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The reviewer’s criticism of the study on the grounds of the simphicity of 1its
mathematics seems astonishing Can 1t be that we sometimes advocate com-
plexity for complexity’s sake?

NOTE ON KLEIN’S “DIRECT USE OF EXTREMAL
PRINCIPLES IN SOLVING CERTAIN PROBLEMS
INVOLVING INEQUALITIES”’*

GEORGE B DANTZIG
- The Rand Corporation, Santa Monica, California
(Received December 8, 1955)

B KLEIN m the May 1955 1ssue of this JourNaL™ proposed that ordinary
* methods of the calculus be used to mmmmize a function z of n vanables,

zy, T2, , Zs, where the latter are subject to inequalily constramnts instead of
usual equality constramnts As a first step he replaces all mequalities such as
f’(zly Ts, » Ta) <0 (=1, 2, s m) (1)

by equalities by the mtroduction of new vanables u, satisfying
f‘ (131, T2, ) Tu)Fut=0 2)

After this the problem can be solved (i theory) by the use of Lagrange multi-
phers For the Linear-programming case, this method will yzeld the nformation
that the solution 1s at a vertex where some of the constraints are equalities and
others are not For the non-linear case 1t will state that the solution 1s mside o1
on the boundary Our purpose will be to discuss whether this method can be
used constructively to determine the optimum for large m and n

Apphed to the standard hnear-programming problem

ki
> @y zy=by, (=1,2, .- ,m) (3
=1
zlgor (Jsly 2! s n) (4)
Z ¢ Z,=2, (z to be minimum) (5)

=1
the mequality conditions (4) are replaced by

—z,4+ur=0 g=1,2, ,n) &)
Let the Lagrange multiphers associated with the 1th equation of (3) be =,, and

those assoctated with the jth equation of (4') be 4,, then the mam problem 18 re-
duced to finding the unconditional mimmum of the form

7= i ¢ z,—i L (i . z,—b->+Z & (—zituf), ®)

=1 2=1 g1 =1

* Prepared at the request of the Editor of OPERATIONS RESEARCH
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where the constants x, and §, are selected so that z, and u, at the minimum satisfy
(3) and (4) Setting d2’/dz,=0 and 92’ /du, =0 yields mecessary conditions for
2 mimmum

"
c,-—Zar.m,—G,=0, (3=1,2,- ,n) )

taml

8 u; =0, (=12 ,n) @

or, solving for 6, i (6) and substituting n (7),

<CJ"‘Z Ty an) u, =0, (J=1: 2, ) n) (8)

2==1 A

which are well known relations which must exist between optimal solutions of the
primal and dual linear-programming problems

The essence of Klem’s proposal 1s that (8) mmphes for each 7 that either the
first or the second term must be zero This gives nse to 2" possible ways that
(8) can be satisfied—say that for 7=v1,v2, ,w, ,¥, the first term of the
product vamshes, while for all other 7 the second vamshes The n—r conditions
u,;=0 (1e, z,;=0) for y>v;, when substituted mto (3) give rise to m equations
(9) 1n 7 vanables x, where 7 =, the r conditions 8, =0 for 7 =»; give rise to 7 equa-
tions (10) m m varables x,

3 s zn=bs, (=1,2, ,m) )
k=21
Z Ty Qavp=Cop (k=1,2,- ,1) (10

1=1

If r <m, (9) will contan fewer equations than vanables, if r>m, the second sys-
tem (10), whose matrix 1s the transpose of the first, will have this property Thus
1n practice i1t may be expected that a large part of the 2* combinations will result
1 an mconsistent system For example, if one could assume that the rank of
any mXm submatrix of the coefficients of (1) 18 m, then all cases r>m or r<m
can be dropped, so that instead of 2* combinations, one could deal with the (m)
combmations where r=m To avoid the practical difficulty of testing the as-
sumption on rank, one could mtroduce ‘artificial’ variables as 1s usually done m
Linear programming and show that it 1s only necessary to consider submatrices
whose rank 18 m

For cases where x, exist sahisfynng (3) and (4) and where there 15 a fimte lower
bound for the value of z, the procedure as outhned 1s completely vahid One sumply
selects from among the combinations, solutwons in which all x,>0 and finds one which
munmazes the value of z

Most people who have considered problems mvolving mequahties have gone
over the same ground as Klemn The practical difficulty begms only if the solu-
tion of (m) systems, each mXm, 1s too much work Thus f n=7, m=2 as mn
the 1llustrative example presented by Klemn, all combinations can be enumerated
quickly  George Stigler™ m trymng to solve the nutrition problem made a search
among the combmations of an (n=77, m=9) hnear-programming nutrition prob-
lem Actually, he was able to ehminate many foods and needed to consider an
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(n=23, m=9) case, even here (%) 1s very large and he had to resort to further
devices to cut down the number of combinations to about 512 Smce this was
done m the days of hand methods he was forced to try a few of the combmations
and take for his ‘optimum’ the best among them

The Simplex method™® i fact begins where Klemn leaves off The first part
of the procedure consists of a method of selecting from among the (%) combna-
tions one 1n which all z,>0—called a basic feasible solution (the m variables z,,,
Z;4 , 1, are called basic varables) With such a starting solution, the values
of m, and &, are determined next by (10) and (6) It can be shown that all §,
should satisfy §,>0 for the solution to be optimum If not, there 18 a 8, <0

The corresponding non-basic variable z, =0 1s allowed to increase while all other

non-bhsic variables remain at their zero value At a value z,=z,* sufficiently

large, one of the values of the basic variables becomes z,, =2,,* =0 while all other

2, >0 This gives nse to a second combination m which z, replaces z,, as basic

vaniable The new value of z can be shown to be less than that for the previous

combmation The procedure 1s 1terated until a solution 1s obtamned satisfying
(3) and (4) in which all §,>0 In practice, approximately m combinations are
usually exammed The shift from one combination to the next can be arranged
so that nXm new multiphications are needed Thus each new combination does
not mean solving from scratch a new m Xm system of equations

The foregoing may be summarized as follows First, Klem’s method leads to

a set of equations which, wn the linear case, have been well known for some years

Second, the direct solution of these equations wn the case of a large number of vari-

ables, had previously been thoroughly explored and shown to be prohibitively

laborious Third, the Simplex method, applied to the same problem but follow-

g a different procedure, 1s capable of solving this type of problem with an ac-

ceptable amount of labor

However, 1t does not follow that Klem’s work contains nothing of value, for
at least two reasons First, the squared-vanable transformation makes 1t pos-
sible to replace all mequahty constraints by equality constrants, that 1s, to re-
duce non-classical to classical problems f Second, Klemn’s method has applica-
bility to inequahty-constrained non-linear few-variables problems, as indicated mn
his article itself
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