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Generalized Covering Relaxation for 0-1
Programs

DANIEL GRANOT and FRIEDA GRANOT

University of British Columbia, Vancouver, Canada
(Received July 1979; accepted March 1980)

We construct in this paper a general purpose cutting-plane algorithm for
solving the 0-1 polynomial programming problem of finding a 0-1 n vector x
= (x,) that maximizes c"x subject to f(x) < b where f(x) = (f(x)) is an m vector
of polynomials. The algorithm consists of solving a nested sequence of inear
generalized covering problems, tr.e., covering problems involving both the
original variables x and their complements X = 1 — x. Each problem in the
sequence is a relaxation of the original 0-1 polynomial program, and is
obtained by adding to its predecessor a small number of generalized covering
constraints that are violated by the optimal solution for the preceding gener-
alized covering problem. Over 95% of more than 800 randomly generated
problems with up to 70 variables and 50 constraints and mostly up to 5 terms
in each constraint were solved by our method in less than 90 seconds of CPU
time on an AMDAHL 470 V-6 computer.

N THIS NOTE we consider a General 0-1 Polynomial programming

(GP) problem of the form: find a 0-1 n-vector x = (x,) maximizing cTx

subject to fi(x) = Y4 aw [[)en, x, < b fori =1, .-, m, where N C
N = {1, ..., n} and, without loss of generality, ¢, = 0 for all j.

Nonlinear Integer Programming (NLIP) problems have numerous ap-
plications in economics and engineering, and arise when the decision
variables in the nonlinear optimization models are restricted to integer
values. See, for example, Soland (1973) for NLIP formulation of an
optimal defensive missile allocation problem, and Zeitlin (1977) for var-
ious nonlinear integer resource allocation problems.

The importance of the 0-1 polynomial problem is magnified by the fact
that every 0-1 Nonlinear Programming problem can be represented as an
equivalent 0-1 polynomial problem in the same variables. Moreover
polynomial terms in 0-1 variables have been found to be extremely useful
in modeling in their own right; for example, they are used to incorporate
risk into capital budgeting (Peterson and Laughhunn [1971]), for media
selection problems (Zangwill [1965]), in cluster analysis (Rao [1971]), in
various scheduling problems (Hammer and Rudeanu [1968], Pritsker et
al. [1969]), for sewage treatment models (Oron [1975b]), and for irrigation

system design (Oron [1975a]).
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It was shown by Granot and Hammer (1971, 1975) for the general GP
problem and by Balas and Jeroslow (1971) for the linear GP problem
that every GP problem is equivalent to a special structured linear 0-1
problem—the Generalized Covering (GC) problem—of the form: find a
0-1 n-vector ¥ = (%,) = (1 — x,) that minimizes c¢“X subject to Ax* = 1
where A = (a,) is a 0-1 matrix, x* = (x;¥) and &, equals X} if a, = 1 and
x, if a, = 0. We will refer to constraints of GC as generalized covering
constraints. The equivalence between a GP problem and the associated
GC problem was used by Granot and Hammer (1971) to construct an
algorithm for solving GP problems. Unfortunately, this attempt failed,
mainly because of the large number of constraints in the equivalent GC
problem.

Another approach for solving nonlinear GP problems is to first linearize
the nonlinear constraints and then solve the equivalent linear problem;
see, for example, Glover and Woolsey (1973, 1974) and Watters. However,
a severe shortcoming of this approach is that it radically increases the
dimension of the problem.

In Granot et al. (1979) an efficient general purpose cutting-plane
algorithm was developed for solving the positive GP problem, that is,
when the coefficients of the f’s are all non-negative. In this paper we
extend the results of Granot et al. to solve general GP problems. The
algorithm solves a nested sequence of GC problems each of which is a
relaxation of the original GP problem. Though the algorithm is applicable
to both linear and nonlinear GP problems, its promise lies mainly for the
nonlinear case. One of its main advantages is that no additional variables
are introduced in the solution procedure.

Computational results for randomly generated GP problems are re-
ported in Section 2.

1. AN ALGORITHM FOR SOLVING GP PROBLEMS

In this section we construct a general purpose algorithm for solving GP
problems. We first generate a generalized covering problem that is a
relaxation of GP, referred to as the Generalized Covering Relaxation
(GCR) problem. If the optimal solution to GCR is feasible for GP, it is
also optimal. Otherwise, GCR is augmented with additional generalized
covering constraints that eliminate its current optimal solution. The
number of constraints in each GCR problem solved is relatively small in
comparison with the number of constraints in the equivalent GCR
problem of Granot and Hammer (1971). Additional constraints are gen-
erated only to eliminate the optimal solution to GCR when not feasible
for GP.

Let GCR be any relaxation of GP with x an optimal solution of GCR.
Assume that £ is infeasible for GP. In the following we shall exhibit a
method for generating a generalized covering constraint from a violated
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polynomial constraint. The generalized covering constraint is a valid
inequality for GP but is not satisfied by £. For that purpose we introduce
the following notation: let f(x) =Yi_, ax[[,en, X < b be any constraint
of GP that is violated by %, and let S* = {k:ax > 0 and [[,en, % = 1},
S™ = {k:ar < 0 and [[,en, £ = 1}, 8° = {k:ax < 0 and [[,en, £, = 0}, and
S = S* U S° Furthermore, for each £ € S° let j, be any element of N,
with x£,, = 0. Now for every 0-1 vector x we have

f(x) = Yres+ ar [Lien, % + Yreso anX;, + Yres- Qr (1)

= Yres+ ar [ en, X, + Yreso (—anx;, + Yiresous ar = g(x).

Denoting by ax" = |ax|, y» = men, %, if ar > 0 and y, = %, if ax < 0, and
substituting b’ = Yiesous- @x in (1) produces the valid constraint

g(x) =Yresar'yr + b’ < b 2

for GP. Observe that (2) is violated by X since g(x) = f(x) > b.

Let C C S be any subset of S for which Yiec ar’ > b — b’. Then
mec Yr = 0 is a necessary condition for (2) to hold and is thus valid for
GP. Substituting y in terms of x in mec yx = 0 yields the equation
Trecns+(Men, %) - Trecnse(X;,) = 0 which, because x is 0-1, is equivalent to
the generalized covering constraint

ZJEV x_] + ZkeCﬁSO X, = 1 (3)

where V = Upecns+ Ne. Now, (3) is a valid constraint for GP, but, since
¥r = ye(xX) = 1 for each 2 € C, it is violated by £. Therefore, when (3) is
added to GCR it cuts off the current optimal solution X, but no other
feasible solutions to GP.

One particular method to generate the set C, which is employed
throughout our computational experiments, is to arrange the a;'’s in a
decreasing order and then choose C = {1, ..., e} where e is the smallest
integer for which Y i1 a,’ > b — b’. Furthermore the index j» was chosen
to be the smallest index j in N, for which x, = 0.

Example 1. Consider the following constraint: f(x) = bx;x. —
3x3x4x5 + 2x2x6 < 4 and the solution £ = (1, 1, 1, 1, 0, 0). Since x violates
the constraint f(x) < 4 and x5 = £ = 0 we generate a generalized covering
constraint from g(x) = 5x1x2 + 3%; — 3 < 4. The constraint generated is
X1+ X+axs=1.

We provide below a formal description of our algorithm for solving GP
problems. The algorithm starts with the trivial GCR problem of finding
a 0-1 vector x maximizing ¢ "x whose optimal solution is £ = 1.

An Algorithm for Solving GP Problems
Step 1. Find an optimal solution & for the GCR problem. If £ is feasible
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for GP, terminate with £ an optimal solution thereof; otherwise go to
Step 2.

Step 2. Generate at least one generalized covering constraint from each
violated polynomial constraint at £ and add them to the GCR problem
forming a new GCR problem. Then go to Step 1.

Observe that every time Step 2 of the algorithm is applied, an optimal
solution to GCR which is not feasible for GP is discarded. Since the
number of binary vectors is 2", the finiteness of the algorithm follows.
The optimality at termination stems from the fact that the GCR problem
solved at Step 1 is a relaxation of GP.

Remark 1. Each one of the generalized covering constraints added to
GCR in Step 2 is sufficient to eliminate x. Adding more than one
generalized cover will hopefully reduce the number of GCR problems
needed to be solved. In the computational experiments performed, we
generate one generalized covering constraint from each violated polyno-
mial constraint of GP.

Remark 2. Note that no additional variables are introduced by the
algorithm in the solution process and no special devices are needed to
handle the nonlinear constraints.

2. COMPUTATIONAL RESULTS

Our algorithm was coded in Fortran IV and implemented on an
AMDAHL 470 V-6 Computer model II. The main purpose of the com-
putational experiments was to investigate the number of GCR problems
(as well as their size) that need be solved in order to obtain an optimal
solution to a GP problem. The algorithm was tested on more than 800
randomly generated problems with up to a maximum of 13 polynomial
terms in each constraint. Ninety-five percent of these randomly generated
problems were solved in 90 seconds or less of CPU time. Only 30% of the
problems solved were found to be feasible. The problems were generated
as follows. The cost vector ¢ was determined by setting co = 0 and
¢,+1 = ¢; + A where A is uniform on [0, 10]. Every constraint is of the form
21 ayy, < b, with y, = 7i_; xz_and is generated as follows: the number of
terms p is uniform on [1, P}, the number of variables e in each term is
uniform on [3, 5], a, is uniform on [—20, 20], R, is uniformly chosen
between 1 and n, « is a constant between 0 and 1 that measures the
tightness of the constraints, and the right hand side b, is chosen to equal
Y1 ay + a Y721 |ay|- The results obtained from 792 problems that were
run—11 for each combination of n, m and a—are summarized in Table 1.
The number of covers reported is the average number of generalized
covering constraints in the last GCR problem solved. The number of
problems solved designates the number of problems (out of 11) for which
either an optimal solution was found or infeasibility was detected within
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TABLE I
P=5
No. of
No. of No. of Tightness CPU No. of It- No. of No. of Problems
Variables Con- (a) Time erations  Covers Feasible Solved
straints (sec) Problems
Out of 11
50 25 0.90 0.09 3.3 8.9 11 11
50 30 0.90 0.24 4.2 11.3 11 11
50 35 0.90 0.58 6.2 13.3 10 11
60 25 0.90 0.05 3.5 89 11 11
60 30 0.90 0.15 3.7 10.4 11 11
60 35 0.90 0.54 5.3 13.1 10 11
70 25 0.90 0.06 3.2 8.5 11 11
70 30 0.90 0.12 3.9 104 11 11
70 35 0.90 0.45 5.5 13.2 10 11
50 25 0.70 0.77 74 16.6 10 10
50 30 0.70 1.32 8.3 20.0 8 10
50 35 0.70 6.85 7.0 23.1 6 10
60 25 0.70 0.96 5.0 15.6 11 11
60 30 0.70 1.71 6.4 18.5 10 10
60 35 0.70 7.27 75 24.0 7 10
70 25 0.70 2.63 5.1 16.0 11 11
70 30 0.70 11.09 8.0 21.8 10 11
70 35 0.70 11.38 7.2 245 7 10
50 25 0.50 1.93 5.9 245 4 11
50 30 0.50 5.68 4.7 26.5 0 10
50 35 0.50 3.51 3.0 28.0 0 11
60 25 0.50 9.74 5.5 24.7 6 11
60 30 0.50 1.66 5.1 27.8 1 9
60 35 0.50 1.93 3.7 28.0 0 11
70 25 0.50 9.46 6.3 22.0 9 10
70 30 0.50 8.99 5.9 274 5 11
70 35 0.50 10.59 4.9 30.7 2 10
50 25 0.40 1.26 2.8 23.9 0 11
50 30 0.40 1.14 2.1 26.5 0 11
50 35 0.40 2.48 1.6 29.2 [} 11
60 25 0.40 1.42 2.9 23.6 1 11
60 30 0.40 1.16 2.2 26.3 0 11
60 35 0.40 3.73 1.9 29.7 0 11
70 25 0.40 6.04 3.9 239 1 11
70 30 0.40 4.62 2.6 26.3 1 11
70 35 0.40 4.73 2.1 29.9 0 10
50 25 0.30 0.47 1.6 24.7 0 11
50 30 0.30 0.95 1.5 28.2 0 11
50 35 0.30 1.24 1.4 31.5 0 11
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TABLE 1—Continued

No. of
No. of No. of Tightness CPU No. of It- No. of No. of Problems
Variables stcl}a(l)inn-ts (a) r{slgclf erations Covers Il’?r‘i)fllgxfs Solved
Out of 11
60 25 0.30 1.76 1.9 259 0 11
60 30 0.30 1.67 1.8 29.1 0 11
60 35 0.30 4.74 1.5 33.2 0 11
70 25 0.30 5.55 24 26.5 0 11
70 30 0.30 8.02 1.9 29.1 0 11
70 35 0.30 8.33 1.5 33.2 0 10
50 25 0.25 0.93 1.4 26.6 0 11
50 30 0.25 1.43 1.2 30.6 0 11
50 35 0.25 3.556 1.1 35.1 0 11
60 25 0.25 1.64 1.3 27.3 0 11
60 30 0.25 2.58 1.3 31.3 0 11
60 35 0.25 9.44 1.2 35.7 0 11
70 25 0.25 3.88 1.8 27.3 0 11
70 30 0.25 6.00 1.6 31.5 0 11
70 35 0.25 27.17 1.5 35.9 0 11
50 25 0.20 1.93 1.2 29.4 0 11
50 30 0.20 2.86 1.0 34.0 0 11
50 35 0.20 7.49 1.0 39.1 0 11
60 25 0.20 2.60 1.0 295 [} 11
60 30 0.20 6.53 1.0 34.3 0 11
60 35 0.20 20.67 1.0 39.6 0 11
70 25 0.20 11.00 1.5 29.9 0 11
70 30 0.20 10.29 1.3 34.4 0 11
70 35 0.20 26.48 1.1 39.0 0 10
50 25 0.10 5.99 1.1 34.5 0 11
50 30 0.10 6.67 1.0 40.5 0 11
50 35 0.10 14.81 1.0 46.9 0 11
60 25 0.10 12.30 1.0 34.8 0 11
60 30 0.10 21.01 1.1 40.7 0 11
60 35 0.10 47.63 1.0 47.3 0 11
70 25 0.10 22.33 1.1 34.7 0 11
70 30 0.10 23.10 1.0 40.5 0 11
70 35 0.10 43.06 1.0 45.1 0 3

90 seconds of CPU time. The CPU time reported is the average of the
true execution times in seconds for those problems solved. We remark
that about 90% of the computational time was spent in solving the GCR
problems. Those problems were solved using the implicit enumeration
method of Balas (1965). Neither surrogate constraints nor subgradient
optimization techniques were employed; however, various simplifications
and elimination rules were developed and applied to the coefficient matrix

Copyright © 2001 All Rights Reserved



Downloaded from informs.org by [216.73.216.187] on 14 July 2026, at 15:05 . For personal use only, all rights reserved.

1448 Technical Notes

of each GCR problem before solving it by the implicit enumeration
method.

In Table II the number of problems solved designates the number of
problems (out of 6) for which either an optimal solution was found or
infeasibility was detected in 60 seconds of CPU time.

The following conclusions can be drawn from Tables I and II.

1. An increase in the number of variables significantly increases the
computational time, but has only a very modest effect on both the
number of iterations and the average size of the generalized covering
problems solved.

2. The tightness of the constraints, as measured by the parameter a,
has a significant effect on computational performance. Both the number
of iterations and the average size of the covering problems solved are
unimodal functions of a with the maximum attained at @ = 0.7 and a =

TABLE 11
a = 0.50
10 Constraints X 30 Variables 20 Constramts x 40 Variables
Maximum No. of No of No of No. of
No.of CPU No.of prob- . CPU  No.of prob- 20
g No of feasible . No. of feasible
Terms (P) time itera- covers rob time itera- cov b-
(sec) tions solved P (sec) tions OVEIS  solved PTO
lems lems
out of 6 out of 6
3 0.04 3.2 8.2 6 5 0.32 4.2 13.2 6 4
5 0.11 54 10.3 6 6 2.19 6.3 22.4 6 2
7 013 6.3 12.6 6 6 468 96 29.5 6 3
9 0.36 9.1 12.5 6 5 11.07 10.9 45.7 6 1
11 0.94 9.7 29.3 6 6 22,88 12.6 56.3 6 2
13 4.39 204 49.6 6 6 26 31 198 812 3 3¢

¢ The three problems that were solved were all feasible.

0.5, respectively. However, the computational time as a function of « is
bimodal, where the two most difficult ranges are {0.5 = a < 0.7} and
{a = 0.2}. This last feature did not occur in our covering relaxation
algorithm for solving positive 0-1 polynomial programs, where the com-
putational time is a unimodal function of « attaining its maximum for
{04 < a = 0.7} (Granot et al. [1979]).

3. An increase in the number of constraints significantly influences the
computational performance. In fact an increase in m seems to have a
similar effect on computational performance as a decrease in «a.

4, Table II reveals the significance of an increase in the number of
terms in each constraint on computational results. An increase in P
significantly increases the CPU time, the number of iterations and the
size of the generalized covering problems solved. In fact, three out of six
20 constraints and 40 variables GP problems with P = 13 require more
than 1 minute of CPU time.
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Improved Bounds for Aggregated Linear
Programs

ROY MENDELSSOHN

University of California, Santa Cruz, California
(Received September 1978; accepted April 1980)

A method of Kallo for improving bounds on the optimal value of a linear
program calculated from an intermediate iteration is used to improve Zipkin's
bounds for an aggregated linear program. Both theoretical and computational
results are given, demonstrating the improvement due to these new bounds.

NE METHOD for solving large scale linear programs (LPs) or large
scale Markov decision processes (MDPs) is by first finding an exact
solution to a smaller, aggregated problem; disaggregating this solution to
the original problem; and finding bounds on the error from using the
approximate solution. This has been studied extensively by Zipkin (1980)
for fixed-weight aggregation.

In related work, Kallio (1977) derives bounds for a nonaggregated LP
which is stopped at some iteration of the simplex method, and uses a
decomposition technique and marginal analysis to tighten the bounds.
For nonaggregated LPs, Kallio’s Theorem 1 and Zipkin’s Proposition 2
are identical. In this paper, Kallio’s method is used to improve the bounds
for aggregated LPs and for fixed-weight aggregated MDPs. The notation
of this paper follows that of Zipkin whenever possible.

1. The Model
The original LP is

z* = max cx
subject to Ax < b (1)
x=0

where ¢ = (¢)) is an n-vector, b = (b,) is an m-vector, A = (a,) is an m X
n matrix, and x = (x,) is an n-vector of variables.

Leto = (Si:k =1, ..., K} be an arbitrary partition of {1, --- , n}, and
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