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We conclude that lim,.. 9¢/0»>0, for t<9/K" and lim,.. 8¢/d»<0, for
t>9/K* Thus, 7*=lim,., 7,=9/K°, proving (2). The validity of (3)
follows easily from the uniformity of the asymptotic (in v) estimates of ¢
and ¢ for ¢ on bounded intervals. This completes the proof of Theorem 1.

3. REMARK

We remark that Theorem 1 implies that for large v the gamma plan ex-
pands more rapidly than the Koopman plan until the area of the ellipse of
containment is approximately 6 times the area of the ellipse of uncertainty.
After that, the gamma plan expands more slowly than the Koopman plan.
If we define the effective area of coverage by time ¢ to be Wut (the actual
area swept if W =W and coverage were nonoverlapping), then r* can equiva-
lently be expressed as the time at which the ratio of the effective area of
coverage to the area of the ellipse of uncertainty is 9.
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A Recursion Algorithm for Finding Pure Admissible
Decision Functions in Statistical Decisions

HERBERT MOSKOWITZ
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This note develops a recursion algorithm for finding the set of or-
dinally admissible decision functions in statistical decision problems
when such functions have a Cartesian product structure. An ex-
ample is used to demonstrate the computations. The generality of
the algorithm is discussed briefly, and some computational experience
is presented.

E FIRST define the conditional-utility vector U (e, d) of d, given a
fixed experiment e, by
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U(eyd)= j;'lnu[e Zj,d(Zj), 01]p Zj|01), Ty

(1)
ZJ =1 ue 24, d(zj)v oﬂ]p (Zlen),
where d: Z—A is defined as the set of decision functions; Z={z;, - - -, 2m}
are the messages; A= {ay, - - -, a;} are the actions; and 6= {6y, - - -, 8,} are

the states. The utility of the action associated with the jth message of e
and gth state is defined as ule, 2;, d(z;), 8,]. The probability of the z;th
message, given 6, is defined as p(z;6,). From these definitions we may
establish

LeMmMma 1. The conditional-utility vector

Ule,d)= 2127 V(ile, d, 1, j, ), (2)

where V (4, j, e) s the n-tuple whose gth component is u(e, z;, a:, 8,)p (2;10,)
and 2le, d, 7] 1s the subscript of the act specified by d if z; ocecurs when e was
conducted; that 1s, ai(e.q. 1 =d(z;) [given e undertsood].

The proof of Lemma 1 is purely definitional and is left to the reader.

We now define and focus on the matrix v whose (¢, j)th element is the
n-tuple V (7, j, ). In essence Lemma 1 says that every decision function
d is really a selection of a vector V (7, 7, ¢) from each column j of this matrix,
with d’s conditional-utility vector being the sum of the selected vectors.
Lemma 2 shows how an undominated vector can be built up sequentially.
Let Y _i2t X, denote { 212§ 1:xeXy, I}

Lemma 2. If Xy, -+, X, are nonempty, finite sets of n-tuples, then

V-max( D12t X;)=V-max[X +V-max( D2} (X)), (3)

where V-max denotes vector mazximization for finding the ordinally admissible
sel.

Proof. Let X =121 X;. The finiteness of every X; and the definition
of V-max imply that if 2eX but r¢V-max (X ), then Jr'eV-max (X ) such
that > but =2. Thus s+ > but #z,+r for every r.eX,. Hence
z;+reV-max (X,4X), which implies that V-max(X,+X)CV-max[X,+
V-max (X )], from which the assertion is obvious.

The algorithm follows immediately from Lemma 2 and is stated as the
following corollary.

CororLary. If X;(e)={V (i, j, e):i=1,---,k} and Y;(e)=V-max-
(3032 X (e)], then

Yi(e)=V-max[X;(e)+Y;ale)l, for j=1,---,m (4)

where Yo (e)=¢, by definition.

Our objective is to determine Y n(e) by finding the vector-maximal
V (i, 1, e), forming the sums of them with all V (4, 2, ), calculating the
vector-maximal set of these sums, and so on. A simple example illustrates
the algorithm.
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Ezample. Consider the 3-act, 3-state, single-experiment, 3-message
problem in Table I. From the action-state utility and conditional proba-
bility matrices, form the kXm (3X3) matrix of V (7, j, ¢)’s [given experi-
ment e]. For example, from (2), we obtain V (1, 1, e)=[(50)(0.1), (20)
(0.3), (0)(0.6)}=(5, 6, 0). Recursive applications of (4) are shown in
Table 1I. As seen, only 7 of the 27 pure decision functions are ordinally
admissible.

Remarks. The algorithm is applicable to the case where the action sets
are not the same for each message in an experiment. It is also applicable
if attention must be restricted to some proper subset A’* of the set of deci-

TABLE 1

HyrotureTicaL ExampLe

Action-state utility matrix Conditional probability matrix

, SN
\B\A ule, 2, d(2,), 8,) l O\Z

for Experiment (e): p(z,18,)

\ a) (423 as 2 29 Z3
B 50 20 0 6, 0.1 0.2 07
8 20 20 20 8, 03 0.3 0.4
B |0 10 60 s 0.6 0.3 0.1
>\z Z VG, j, ez) Matrix Z
1 2 3
N o _
@ 3, 6, 0) 10,6,0) (35,8, 0)
as 2, 6, 6) 4,6,3) (14,8, 1)
a; (0, 6, 36) (0, 6, 18) (0, 8, 6)

sion functions A*. In this case, the algorithm would be applied to a gener-
ally larger subset of decision functions A”*, where A”*C A”*c A” and where
A" is defined by the individual action-message pairs comprising the deci-
sion functions of interest.

1. CHOICE OF EXPERIMENT

We next indicate how to proceed when the decision maker has a choice of
experiment.

Lemma 3. If X, - - -, X are nonempty, finile sels of n-tuples, then
V-max(UiZf X,) = V-max[V-max (X ,)

5

UV-max(UiZ} V-max (X,))]. 5)

Although involving set uinons rather than set additions, the proof is
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similar to that of Lemma 2 and is therefore omitted. A modification of the
algorithm in (4) follows immediately from Lemma 3 and is stated as the
following corollary.

TABLE 11
RECURSION ALGORITHM SOLUTION TO EXAMPLE
Yi(e)=V—max[X;(e)+Y;-1(e)], for m=3

Jj=1
y
() &)
d(z,)\
i

ay 5, 6,0)

asx 2,6, 6)

a3 (0, 6, 36)

j=2

Y.

\d(zl) 2(e)

d(z

? \\ ai a2 as

ay (15, 12, 0) (12, 12, 6) (10, 12, 36)

(42} 9, 12, 3)* 6, 12, 9)* (4,12, 39)

az (5, 12, 18)*1 (2, 12, 24)* 0, 12, 54)

j=3

14
(\d(zx) 3(e)
d(z
3)\\ a101 a1a2 a1a3 203 a3a3

ay (50, 20, 0) (47, 20, 6) (45, 20, 36) (39, 20, 39) (35, 20, 54)
@y (29, 20, HY* | (26, 20, T)* | (24, 20, 37)* | (18, 20, 40)* | (14, 20, 55)
aj (15, 20, 6)* | (12, 20, 12)* | (10, 20, 42)* | (4, 20, 45)* | (0, 20, 60)

* The vectors marked with an asterisk are dominated and therefore eliminated.

CorOLLARY. If E=ley, - -+, e,} and if G, denotes the set of all ordinally
admassible (e, d) for h=v, then for v=1, - - -, w we have
G, =V-max[Y ., (e,)UG 1], (6)

where Go=¢, by definition.
We subscript m by e because the number of messages may depend upon
the particular choice of e. In other words, we iterate recursively on the
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experiment (rather than on the message), keeping only the ordinally ad-
missible experiment-decision function pairs as we work forward.

2. COMPUTATIONAL EXPERIENCE

The algorithm was programmed in FORTRAN 1V and executed on the
CDC 6500 computer."! The efficiency of the algorithm was tested on
fifteen single-experiment problems, systematically varying in the number
of messages, actlons, and states, whose parameters were randomly gener-
ated. Total CPU time over all problems tested ranged from 0.06 seconds

TABLE II1
ActuaL VERsUs PrepicTeEp (FROM REGrREssioN Moper) CPU Time*

Problem parameters ‘ CPU time (seconds)
VA A 0 Actual \ Predicted
3 3 3 0.07 0.09
3 3 6 0.11 0.22
3 3 9 0.15 0.54
3 6 3 0.62 : 0.57
3 6 6 1.92 | 2.33
3 6 9 4.50 i 5.20
3 9 3 \ 3.40 1.72
3 9 6 18.00 ; 8.48
3 9 9 47 00 : 15.80
6 3 3 ; 1.70
6 6 3 29 80 \ 60.11
6 9 3 y 175.20 | 481.54

* RB*=0.86; Fq,6=189.91, 0.=0.89.

for a problem with 27 decision functions to about 35 minutes for our largest
size problem, which had 390 X 10° decision functions.

We developed the regression model of (7) to predict CPU time for any
given problem (Table III):

Y =0.0005X," 51 X% (7)

where ¥ =estimated CPU time in seconds, X;=2, number of messages,
Xa=a, number of actions, and X;=6, number of states.

The model structure was based on the premise that computational effi-
ciency of the recursion algorithm was principally a function of the total
number of decision functions (k™) considered and the number of states
(n). The sequence in which messages are processed also affects efficiency
somewhat, but was ignored in the model.
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