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2. The PNET code referred to in Reference 3 is approximately 10 percent slower
than the PNET-1 code benchmarked in Table I.

REFERENCES

1. R. 8. Barg, F. GLoVER, anDp D. KLINGMAN, “An Improved Version of the Qut-
of- Kilter Method and a Comparative Study of Computer Codes,” Math.
Prog. 1, 60-86, (1974).

2. L. R. Forp, Jr., avp D. R. FuLkERsoN, Flows in Networks, Princeton Uni-
versity Press, Princeton, N.J., 1962.

3. F. GLover, D. Karngy, D. KLiNeMaN, anp A. Narier, “A Computation
Study on Start Procedures, Basis Change Criteria, and Solution Algorithms
for Transportation Problems,” Management Sci. 20, 793-819 (1974).

4. F. GLover aNp D. KrinemaN, “Code Development and Computational Testing
on Network Problems,” manuscript available from Center for Cybernetic
Studies, University of Texas, Austin (1974).

5. F. GLovEr, D. KrLiNgMAN, AnD J. STUTZ, “Augmented Threaded Index Method
for Network Optimization,” INFUR 12, 293-298 (1974).

6. G. HavLEY, Linear Programming, Addison-Wesley, Reading, Mass., 1962.

7. D. KLiNngMaN, A. Napier, anD G. Ross, “A Computational Study on the Effect
of Problem Dimensions on Solution Time for Transportation Problems,”
Research Report CS 135, Center for Cybernetic Studies, University of Texas,
Austin (1973).

8. D. KLingMan, A. Narigr, anp D. Stutz, “NETGEN: A Program for Generat-
ing Large Scale Capacitated Assignment, Transportation, and Minimum Cost
Flow Network Problems,” Management Sci. 20, 814-821 (1974).

9. “Out-of-Kilter Network Routine,” SHARE Distribution Agency, Hawthorne,
N.Y. (1967).

10. V. Srinivasan anxD G. L. THoMPsoN, “Benefit-Cost Analysis of Coding Tech-
niques for the Primal Transportation Algorithm,” ACM 20, 194-213 (1973).

Capacity Expansion in Convex Cost Networks
with Uncertain Demand
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The purpose of this investigation is to suggest a simple algorithm
for solving capacity expansion problems in networks with uncertain
demand. We assume that the cost of expanding the capacity of
each arc is a convex function and that there is a concave salvage value
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each arc is a convex function and that there is a concave salvage valve
associated with excess capacity. We adopt the two-stage pro-
gramming approach but with the essential difference that our inde-
pendent variable is an assumed first-stage demand. We show that
the objective function of the equivalent convex program is a convex
function of the assumed first-stage demand and use this fact to pro-
pose an algorithm.

IN ANALYZING certain transportation or communication networks for
which an increase in the demand for flow of passengers, goods or informa-
tion is anticipated, it may be necessary to find an optimal method for ex-
panding capacity even though the anticipated demand is not known deter-
ministically.

Consider a directed network (N, 4), where N is the set of nodes and 4
represents the set of ares. Let s be the source node and ¢ be the sink node.
The capacity expansion problem for a convex cost network where we seek
to minimize cost while satisfying a demand, », on the flow from source to
sink can be stated as follows:

minimize c¢(x),

Ef=1{v},
J—z=b, (1)
20,

where E is the node-arc matrix of the directed network, z is a vector variable
representing increase in arc capacities, b is a known vector representing
present arc capacities, f is the flow vector, c(x) is the convex objective
function to be minimized, and {2} represents the vector {,0,0, - --,0, —v}”
where v is a random flow demand. We assume that ¢(0)=0 and that v
has a known probability distribution.

Problem (1) is a nonlinear stochastic programming problem for which we
need to determine the optimal value of the vector z. We shall adopt the
two-stage approach for solving (1). The method is based on the concept
that we expand the capacity of each arc (7, j) by an amount z;; (to satisfy
an assumed first stage demand, v') in the first stage when the demand is
unknown; then when the demand » becomes known deterministically, we
take corrective action by solving a second-stage problem either to increase
capacity by a further amount yi; or reduce capacity by the amount Yij-
We shall assume that g.;(z:;, y3;), the cost of increasing capacity of arc
(7,7) in the second stage, is a convex function of both the first-stage expan-
sion, x;;, and the second-stage expansion y¥;. Also assume that the salvage
value associated with excess capacity of arc (¢, j) in the second stage,
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hij(xij, Yis), 1s & concave function of both r;; and y;;. ¢ and & are assumed
to depend on the first-stage variable z so that we may avoid the possibility
of reducing capacity and then increasing capacity of the same arc in the
second stage.

We place no bounds on the amount by which the capacity of any are may
be increased. Such bounds can be adequately taken care of by proper
choice of the cost functions; e.g., if K;; is the maximum amount by which
capacity of arc (¢, ) may be increased, assume ¢;; and g;; are such that
¢ij(ij) = o for xi;> Ki; and ¢, (zs;, yj})= » for .’L','jéK,‘j<Iij+y?—j. Also
gz, y)—h(z, y)>0for any z, y.

For simplicity, we modify problem (1) to leave out all existing capacities
(b=0) and consider only increases in demand above the present level
Then the two-stage program takes the form:

minimize c¢(z)+E,{g(x, y ) —h(z, y )},
Ef=1v},
f~r—y"+y =0, (2)
5y y 20,
We now break problem (2) into two stages, assuming for the purpose of

the first stage that there is a deterministic low demand »'. The first-stage
problem is

minimize ¢ (x),
Ef={v'},
f—z=0, 3)
r=0.
If problem (3) has a feasible solution, then it has an optimal solution £.

The variable r clearly depends on the chosen value of ¢', i.e, z=z(v")
The second-stage problem is:

Q{z(v"), v} =[minimize g{z ("), y*} —h{z ("), ¥ 1],
Ef={v},
F—yt+y 52 (), 4)
v,y 20.
Problem (4) has an optimal feasible solution. The objective function of
problem (2) can now be written as 2lz (')} =clz (")} +E,\Qlx ("), vl}.

Since the value of E,{Q[z(v"), v]} depends only on z(v') and therefore on
o', it is now obvious that z{z(»")} is a function of v', the assumed first-stage

demand.
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THE CONVEX PROGRAM

We shall now prove a few results that will be used in our solution al-
gorithm for problem (2).

ProrosiTioN 1. Consider the convexr programming problem

minimize g(r,y )—h(x,y ),

Ef={v},
I=y"+y =20,
v,y 20
Let g—h>0 for each x and y (y =y =y), and let the above problem have a
unique optimal solution {§*, 4. Then #" s nondecreasing with increasing

v.

Proof. We shall obtain a proof that exploits the network structure of the
problem. Let P; and P; be the least-cost paths for sending the first and
second units of flow, respectively, through the directed network. Let the
cost of sending one unit of low (v=1) be ¢(P;) and of sending two units of
flow (v=2) be ¢(P1)+¢(P2). We have y?}(v=1)=1, for ares (4, j)ePy,
§i;(v=1) =0, otherwise.

We must show 5; (0=2)2975;(v=1) for (3, 7)ePy.  Suppose not. Then
there are optimal paths P;', P;' such that for at least one arc (k, 1)ePy, we
have (k, 1)¢Py' or P,). But by optimality of P, and uniqueness of §",
¢(P1)<c(Py'). Also, the set of arcs from which we can choose Py, S(Py'),
is smaller than S (P:), the set of arcs from which we can choose P,. There-
fore ¢c(Py)<c(Py), ie., ¢(P1)+c(P:)<c(Pi')+c(P,'), which means Py
and P,' are not optimal and, therefore, §:;(v=2) = §:;(v=1). The process
may be continued for v>2.

COROLLARY 1. § s nonincreasing with increasing v.

CoroLLARY 2. For the general metwork problem where {§”, 4~} are non-

unique, we can always find an optimal sequence |4+ (v), 4 (v)} that satisfies
Propaosition 1 and Corollary 1.

PropostTioN 2. Consider the first stage problem (3). If £=%(v") is the
optimal solution vector, then c{£(v')} is a conver function of v'.
Proof. Follows from Theorem 1 of the appendix.

The results of Proposition 1 and Corollaries 1 and 2 can be used to divide
problem (4) into two subproblems, only one of which needs to be solved for
any particular value of the actual demand ». For v>¢', problem (4) is
equivalent to
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minimize g¢{z ('), ¥},
Ef=1{v},
=y <z, (5)
¥ 20.
If we let v* =v—2v', then problem (5) is equivalent to
minimize g{z ('), y*}
Ef={2"},
f-y" =0, (6)
y+gO.

We bave left out the y~ variable in (6) since, by Corollaries 1 and 2,
y =0 for v>v".
For v<v', we need to solve

minimize [—A{z(s"), ¥ }],

Ef={v},
f=y 20, )
y 20,
where v =v'—o,

PROPOSITION 3. Q{z(v'), v}, the optimal solution to the second-stage problem
(4), ts a convex function of v' for any v.

Proof. Follows from Theorem 1 of the appendix and the convexity in z
of g(z,y") and {—k(z,y)).

ProrosiTioN 4. E,[Q{z(v"), v}] 4s a convex function of v'.

Proof. Follows from the fact that the expected value is a nonnegative
combination of a number of functions, each of which is convex.

We therefore observe that z{z(¥")}=c{zx(®")}+E,{Qlx("), v]} is a
convex function of .  We use this fact to propose our algorithm.

SOLUTION ALGORITHM

For the purpose of the following algorithm, we shall assume that the
demand v is a discrete random variable. Ior a network problem such as
ours, we can assume that v takes only integer values. However, a sampling
procedure can easily take care of a continuous distribution of ». Let the
bounds on v be v° and »’. If the bounds are unknown, assume v*=0 and
v’ =M, an arbitrarily chosen large number.
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The Algorithm
First Stage:
Step 1. Solve
minimize ¢ ("),
Ef=1{v'},
f—2'20,
=0

Initially, 1*=1". Step 1 can be solved by various algorithms for convex
programming problems. Hu™ has provided an efficient network algorithm.
Let &, ¢(£*) be the optimal values.

Second Stage:
Step 2. For each v’ >, v'et’, '], solve

minimize g¢{£", ¥y} =Q (&, v'),

A solution may be obtained by the same procedure as in Step 1.
Step 3. Find D tivinok) p’Q+ #, vy =Q* (#"),
where p’ = probability {v=1'}.
Step 4. For each v'<v*, v'eft”, '], solve
minimize [—h{£", y }]1=Q (&, "),
Ef={f =2},
=y 20,

y =0.
Step 5. Find D (ivicary p'Q~ (&, v) =Q™ (&%),
Step 6. If v* =/, stop. £' is the optimal decision vector and ¢(£*) is the
optimal value of the objective function. For v*<v/, find z(#*) =c(z*)+
QT (#EHY+Q ). If 2(2 )z 2(Z"), stop. £ is the optional decision
vector and z(£°7') is the optimal value of the objective function.
Step 7. Let o* ™' =v*41 and go to Step 1, replacing +* by »*™ and #* by

k+1
T .

Comment

In case the number of discrete values that the demand v can take is large,
it would be more efficient to use a search technique such as the Fibonacei
search for finding new values of v in Step 7. This procedure raquyires ar
appropriate alteration in the stopping criterion of Step 6.
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APPENDIX

Def. 1. A set TCR" is a convex set if for any AeR, 0<A=<1, and any ',
el (1—N)x'427€l.

Def. 2. A numerical function ¢ defined on a convex set I' is convex on I’
if and only if for any z', 2"l and 0 <1,

Q=N+ = 6] (1 — M)z + N

THEOREM 1. Let bel', a convez set, and let 6 be a convex function of x on R".
Let ¢ (b) = {minf(x)|Az=b, t=0}. Then o(b) is a convex function of b on T.

Proof. Let z(b'), x(b*) be the optimal vectors and o (b'), o (b°) be the
optimal values corresponding to any two points b', * in T. Let
b= 1=M)b'4+b* and = (1—-Nz®)+rz(d’), 0SA=1. Let o(b)=
{mind (x)|Ax=b\, t20} with z(b\) the optimal vector corresponding to b,.
Since x(b,) may or may not be equal to z\, we have

g (b)) =0{c(br)} S0(0n) < (1~=N)8{x(b")}+10{z(b")]
=(1=N)a(d")+ra (),

which proves the convexity of ¢(b) on T.
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