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TECHNICAL NOTE

IMPLICIT ENUMERATION FOR THE PURE INTEGER
0/1 MINIMAX PROGRAMMING PROBLEM

MOUSTAPHA DIABY

Arizona State University, Tempe, Arizona
(Received December 1989; revisions received February 1991, February 1992; accepted April 1992)

We present an implicit enumeration procedure for solving pure integer 0/1 minimax problems which arise in the context
of Benders decomposition for mixed integer 0/1 linear programming problems, or in various practical settings such as
the location of facilities and assembly line balancing. The procedure is an extension of the additive algorithm of E. Balas
for pure integer 0/1 programming problems. We solve minimax problems directly (i.c., as minimax problems, not as
mixed integer programming problems). A numerical example is used to illustrate the procedure. Extensions of the basic

algorithm are discussed.

he pure integer 0/1 minimax problem can be
stated as follows.

Problem MP
Min,{Max.ex(/()]}
subject to

glx)<s0 tek
x,€1{0,1} jEN,
where

M=1{1,2,..., m}is the set of indices of objective

functions;
N=1{l,2,...,n}]is the set of indices of variables;
K=1{1,2,...,k}is the set of indices of constraints;

f)=a, + Tenayx, €M, x=(x)
8xX)=bi, + Terbyx, t€K, x=(x).

This problem is important in the context of Benders
decomposition because Benders’ master problem can
be formulated as a pure integer 0/1 minimax program-
ming problem when the integer variables are binary.
The problem is also important in its own right,
because it can be found in many practical settings.
For example, it is associated with several location/
allocation problems in which the objective may not
be to simply maximize profits or minimize costs. Such
problems often arise in the context of locating hospi-
tals, police stations, fire departments, etc., where one

wants to minimize the maximum of some factor such
as response time (or the maximum of functions mea-
suring response time), for example, with respect to
different demand points (see Hax and Candea 1984
or Mirchandani and Francis 1990). Also, the problem
of minimizing assembly line cycle time, which arises
1n the context of assembly line balancing (see Baybars
1986), is essentially a pure integer /1 minimax pro-
gramming problem.

The standard approach to solving MP has been to
reformulate it as the following equivalent mixed inte-
ger programming problem.

Problem MIP
Minimize z

subject to

zzflx) ieM
0=zg(x) t€K
x 10,1} jJEN
z unrestricted.

Owing to the fact that MIP has only one continuous
variable, it has often been suggested (see Garfinkel
and Nemhauser 1972 or Nemhauser and Wolsey
1988, for example) that it (MIP) not be solved as a
mixed integer programming problem, but rather more
efficiently as a pure integer programming problem.
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However, in all research known to us, aimed at
exploiting the “almost-pure integer” nature of MIP,
MIP is not solved optimally (see Lemke and Spielberg
1967, Balas 1970, Gorry, Shapiro and Wolsey 1972,
Minchandani and Francis 1990, and the examples in
Baybars 1986).

The purpose of this paper is to propose a new
enumeration procedure for optimally solving problem
MP directly. To simplify the presentation, we first
consider the unconstrained version of the problem.
The extension of the procedure to handle constraints
is straightforward and will be discussed subsequently.

1. SOLUTION METHOD

In developing and stating the proposed solution
method we use the following notation. Let

g =% ifa,>0
Y7 |0 otherwise

g =% ifa, <0
¥ 7 10 otherwise.

Then, clearly a, = a;, + aj, for all (i, j) € (M, N).

For P C N and a p-vector ¥* = (Vs Voras

-+s Yps,)s where p= |P|, r, € Pand y,, € {0, 1} for
al j<p letJ,= {rjlyp,'r, =1}, Jp= {rj'yp.r, = 0},
F, = N\(J,, U J,,). Then, there exists a one-to-one
correspondence between incomplete (partial) and
complete enumerations of components of the decision
vector x, and instances of y”. Here J,, corresponds to
the set of indices of components of x that have been
fixed at 1; J,, corresponds to the set of indices of
components fixed at 0; and F, corresponds to the set
of indices of components not yet restricted (i.e., the
set of “free” variables).

We refer to y# as a complete (incomplete) solution
if F, is empty (nonempty). Hence, we are using the
term solution in a broad sense.

Let B" denote the set of all 0/1 n-vectors, where
n = |N|. For any (complete or incomplete) solution
y*, define a set X*:

X =[x€B|x=y, for j€ U, Uyl

and an m-vector V7 V7 = (v, Upay + .., Upm)' with
Up = Mieex!{fi(x)}, i € M.

Finally, to every V7, attach a scalar || V||, defined
as [[V?|| = maxem{v,}. The validity of || V7] as a
bound for implicit enumeration is established in the
following propositions.

Proposition 1. Let Z*7 = min,ex-imax,c,|/fi(x)}}
denote the value of solution y®. Then, Z? = | V?| if y?
is complete.
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Proof. Here y” complete implies X7 = {y”}, which
implies v, = f(y*), for all i € M; X? = {y”} implies
IVl = maxesdf(y?); vy = f(p7) for all i € M,
implies Z7 = max.ex{f(y”)}-

Proposition 2. Let Z’ = min,epr{max.eun|fi(x)}}
denote the value of solution y*. Then, Z° = | V*|| if y*
is incomplete.

Proof
Z? = minerw{max.em!fi(x)}}

= maxeniminer{fix}} = | V7|.

Proposition 3. Restricting x, (k € F,) to 1/0 will cause
v, to change (increase by exactly |a|) if and only if
ay Is positive/negative.

Proof. From the definition of the v,/’s, we have
Un=a,+ Y, a,+ > a;, iEM, p<|N]|. )

JET JEF,
The proposition follows immediately from (1).

Now, referring to a solution y* as a continuation of
a solution y? if F, C F,, J,, € J,;, and J,, C J,,, we
have the following results.

Corollary 1. For any continuation of y' of y¥, we have
Vo = Up + Yoeripnlay| for all i € M, where T(p, 1) =
T] U T2, Wlth

T, = {jlj € (/iN,); a, >0}, and
TZ = {.]l.] € (Jai\-]op); al] < 0}

Proof. The proof follows directly from Proposition 3.

Corollary 2. Ify' is a continuation of y?, then | V'| =
Hvel.

Proof. The proof follows directly from Corollary 1.

Propositions 1 and 2 show that || V?| is a lower
bound on the value of MP. Corollaries 1 and 2 show
that this lower bound is nondecreasing with respect to
restrictions. Finally, Proposition 3 can be used to
compute the bound efficiently.

A flowchart of our proposed enumeration scheme
which uses || V'?|| as a bound follows.

STEP 0. (Initialization)

LetJi,=¢; F,=n

(all variables are unrestricted)
SetZ*=0; J*=¢;p=0

(Z*: the initial incumbent value;

Copyright © 2001 All Rights Reserved
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J*: the set of variables fixed at 1 in the incumbent
solution;

p: the level of branching (the number of variables
restricted, or the node number))

Go to Step 1.
STEP 1. (Bounding and Branching)

Compute || V7|
(use relation (1) if p = 0; use Proposition 3 other-
wise)

If | V7| < Z*, then:

la. If F, = ¢, then:
(bound is better than current incumbent value;
solution is complete: record solution as the new
incumbent and backtrack).

Set Z* = || 17|
J* = le
Go to Step 2.

1b. Else: (i.e., F, # ¢)
(bound is better than current incumbent value;
solution is incomplete: restrict one “free” variable
to zero (i.e., branch forward)).
Choose any k € F,
Set F,.y = F\k]
J 1or1 = Jip
p=p+1;s5,=0
(s, is a node “state” index: 5, = 0 (1)
means that the “1-branch” has not been
(has been) explored).
Go to Step 1.
Else (i.e., | V7| = Z*): Go to Step 2.

STEP 2. (Backtracking)

If s, = 0, then:
(the 1-branch has not been explored (i.e., node p is
“live”): explore the 1-branch (i.e., branch backward:
backtrack and branch)).

2a. Let k be such that F,_ \F, = {k}
Set le = le U {k}

s, =1
Go to Step 1.
Else:
2b.Setp=p—1

(the 1-branch has been explored: exit if there are
no more “live” nodes ( p = 0), or keep backtracking
until a live node is encountered).

If p =0, Go to Step 3

Else, Go to Step 2.

STEP 3. (Exiting)

1 ifjeJ*
*
Set x; {O otherwise

Stop; x* = (x}) is an optimal solution to MP.

2. NUMERICAL EXAMPLE
Consider the problem below.

Problem MIP
Minimize z
subject to
222173 —-2600x, —2700x, —4075x3 — 4150x, = fi(x)
z = 1605 + 250x, + 250x; + 50x; + 50x; = fo(x)
z 2 1199.5 — 1100x, — 2700x;

+ 50x; — 2075x, = fi(x)
221798 —1100x; — 1200x2+ 50x3+ S0x4=14(X)
x,€10,1); jEN={L,2, 3,4}
MIP is equivalent to the following problem.

Problem MP
Min, {Max,eu{ f(x)}}

x, €10, 1}, jEN,

where M = {1, 2, 3, 4}; N = {1, 2, 3, 4}; x = (x),
J € N; and the matrix of coefficients of the x;’s is:

-2,600 —2,700 —4,075 —4,150

250 250 50 50
-1,100 -2,700 50 =2,075
-1,100 —1,200 50 50

The steps of the search procedure are summarized
in Table I, where the columns represent iterations.

Note that the components of }J”7 are computed
according to (1) at the initial node (i.e., node 0)
and according to Proposition 3 for other nodes. For
example,

Vol = o + 2 @y + 2, aj
€10 JEF,

2,173 — 2,600 — 2,700 — 4,075 — 4,150
= —11,352,

whereas for node | (which has x; = 0, since | &
(Ji U F)):

Vot + |anl
-11,352 + |-2,600| = —8,752.

Note also that the bound at a given node is equal to
the greatest component of V7 at that node. For exam-
ple, the bound at node 0 is 1,605 = max{—11,352,
1,605, —4675.5, —502}.

The optimal solution is x* = (0, 0, 0, 1)’ with a
value of 1,848.

Ui

Caonvright © 2001 All Rights Reserved
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Table I
Search Procedure Steps

D 0 1 2 3 4 4 3 2 1 0

5 0 0 0 0 1 1 1 1 —_

Ji ¢ ¢ ¢ ¢ ) {4} {3} {2} {y —
F, {1,2,3,4}  {2,3,4 {3, 4 {4} @ ) {4} {3, 4) {2,3,4) {1,2,3,4)

14 —11,352* 7| [-8,752* 7] [6,052* [-1,977*112,173* | [-1,977 7} [-6,052 T [-8,752 | [~11,352 —

1,605* 1,605 1,605 1,605 |]1,605 1,655* 11 1,655 1,855* 1,855* —

—4,675.5%] |-3,575.5* 875.5* 875.5(11,199.5%} | —875.5)| —825.5%| |-3,575.5]| —4,675.5 —

-502* 598* 1,798* 1,798 ,798 1,848* 1,848* 598 -502 —_

R 1,605 1,605 1,798 1,798 2,173 1,848 1,848 1,855 1,855 —

z* o ® o o 2,173 1,848 1,848 1,848 1,848 —

J* ) ) ¢ ¢ ¢ {4} {4} {4} {4 —

Note that for MIP, the generation of the linear
programming bound in a conventional branch-and-
bound (BB) context requires solving one linear pro-
gramming (LP) problem at each node. Each of these
LP’s, although not solved from scratch, could require
several iterations, with up to 45 multiplications/
divisions and 40 additions/subtractions per iteration
(see Bazaraa, Jarvis and Sherali 1990) for the first level
of branching, and possibly more for higher levels. The
generation of our bound at each node requires at worst
only four additions/subtractions because only the
components of ¥” marked by an * need be re-evalu-
ated in the enumeration process according to Propo-
sition 3. Also, because no divisions or multiplications
are involved in our procedure, it eliminates the prob-
lem of round-off errors that can be encountered in
solving an LP problem. Finally, the storage require-
ments for our procedure are minimal compared to
that of the conventional LP-based BB.

3. EXTENSIONS/IMPROVEMENTS OF THE
BASIC PROCEDURE

In this section, we discuss the extension of the basic
procedure to handle constraints. We also discuss
results that can be used to drop objectives from MP.

3.1. Extension to the General (Constrained)
Minimax 0/1 Programming Problem

The extension of our procedure to handle constraints
can be described as follows. Define y*, X?, Jip, Jops
and F, as in Section 1; let b} and b; be such that:

po = {by i£5,>0
Y7 10 otherwise

p- = 1By ifB,<0
b 0 otherwise.

Then clearly, the b; and b;’s are analogous to the a;’s
and a;’s.

For every y?, define a k-vector R® = (rp1, 1y, . . .,
Yu)', where r,, = min,c{ g(x)} for all € K. Then, r,,
is analogous to v,,,. Hence, Proposition 3 and Corollary
2, in particular, hold for r,,. Proposition 3 provides an
efficient way of computing r,, from r,_,,. Clearly, if a
constraint ¢ is infeasible for a solution y”, then it is
infeasible for all continuations of y?. Hence, the r,’s
are suitable for restricting the search to feasible solu-
tions. The basic procedure is extended to solve the full
(constrained) version of MP by simply changing the
test of Step 1 from:

“Wrel < Z2*? to (V7 < Z*7)
and (r, <0 forall r € K?)".

3.2. Problem Reduction

The following resuits can be used to reduce problem
MP at the preprocessing stage or during the enu-
meration process of a given implementation of the
procedure.

Proposition 4. Let u, = max,ex{f(x)} for all i € M.
Iff(-) and f(-) (j # i) are such that v,, > u,, for some
y*, then there exists no continuation y* of y”® such that
1V = v

Proof. By following a development similar to those
in the proofs of Propositions 1, 2, and 3, it is easy to
show that

U, = u,;, also,

u, = v,, so that (2)
Up Z Uy 2 Uy

From Corollary 1, we have

v, 2 Uy, 3)
Combining v,, > u,, with (2) and (3), gives

U!j > upl = un = Ull' (4)

Copyright © 2001 All Rights Reserved
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Now, suppose that || V|| = v,; then, we have:
Uy = maXem{v,f = vy, (5)

which contradicts (4). Hence, we must have || V| #
Vs

Corollary 3. If f(-) and f(-) (j # i) are such that
vy > Uy, for some solution y®, f(-) can be eliminated
from consideration for all continuations of y*. Fur-
thermore, if, in addition, F, = N, f(-) can be deleted
Sfrom the problem.

Proof. The proof follows directly from Proposition 4.

Corollary 3 can be used to eliminate objective func-
tions from MP at the initialization step of our proce-
dure. For instance, referring back to the numerical
example of Section 2, we have:

—11,352 2,173

1 1605 | 2205
V=1 _a6755 | ad V=119

2502 1,898

Hence, fi(-) can be deleted from the problem because
1,605 = v, > u,; = 1,249.5.

4, CONCLUSIONS

We have developed and presented a new bounding
approach for the pure integer 0/1 minimax program-

ming problem and an implicit enumeration procedure -

based on this bounding approach. The proposed
bound can be computed much more efficiently than
the conventional linear programming relaxation
bound. Moreover, it requires no multiplication or
division, and hence eliminates the possibility of round-
off errors. In the computational experiments we con-
ducted using randomly-generated problems with up
to 200 variables, 30 objectives, and 20 constraints, the
proposed overall procedure significantly outper-
formed the conventional linear programming branch-
and-bound approach (see Diaby 1991 for details).
However, in particular, further testing of the proce-

dure is needed to determine its overall impact on
convergence in a Benders decomposition framework.
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