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Abstract. Because of the ongoing electrification of transport in combination with limited
power grid capacities, efficient ways to schedule the charging of electric vehicles (EVs) are
needed for the operation of, for example, large parking lots. Common approaches such as
model predictive control repeatedly solve a corresponding offline problem. In this work,
we first present and analyze the flow-based offline charging scheduler (FOCS), an offline
algorithm to derive an optimal EV charging schedule for a fleet of EVs that minimizes an
increasing and strictly convex function of the corresponding aggregated power profile. To
this end, we relate EV charging to processor speed scaling models with job-specific speed
limits. Experiments based on real-world EV charging data show that FOCS takes only
2.5 seconds to schedule 400 EVs in 15-minute granularity. Furthermore, we analyze the
online algorithms Average Rate and Optimal Available and show that they are, respec-
tively, 2°"'a® and a® competitive, where a is typically two in energy applications. Further
numerical experiments show that, for the real-world EV charging use case, both algorithms
achieve approximation ratios of less than 1.3. Furthermore, they significantly improve on
the uncontrolled default often applied in practice.
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1. Introduction

such models are predictions based on historical data

Because of the ongoing electrification of transport in
combination with limited power grid capacities (Eis-
ing et al. 2014) and synchronization effects (Turitsyn
et al. 2010), efficient ways to schedule the charging of
electric vehicles (EVs) are needed for the operation of,
for example, large parking lots. In practice, however,
individual vehicles come with uncertainty in their
availability and energy demand (Vecchio and Tricar-
ico 2019). To bridge this information gap, model pre-
dictive control (Mpc) can be applied (van Kriekinge
2021). Such Mrc frameworks introduce a (predictive)
model to the scheduler that based on all information
available at the current moment in time derives a con-
trol action for the next time step. Basic examples for
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(Ireshika and Kepplinger 2024) or the introduction of
deterministic charging guarantees of the form that
everyone receives x units of energy within y hours
(Winschermann et al. 2023a). Another possible model
is centered around the prediction of fill levels that dic-
tate the targeted aggregated (e.g., transformer level)
power profile (SchootUiterkamp et al. 2018). The
resulting planning may either be updated periodically,
for example every 15 minutes, or rescheduling may
occur based on events, for example the arrival or
(early) departure of an EV. As a result, Mpcs repeat-
edly solve an offline problem. This problem is charac-
terized by the EVs’ arrival times, departure times,
energy demand, and EV-specific maximum charging
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rates. EVs can charge simultaneously, and charging of
a single EV may be preempted.

To account for the limited grid capacity and a qua-
dratic relation between charging powers and energy
losses, one natural objective in EV scheduling problems
is to minimize the sum of squares of the aggregated
power profile of, for example, a parking lot hosting
multiple EVs. EV scheduling problems with this objec-
tive naturally reduce to (processor) speed scaling pro-
blems with job-specific speed limits. Hereby, as
opposed to the classical model, multiple jobs may run
simultaneously. In speed scaling, tasks are scheduled
on a processor within their respective availability such
that a (typically increasing and strictly convex) function
of the processing speed is minimized. One such func-
tion may correspond to the {;-norm, a well-studied
objective function in both processor scheduling and
energy research. Speed scaling problems without speed
limits are well studied, with the Yao-Demers-Shenker
(YDS) algorithm being one of the core approaches (Yao
et al. 1995). Already before YDS, Vizing et al. (1982)
studied the same problem and came up with a similar
solution as early as 1981. An extension of YDS consider-
ing continuous speed limits for the aggregated speed
profile is given by Antoniadis et al. (2017). Another var-
iant considers job-specific speed functions and uses a
maximum flow formulation to find an optimal solution
for both a single-processor and multiprocessor setup
(Shioura et al. 2017). Zhang et al. (2011) investigate a
model where changes in global speed are associated
with additional cost. However, to the best of our knowl-
edge, the use case with job-specific speed limits, as is
relevant to EV scheduling with EV-specific maximum
charging powers, has not yet been studied. Here, job-
specific speed limits correspond to the maximum
charging powers of the individual EVs. As summarized
in recent reviews by, for example, Elghanam et al.
(2024), Al-Alwash et al. (2024), and Singh et al. (2024),
centralized EV scheduling problems like the one dis-
cussed here are typically solved to optimality by formu-
lating them as mathematical programs (e.g., linear or
quadratic programs) or approximated with heuristics.
The overview by Elghanam et al. (2024) illustrates that
the applied methods to solve mathematical programs
and the used heuristics are usually generic methods
that do not consider the explicit problem structure or
constructively derive an optimal schedule.

In this work, we make the following contributions to
the understanding of both the offline and online ver-
sions of the EV scheduling problem sketched above.

e We discuss the relation between the classical
speed scaling model and the extension based on EV
scheduling.

e We present and analyze a novel offline algorithm
to constructively derive an optimal charging schedule
for a fleet of EVs, minimizing the integral of an

increasing and strictly convex function of the aggre-
gated speed profile.

e We derive necessary and sufficient conditions for
solutions to the offline problem to be optimal.

o We derive competitive ratios for two natural algo-
rithms for the online problem known from speed scal-
ing without job-specific speed limits. In particular, we
show that scheduling according to the Average Rate
(AVR) algorithm (Yao et al. 1995) is directly applicable
to the extended model and has a competitive ratio of
2%~1a% for a given a-dependent objective function. The
second algorithm considered is an adapted version of
Optimal Available (OA) as previously studied for
speed scaling without job-specific speed limits by Yao
et al. (1995). We show it to be a® competitive for the
same objective function. Both competitive ratios match
those for the corresponding algorithms applied to
speed scaling without job-specific speed limits.

o We prove that given the aggregated speed profile
of a feasible solution, there exists no deterministic
online scheduling rule that reliably finds a feasible
solution following the given profile.

e We put the theoretical results in perspective using
real-world data to empirically quantify the perfor-
mance of Avr and OA for an EV scheduling case.

The remainder of the paper is organized as follows.
Section 2 formally describes the extended speed scaling
model. After that, in Section 3, we analyze the offline
problem and present the flow-based offline charging sched-
uler (FOCS), which is an offline algorithm that uses
maximum flows to compute an optimal solution for the
given problem. Then, Section 4 extends the problem to
online scheduling, considering the competitive ratios of
two natural algorithms. Furthermore, we prove that,
given the aggregated speed profile of a feasible solu-
tion, there exists no deterministic online scheduling
rule that reliably finds a feasible solution that follows
the given profile. Finally, we compare theoretical com-
petitive ratios to empirical results in Section 5 using
numerical experiments based on real-world EV charg-
ing data. Section 6 presents the conclusion of the paper.

2. Problem Statement

In this section, we describe the considered speed scaling
models for processor scheduling with and without job-
specific speed limits. Note that the used notation follows
scheduling convention to emphasize the relation to clas-
sical results. In sentences that discuss energy, we caution
the reader to carefully consider the context since the
term refers to two related but different concepts in
respectively processor scheduling and EV research.

The deadline-based speed-scaling with speed limits (DSL)
problem is defined as follows. Consider a set J :=
{1,...n} of jobs that have to be scheduled on a speed-
scalable processor. Each job j € J is characterized by its
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workload p; € Ry, release time r; € Ryo, deadline d;>1,
and a job-specific speed limit {; € Rxo. A schedule is given
by a function s : R>g — (Rx0)", such that s(t) is a vector
describing at what speed each job is processed at time t.
Let s;(t) be the jth entry of that vector.

Definition 1. A schedule for a given set of jobs J is
said to be feasible for DSL if

i. Every job je€ J is fully processed within [r;,d;),
thatis, [7/s(t)dt > p),

ii. Speed s;(t) =0 fort ¢ [r;,d;), and

iii. Each job respects its speed limit, that is, s;(t) < ¢;
for all t € Ry.

Note that jobs may be preempted and (in contrast to the
classical speed scaling model) run simultaneously.

Definition 2. For a schedule s, let Pr : Ryg — Rso be
the speed profile of s defined by Pr(f) = stj(t).

For any schedule s, we consider an objective function
Fo = [ Feno), m
0

of the aggregated speed profile to quantify the intensity
of schedule s. The aim of the optimization problem dis-
cussed in this paper is to minimize this function F.
Here, function F as used in the definition of F in (1) is a
strictly convex and increasing function. Note that, in
power applications, energy losses are quadratically cor-
related with the speed profile, and for dynamic voltage
and frequency scaling, that relation is cubic. Therefore,
a natural choice for objective function F is the energy
consumption of a schedule, given by

E@=A?mﬂwm, @

where a > 1 is a constant.
In the following, we assume that all considered DSL
instances are feasible, that is, they satisfy

DSL is closely related to the deadline-based speed-scaling
(DS) problem described by Yao et al. (1995). The only
difference is that inputs to DS omit the speed limits,
and at most, one job can run at any given time. More
formally, the following conditions apply to a feasible
DS schedule.

Definition 3. A schedule is said to be feasible for DS if

i. Every job j€ J is fully processed within [r;,d;),
that is, f:;fsj(t) dat >p;,

ii. Speed s;(t) =0 fort ¢ [r;,d;), and

iii. At most one job runs at any time, that is,
[{jls;(t) > 0}| < 1forallte€Ry.

The rest of the problem definition carries over from that
of DSL.

3. Offline Scheduling

As mentioned above for the Mpc context, in the opera-
tional reality of EV charging, DSL may be solved
repeatedly. Therefore, in this section, we analyze the
offline DSL problem. In particular, we analyze the rela-
tion between feasible schedules for DSL and DS (Sec-
tion 3.1), derive necessary and sufficient optimality
conditions for offline algorithms (Section 3.2), and
introduce and analyze the FOCS, an offline algorithm
that solves DSL to optimality (Sections 3.3 and 3.4).

3.1. Preliminaries Offline Algorithms

Let T be the set of all time points that are either a release
time or a deadline of a given problem instance. For-
mally, T:={t|3je J:t=rjort=d;}. We refer to the
elements of T as breakpoints. Let t; <t <:+ <ty
be the sorted elements of T, whereby 1 < m < 2n—1,
and intervals {[t;,ti+1)|i=1,...m} partition the time
between the earliest release time and latest deadline
into subintervals. We refer to those subintervals as
atomic intervals and denote atomic interval [t;,t;,1) as
M;. Hereby, the length t;.1 —t; of interval M, is denoted
as |M;|. Furthermore, we introduce an operator L for
the combined length of a set of atomic intervals; that is,
if 7 is a set of indices, then L(T)=),.;|M;|. We
denote the set of all indices corresponding to atomic
intervalsby M ={1,...,m}.

Given that the close relationship between DSL and
DS plays a central role in our results, it is useful to
derive notation for the inputs, outputs, and algorithms
for each problem.

Definition 4. Let Zpgy, (respectively, Zps) be the set of
all possible inputs to DSL (respectively, DS), with I €
Zpst being descr1bed as =7, d p,E) (respectlvely,
Ielps, with I= (r,d p)) where T, d p, and ¢ refer
to a vector of the respective release times, deadlines,
processing volume, and (if applicable) speed limits
describing the job set J. We say that an instance [ =
(%, ;l, 13,2) € Ips. augments an instance I’ = (17, (I’, ];') €
Ips if and only if r=r, d=d and 1_5:1;’. We express
this as I €a(l’) and call I and I’ corresponding. Here,
a(I’) is the set of all DSL instances that augment I'.

We note that a feasible schedule for an input I’ € Zpg
is also feasible for input I € a(I’) C Zpg, if and only if it
satisfies all job-specific speed limits.

Lemma 1. Any feasible schedule s for an instance I=
(r, d p,ﬁ) € Ipgr, of the DSL problem, can be transformed
into a feasible schedule s’ for the corresponding augmented
instance I' € Tps with 1 €a(l’), such that both schedules
have the same speed profile (i.e., PEs = PFy and therefore
also F(s) = F(s')).

Proof of Lemma 1. Consider a schedule s that is feasi-
ble for instance I = (r, d P, E) € Ipgr, with associated
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job set J. We show how to transform s into a schedule
s’ such that Pr; = Pry and s’ is feasible for the corre-
sponding augmented instance I’ € Zpg. To this end, we
consider atomic intervals M; = [, t;11) € M separately.
Schedule s’ is obtained by simply scheduling within
each interval M; and for each job j€ J an amount of

processing volume equal to | tti"”sj(t)dt. All these

volumes are scheduled within M; according to earliest
deadline first (EDF) and with the same speed profile Pr.

By the definition of s’, it is straightforward that
Pr, = PFy, and therefore it remains to argue that s” is a
feasible schedule for I'. Indeed, properties (i) and (ii)
as defined in Definition 3 hold because, for any atomic

interval M;, it is the case that [ t’”s](t) dt = t’“s’(t)dt

and furthermore by definition, the interior of M; con-
tains no release time or deadline. Property (iii) follows
directly by the definition of EDF. O

Figure 1 illustrates the method applied in the proof
for instances I’ =((0,0),(1,2),(1,2)) and I={(0,0),
(1,2),(1,2),(2,2)) €a(l’). Here, breakpoints ty, t1, and ¢,
are indicated with dashed lines.

Figure 2 gives an example showing that the converse
statement to that of Lemma 1 is not true. It shows an
instance I = (T, d, 1_5,2), the corresponding instance I,
and a feasible schedule s’ for DS instance I’, for which
no feasible schedule for I with the exact same speed
profile Pry exists. Moreover, even if given a speed pro-
file Pr; corresponding to a feasible schedule s, EDF does
not necessarily result in a feasible schedule, even if it
respects job-specific maximum speeds. See Figure 3 for
an example of this phenomenon. The above lemma
implies the following corollary.

Corollary 1. The intensity of an optimal schedule s for
DSL instance I = (¥, d,p, £) is at least as high as the inten-
sity of an optimal schedule s" for the corresponding DS
instance I’ = (r,d, p), that is, F(s) > F(s’).

3.2. Optimality Conditions
In this section, we provide a convex programming for-
mulation for the considered offline EV scheduling

Figure 1. (Color online) Transformation Applied in Proof of
Lemma 1

jlri d; p; ¢
110 1 1 2
20 2 2 2
2/\ | : 21\ | :
2 | ! D3 '
:.;1 ; 53;1 | ;
% i 7 % i 4
Time Time
Schedule s Schedule s’

Figure 2. Example of a DSL Instance for Which the Optimal
Speed Profile Differs from That of the Corresponding DS
Instance Under Objective Function (2) with o =2

jlri d;i pi ¢
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211 2 2

A A

NSNS

Speed
Speed

1

1t 1 2
1

0

O \
o 1 ¢
- Time N

p,¢) Optimal for (7, d, p)

0 1
Time

Optimal for (7,

) N

problem to derive necessary and sufficient optimality
conditions. To this end, we extend the mathematical
program given in Bansal et al. (2007).

First, we introduce some additional notation for the
offline model. For a given atomic interval M;, we denote
by J(i) the jobs that are available in interval M;, that is,

J@)={je Tl < 1) A (tia < d))}.

Similarly, for a job j € 7, we define by 1(j) the set of
indices i for which job j is available in interval M;.
Finally, as atomic intervals are in general not unit sized,
we introduce maximum work limits pj™ = {;|M;| per
job j and interval M;.

As decision variables, let p; ; be the work scheduled for
job j during atomic interval M;, that is, p; ; = f . si(t)dt,
where schedule s is yet to be determined. Given those p;, i
values, a schedule s follows naturally by scheduling job j
at speed pi/]./ |M;| throughout M;. Therefore, decision
variables p;; naturally correspond to a discretized EV
charging schedule where all s;(t) are step functions, that is,
the speed between two breakpoints is constant. More-
over, note that by Jensen’s inequality (Jensen 1906)

_ [ [iPrg(t)dt fist _

F ( )Ml / FPr()dt, (4
i t;

Figure 3. Example of an Instance Where Epr Results in an

Infeasible Schedule for a DSL Instance Even When Respecting
Speed Limits

jlri di py ¢
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2
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for any schedule s and atomic interval M;. Furthermore,
by additivity of the integral, we may consider the inten-
sity function F per atomic interval. Therefore, the right-
hand side of (4) is M;’s contribution to the intensity of
the schedule according to schedule s. Furthermore, the
left-hand side of (4) gives the intensity of a schedule

that has constant speed | :”Pfs(t) dt/|M;| throughout

M,;. Because by strict convexity of F, the optimal speed
profile of an instance is unique, this implies that the
optimal speed profile is constant within atomic inter-
vals. Because we do not consider vehicle-to-grid appli-
cations in this work, we require that p; ; > 0. Together
with the feasibility conditions for DSL introduced in
Section 2, we summarize the mathematical model for
DSL as follows:

Z Pij 2 Pj

i€] 1))

vieJ, (5a)

pij=0 VieJ,ie] (i), (5b)

PSP Viediel ). (5o

Note that these constraints are the same as those used
by Bansal et al. (2007) (up to notation), extended by
Inequality (5¢c), which models the job-specific speed
limits.

From a grid perspective, the aggregated power level
resulting from an EV schedule is of interest. For a given
schedule, the average aggregated speed in atomic inter-
val M; is givenby > e/ pii/ | Mil-

Next, we consider the Karush-Kuhn-Tucker (KKT)
conditions corresponding to the problem. Generally,
for a convex program

min  ¢(x)
st. P (x) <0 k=1,...,N,

with differentiable functions 1,, they are expressed
using the KKT multipliers A associated with 1),. These
necessary and sufficient conditions for optimality of
solutions x and A (Boyd and Vandenberghe 2004) are

Y (x) <0 k=1,...,N, (6a)
Ae=>0 k=1,...,N, (6b)

Akp(x) =0 k=1,...,N, (6¢c)

N
Vo) + Y AVi(x) =0, (6d)
k=1

In this section, we consider the general form F of the
objective function as defined in (1). Applying (6) to the
discretized formulation of DSL (5), and introducing
dual variables denoted by ¢; for (5a), Vi for (5b), and

1169
G;j for (5¢c), KKT Condition (6d) leads to
0=VF(s)
+Y 0V = Y P
j=1 i€]1(j)
_Z Z yi,jvpi/f
ie M jej(i)
=D G VR —pi)- )
ie M jej(i)

First, note that F(s) is the integral of a strictly convex
and increasing function F of the aggregated speed pro-
file and that the optimal speed profile is constant within
atomic intervals and assumes value Trs; /IM;|. On

top of that, by additivity of the integral in F, decision
variable p; ; only effects the part of the schedule’s inten-
sity associated with atomic interval M;. In the follow-
ing, we use this fact to gain insights on speed levels of
atomic intervals based on an analysis of the compo-
nents of the gradient in (7) with respect to p; ;. Note that
the component of this gradient that corresponds to the
partial derivative with respect to p; ; is

_oF
Ipij
We analyze Condition (8) for components corre-

sponding to partial derivatives with respect to p; ;, where

job j € J(i). We consider three cases in our analysis.
First, consider 0 < p;; <p{i. In this case job j

0 (S] — )/l-/]» + Ci,j~ (8)

charges in interval 7, but not at full power. Complemen-
tary slackness (see (6¢)), now implies that p; jy; ; = 0 and
(pi,j — Pi)C;,; = 0. In the considered case, this implies
thaty, ; = C;; = 0. Therefore, (8) simplifies to

JF
0=—6+-2
" o,
JF
=0 = . 9)
1 opi,

This shows that the dual variable 6; is the derivative of
the intensity function F with respect to p; ;. Because o;
does not depend on i, if there is another atomic interval
i €]71(j) where 0 <p;; <pi"¥, we have JF/dp;;=
JF /dpy ;. Substituting with the definition of F (cf. (1))
and using additivity of the integral and the fact that the
aggregated speed outside of M; is independent of p; ;,

this yields

Oy F(Pry(t))dr) _ a(J, F(Pry(t)) dt)
&pi,]‘ &py,j '

Note that previously we derived that the aggregated
speed within atomic intervals is constant. Therefore, we
may substitute Pr(t) by >, pi, k/|M;| on domain M; of
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the integral and find that

M| /(i) : |M,v|8<li (S)) .

Wi j

Here, we consider the numerator to be a composition of
functions. By applying the chain rule, we find that

d(F) <Zk Pi,k> _ d(F) (Zk Pf',k>
Ipii \ Ml api; \ M| )’

where we now evaluate the partial derivatives of F in
Y okPik/IMi| and >, pi k/|My |, respectively. By strict
convexity of F, we conclude that >, p; ¢/ IM:| = >, i x/
My |; that is, the aggregated speeds of any such two
intervals M; and M; where job j charges at a rate strictly
between zero and its power limit are the same.

Next, consider the case where 0 =p;; < pii™. Com-
plementary slackness gives (; ; = 0, leaving us with

JF
0= *(5] +7api/]‘ — Vi,j
JF
<:>')/l-,]»= —(%‘f‘% (].O)

Using nonnegativity of y, ; (see (6b)), it follows that
dF /dp; ;> 0;. As above, 9; is independent of i and char-
acterizes JF/dpy ; for intervals with index i’ where
0 < pw; < pii™. Using the same arguments as above
and the fact that the derivative of a strictly convex and
increasing function is increasing, we conclude that the
aggregated speed during interval M; where by assump-
tion job j does not process at positive speed is at least as
high as during intervals where job j does process at a
(positive) speed below its maximum.

Lastly, consider the case where 0 < p; ; = pj7*. Com-
plementary slackness gives us y, ; = 0, leaving us with

JF

0 = _6]'+%+Ci,j
JF

Applying similar reasoning as in the previous cases
and considering that the signs in the right-hand sides of
(10) and (11) are reversed, we conclude that the speed
in any interval M; where job j is executed at maximum
speed is at most as high as during intervals where j
is available and is either processed at a (positive)
power below its maximum or is available and not pro-
cessed at all.

From the above analysis, the following necessary and
sufficient conditions for a schedule to be optimal
follow.

Condition KKT1. The aggregated speed in all inter-
vals where j is scheduled but does not reach its speed
limit is the same.

Condition KKT2. The aggregated speed in inter-
vals where j could but does not run is at least as high as
in intervals where j actually runs.

Condition KKT3. The aggregated speed in inter-
vals where j runs at maximum speed is smaller or equal
than in intervals where j runs below its speed limit.

The first two conditions are similar to those derived
by Bansal et al. (2007), whereas the last results from the
addition of job-specific speed limits.

In Section 3.4.2, we show that the output of the FOCS
algorithm introduced in Section 3.3.2 is a feasible sched-
ule that satisfies said conditions. For such a schedule,
we can solve System (9), (10), and (11), proving optimal-
ity of the derived primal solution.

3.3. Offline Algorithm Using Flows

In this section, we present an iterative offline algorithm
to determine an optimal schedule for DSL instances,
minimizing the integral of an increasing and strictly
convex function of the aggregated speed profile. First,
note that, because of the convexity of the objective func-
tion and the finite number of release times and dead-
lines, the aggregated speed profile of any optimal
solution is a step function. Moreover, the aggregated
speed within any atomic interval M; is constant for
such a schedule. Similarly to YDS, the algorithm pre-
sented here uses the notion of critical intervals. These
intervals are exactly those intervals that in an optimal
solution require the highest aggregated power. For-
mally, these intervals are defined as follows.

Definition 5 (Critical Intervals). An atomic interval M; is
critical if for any optimal schedule s its average aggre-
gated speed (1/|M;]) [ :,"” PF;(t)dt is larger or equal to
the average aggregated speed (1/|My]) t“ PF,(t)dt

for any i’ € M.

Note that there may be multiple critical (atomic)
intervals. Furthermore, one major difference with criti-
cal intervals as defined for YDS is that jobs do not have
to be fully contained within a (set of) critical interval(s)
in order to be scheduled there. This difference with
YDS follows from the job-specific speed limits. The
speed profile that YDS assigns to what they call a criti-
cal interval when solving DS instances is not necessarily
feasible in DSL, the setting with speed limits (Figure 2).
Compared with YDS, determining critical intervals and
their power level is more involved. In the algorithm
presented in Section 3.3.2, determining critical intervals
is based on the computation of multiple maximum
flows. To be able to compute the flows and to keep track
of the developments over the iterations of the proposed
algorithm, we follow the DSL notation introduced thus
far and introduce some additional notation.
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3.3.1. Flow Formulation. For the proposed algorithm,
we use a network G = (V, D). The network is initialized
as follows (Figure 4). The vertex set V consists of source
and sink vertices vy and v;, as well as two sets of vertices
representing job vertices and atomic interval vertices,
respectively, thatis, V = {vg,v;} U J U {M;|i € M}. Fur-
thermore, the edge set D consists of the union of the fol-
lowing three sets:

Dy ={(vo,))|j € T}
Di={(,M)ljeJ,ie] ()}
Dy ={(M;,v)|i € M},

with respective edge capacities

Po ifu=vy, veJ
o= 4 PI ifued, v=M, ie] \u).
Sri() fueM, v=uyv

Note that the function g, x is not defined yet. The algo-
rithm works with rounds (indexed by r), each of which
executes iterations (indexed by k). Intuitively, g, x is a
lower bound on the flatness of the aggregated speed
profile. It varies over the execution of the algorithm and
is discussed in more detail in Section 3.3.2.

Given a flow fin network G, we denote the flow value
as |f] and call an edge (1, v) saturated if f (u,v) = c,,,,. Note
that a flow in G corresponds to an EV schedule. Here, a
job j is scheduled to process f(j, M;) units of work in
interval M; or equivalently an EV j charges f(j, M) in
interval M; and the capacities on edges in D; model the
job-specific speed limits. Furthermore, any flow for
which the edges in D are saturated corresponds to a
feasible EV charging schedule and the flow through D;
models the aggregated speed in the atomic intervals of
the charging schedule corresponding to f. Note that the
capacities and flow through D; are expressed in terms of
the aggregated work processed. By normalizing for the
length of each atomic interval, we can deduce the aggre-
gated speed profile. Based on this correspondence, we

Figure 4. Schematic of Flow Network Structure of DSL

Note. Edge annotations denote edge capacities.

may use the network structure to not only derive a feasi-
ble, but an optimal schedule for objective function F(s).

3.3.2. Algorithm Formulation. In the following, we use
network G defined in Section 3.3.1 to derive an iterative
algorithm that gives an optimal schedule and power
profile for (aggregated) EV charging with objective
function F(s) = |, 50 F(Pry(t)) dt where F is strictly convex
and increasing (cf. (1)).

Before going into detail, we provide some intuition
and a rough overview of the workings of the algorithm.
Intuitively, the edge set Dy can be interpreted as the
processing work of the jobs. For any feasible DSL
schedule, those demands have to be met. The flow
through edge set Dy, on the other hand, is what we are
trying to determine: the schedule itself. For any interval
node M;, the incoming flow corresponds to the load
scheduled in that interval. In particular, f(j, M;) is the
work processed for job j in interval M;. Whereas the
capacities of edges in Dy and D; are determined by
the instance, edge capacities of edges in D; are not.
However, the flow through D; directly corresponds to
the value of the objective function. Therefore, the algo-
rithm presented in this section defines edge capacities
for Dy such that they are a lower bound on the highest
aggregated speed contributing to the objective function,
that is, a lower bound on the outgoing flow of nodes
M;, where M, is a critical interval. If given those capaci-
ties, we find a maximum flow that saturates all edges in
Dy, we have found a feasible solution with this maxi-
mum speed and use this to determine the partial sched-
ule for any critical interval M;. This partial schedule
corresponds to the incoming flow at each such node M;.
Conversely, we adapt the lower bound and repeat the
process until we do find such a maximum flow and par-
tial schedule.

In Figure 5, we provide a rough outline of an algo-
rithm that exploits the bottleneck function of the critical
intervals. In both the algorithm formulation and analy-
sis, we distinguish between iterations and rounds of the
algorithm. In Figure 5, a new round starts every time
that Algorithm 1 is called. To determine a (set of) critical

Figure 5. Schematic Overview of Focs

(" Algorithm 2:

Algorithm 1:
Determine
critical interval(s)
and associated
schedule

Fix schedule
for critical
interval(s)

A

No | All work Yes
Reduce problem H scheduled? P

)




Downloaded from informs.org by [216.73.216.38] on 16 June 2026, at 17:46 . For personal use only, all rights reserved.

1172

Winschermann et al.: Relating Electric Vehicle Charging to Speed Scaling

Operations Research, 2026, vol. 74, no. 3, pp. 1165-1186, © 2025 The Author(s)

interval(s) (see Definition 5), we may require multiple
iterations in which we adapt the lower limit. Given the
dynamic nature of this lower limit, we denote it as g i,
where r and k denote the current round and iteration,
respectively. At the end of a round, we have deter-
mined a (set of) critical interval(s). We determine the
schedule for those intervals to be the incoming flow at
the corresponding interval nodes. For noncritical inter-
vals, there is no schedule yet. Their schedules will be
determined in the next rounds. In that fashion, we will
construct a schedule for the entire instance. To keep
track of what has yet to be scheduled, we introduce the
notion of active intervals. At the beginning of a round,
interval M; is active if it has not yet been scheduled (i.e.,
has not yet been critical) in previous rounds. Let M, be
the set of indices of active intervals, which we initialize
to be all atomic intervals, that is, M, = M.

The first iteration of the first round goes as follows.
Given that we have to schedule a certain amount of
energy and that the objective function is increasing, the
most optimistic lower bound on the aggregated power
is a constant profile over all intervals. Therefore, we ini-
tialize the capacities of the edges in D; by

g1,1() = Lz(j:/ltf;

which is the aggregated energy charged in atomic inter-
val M; given that in all intervals the same aggregated
charging power is used, and all energy requirements
are met. In that way, the edge capacities of D; act as
lower bounds to the highest aggregated power level.
They are dynamic and will be increased over iterations.
Given the capacities, we determine a maximum flow
f1,1 for this instance. If the flow value |fi,1]| of fi,1 is
Z}Ll pj, we have found a feasible schedule, and all
active intervals are critical. If not, then there is at least
one nonsaturated edge (M;, v;) with M; an active inter-
val. We call the intervals corresponding to such edges
subcritical. Note that those intervals will not be critical
in this round. We therefore temporarily remove them
from the set of active intervals and add them to what
we call the collection of parked intervals M,. At the
beginning of each round, this collection is initialized to
be empty. This is the end of the first iteration.

From here, we structurally increase the edge capaci-
ties of edges in D; and again compute a maximum flow
until all edges in Dy are saturated, and we find a feasi-
ble EV schedule. To this end, first note that after the first
iteration,

|Ml| Vi € Ma,

n n
> ewi— 1Al =Y pi— Al >0,
j=1 j=1

if there were subcritical intervals. In particular, this
means that there are jobs j for which additional work
still needs to be scheduled. Among the interval vertices,

the only candidates for additional flow are those
vertices M; for which edge (M;, v;) was saturated in fj 1,
that is, the remaining active intervals. Keeping the
objective in mind, we therefore proportionally increase
the capacities at the remaining active intervals to

>imapi— 1fial
L(M,)

We repeat this process until we find a flow with flow
value Z]’?:l p;. Such a flow leads to a feasible EV sched-

ule for which the maximum aggregated power is mini-
mal. Say this happens after K; iterations. The remaining
active intervals in that iteration make up the set of criti-
cal intervals in the corresponding round. In Figure 5,
this case corresponds to the first time we leave the box
of Algorithm 1 and move on to fix parts of the schedule
we aim to compute.

We generalize the steps discussed thus far to an arbi-
trary round r and iteration k with 1 < k < K, — 1, where
K, is the number of iterations in round r. This yields

27:1 Cog,j
L(M,)

Z}’Z:l CU(],j - |fV,k|
L(M,)

g1,2(0) = g1,1(1) + |M;| Vie M,.

gra(i) = | M| Vie M,

Sr ka1 (1) = g i (@) + IM;| VieM,,

given that flow f; j is the maximum flow in round r and
iteration k and that between iterations active intervals
and flow networks are updated. We end the round when
we find a maximum flow with flow value Z}Ll Cap,j-

After each round r, we fix the part of the schedule
associated with the critical interval(s) (top right box in
Figure 5) to correspond to the flow incoming at the
respective (critical) interval nodes and reduce the
remainder of the problem by constructing a new net-
work G, (bottom left box in Figure 5) as follows. First,
we exploit the acyclic topology of the network to define
a flow f; |y, of the determined maximum flow f,, where
M; = {i e M|M;iscriticalinround r} is the set of indices
of critical intervals and

f(Mi, Ut) ifie M:
fr|M;(Mz',Ut) = {

0 otherwise

fG, M) ifieM,
.ﬁ|M;(eri):{

0 otherwise

fr|M;(UOrf) = Z fr|M,(]rM1)
i)
Note that this definition backpropagates flow from the
sink to the source. Intuitively, f;|,; denotes the flow
that goes through critical intervals. In the YDS sense,
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frlam:(vo,j) is the critical load of job j in round r. Now,
Gy41 is the network obtained by removing edges (M;, v;)
with i € M; from G, and updating edge capacities to be
¢u,o — fr|m: (1, 0). From here, we start the next round of
the algorithm and initialize a new flow f,.1,1. For con-
vergence, between iterations within a round, we simi-
larly construct G, 41 based on the subcritical flow
fr,klm,- Alternatively, we can require for k> 1 that we
initialize flow f, 41 with f, y and augment it to a maxi-
mum flow using for example shortest augmenting path
algorithms.

The optimal flow output by the algorithm is
f=>_frlm:- Implicitly, we use that augmenting paths
in future rounds will not reshuffle the already deter-
mined subschedule induced by the critical intervals.
We will come back to that in Lemma 4. For more infor-
mation about augmenting paths and their relation to
maximum flows, please refer to Edmonds and Karp
(1972).

The algorithm to derive a feasible schedule within a
round is summarized in Algorithm 1. This algorithm is
then embedded in the global algorithm (Algorithm 2)
described in this section, outputting a flow f corre-
sponding to an optimal EV charging schedule. We refer
to this algorithm as FOCS. To illustrate, Figure 6 dis-
plays both the flow and aggregated power profile of an
example instance over the rounds and iterations of the
algorithm. Here, the first three flows display f, x,
whereas the last flow is the optimal flow f. In the respec-
tive power profiles corresponding to the flow-induced
schedules, shaded intervals are parked, and solidly
shaded intervals are critical. In general, maximum
flows are not unique. To illustrate that, the first flow is
deliberately chosen such that the flow through (1, M;)
differs from that through (1, M3). Note how the optimal
power profile in the bottom graph is a sum of the sol-
idly shaded components at the end of each round of the
algorithm. Note that Step 10 in Algorithm 2 can be
reformulated as a recursion by calling FOCS (G, ).

Algorithm 1 (Round)
Input: G,, r, M,
Output: feasible flow f,, critical sets M
Initialize: M, =@, k=0, G, =G,
CM;, 0 = gr,k(i) Vie M,
Determine a maximum flow f;
M, = M, U {i € M,|i subcritical in f, \}
My =M\ M,
if |fr,k| = Z]]Ll Cop,j then
return f, = f, , M; = M,
else
Gy k+1 = Gk with capacities reduced by f, x| M,
and vertices M; removed for subcritical M;
10:  k=k+1 and repeat from Step 2
11: end if

Figure 6. (Color online) Intermediate States of Focs for an
Example Instance Tracked over Rounds and Iterations

9 ke= p—— %
81677 | o
[77]

. 7
1. 2 §
Time

Round 1 Iteration 1

0

Time .
Round 1 Iteration 2

A

3
=1 - g2.1
wi

Time
Round 2 Iteration 1

Algorithm 2 (FOCS)
Input: G
Output: optimal flow f
1: Initialize: M, =M, M, =0,r=0,G, =G, f
2: f,, M; = RounD(G,, 1, M,)
3: My=M;\M;
4 f=f+frlm
5: G41 =G, with capacities reduced by f;| M and
vertices M; removed for i € M,
r=r+1
: if M, = O then
return f
else
Repeat from Step 2
end if

e A

1
1
3.4. Algorithm Analysis

In this section, we analyze FOCS, the algorithm pre-
sented above. In particular, Section 3.4.1 shortly
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discusses its time complexity and properties, after
which its optimality is proved in Section 3.4.2.

3.4.1. Properties and Time Complexity. In this section,
we discuss some properties and lemmas that apply to
the flow model and algorithm. In particular, we estab-
lish some building blocks that enable us to prove opti-
mality of the algorithm in Section 3.4.2.

Lemma 2. If an instance has a feasible schedule, FOCS ter-
minates and outputs a feasible schedule. Its time complexity
is bound by O(n®u), where O(u) is the time complexity of
the used maximum flow algorithm.

Proof of Lemma 2. First, we argue that FOCS termi-
nates and analyze its time complexity. We do this by
arguing that the number of iterations in Algorithm 1,
and the number of rounds in Algorithm 2 calling
Algorithm 1 are finite.

Any feasible schedule s can be directly translated to
a feasible flow for G, by sending |, :i"” sj(t)dt units of
flow through edge (j, M;) for each job j and i €J~1(j).
The flows through edges in Dy and D; follow directly
by flow conservation. Therefore, there exists a maxi-
mum flow for the input to Algorithm 1 that saturates
all edges in Dy. The algorithm (and therefore the cur-
rent round) finishes once the if condition in Step 6 is
satisfied, that is, if we find a maximum flow that satu-
rates all edges outgoing of sink node vy when using
edge capacities g, for the network. If Step 6 is false,
there exists at least one subcritical interval M; for
which the flow through (M;, t) is strictly below capac-
ity g, k(7). In each iteration, at least one such interval is
removed from the network, until g, x is increased suf-
ficiently to find a maximum flow satisfying the if con-
dition. The number of intervals is finite, and therefore
the number of iterations in Algorithm 1 is finite. In
particular, we can bound this number to at most 2n — 1
iterations per round, based on the fact that the number
m of atomic intervals is bound by the number of jobs j,
implying that m < 2n. Note that there are efficient algo-
rithms available to solve maximum flow problems, for
example, Ford and Fulkerson (1956), Edmonds and
Karp (1972), Dinitz (1970), and Karzanov (1974). Fur-
thermore, a comprehensive overview of traditional
polynomial time maximum flow algorithms is given by
Goldberg and Tarjan (1988). Denoting their time com-
plexity by u, we find that Algorithm 1 has a time com-
plexity of O(np).

As at the end of each round at least one interval is
critical and therefore removed from M,, the finite
number of intervals implies that the if condition in
Step 7 of Algorithm 2 is satisfied after at most 2n —1
rounds and hence FOCS terminates. This implies that
the time complexity of FOCS is bound by O(1?p).

Note that the time complexity for the EV charging
setting may be reduced further by exploiting the under-
lying structure of EV charging schedules and by con-
sidering the decrease in network size over the rounds
of the algorithm. In particular, we may initialize the
flow of any iteration with the flow found in the previ-
ous iteration of the same round. Furthermore, there are
maximum flow algorithms that are cubic in the number
of nodes (Goldberg and Tarjan 1988). As the largest
flow network that is considered in FOCS (the network
in the initial round) has n+m+2 < 3n+2 nodes, a
rough upper bound of the time complexity of maxi-
mum flows in FOCS is given by p < n°.

Finally, feasibility of the output follows from the
defined edge capacities of the considered network.
Following the order of DSL feasibility conditions
listed in Definition 1, we conclude the following.

i. Every job j is fully processed within its availability
since by flow conservation the exact amount of work
done per job within its availability is the flow through
edge (vo,j). The algorithm only terminates once that
edge is saturated, that is, if f (v, ) = p;.

ii. Anedge (j,M;)isin D, if and only if j € J(i). There-
fore, assuming the default value is zero, all decision
variables e; ; for which i € M\ J7(j) are zero, implying
that the speed of j outside its availability is zero.

iii. Each job respects its speed limit by the capacities
defined for edges in D;.

Therefore, the output of FOCS is feasible. O

Next, we extend on the concept of work transferabil-
ity as described by Antoniadis et al. (2017) to integrate
job-specific speed limits.

Definition 6 (Work Transferability). If for a given sched-
ule and atomic intervals M; and My, there exists a job
j€]J(i) N J(i’) such that p; ; > 0 and py ; < i, we state
that the work-transferable relation i — i holds. Fur-
thermore, let » be the transitive closure of —.

Intuitively, if we have work transferability from one
atomic interval M; to another atomic interval M;, then
we can transfer some work that was scheduled during
M; to My. In EV charging terms, this implies that we
can advance or delay some charging from one period in
time to another. Applying the concept to flows, we can
make the following statement.

Lemma 3 (Work Transferability in Flows). For a given
schedule and atomic intervals M; and My, we have i — 1’ if
and only if there exists a path (M;,j,My) in the residual
graph corresponding to the schedule, where j€ J. Simi-
larly, we have i-i" if and only if in the residual network
corresponding to the schedule there exists an (M;-M;») path
through interval and job vertices only.

Proof of Lemma 3. We show only the first statement as
the extension follows naturally using concatenations of
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paths. Assume that i — 7’. Then there exists a job j such
that j € J(i) N J(i’) with p;; >0 and py,; < p;'3*. The for-
mer implies that edge (M;,j) exists in the residual
graph. As ¢;m, =pr,; < pi'7, edge (j,My) is in the
residual graph. This proves existence of path (M;,j, M;)
in the residual graph.

For the opposite direction, assume the existence of a
path (M;,j,My). Because jeJ, we know the edge
capacity ¢ju, in the original network to be pj'5. The
existence of the edge in the residual graph implies that
for the flow going through this edge that is defined by
the schedule to be py ;, we have py; < p;™. Further-

more, existence of edge (M;,j) in the residual graph
indicates positive flow through (j,M;) in the original
network, implying p; ; > 0. From the presence of both
edges, it follows that jeJ(i))NJ(i’), proving that
i—i'. O

Figure 7 illustrates the concept of work transferabil-
ity. Here, dashed edges are those that are not in the
original network but might be present in the residual
network. Lemma 3 translates work transferability to the
existence of paths oscillating between the interval and
job layers in the residual network.

Next, we consider two lemmas that have a more
direct relation to the algorithm.

Lemma 4 (Isolation of Critical Intervals). If M; is a critical
interval in round v and if the round consists of multiple
iterations whereby My was subcritical in one of those itera-
tions, then there is no work-transferable relation between i
and i’ in the schedule corresponding to the flow at the end
of round r, that is, i-»i" with respect to flow f,.

Proof of Lemma 4. We prove the lemma by construct-
ing an augmenting path (Figure 8). Assume in round r
interval My was parked in iteration k and let f,  be the
flow at the end of iteration k. Because M; is subcriti-
cal, we have |f, | < Z;?:l p;, implying that for the next
iteration the lower bound g, ; will be increased to

2}11 Coo,j — |fr,k|

L) M

Vi"” € M,.

Sri1 (i) =g k(i) +

Figure 7. (Color online) Work Transferability Represented in
Flows

®

\

®

o

Figure 8. (Color online) Augmenting Path in Proof of

Lemma 4
O
() P ()

By criticality of M;, the interval is active at the end of
the iteration, implying g x+1(7) > g «(i). Furthermore,
criticality implies that there is no iteration in this
round where M; is subcritical. Combing those facts,
the flow through (M;,t) increases in iteration k+1
compared with iteration k. This is only possible if
there is a job j such that (v,j) is not saturated and
there exists a (j-M;) path P in the residual graph. Fur-
thermore, note that because M; is being parked in
iteration k, edge (My,t) is not saturated and therefore
exists in the residual graph. Now, assume i-i’. By
Lemma 3, there exists an (M;-M;) path P’ that passes
only through job and interval vertices. This implies
that P” = (vg, P, P’,v;) exists in the residual graph and
contains an (vp-v;) path, proving existence of an aug-
menting path in f, ;. This contradicts maximality of
the flow, implying i=i". O

Intuitively, this lemma says that we cannot push any
charging from (high power) critical intervals to (low
power) subcritical intervals. This is in line with the
notion of critical intervals as introduced for the YDS
algorithm and will be a key element in the optimality
proof in Section 3.4.2. Furthermore, this particular
lemma justifies that we fix the schedule of critical inter-
vals at the end of each round.

For the next lemma, we first introduce the notion of
ranks.

Definition 7 (Rank). The rank r(i) of an atomic interval
M; is defined as the round r(i) in which M; was criti-

cal, thatis, i€ M:(l.).

Lemma 5 (Monotonicity). For the schedule corresponding
to output flow f of algorithm FOCS and atomic intervals
M; and My where 1(i) < r(i"), the aggregated power in M,
is strictly larger than in My, that is,

f(M;, t) >f(Mi'/vt)
| M| | My |

Proof of Lemma 5. We prove the lemma by contra-
diction, whereby we consider flows at the end of
rounds. Let interval M; be the lowest ranked interval
such that its aggregated power level in the flow out-
put by the algorithm is larger than that in intervals
with rank r(/) — 1. As the algorithm does not change
schedules at critical intervals, this already occurs at
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round r(i) itself. Given that M; was subcritical in the
previous round, the speed level for M; increased. In par-
ticular, there is a job j for which the speed during inter-
val M; increased compared with the previous round.
Furthermore, we know that the flow through (j,M;) is
positive in round r(7), implying that edge (M, ) is in the
residual graph. However, applying Lemma 4 to the pre-
vious round, the amount of work scheduled for job j
remains the same. Therefore, there is an interval M; for
which the flow through (j,M;) decreased compared
with the previous round. As a consequence, the flow in
round r(i) does not saturate the edge, implying that
edge (j,My) is in the residual graph. Combining these
findings, the path (M;,j,My) is in the residual graph,
implying i — 7/, and thus contradicting Lemma 4. O

The lemma shows that the average aggregated speed
of atomic intervals is decreasing in their rank. There-
fore, critical intervals as determined using the method
presented in this paper share the monotonicity prop-
erty known for YDS for corresponding DS instances.
We first find those intervals with the highest intensity,
and then iteratively determine the next highest speeds.

We also note that, similarly to YDS, the power profile
output by FOCS is unique if the objective function is
strictly convex. However, this does not necessarily
apply to the schedule.

3.4.2. Optimality Proof. In this section, we prove that
Algorithm 2 as described in Section 3.3.2 computes a
solution s that is optimal under objective function F(s).
To this end, we first prove some auxiliary lemmas that
show compliance with the sufficient conditions derived
in Section 3.2.

Lemma 6. The output of Algorithm 2 complies with Con-
dition KKT1.

Proof of Lemma 6. If in the final output of the algo-
rithm there are two distinct atomic intervals M; and
My such that for job j we have 0 <p;;/|M;|=
pr,j/ IMi| < ¢;, then by definition of work transferabil-
ity, we have i —» i and i’ —i. By Lemma 4 and the
strict monotonicity in Lemma 5, this implies that the
aggregated speed in both intervals is the same. O

Lemma 7. The output of Algorithm 2 complies with Con-
dition KKT2.

Proof of Lemma 7. Let i € ]7'(j) be such that p; ; = 0 in
the output of the algorithm. Assume that there is an inter-
val My withi # i’ and i’ € J1(j) for which the aggregated
power in M is strictly greater than in M;, that is,
2}1:1 pii/IMi| < 27:1 pr,i/ IMy|. By Lemma 5, we have
r(i’) < r(i), implying by Lemma 4 that i»i. Applying
the definition of work transferability, it follows that
pr,j = 0, proving compliance with Condition KKT2. O

Lemma 8. The output of Algorithm 2 complies with Con-
dition KKT3.

Proof of Lemma 8. Let job j run at maximum speed in
M; in the schedule found by FOCS. Assume that there
is an interval M, with i #i and i’ € J"1(j), such that
the aggregated speed in M; is strictly greater than in
My . By Lemma 5, we know that r(i) < r(i’"). Therefore,
by Lemma 4, there is no work-transferable relation
between i and i’ (i-"). From the definition of work
transferability, it now follows directly that p; ; > p?ﬁ",
proving compliance with Condition KKT3. O

Combining all discussed above, we conclude opti-
mality of the algorithm output.

Theorem 1 (Optimality). For any feasible input instance,
the schedule produced by Algorithm 2 is an optimal solu-
tion minimizing the integral of any strictly convex and
increasing function of the aggregated output powers.

Proof of Theorem 1. The proof follows directly from
the KKT conditions derived in Section 3.2, the inher-
ent feasibility of the output and Lemmas 6-8. O

To summarize, this section considered the offline DSL
problem, applicable to EV scheduling in Mrc settings. In
particular, we analyzed the relation between solutions
of DSL instances and their corresponding DS instances.
Furthermore, we derived necessary and sufficient opti-
mality conditions for DSL schedules and presented an
offline algorithm that determines an optimal schedule in
O(n?u) time where O(u) is the complexity of an efficient
maximum flow algorithm. Lastly, we provided proof of
the optimality of the output of the algorithm.

4. Online Scheduling

As discussed in the Introduction, Mprc is a much-
deployed framework for coordinated EV charging,
especially due to its usability to bridge data gaps. How-
ever, it is an interesting and important question to ask
how close to an optimal solution such frameworks can
get, and in particular, how close to optimal an Mrc, or
intraday controller, can get, assuming perfect knowl-
edge on an EV’s characteristics upon arrival. Note that
in that case, the model component of the Mrc was
clairvoyant.

Also from a theoretical point of view, considering
DSL in an online setting is a natural next step. There-
fore, in this section, we are interested in schedules con-
structed online, that is, schedules where jobs are
released one by one, and the algorithm only gets to
know their characteristics at their respective release
times.

4.1. Preliminaries Online Algorithms
We define the online variant of a job scheduling prob-
lem to be such that the existence and characteristics of
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jobs become known at their respective release times. In
this section, we analyze online algorithms for DSL in
terms of their respective competitive ratio.

Definition 8. Given a deterministic algorithm ALG that
for any DSL instance I € Zps, determines a feasible
schedule s*(I), and given an optimal solution s*(I),
the competitive ratio of the algorithm is defined as
E SALG I
= ey
€Lpst

The definition carries over to DS instances.

(12)

Two classical online approaches for DS are Avr and
OA (Yao et al. 1995). Given the connection between
DSL and DS, we first provide a short description of
those two algorithms, before relating them to DSL.

4.1.1. AVR. AVR for DS works in two steps. First, upon
release, job j is scheduled at speed p;/(d; —r;) through-
out its availability; that is, each job is scheduled at the
constant speed corresponding to the average speed it
needs to complete its work between release time and
deadline. The resulting schedule may not be feasible for
DS because jobs may run simultaneously, but it gives a
useful initial speed profile. Therefore, in a second step,
EDF is applied using the speed profile resulting from
the initial schedule.

4.1.2. OA. OA reoptimizes the remaining problem
instance each time a new job is released. In particular,
let s be an optimal schedule for jobs J ={1,...n} and
instance I =(7,d,p ). Let ¥’ be the first point in time
where a new job 1 +1 is released. We then define the
remaining instance at point ¢’ according to schedule s as

I = (17’ ,j’ ,;;’ ), where

ri=t ViegJu{n+1}
4 =d; Vie JUu{n+1}
y o p—fsdt ifje s

! P+l ifj=n+1.

For convenience, if a job has remaining workload 0 or if
its deadline is at most t’, we remove it from the remain-
ing problem instance. We now determine an optimal
schedule s’ for I’. The updated schedule 5 for oa at time
t’ is such that

si(t) ifjegnrt<t

5i(t) =4 si(t) ifjeTat>t
shaq(t) ifj=n+1.

Iteratively repeated over the time horizon every time a
new job is released, this results in a schedule s, for OA.

Note that OA may be applied to either DS or DSL,
with the difference being the algorithm applied in the
optimization subroutine. Optimization for DS may be
done by applying YDS, whereas for DSL FOCS is a suit-
able optimization algorithm.

4.2. AVR for DSL

In the following, we discuss the application of Avr to
DSL instances. As remarked earlier, EDF does not nec-
essarily result in a feasible schedule for DSL instances,
even if it follows a profile for which there exists a feasi-
ble schedule (Figure 3). However, because feasible sche-
dules for DSL allow more than one job to be processed
at any time and because assumption (3) holds, we can
adapt Avr to DSL instances by skipping the last step
(therefore not applying EDF) to find a feasible schedule.
In other words, upon release, we schedule any job j at
speed p;/(d; — r;) for the next d; — r; units of time.

We analyze the performance guarantee of applying
Avr to DSL instances by relating the resulting schedules
to those resulting from applying Avr to DS instances
as follows. Assume we are given an instance I=
(r,d,p, ). Let sPSA% be the schedule for I found by
Avr without EDF and let sP5L* be an optimal schedule.
Furthermore, let sPSA® be the schedule for the corre-
sponding augmented DS instance I’ (i.e., I € a(I’)) found
by Avr with EDF, and let s®™* be an optimal schedule
for I'. Note that Pfys,aw =Pfpst,aw, and therefore their
objective values are the same. Thus,

E(SDSL,AVR) — E(SDS’AVR) (13&)
< 2L¥71aaE(SDS'*) (13b)
< 20710 E(sPSh), (13¢)

Here, (13a) follows from the fact that the Avr (respec-
tively, with and without EDF) schedules sP>AVR and
sDSL AR have the same speed profile, (13b) follows from
the known tight competitive ratio for Avr with EDF for
DS instances (Bansal et al. 2007) and Lemma 1, and
(13c) follows from Corollary 1.

Furthermore, we can conclude that the upper bound
on the competitive ratio for Avr without EDF for DSL
instances is the same as the upper bound for the com-
petitive ratio for Avr with EDF for DS instances. In par-
ticular, assume that I’ =(7,d,p) was an instance for
which the inequality in (13b) is an equality. Based on
this, we can construct a DSL instance I € a(I’) by taking
{; = max;PFys,.(t). Then, the energy of the respective
optimal schedules of I and I" are the same.

4.3. OA for DSL

In this section, we adapt the potential function
approach that Bansal et al. (2007) used to analyze the
competitive ratio of OA for DS instances to analyze OA
for DSL instances. In particular, we show the competi-
tive ratio of a® to be tight, where « is the same as in the
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energy function defined in (2). Notably, the competitive
ratio for DS and DSL instances is the same.

First, we remark that, although in each reoptimiza-
tion step of OA, there is a unique aggregated speed pro-
file, the schedule is not necessarily unique. Therefore,
we explicitly note that throughout the upcoming analy-
sis, we consider a fixed (arbitrary) realization of OA.

Next, we introduce some notation, before giving the
potential function, and deriving the competitive ratio.
Let Pro,(t) be the aggregated speed at which OA runs at
time £, and similarly let Pro,(t) be the aggregated speed
at which OPT runs at time ¢, where OPT is an optimal
algorithm leading to an optimal (offline) schedule sup.
Note that these are the speed profiles as realized at the
end of the time horizon and that OA recomputes a
schedule every time a new task is released. Therefore,
for current time £y, we introduce schedule s and corre-
sponding speed Pry(t), at which OA runs at time ¢ > t if
no new jobs are released after ty. Although it holds that
Prs(ty) = Proa(fo), this is generally not the case for f >
because a job may be released in interval (fo, t).

At this point £y, OA may be interpreted to solve a
DSL instance where all tasks have the same release time
to. Therefore, the resulting speed profile Pry(t) for t > g
is a nonincreasing step function. Let ¢; be the first point
in time after ¢y where a step occurs and the speed profile
changes, that is,

b = sup{t > fo|Pr(f) = Pri(to)).

Applying this inductively, we find breakpoints t; for
i >0, such that [t;,t;,1) are the inclusion maximal inter-
vals with constant speed profiles. As Bansal et al.
(2007), we call such intervals critical, and define
M; := [t;,tis1). Note that both criticality and the intervals
M; are being redefined here compared with their use in
their section 3.

We define w,, (t, ') as the work done by OA in interval
(t,#'] that is already available (and unfinished) at current
time to. Moreover, let woa(t,#')/(t' —t) be the density of
interval (¢, ']. We note that this definition of w is different
from the one given by Bansal et al. (2007) to account for
the methods needed to solve DSL. For critical intervals
M;, we can relate this workload to the speed profile by

PFS (t) — wOA(ti/ ti+1)

tiv1 —ti
for te€M;. For notational purposes, we shorten
Wou(ti, ti+1) t0 W, (7) in places where t; and t;41 are clear
from the context.

Similarly to wo,, we define wey(t,t") to be the work
done by optimal schedule OPT in interval (t,#'] that is
already available at current time f;. Note that as
opposed to OA, OPT is aware of tasks that will be
released in the future. Therefore, the speed profile
induced by we; is not necessarily nonincreasing, as
shown in Figure 9. The figure shows the part of the

7

optimal speed profile corresponding to jobs that are
already available. In the middle, there is a valley in the
profile, where the second (not yet available) job will be
scheduled. Moreover, note that the breakpoints deter-
mined based on Pr(f) above do not necessarily align
with changes in speed in the (partial) speed profile of
OPT.

Finally, we define the potential function at current
time t =ty to be

O(t) = aZPFS(ti)a_l(WOA(i) — AWopr(7))-
i20
Note that breakpoints ¢; on the right-hand side of the
formula depend on function input t. Furthermore, note
that the form of the introduced potential function is
similar to the potential function used by Bansal et al.
(2007) to derive the competitive ratio for OA under DS.
The main differences lie in the problem definition and
in the definition of w,, and wey. The proof for DSL fol-
lows the same structure as that for DS presented by
Bansal et al. (2007). However, it is not evident that the
same form of potential function applies to DSL. There-
fore, we work out the details in places where speed lim-
its play a role and include the proof for DSL despite the
similarities.
In the following, we show the following.

Lemma 9. The potential function O(t) satisfies the follow-
ing conditions:

1. Boundary property: ®(t) =0 for any t before the first
release time and for any t after the last deadline.

2. Job release and completion property: At any time t
where a new task is released, or a task is completed by sqpr OF
Soa, the potential function is nonincreasing, that is,

Hm ®(t') > lim d(t). (14)
Iz ar

3. General property: For a time t at which no job is
released, we have

40()

i < a®Propr(1)”. (15)

Pro,(H)" +

Figure 9. Example of an Instance Where the Speed Profile
Corresponding to Available Work w,,, at Time ty = 0 (Profile
of Shaded Area) Is Not a Nonincreasing Step Function

jlri d;i p; ¢
110 3 5 2
211 2 1 2

NN
3
5?1\\
0

2

o

0 1
Time

Note. The dashed line corresponds to the optimal speed profile at the
end of the time horizon.
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Bansal et al. (2010) have previously proven similar
properties for the potential function of another speed
scaling model to derive the corresponding competitive
ratio. The proof of Lemma 9 uses the following lemma
taken from Bansal et al. (2007). We refer to the original
paper for its proof.

Lemma 10 (Bansal et al. 2007, Lemma 3.3). Let q,7,6 > 0,
and a>1. Then (q+06)* (g —ar — (a —1)6) — ¢* (g
ar) < 0.

Proof of Lemma 9. We consider each property
separately.

For Property 1, note that for any t before the first
release, or after the last deadline, there will be no tasks
to schedule for OA, resulting in speed Pr(f;) =0 for
all i > 0. Hereby, ®(t) = 0 for such ¢.

For Property 2, we first consider the case where a
new job is released. Assume task j is released at time
to with deadline d; € M;, requiring an amount x of
work. This release may affect the breakpoints of the
critical intervals. Note that the speed profile Pry(t)
before the release was a nonincreasing step function.
To add a job, we add its associated work to the latest
intervals for which the job is available. We consider
the addition of work in increments; that is, we add
some x” < x of work until one of the following cases
occurs.

e The speed in M; increases to the speed in M;_;. In
particular PF,(t;) = (w(t;, tiv1) + x7) /(tis1 — ti) = PEs(ti1).

e Two critical intervals M; and M;;; merge into one
new critical interval.

e The speed at which job j runs in interval M;
reaches the job-specific speed limit ¢;.

e The interval M; splits into two critical intervals My
and M;~. This may occur due to deadlines that do not
match the already existing breakpoints or due to speed
limits being reached in parts of recently merged critical
intervals.

e The job is completely scheduled (i.e., x" = x).

Because of the speed limits, we have to carefully
keep track of the added work x” thus far, before add-
ing the next part of the work, until the whole amount
of work x is scheduled.

We start with cases that do not change the structure
of critical intervals. Those are the cases where M;
increases to the speed in M;_;, where in M; job j
reaches its job-specific speed limit £;, and where the
remaining work can be scheduled within M; without
triggering any of the other events.

By definition, OA schedules all additional work x’
during M;. Therefore, the only values associated with
OA that change are Pr(t) for t € M; and wo,(i). For the
optimal schedule OPT, no such claim can be made.
Therefore, we denote x;, > 0 to be the work scheduled
for interval My for 0 < i’ < i where ) ,_,x, = x’.

We initially consider the ith term of the potential
function separately. Speed function Pr(t) changes by
X' /(tiz1 —t;) for teM;. To compare the change in
potential function, we denote the new speed as

Wou (1) + X"

— ifteM;

Prg () = { tiv1 — i l (16)
Pry(t) otherwise.

We further note that wo,(i) increases by x’, and wep(7)
increases by x;. That gives a total change of

PFs’(ti)LPl (wOA(i) +x' = a(wor’r(i) + X:))
— Pr(£)* " (Wou (i) — at0or (1)), (17)

for the ith term. In the term for i/ € {0,...,i — 1}, the
values wo,(i") do not change after adding work x’
because the work is added to a different interval,
namely M;. However, wq(i") increases by x},. If we
sum the change for all such i, we find the following
expression:

i—1
D (Pr(t)* (Wou(i') — a(wor (i) + 1))

i’=0
- PFs(ti’)a_l(WOA(i’) — AWepr(i'))
i—1
= ZPFS(t,v)a_l(—OKX,'r/). (18)

i’=0

To show that (14) holds in the release case, we denote
AD(t) = limy,D(t') — limy |, D(t'). We bring all terms
together and conclude

A D(ty) 19)
i—1

= ZPFS(ti/)"‘fl(—ax,’-,) (20)
=0

+ PFs'(ti)ail(wo/\(i) + X — a(Wopr (1) + le))
- PFs(ti)ail(WOA(i) - awow(i))

< Pry ()" (wOA(z') +x—a (wm(z’) + ix,’) ) (21)
7=0

—PEs(£)"* N (wor (i) — awem (i)

= Pry (t)* ! (Worr (i) + X — a(Wopr (ti, tix1) +X7))

—PFS(ti)ail(WOA(i) — QWopr (7))
<0. (22)

Here, (20) follows from the derivations in (17) and
(18). In (21), we made use of the fact that for all
0 <7 < i, we can lower bound the speed Pr(ty) by
the new speed Pry(t;). By doing so, we can exploit
that > ,_,x, =« in the next step. Moreover, (22) is
exactly the case discussed in the proof of Theorem 3.4
by Bansal et al. (2007) where they do inequality
manipulations, apply Lemma 10 (Lemma 3.3 in Bansal
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et al. (2007)), and conclude nonpositivity. For the
details, we refer the reader to that work.

For the cases where interval M; either splits in two
or merges with another, at that point, the densities
between old and new intervals are constant, leaving
the potential function unchanged.

We conclude that the potential function does not
increase if a new task is released.

Next, consider the case where OA finishes at least
one task at time t. Either

lim Prg(t') = lim Prg(t'), (23)
Pt ar

in which case the task finished strictly within the critical
interval, leaving Pr(t) unaffected and continuously
reducing wo, (to, t1) by which (14) holds by continuity in
t, or the equality in (23) does not hold, in which case we
transition from one critical interval to the next. Then,
indices shift by one, PF,(t;) becomes Pr(t), and so on.
For the potential function, the only change is the for-
merly first term aPr(t))" Ywon(to, t1) — awop(to, 11))
disappearing. However, although Prs(fy) remained
constant, both wo,(ty,t1) and wep(to, t1) approached
zero. The first term’s contribution therefore approaches
zero from above as the critical interval draws to an end.
The change in potential function in such a point is
therefore continuous and (14) holds.

For the case where at time f, OPT finishes a task, we
note that the potential function is independent of
PFopi(f), and the change in wq(to, £1) is continuous.

Combining the observations above, we have shown
that ®(f) satisfies Property 2.

Lastly, we show that ®(t) has Property 3 by show-
ing that
dq)(t)

dt

We consider the working case where in the next
infinitesimally small dt time units no new task is
released or completed by either OA or OPT. Further-
more, we do assume that there are tasks available and
that therefore Pro,(to) = Prs(tp) > 0 and Prqp;(tg) > 0 for
current time f5. As OA runs, wo,(to,t1) is reduced at
rate Prs(tp). For i>0, the value of wy,(i) remains
unchanged. For the work done by OPT, we remark
once more that OPT’s speed profile does not necessar-
ily align with breakpoints t;, However, it is easy to
verify that, if at any point ¢ > ty, the speed PFop(t)
increases, at least one new task will be released at
time f. Therefore, assuming that no new tasks are
released in the next dt units of time, we can assume
PFor(t) to be a nonincreasing step function over inter-
val [to,tp+dt). From this, we use that Pry(fy) is an
upper bound on the rate at which OPT reduces
Worr(to, t1) throughout the next dt units of time. There-
fore, for (24) to hold, it suffices to show that the

Pro, ()" — a® Propr(H)* +——2 < 0. (24)

following inequality holds:

Prq(t0)" — a“Prop(to)* — aPry(to)* " Prs(to)

+ a?PEy(t0)* 'Prop(ty) < 0. (25)
Substituting z = PI;ZITE?S) results in

Prorr(f0)* (1 — a)z% + a2 1 —a%) < 0,

where we note that in the working case PFop(tg) > 0.
Therefore, consider the polynomial

u(z) =(1—a)z% +a?z% 1 —a. (26)

Evaluating this interval at the domain boundaries, we
note that lim,|ou(z) = —a* and lim,;eu(z) = —co for
a > 1. For (24) to hold, it now suffices to show that the
maximum of (26) does not exceed zero. To this end, we
differentiate the polynomial with respect to z, finding

3 a—2

—(z) (@ —a®)z 1+ (a® — a?)z
Given that z # 0, this derivative assumes its unique
zero in z = a. Substituting this value into (26), we find
the maximum value of u(a) =0, thereby proving (24)
for the working case.

Lastly, we note that the arguments above also apply
to the case where no new task arrives, but a task j is
completed by OPT or OA at time #. This is because
speed profiles Pro,(t) and Pro(t) are unaffected by
the completion of j, allowing us to apply the working
case arguments.

This concludes the proof of Lemma 9. O

Theorem 2. OA is a®-competitive for DSL.

Proof of Theorem 2. We first note that if we can upper
bound the competitiveness by a®, then this bound is
tight. This follows directly from lemma 3.2 in Bansal
et al. (2007), where a DS instance is presented. A corre-
sponding DSL instance given sufficiently large speed

limits (e.g., speed limits £; =w; = (1/(n— ])) ), yields
the same upper bound on the objective value and on
the competitive ratio. For the details, we refer to Ban-
sal et al. (2007).

As for the upper bound on the competitive ratio,
we integrate (15) with regard to time to find that for
any DSL instance I and corresponding oa schedule s,
and optimal schedule sqp;:

[reastr+ [ 0 <o [Proater, @)

E(sos) + ®(maxd;) — O(minr;) < a®E(sopr), (28)
i j

E(son) < a”E(Sorr), (29)

where all integrals in (27) are taken over the positive
range Ryo. Furthermore, in (28), we use the definition of
the objective function, the fundamental theorem of
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calculus, and Property 2 of Lemma 9. Finally, (29) fol-
lows from Property 1 of the same lemma, that is, from
CI)(maxjdj) = CI)(mm]r]) =0. O

4.4. Exact Scheduling Rules

As noted before, applying EDF may result in infeasible
schedules for DSL instances (Figure 3). This section
takes this observation a step further, concluding that
there exists no deterministic online scheduling rule that
given any speed profile corresponding to a feasible
schedule can guarantee to find such a schedule. In this,
we assume that the scheduling rule only becomes
aware of job j at its release time 7;, whereas the speed
profile assumes implicit knowledge of all jobs released
over the time horizon.

Theorem 3. Let I be a DSL instance and let Pr be a speed
profile for which there exists a feasible schedule s for I such
that Prs = Pr. There exists no deterministic online schedul-
ing rule that reliably finds a feasible schedule s’ for any
such pair (1,PF) for which Pry = PF.

Proof of Theorem 3. We prove this by providing a
speed profile and two DS instances corresponding to
that profile, such that for any initial scheduling decision,
one of the instances cannot be feasibly scheduled. A job
set with five jobs is illustrated in Figure 10. We now
consider two DSL instances that are subsets of those
jobs. Here, the first instance I considers jobs J =
{1,2,3,4} and the second instance I’ considers job set
J’" ={1,2,3,5}. Note that the optimal speed profile for
both instances is constant with speed 2 throughout the
time horizon [0, 2]. The respective optimal schedules are
shown in the figure. Furthermore, at time t = 0, for both
instances, only the first two jobs have been released.
Based on these two instances, we argue that for any
scheduling decision made by an online algorithm at
t = 0, we can choose an instance such that the resulting
schedule cannot feasibly follow the speed profile.

Figure 10. Example Instances for the Proof That for DSL
Instances No Online Scheduling Rule Can Reliably Find a
Feasible Schedule Based on a Speed Profile

1

.
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Speed
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First, consider the case where at t =0 the algorithm
decides to only run Job 1. In that case, we reveal
instance I. Limited by its speed limit, Job 2 cannot fin-
ish its processing before time t =1 when Jobs 3 and 4
are released. Next, consider the case where on time
interval [0,1/2] Job 1 and Job 2 are processed at
strictly positive speed for an € >0 amount of time. If
we now reveal instance I, it is not possible anymore
to follow the speed profile while completing both Jobs
1 and 5 before their respective deadlines. This illus-
trates that no deterministic online scheduling rule can
reliably follow a given speed profile, even if there
does exist a feasible schedule. O

In particular, the result implies that there exists no
one consistent learning augmented online scheduling
algorithm for DSL that relies on predictions of the
aggregated speed profile. Even if given the optimal
speed profile, the proof above indicates that there exists
no deterministic scheduling rule that can reliably find
an optimal schedule.

5. Numerical Experiments

In this section, we relate the theory developed in the
previous sections to the EV scheduling application. To
this end, we evaluate the discussed algorithms based
on numerical experiments with real-world data." In
particular, we numerically evaluate the computational
complexity of the offline algorithm in Section 5.1 and
compare the competitive ratios of the discussed online
algorithms with simulation results based on real-world
data in Section 5.2.

The real-world data underlying the experiments was
collected at an office parking lot in Utrecht, the Nether-
lands, between September 1, 2022, and June 16, 2023,
resulting in a total of 13,694 charging sessions.” A maxi-
mum of 113 charging sessions was recorded in a single
day. Each recorded EV charging session is described by
the EV’s arrival time, departure time, and the total
amount of energy charged. The charging stations at the
parking lot are two-plug installations that support
charging with at most 11 kW or 22 kW, depending on
whether one or two EVs are plugged into the same
charging station. In the experiments, we chose between
these two values for the individual EV-specific maxi-
mum charging rates, depending on the average power
required to charge the recorded amount of energy
within the EV’s availability in the parking lot. Cur-
rently, there are around 250 chargers installed in the
office parking lot, and this number is expected to
increase to more than 400 in the next few years.

5.1. Computational Efficiency of

Offline Algorithm
In this section, we numerically evaluate the computa-
tional complexity of the offline algorithm FOCS. Research
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has shown that for some algorithms theoretical and
empirical running times may differ. For example, the
simplex algorithm, although theoretically exponential
in running time, performs well on real-world instances.
The other way around, ellipsoid methods for linear
programs are known to be polynomial on paper,
whereas performing poorly in practice. This motivates
us to investigate the empirical running time of the
novel algorithm FOCS based on real-world EV charg-
ing data. We solve instances based on real-world data
using a proof-of-concept implementation of FOCS and
compare it to results achieved with the commercial
solver Gurobi (Gurobi Optimization LLC 2023).

5.1.1. Software Implementation. The proof-of-concept
FOCS implementation used for the empirical running
time analysis of FOCS has been developed specifically
as a proof of concept for this paper. The code is written
in python, heavily relying on the networkx package
(Hagberg et al. 2008). This package is chosen for its
user-friendly flow models and because various maxi-
mum flow algorithms are readily available within the
package. An overview of the considered algorithms is
provided in Table 1. The last column of the table speci-
fies the computational complexity of the respective
algorithms when substituting the network size of the
FOCS network (< 3n+1 nodes and < 2n’>+2n—1
edges; see Section 3.3.1) into the complexity as reported
by Networkx® (third column in Table 1). We find that
shortest_augmenting path (), edmonds_karp (),
preflow_push (), and dinitz () have arespective the-
oretical complexity of O(1n*), O(n°), O(n®), and O(n*) on
FOCS networks. Note that the implementations available
in networkx likely do not strictly follow the original
name-sake algorithms (Ford and Fulkerson 1956, Dinitz
1970, Edmonds and Karp 1972, Karzanov 1974/Goldberg
and Tarjan 1988, respectively). Since their publication,
various improvements and variants have been intro-
duced that are usually referred to by the same name.
Based on the problem constraints (5) and the qua-
dratic objective function (2) with a = 2, it is also possible
to use the commercial solver Gurobi (Gurobi Optimiza-
tion LLC 2023) to solve DSL instances. In this paper, we

use Gurobi for comparison of FOCS with state-of-the
art solvers.

5.1.2. Experimental Setup. In this section, we describe
the experimental setup used to numerically evaluate
the computational efficiency of the offline algorithm
FOCS compared with the benchmark results by the
commercial solver Gurobi.

The main parameters to classify the experiments are
as follows:

o Instance size n, that is, the number of EV charging
sessions

o Time granularity, that is, either 1 minute, 15 min-
utes, or 1 hour

e Used maximum flow method in FOCS
For a given set of parameters for the experiment, we
randomly sample # sessions from the data set described
in Section 5 and solve the instance using FOCS and
Gurobi. We record their CPU running times using the
function time.process_time() from the python
package time. To get meaningful results, we repeat
this process 500 times, starting at the instance sampling.
The values reported in this work are the median run-
ning times over those 500 runs. All experiments are run
on an Intel Xeon E5-2630 v3 processor.

5.1.3. Results. In this section, we present and analyze
the results of the running time experiments. In particu-
lar, we are interested in the efficiency and therefore
usability of the offline algorithm FOCS for (large) EV
parking lots. To this end, we focus on the dependency
of the running time on the instance size n. We discuss
the impact that different maximum flow algorithms
have on the performance of FOCS and compare the
impact of various time granularities under invariant
maximum flow methods.

As discussed in Lemma 2, FOCS derives a solution in
O(n*u) time, where O(u) is the time complexity of the
used maximum flow algorithm. Figure 11 presents
the running time of FOCS for a full day and quarterly
time granularity for four maximum flow methods. We
see a clear difference in performance between methods
that rely on augmenting paths (shortest_augmen-
ting_path (), edmonds_karp (), and dinitz()).

Table 1. Complexity Table for Four Maximum Flow Algorithms

Maximum flow algorithm

Theoretical complexity

Networkx complexity Focs network

shortest_augmenting_path O(NMU) O(N*M) O(n*)
edmonds_karp O(M?N) or O(M?logU) O(M?N) on®)
preflow_push O(MN]Og(%)) O(N2VM) on®)
dinitz O(N?*M) or O(MNlogl) O(N*M) O(n*)

Notes. Here, N, M, and U are, respectively, the number of nodes, number of edges, and maximum capacity in a given flow network. The

theoretical complexity is taken from Cruz-Mejia and Letchford (2023).
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Figure 11. (Color online) Running Times for Solving Only
for Quarterly Granularity, Comparing Maximum Flow Algo-
rithms Applied in Focs

Shortest Augmenting Path - - = Edmonds-Karp
----- Preflow-Push eeean Dinitz

Running time [s]
o
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# of jobs n

Although the time taken to solve FOCS using short-
est_augmenting path () seems to grow almost lin-
early for instance sizes up to 400, running times with
edmonds_karp () and dinitz() clearly increase
nonlinearly. Finally, the preflow-push method behaves
similarly to shortest_augmenting path().

If we compare the above to the theoretical complex-
ity of the various maximum flow methods embedded
in networkx (Table 1), the most striking observation
is that, although preflow_push() has the smallest
theoretical running time on FOCS networks (O(n?)),
the theoretically quartic running time of shortes-
t_augmenting_path() (O(n*)) outperforms the
other tested methods. Edmonds_karp () shows the
highest theoretical complexity and empirically is the sec-
ond slowest method, overtaken only by dinitz ().

Overall, shortest_augmenting path() appears
to be the dominating method in our experiments with
respect to running time. Therefore, for the remainder of
the section, we focus on results generated with short-
est_augmenting path() as a subroutine in FOCS.
The experiments further indicate that the proper choice
of maximum flow method greatly influences the usabil-
ity of FOCS for EV scheduling applications.

In the following, we compare FOCS to the Gurobi
implementation. The total running time relative to
instance size n for the three time granularities is
depicted in Figure 12. First, we note that across subfi-
gures, for small instances, the quadratic program
solved in Gurobi either outperforms FOCS or runs at
similar speed. However, for Gurobi, we observe a grad-
ually steeper increase in running time relative to
instance size than for FOCS. As a result, the median
running time of FOCS outperforms Gurobi starting
from instance sizes of approximately 90, 120, and 80
for time granularities of 1 minute, 15 minutes, and
1 hour, respectively. Furthermore, we observe a sudden
steep increase in the running time of the Gurobi

implementation at instance sizes from around 90, 130,
and 230 in Figure 12, (a), (b), and (c), respectively. This
behavior possibly reflects that a certain memory thresh-
old is reached after which solving becomes more costly
for Gurobi.

Overall, as expected, a finer time granularity for a
given instance size results in a larger running time for
both solvers. Notably, the slope of the running time for
FOCS seems to be almost linear for the instance sizes
considered, except in Figure 12(a). There, a nonlinear
increase can be observed. To give an indication of this
growth, the median running times for FOCS and Gur-
obi with instance size 400 under time granularity of one
minute are, respectively, 36 and 62 seconds.

We conclude that even for a proof-of-concept imple-
mentation of FOCS, in terms of running time, the
method is competitive with existing commercial solvers
and therefore promising for application in the field. In
practice, schedules are often made in 15-minute granu-
larity, for which FOCS computed an optimal schedule
in 2.5 seconds (median) for instance sizes up to 400.
Based on the evaluation of the impact of the chosen
maximum flow algorithm, we advise careful consider-
ation of the applied maximum flow algorithm when
implementing FOCS for practical applications.

5.2. Competitiveness of Online Algorithms

As theoretical competitive ratios may be based on worst
case instances that may be very unrealistic to occur in
practice, we compare the competitive ratios for the
online algorithms Avr and OA presented in Section 4
with simulation results based on real-world data. We
define the empirical ratios observed in the simulations in
accordance with the definition of the competitive ratio
in (12) to be E(s*™(I))/E(s*(I)), where I is the consid-
ered instance, the numerator is the objective value of
the considered (online) algorithm, and the denominator
the objective value of the optimal solution.

For the numerical experiments, we randomly sam-
pled 400 charging sessions and combined them into
one instance. We solve this instance using FOCS, AVR,
and OA. Because FOCS is an offline solver that results
in an optimal solution (see Section 3), we use its objec-
tive value for the calculation of the empirical ratios for
online algorithms Avr and OA. Note that this means
that FOCS derives a schedule using perfect knowledge
on all jobs, whereas OA and Avr only become aware of
jobs as they are released. We consider Objective Func-
tion (2) with a = 2 and repeat the sampling and solving
process 500 times, each time recording the objective
value and power profile for the three algorithms. For
comparison, we also evaluate a greedy algorithm that
schedules each job at its maximum speed upon release
until its processing requirement is met. In practice, that
corresponds to EVs arriving and charging uncontrolled
at their maximum charging power until their charging
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Figure 12. (Color online) Running Times of Focs (Using shortest_augmenting_path ()) and Gurobi Relative to Instance

Size for Various Time Granularities
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demand is met, which is the default if no scheduling is
applied.

The results are summarized in Figures 13 and 14.
First, Figure 13 shows the empirical ratios for Avr (cir-
cles) and OA (squares) for 500 randomly sampled
instances. The instances have been sorted based on the
empirical ratio for OA, resulting in the squared dots
forming an increasing sequence. Notably, this ordering
has not translated to the empirical ratios of AVR, mean-
ing that the ordering of two DSL instances based on the
objective value for OA in general does not say anything
about their objective values for AVR. For AVR, the min-
imum and maximum empirical ratios recorded in the
experiments were 1.18 and 1.27, respectively, as
opposed to the theoretical bound 2% 'a® = 8. For OA,
the minimum and maximum empirical ratios were 1.10
and 1.15, respectively, as opposed to the theoretically
tight competitive ratio a® = 4. Note that the maximum
empirical ratio for OA is smaller than the minimum for
AVR. That implies that in terms of objective value, OA
dominates AVR. For comparison, the empirical ratio
for greedy assumes values between 1.68 and 2.06.

Figure 13. (Color online) Empirical Ratios for Avr and oA for
500 Instances of Size 400
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Notes. Their respective theoretical bounds are eight and four. Results
sorted in increasing order based on their empirical ratios for oa.

For the first of the 500 sampled experiments, Figure 14
shows the four power profiles resulting from FOCS
(solid), Avr (dashed), OA (dashdotted), and greedy (dot-
ted). The speed profile of Avr is more impacted by the
high simultaneity of arrivals and great variance of depar-
ture times in this particular office building (Winscher-
mann et al. 2023b). The effect is graphically reflected by
the slightly left-leaning form of the curve. Its relative
smoothness can be attributed to the long dwell times
and simultaneity in office parking lots. OA, on the other
hand, shifts a lot of the work to the end of the time hori-
zon, as it is oblivious to each subsequent new arrival.
From a user perspective, having a gradual charging pro-
cess over the day invokes less anxiety and mistrust as
opposed to charging later in the day. Furthermore, the
AVR solution is more robust to early departure by indi-
vidual EVs. This last observation falls outside of the DSL
problem statement but becomes relevant when consider-
ing for example, charging guarantees as deterministic
input to the optimization. We note that from a parking
lot perspective, both Avr and OA clearly outperform the
uncontrolled greedy approach. From a parking lot-level
perspective, a reduction of the power peak to about half
the original peak is highly desirable.

Figure 14. (Color online) Aggregated Speed Profiles for opT, 0,
and Avr for One Sampled Instance Based on Real-World Data
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6. Conclusion
In this work, we consider an EV scheduling problem
with an objective to minimize the integral of a strictly
convex and increasing function of the aggregated
power profile. In particular, we relate EV scheduling to
speed scaling with job-specific speed limits and present
FOCS, an exact offline algorithm that determines an
optimal schedule in O(n?u) time, where O(u) is the
complexity of the used maximum flow algorithm.
Numerical experiments based on real-world data show
that a proof-of-concept implementation of FOCS has a
median running time of 2.5 seconds to solve instances
with 400 EVs over a full day in 15-minute granularity.
Given that, within the energy domain, it is common to
consider 15-minute planning intervals and that the effi-
ciency of the software implementation used for our
experiments can still be improved, this indicates usabil-
ity of FOCS as optimization subroutine in the field.
Next to the offline algorithm, we analyze two online
algorithms and their respective competitive ratios for a
class of objective functions depending on a parameter
a, where in energy applications a typically equals two.
AVR is shown to be 24 1a® competitive, and OA has a
tight competitive ratio a®. These competitive ratios
match those for the classical speed scaling model that
does not consider job-specific speed limits and only
processes one job at a time. In our experiments with
real-world EV charging data, both Avr and OA approx-
imate the optimal offline solution with a factor of less
than 1.3. This performance is significantly better than
the uncontrolled default often used in practice where
EVs charge at their maximum power starting from their
arrival until their energy charging demand is met.
Future work may investigate additional problem
constraints such as global power limits. Furthermore,
numerical experiments are of interest, especially their
integration with control strategies such as model predic-
tive control or fill-level algorithms. Lastly, given that
optimal schedules are not necessarily unique, scheduling
rules resulting in a robust output should be explored.

Endnotes

1 The code used for the simulations is available under https://
github.com /lwinschermann/FlowbasedOfflineChargingScheduler
(commit 7506297).

2 A more extensive version of the data set is available in de Bont
et al. (2024).

2 The website was last accessed on December 19, 2023.
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