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INFORMATION THEORY AND SEARCH THEORY AS SPECIAL
CASES OF DECISION THEORY

Donald F. Mela
Operations Evaluation Group, Washington, D C
(Received August 7, 1961)

T IS fairly widely realized at this time that a procedure that yields the highest

probability of detection mn a search problem will not necessanly be the one that
maximizes the expected information gained, as given by the standard definition of
mformation theory (Reference 1 1s the only document i which the writer has
seen this fact 1n print ) It 18 the purpose of this note to indicate with some simple
examples that the connection between the information-theory approach and the
search-theory approach 1s tenuous and that search problems can better be regarded
as an apphecation of the more general theory of statistical decisions

As a first example of a case where maximizing information does not lead to the
correct search procedure, consider the following  Suppose that an object 1s equally
lhikely to be 1 one of two areas, and that the probability of detection for one look
I an area 18 14 Suppose that two looks can be made If we look twice 1n one
area the probability of seeing the object 18 3{ when the object 1s 1n the area and 0
when the object of search 1s not in the area, so that the probability of detection 1s
14 34435 0=3¢ On the other hand if we take one look m each area, the prob-
ability 1s ¥4 15+14 14 =14 that the object will be detected

Next consider the information gams from the two possible procedures Sup-
pose we look twice in area A If the object 18 not found, then the a posterion
probability that the object 18 in area A 1s 14 and the a posterior: probabihty that
the object 1s 1n area B is 4§ If the object 1s found, the probabilities are 1 and 0
Then the expected gain 1n information 18

A(2,0) =1(24,%4) —[36 1(1,0) +3¢ 1(}4,%5)] =0 380,
where I(p1, o, ) Pn)=— Z’:{‘ P+ logp,

A silar calculation for the case of one look 1n each area yields an information
mncrease of
A(1,1) =1(34,%4) —[34 I(1,0) +35 1(34,}4)] =0 347

Thus the procedure of two looks 1n one area, which yields more information, results
in the lower detection probabihty

On the other hand 1t 15 easy to change this example to one where the procedure
that yields more information 1s preferred Suppose that an action 1s to be based
upon the results of the two looks We mught wish to commt forces to one area
on the basis of the looks If the object 15 discovered by the two looks, then of
course the forces can be commutted correctly If the object 1s not found after
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two looks, then the posterior probability distribution 18 (34,14) 1if each area has
recerved one look, and it 15 (14,44) if area A has received two looks Then the
probability of commutting the forces correctly 1s calculated easmly and turns out to
be 34 1if each area 18 looked at once, and 74 1if one area recerves both looks Thus
1n the present case, the policy that leads to more information gain 1s also the policy
that leads to the better decision

A shghtly more compheated version of this example provides a situstion mn
which the best course 1s neither to maximize detection probability nor to maximze
mformation gain  Suppose that the object lies with probability 14 in one of three
areas, and that three looks are available, each look producing a detection prob-
ability of 14 Agam suppose that the problem 1s to commt a force correctly on
the basis of the three looks There are three procedures available

3, 0, 0) look three times in one area
(2, 1, 0) look twice in one area, once 1n another
(1,1, 1) look once 1n each area

The following table summarizes the calculations similar to those for the pre-
ceding example

Detection  |Expected information | Probability of correct

Procedure probability gain commitment
(3,90 N o 478 %
(2, 1, 0) H2 0 541 %
(a1, 1) 1% 0 549 %4

In this case, the procedure that maximizes detection probability also produces
the maxmmum expected mformation crease, but 18 not the procedure yielding the
highest probability of correct commtment of forces

From the foregomng examples 1t does not seem likely that there 1s any intimate
connection between search theory and mformation theory This becomes clearer
when the search problems are considered as a part of the more general theory of
statistical decisions In a typical decision problem, one of a set of mformation-
gathering processes may be employed, which transforms our mmtial or a prion
knowledge about a situation into a final or a posterior1 knowledge  The knowledge
18 represented generally by a prior1 and a posterior1 probabihity distributions  The
choice of the mformation-gathering process (search or experiment) depends upon
the value (utiity) and the probabilities of the various possible a posterior: dis-
tributions

For example, referring to the first example above, one procedure 18 to look twice
m area A This results i the a posterion target distribution (1,0) with proba-
bility $£ and the a posterionn distribution (1§,45) with probability }4 If the
objective 18 detection with certamnty, then the first distribution has value 1 and
the second has value 0 If the objective 18 information mcrease, then the a pos-
terionn distributions are valued using the function—Y p,logp, Fnally if the
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objective 18 to commt a force fo the correct area on the basis of an a posterion
distribution (p:,ps), the distribution (p,,ps) has the value max(py,p.), since the best
procedure 1s to commit the force to the area with the hugher a posterior: probability
of containing the target

Work on search theory, such as that in references 2 and 3, has dealt with the
problem of maximzing detection probabiity However, in many cases some
action other than detection 18 involved, and the mformation measure may or may
not lead to the proper optinuzation

In conclusion, there appears to be no reason why the information theory measure
should be preferred Each problem will by 1ts nature require its special valuation
of the possible results of a search Thus ‘search theory’ should be considered 1n
connection with the general theory of statistical decisions rather than with in-

formation theory
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COMMENTS ON A PAPER BY THOMAS HEALY

John H Roseboom
Booz, Allen Applied Research, Inc , Glenview, Illinois
(Recetved August 10, 1961)

N THE May-June 1ssue of OpEraTIONS RESEARCH, THOMAS HEALY presents
findings which he uses to demonstrate that a prescribed subdivision of activities
will change probabilities in a PERT network analysis *
As a member of the origimal PERT team, I would like to call attention to and
take 18sue with some aspects of his paper
On a broad level, I do not think that it 18 generally wise to put unrealistic
emphasis on the precise probabiity numbers yielded m a PERT computation
Insights and direction should stem from an observation of the approximate level
of the computed probabilities
However, there are other thmgs that should be said about Healy’s paper
These have a bearing at two levels At a formal level, Healy makes mmitial assump-
tions that guarantee his results
The assumption 18 made that in the process of subdividing, the sum of the
optimistic and pessimustic times of the subdivided activities are equal to the op-

* “Activity Subdivision and PERT Probability Statements,” 9, 341-347 (1961)





