) x(δ↑(W)) + x(δ↑(S \W)) ≤ 2+ ɛ:

Subtracting (b) from (a), we get

x(E(W, S \ W))� x(δ↑(W)) ≥ �ɛ, 

which after substituting into the previous equation, 
completes the proof of the first inequality in the lemma 
statement. The second inequality follows from the fact 
that δ(u) ≥ 2 for each atom u. w

Lemma 6.3. For S ∈H, if |A(S) | � 3, then there are no bad 
edges in E→(S).

Suppose A(S) � {u, v, w} and e � (u, v) is a bad edge 
bundle. Then xe�

1
2

�
�

�
� ≤ ɛ1=2. In addition, by Theorem 

5.1, x(δ↑(u)), x(δ↑(v)) ≤ 1=2+ 9ɛ1=2. Therefore,

x(u, w) � x(δ(u))� xe� x(δ↑(u)) ≥ 1� 10ɛ1=2:

Similarly, x(v, w) ≥ 1� 10ɛ1=2. Finally, because x(δ(S)) ≥ 2, 
and x(δ↑(u)), x(δ↑(v)) ≤ 1=2+ 9ɛ1=2, we must have x(δ↑
(w)) ≥ 1� 18ɛ1=2. However, this contradicts the assump
tion that w ∈H must satisfy x(δ(w)) ≤ 2+ ɛη.

Proof of Lemma 6.1. We will prove this by setting up a 
max-flow min cut problem. Construct a graph with 
vertex set {s, X, Y, t}, where s, t are the source and 
sink. We identify X with the set of good edge bundles 
in E→(S) and Y with the set of atoms in A(S). For 
every edge bundle e ∈ X, add an arc from s to e of 
capacity c(s, e) :� (1+α)xe. For every u ∈A(S), there is 
an arc (u, t) with capacity

c(u, t) � x(δ↑(u))FuZu:

Finally, connect e � (u, v) ∈ X to nodes u and v ∈ Y 
with a directed edge of infinite capacity, that is, 
c(e, u) � c(e, v) � ∞. We will show later that there is a 
flow saturating t, that is, there is a flow of value

c(t) :�
X

u∈A(S)
c(u, t) �

X

u∈A(S)
x(δ↑(u))FuZu:

Suppose that in the corresponding max-flow, there is 
a flow of value fe, u on the edge (e, u). Define

me, u :�
fe, u

Fu
:

Then (6.1) follows from the fact that the flow leaving e 
is at most the capacity of the edge from s to e, and 
(6.2) follows by conservation of flow on the node u 
(after cancelling out Fu from both sides).

We have left to show that for any s-t cut A, A where 
s ∈ A, t ∈ A that the capacity of this cut is at least c(t).

Claim 6.1. If A � {s}, then capacity of (A, A) is at least c(t).

First, note that

c(t) �
X

u∈A(S)
x(δ↑(u))FuZu ≤

X

u∈A(S)
x(δ↑(u))Zu

≤ I{ |A(S) | ≥ 4} · |{u ∈ A(S) : x(δ↑(u)) ≤ ɛF} | · ɛF

+ x(δ(S))

≤ 2 + ɛη + ɛFI{ |A(S) | ≥ 4} |A(S) | , (6.3) 

because Fu ≤ 1 and Zu � 1+ I{ |A(S) | ≥ 4, x(δ↑(u)) ≤ ɛF}.
Second, note that

x(E→(S)) � 1
2
X

u∈A(S)
(x(δ(u))� x(δ↑(u)))

≥
2 |A(S) | � (2 + ɛη)

2 � |A(S) | � 1� ɛη=2:

Therefore, if there are k bad edges in E→(S), then

xG ≥ |A(S) | � 1� ɛη=2� k 1
2+ ɛ1=2

� �

: (6.4) 

Case 1: |A(S) | � 3. Then Zu�1 for all u ∈A(S) and 
by Lemma 6.3 all edges are good. Therefore, by Eq
uation (6.4), x(E→(S)) ≥ 2� ɛη=2. Thus, for α ≥ 2ɛη we 
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have

c(s) � (1+ α)xG ≥ (2� ɛη=2)(1+ α) ≥ 2+ ɛη ≥
Eq: (6:3)

c(t)

as desired.
Case 2: |A(S) | ≥ 5. By Theorem 5.1 there is at most 

one bad half edge adjacent to every vertex. Therefore, there 
are at most |A(S) |=2 bad edges, so by Equation (6.4),

(1+ α)xG

≥ (1+ α) |A(S) | � 1� ɛη=2� 1
2 |A(S) |

1
2+ ɛ1=2

� �� �

≥ 2+ ɛη + ɛF |A(S) | ≥
Eq: (6:3)

c(t), 

where the second to last inequality holds, using α ≥ 2ɛη, 
|A(S) | ≥ 5, ɛ1=2 ≤ 0:01, and ɛF ≤ 0:1.

Case 3: |A(S) | � 4, and we have zero or one bad 
edges. Then by Equation (6.4), xG ≥ 2:5� ɛη=2� ɛ1=2, so 
by Equation (6.3), (1+ α)xG ≥ 2+ ɛη + 4ɛF ≥ c(t) for ɛF ≤

0:1, α ≥ 2ɛη,ɛ1=2 ≤ 0:01.
Case 4: |A(S) | � 4, and there are two bad edges. 

Then they form a perfect matching inside S and for 
each u ∈A(S), x(δ↑(u)) ≤ 1=2+ 9ɛ1=2 (see Theorem 5.1).

Therefore, it must also be the case that x(δ↑(u)) ≥ ɛF 
for each u ∈A(S). If not, there would have to be a node 
u′ ∈A(S) such that x(δ↑(u′)) ≥ (2� ɛF)=3 > 1=2+ 9ɛ1=2, 
which is a contradiction to u′ having an incident bad 
edge. Thus, for each u ∈A(S), x(δ↑(u)) is ɛF-fractional, 
that is, Fu � 1� ɛB and Zu�1 implying that c(t) ≤
(2+ ɛη)(1� ɛB). Therefore, by Equation (6.4),

c(s) � (1+ α)xG ≥ (1+α)(2� 2ɛ1=2� ɛη=2), 

and the rightmost quantity is at least c(t) for ɛB ≥ 2ɛ1=2 
and α ≥ 2ɛη.

From now on, we assume that the min s-t cut 
A ≠ {s}. In the following, we will prove that for any set 
of atoms W ( S, we have

c(s,δ→(W)) � (1+α)xG(δ
→(W)) ≥ c(δ↑(W), t), (6.5) 

where for a set F of edges, we write xG(F) to denote the 
total fractional value of good edges in F.

Let AX � A ∩ X, AY � A ∩ Y and so on. Assuming the 
previously inequality, let us prove the lemma: First, for 
the set of edges AX chosen from X, let Q be the set of 
endpoints of all edge bundles in AX (in A(S)).

Observe that we must choose all atoms in Q inside 
AY due to the infinite capacity arcs, that it, Q ⊆ AY. Let 
W � S \Q. Note that W ≠ S. Then,

c(A,A) � c(AY, t) + c(s,AX)

≥ c(δ↑(Q), t) + c(s,δ→(W))

� c(δ↑(S), t)� c(δ↑(W)) + c(s,δ→(W)) ≥ c(δ↑(S), t), 
where the last inequality follows by (6.5).

Finally, we prove (6.5). Suppose atoms in W are adja
cent to k bad edges. Then

xG(δ
→(W)) � x(δ→(W))� xB(δ

→(W)), 

which by Fact 6.2 and the fact that each bad edge has 
fraction at most 1=2+ ɛ1=2, is

≥ |W | � ɛη=2� k(1=2+ ɛ1=2): (6.6) 

To upper bound c(δ↑(W), t), we observe that for any 
u ∈A(S),

c(u, t)

≤

x(δ↑(u))Zu ≤ 1=5 if x(δ↑(u)) < ɛF

(1=2+ 9ɛ1=2)(1� ɛB) if x(δ↑(u)) > ɛF and u incident
to bad edge

1+ ɛη otherwise, using Lemma 2:3:

8
>>>><

>>>>:

Therefore, we can write

c(δ↑(W), t) ≤ k(1=2 + 9ɛ1=2)(1� ɛB) + ( |W | � k)(1 + ɛη):

Now, to prove (6.5), using (6.6), it is enough to choose α 
and ɛB such that

(1+ α) |W | � ɛη=2� k(1=2+ ɛ1=2)
� �

≥ k(1=2+ 9ɛ1=2)(1� ɛB) + ( |W | � k)(1+ ɛη), 

or equivalently,

|W | (α� ɛη)
≥ k(α=2+ 10ɛ1=2 + αɛ1=2� ɛB=2� 9ɛBɛ1=2� ɛη)

+
ɛη

2 (1+ α):

Because every atom is adjacent to at most one bad 
edge, k ≤ |W | and |W | ≥ 1, the inequality follows using 
ɛB ≥ 21ɛ1=2 and α > 2ɛη and ɛ1=2 ≤ 0:0002 and ɛη ≤ ɛ2

1=2.

7. Reduction and Payment
In this section, we prove Theorem 4.5.

In Section 5, we defined a number of happy events, 
such as 2-1-1 happy or 2-2-2 happy and showed that 
each of these events occurs with probability at least p. 
In this section, we will subsample these events to define 
a corresponding decrease event that occurs with proba
bility exactly17 p. See Table 1 for a list of all relevant con
stants used in this section.

7.1. Reduction Events
• Bottom edges. For each polygon cut S ∈H, let RS 

be the indicator of a uniformly random subset of mea
sure p of the max flow event ES. When RS � 1 then in 
particular we know that the polygon S is happy.
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• Top edges. For a top edge bundle e � (u, v) define

He, u �

1 if e is 2-1-1 happy and good w:r:t: u
1 if e is 2-2 happy and good, but not 2-1-1

good with respect to u
0 otherwise:

8
>>><

>>>:

Let He, v be defined similarly. Because p is a lower 
bound on the probability a good edge is happy, we 
may now let Re, u and Re, v be indicators of subsets of 
measure p of He, u and He, v, respectively (note Re, u and 
Re, v may overlap). In this way every top edge bundle 
e � (u, v) is associated with indicators Re, u and Re, v. In 
the special case that u is in case 3 (and not case 1 or 2) of 
Theorem 5.2, fix two half edge bundles e, f that are 
neighbors of u that satisfy the conditions of case 3. For 
these edges, by Theorem 5.2, He, u ∩Hf, u has measure 
at least p. This is because He, u ∩Hf, u happens if and 
only if e, f are 2-2-2 happy with respect to u. Here, we 
choose Re, u,Rf, u to be the same subset of measure p of 
He, u ∩Hf, u.

Define r : E→ R≥0 as follows: For any (nonbundle) 
edge e,

re �

βxeRS if p(e) � S for a polygon
cut S ∈H

1
2τxe(Rf, u +Rf, v) if e ∈ f for a top edge

bundle f � (u, v),

8
>>>><

>>>>:

for β, the parameter of Theorem 4.5 and τ as defined in 
global constants.

7.2. Increase Events
Let E be the set of edge bundles, that is, top/bottom 
edge bundles. Now, we define the increase vector I :

E→ R≥0 as follows: 
• Bottom edges. For each polygon S ∈H (and corre

sponding bottom edge bundle) with polygon partition 
A, B, C, let r(A) :�

P
f∈Arf , r(B) :�

P
f∈Brf , and r(C) :�P

f∈Crf . Then set

IS :� (1+ ɛη)(max{r(A) · I{S not left happy}, r(B)
· I{S not right happy}}
+ r(C)I{S not happy}): (7.1) 

• Top edges. For every degree cut S ∈H, invoke 
Lemma 6.1 with

α � 2ɛη,ɛB � 21ɛ1=2,ɛF � 1=10
(Matching parameters) 

and let me, u be the resulting matching for every u ∈A(S). 
For each top edge bundle e � (u, v), let

Ie, u :�
X

g∈δ↑(u)

rg ·
me, u

P
f∈δ→(u)mf, u

I{u is odd}, (7.2) 

and define Ie, v analogously. Let Ie � Ie, u + Ie, v.

The following theorem is the main technical result of 
this section.

Theorem 7.1. For any good top edge bundle e, E[Ie] ≤

1� ɛ1=1
6

� �
pτxe, and for any bottom edge bundle S, E[IS] ≤

0:99994βp.

Using this theorem, we can prove the desired 
theorem.

Theorem 4.5 (Main Payment Theorem). For an LP solution 
x0 and x be x0 restricted to E and a hierarchy H for some 
ɛη ≤ 10�10 and any β > 0, the maximum entropy distribu
tion µ with marginals x satisfies the following: 

(i) There is a set of good edges Eg ⊆ E \ δ({u0, v0}) such 
that any bottom edge e is in Eg and for any (nonroot) S ∈H 

such that p(S) is a degree cut, we have x(Eg ∩ δ(S)) ≥ 3=4.
(ii) There is a random vector s : Eg→ R (as a function of 

T ~ µ) such that for all e, se ≥�xeβ (with probability 1), and
(iii) If a polygon cut u with polygon partition A, B, C is 

not left happy, then for any set F ⊆ E with p(e) � u for all e ∈
F and x(F) ≥ 1� ɛη=2, we have

s(A) + s(F) + s�(C) ≥ 0, 

where s�(C) �
P

e∈Cmin{se, 0}. A similar inequality holds if 
u is not right happy.

(iv) For every cut S ∈H such that p(S) is not a polygon 
cut, if δ(S)T is odd, then s(δ(S)) ≥ 0.

(v) For a good edge e ∈ Eg, E[se] ≤�ɛPβxe (see Equation 
(7.4) for definition of ɛP).

Proof of Theorem 4.5. First, we set the constants:

ɛ1=2 � 0:0002, ɛ1=1 �
ɛ1=2

12 , p � 0:005ɛ2
1=2, ɛM � 0:00025,

τ � 0:571β: (Global constants) 

Define Eg to be the set of bottom edges together with any 
edge e which is part of a good top edge bundle. Now, 
we verify (i), we show for any S ∈H such that p(S) is a 
degree cut, x(Eg ∩ δ(S)) ≥ 3=4. First, by Theorem 5.1, if 
x(δ↑(S)) ≥ 1=2+ 9ɛ1=2 then all edges in δ→(S) are good, 
so the claim follows because by Lemma 2.3, x(δ→(S)) ≥
1� ɛη ≥ 3=4. Otherwise, x(δ↑(S)) ≤ 1=2+ 9ɛ1=2. Then, by 
Theorem 5.1, there is at most one bad edge in δ→(S). 
Therefore, there is a fraction at least x(δ→(S))� (1=2+
ɛ1=2) ≥ 3=4 of good edges in δ→(S).

For any edge e ∈ E′, define

se ��re +
If

xe

xf
if e ∈ f for a top edge bundle f,

ISxe if p(e) � S for a polygon cut S ∈H:

8
<

:

(7.3) 

Now, we verify (ii): First, we observe that se� 0 (with 
probability 1) if e is part of a bad edge bundle because 
we defined reduction events only for good edges and 
me, u is nonzero only for good edge bundles. Because 
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re ≤ βxe for bottom edges and re ≤ τxe for top edges, 
and τ ≤ β, it follows that se ≥�xeβ with probability 1.

Now, we verify (iii): Suppose a polygon cut u is not 
left-happy. Because u is not happy, we must have 
Ru � 0 and re�0 for any e ∈ F. Therefore,

s(A) + s(F) + s�(C) � s(A) + ISx(F) + s�(C)

≥�r(A) + (1+ ɛη)(r(A) + r(C))

(1� ɛη=2)� r(C) ≥ 0:

Here, we used that x(F) ≥ 1� ɛη=2.
Now, we verify (iv): Let S ∈H, where p(S) is a degree 

cut. If S is odd, then re�0 for all edges e ∈ δ→(S); there
fore, by Equation (7.2)

s(δ(S)) ≥�
X

g∈δ↑(S)

rg +
X

e∈δ→(S)
Ie, S

��
X

g∈δ↑(S)

rg +
X

e∈δ→(S)

X

g∈δ↑(S)

rg
me, S

P
f∈δ→(S)mf, S

� 0:

Finally, we verify (v): Here, we use Theorem 7.1. For a good 
top edge e that is part of a top edge bundle f, we have

E[se] ��E[re] +E[If]
xe

xf
≤�τpxe + 1�

ɛ1=1

6

� �
pτ

xe ��
ɛ1=1

6 pτxe:

On the other hand, for a bottom edge e with p(e) � S, 
then

E[se] ��E[re] +E[IS]xe ≤�βpxe + 0:99994pβxe

≤�0:00006pβxe:

Finally, we can let

ɛP :�
ɛ1=1

6 p τ
β
�
ɛ1=2

72 0:005ɛ2
1=20:571 ≥ 0:000039ɛ3

1=2

≥ 3:12 · 10�16 (7.4) 

as desired.

In the rest of this section, we prove Theorem 7.1. 
Throughout the proof, we will repeatedly use the fol
lowing facts proved in Section 5: If a top edge e � (u, v)
that is part of a bundle f is reduced (equivalently Hf, u �

1 or Hf, v � 1), then u and v are trees, which means that 
tree sampling inside u and v is independent of the re
duction of e.

However, that conditioning on a near-min cut or 
atom to be a tree increases marginals inside and reduces 
marginals outside as specified by Lemma 2.7. Because 
for any S ∈H, x(δ(S)) ≤ 2+ ɛη, the overall change is 
6ɛη=2.

The proof of Theorem 7.1 simply follows from Lemma 
7.1 and Lemma 7.4 that we will prove in the following 
two sections.

7.3. Increase for Good Top Edges
The following lemma is the main result of this section.

Lemma 7.1 (Top Edge Increase). Let S ∈H be a degree cut 
and e � (u, v) a good edge bundle with p(e) � S. If ɛ1=2 ≤
0:0002, ɛ1=1 ≤ ɛ1=2=12 and ɛη ≤

ɛ1=1
100 , ɛF � 1=10 then

E[Ie, u] +E[Ie, v] ≤ pτxe 1�
ɛ1=1

6

� �
:

We will use the following technical lemma to prove the 
previous lemma.

Lemma 7.2. Let S ∈H be a degree cut with an atom 
u ∈A(S). If x(δ↑(u)) > ɛF, ɛ1=2 ≤ 0:0002, ɛ1=1 ≤ ɛ1=2=12, 
ɛη ≤

ɛ1=1
100, then we have

X

g∈δ↑(u),
g∈f�(u′, v′) good top

1
2τxg · (P[δ(u)T odd |Rf, u′ ]

+P[δ(u)T odd |Rf, v′ ])

+
X

g∈δ↑(u),p(g)�S′ polygon

βxg ·P[δ(u)T odd |RS′ ]

≤ τ 1�
ɛ1=1

5

� �
x(δ↑(u))Fu, (7.5) 

Table 1. All Constants Used in the Paper

Name Value Set in Explanation

ɛ1=2 0.0002 Global constants Half edge threshold, Definition 5.2
ɛ1=1

ɛ1=2
12 Global constants A, B, C partitioning threshold, Definition 5.4

p 0:005ɛ2
1=2 Global constants Min prob. of happiness for a (2-*) good edge

ɛM 0:00025 Global constants Marginal errors due to max flow, Definition 5.1
τ 0:571β Global constants Top edge decrease
ɛP

ɛ1=1
6 p τβ (7.4) Expected decrease constant, Theorem 4.5

α 2ɛη Matching parameters Parameter of Lemma 6.1
ɛB 21ɛ1=2 Matching parameters Parameter of Lemma 6.1
ɛF 1=10 Matching parameters Parameter of Lemma 6.1
ɛη 14η (4.5) Definition 4.11
η 1

1,308ɛP (3.2) Near min cut constant
β η=4:1 (3.1) Slack shift constant; e.g., Theorems 4.1, 4.4, and 4.5
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where recall we set Fu :� 1� ɛBI{x(δ↑(u)) is ɛF fractional}
in Lemma 6.1, where ɛB :� 21ɛ1=2 and ɛF � 1=10 as in 
matching parameters.

Proof of Lemma 7.1. By linearity of expectation and 
using Equation (7.2):

E[Ie, u]

�
me, u

P
f∈δ→(u)mf, u

E
X

g∈δ↑(u)

rg · I{u is odd}

2

4

3

5

�
me, u

P
f∈δ→(u)mf, u

0

B
B
B
B
@

X

g∈δ↑(u) :
g∈f�(u′, v′)good top

1
2τxg(P[Rf, u′ ,δ(u)T

odd] +P[Rf, v′ ,δ(u)T odd])

+
X

g∈δ↑(u):p(g)�S′ polygon

βxgP[RS′ ,δ(u)T odd]

1

C
C
C
C
A
: (7.6) 

A similar equation holds for E[Ie, v].
The case where x(δ↑(u)) ≤ ɛF or x(δ↑(v)) ≤ ɛF is dealt 

with in Lemma 7.3. Therefore, consider the case where 
x(δ↑(u)), x(δ↑(v)) > ɛF. Now recall that from (6.2),

X

f∈δ→(u)
mf, u � Zux(δ↑(u)), (7.7) 

where Zu � 1+ I{ |S | ≥ 4, x(δ↑(u)) ≤ ɛF}. In this case, Zu 
� Zv � 1.

Using P[Rf, u′ ,δ(u)T odd] � pP[δ(u)T odd |Rf, u′ ], and 
plugging (7.5) into (7.6) for u and v, we get (and using 
Equation (7.7)):
E[Ie,u] +E[Ie,v]

≤ pτ 1�
ɛ1=1

5

� �
x(δ↑(u))Fu

me,u

x(δ↑(u))
+ x(δ↑(v))Fv

me,v

x(δ↑(v))

 !

� pτ 1�
ɛ1=1

5

� �
(Fume,u +Fvme,v)

≤ pτ 1�
ɛ1=1

5

� �
(1+ 2ɛη)xe < pτxe 1�

ɛ1=1

6

� �
: (7.8) 

Here, on the final line, we used (6.1) and ɛη <
ɛ1=1
100.

Proof of Lemma 7.2. Suppose that Si ∈H are the ances
tors of S in the hierarchy (in order) such S1 � S and for 
each i, Si+1 � p(Si). Let

δ≥i :� δ(u) ∩ δ(Si) and δi :� δ(u) ∩ δ→(Si):

Each group of edges δi is either entirely top edges or 
entirely bottom edges. First, if g ∈ δi and g is a bottom 
edge, that is, Si+1 is a polygon cut, then by Corollary 5.3,

P[δ(u)T odd |RSi+1] � P[δ(u)T odd |ESi+1] ≤ 0:5678 

(see Definition 5.1 and Section 7 for definition of ESi+1 , 
Ri+1), where in the equality we used that RSi+1 is a uni
formly random event chosen in ESi+1 . Therefore, to 
prove Equation (7.5), it is enough to show

X

g∈δ↑good(u) :

g∈f�(u′, v′) top,

1
2τxg(P[δ(u)T odd |Rf, u′ ]

+P[δ(u)T odd |Rf, v′ ])

≤ τ
�

1�
ɛ1=1

5

� �
Fu

�
x(δ↑good(u)) + x(δ↑bad(u))

�

+ 0:0014x(δ↑β(u))
�

, (7.9) 

where we write δβ(u),δgood(u),δbad(u) to denote the set 
of bottom edges, good top edges, and bad (top) edges 
in δ(u), respectively, and we used that

τ 1�
ɛ1=1

5

� �
(1� ɛB)� 0:5678β ≥ 0:0014τ 

because τ � 0:571β, ɛ1=1 ≤
ɛ1=2
12 , ɛ1=2 ≤ 0:0002, and ɛB �

21ɛ1=2 as defined in matching parameters.
Because h(f) :� 1

2 (P[δ(u)T odd |Rf, u′ ] +P[δ(u)T odd |
Rf, v′ ]) ≤ 1 and 1� ɛ1=1

5
� �

Fu is nearly one, in each of the 
following cases,

x(δ↑β(u))

≥

0:003 when Fu � 1

4
5 x(δ↑(u)) when Fu � 1� ɛB when Fu ≥ 1� ɛB,

or x(δ↑bad(u)) ≥ 0:006

8
><

>:

(7.10) 

(7.9) holds. To see this, just plug in ɛ1=1 ≤
ɛ1=2
12 , ɛ1=2 ≤

0:0002, ɛB � 21ɛ1=2, ɛη ≤ 10�10, x(δ↑(u)) ≤ 1+ ɛη, and any 
inequality from (7.10) into (7.9), using the upper bound 
h(f) � 1.

Alternatively, for δtop(u) � δgood(u) ∪ δbad(u) be the 
set of top edges in δ(u), if we can show the existence 
of a set D ⊆ δ↑top(u) such that

x(D)· min
g∈D :

g∈f�(u′, v′) good

1�P[δ(u)T odd |Rf, u′ ] +P[δ(u)T odd |Rf, v′ ]

2
≥

ɛ1=1

5 + 1� Fu

� �
x(δ↑top(u)), (7.11) 

then again, (7.9) holds.
In the rest of the proof, we will consider a number 

of cases and show that in each of them, either one of 
the inequalities in (7.10) or the inequality in (7.11) for 
some set D is true, which will imply the lemma.
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First, let

j � max{i : x(δ≥i) ≥ 1� ɛ1=1}

k � max{i : x(δ≥i) ≥ 2ɛη + ɛF=2},

ℓ � max{i : x(δ≥i) ≥ 2ɛη + ɛ1=1}

noting that j ≤ k ≤ ℓ. Levels ℓ and k exist because x(δ↑
(u)) ≥ ɛF, whereas level j may not exist (if x(δ↑(u)) < 1 
�ɛ1=1). We consider three cases. 

Case 1: x(δ↑(u)) ≥ 1� ɛ1=1: Then j exists and Sj has a 
valid A, B, C degree partitioning (Definition 5.4), where 
A � δ(v) ∩ δ(Sj) such that either u�v or v is a descen
dant of u in H. Note that, x(δ(u) ∩ δ(Sj)) ≥ 1� ɛ1=1, and 
by Definition 5.4, B ∩ δ(u) � ∅. In addition, in this case, 
x(δ↑(u)) is not ɛF fractional (see Lemma 6.1), so Fu � 1. 

Case 1a: x(δ j) ≥ 3=4. If δ j are bottom edges, then 
(7.10) holds. Therefore, suppose that δ j is a set of 
top edges. By Lemma 5.11, at most 1=2+ 4ɛ1=2 frac
tion of edges in A ∩ δ j are good but not 2-1-1 good 
(w.r.t., u). Therefore, the rest of the edges in A ∩ δ j 

are either bad or 2-1-1 good. Because

x(A ∩ δ j) ≥ 3=4� x(C) ≥ 3=4� 2ɛ1=1� ɛη, 

δ j either has a mass of 1
2 (1=4� 2ɛ1=1� ɛη� 4ɛ1=2) >

1=8� 3ɛ1=2 of bad edges or of 2-1-1 good edges.18

The former case implies that (7.10) holds. In the latter 
case, by Claim 7.1, for any 2-1-1 good edge g ∈ δ j 

with g ∈ f � (u′, v′), we have P[δ(u)T odd |Rf, u′ ] ≤

2ɛη + ɛ1=1; therefore, (7.11) holds for D defined as the 
set of 2-1-1 good edges in δ j.

Case 1b: x(δ j) < 3=4. If x(δ↑β(u)) ≥ 0:003, then 
(7.10) holds. Otherwise, we apply Claim 7.2 with ɛ �
ɛ1=1 to all good top edge bundles f ∈D � δ≥j+1

\ δ≥ℓ+1, 
and we get that

1
2 (P[δ(u)T odd |Rf, u′ ] +P[δ(u)T odd |Rf, v′ ])

≤ 1� ɛ1=1 + ɛ
2
1=1:

Because x(D) ≥ 1� ɛ1=1� 3=4� 2ɛη� ɛ1=1� 0:003 >
0:24, (7.11) holds.

Case 2: 1� ɛF < x(δ↑(u)) < 1� ɛ1=1. Again we have 
Fu � 1. Therefore, we can either show that x(δ↑β(u)) ≥
0:003 or take D to be the top edges in δ↑(u) \ δ≥ℓ+1 and 
use Claim 7.2 with ɛ � ɛ1=1. This will enable us to show 
that (7.11) holds as in the previous case.

Case 3: ɛF < x(δ↑(u)) < 1� ɛF: In this case, Fu � 1� ɛB. 
If at least 4/5 of the edges in δ↑(u) are bottom edges, 
then we are done by (7.10).

Otherwise, let u′ � p(u). For any top edge e ∈ δ↑(u), 
where e ∈ f � (u′′, v′′), we have

P[δ(u)T odd |Rf, u′′ ] ≤ P[u′ tree |Rf, u′′ ]

P[δ(u)T odd |u′ tree,Rf, u′′ ] +P[u′ not tree |Rf, u′′ ]:

Using that u′ ⊆ u′′ is a tree under |Rf, u′′ with probabil
ity at least 1� ɛη=2, and applying Claim 7.2 (to u and 
u′) with ɛ � ɛF we have P[δ(u)T odd |u′ tree,Rf, u′′ ] ≤

1� ɛF + ɛ
2
F, and we get

P[δ(u)T odd |Rf, u′′ ] ≤ 1� ɛF + ɛ
2
F + ɛη=2:

Now, let D be all top edges in δ↑(u). Then, we apply 
Equation (7.11) to this set of mass at least x(δ↑(u))=5, and 
we are done, using that (ɛF � 2ɛ2

F)=5 ≥ ɛ1=1
5 + ɛB

� �
that 

holds for ɛF ≥ 1=10, ɛB � 21ɛ1=2, and ɛ1=2 ≤ 0:0002. w

Claim 7.1. For u ∈H and a top edge e ∈ f � (u′, v′) for 
some u′ ∈H that is an ancestor of u, if x(δ(u) ∩ δ(u′)) ≥
1� ɛ1=1 and f is 2-1-1 good, then

P[δ(u)T odd |Rf, u′ ] ≤ 2ɛη + ɛ1=1:

Let A, B, C be the degree partitioning of δ(u′). By the 
assumption of the claim, without loss of generality, 
assume A ⊆ δ(u) ∩ δ(u′). Furthermore, by definition, 
B ∩ δ(u) � ∅. This means that if Rf, u′ � 1, then u′ is a 
tree and AT � 1 � (δ(u) ∩ δ(u′))T (also using CT�0 and 
B ∩ δ(u) � ∅). Therefore,

P[δ(u)T odd |Rf, u′ ] � P[(δ(u) \ δ(u′))T even |Rf, u′ ]:

To upper bound the RHS, first observe that

E[(δ(u) \ δ(u′))T |Rf, u′ ] ≤ ɛη=2 + x(δ(u) \ δ(u′))
≤ ɛη=2 + x(δ(u))� x(A)
< 1 + 2ɛη + ɛ1=1:

Under the conditional measure |Rf, u′ , u′ is a tree, so u 
must be connected inside u′, that is, (δ(u) \ δ(u′))T ≥ 1 
with probability 1. Therefore,

P[(δ(u) \ δ(u′))T even |Rf, u′ ]

≤ P[(δ(u) \ δ(u′))T � 1 ≠ 0 |Rf, u′ ] ≤ 2ɛη + ɛ1=1 

as desired.

Claim 7.2. For u, u′ ∈H such that u′ is an ancestor of u. Let 
ν � νu′ × νG=u′ be the measure resulting from conditioning 
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u′ to be a tree. if x(δ(u) ∩ δ(u′)) ∈ [ɛ, 1� ɛ], then

Pν[δ(u) odd | (δ(u) ∩ δ(u′))T] ≤ 1� ɛ+max{2ɛη,ɛ2}:

(7.12) 

In other words, for any integer k ≥ 0, we have Pν[δ(u) odd |
(δ(u) ∩ δ(u′))T � k] ≤ 1� ɛ+max{2ɛη,ɛ2}.

Let D � δ(u) \ δ(u′). By assumption, u′ is a tree, so 
DT ≥ 1 with probability 1. Therefore, because we have 
no control over the parity of (δ(u) ∩ δ(u′))T,

Pν[δ(u)T even | (δ(u) ∩ δ(u′))T]
≥min{P[DT � 1 odd |u′ tree],P[DT � 1 � 0 |u′ tree]}, 

where we removed the conditioning by taking the worst 
case over (δ(u) ∩ δ(u′))T even, (δ(u) ∩ δ(u′))T odd. First, 
observe by the assumption of the claim and that x(δ↑(u))
≤ 2+ ɛη we have

E[DT � 1 |u′ tree] ∈ [ɛ, 1� ɛ+ 2ɛη]:

Furthermore, because we have a SR distribution on 
G[u′], DT � 1 is a Bernoulli sum random variable. There
fore,

P[DT � 1 � 0 |u′ tree] ≥ ɛ� 2ɛη, 

and by Corollary 2.1,

P[DT � 1 odd |u′ tree] ≥ 1� 1=2(1+ e�2ɛ) ≥ ɛ� ɛ2 

as desired.

Lemma 7.3. Let S ∈H be a degree cut and e � (u, v) a good 
edge bundle with p(e) � S. If x(δ↑(u)) < ɛF, ɛ1=2 ≤ 0:0002, 
ɛ1=1 ≤ ɛ1=2=10, then

E[Ie, u] +E[Ie, v] ≤ pτxe 1�
ɛ1=1

6

� �
:

First notice, by Corollary 5.3, for any bottom edge g ∈
δ↑(u)with p(g) � S′, we have

P[δ(u)T odd |RS′ ] � P[δ(u)T odd |ES′ ] ≤ 0:5678, 

using 0:5678β ≤ τ and Fu�1 (as x(δ↑(u)) ≤ ɛF), we can 
write,

E[Ie, u] ≤
X

h∈δ↑(u)

xhpτFu ·
me, u

Zux(δ↑(u))
: (7.13) 

Second, if x(δ↑(v)) ≥ ɛF, applying (7.5) and (7.6) to Ie, v, 
and using Zv ≥ 1, we get

E[Ie, v] ≤
me, v

P
f∈δ→(v)mf, v

pτ 1�
ɛ1=1

5

� �
x(δ↑(v))

Fv �me, vpτ 1�
ɛ1=1

5

� �
Fv: (7.14) 

Case 1: |A(S) | � 3, where A(S) � {u, v, w}. Let f �
(u, w), g � (v, w) (and of course e � (u, v)). We will use 

the following facts: 

xe + xf ≥ 2� ɛF (x(δ(u)) ≥ 2 and x(δ↑(u)) ≤ ɛF)

x(δ↑(v)) + x(δ↑(w)) ≥ 2� ɛF (x(δ(S)) ≥ 2)

xf, x(δ↑(w)) ≤ 1+ ɛη, (Lemma 2:3), 

so we have

xe, x(δ↑(v)) ≥ 1� ɛF � ɛη: (7.15) 

Now we bound E[Ie, u] +E[Ie, v]. By Equation (7.13) 
and Equation (7.14) (which we may apply to E[Ie, v]

because x(δ↑(v)) ≥ ɛF),

E[Ie, u] +E[Ie, v]

≤
X

h∈δ↑(u)

xhpτFu ·
me, u

Zux(δ↑(u))
+ pτ 1�

ɛ1=1

5

� �
Fvme, v 

� pτFume, u + pτ 1�
ɛ1=1

5

� �
Fvme, v

(Zu � 1 as |A(S) | � 3)

� pτ(Fume, u + Fvme, v)�
ɛ1=1

5 pτFvme, v 

≤ pτ(1+ 2ɛη)xe�
ɛ1=1

5 pτFvme, v, (7.16) 

where the final inequality follows from (6.1). To com
plete the proof, we lower bound me, v.

Using (6.2) for v and w, we can write

x(δ↑(v)) + x(δ↑(w))
�me, v +mg, v +mf, w +mg, w

≤me, v +
(1+ 2ɛη)
(1� ɛB)

(xf + xg))

�me, v +
(1+ 2ɛη)
(1� ɛB)

X

a∈A(S)

x(δ(a))
2 �

x(δ(S))
2 � xe

0

@

1

A

≤me, v +
(1+ 2ɛη)
(1� ɛB)

(2+ 3ɛη� xe) (using (6:1)), 

and using the fact that x(δ↑(v)) + x(δ↑(w)) ≥ 2� ɛF, we 
get

me, v ≥ xe� ɛF � 4ɛB ≥ (1� 1:2ɛF)xe, 
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where the second inequality follows from (7.15) and ɛB �

21ɛ1=2 and ɛη < ɛ2
1=2 and ɛF ≥ 1=10. Plugging this back 

into (7.16) and using Fv ≥ 1� ɛB � 1� 21ɛ1=2, we get

E[Ie, u] +E[Ie, v]

≤ pτxe 1+ 2ɛη�
ɛ1=1

5 (1� 1:2ɛF)(1� 21ɛ1=2)
� �

≤ pτxe 1�
ɛ1=1

6

� �

as desired. In the last inequality, we used ɛF ≤ 1=10 and 
ɛ1=2 ≤ 0:0002.

Case 2: |S | ≥ 4. In this case, Zu�2. Therefore, by 
Equation (7.13),

E[Ie, u] ≤
X

e∈δ↑(u)

xepτFu
me, u

Zux(δ↑(u))
�

1
2 pτFume, u:

If x(δ↑(v)) < ɛF, we get the same inequality for Ie, v. Then,

E[Ie, u] +E[Ie, v] ≤
1
2 pτ(Fume, u + Fvme, v)

≤
(6:1)

1
2 pτxe(1+ 2ɛη), 

which is clearly sufficient for the lemma statement.
Otherwise, x(δ↑(v)) ≥ ɛF, in which case by (7.14), we get 

E[Ie, v] ≤me, vpτFv(1� ɛ1=1=5). We conclude the lemma 
similar to the previous case. w

7.4. Increase for Bottom Edges
The following lemma is the main result of this section.

Lemma 7.4 (Bottom Edge Increase). If ɛ1=2 ≤ 0:0002, ɛη ≤
ɛ2

1=2, for any polygon cut S ∈H,

E[IS] ≤ 0:99994βp:

For a set of edges D ⊆ δ(S) define the random variable:

IS(D) :� (1+ ɛη)(max{r(A ∩D)I{S not left happy},
r(B ∩D)I{S not right happy}}
+ r(C ∩D)I{S not happy}): (7.17) 

By definition IS(δ(S)) � IS and for any two disjoint sets D1, 
D2, IS(D1 ∪D2) ≤ IS(D1) + IS(D2). Also, define I↑S � IS(δ

↑

(S)) and I→S � IS(δ
→(S)).

First, we upper bound E[I↑S]. Let f ∈ δ↑(S) and sup
pose that f with p(f ) � S′ is a bottom edge. Say we have 
f ∈ A↑(S) (f ∈ B↑(S) is similar). We write

E[IS(f )] � (1+ ɛη)βxfP[RS′ ]P[S not left happy |RS′ ]

≤ 0:568xf pβ ≤ xf pτ, 

where in the inequality we used Corollary 5.4 and that

P[S not left happy |RS] � P[S not left happy |ES]

because RS is a uniformly random subset of ES. If f ∈
C↑(S), we use the trivial guarantee E[IS(f )] ≤ (1+ ɛη)
xf pβ.

On the other hand, if f is a top edge, then we use the 
trivial bound

E[IS(f )] ≤ (1 + ɛη)τpxf : (7.18) 

Therefore,

E[I↑S] ≤ (1 + ɛη)τpx(δ↑(S)) + (1 + ɛη)ɛηpβ
≤ (1 + ɛη)(0:571)βpx(δ↑(S)) + 2ɛηpβ (7.19) 

because x(C) ≤ ɛη.
Now, we consider three cases. 

Case 1: Ŝ � p(S) is a degree cut. Combining (7.19) 
and Lemma 7.5, we get

E[IS] ≤ (1+ ɛη)p(0:571)β(7=4+ 6ɛ1=2 + ɛη) + 2ɛηpβ
≤ 0:99994βp 

using ɛ1=2 ≤ 0:0002 and ɛη ≤ ɛ2
1=2.

Case 2: Ŝ � p(S) is a polygon cut with ordering 
u1, : : : , uk of A(Ŝ), S�u1 or S�uk Then, by Lemma 7.6,

E[IS] ≤ (1+ ɛη)βp(0:571x(δ↑(S)) + 0:31) + 2ɛηpβ
≤ 0:89βp, 

where we used x(δ↑(S)) ≤ 1+ ɛη.
Case 3: Ŝ � p(S) is a polygon cut with ordering 

u1, : : : , uk of A(Ŝ), S ≠ u1, uk Then, by Lemma 7.8,

E[IS] ≤ (1+ ɛη)βp(0:571x(δ↑(S)) + 0:85) + 2ɛηpβ≤ 0:86βp, 

where we use that x(δ↑(S)) ≤ ɛη because we have a hier
archy. This concludes the proof.

7.4.1. Case 1: Ŝ is a Degree Cut 
Lemma 7.5. Let S ∈H be a polygon cut with parent Ŝ 
which is a degree cut. Then

E[I→S ] ≤ (1+ ɛη)pτ(x(δ
→(S))� (1=4� 6ɛ1=2)):

Let A, B, C be the polygon partition of S. We will show 
that for a constant fraction of the edges in δ→(S), we 
can improve over the trivial bound in (7.18). To this 
end, consider the cases given by Theorem 5.2. 

Case 1: There is a bad half edge e in δ→(S). Because 
bad edges never decrease, no corresponding increase 
occurs, so by the trivial bound Equation (7.18)

E[I→S ] ≤ (1+ ɛη)pτ(x(δ
→(S))� (1=2� ɛ1=2)):

This concludes the proof. 
Case 2: There is a set of 2-1-1 good edges (w.r.t., S) 

D ⊆ δ→(S), such that xD ≥ 1=2� ɛ1=2� ɛη. For any (top) 
edge e ∈ f � (S, u) such that e ∈D, if Rf, S, then S is 
happy, that is AT � BT � 1, CT � 0 by Remark 5.1.
Therefore,

E[IS(D)] ≤
X

e∈D:e∈f�(S,u)

1+ ɛη
2 τxeP[Snot happy |Rf,u]P[Rf,u]

≤
1+ ɛη

2 pτx(D):
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Using the trivial inequality Equation (7.18) for edges in 
δ→(S) \D, we get

E[I→S ] ≤ (1+ ɛη)pτ
x(D)

2 + x(δ→(S))� x(D)
� �

≤ (1+ ɛη)pτ(x(δ→(S))� (1=4� ɛ1=2))

as desired. In the last inequality, we used x(D) ≥
1=2 �ɛ1=2� ɛη.

Case 3: Cases 1 and 2 do not hold. Therefore, by 
Theorem 5.2 there are least two 2-2-2 good top half 
edge bundles. In this case, S has chosen a fixed pair of 
2-2-2 good edges e � (S, v), f � (S, w) in δ→(S) (as de
fined in the reduction events) such that xe(B), xf(A) ≤ ɛ1=2 
and Re, S �Rf, S with probability 1. (Recall that e(A) �
e ∩ A.) Let D � e(A) ∪ f(B). In this case, e and f are re
duced simultaneously by τ when they are 2-2-2 happy 
(w.r.t., S), thatis, when Re, S �Rf, S � 1. In such a case, 
we have δ(S)T � δ(v)T � δ(w)T � 2. Therefore,

E[IS(D)] ≤ (1+ ɛη)E[max{r(A ∩D), r(B ∩D)}]

≤ (1+ ɛη)
τ

2 max xe(A), xf(B)
� �

(P[Re, S ∧Rf, S]

+P[Re, v] +P[Rf, w])

≤ (1+ ɛη)τ
3p
2 x(D) 1

2+ 3ɛ1=2

� �

� (1+ ɛη)τpx(D) 3
4+ 4:5ɛ1=2

� �

, 

where we used that 1=2� 2ɛ1=2� x(C) ≤ xe(A), xf(B) ≤

1=2+ ɛ1=2 and that x(C) ≤ ɛη. Using the trivial inequal
ity Equation (7.18) for edges in δ→(S) \D, we get

E[I→S ] ≤ (1+ ɛη)pτ(x(D)(3=4+ 4:5ɛ1=2)

+ x(δ→(S))� x(D))
≤ (1+ ɛη)pτ(x(δ→(S))� (1=4� 6ɛ1=2)) , 

where we used x(D) ≥ 1� 4ɛ1=2� ɛη. w

7.4.2. Case 2: S and its Parent Ŝ are Both Polygon 
Cuts. In this section, we prove two lemmas: Lemma 
7.6, which bounds E[I→S ] when S is the leftmost or 
rightmost atom of Ŝ, and Lemma 7.8, which bounds 
this quantity when S is not leftmost or rightmost.

Lemma 7.6. Let S ∈H be a polygon cut with p(S) � Ŝ also 
a polygon cut. Let u1, : : : , uk be the ordering of cuts in A(Ŝ)
(as defined in Definition 4.11). If ɛM ≤ 0:001, ɛη ≤ ɛ2

M, 
S�u1 or S�uk, then

E[I→S ] ≤ 0:31βp:

Let S be the leftmost atom of Ŝ and let A, B, C be the 
polygon partition of δ(S). First, note

E[I→S ] ≤ (1+ ɛη)(E[max(r(A→), r(B→)) · I{S not happy}]
+E[r(C→)I{S not happy}]): (7.20) 

Here, recall that A→ � A ∩ δ→(S). WLOG assume x(A→)
≥ x(B→). Then,

E[max{r(A→), r(B→)}I{S not happy}]

� βpx(A→) ·P[S not happy |RŜ]

By Lemma 7.7 we have

x(A→) ·P[S not happy |RŜ]

≤ x(A→)(1� ((1� x(A→))2 + (x(A→))2� 2ɛM� 17ɛη))

≤ (2x(A→)2� 2x(A→)3 + 2ɛMx(A→)+ 17ɛηx(A→))

≤ (8=27+ 2ɛM + 17ɛη), 

where in the final inequality we used that the function 
x ⊢→ x2(1� x) is maximized at x�2/3, and using ɛM ≤

0:001, ɛη < ɛ2
M.

Plugging this back into (7.20), and using x(C) ≤ ɛη, 
we get

E[I→S ] ≤ (1+ ɛη)βp
8
27+ 2ɛM + 18ɛη
� �

≤ 0:31βp, 

where the last inequality follows because ɛM ≤ 0:001 
and ɛη < ɛ2

M. w

Lemma 7.7. Let S ∈H be a polygon cut with p(S) � Ŝ also 
a polygon cut. Let u1, : : : , uk be the ordering of cuts in 
A(Ŝ). If S�u1, (or S�uk), then

P[S happy |RŜ ]

≥ (1� x(A→))2 + (x(A→))2� 2ɛM� 17ɛη:

Let A, B, C, Â, B̂, Ĉ be the polygon partition of S, Ŝ, re
spectively. Observe that because S�u1, we have Â �
E(u1, Ŝ) � A↑ ∪ B↑ ∪ C↑ and B̂, Ĉ ∩ (A ∪ B ∪ C) � ∅. Con
ditioned on RŜ , Ŝ is a tree, and marginals of all edges in 
Â is changed by a total variation distance at most ɛ′M :�

ɛM + 2ɛη from x (see Corollary 5.2), and they are indepen
dent of edges inside Ŝ. The tree conditioning increases 
marginals inside by at most ɛη=2. Because after the cha
nges just described

E[CT] ≤ xC + ɛη + ɛ
′
M ≤ 4ɛη + ɛM, 

it follows that P[CT � 0 |RŜ] ≥ 1� 4ɛη� ɛM. Therefore,

P[S happy |RŜ]

≥ (1� 4ɛη� ɛM)P[AT � BT � 1 |CT � 0,RŜ ]:

(7.21) 

Let ν be the conditional measure CT � 0, RŜ . We see 
that

Pν[AT � BT � 1] � Pν[A↑T � 1, B↑T � 0, A→T � 0, B→T � 1]

+Pν[A↑T � 0, B↑T � 1, A→T � 1, B→T � 0], 
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so, using independence of (δ↑(S))T and (δ→(S))T:

� Pν[A↑T � 1, B↑T � 0]Pν[A→T � 0, B→T � 1]

+Pν[A↑T � 0, B↑T � 1]Pν[A→T � 1, B→T � 0]

≥ (x(A↑)� ɛ′M)Pν[A
→
T � 0, B→T � 1] + (x(B↑)� ɛ′M)

Pν[A→T � 1, B→T � 0]:

In the final inequality, we used the fact that conditioned 
on RŜ , Â � (A↑ ∪ B↑ ∪ C↑)T � 1 and marginals in A↑
and B↑ are approximately preserved. Now, we lower 
bound Pν[A→T � 1, B→T � 0]. Let ɛA,ɛB be such that

Eν[A→T ] � Pν[A
→
T � 1, B→T � 0] + ɛA,

Eν[B→T ] � Pν[A
→
T � 0, B→T � 1] + ɛB:

First Pν[A→T +B→T ≥ 1] � 1, and so Pν[A→T +B→T ≥ 2] ≤
Eν[A→T +B→T ]� 1. Therefore,

ɛA + ɛB � Eν[A→T +B→T ]�Pν[A
→
T +B→T � 1]

� Eν[A→T +B→T ]� (1�Pν[A→T +B→T ≥ 2])

≤ 2(Eν[A→T +B→T ]� 1) ≤ 5ɛη:

To see the last inequality, first, by Definition 4.11, 
x(δ↑(S)) ≥ 1� ɛη. Because x(δ(S)) ≤ 2+ ɛη, we get that 
x(δ→(S)) ≤ 1+ 2ɛη. Therefore,

Eν[A→T +B→T ] ≤ E[δ
→(S) |RŜ] ≤ x(δ→(S)) + ɛη=2

≤ 1+ 2:5ɛη:

Therefore,

Pν[AT � BT � 1]

≥ (x(A↑)� ɛ′M)(Eν[B
→
T ]� ɛB) + (x(B↑)� ɛ′M)(Eν[A

→
T ]� ɛA)

≥ (x(A↑)� ɛ′M)(x(B
→)� 5ɛη) + (x(B↑)� ɛ′M)(x(A

→)� 5ɛη), 

where the second inequality uses that the tree condi
tioning and C→T � 0 can only increase the marginals of 
edges in A→ and B→. Simplify the previous expression 
using x(A↑) + x(A→) ≥ 1� ɛη, and similarly for B,

Pν[AT � BT � 1]

≥ (1� x(A→)� ɛη� ɛ′M)(x(B
→)� 5ɛη) + (1� x(B→)

� ɛη� ɛ
′
M)(x(A

→)� 5ɛη)

and since x(A→)+ x(B→) ≥ 1� 2ɛη (because x(A↑) +
x(B↑) ≤ 1+ ɛη and xC ≤ ɛη), this is

≥ (1� x(A→)� ɛη� ɛ′M)(1� x(A→)� 7ɛη)

+ (x(A→)� 3ɛη� ɛ′M)(x(A→)� 5ɛη)

≥ (1� x(A→))2 + (x(A→))2� ɛ′M � 8ɛη:

Plugging this into Equation (7.21), we obtain

P[AT � BT � 1, CT � 0 |RŜ]

≥ (1� 2ɛη� ɛ′M)P[AT � BT � 1 |CT � 0,RŜ]

≥ (1� 2ɛη� ɛ′M)((1� x(A→))2 + (x(A→))2� ɛ′M � 8ɛη)

≥ (1� x(A→))2 + (x(A→))2� 2ɛ′M � 10ɛη, 

which noting ɛ′M � ɛM + 2ɛη completes the proof of 
the lemma. w

Lemma 7.8. Let S ∈H be a polygon cut with p(S) � Ŝ also 
a polygon cut with u1, : : : , uk be the ordering of cuts in 
A(Ŝ). If S ≠ u1, uk, then

E[I→S ] ≤ 0:85βp:

Let S�ui for some 2 ≤ i ≤ k� 1. Let A, B, C be the poly
gon partitioning of δ(ui) and Â, B̂, Ĉ be the polygon par
tition of Ŝ. Because ui is in the hierarchy A↑ ∪ B↑ ∪ C↑
⊆ Ĉ. Therefore, conditioned on RŜ , A↑T � B↑T � C↑T � 0.

Once again, let ν be the conditional measure CT � 0, 
RŜ . Similar to the previous case, we will lower bound

P[S happy |RŜ]

≥ (1� 2ɛη)P[A→T � 1,B→T � 1, |CT � 0,RŜ]

� (1� 2ɛη)Pν[A→T � 1 |A→T +B→T � 2]Pν[A→T +B→T � 2] ,
(7.22) 

where we used E[C→T |RŜ] ≤ 2ɛη in the first inequality. 
Therefore, it remains to lower bound each of the two 
terms in the RHS.

We start with the first one. Because x(A) ∈ [1� ɛη, 1+
ɛη] and x(A↑) ≤ ɛη, we have

Eν[A→T ] ∈ [1� 2ɛη, 1+ 3ɛη]:

The same bounds hold for Eν[x(B→)].
Therefore,

Pν[A→T ≥ 1],Pν[B→T ≥ 1] ≥ 1� e�1+2ɛη (By Lemma 2:6)

Pν[A→T ≤ 1],Pν[B→T ≤ 1] ≥ 0:495 (By Markov):

Therefore, by Corollary 5.1 (with ɛ � 0:495(1� e�1+2ɛη )
≥ 0:31), we have

Pν[A→T � 1 |A→T +B→T � 2] ≥ 0:155:

By Corollary 2.3, Pν[E(ui�1, ui)T � 1] ≥ 1� 4ɛη. Similarly, 
Pν[E(ui, ui+1)T � 1] ≥ 1� 4ɛη. Also,

Pν[δ→(ui)T �E(ui�1, ui)T �E(ui, ui+1)T � 0] ≥ 1� 4ɛη:
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Therefore, by a union bound, all of these events happen 
simultaneously, and we get Pν[δ→(ui)T � 2] ≥ 1� 12ɛη. 
Therefore,

Pν[(A→)T � (B→)T � 1] ≥ 0:155(1� 12ɛη) ≥ 0:153:

Plugging this back into (7.22), we get

P[S happy |RŜ ] ≥ 0:153(1� 2ɛη) ≥ 0:152:

Plugging this in (7.20), we get

E[I→S ] ≤ (1+ ɛη)βpP[S not happy |RŜ]

(max{x(A→), x(B→)} + x(C→))

≤ (1+ ɛη)βp(1� 0:152)(1+ ɛη + ɛη) ≤ 0:85βp 

as desired.
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Appendix A. Proofs from Section 5
In all of the following lemmas, we assume that ɛη ≤ ɛ2

1=2 
and 12ɛ1=1 ≤ ɛ1=2.

Lemma 5.7. Let e � (u, v) be a top edge bundle such that 
xe ≤ 1=2� ɛ1=2. If ɛ1=2 ≤ 0:001, then e is 2-1-1 happy with proba
bility at least 0:005ɛ2

1=2.

Let A, B, C be the degree partitioning of δ(u). Let V :�

δ(v)�e (Figure A.1). Condition u, v be trees, e and C to zero, let 
ν be the resulting measure. This happens with probability at 
least 0.5 and increases marginals in A�e, B�e, V by at most 
xe + 2ɛ1=1 + ɛη ≤ xe + 2:1ɛ1=1 and by tree conditioning decre- 
ases marginals by at most 2ɛη. After conditioning, we have

Eν[AT] ∈ x(A)� xe(A) + [�2ɛη, xe + 2:1ɛ1=1]

⊂ [0:5, 1:5], similarly Eν[BT] ⊂ [0:5, 1:5]

Eν[VT] ∈ x(δ(v))� xe + [�2ɛη, xe + 2:1ɛ1=1] ⊂ [1:5, 2:01]

Eν[BT +VT] ∈ x(B) + x(δ(v))� xe � xe(B) + [�2ɛη, xe + 2:1ɛ1=1]

⊂ [2+ 1:8ɛ1=2, 3:01],

Eν[AT +BT] ∈ x(A) + x(B)� xe(A) � xe(B) + [�2ɛη, xe + 2:1ɛ1=1]

⊂ [1:5, 2:01],

Eν[AT +BT +VT] ∈ x(A) + x(B) + x(δ(v))� xe � xe(A) � xe(B)

+ [�2ɛη, xe + 2:1ɛ1=1] ⊂ [3+ 1:75ɛ1=2, 4:01]:

Here, we used ɛ1=2 ≤ 0:001 and 12ɛ1=1 < ɛ1=2 and xe(A), xe(B), 
xe(A) + xe(B) ≤ xe ≤ 1=2� ɛ1=2. It immediately follows from Pro
position 5.1 that Pν[AT � BT � 1, VT � 2] is at least a constant. 
In the rest of the proof, we do a more refined analysis. Using 
AT +BT ≥ 1, VT ≥ 1,

Pν[AT +BT +VT � 4] ≥ (1:75ɛ1=2)e�1:75ɛ1=2 ≥ 1:7ɛ1=2

(By Lemma 2:5), 

Pν[AT +BT ≥ 2],Pν[VT ≥ 2] ≥ 0:39 (By Lemma 2:6), 

Pν[AT +BT ≤ 2],Pν[VT ≤ 2] ≥ 0:5
(Markov, AT +BT ≥ 1, VT ≥ 1 under ν), 

Pν[AT ≤ 1] ≥ 0:25,Pν[BT +VT ≤ 3] ≥ 0:33
(Markov′s Inequality and VT ≥ 1 under ν):

Pν[AT ≥ 1] ≥ 0:39,Pν[BT +VT ≥ 3] ≥ 1:75ɛ1=2 (By Lemma 2:6), 

It follows by Corollary 5.1 (with ɛ � 0:195, pm ≥ 1� 2ɛ ≥ 0:6) 
that

Pν[VT � 2 |AT +BT +VT � 4] ≥ 0:13:

Because VT ≥ 1, AT +BT ≥ 1 with probability 1, we apply Cor
ollary 5.1 to VT � 1, AT +BT � 1.

Furthermore, by Lemma 5.2, Pν[AT ≥ 1 |AT +BT +VT � 4] ≥
0:128, Pν[AT ≤ 1 |AT +BT +VT � 4] ≥ 0:43ɛ1=2. The same holds 
for BT. Therefore, by Corollary 5.1 (with ɛ � 0:055ɛ1=2), using 
that ɛ1=2 < 0:001,

Pν[AT � 1 |AT +BT � 2, VT � 2] ≥ 0:05ɛ1=2:

Putting these together, we have

P[e 2-1-1 happy] ≥ 0:5Pν[AT � BT � 1, VT � 2]

� 0:5Pν[AT +BT +VT � 4]

Pν[VT � 2 |AT +BT +VT � 4]

·Pν[AT � 1 |VT � 2, AT +BT � 2]

≥ 0:5(1:7ɛ1=2)(0:13)(0:05ɛ1=2) ≥ 0:005ɛ2
1=2 

as desired.

Lemma 5.8. Let e � (u, v) be a top edge bundle such that 
xe ≥ 1=2+ ɛ1=2. If ɛ1=2 ≤ 0:001, then, e is 2-1-1 happy with respect 
to u with probability at least 0:006ɛ2

1=2.

Let A, B, C be the degree partitioning of the edges in δ(u), 
V � δ�e(v). Condition u, v be trees, CT�0 and u ∪ v to be a tree 
(in order). This happens with probability at least 1

2+ ɛ1=2�

3ɛη � 2ɛ1=1 ≥ 0:5. Let ν be the resulting measure restricted to 
edges in A, B, V. Note that ν on edges in A, B, V is SR. This is 
because ν is a product of two strongly Rayleigh distribution on 
the following two disjoint set of edges (i) the edges between u, 
v and (ii) the edges in A�e, B�e, V.

Furthermore, observe that under ν, every set of edges in A�e, 
B�e, V increases by at most 2ɛ1=1 + ɛη < 0:2ɛ1=2 (using 12ɛ1=1 

Figure A.1. Setting of Lemma 5.7
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≤ ɛ1=2), and decreases by at most 1� xe + 2ɛη. Therefore,

Eν[AT] ∈ x(A) + [�(1� xe)� 2ɛη, 1� xe + 0:2ɛ1=2]

⊂ [0:5, 1:5], similarly; Eν[BT] ∈ [0:5, 1:5]
Eν[VT] ∈ x(δ(v))� xe + [�(1� xe)� 2ɛη, 0:2ɛ1=2] ⊂ [0:995, 1:5]:
Eν[AT +BT] ∈ x(A) + x(B) + 1� xe(A) � xe(B)

+ [�(1� xe)� 2ɛη, 0:2ɛ1=2] ⊂ [1:995,2:5],
Eν[BT +VT] ∈ x(B) + x(δ(v))� xe + [�(1� xe)� 2ɛη, 1� xe

+ 0:2ɛ1=2] ⊂ [1:99,3� 1:75ɛ1=2]:

Eν[AT +BT +VT] ∈ x(A) + x(B) + x(δ(v)) + 1� xe � xe(A) � xe(B)

+ [�(1� xe)� 2ɛη, 0:2ɛ1=2]

⊂ [2:99, 4� 1:75ɛ1=2]:

Here, in the upper bound on Eν[AT], Eν[BT], Eν[BT +VT], we 
used that the marginals of edges in the bundle e can only 
increase by 1� xe (in total) when conditioning u ∪ v to be a 
tree. Therefore,

Pν[AT +BT +VT � 3] ≥ ɛ1=2 (By Theorem 2:2), 

Pν[AT +BT ≥ 2] ≥ 0:63,Pν[VT ≥ 1] ≥ 0:63
(By Lemma 2:6, AT +BT ≥ 1)

Pν[AT +BT ≤ 2] ≥ 0:25,Pν[VT ≤ 1] ≥ 0:25
(By Markov Inequality, AT +BT ≥ 1), 

Pν[AT ≥ 1] ≥ 0:39,Pν[BT +VT ≥ 2] ≥ 0:59 (By Lemma 2:6)

Pν[AT ≤ 1] ≥ 0:25,Pν[BT +VT ≤ 2] ≥ 1:75ɛ1=2,
(By Markov, In worst case P[BT +VT < 2] � 0):

It follows by Corollary 5.1 (with ɛ � 0:157, pm � 0:68) that

Pν[AT +BT � 2 |AT +BT +VT � 3] ≥ 0:12:

Because AT +BT ≥ 1 with probability 1, we apply Corollary 
5.1 to AT +BT � 1, VT.

Furthermore, by Lemma 5.2, Pν[AT ≥ 1 |AT +BT +VT � 3]≥
0:68ɛ1=2 and Pν[AT ≤ 1 |AT +BT +VT � 3] ≥ 0:147. By symme
try, the same holds for BT. Therefore, by Corollary 5.1,

Pν[AT � 1 |AT +BT � 2, VT � 1] ≥ 0:09ɛ1=2:

Here, we used ɛ1=2 < 0:001.
Finally,

P[e 2-1-1 happy] ≥ (0:09ɛ1=2)0:12(ɛ1=2)0:5 ≥ 0:005ɛ2
1=2, 

as desired.

Lemma A.1. For a good half top edge bundle e � (u, v), let A, B, C 
be the degree partitioning of δ(u), and let V � δ(v)�e (Figure A.2). 

If ɛ1=2 ≤ 0:001, xe(B) ≤ ɛ1=2, and P[(A�e)T +VT ≤ 1] ≥ 5ɛ1=2 then 
e is 2-1-1 good,

P[e 2-1-1 happy w:r:t: u] ≥ 0:005ɛ2
1=2:

The proof is similar to Lemma 5.8. We condition u, v to be 
trees, CT�0, u ∪ v to be a tree. Let ν be the resulting SR mea
sure on edges in A, B, V. The main difference is because 
xe ≱1=2+ ɛ1=2, we use the lemma’s assumptions to lower 
bound Pν[AT +BT +VT � 3],Pν[AT +VT ≤ 2],Pν[BT +VT ≤ 2].

First, because e is 2-2 good, by Lemma 5.4 and negative 
association,

Pν[(δ(u)�e)T +VT ≤ 2] ≥ P[(δ(u)�e)T +VT ≤ 2]�P[CT � 0]

≥ 0:4ɛ1=2 � 2ɛ1=1 � ɛη ≥ 0:22ɛ1=2, 

where we used ɛ1=1 ≤ ɛ1=2=12. Letting pi � P[(δ(u)�e)T +VT � i], 
we therefore have p≤2 ≥ 0:22ɛ1=2. In addition, by Lemma 2.5, 
p3 ≥ 1=4. If p2 < 0:2ɛ1=2, then from p2=p3 ≤ 0:8ɛ1=2, we could 
use log-concavity to derive a contradiction to p≤2 ≥ 0:22ɛ1=2 
(analogously to what’s done in the proof of Lemma 2.4). There
fore, we must have

Pν[AT +BT +VT � 3] � Pν[(δ(u)�e)T +VT � 2] ≥ 0:2ɛ1=2:

Next, because P[u, v, u ∪ v trees, CT � 0] ≥ 0:49, by the lem
ma’s assumption, Pν[e(B)] ≤ 2:01ɛ1=2. Therefore,

Eν[BT +VT] ≤ x(V) + x(B) + 1:01ɛ1=2 + 2ɛ1=1 + ɛη ≤ 2:51:

Therefore, by Markov, Pν[BT +VT ≤ 2] ≥ 0:15. Finally, by neg
ative association,

Pν[AT +VT ≤ 2] ≥ Pν[(A�e)T +VT ≤ 1]

≥ P[(A�e)T +VT ≤ 1]�P[CT � 0] ≥ 4:8ɛ1=2, 

where we used the lemma’s assumption.
Now, following the same line of arguments as in Lemma 

5.8, we have Pν[AT +BT � 2 |AT +BT +VT � 3] ≥ 0:12. Also, 
Pν[AT ≥ 1 |A�T+BT +VT � 3] ≥ 3:02, which implies Pν[AT �

1 |AT +BT � 2, VT � 1] ≥ 0:42ɛ. This implies

P[e 2-1-1 happy] ≥ (0:42ɛ1=2)0:12(0:2ɛ1=2)0:498 ≥ 0:005ɛ2
1=2 

as desired.

Lemma 5.9. Let e � (v, u) and f � (v, w) be good half top edge 
bundles and let A, B, C be the degree partitioning of δ(v) such that 
xe(B), xf(B) ≤ ɛ1=2. Then, one of e, f is 2-1-1 happy with probability 
at least 0:005ɛ2

1=2.

Let U � δ(u)�e. By Lemma 2.9, we can assume, without loss 
of generality, that

E[UT |f ∉ T, u, v, w tree] ≤ x(UT) + 0:405+ 3ɛη: (A.1) 

On the other hand,

E[(A�e�f)T] ≥ E[(A�e�f)T |f ∉ T, u, v, w tree]

P[f ∉ T, u, v, w, tree]

≥ E[(A�e�f)T |f ∉ T, u, v, w tree]0:49 :

Figure A.2. Setting of Lemma A.1
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Therefore,

E[(A�e�f)T |f ∉ T, u, v, w, tree] ≤ 1
0:49x(A�e�f)

≤
1

0:49 (4ɛ1=2 + ɛη) ≤ 8:2ɛ1=2:

(A.2) 
Combining (A.1) and (A.2), we get E[UT + (A�e) |f ∉ T, u, 
v, w tree] ≤ 1:91 where we used ɛ1=2 ≤ 0:001. Therefore, using 
Lemma 2.5, we get

P[UT + (A�e)T ≤ 1] ≥ 0:49P[UT + (A�e)T ≤ 1 |f ∉ T, u, v, w tree]
≥ 0:01:

Because ɛ1=2 ≤ 0:001, by Lemma A.1, e is 2-1-1 good.
Lemma 5.10. Let e � (u, v) be a good half edge bundle and let 
A, B, C be the degree partitioning of δ(u) (Figure A.3). If 
ɛ1=2 ≤ 0:001 and xe(A), xe(B) ≥ ɛ1=2, then

P[e 2-1-1 happy w:r:t u] ≥ 0:02ɛ2
1=2:

Condition CT to be zero, u, v and u ∪ v be trees. This happens 
with probability at least 0:49. Let ν be the resulting measure. 
Let X � A�e ∪ B�e, Y � δ(v)�e Because e is 2-2 good by Le
mma 5.4 and stochastic dominance,

Pν[XT +YT ≤ 2] ≥ P[(δ(u)�e)T +YT ≤ 2]�P[CT � 0]
≥ 0:4ɛ1=2 � 2ɛ1=1 � ɛη ≥ 0:22ɛ1=2, 

where we used ɛ1=1 < 12ɛ1=2. It follows by log-concavity of 
XT +YT that Pν[XT +YT � 2] ≥ 0:2ɛ1=2. Now,

Eν[XT],Eν[YT] ∈ [1� 3ɛ1=1, 1:5+ ɛ1=2 + 2ɛ1=1 + 3ɛη]
⊂ [0:995, 1:51]:

Therefore,

Pν[XT ≥ 1],Pν[YT ≥ 1] ≥ 0:63 (Lemma 2:6), 

Pν[XT ≤ 1],Pν[YT ≤ 1] ≥ 0:245 (Markov):

Therefore, by Corollary 5.1, Pν[XT � 1 |XT +YT � 2] ≥ 0:119:

Pν[XT � YT � 1] ≥ (0:2ɛ1=2)0:119 ≥ 0:023ɛ1=2, 

and let E be the event {XT � YT � 1 |ν}. In ν, we always choose 
exactly one edge from the e bundle, and that is independent of 
edges in X, Y, in particular the above event. Therefore, we can cor
rect the parity of A, B by choosing from eA or eB. It follows that

P[e 2-1-1 happy w:r:t u] ≥ Pν[E](1:99ɛ1=2)0:49 ≥ 0:02ɛ2
1=2, 

where we used that Eν[e(A)T] ≥ 1:99ɛ1=2, and the same fact 
for e(B)T. To see why this latter fact is true, observe that con
ditioned on u, v trees, we always sample at most one edge 
between u, v. Therefore, because under ν, we choose exactly 

one edge between u, v, the probability of choosing from e(A)
(and similarly choosing from e(B)) is at least

E[e(A)T |u, v trees, CT � 0]
P[e |u, v trees, CT � 0] ≥

xe(A) � 2ɛη
xe + 3ɛ1=1

≥
ɛ1=2 � 2ɛη

1=2+ 1:3ɛ1=2

≥ 1:99ɛ1=2 
as desired.

Lemma 5.12. Let e � (u, v), f � (v, w) be two good top half edge 
bundles and let A, B, C be degree partitioning of δ(v) such that 
xe(B), xf(A) ≤ ɛ1=2. If e, f are not 2-1-1 good with respect to v, and 
ɛ1=2 ≤ 0:0002, then e, f are 2-2-2 happy with probability at 
least 0:01.

See Figure A.4 for the setting of this lemma. First, observe 
that by Lemma A.1 if P[UT + (A�e)T ≤ 1] ≥ 0:25ɛ, where ɛ ≥
20ɛ1=2 is a constant that we fix later, then e is 2-1-1 good, 
which is a contradiction. Therefore, assume P[UT + (A�e)T ≥

2] ≥ 1� 0:25ɛ: Furthermore, let q � P[UT+ (A�e)T ≥ 3]. 
Because x(U) + x(A�e)≤ 2+ 3ɛ1=2 + 2ɛ1=1 + 3ɛη ≤ 2 +3:2ɛ1=2 
(where we used xe(A) ≥ xe � xe(B) � xC ≥ 1=2� 2ɛ1=2 � 2ɛ1=1 �

ɛη and where we used 12ɛ1=1 ≤ ɛ1=2),

2(1� q� 0:25ɛ) + 3q ≤ 2+ 3:2ɛ1=2:

This implies that q ≤ 0:5ɛ+ 3:2ɛ1=2 ≤ 0:75ɛ (for ɛ ≥ 13ɛ1=2). 
Therefore,

P[UT + (A�e)T � 2],P[WT + (B�f)T � 2] ≥ 1� ɛ, (A.3) 

where the second inequality follows by a similar argument.

Claim A.1. Let Z � δ(u) ∩ δ(w). If ɛ < 1=15, then either E[Z |u, 
v, w tree] ≤ 3ɛ or E[Z |u, v, w tree] ≥ (1� 3ɛ).

For the whole proof we work with µ conditioned on u, v, w are 
trees. Let z � E[Z]. Let D �U ∪W ∪ A�e ∪ B�f \ Z. Note that 
DT + 2ZT �UT ∪WT ∪ (A�e)T ∪ (B�f)T. By Equation (A.3) and 
a union bound P[DT + 2ZT � 4] ≥ 1� 2ɛ� 3ɛη. Therefore,

2:1ɛ ≥ 2ɛ+ 3ɛη ≥ P[DT + 2ZT ≠ 4] ≥ P[DT � 3]

≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P[DT � 2]P[DT � 4]

p
, 

where the last inequality follows by log-concavity. On the 
other hand,

z � P[Z � 1] ≤ P[DT � 2, Z � 1] +P[DT + 2ZT ≠ 4]
≤ P[DT � 2] + 2:1ɛ,

1� z � P[Z � 0] ≤ P[DT � 4, Z � 0] +P[DT + 2ZT ≠ 4]
≤ P[DT � 4] + 2:1ɛ:

Figure A.3. Setting of Lemma 5.10 Figure A.4. Setting of Lemma 5.12

Notes. We assume that the dotted green/blue edges are at most ɛ1=2. 
The edges of C are not shown.
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Putting everything together,

(2:1ɛ)2 ≥ (z� 2:1ɛ)(1� z� 2:1ɛ) � z(1� z)� 2:1ɛ+ 2:1ɛ2:

Therefore, using ɛ ≤ 1=15, we get that either z ≤ 3ɛ or z ≥
1�3ɛ. w

Therefore, for the rest of proof, we assume E[ZT |u, v, 
w trees] < 3ɛ. A similar proof shows e, f are 2-2-2 good when 
E[ZT |u, v, w trees] > 1� 3ɛ. We run the following condition
ings in order: u, v, w trees, ZT � 0, CT � 0, e(B), f ∉ T, e(A) ∈ T. 
Note that e(A) ∈ T is equivalent to u ∪ v be a tree. Call this 
event E (i.e., the event that all things we conditioned on hap
pen). First, notice

P[E] ≥ (1� 3ɛη)(1� 3ɛ� 2ɛ1=1 � ɛη � ɛ1=2

� (1=2+ ɛ1=2))(1=2� 3ɛ1=2) ≥ 0:22 ≥ 1=5: (A.4) 

Moreover, because all these conditionings correspond to 
upward/downward events, µ |E is strongly Rayleigh. The 
main statement we will show is that

P[e, f 2-2-2 happy |E] ≥ P[UT � (A�e)T � 1, (B�f)T � 0,
WT � 2 |E] �Ω(1):

The main insight of the proof is that Equation (A.3) holds (up 
to a larger constant of ɛ), even after conditioning E, B�f � 0, 
A�e � 1; therefore, we can bound the preceding event by just a 
union bound. The main nontrivial statement is to argue thatthe 
expectations of B�f and A�e do not change so much under E.

Combining (A.3) and (A.4),

P[UT + (A�e)T � 2 |E],P[WT + (B�f)T � 2 |E] ≥ 1� 5ɛ:
(A.5) 

We claim that

E[BT |E] � E[(B�f)T |E] ≤ x(B�f) + 3ɛη + 3ɛ1=1 + ɛ1=2 + 35ɛ
≤ 0:66 (A.6) 

using ɛ1=2 < 0:0002 and ɛ � 20ɛ1=2. To see this, observe that 
after each conditioning in E either all marginals increase or all 
decrease. Furthermore, the events CT � 0, ZT � 0, e(B)T � 0 
can increase marginals by at most 3ɛη + 3ɛ1=1 + ɛ1=2; the only 
other event that can increase B�f is f ∉ T. Now we know 
P[(B�f)T +WT � 2 |E] ≥ 1� 5ɛ before and after conditioning 
f ∉ T. Therefore, by Corollary 2.19, 2� 10ɛ ≤ E[(B�f)T +WT]

≤ 2+ 25ɛ. However, if E[(B�f)T] increased by more than 35ɛ, 
then either before conditioning f ∉ T, E[(B�f) +WT] < 2� 10ɛ
or afterward it is more than 2+ 25ɛ, which is a contradiction, 
and completes the proof of (A.6). A similar argument shows 
that E[(A�e)T |E] ≤ 0:66.

We also claim that

E[(A�e)T |E] ≥ x(A�e)� 3ɛη� 35ɛ ≥ 0:33:

As previously, everything conditioned on E increases E[(A�e)T]

except for possibly e(A) ∈ T. As previously, we know that 
P[UT + (A�e)T � 2 |E] ≥ 1� 5ɛ before and after e(A) ∉ T. There
fore, again applying Corollary 2.19, we see that it cannot decrease 
by more than 35ɛ.

It follows that

0:33 ≤ E[(A�e)T |E] ≤ E[(A�e)T |E, (B�f)T � 0] ≤ 0:66+ 0:66
≤ 1:32:

Therefore, by Lemma 2.5 and Theorem 2.2, P[(A�e)T � 1 |E, 
(B�f )T � 0] ≥ 0:33e�:33 ≥ 0:237.

Therefore, by Lemma 2.5,

P[E, (A�e)T � 1, (B�f)T � 0] ≥ (0:22)(0:39)(0:23) ≥ 0:019:

Therefore, by (A.5)

P[UT � 1 |E, (A�e)T

P[WT � 2 |E, (A�e)T � 1, (B�f)T � 0] ≥ 1� 5ɛ=0:019:
Finally, by union bound

P[UT � 1, WT � 2 |E, (A�e)T � 1, (B�f)T � 0] ≥ 1� ɛ=0:009:

Using ɛ � 20ɛ1=2 and ɛ1=2 ≤ 0:0002, this means both of the 
above events happens, so e, f are 2-2-2-happy with probabil
ity 0:019(1� ɛ=0:009) > 0:01 as desired.

Endnotes
1 Given such an Eulerian cycle, we can use the triangle inequality to 
shortcut vertices visited more than once to get a Hamiltonian cycle.
2 Although, because we do not always find a distribution that pre
serves marginals exactly (as one does not necessarily exist), for pre
cision we generally refer to the distribution used by the algorithm 
as λ-uniform instead.
3 The standard name for this is the T-join polytope. Because we 
reserve T to represent our tree, we call this the O-join polytope, where 
O represents the set of odd vertices in the tree.
4 Where the randomness comes from the random sampling of the tree.
5 Recall that we merely need to prove the existence of a cheap O-join 
solution. The actual optimal O-join solution can be found in polyno
mial time.
6 This is really a family of near-min cuts, but for the purpose of this 
overview, assume η�0.
7 Roughly, this corresponds to the definition of the polygon being 
left-happy.
8 For example, in Figure 2, p(a, c) � u3, and (a, c) is a bottom edge.
9 Some portions of this discussion might be easier to understand 
after reading the rest of the paper.
10 Each cut will be mapped to one or two OPT edges.
11 In the special case that i�2, L in (i) will be the leftmost atom if it 
is a near min cut, and similarly in (ii) when i �m� 1, R will be the 
rightmost atom if it is a near min cut.
12 In the sense of the number of vertices that it contains.
13 An atom may already correspond to a connected component; in 
such a case, we do not add it in this step.
14 Think about such set as a degenerate polygon with atoms 
a1 :� X, a2 :� Y, a0 :� X ∪ Y. Therefore, for the rest of this section, we 
call them triangles and in later section we just think of them as poly
gon cuts.
15 To be precise, we apply the previous corollary to the polarization 
of q′µ, where x, y are polarized by a disjoint set of variables of size 
equal to their maximum degree.
16 The main problem with bad edges is that we cannot match them 
to edges going higher in the matching Lemma 6.1. Therefore, to 
prove the matching lemma we need to justify that there are not too 
many bad edges in any cut. Therefore, we cannot simply “pretend” 
that one half edge bundle of δ(u) is bad.
17 Suppose that under the distribution µ on spanning trees, some 
event D′ has probability q ≥ p and we seek to define an event D ⊆
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D′ that has probability exactly p. To this end, one can copy every 
tree T in the support of µ, exactly ⌊kq

p ⌋ times for some integer k>0, 
and whenever we sample T, we choose a copy uniformly at ran
dom. Therefore, to get a probability exactly p for an event, we say 
this event occurs if for a “feasible” tree T one of the first k copies are 
sampled. Now, as k→∞ the probability that D occurs converges to 
p. Now, for a number of decreasing events, D1,D2, : : : , that occur 
with probabilities q1, q2, : : : (respectively), we just need to let k be 
the least common multiple of p=q1, p=q2, : : : and follow the above 
procedure. Another method is to choose an independent Bernoulli 
with success probability p / q for any such event D.
18 We are using the fact that ɛ1=1 � ɛ1=2=12 and that ɛη is tiny by 
comparison with these.
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