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Abstract. This paper considers orders that arrive one-by-one over time to a fulfillment 
center. Each order requests a product with some degree of customization that needs to be 
delivered expeditiously to a nearby location using a delivery vehicle. However, each vehi
cle can batch multiple orders together for delivery within a single trip. The benefits of 
batching include more efficient capacity utilization, lower total vehicle ownership require
ments, and reduced environmental impact. The main drawback of batching is the conse
quent reduced average quality of service due to associated delivery delays when waiting 
for additional orders to arrive and executing a delivery route. To address this trade-off, we 
consider a set of threshold policies for batching and dispatching groups of orders, and 
characterize the associated long-run average cost per unit time for each policy that explic
itly accounts for the customer’s total order lead time, including the time between order dis
patch and delivery to the customer which, in turn, depends on route sequencing policies. 
For the threshold policies, our state variable may not only include the number of outstand
ing orders, but may also incorporate information on order arrival times and delivery loca
tions. We model the stochastic dynamics of the system and obtain the long-run average 
cost per unit time, which we compute using a renewal-reward approach. We also consider 
different delivery sequencing approaches, including first-come, first-served and shortest 
traveling salesperson. In addition, we evaluate the effectiveness of accounting for all order 
information in the decision-making process, as opposed to just the number of outstanding 
orders or the time in the system for each order. Our analysis shows that a generalized class 
of cost- and quantity-based threshold policies often outperforms existing policies in the lit
erature with the additional benefits of being robust to overestimates of the optimal cost 
threshold value and achieving strong delay cost performance.
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1. Introduction
A massive shift has occurred in the past few years 
within the area of time-based logistics, due in no small 
part to the so-called “Amazon effect” (Lynch 2018) asso
ciated with the retail giant’s ability to deliver a vast mul
titude of items to the home within two days at a 
reasonable price. Amazon Prime Now, for example, 
delivers items (including select restaurant food and gro
ceries) within two hours in several densely populated 
cities around the world (and within one hour for an 
added premium). As a result, a large number of today’s 
consumers have come to expect exceptionally fast order 
fulfillment for a wide range of consumer goods (Beck
with 2017). Firms in many industries have responded 

and are scrambling to develop fast-response fulfillment 
systems in order to gain a speed-based competitive 
advantage. In the fast-food industry, for example, Uber
EATS and Jimmy John’s (the latter of which uses the 
trademark Freaky FastVR ) have based their reputations 
and business models largely on fulfillment speed. Firms 
seeking to use order fulfillment speed as a competitive 
advantage rely on flexible and responsive delivery sys
tems that leverage relatively recently developed technol
ogies to efficiently match orders to fulfillment capacity. 
Maximizing the efficiency with which these systems 
operate (and, therefore, minimizing the system’s cost 
burden) requires understanding and solving a complex 
problem class that is not currently well defined or 
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understood in the academic literature. Furthermore, in 
the aftermath of the COVID-19 pandemic, there is a 
greater need to solve the problem of efficient real-time 
order fulfillment.

This problem class addresses a fundamental trade-off 
between speed of service and economies of scale in real- 
time order fulfillment. In the relevant application set
tings briefly described above, orders arrive randomly 
and continuously throughout time, leading to a class of 
so-called “online” operations problems. Fulfilling an 
order requires allocating the requested product(s) to an 
available fulfillment resource and executing delivery. In 
some contexts, the relevant products are retrieved from 
inventory at a stocking point, whereas in other settings 
the products may be assembled-to-order from a stock of 
components (e.g., in fast-food delivery). Because order 
fulfillment operations often involve economies of scale, 
this introduces an important trade-off between fulfill
ment speed and efficient resource utilization. At one 
extreme, for example, allocating each order to a unique 
fulfillment resource may maximize dispatch speed, but 
may lead to poor resource utilization and cost perfor
mance, while increasing the probability of a lack of avail
able fulfillment resources (as a result of all available 
resources having been allocated to previous orders when 
a new order arrives). At the other extreme, orders might 
be dispatched and delivery executed only when a re
quired fulfillment resource’s capacity is fully utilized. 
For example, if the fulfillment resource is a delivery van, 
such a policy only permits dispatching the van when it 
is fully loaded with orders. This approach of batching 
orders reduces the delivery cost incurred per order while 
increasing the average order fulfillment time. In general, 
given a random order arrival process, we seek to solve 
the problem of batching received orders together and 
determining when to dispatch the resource to execute 
fulfillment while explicitly considering the delivery 
process.

This broad discussion immediately raises fundamen
tal questions that must be resolved within this problem 
class: (1) What approach(es) can best characterize con
sumer trade-offs between delivery speed and cost? (2) 
What is the structure of the best policy for group
ing orders and dispatching fulfillment resources? (3) 
How do the properties of the order arrival process and 
delivery sequence affect the best policy structure? To 
address these questions, we begin by exploring the rel
evant literature in Section 2. Then, in Section 3, we pre
sent an illustrative deterministic model that lays the 
foundation to study such policies and points to some 
insights about the inherent trade-offs. Subsequently, 
in Section 4, we consider a stochastic model, discuss 
static policies, and introduce two delivery mechanisms. 
Then, in Section 5, we describe dynamic policies that 
we evaluate by characterizing the system using the state 
evolution dynamics. In particular, we propose a class of 

cost- and quantity-based threshold trigger policies that 
use information on accumulated orders and cost to 
determine when to dispatch. To test the effectiveness of 
the proposed policies, we present the results of several 
numerical experiments in Section 6. We start with 
experiments that use real location data from three cities 
in the United States, followed by simulated experiments 
on a variety of problem instances. As the results show, 
the proposed cost- and quantity-threshold policies turn 
out to be not only effective in minimizing long-run 
average costs, but insensitive to overestimates of the 
optimal cost threshold value, while also providing rela
tively low delay costs, a measure of service-level per
formance. Section 7 presents concluding remarks and 
ideas for future work.

2. Relevant Literature
Although the problem we consider is related to several 
well-studied problems in operations research, supply 
chain logistics, and transportation, to the best of our 
knowledge, it has not been explicitly considered in 
the open literature. Recent informal discussions with 
researchers at Amazon also reveal that these problems 
are not thoroughly understood in practice, and there is 
a need for new methodologies to address them effec
tively. Nonetheless, some relevant literature does exist. 
The related literature generally falls within the areas 
of online routing decisions, last-mile delivery, delivery 
dispatching service–cost trade-offs, and same-day deliv
ery (SDD) problems.

Whereas we primarily emphasize the time between 
order arrivals and when these orders are delivered to 
customers, most of the existing and vast literature 
focuses on the delivery process after a dispatch occurs. 
A voluminous body of work exists dealing with vehicle 
routing problems (VRPs) with or without uncertainty. 
A segment of this literature considers the probabilistic 
traveling salesperson problem (TSP). Daganzo (1984, 
2005) provides excellent resources that discuss a wide 
range of routing and VRP issues. In particular, Daganzo 
(2005) shows that for spatial Poisson locations, the 
total TSP distance for n stops is approximately a+

ffiffiffi
n
√

b, 
where a and b are positive constants, which we have ver
ified computationally for random sites selected in vari
ous cities, as we later note. Indeed, a large body of work 
exists on refining and generalizing TSP and vehicle rout
ing tour length approximations. A comprehensive sur
vey of the tour length approximation literature can be 
found in Choi and Schonfeld (2022), whereas Ansari 
et al. (2018) provide an in-depth look at the use of tour 
length approximations in location and transportation 
and logistics planning problems. Recent developments 
in this vein include data-based approaches for last-mile 
delivery route duration (Liu et al. 2021), distribution- 
free regression-based methods (Cavdar and Sokol 2015), 
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and estimates based on the mean and standard devia
tion of randomly selected tours (see Kou et al. 2022, 
2023).

Numerous articles have appeared dealing with prob
abilistic versions of the TSP since Jaillet’s (1985) thesis. 
Henchiri et al. (2014) present an excellent survey of 
those articles. In addition, real-time solutions for VRPs, 
wherein routes may be modified during execution 
based on new order arrivals, have been addressed by 
Gendreau et al. (1999) and Ghiani et al. (2003). Ichoua 
et al. (2000) incorporate diversion-based real-time dis
patching. However, real-time dispatching has also been 
considered by Krumke et al. (2002) using soft windows, 
whereas Du et al. (2007) focused on milk runs. Several 
authors have applied customer-based analytics to char
acterize how various factors influence last-mile deliv
ery costs. For example, Boyer et al. (2009) consider how 
customer density and delivery window patterns affect 
efficiency, whereas Chen and Pan (2016) demonstrate 
how crowdsourcing can be used for last-mile delivery.

Cattaruzza et al. (2017) discuss real-time vehicle 
routing in cities and the challenges presented in urban 
settings, whereas real-time dispatching for truckload 
motor carrier fleets is considered by Powell (2007). The 
notion of electronic freight matching using auctions 
and other mechanisms has been well studied (viz., 
Duin and Kneyber 2004, Nandiraju and Regan 2008, De 
Maio et al. 2018). Furthermore, the dissertation by 
Minkoff (1985) and subsequent article (Minkoff 1993) 
fall within the category of dynamic inventory replen
ishment dispatching, and an excellent survey of more 
recent work on this topic is provided by Coelho et al. 
(2013). Van Heeswijk et al. (2019) generalized Minkoff’s 
dynamic dispatching model to account for delivery 
time windows, using a Markov decision model and 
Daganzo’s (1984) tour length approximation approach 
for estimating vehicle route duration.

Whereas all of the above articles are focused on the 
delivery side, there are very few articles that consider 
combined batching and dispatching policies and their 
impacts on customer waiting costs. The seminal article 
by Çetinkaya and Bookbinder (2003) discusses stochas
tic models for consolidating shipments and then dis
patching deliveries, focusing on dispatching trucks to a 
fixed set of retailers. Our research generalizes this work 
along several contemporary and practically relevant 
dimensions; for example, the number and locations of 
delivery customers (i.e., retailers) may be random; a 
dispatched vehicle must deliver to multiple different 
destinations; and real-time system state information is 
available that can be used for making efficient batching 
decisions. Interestingly, Mutlu et al. (2010) consider dis
patch policy structures similar to those applied in the 
model we later present. In particular, these policies trig
ger a delivery dispatch following a fixed time interval 
T, a fixed dispatch quantity q, or some threshold that 

depends on a combination of T and q. The approaches 
taken by both Çetinkaya and Bookbinder (2003) and 
Mutlu et al. (2010) account for holding, or waiting, costs 
that accumulate between customer order arrival time 
and the time at which the subsequent batch is dis
patched, and do not account for the additional time 
between dispatch and customer delivery. A distin
guishing feature of the modeling approach we propose 
lies in its ability to account for the total time between 
order arrival and delivery, that is, the entire customer 
order lead time. This additional time is affected by 
delivery sequencing policies; that is, as we later discuss, 
average customer order lead time depends on whether 
deliveries are made in a first-come, first-served (FCFS) 
order, which customers may perceive as fair, versus a 
shortest-delivery-route order. Our preliminary results 
indicate trends similar to theirs, while accounting for 
delivery routing economies of scale. However, as we 
later discuss, we find that supplementing the state 
space with an accumulated cost dimension facilitates 
additional policies that can outperform fixed time inter
val or dispatch quantity based threshold policies, while 
providing additional service performance benefits and 
being robust to overestimation of the optimal cost 
threshold parameter value.

A number of works have appeared that address gen
eralizations of the shipment consolidation problem 
proposed by Çetinkaya and Bookbinder (2003), as well 
as more general so-called stochastic clearing systems. 
Bookbinder et al. (2011) consider a shipment consolida
tion problem in which order arrivals follow a Markov
ian process in discrete time and order weights follow a 
discrete distribution. Cai et al. (2014) generalized this 
work further by accounting for individual order-based 
waiting costs, as well as waiting costs that increase at a 
nondecreasing rate with time. As we later discuss, the 
modeling approach we use permits accounting for 
waiting costs that are nondecreasing in the batch deliv
ery size, and therefore in the average customer waiting 
time. Satir et al. (2018) generalize the shipment consoli
dation problem to permit two demand classes, regular 
and expedited, which requires rationing delivery ca
pacity between the two classes. A key contribution of 
this work lies in demonstrating the ability to address 
the infinite-horizon version of the problem and to char
acterize the optimal policy structure for this case. Wei 
et al. (2022) consider the more general class of stochas
tic clearing systems and propose measuring system 
performance based on average order delay, providing 
an analytical characterization of this measure for clear
ing systems with Poisson arrival processes and under a 
variety of clearing policies.

Works dealing with batching, consolidating, and bun
dling are abundant in the operations literature. The 
notion of batching and serving in bulk is well studied in 
manufacturing (e.g., baking of multiple products). A 
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wide variety of such models is presented in books such 
as those by Curry and Feldman (2010), Hopp and Spear
man (2011), and Buzacott and Shanthikumar (1993). Fur
thermore, dispatching problems are also common in 
transportation systems, such as those using shuttle buses 
(see Lee and Srinivasan 1990, Ceder and Yim 2003, Chen 
and Wan 2003).

Online versions of production batching decisions 
arise in make-to-order systems when customer orders 
arrive according to a random process. Zhang et al. 
(2001) consider a single machine problem in which n 
jobs will arrive with certainty, although their proces
sing and arrival times are not known in advance. The 
time required to produce a batch equals the maximum 
processing time among all jobs in the batch, and the 
objective minimizes the maximum completion time 
for all jobs. They propose online batching algorithms 
with worst-case performance bounds. Tian et al. (2007) 
extended this problem to account for delivery times 
after production completion and also provide online 
algorithms with worst-case performance guarantees. 
The problem difficulty increases considerably when 
multiple products facing stochastic demand require 
production using a single machine that requires 
changeover times between product batches. This class 
of stochastic economic lot scheduling problems requires 
dynamically determining which product to produce 
during each time instant, and when to switch produc
tion between products, based on the stock and demand 
state of each product in the system. Researchers have 
approached this problem using a number of strategies 
that consider repeatable cyclic production rotation 
cycles (see, e.g., Markowitz et al. 2000, Markowitz and 
Wein 2001) as well as standard inventory policy struc
tures such as (s, Q) or (s, S) policies (see, e.g., Anupindi 
and Tayur 1998, Wagner and Smits 2004, Eisenstein 
2005). An in-depth discussion of this literature stream 
can be found in Winands et al. (2011). The most closely 
related work in this stream to our work considers pro
blems where items are made to order (see, e.g., Del
laert 2012), although we permit batching any set of 
items together and consider the cost and service impli
cations in the downstream delivery process.

A sizeable related literature exists dealing with 
batching decisions for warehouse picking with online 
order arrivals, a recent comprehensive survey of which 
can be found in Pardo et al. (2023). Chew and Tang 
(1999) provided one of the earliest contributions in this 
stream, considering a rectangular warehouse layout, 
and characterizing an estimate of the average through
put time of an order using queueing analysis. Le-Duc 
and De Koster (2007) later extended this analysis to a 
more general class of warehouse layouts, and provided 
a more accurate characterization of average through
put time. Çeven and Gue (2017) consider warehouse 

operations in which orders are collected and released 
to pickers in successive waves, where each wave has a 
corresponding dispatch deadline. Their goal is to maxi
mize the fraction of orders that are processed by a 
given deadline.

Recent literature considers the closely related SDD 
problem of dynamically assigning orders to delivery 
vehicles that execute so-called last-mile delivery routes, 
while accounting for the possibility of future uncertain 
orders. Azi et al. (2012) use large-scale neighborhood 
search to solve an SDD problem with online order arri
vals, where orders may be rejected. Ulmer et al. (2019) 
solve a single-vehicle SDD problem using approximate 
dynamic programming and demonstrate the value of 
preemptive returns to the depot. Klapp et al. (2018b) 
consider a single-vehicle version of the problem on a 
line, where decisions occur in waves, at particular time 
points. Their model minimizes expected delivery plus 
lost demand costs by solving a stochastic dynamic pro
gram over a finite horizon. Klapp et al. (2018a) later 
generalized this to permit general network structures 
and delayed order acceptance/rejection decisions. Voc
cia et al. (2019) provide what appears to be the most 
comprehensive operational model and solution ap
proach for the SDD problem to date, accounting for 
multiple vehicles and delivery time windows, and 
modeling the problem as a Markov decision process. 
Stroh et al. (2022) consider tactical dispatch timing deci
sions for SDD problems with deterministic demand 
rates in which all deliveries must be completed by the 
end of each day, with a goal of minimizing the total 
time required for deliveries. They use continuous time 
dispatch duration approximations to develop heuristic 
policies with worst-case performance guarantees for 
practical problem settings. In contrast to this stream of 
literature, the work we propose emphasizes the struc
ture and value of simple batching and dispatch policies, 
as well as the interdependence of speed of service and 
demand rates, and the impacts these factors have on 
profitability and operations efficiency.

3. Illustrative Model: Deterministic, 
Speed-Dependent Order Rate

This section describes a set of stylized models that 
frame the class of time-based fulfillment problems we 
study. Consider a setting in which orders arrive, one at 
a time, to a fulfillment center over time. Fulfilling an 
order requires dispatching some type of fulfillment 
resource. Let us assume that the fulfillment center has 
an unlimited number of such resources. Thus, it is pos
sible to fulfill each order as it arrives by allocating an 
available fulfillment resource. Economies of scale exist, 
however, in fulfillment operations; that is, the cost (or 
time) required to use a single resource to fulfill n orders 
simultaneously is less than the sum of the costs (or time) 
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required when a single resource fulfills each of the n 
orders individually (or in multiple subsets of orders). 
This provides an incentive for batching orders and exe
cuting their fulfillment using a common resource. Doing 
so requires waiting for multiple orders to accumulate 
before batching them together and dispatching a re
source for their fulfillment.

At the same time, customers are becoming increas
ingly time sensitive, such that the rate of order arrivals, 
as well as the total revenue or cost associated with each 
order, may to some extent depend on a measure of 
order fulfillment speed. As a result, although exploiting 
economies of scale in fulfillment operations may reduce 
average fulfillment cost, this may, in turn, reduce the 
order rate and/or revenue per order. This creates a ten
sion between the desire to exploit economies of scale in 
fulfillment operations and the goal of maximizing total 
revenue. We illustrate this class of problems beginning 
with a stylized model with deterministic and stationary 
order interarrival times that depend on service speed. 
We will later illustrate a modeling basis for the study of 
online decision problems with uncertain arrivals.

Consider an order fulfillment service in which the 
service provider accepts time-sensitive orders for a 
product that must be delivered to the customer, where 
customers are distributed uniformly over a service 
region of area A. Assume that orders arrive at a deter
ministic rate of λ per unit time over some horizon of 
length TH, and that this order arrival rate is decreasing 
in average service time, that is, shorter fulfillment times 
increase the demand rate. As noted earlier, we assume 
the fulfillment service provider has an adequate num
ber of delivery resources (e.g., drivers and vehicles, or 
perhaps drones) available such that delivery routes are 
not delayed by the absence of a driver or vehicle (we 
can easily specify conditions under which this holds). 
Suppose that a delivery resource is dispatched after 
every q orders arrive, where q is a decision variable; 
that is, each delivery resource serves a batch of q custo
mers whose calls arrived consecutively, and deliveries 
within a batch may be sequenced in order to minimize 
route-sequencing-based costs. These assumptions are 
initially somewhat restrictive, and we will later consider 
the implications of relaxing some of them. Note that deliv
ery in batches of size q corresponds to a policy choice, and 
it is not immediately clear under what conditions (if any) 
such a policy provides an optimal policy structure.

We compute approximate distance-related delivery 
cost/time using routing distance approximation ap
proaches from Burns et al. (1985). Letting θ denote the 
average customer distance from the depot, they approx
imate total routing distance when serving q customers 
using the equation

D(q) ≡ 2θ +
ffiffiffiffiffiffiffiffiffi
κqA

p
, (1) 

where κ is a scaling constant. The first term in (1) cor
responds to an estimate of the average line-haul dis
tance, that is, the out-and-back distance between the 
depot (dispatch) location and the customer region, 
whereas the second term corresponds to the local deliv
ery distance, which accounts for local routing within 
the region. If we serve NH customers over the time 
horizon of length TH, then the total number of delivery 
routes will equal ⌈NH

q ⌉, for an approximate total travel 
distance during the time horizon of

DT(q) ≈

&
NH

q

’

2θ+
ffiffiffiffiffiffiffiffiffi
κqA

p� �
: (2) 

The total number of customers requiring delivery, NH, 
depends on the order arrival rate λ and the planning 
horizon length, denoted by TH, that is, NH � λTH. We 
assume that faster deliveries result in an increased 
demand rate, where average delivery speed depends on 
the number of customers served per route, q. Clearly, an 
increasing value of q increases the average delivery time, 
which reduces demand; thus, NH is decreasing in q, and 
we henceforth explicitly account for the dependence of 
NH on q using the notation NH(q). (We assume a fixed 
area A; thus, as NH(q) increases, the customer density, 
that is, NH(q)=A, increases as well.)

Let us assume that the average net revenue per cus
tomer before accounting for delivery routing costs 
equals π, which implies a net revenue over the time 
horizon of πNH(q). Letting ℓ denote a cost per unit dis
tance (which may account for both time and distance 
related costs), the approximate total profit during the 
time horizon, Π(q), can be written as

Π(q) � πNH(q)� ℓ

&
NH(q)

q

’

2θ+
ffiffiffiffiffiffiffiffiffi
κqA

p� �
: (3) 

(Note that any fixed route dispatch cost can be incorpo
rated within the 2ℓθ line-haul cost term, and we there
fore do not explicitly include such a term in the above 
profit equation.) Because we expect this model will 
apply in contexts with a large number of customers rel
ative to the number of customers per delivery route, 
and because the relative difference between NH(q)=q 
and ⌈NH(q)=q⌉ approaches zero as the number of routes 
increases, we approximate the profit equation as

Π(q) �NH(q) π� ℓ
2θ
q +

ffiffiffiffiffiffiffi
κA
q

s ! !

: (4) 

Observe that this profit equation may potentially be 
quite complex in general, depending on the form of 
NH(q). For illustrative purposes, suppose we assume 
that demand is an isoelastic function of q, that is, the 
demand rate takes the form NH(q) � aq�b, with a, b > 0; 
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in this case, we can show that the only positive real sta
tionary point solution exists at

q∗ �
ℓ
ffiffiffiffiffiffiffi
κA
√
(2b+1)+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℓ2κA(2b+1)2+16bπℓθ(b+1)
q

4bπ

0

@

1

A

2

:

(5) 

We can show that Π′′(0) < 0, and that Π′′(q) is strictly 
increasing in q, and thus equals zero at a single value of 
q>0. This implies that a value of q � q̂ > 0 exists such 
that Π(q) is concave for 0 ≤ q ≤ q̂ and is convex for 
q ≥ q̂. Moreover, the stationary point (5) occurs in the 
concave portion of Π(q), implying that q∗ in Equation 
(5) is a global maximum among all q ≥ 0.

If the radial distance θ is negligible (e.g., the depot 
lies within the region of area A), then Equation (5) 
becomes

q∗ � ℓ
2κA(2b + 1)2

4(bπ)2
: (6) 

The optimal batch size is directly proportional to the 
area of the region, A, and the square of the cost per 
unit distance ℓ, whereas it is inversely proportional to 
the square of the unit net revenue π and the demand 
elasticity parameter b, indicating that higher-priced 
items justify higher costs and faster service, as we 
might expect, although this effect is diminished over 
larger areas or under higher distribution costs per unit 
distance.

At the other extreme, consider the case in which rout
ing distance is negligible relative to straight-line dis
tance, as would be the case if the dispatch location is 
relatively far from customers, who are densely popu
lated in a local area (e.g., pizza or sub deliveries to a col
lege campus, when the store is off campus). In this case, 
Equation (5) becomes

q∗ � ℓθ(b + 1)
πb

, (7) 

and the optimal batch quantity is proportional to the 
straight-line distance θ and the cost per unit distance ℓ, 
while again decreasing in the net revenue term π and 
the elasticity parameter b.

The deterministic demand assumption is quite restric
tive in practice, although it permits obtaining closed- 
form expressions that encode the key trade-offs in time- 
sensitive batch deliveries. Accounting for uncertainty in 
demand arrivals across a range of potential dispatch pol
icy types requires more advanced analytical techniques 
in order to capture expected delivery costs, while permit
ting online decision making in real time. Addressing 
demand uncertainty requires confronting some modeling 
choices in order to arrive at a realistic model that is also 
tractable for each policy type considered. In particular, 

we found that the inclusion of a batch-size-dependent 
demand rate leads to an overly complex mathematical 
model that does not lead to tractable analysis for some of 
the policies we wish to consider. For this reason, instead 
of directly using a batch-size-dependent demand rate, we 
assume that a cost penalty is applied per unit of delay 
between order placement and delivery. We later discuss 
deterministic and static versions of these models and 
their relation to those discussed in this section.

4. Stochastic Order Arrivals and 
Static Policies

Next, we outline a class of models that addresses situa
tions in which order arrival times are uncertain. Our 
policy approach prescribed in the previous section 
under deterministic order interarrival times ensures 
that each dispatch occurs immediately following some 
order arrival. In the deterministic case, it is easy to 
show that any policy in which a dispatch occurs strictly 
between arrivals cannot be optimal. In the stochastic 
order arrival case, however, it is not immediately clear 
that this property holds, even if the arrival rate and all 
costs are stationary. Because of this we will initially 
consider two fundamental policy structures. The first 
structure involves a quantity-based dispatch trigger, 
and is the same as in the deterministic case, that is, a 
dispatch occurs immediately after q orders have accu
mulated, for some value of q. The second structure uses 
a time-based trigger in which an order is dispatched T 
time units after the first order in the batch has arrived. 
Later, in Section 5, we will introduce a “cost-based” 
trigger, the analysis of which will require a slightly 
more sophisticated set of mathematical tools, but will 
lead to policies that, on average, outperform both the 
quantity- and time-based policies.

For illustrative purposes, the models we describe 
here assume a stationary order arrival rate and an infi
nite horizon (i.e., TH �∞), and do not permit intention
ally delaying an order for processing with some future 
batch. For example, if among the previous q orders, 
q�1 of these orders must be delivered within a small 
radius of one another, and one of these orders is far 
away from the others, then it may make sense to delay 
this geographic “outlier” until additional orders arrive 
with delivery locations close to that of the delayed 
order. As we later discuss, properly handling and iden
tifying useful batching policies serves as an important 
goal of this work. We first describe results that apply to 
general dispatching and sequencing decisions (assum
ing no order delays for future batches), then discuss 
the implications of different delivery sequencing deci
sions within each batch, and then analyze particular 
static time-based and quantity-based batch and dispatch 
rules under a stationary arrival rate.
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4.1. Analysis of an Arbitrary Dispatch Trigger via 
Renewal Model

Consider a fulfillment center responsible for delivering 
customer orders that arrive in real-time at an average 
rate of λ per unit time according to a Poisson process. 
We continue to assume that sufficient delivery resources 
are available such that a policy that dispatches a deliv
ery resource whenever a policy trigger condition is 
met is always feasible. We assume that each delivery 
resource (i.e., vehicle) waits for the first order to arrive 
and then is dispatched after a random time T, and dur
ing this random time, a random number of orders 
(N� 1) arrive. (For the quantity-based trigger with pol
icy parameter q, this condition is met upon accumulat
ing N� 1 � q� 1 order arrivals after the first order; for 
the time-based trigger with constant time T, the condi
tion is met when a constant Td time units have elapsed 
since the first order arrival in the batch.) Figure 1 illus
trates a timeline of vehicle arrivals, one at a time, fol
lowed by vehicle dispatches. (In the figure, n1 orders are 
dispatched in the first batch, n2 in the second batch, and 
so on. Note that a vehicle “arrival” may correspond to a 
return from a prior trip, or simply to the vehicle’s avail
ability as next in line for dispatching; in either case, we 
assume a vehicle is available for dispatching whenever 
needed.)

We assume that order processing time is negligible 
(e.g., the time required to pick the item, customize it, 
and allocate it to the delivery resource). In contrast to 
the preliminary deterministic model discussed earlier, 
we will assume for this analysis that the order arrival 
rate is independent of delivery speed; instead, the 
models in this subsection permit decreasing net order 
revenue per order as a function of the customer’s deliv
ery lead time via an order delay cost. Thus, the models 
in this subsection use a cost minimization approach 
instead of profit maximization, and we define hn as a 
per unit delay cost rate assessed between order arrival 
and delivery when there are n orders waiting for deliv
ery. That is, instead of directly considering a demand 
rate function that depends on the batch delivery size 
(and, therefore, the average waiting time until deliv
ery), we will instead incur a service-related delay cost 
that effectively leads to reduced net revenue as batch 
quantities and corresponding delivery times increase. 

As noted earlier, this approach is necessary for permit
ting performance comparison with the dynamic poli
cies we later introduce in Section 5 (we will later 
discuss the relationship between the static models that 
employ a delay cost and the deterministic models in 
the previous section). We assume that hn is a nonde
creasing function of n, and at any instant of time when 
there are n orders (either awaiting dispatch or en route 
for deliveries), the delay cost per unit time incurred is 
nhn. Because the time required to accumulate and 
deliver a batch is nondecreasing in n, this provides a 
general framework for defining a nonlinear and nonde
creasing penalty cost for waiting. We will also consider 
the special cases of hn�h and hn � (n� 1)h for all n 
when presenting the results. The former case corre
sponds to a time invariant delay cost rate, and the latter 
permits accounting for a delay cost rate that increases 
with time, while also permitting tractable analysis.

We define a fixed dispatch cost of φ for each delivery 
route and incorporate our previously defined delivery 
cost of ℓ per unit time spent in delivery. Another differ
ence between the deterministic model and the stochas
tic model is that the system performance is analyzed 
using distance in the former case, and time in the latter. 
In this vein, we define some time-related parameters. 
We defined the order arrival process as a Poisson pro
cess with rate λ orders per unit time. Hence, the interar
rival time of orders follows an exp(λ) distribution. 
Recall that the time from when the first order is placed 
to when a set of orders is dispatched is a random vari
able T (for the moment we do not elaborate on the dis
tribution of T). Let Yi denote a random variable for the 
time required to travel from the ith to (i+ 1)st delivery 
location. Suppose Y1, Y2, : : : are independent, identi
cally distributed (IID) random variables. We let X1 and 
X0 be the time to travel from the dispatching station to 
the first customer location and from the last customer 
location back to the dispatching station, respectively. 
The timeline for a single delivery resource is depicted 
in Figure 2.

Let us take the perspective of one route taken by a 
delivery resource. We reset time to zero when the first 
order arrives for this resource. Suppose N� 1 addi
tional orders arrive between zero and T, the time at 
which orders are batched for the delivery resource (the 

Figure 1. Timeline Representation of Order Arrivals, Vehicle 
Arrivals, and Vehicle Dispatch 

Figure 2. Timeline of Activities for a Single Dispatch (Reset
ting Order 1 Arrival Time as 0) 
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arrival times are S1 � 0, S2, : : : , SN, as shown in Figure 
2). So, from time 0 to S2 there is one order, from S2 to S3 
there are two orders, and so on, and from Sn to T we 
have N orders. At time T, the delivery resource is dis
patched with the N orders. The times spent by the N 
orders until the vehicle is dispatched are T, T� S2, : : : , 
T� SN. The total waiting time starting from dispatch 
(aggregated over all N orders) is NX1 + (N� 1)Y1+

(N� 2)Y2+ ⋯ +1YN�1, as N orders spend X1 time in 
delivery, then the first delivery occurs, N�1 orders 
spend an additional Y1 time units until the second 
delivery occurs, and so on. The delay cost incurred for 
the dispatched vehicle is then

Zh(N, T) � h1S2 + 2h2(S3� S2)+ ⋯ +NhN(T� SN)

+ (NhNX1 + (N� 1)hN�1Y1 + (N� 2)hN�2Y2

+ ⋯ +1h1YN�1), 

which is a random variable. The total travel time is 
X1 +Y1 +Y2+ ⋯ +YN�1 +X0; hence, the delivery cost 
incurred for the vehicle is

Zℓ(N, T) � ℓ(X1 +Y1 +Y2+ ⋯ +YN�1 +X0), 

which is also a random variable. Notice that the X0 
term is not included in the delay cost, as during this 
time, the delivery resource returns empty.

Theorem 1. The long-run average cost per unit time 
E[C(N, T)] incurred by the system is

E[C(N, T)] � φ+E[Zh(N, T)] +E[Zℓ(N, T)]
E[T] + 1

λ

: (8) 

Proof. Please see Online Appendix A.
Our eventual goal is to determine policy parameters 

that minimize E[C(N, T)]. However, before discussing 
cost minimization, we next explore the delivery sequence, 
as this impacts total cost.

4.2. Routing Time and Delivery Sequence—FCFS 
vs. TSP

Time-based economies of scale exist in delivery opera
tions, and we initially assume that orders are delivered 
in an FCFS order of arrival (we later consider the 
implications of route sequencing to minimize batch 
routing costs). Situations in which FCFS might be 
appropriate arise when delivery operations are trans
parent to customers. Customers may consider it fair 
that orders are delivered in the sequence in which they 
were received, hence, FCFS. Let θ denote the expected 
value of the time to travel from the distribution center 
to an arbitrary customer (which is analogous to the 
line-haul distance we defined earlier). Likewise, let τ 

be the average time to travel between any two arbi
trarily selected customers. Because customer orders 
are delivered according to FCFS, E[X1] � E[X0] � θ. 
Also, E[Y1] � E[Y2] �⋯� τ. It is worthwhile reiterat
ing that this holds only for FCFS, and other delivery 
sequences can produce different results. Although we 
will describe the costs explicitly in the next subsection, 
note that under this FCFS approach, the expected time 
to deliver n items and return to the fulfillment center 
equals 2θ+ (n� 1)τ.

Under the FCFS fulfillment sequence, dispatching deci
sions do not consider the cost implications associated 
with route sequencing. As a first step toward capturing 
these implications, we introduce a more general route 
approximation approach that uses scaling functions γ(n)
and β(n), with the expected travel distance to the first 
customer on the route E[X1] � γ(n)θ � E[X0], and the ex
pected distance between successive customers on the 
route E[Y1] � E[Y2] �⋯� E[Yn�1] � β(n)τ. Suppose the 
route sequence is determined according to a TSP solution. 
Using this approach, the expected time to deliver n items 
and return to the fulfillment center equals 2γ(n)θ+
β(n)(n� 1)τ (with an additional γ(n)θ on average to 
return) for some scaling functions γ(n) and β(n).

Now, contrast the results for E[X1], E[X0], E[Yi] for 
i � 1, : : : , n� 1, between FCFS and TSP. We can think of 
FCFS as a special case where γ(n) � β(n) � 1 for all n. 
This raises the question: does this conform to real data, 
and if so, what is a good approach to estimating the scal
ing functions? In previous work (Bassett and Gautam 
2019), one of the coauthors considered Airbnb data with 
given latitude and longitude values of rental properties 
in several cities. Using these data, they solved TSP 
instances for various values of n by randomly sampling 
from rental locations in each city. They used Euclidean 
distances between points, as actual addresses were una
vailable, and then averaged over multiple samples to 
obtain the distance traveled as a function of n, the num
ber of stops. The left panel in Figure 3 shows the average 
distance of the TSP route to travel to n delivery points 
and return to the fulfillment center (which was chosen 
randomly using the latitude and longitude values), and 
resembles the form a+

ffiffiffi
n
√

b stated in Daganzo (2005) for 
spatial Poisson locations.

Notice from the left panel in Figure 3 that the three cit
ies chosen have relatively different distances covered, 
due to the topology, spread of homes, and the location 
of the fulfillment center. However, when the total dis
tances are decomposed into the distance to the first cus
tomer (or from the last) and the distances between 
delivery stops, we can estimate the scaling functions 
γ(n) and β(n). This can be done by first estimating θ and 
τ assuming a constant delivery speed. We can see that 
both γ(n) and β(n) are nonincreasing functions of n for 
various cities, and are less than or equal to one (see the 
middle and right panels in Figure 3). Now we are in a 

Gautam and Geunes: When to Dispatch 
92 Service Science, 2024, vol. 16, no. 2, pp. 85–106, © 2023 The Author(s) 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

16
.1

1]
 o

n 
04

 J
un

e 
20

26
, a

t 2
1:

39
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



position to discuss dispatching policies (for which we 
will use both FCFS and TSP mechanisms).

4.3. Time- and Quantity-Based Static 
Dispatch Policies

Here we consider two static dispatch policies: quantity- 
and time-based triggers. We present results assuming 
TSP-based delivery, with the understanding that by 
simply letting γ(n) � β(n) � 1, we obtain the FCFS re
sults. We first illustrate the analysis using a quantity- 
based dispatch trigger policy with batch size q (and later 
consider the time-based approach). Thus, after q orders 
arrive, the vehicle is dispatched immediately. Hence 
n�q, a deterministic value, and E[T] � (q� 1)=λ, as this 
is the expected time for q�1 additional orders to arrive 
after the first. Under this quantity-based trigger ap
proach, the associated renewal-reward process has an 
expected cost per unit time (from Equation (8)) of

E[C(q, T)] �
n
φ+ 1

λ [
Pq�1

n�1 nhn] + [qhqγ(q)θ+ β(q)τ
Pq�1

n�1 nhn]

+ ℓ(2γ(q)θ+ β(q)(q� 1)τ)
o

q=λ : (9) 

Although the above equation can directly be used for the 
TSP delivery sequence, we can easily obtain the corre
sponding expression for the FCFS case by letting γ(n) �
β(n) � 1. Closed-form expressions can be obtained for 
two special cases. When hn�h for all n, we have

E[C(q, T)] �

φ+ h
λ

q(q�1)
2

h i
+ h qγ(q)θ+ β(q)τq(q�1)

2

h i

+ℓ(2γ(q)θ+ β(q)(q� 1)τ)
q=λ :

(10) 

Furthermore, when hn � (n� 1)h for all n, we have

E[C(q, T)] �
n
φ+ h

λ
q(q�1)(q�2)

3

h i
+ h q(q� 1)γ(q)θ+ β(q)τq(q�1)(q�2)

3

h i

+ ℓ(2γ(q)θ+ β(q)(q� 1)τ)
o

q=λ :

(11) 

The above results can easily be derived using Equation (9).

It is worthwhile noting that for the TSP case, based 
on the Airbnb data (as shown in Figure 3), a reasonable 
approximation is γ(n) � bγ=

ffiffiffi
n
√

and β(n) � bβ=
ffiffiffi
n
√

for 
some constants bγ and bβ.1 Using these expressions, we 
can minimize E[C(q, T)] by taking the derivative with 
respect to q to obtain the optimal q∗. However, this does 
not provide a closed-form expression even for the two 
special cases in Equations (10) and (11), as the equation 
results in a high order polynomial in terms of q. For the 
FCFS case, there is a corresponding closed-form expres
sion of the form

q∗FCFS �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2λ φ+ ℓ(2θ� τ)
� �

h(1+λτ)

s

, (12) 

for the special case in Equation (10), with the require
ment that 2θ > τ, which will be satisfied due to the tri
angle inequality (note that X0 +X1 > Y1 and taking 
expectations yields the result).

Furthermore, suppose we let λ � a� bq or λ � aq�b, 
where the order arrival rate is a function of the number 
of orders in a batch, consistent with the idea of de
mand elasticity based on service quality. Then, for the 
TSP and the FCFS cases, we can obtain the optimal 
batch size q∗ by maximizing πλ�E[C(q, T)] (for which 
in the TSP case we assume γ(n) � bγ=

ffiffiffi
n
√

and β(n) �
bβ=

ffiffiffi
n
√

for some constants bγ and bβ). Again, the opti
mal value is not expressible in closed form. However, 
numerical values can be obtained (when γ(n) � 1 and 
β(n) � bβ=

ffiffiffi
n
√

, as discussed in the endnote, the expected 
cost of the resulting model under isoelastic demand, if 
we ignore the delay cost terms, is consistent with our 
prior deterministic model, and we can use Equation 
(5)). Thus, under a static, quantity-based policy, we 
can handle the batch-size-based demand rate assump
tion used in the deterministic model analysis in the 
previous section.

Next we describe a time-based dispatch trigger (where 
Td is the fixed time we wait for any additional deliver
ies). Note that for a given constant Td, the number of 
arrivals in time Td follows a Poisson distribution with 
mean λTd. Thus, the probability that there are n items 
in a batch (i.e., there are n�1 arrivals in time Td) is 
e�λTd(λTd)

n�1
=(n� 1)!. By conditioning on the number 

Figure 3. Mean TSP Distance 2γ(n)θ+ β(n)(n� 1)τ, γ(n) and β(n) for Three Cities Using Airbnb Data 
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of arrivals in time Td, we can obtain the expected cost 
per unit time as

E[C(N, Td)] �
n
φ+

P∞
n�1

h
Td

n�1
Pn�1

i�1 (hii) + (hnn+ 2ℓ)γ(n)θ

+τβ(n)
�Pn�1

i�1 (hii) + ℓ(n� 1)
�i

e�λTd (λTd)
n�1

(n�1)!

o

Td + 1=λ ,

(13) 

where Td is a constant. As before, the above equation can 
be used not only for the TSP delivery sequence but also 
under the FCFS case by letting γ(n) � β(n) � 1. For two 
special cases discussed earlier, we can derive expressions. 
When hn�h for all n, we have

E[C(N, Td)] �
n
φ+ h

h
Td +

λT2
d

2

i
+
P∞

n�1

h
(hn+ 2ℓ)γ(n)θ

+τβ(n) hn(n�1)+2ℓ(n�1)
2

i
e�λTd (λTd)

n�1

(n�1)!

o

Td + 1=λ : (14) 

Furthermore, when hn � (n� 1)h for all n, we have

E[C(N,Td)](Td+1=λ) �φ+hλT2
d[3+λTd]=3

+
X∞

n�1

"

(hn(n�1)+2ℓ)γ(n)θ+τβ(n)

hn(n�1)(n�2)+3ℓ(n�1)
3

#

e�λTd
(λTd)

n�1

(n�1)! : (15) 

The above results can be derived by taking the summa
tions in (13) and computing expectations.

We can minimize E[C(N, Td)] in Td by taking the 
derivative with respect to Td. However, it is intractable 
to obtain a closed-form expression even for the approx
imations γ(n) � bγ=

ffiffiffi
n
√

and β(n) � bβ=
ffiffiffi
n
√

. For the FCFS 
case, the optimal time to dispatch is

T∗FCFS �
1
λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2λ
�
φ+ ℓ(2θ� τ)

�

h(1+λτ) � 1

v
u
u
t

� 1

8
><

>:

9
>=

>;
, (16) 

for the special case of hn�h using Equation (14), where 
the requirement is 2θ > τ as in Equation (12). Also, 
because q∗FCFS ≥ 1, the term under the square root in 
Equation (16) is nonnegative. Because the expected 
number of orders in time T∗FCFS is λT∗FCFS, which is the 
time until dispatch after the first order is received, the 
value is extremely close to q∗FCFS� 1, which leads us to 

wonder whether the TSP cases might also result in the 
costs being similar for the special case of hn�h for all n.

If we again allow the demand rate to depend on 
the batch delivery quantity, for example, λ � a� bq or 
λ � aq�b, then for the TSP and the FCFS cases, we can 
obtain an optimal dispatch time T∗ by maximizing πλ�
E[C(N, Td)] (for which, in the TSP case, we can either 
use data to estimate γ(n) and β(n), or assume γ(n) �
bγ=

ffiffiffi
n
√

and β(n) � bβ=
ffiffiffi
n
√

for some constants bγ and bβ). 
As before, the structure of this optimal value is not 
expressible in closed form. However, numerical values 
can be obtained. Thus, for this class of time-based static 
policies, we are again able to incorporate the batch-size- 
based demand rate assumption. Unfortunately this will 
not be the case for the dynamic policies discussed in the 
following section. In order to provide a valid compari
son between the performance of the static and dynamic 
policies proposed, our computational tests in Section 6
therefore employ delay costs in lieu of the batch-size- 
based demand rate assumption. Clearly, we expect that 
the demand rate will generally decrease in the delay 
cost hn for models that use a delay cost instead of a 
batch-size-based demand rate. Moreover, like explicit 
shortage costs for stockouts in inventory models (see 
Nahmias and Lennon Olsen 2020, section 5.5), calibrat
ing the delay cost exactly can be quite difficult or impos
sible in practice. Equally difficult in practice is precisely 
mapping a delay cost to a demand rate. The determinis
tic model then gives a way to calibrate this relationship; 
that is, we can, for example, use the deterministic ver
sion of (9) to obtain an “imputed delay cost” by first 
using the deterministic model (5) to obtain q and the 
corresponding demand rate. Then, using this demand 
rate in (9), and because q is nonincreasing in hn, we can 
use (9) to determine the “imputed” or implied value of 
hn for use in comparing the static and dynamic policies 
in the stochastic case.

5. Dynamic Threshold Policies
The policy structures proposed thus far are static in 
nature, using some fixed value of batch quantity q or 
elapsed time Td to trigger a dispatch of order deliver
ies. Consider, however, a quantity-based dispatch rule 
for consecutive orders that uses q� 2. If two orders 
arrive consecutively with delivery locations that are 
extremely far apart, then batching them together may 
result in a fulfillment time for the second order that is 
unacceptable, i.e., for which the fixed order dispatch 
cost is far outweighed by the waiting cost associated 
with the second delivery on the route. Alternatively, 
suppose two consecutive orders arrive with a small 
interarrival time and which are in close proximity to 
one another. Then, waiting for a third arrival to batch 
together with these two on a single route may actually 
result in lower cost and more efficient utilization of 
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resources. It is easy then to see that a dynamic policy 
that continuously assesses the state of the system, in 
terms of the number and locations of orders that have 
arrived since the first order in the batch, and which 
bases decisions on this system state, is likely to pro
duce superior performance when compared with a 
static policy. We next describe one such potential 
policy.

5.1. Cost-Based Dispatch Trigger: 
Z-Threshold Policy

Let us assume for this discussion, for ease of exposition, 
that orders are batched consecutively, and consider a 
policy that at each point in time keeps track of the accu
mulated waiting and delivery cost associated with the 
delivery of all orders that have arrived since the previ
ous dispatch (in other words, this cost includes all 
aspects except the fixed cost φ). When the accumulated 
waiting cost associated with orders that have arrived 
reaches or exceeds some value z, the batch of accumu
lated orders is dispatched for delivery (we say reaches 
or exceeds because the accumulated cost may not be 
continuous; i.e., as soon as a new order arrives, the 
implied additional waiting and delivery cost required 
is immediately added to the previously accumulated 
cost). Thus, we refer to such a policy as a cost-based dis
patch trigger, and we refer to the time at which the 
accumulated waiting cost reaches a value of at least z as 
the hitting time, denoted by T(z). Observe that this pol
icy is stationary with respect to accumulated waiting 
cost z, but implies dynamic values of batch quantity 
and dispatch time (denoted by N and T, respectively, in 
Section 4).

We define Z(t) as the accumulated waiting and 
delivery cost in the time interval (0, t], where time 0 
corresponds to the time of the first order arrival in the 
batch, and observe that the events {Z(t) ≤ z} and {T(z)
≥ t} are identical, implying P{Z(t) ≤ z} � P{T(z) ≥ t}. 
Computing the long-run average cost of the renewal- 
reward process implied by this policy requires charac
terizing the distribution of Z(t) (and thereby T(z) by 
the above relation). Then, using Equation (8) in Theo
rem 1, the long-run average cost per unit time can be 
expressed as

E[C(z)] � φ+E[Z(T(z)+)]
E[T(z)] + 1=λ , (17) 

where T(z)+ denotes the instant immediately after T(z), 
and is necessary as there might have been an order 
arrival right at T(z) which resulted in a jump. (Figure 4
illustrates the cases when the threshold is reached 
under two scenarios.)

Our goal then is to characterize Z(t), which can then be 
used to characterize T(z). Because the accumulated wait
ing cost Z(t) depends on the number of order arrivals in 

a time interval of length t, denoted by N(t) (with N(0)
� 1), we are interested in first characterizing the joint dis
tribution Hn(t, z), defined as

Hn(t, z) � P{Z(t) ≤ z, N(t) � n}: (18) 

The waiting cost after dispatch plus delivery cost in our 
general TSP-based routing model (with γ(n) � β(n) � 1 
∀ n for FCFS) for a batch of n orders can be character
ized as equal to hn[nX1 + (n� 1)Y1 + (n� 2)Y2+ ⋯ +
Yn�1] + ℓ[X1 +Y1 +Y2+⋯ +Yn�1 +X0] � V1 +V2+⋯ +
Vn, where X1 and Yj denote the time until the first and 
(j+ 1)st delivery, respectively, and Vn is a random vari
able for the additional delivery cost incurred when the 
nth order is added to a batch, with cumulative distribu
tion function Gn(·). Note that Vn does not include the 
waiting cost before dispatch. This is with the under
standing that Xi � γ(n)X and Yi � β(n)Y are IID, with X 
denoting the random time between departing the ful
fillment center and reaching any arbitrary customer, 
and Y denoting the time between any two delivery 
locations. Next we state a theorem (with proof in 
Online Appendix A) showing that the joint distribution 
Hn(t, z) satisfies a partial differential equation (PDE) in 
Gn(·) for any n ≥ 2.

Theorem 2. The joint distribution Hn(t, z) satisfies the fol
lowing partial differential equation for all n ≥ 2:

∂Hn(t, z)
∂t

+ nhn
∂Hn(t, z)
∂z

��λHn(t, z) +λ
Z z

0
Hn�1(t, z� u)dGn(u):

Solving this PDE requires establishing some initial con
ditions and a set of assumptions to ensure a solution 
exists. First, note that H1(0, z) � P{Z(0) ≤ z, N(0) � 1} �
G1(z), and

H1(t, z) � e�λtG1(z� h1t): (19) 

In addition, the initial conditions consist of Hn(t, 0) � 0 
and Hn(0, z) � 0 for n ≥ 2. We assume that Gn(·) can be 
characterized using data for all n, and that Vn ≥ 0, for 

Figure 4. Variable-Cost-Based Z-Threshold (Reached 
Between Arrivals on Left and at Arrival on Right) 
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which a sufficient condition is that the triangle inequal
ity holds for travel times between locations. We further 
assume that the Laplace–Stieltjes transform (LST) G̃n(s)
� E[e�sVn] exists for each n, and that V1, V2, : : : , Vn are 
independent. The LST of Hn(t, z) with respect to z is 
defined as

H̃n(t, w) �
Z ∞

0
e�wz ∂Hn(t, z)

∂z
dz:

Then, if we take the LST of the above PDE with respect 
to z, we obtain the following ordinary differential equa
tion (ODE) for each n ≥ 2:

dH̃n(t, w)
dt

��nhnwH̃n(t, w)�λH̃n(t, w) +λH̃n�1(t, w)G̃n(w):
(20) 

Using the fact that H1(t, z) � e�λtG1(z� h1t) from Equa
tion (19), we can show that

H̃1(t, w) � e�(λ+h1w)tG̃1(w), (21) 

which is a result that will be used in the proof of the 
next theorem, which essentially solves the ODE (20). 
However, the integral that is part of solving the ODE 
can be performed only on a case-by-case basis depend
ing on the hn structure. As in the previous section, we 
again present the two special cases with hn�h and 
hn � (n� 1)h.

For any generic n ≥ 1, we have the following (with 
the proof presented in Online Appendix A).

Theorem 3. The solution to ODE (20) in the form of the 
LST for the special case hn� h is

H̃n(t, w) � (λ=(hw))n�1

(n� 1)!
G̃1(w)G̃2(w): : : G̃n(w)e�(λ+nhw)t[ehwt � 1]n�1, 

and for the special case hn � (n� 1)h is

H̃n(t, w) � (λ=(hw))n�1

(2n� 2)! G̃1(w)G̃2(w): : : G̃n(w)

Xn

i�1
αn, ie�(λ+i(i�1)hw)t, 

where both special cases are for all n ≥ 1, and for the special 
case hn � (n� 1)h,

αn+1, i �
2n

n� i+ 1

� �
2i� 1
n+ i

(�1)i+1 (22) 

for all i ∈ {1, 2, : : : , n+ 1}.

Inverting the LST in Theorem 3 to obtain the distribu
tion of Z(t), that is, P{Z(t) ≤ z}, is intractable. However, 
it is possible to obtain this numerically, as several algo
rithms exist for this. But, to obtain the long-run average 

cost per unit time E[C(z)] in Equation (17), all we need 
are E[T(z)] and E[Z(T(z)+)], as shown in the next theo
rem, with proof in Online Appendix A.

Theorem 4. A lower bound for E[C(z)] is

E[CLB(z)] �
φ+ z

E[T(z)] + 1=λ , 

where E[T(z)] can be computed by inverting the LST in 
Equation (30) for the special case of hn�h, and in Equation 
(31) for the special case of hn � (n� 1)h. Furthermore, as an 
approximation for E[C(z)], we have, for the special case of 
hn�h,

E[Capprox(z)] �
φ+ z+ β(q∗)(q∗h=2+ ℓ)Var[Y]+τ2

2τ
E[T(z)] + 1=λ , 

and for the special case of hn � (n� 1)h,

E[Capprox(z)] �
φ+ z+ β(q∗)(q∗(q∗� 1)h=2+ ℓ)Var[Y]+τ2

2τ
E[T(z)] + 1=λ :

Using the results in Theorem 4, we find the value of z 
that minimizes E[Capprox(z)] with the conjecture that the 
minimum for E[C(z)] also occurs at the same value of z. 
We will perform simulations to empirically evaluate 
the effectiveness of the approximation and illustrate 
the lower bound derived in Theorem 4.

5.2. Cost- and Quantity-Based Dispatch Trigger: 
The Zq∗-Threshold Policy

In Section 5.1, although the state of the random process 
was two-dimensional, that is, {(Z(t), N(t)), ∀t ≥ 0}, for 
our threshold, we only considered a hitting time to 
reach cost z. In the process, we ignored explicit consid
eration of an important element, namely, the number of 
orders received (which is implicitly considered only 
through its impact on cost). Space and scope considera
tions preclude analyzing a general two-dimensional 
dynamic policy in detail within this article. However, 
we present a restricted version of this class of policies 
and use this approach in our numerical study dis
cussed later. Suppose we precompute q∗, the optimal 
batch size derived in Section 4, and consider the follow
ing policy. When either the accumulated waiting and 
delivery cost reaches z or the number of orders equals 
q∗, the batch is dispatched for delivery. We refer to this 
as the cost- and quantity-based dispatch trigger, and call 
this the Zq∗-threshold policy.

All the analysis in Section 5.1 for this special dispatch 
rule remains unchanged until the end of Theorem 3. 
Then, we obtain the long-run average cost per unit time 
under this policy, which is denoted by E[C(z |q∗)]. As 
before, to use Equation (17), all we need are E[T(z |q∗)]
and E[Z(T(z |q∗)+)]. We compute E[T(z |q∗)], using 
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K(z |q∗) as

K(z |q∗) � E[T(z) |q∗] �
Z ∞

0
P{T(z) ≥ t, N(t) ≤ q∗}dt

�

Z ∞

0
P{Z(t) ≤ z, N(t) ≤ q∗}dt

�
Xq∗

n�1

Z ∞

0
P{Z(t) ≤ z, N(t) � n}dt

�
Xq∗

n�1

Z ∞

0
Hn(t, z)dt:

Taking the LST of K(z |q∗), denoted by K̃(w |q∗), when 
hn�h, we obtain

K̃(w |q∗) �
Xq∗

n�1

λ

hw

� �n�1
G̃1(w)G̃2(w): : : G̃n(w)

1
hw

Γ(λ=(hw) + 1)
Γ(λ=(hw) + 1+ n)

, (23) 

and, when hn � (n� 1)h, we have

K̃(w |q∗) �
Xq∗

n�1

λ

hw

� �n�1 G̃1(w)G̃2(w): : : G̃n(w)
(2n� 2)!

Xn

i�1

αn, i

λ+ hw(i� 1)i, (24) 

both of which can be numerically inverted.
Next, for E[Z(T(z |q∗)+)], as an approximation when 

hn�h, we use

E[Z(T(z |q∗)+)]approx

�min
(

z+ β(q∗)(q∗h=2+ ℓ)Var[Y] + τ2

2τ ,

E[C(q∗, T)]q∗=λ�φ

)

, 

where E[C(q∗, T)] is from Equation (10) computed at 
q � q∗. Likewise, for an approximation when hn � (n 
�1)h, we use

E[Z(T(z |q∗)+)]approx

�min
(

z+ β(q∗)(q∗(q∗ � 1)h=2+ ℓ)Var[Y] + τ2

2τ ,

E[C(q∗, T)]q∗=λ�φ

)

, 

where E[C(q∗, T)] is from Equation (11) computed at 
q � q∗.

Thus, as an approximation for E[C(z |q∗)], using the 
appropriate expressions for the cases of hn�h and 
hn � (n� 1)h, we compute

E[Capprox(z |q∗)] �
φ+E[Z(T(z |q∗)+)]approx

K(z |q∗) + 1=λ , (25) 

and find the value of z that minimizes E[Capprox(z |q∗)].

6. Numerical Results
Although we performed detailed analysis, several re
search questions remain: (a) Does the model capture 
real-life data, in terms of travel times and distances, as 
well as the TSP approximation? (b) How do the approx
imation and the bound derived in Section 5 perform? 
(c) Does the dynamic policy always dominate the static 
policies? (d) How do the costs compare between TSP- 
and FCFS-based delivery? (e) Does taking into account 
more state information yield better performance? (f) 
Are there conditions when one policy does better than 
the others?

Motivated by these questions, this section discusses 
computational experiments designed to assess the per
formance of the various policies presented. We begin 
our numerical experiments by first considering a mini 
case study consisting of delivery locations in three cities 
in the United States in Section 6.1, both for the time- 
invariant and time-varying delay cost cases. Then, in 
Section 6.2, we evaluate performance across a broad set 
of randomly generated problem instances with a goal 
of characterizing conditions under which a given policy 
might be preferred. Section 6.3 provides an analysis of 
policy performance based on an additional set of tests 
intended to characterize the effects of individual cost 
and distance parameters on policy performance. A 
detailed discussion of these tests is provided in Online 
Appendix B.

6.1. A Tale of Three Cities: A Mini Case Study
We arbitrarily chose Austin, Texas; Boston, Massachu
setts; and Portland, Oregon, Airbnb data sets, and 
selected consecutive delivery locations by randomly 
sampling from the list of locations within a city’s corre
sponding data set. For each city, we estimated γ(n) and 
β(n) for various n as shown in Figure 3. Table 1 sum
marizes each region’s parameters used in the numerical 
analysis for the special case of delay cost hn�h. As 

Table 1. Numerical Values Used for the Simulation and 
Analytical Results (for the hn � h Case)

φ h λ ℓ θ τ Stdev[X] Stdev[Y]

Austin 100 1.2 0.25 1.6 6.143 9.0029 4.9151 6.4606
Boston 100 2.4 0.25 4.8 3.3258 4.7341 2.0358 2.9010
Portland 100 0.6 0.25 3.2 4.5371 6.3507 2.4422 3.5176
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described in Section 5, X denotes the time between the 
fulfillment center and a randomly selected delivery loca
tion, whereas Y denotes the time between two randomly 
selected delivery locations. Recall that E[X] � θ and 
E[Y] � τ. Then we fit a gamma distribution to the dis
tance data for X and Y, with parameters computed from 
the mean and standard deviation of the data set in each 
case. (Polus (1979) finds that a gamma distribution is 
appropriate for travel times on arterial routes, whereas 
Lin et al. (2012) validate the application of a gamma dis
tribution for random local travel times in a metropolitan 
area.) Recall that the LST of a gamma random variable Z 
with parameters α and β is E[e�sZ] � (β�1=(β�1 + s))α.

We considered the performance of four threshold 
policies: (i) time (Td)–based dispatch with cost E[C(N, 
Td)] per unit time, (ii) quantity (q)–based dispatch with 
cost E[C(q, T)] per unit time, (iii) cost (z)–based dispatch 
with cost E[C(z)] per unit time (Z-threshold policy), and 
(iv) cost (z) and quantity (q∗)–based dispatch with cost 

E[C(z |q∗)] per unit time (Zq∗-threshold policy). Our goal 
is to compare cost and service performance to under
stand how these vary with various parameter choices 
and how they compare against each other. For the time- 
and quantity-based policies (i) and (ii), we used both 
analytical results as well as simulations. For the Z- 
threshold policy (iii), we used analytical results to get a 
lower bound and an approximation, as well as simula
tions. For the Zq∗-threshold policy (iv), we used only 
simulations, as the analytical models were unstable. 
We first illustrate comparative policy costs by plotting 
E[C(N, Td)] versus Td, E[C(q, T)] versus q, and E[C(z)]
versus z (which also includes E[C(z |q∗)] versus z). In all 
cases, there is a significant drop in cost between leaving 
immediately after the first arrival and waiting for addi
tional orders.

Before considering the results, it is worthwhile dis
cussing a few computational aspects, especially with 
respect to the right panels in Figures 5 and 7. We built 

Figure 5. Average Cost per Unit Time for TSP dispatch Using Various Policies 
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a code in Python to numerically invert the LST in 
Equation (30) and then compute K(z). For this, we first 
consider a small n (such as 15) and then keep adding 
terms until there is no gain in increasing n (in our case, 
at about n� 50). We obtain the lower bound in Equa
tion (32) as well as the approximation in Equation (33) 
for the case of hn� h, and that in Equation (34) for the 
case of hn � (n� 1)h. Corresponding graphs of these 
functions are shown in the right panels of Figures 5
and 7. The right panels also include simulations of the 
Zq∗-threshold policy (iv), which appears to flatten out. 
The reason for this is that when z is large, the threshold 
q∗ is typically reached, and hence the results mimic 
those of the fixed q∗ policy (for this reason, the inver
sion algorithms for the analytical results of policy (iv) 
are unstable). Note that we performed numerical 
simulations to obtain the dotted points in all figures. 
The perfect match between the simulation and analyti
cal results for the left and center panels is illustrated 
to serve as validation of the results. The following 
two subsections discuss the results for the two special 
cases of hn�n and hn � (n� 1)h, respectively, in greater 
detail.

6.1.1. The Special Case of hn 5 h. We used the para
meters shown in Table 1 for the computations that 
resulted in Figure 5. The optimal objective function 
value is somewhat similar under all four policies, 
although the graphs differ, with the dynamic policies 
having a bathtub-like shape. In all cases, the time-based 
threshold is not optimal. However, the other policies 
are nearly tied, with the quantity-based threshold per
forming slightly better in Portland. We noted earlier 
that E[C(q∗, T)] < E[C(N, T∗)] for the FCFS case. How
ever, this inequality is guaranteed to hold only for 
exponential order interarrival times. Because the expo
nential distribution has the memoryless property, there 
is no point in waiting for an additional order. Hence, 
it is not surprising that the fixed batch size policy per
forms better than the fixed time policy. In our simula
tions with nonexponential interarrival distributions 
(not shown here), the fixed T policy does perform better 
in some cases. Notice from the right panels of Figure 5
how the lower bound and the approximation behave. 
In all the examples, the argument of the minima is 
nearly the same for the approximation and the simula
tion, and the approximation is closer to the simulations 
than the lower bound.

For the dynamic Z- and Zq∗-threshold policies (iii) 
and (iv), we observe a large range of z values where the 
objective function value is flat and, hence, robust to 
some uncertainty in parameter estimation. But, is there 
a relationship between the optimal values across the 
policies? The optimal T∗ when Td is fixed and the opti
mal q∗ when q is fixed are related as q∗� 1 ≈ λT∗; that is, 
the number of additional orders we wait for roughly 

equals the expected number of orders that arrive in 
time T∗. However, the optimal cost threshold z∗ does 
not correspond to the expected variable cost of a single 
delivery with q∗ orders, which equals E[C(q∗, T)]q∗=λ 
�φ. This is because the resulting variable delivery cost 
can be greater than z for this policy (as we serve the 
order that resulted in overshooting the threshold). Also, 
from the graphs, the Zq∗-threshold (cost- and quantity- 
based) policy (iv) diverges a little beyond where z∗
occurs in the cost-based Z-threshold policy (iii).

Recall that the model contains a fixed cost, φ; a 
delay cost rate, h; and the variable delivery cost, ℓ. For 
each city (Austin, Boston, and Portland) and policy 
(i.e., time based, quantity based, cost based, and cost 
and quantity based), we characterize how the optimal 
cost per unit time is divided among these cost catego
ries, in order to gain some insight into the way in 
which different policies address the trade-off between 
delivery cost and service, measured by delay cost. To 
refine the analysis, we split the delay cost into two 
components: before and after dispatch. Note that we 
used simulations to obtain the cost fractions for the 
cost-based threshold because the analytical model 
only uses z and that cannot be used to obtain the vari
ous components.

Figure 6 shows how the percentage cost at the opti
mal policy is divided across the four factors: fixed cost, 
delay cost before dispatch, delay cost after dispatch, 
and delivery cost. Notice from the figure that the split 
does not change significantly from policy to policy; 
thus, it is not surprising that the optimal values are 
nearly the same. Across all cases, observe that the total 
delay costs are between 44% and 52% of the total cost, 
with the waiting costs incurred during delivery com
prising at least 25% of total cost. The relatively high 
delay cost incurred during delivery for Austin coin
cides with the relatively high TSP tour length illus
trated in Figure 3. Isolating these delay costs permits 
gauging the service performance of the different poli
cies, as these costs correspond to scaled values of 
the average order delay. In each of the regions, the Zq∗
policy achieves a minimum delay cost percentage, 
whereas the time-based threshold policy matches this 
in two of the three regions. Thus, the Zq∗ policy 
achieves the strong cost performance of the quantity- 
based policy while also matching the strong service 
delay performance of the time-based policy.

6.1.2. The Special Case of hn 5 (n21)h. To consider 
the impacts of a nondecreasing delay cost rate with 
time, we used the parameters shown in Table 1, except 
for the values of h. Because this special case assumes 
hn � (n� 1)h, using the values of h in Table 1 would 
make comparison with the time-invariant delay cost 
case impractical. Instead, we considered two scenarios 
for setting the value of h for this special case, as shown 
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in Table 2. Note that the values of h for Scenario 1 in 
Table 2 are 20% of those from Table 1; thus, for dispatch 
quantities less than six, the delay cost rate will be less 
than the time-invariant delay cost rate from Table 1, 
whereas higher batch quantities will imply a higher 
delay cost rate. The values of h for Scenario 2 are 40% of 
those in Table 1, implying that dispatch quantities less 
than or equal to three will see a lower delay cost rate 
than in the time-invariant case, whereas higher values 
imply a higher delay cost rate.

Using the values of h for both scenarios from Table 2
and the remainder from Table 1, we performed numeri
cal experiments for the same three cities under the case 
of a delay cost rate of hn � (n� 1)h. For Scenario 1, 
because the batch quantities for Austin and Boston 
were already below six, there was very little change in 
the optimal quantity and time thresholds when com
pared with the time-invariant h case, although the 
expected costs decreased in both cases because of the 
lower delay cost rate at those batch sizes. For Portland, 
because the optimal quantity threshold in the time- 

invariant delay cost case was higher than six (at around 
nine), under the hn � (n� 1)h model in Scenario 1, both 
the quantity and time thresholds were driven down as 
a result of the increasing delay cost rate. It is interesting 
to note that for Portland, the optimal quantity threshold 
went down from around nine to about seven, implying 
a higher delay cost rate than in the time-invariant delay 
cost case. Despite this, the expected cost per unit time 
at the optimal quantity threshold actually decreased: 
although the delay cost rate was higher, the average 
delay time for orders was sufficiently small as to reduce 
expected total cost.

The results corresponding to the Scenario 2 h values 
in Table 2 more dramatically illustrate the implications 
of an nondecreasing delay cost rate for all three regions, 
and are shown in Figure 7. For all three regions, the opti
mal quantity and time thresholds are substantially smal
ler than in the time-invariant delay cost case. For Austin 
and Boston, the expected cost per unit time is also smal
ler; however, for Portland, a batch size small enough 
to achieve similar delay costs to the time invariant case 

Figure 6. At Optimal Points of Policies, Percentage of Average Cost Per Unit Time Across Factors 
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requires incurring significantly higher fixed plus deliv
ery costs, and the reduced delay times are not sufficient 
to offset the increased delay cost rate in this scenario. 
For this set of tests, again the optimal objective function 
value was somewhat similar under all four policies. 
As before, in all cases, the time-based threshold is not 
optimal. The other policies are nearly tied, with the 
quantity-based threshold performing slightly better in 
Boston and Portland when compared with the cost- 
based threshold (policy (iii)). However, the Zq∗ policy, 
which uses cost and quantity, outperformed the 
quantity-based threshold. The right panels of Figure 7
illustrate how the lower bound and approximation 
behave relative to one another. In this case, as before, the 
argument of the minima is nearly the same for the 
approximation and the simulation, and the approxima
tion is closer to the simulations than the lower bound.

Figure 8 illustrates how the percentage cost at the 
optimal policy is divided across the four cost factors 
under the Scenario 2 delay costs. Notice from the figure 

that the distribution of costs is much more uneven 
when compared with the hn� h case, as the increasing 
delay cost rate favors lower batch sizes and therefore 
lower average order delay costs. This effect, however, 
does not significantly differ from policy to policy; thus, 
it is not surprising that the optimal values are nearly 
the same. For this case, again, the Zq∗ policy achieved a 
minimum delay cost percentage, and the time-based 
threshold policy matched this in one of the three 
regions. However, the worst-case delay cost as a per
centage of overall cost was 33% in this case (compared 

Figure 7. Average Cost per Unit Time for TSP Dispatch Using Various Policies for hn � (n� 1)h 

Table 2. Numerical Values of h Used for the Simulation 
and Analytical Results (for the hn � (n� 1)h Case)

Scenario Austin Boston Portland

1 0.24 0.48 0.12
2 0.48 0.96 0.24
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with 52% in the time-invariant delay cost rate case in 
the previous section).

6.2. Great Expectations: Empirical 
Policy Comparison

Duly acknowledging Charles Dickens’ works for the 
titles of this and the previous subsection, with great 
expectations we ask whether we can come up with 
rules regarding when the fixed dispatch quantity policy 
(ii) works best versus the other dynamic policies. To 
gain some insight, we designed an experiment with set
tings that put the results to the test, such as ignoring the 
triangle inequality, using extreme parameter values, 
and widely varying times. The alternate values used in 

the experimental design are shown in Table 3. Note 
that {β(n),γ(n)} � {1, 1} is the FCFS case, whereas the 
other two sets are TSP cases. We only present the spe
cial case of hn�h, as the insights do not significantly 
vary with this case.

Because there are three choices of {β(n),γ(n)} and 
two choices each of φ, h, λ, ℓ, θ, τ, Stdev[X], and 
Stdev[Y], there was a total of 768 experiments. How
ever, when ℓ � 5 and h�0.3, in the TSP cases, because 
β(n) and γ(n) decrease with n, for some sufficiently 
large n, the random variable Vn (the additional delivery 
cost when the nth order arrives) can be negative. This is 
because the delay cost (being small) is dominated by ℓ. 
In other words, the graph in Figure 4 is no longer 

Figure 8. At Optimal Points of Policies, Percentage of Average Cost per Unit Time Across Factors for the hn � (n� 1)h Case 

Table 3. Numerical Values Used for Experimental Design

Type: {β(n),γ(n)} φ h λ ℓ θ τ Stdev[X] Stdev[Y]

TSP 1: {1=
ffiffiffi
n
√

, min(0:8=
ffiffiffi
n
√

, 1)} 200 3 0.1 5 2.8 3 0:25θ 0:25τ
TSP 2: {min(1:7=

ffiffiffi
n
√

, 1), min(1:5=
ffiffiffi
n
√

, 1)} 50 0.3 2.5 0.5 40 5.5 2θ 2τ
FCFS: {1, 1}
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nondecreasing, as some of the vertical jumps may 
go downward. For this reason, those instances were 
removed from our analysis, and we analyzed a total of 
640 experiments (instead of 768). A further 11 instances 
produced too few replications where the cost was not 
increasing in the number of orders. Hence, in total we 
had 629 valid experiments.

Before presenting the results, it is important to dis
cuss a few caveats. One is that, for each of the experi
ments, we ran 1,000 replications of simulations to get 
E[C(z)] for various z. When the standard deviation of X 
or Y is at least twice its mean, this implies that 1,000 
replications is not sufficiently high to estimate the 
expected cost with precision. When the variability is so 
high, there are often many extremely small values and 
a few very large values of cost (in our results, we found 
two orders of magnitude differences in the spread). 
This would also result in violating the triangle inequal
ity. We built 95% confidence intervals for the costs and 
used them in the comparisons. Another caveat is that in 
order to determine E[C(z∗)] and E[C(z∗ |q∗)] based on 
simulated values of E[C(z)] and E[C(z |q∗)], respectively, 
we enumerate 20 values of z that are equally spaced 
(and this spacing depends on the magnitude of the 
expected cost of the policy with a fixed order quantity, 
i.e., E[C(q∗, T)]). This caveat also applies to the results in 
Section 6.1.

In all 629 experiments, we observed E[C(q∗, T)] <
E[C(N, T∗)], which leads us to believe that in the TSP 
case (in the FCFS case this can be proved) with Poisson 
arrivals, a policy based on a fixed batch quantity out
performs one based on time. However, in 39% of 
the cases, the three quantity-based policies (static 
quantity-based policy (ii), Z-threshold policy (iii), and 
Zq∗-threshold policy (iv)) were not statistically signifi
cantly different (based on the values falling within the 
associated confidence intervals). Only in 2.7% of the 
cases, however, was the static quantity-based threshold 
policy (ii) a clear winner. In 17% of the cases, the Z- 
threshold dynamic policy based on cost alone, policy 
(iii), was better than the Zq∗-threshold policy with 
dynamic cost and quantity, policy (iv), and this is based 
on the fact that their confidence intervals do not inter
sect. Likewise, in 15% of cases, the results were re
versed, that is, the Zq∗-threshold dynamic policy was 
statistically better. In the remaining nearly 26% of the 
runs, the Z-threshold and the Zq∗-threshold policies 
were statistically equal, and both better than the static 
quantity-based policy.

In summary, in our experiments, the time-based 
dispatch policy was dominated by all other policies. 
However, neither the Z-threshold (delivery-cost-based 
threshold) policy, nor the Zq∗-threshold (cost- and 
quantity-based) dynamic policy was universally better 
than the static quantity-based policy, although in most 
cases they were fairly close. Unfortunately, there was 

no clear pattern in terms of parameters to indicate 
when a quantity-based dispatch policy works best 
(however, later we do present some aggregated results 
that provide a clearer picture). We note that the approx
imation E[Capprox(z)] in Equation (33) was within the 
confidence interval of E[C(z∗)] in 31% of the experi
ments, and an upper bound (i.e., higher than the upper 
confidence interval) in over 54% of the experiments. 
However, the approximation can be higher or lower 
than E[C(z∗)] (on average, about 3% higher). On one 
hand, we observed a trend in which the approximation 
is much smaller than E[C(z∗)] in a majority of cases 
when h is high (h�3), θ is high (θ�40), φ is low 
(φ � 50), ℓ is low (i.e., ℓ � 0:5), Stdev[X] is high (i.e., 2θ), 
and Stdev[Y] is low (i.e., 0:25τ). On the other hand, the 
approximation is much larger than E[C(z∗)] when h is 
high (h�3), θ is low (θ � 2:8), φ is low (φ � 50), and 
Stdev[Y] is high (i.e., 2τ).

6.3. Policy Performance Analysis
Online Appendix B discusses the results of additional 
computational tests intended to assess the impact of 
individually varying each of the parameter values h 
(delay cost rate), ℓ (delivery time cost rate), φ (fixed 
dispatch cost), τ (expected travel time between custo
mers), θ (expected travel time between customer and 
depot), and the coefficient of variation of travel times. 
These results generally conform to expectations, with 
higher delivery-related costs leading to higher batch 
quantities, and higher delay costs reducing the aver
age batch delivery quantity. A somewhat less expected 
result we observed was that the cost performance 
advantage of the dynamic policies increased signifi
cantly over the performance of the quantity threshold 
policy as the coefficient of variation values increased. 
This is because the dynamic policies are not required 
to wait for the required quantity threshold when a 
high cost has accumulated but the required quantity 
has not.

In further comparing the dynamic policies to the 
quantity threshold policy, let us revisit the issue of the 
fixed batch size q∗ being close to the average batch size 
E[N(T(z∗)+)] under the dynamic policy. Only in a little 
over 20% of the cases was the absolute difference 
between q∗ and E[N(T(z∗)+)]more than one, indicating 
that the policies are doing similar things. Also, on aver
age, across all the runs, E[N(T(z∗)+)] is about 97% of q∗
in the corresponding problem settings. Now, let us 
compare z∗ in the dynamic policy against the average 
delivery cost of the fixed batch size policy given by 
E[C(q∗, T)]q∗=λ�φ, and let us call this E[Z(q∗)]. Then, in 
about 80% of the cases E[Z(q∗)] was higher than z∗
(understanding that E[Z(T(z∗)+)] > z∗ would serve as 
a more appropriate point of comparison). This is the 
reason the dynamic policy based on both cost and 
quantity (the Zq∗-threshold policy) works well, because 

Gautam and Geunes: When to Dispatch 
Service Science, 2024, vol. 16, no. 2, pp. 85–106, © 2023 The Author(s) 103 

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

16
.1

1]
 o

n 
04

 J
un

e 
20

26
, a

t 2
1:

39
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 



it is beneficial to dispatch when either the cost or the 
quantity threshold is reached, whichever occurs first.

In particular, in almost 84% of the cases, only one 
of the two happened: either q∗ < E[N(T(z∗)+)] or z∗ < E 
[Z(q∗)]. This means that in a vast majority of cases, 
we use whichever happens first, that is, either a thresh
old q∗ batch size is reached or a delivery cost z∗ is 
reached, at which time we dispatch. This is the two- 
dimensional dynamic policy based on cost and quan
tity. In fact, we can summarize our three policies by 
observing the state as the tuple {N(t), Z(t)} at time t. In 
the fixed batch size policy, we say that at time t, if 
N(t) < q∗ we wait, and otherwise dispatch. In the Z- 
threshold policy, we say that if Z(t) < z∗, we wait, and 
otherwise dispatch. In the time-and-cost policy, we 
wait as long as both N(t) < q∗ and Z(t) < z∗, and other
wise dispatch. Is a dynamic policy based on fixed cost 
and fixed quantity (whichever is reached first) the opti
mal one? Although we leave this as an open and high- 
value direction for further research, we conjecture that 
the optimal policy is likely to consist of a more generic 
switching curve (the development and analysis of 
which is beyond the scope of this paper). These four 
types of policies are shown in Figure 9.

7. Concluding Remarks and Future Work
This work first analyzed a delivery system using a 
deterministic model and then extended this to a sto
chastic version. For the stochastic setting, we consid
ered three types of costs: a fixed dispatch cost, a delay 
cost per unit time for each order, and a cost per unit 
time for delivery. Our model considered two types of 
delay costs: a cost that is linear in the delay time and a 
delay cost that increases in the batch size, and thus the 
batch accumulation and delivery time. We sought a 
policy that minimizes the long-run average cost per 

unit time. We considered two policies that are fairly tra
ditional and agnostic to the delivery locations: a fixed 
batch size (when a batch size q is reached the vehicle is 
dispatched) and a fixed time (the vehicle waits a fixed 
time Td after first order arrives, and is then dispatched). 
We considered two delivery strategies: a TSP and an 
FCFS tour, where the order of delivery matches the 
order arrival sequence.

We also considered a dynamic policy that accounts 
for the delivery locations of orders that have arrived. 
We wait until total delivery cost (i.e., all costs except 
fixed costs) reaches a threshold z, and then dispatch. 
We extended this to the dynamic policy where we wait 
either until a threshold cost z is reached or the batch 
size is q∗ (the optimal one corresponding to the fixed 
batch size), whichever happens first. We analyzed 
each of these policies using renewal processes. Then, 
using the renewal-reward theorem, we obtained the 
long-run average cost per unit time. For the dynamic 
policy with threshold z, we used partial differential 
equations to characterize the joint dynamics of the total 
delivery cost at time t, Z(t), and the number of orders 
at time t, N(t). We used LSTs to solve the differential 
equations and inverted the transforms numerically. 
The key methodological contributions of the work are 
in obtaining expressions for long-run average costs, 
and in the analysis of the z-threshold policy.

We implemented the policies for delivery data sam
pled from Airbnb locations and showed in those 
examples that all the policies produced similar cost 
per unit time. However, when we simulated examples 
through an experimental design setup, we found some 
cases where the fixed batch size policy was the best 
and other cases where the dynamic policy was the 
best. As a compromise, the dynamic policy with cost 
and quantity thresholds generally performs well in all 
cases. It should be noted that all the policy analyses 
required a Poisson order arrival process. However, 
when the arrivals are generic renewal processes, the 
fixed time model can be better than the fixed batch 
size. Furthermore, we conjecture that the optimal pol
icy is a switching curve, although this is generally 
intractable analytically. It may be possible to perform 
a simulation optimization and obtain thresholds z1, z2, 
z3, : : : , so that when there are 1, 2, 3, : : : orders and the 
delivery costs are lower than the thresholds, we wait 
(or else dispatch).

There are many paths that one could take in the 
future. One is to incorporate revenue of the ordered 
items (especially with multiple orders) and obtain a pol
icy that maximizes the expected revenue per unit time. 
Also, in certain settings, it may be advantageous to con
sider multiple parallel batching operations (perhaps to 
different parts of the delivery region). So instead of 
solving just the batching and dispatching problem, we 
also perform matching of vehicles to deliveries. This 

Figure 9. Analyzed Policies and Conjectured Policy 
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itself can be done either statically by creating regions or 
dynamically as orders arrive. This paper can be used to 
design an optimal number of vehicles based on a desired 
level of service. One could think of many other exten
sions, like adding constraints, using multiple pickup 
locations, and adding order processing times, which we 
have not considered.
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Endnote
1 Observe that if γ(n) � 1 and β(n) � bβ=

ffiffiffi
n
√

, then the route time 
2γ(n)θ+ β(n)(n� 1)τ becomes equal to 2θ+ bβτ

ffiffiffi
n
√

in the limit as 
n→∞, which is consistent with the route distance used in the pre
vious deterministic model.
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