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and directions of reflection are modulated by the reflected diffusion. We propose a
consistent estimator for such sensitivities using an Euler approximation of the reflected
diffusion and its associated derivative process. Proving that the Euler approximation
converges is challenging because the derivative process jumps whenever the reflected
diffusion hits the boundary of the domain. A key step in the proof is establishing a
continuity property of the related derivative map, which is of independent interest. We
compare the performance of our IPA estimator with a standard likelihood ratio estimator
(whenever the latter is applicable) and provide numerical evidence that the variance of
the former is substantially smaller than that of the latter. We illustrate our method with an
example of a rank-based interacting diffusion model of equity markets. Interestingly, we
show that estimating certain sensitivities of the rank-based interacting diffusion model
using our method for a reflected Brownian motion description of the model outperforms a
finite difference method for a stochastic differential equation description of the model.
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1. Introduction
1.1. Overview
Reflected diffusions in convex polyhedral domains arise in numerous applications. For instance, they arise in
the study of rank-based interacting diffusion models in mathematical finance (Banner et al. 2005, Ichiba et al.
2011) and as diffusion approximations in queueing theory (Reiman 1984; Chen and Mandelbaum 1991;
Peterson 1991; Mandelbaum and Pats 1998, Ramanan and Reiman 2003, 2008). For use in uncertainty
quantification, stochastic optimization and other areas (see chapter VII of Asmussen and Glynn 2007 for a list
of the numerous applications), it is of interest to estimate the gradient of the expectation of a functional of a
reflected diffusion with respect to its defining parameters—namely, its initial condition, drift, and diffusion
coefficients and directions of reflection along the boundary of its domain. (Henceforth, we simply write
“sensitivities” to mean “gradients of expectations of functionals.”) The main contribution of this work is to
develop a broadly applicable consistent estimator of a large class of sensitivities of reflected diffusions, which
can be used to approximate sensitivities of reflected diffusions via a Monte Carlo method.

Our estimator is based on a probabilistic representation for sensitivities of reflected diffusions that was
obtained in Lipshutz and Ramanan (2019a) and reproduced in Theorem 1. The representation expresses the
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sensitivity as the expectation of a functional of a reflected diffusion and its associated derivative process. The
derivative process satisfies a constrained linear stochastic differential equation (SDE) with jumps whose
coefficients, domain, and directions of reflection are modulated by the reflected diffusion, and it was shown in
theorem 3.13 of Lipshutz and Ramanan (2019a) that the pathwise derivatives of a reflected diffusion can be
described via the derivative process. Although this representation provides an unbiased estimator for sen-
sitivities of a reflected diffusion, computation of sensitivities via this representation would entail simulation of
the reflected diffusion and its associated derivative process, which typically involves discrete-time approx-
imations. There is a large literature devoted to approximating reflected diffusions in convex polyhedral
domains (see, e.g., Liu 1993; Stominski 1994, 2001; Lépingle 1995; Milshtein 1995; Pettersson 1995, 1997;
Costantini et al. 1998; Gobet 2001; Bossy et al. 2004; and Blanchet and Murthy 2018); however, there is no
method for approximating the derivative process. In this work, we propose an Euler scheme for the ap-
proximation of a reflected diffusion and its derivative process and prove that the associated estimators of
sensitivities of the reflected diffusion are consistent as the discretization parameter goes to zero. The proof that
the Euler scheme for the reflected diffusion is consistent follows an argument analogous to the one used in the
proof of theorem 3.2 of Slominski (2001) which established the result in the case of normal reflection. The proof
that the Euler scheme for the derivative process is consistent is much more challenging because the derivative
process jumps whenever the reflected diffusion hits the boundary of the polyhedral domain. Establishing
convergence of the discrete approximation is quite subtle and relies on a continuity property of the so-called
derivative map (see Theorem 4 and Definition 5), which is a deterministic map introduced in Lipshutz and
Ramanan (2018) to characterize directional derivatives of the associated extended Skorokhod map (ESM). The
proof of this continuity property, which is carried out in Section 9, is the main technical challenge addressed in
this work and requires a detailed understanding of the dynamics of the derivative map. This continuity
property is also of independent interest; for example, it is used in Lipshutz and Ramanan (2019b) to prove that
a reflected Brownian motion (RBM) in a convex polyhedral cone and its derivative process are jointly a Feller
continuous Markov process.

Our method, which relies on pathwise derivatives of a reflected diffusion, falls into the class of infinitesimal
perturbation analysis (IPA) methods used in sensitivity analysis (see, e.g., chapter VIL.2 of Asmussen and
Glynn 2007). We compare the performance of our IPA method to a standard likelihood ratio (LR) method and
provide numerical evidence that the variance of the former is substantially smaller than that of the latter. It is
also worth mentioning here that the LR method generally only applies to perturbations of the drift, and in
many applications, it is of interest to study perturbations with respect to all of the parameters (e.g., when
estimating sensitivities of diffusion approximations of queueing networks, which we plan to investigate in
future work). We also apply our method to study a particular rank-based interacting diffusion model called
the Atlas model, originally proposed by Fernholz (2002), see example 5.3.3, to model equity markets and
subsequently generalized by Banner et al. (2005) and Ichiba et al. (2011). This model is described by an SDE
with discontinuous drift coefficients, and its sensitivities can be estimated using a standard finite difference
(FD) method (although this method remains biased as the time-discretization vanishes). On the other hand, the
dynamics of this model can also be expressed in terms of an RBM in a convex polyhedral domain (see, e.g.,
Fernholz 2002 and Section 5.2). We estimate sensitivities by applying our method to this RBM representation
and provide numerical evidence to show that the empirical variance of the FD estimator blows up as the
derivative approximation parameter approaches zero (even when using common random numbers).

In summary, the main contributions of this work are as follows:

* An IPA method for estimating sensitivities of a reflected diffusion (Algorithm 1).

® Proof of convergence of Euler schemes for a reflected diffusion (Theorem 2) and its associated derivative
process (Theorem 3).

e Comparison of our method with the LR method with numerical evidence that our method performs
better, especially over long time horizons (Section 4).

e [llustration of the efficacy of our method on a one-dimensional RBM, for which analytic expressions for
the sensitivities are available (Section 5.1).

¢ Application of our method to estimate certain sensitivities of the Atlas model and numerical evidence that
our method applied to the RBM representation of the model performs better than the FD method applied to an
SDE description of the model (Section 5.2).

* A continuity property of the derivative map (Theorem 4).

We conclude by making two observations. First, Algorithm 1 assumes existence of a unique projection map as
well as certain derivative projection matrices. Even simulation of a reflected diffusion alone (i.e., without the
derivative process) requires an expression for the projection map, which is often nontrivial. Despite this, we are
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unaware of a general explicit expression for the projection map in the simulation literature. In the appendix, we
provide explicit expressions for both the projection map and the derivative projection matrices. In this way, our
work also contributes to the literature on simulation of reflected diffusions. We note that the computational
complexity of implementing our explicit expression for the projection map and derivative projection matrices
increases exponentially with the number of faces on the polyhedral domain; however, as explained in Remark A.1,
for most situations, we do not see this as a significant impediment to implementing our algorithm.

The second observation we make is that we do not prove a rate of convergence for our IPA method as the
discretization parameter converges to zero. We defer this to future work. Proving a rate of convergence
presents significant new challenges because the derivative map does not satisfy a certain uniform continuity
property. For a further explanation of the technical difficulties, see Remark 16.

1.2. Outline

Following this introduction, the remainder of this paper is organized into eight sections and an appendix.
Sections 2 and 3 and the appendix contain the relevant background information and main results required to
implement our IPA algorithm, Sections 4 and 5 compare our IPA algorithm to existing algorithms, and
Sections 6-9 contain the proofs of our results. Specifically, in Section 2, we give precise definitions of a
reflected diffusion and its associated derivative process, and we recall the probabilistic representation of
sensitivities of reflected diffusions from Lipshutz and Ramanan (2019a). In Section 3, we define an Euler
approximation for a reflected diffusion and its derivative process, state our main convergence result, and
describe a numerical algorithm for estimating sensitivities. In Section 4, we compare our algorithm with an LR
algorithm for gradient estimation in cases in which the latter applies. In Section 5, we present numerical
results from applying our method to a one-dimensional RBM and to the Atlas model. In Section 6, we define
and state properties of the Skorokhod problem (SP) and the derivative problem, which are used to characterize
a reflected diffusion and its derivative process, respectively. These are used in the proofs of our main results,
which are presented in Sections 7-9.

1.3. Notation

Let N:={1,2,...} denote the set of positive integers Np:=N U {0} and N :=NU {co}. Given | € N, we use ]R{r
to denote the closed nonnegative orthant in J-dimensional Euclidean space R/. When | = 1, we suppress | and
write R for (—co,0) and R, for [0, ). For r,s € R, let |r] = max{k e Ng: k <r}, ¥ As=min(r,s), and rVs =
max(r,s). For a subset A C R, let inf A and sup A denote the infimum and supremum, respectively, of A with
the convention that the infimum and supremum of the empty set are, respectively, defined to be co and —co. For
a column vector x € R/, let ¥/ denote the jth component of x for j = 1,...,] and let |x| denote the usual Euclidean
norm of x. We let {ey, ..., ¢;} denote the standard normal basis in R/, where e; is the column vector in R/ whose
jth component is one and whose other components are zero forj=1,...,J]. Welet /™! = {x e R/ : |x| = 1} denote
the unit sphere in R/. For ], K € N, let R’*K denote the set of real-valued matrices with | rows and K columns. We
write MT € R for the transpose of a matrix M € R/*K. Let E; denote the | X ] identity matrix. Let ||| denote
the operator norm on R*X.Given E C R/, we let cone(E) denote the convex cone generated by E; that is,

K
cone(E) := {Z nx, KeN,xy € E, 1 € R+},
k=1

and let span(E) denote the set of all possible finite linear combinations of vectors in E with the convention that
cone(0) and span(0) are equal to {0}. Given E C R/ or E C R*K, let D(E) denote the set of functions mapping
[0,0) to E that are right-continuous with finite left limits (RCLL). Let C(E) denote the subset of continuous
functions in D(E). For a subset A CE, let Ds(E):={f e D(E) : f(0) € A} and Cs(E):={f € C(E) : f(0) € A}. We
endow D(E) and its subsets with the Ji-topology and recall that the J;-topology relativized to C(E) coincides
with the topology of uniform convergence on compact subsets of [0, o). Given f € D(E) and >0, we let f(t—)
denote the left limit of f(-) at t. Given a function f : (0, 0) =R, we say f(¢) = o(¢) as ¢ | 0if |[f(¢)|/e = 0as e | O,
and we say f(¢) = O(¢) as ¢ | 0 if |f(¢)|/¢e is bounded as ¢ | 0.

Throughout this paper, we fix a filtered probability space (QQ, &, {F,}, P), satisfying the usual conditions; that
is, (Q, %,P) is a complete probability space, %, contains all P-null sets in %, and the filtration {%,} is right-
continuous. We write E to denote expectation under P. We abbreviate “almost surely” as “a.s.” By a
K-dimensional {%;}-Brownian motion W on (Q, %, P), we mean that (W', ..., WX) are independent, and for each
k=1,...,K, {WKt),F;,t >0} is a continuous martingale with W*(0) = 0 and quadratic variation [W¥], =t for
t>0. We let C,<oo for p>2 denote the universal constants in the Burkholder-Davis-Gundy (BDG) in-
equalities (see, e.g., Rogers and Williams 2000, chapter IV, theorem 42.1).
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2. Background on Reflected Diffusions and Their Sensitivities
2.1. A Parameterized Family of Reflected Diffusions
Let G be a closed polyhedron in R/ equal to the intersection of finitely many closed half spaces in R/; that is,

G:= ) {xe R (x, i) > ¢}, (1)

i=1,..,.N

for a positive integer N € N, unit vectors n; € S/71, and constants ¢; € R fori=1,...,N. Let $ = {1,...,N}. For
i€ 9, we let Fi:={x €dG:{x,n)=c;} denote the ith face of G. For x € G, we write $(x):={i€e $:x € F;} to
denote the (possibly empty) set of indices associated with the faces that intersect at x.

Let M € N and U be an open parameter set in RM. For each i € 4, fix a continuously differentiable function
d; : U R/ that satisfies (d;j(a),n;) = 1 for all « € U. For a € U, d;(a) denotes the (constant) direction of reflection
along the face F; associated with the parameter a. Because the direction of reflection d;(a) can be renormalized,
our assumption (d;(a),n;) =1 for all a € U is without loss of generality. We let

R: U RXN

denote the continuous differentiable function defined by R(a) := (di(a) - -- dn(a)) for @ € U and let R’(«) denote
the Jacobian of R(:) at a € U. We refer to R(a) as the reflection matrix associated with a. Fix continuously
differentiable functions

xo: UG, b:UxG—TR, o:UxG—R*K

For a € U, xo(a), b(ar,-), and o(, -) are, respectively, the initial condition, drift, and dispersion coefficients for the
reflected diffusion associated with . We refer to a(a, -) :=o(a, -)o" (a, -) as the diffusion coefficient associated with
a e U. For a € U and x € G, we let x{(a) denote the Jacobian of xy(-) at a € U, b,(a, x) denote the Jacobian of
b(-,x) at @ € U, and b.(«, x) denote the Jacobian of b(a,-) at x € G and similarly define o,(«,x) and o.(a, x).

Definition 1. Given « € U and a K-dimensional {¥;}-Brownian motion W on (Q, %, P), a reflected diffusion as-
sociated with @ and driving Brownian motion W is a J-dimensional continuous {%;}-adapted process Z* =
{Z2(t),t = 0} such that a.s. for all t > 0, Z%(t) € G and Z* satisfies

Z%(t) = xo(a) + /Otb(oz, Z%(s))ds + /Ofo(a, Z%(s))dAW(s) + R(a)L*(¢), t>0, )

where L* = {L*(t),t > 0} is an N-dimensional continuous {%,}-adapted process such that a.s. L*(0) = 0, and for
every i € $, the ith component of L%, denoted L% is nondecreasing and can only increase when Z“ lies in face
F;; that is,

/; 1{Za(s)¢pi}dLa’i(S) =0

We say that pathwise uniqueness holds if, given a € U, a K-dimensional {#;}-Brownian motion W on (Q, %, P)
and any two reflected diffusions, Z* and Z“, associated with a and driving Brownian motion W,
then P(Z%(t) = Z(t) for all ¢ > 0) = 1.

Remark 1. In definition 2.1 of Lipshutz and Ramanan (2019a) the authors define a family of reflected diffusions in
which the drift and dispersion coefficients and directions of reflection are parameterized by a € U, but the ini-
tial condition is parameterized by x € G. In Lipshutz and Ramanan (2019a), this allows for a characterization of
pathwise derivatives of flows of reflected diffusions and is a convenient representation in the proofs. In contrast,
here we find it more convenient to assume that the initial condition is a continuously differentiable function xy(-)
on U, taking values in G.

Remark 2. Given o € U and a reflected diffusion Z* with L* satisfying the conditions in Definition 1, define the
J-dimensional {%,}-adapted constraining process Y* = {Y*(t),t > 0} by Y* := R(a)L*. It follows from the definition
of R(a) and the conditions on L* in Definition 1 that Y* satisfies, for all 0 < s<f <o,

Y*(t) — Y*(s) € cone [Uue(s,t]d(a/ Z“(u))], 3)



Downloaded from informs.org by [216.73.217.74] on 14 July 2026, at 18:00 . For personal use only, al rights reserved.

Lipshutz and Ramanan: A Monte Carlo Method for Sensitivities of Reflected Diffusions
Stochastic Systems, 2019, vol. 9, no. 2, pp. 101-140, © 2019 The Author(s) 105

where
d(a, x) := cone{d;(a),i € $(x)}, ael, xeG. 4)

In particular, we see that Z“ satisfies definition 2.1 of Lipshutz and Ramanan (2019a) for a reflected diffusion
(with initial condition x = xo(a) there). The more general condition (3) allows for reflected diffusions that are
not semimartingles. In this work, we impose a mild linear independence condition on the directions of
reflection (see Assumption 1). As explained in remark 2.12 of Lipshutz and Ramanan (2019a) under this
condition, Z% satisfies Definition 1 if and only if Z* satisfies definition 2.1 of Lipshutz and Ramanan (2019a).

Let 1, lie in C%(G), the space of real-valued functions that are continuously differentiable with bounded first
partial derivatives. Suppose that, for each a € U, there exists a unique reflected diffusion Z% associated with a.
Then, for t > 0, define ©(-) to be the mapping from U to R defined by

o) :=E[ / L@+ Lz )|, acu ©)

In the next two sections, we state our main assumptions, introduce the derivative process along Z¢, and
characterize the Jacobian of ©(-) in terms of Z* and the derivative process along Z*.

2.2. Main Assumptions

The assumptions stated in this section are assumed to hold, without restatement, throughout this work.
The first three assumptions on the data {(di(:), n;,¢;),i € $} ensure the associated SP is well defined and the

associated Skorokhod map (SM) is Lipschitz continuous (see Proposition 1), which is useful for proving strong

existence of reflected diffusions and establishing pathwise uniqueness.

Assumption 1. For each « € U and x € dG, {di(0),i € $(x)} is a set of linearly independent vectors.

Given a convex set B, let vz(z):={v € S/"! : (v,y —z) > 0 YV y € B} denote the set of inward normal vectors to
the set B at z € dB.

Assumption 2. Foreach a € U, there exists 6(t) > 0 and a compact, convex, symmetric set B* in R/ with 0 € (B%)° such that,
foried,

JdB*
{|Z<z€ )| < 6(a)} = (vdi(a)=0  forall vevp(2) ©

Recall the definition of d(-,-) given in (4). The following assumption guarantees that, for each a € U, there
exists a map that projects points outside of G to the boundary JdG in a way that is compatible with the vector
field d(a,-) on dG. Along with Assumption 2, the existence of such a map ensures that the directions of
reflection along the boundary JG can constrain any path to remain in G.

Assumption 3. For each a € U, there is a map * : R/ > G satisfying n%(x) = x for all x € G and 1*(x) — x € d(a, n*(x))
forall x ¢ G.

Remark 3. Under Assumption 2, there can be at most one map 7% : R/ - G that satisfies the conditions stated in
Assumption 3 (see, e.g., the paragraph before lemma 4.3 of Dupuis and Ramanan 1999). See the appendix for an
explicit expression for the projection map 7 in terms of the reflection matrix.

Remark 4. See example 2.14 of Lipshutz and Ramanan (2018) for a general set of algebraic conditions on
{(di(-), n;,¢;), i € $} that imply Assumptions 1-3 hold.

Along with the last three assumptions, the final two assumptions on the coefficients b(-,-), o(-,-), and R(-)
ensure existence and pathwise uniqueness of the reflected diffusion and the derivative process as well as the
characterization of sensitivities of reflected diffusions in terms of the derivative process (see Theorem 1).

Assumption 4. There exists k1 < oo such that, for all « € U and x € G,

max{|[ba (e, |, Ibx(a, I, loa (e, X)I|, llow (e, DI, IR (@)} < %1
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In addition, there exist x, <oco and y € (0,1] such that, for all o, € U and x,y € G,

[Bala, x) = ba(B, )|, |[Px(, %) = b:2(B, )|,
maxy [[oa(e, x) = a8, ||, |low(a, x) = ax(B, )|, t < Kal(er, x) — (B, ).
IR () = R'(B)

Assumption 5. For each a € U, there exists c(a) >0 such that, for all x € G,

yla(a, x)y > c(a)lyl®, yeR. (7)

2.3. Sensitivities of Reflected Diffusions in Terms of the Derivative Process
We first define the derivative process, which was introduced in definition 3.5 of Lipshutz and Ramanan
(2019a) to characterize pathwise derivatives of a reflected diffusion. For x € dG, define

Hy:= () {yeR :(y,n) =0}, 8)

i€P(x)
and for x € G°, set H, := R/. Recall the definition of d(-,-) in (4).

Definition 2. Let « € U, W be a K-dimensional {%;}-Brownian motion on (Q2, %, P), and Z* be a reflected diffusion
associated with a and driving Brownian motion W. A derivative process along Z¢ is an RCLL {%,}-adapted process
$* = {$%(t),t > 0} taking values in R”*M such that a.s., for all £ > 0, $%(t) € Hyo(y form =1,...,M and $* satisfies

FE(E) = x(a) + /O b, Z9(3))ds + /0 by(t, Z%(5))$° (5)ds + /0 0@, Z(s))dAW(s)

)

+ / (e, Z() 5 (S)AW(s) + R (@)LA(E) + I (D),
0

where H* = {H4(t),t > 0} is an RCLL {%;}-adapted process taking values in R*M such that a.s. %*(0) = 0, and
foreachm=1,...,M and all 0 <s<t<oo,

Ha () — Iy (s) € span [Uyes (e, Z%(u))]. (10)

We say that pathwise uniqueness holds if, given a € U, a K-dimensional {%;}-Brownian motion W, a reflected
diffusion Z* associated with a € U with driving Brownian motion W, and any two derivative processes $* and

g along Z%, then P($%(t) = ga(t) for all t > 0) = 1.

In Lipshutz and Ramanan (2019a), it was shown that a.s. the reflected diffusion Z%(t) is differentiable with
respect to a at each t > 0, and the right-continuous regularization of its so-called pathwise derivative is equal
to the derivative process $* along Z*. With this in mind, it is natural to view Equation (9) for the derivative
process as a linearized version of Equation (2) for the reflected diffusion in the sense that (9) is obtained by
formally differentiating each term in (2) with respect to a with $* serving as the appropriate linearization
of the reflected diffusion Z* and R’(a)L* +J{* serving as the appropriate linearization of the constraining
process R(a)L“.

Remark 5. Definition 2 for the derivative process is slightly different from the definition given in definition 3.5 of
Lipshutz and Ramanan (2019a) because the initial condition here is a function of a € U. To clarify the relation,
suppose $“ satisfies Definition 2 and $%* satisfies definition 3.5 of Lipshutz and Ramanan (2019a). Then, for

m=1,...,M, the mth column vector of $* satisfies $4(t) = f"x“(a)[em,xé(oz)em] for all t > 0, where the right-hand
side of the equality is written in the notation of Lipshutz and Ramanan (2019a).
In the following theorem, we state the probabilistic representation of sensitivities of reflected diffusions that

was obtained in Lipshutz and Ramanan (2019a) and serves as the starting point for the method for sensitivity
estimation that we introduce in this work. Recall that the assumptions stated in Section 2.2 hold.

Theorem 1. For each o € U and K-dimensional {%,}-Brownian motion W on (Q, %, P), the following hold:
i. There exists a pathwise unique reflected diffusion Z* associated with o and driving Brownian motion W, and it is a
strong Markov process.
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ii. There exists a pathwise unique derivative process $% along Z°.
iii. Given t >0, a.s. $%(-) is continuous at t, and a.s. $%(-) is continuous at almost every s € [0, t).
iv. Given t >0, the function ©(-) defined in (5) is differentiable at o and its Jacobian satisfies

Oi(a) = JE[ /0 CUZ(s)F% (s)ds + (2 (D) F ()| (11)

Proof. Part (i) follows from proposition 2.16 of Lipshutz and Ramanan (2019a) (see also theorem 4.3 of Ramanan
2006) and the equivalence between solutions of Definition 1 and Lipshutz and Ramanan (2019a), definition 2.1,
stated in Remark 2. Parts (ii) and (iii) follow from corollary 3.15 of Lipshutz and Ramanan (2019a) and Remark 5.
Part (iv) follows from corollary 3.16 of Lipshutz and Ramanan (2019a) and the chain rule. O

Although (11) provides an unbiased estimator for ®;j(a), exact sampling of functionals of (Z%, $%) is
complicated by the discontinuous dynamics when Z% reaches the boundary JdG. As is often the case when
simulating diffusion processes, we sample from a discrete-time Euler approximation of (Z%, $%). Our main
result (see Corollary 2) states that the Euler approximation can be used to construct a consistent estimator
for ©;(a).

3. Main Results

Recall that the assumptions stated in Section 2.2 hold. Fix a € U and a K-dimensional {%;}-Brownian motion W
on (Q, %, P). Let Z* denote the pathwise unique reflected diffusion associated with o and driving Brownian
motion W and let $* denote the pathwise unique derivative process along Z*. Throughout this section, given
a time step A >0, define the sequence {f;},cy, by

thi=nA, n € Ny, (12)

and let {62W},oy be the sequence of independent and identically distributed K-dimensional Gaussian random
variables with mean zero and diagonal covariance matrix AEx given by

AW =W(tD) - W(E ), neN, (13)

where we recall that Ex denotes the K X K identity matrix. In addition, let {F*} denote the discrete filtration
defined by

Fri=c{opW,k=1,...,n—-1}, te[th ), neN. (14)

3.1. Euler Scheme for the Reflected Diffusion

In this section, we present an Euler scheme for approximating just the reflected diffusion Z“. This is an
extension of a result obtained in Stominski (2001) to allow for reflected diffusions with oblique reflection. We
also prove a convergence result for an Euler approximation of the process L* that is needed in the next section.
Let % denote the unique mapping satisfying the conditions in Assumption 3. To define the Euler scheme, we
need the following lemma.

Lemma 1. There exists a unique map & : R +— RY such that, for each x € R/, 7®(x) — x = R(a)&%(x), and the ith com-
ponent of £%(x) satisfies E%'(x) >0 only if n*(x) € F; fori € 9.

Remark 6. In the case of a simple polyhedral cone with vertex at the origin (ie., N=] and ¢; =0 for i € §),
Assumption 1 implies R(a) is invertible for each @ € U, and so &%(x) = (R(a))"}(n®(x) — x) foreacha € U and x € R/.
See the appendix for an explicit expression for the map & in terms of the reflection matrix.

Proof. According to Assumption 3 and Remark 3, 7 : R/ - G is the unique mapping that satisfies 7%(x) — x €
d(a, m*(x)). By the definition of d(-,-) in (4) and the linear independence of the vectors {di(«),i € $(n"(x))}
guaranteed by Assumption 1, it follows that, for each x € R/, there is a unique vector £%(x) € RY satisfying the
conditions of the lemma. O

Given A>0, recall the sequence {62W},y defined in (13). Let (Z%%,L%*) denote the pair of piecewise
constant RCLL {F2}-adapted processes taking values in G x RY defined as follows: Set

(Z%2(0), L**(0)) = (xo(@), 0) (15)
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and, for n € N, set

(Z¥3(), LY (1) = (27 (k) LY 8)), EEe (b b)), (16)

and recursively define
(ZoA(E), LA (8)) 1= (e (B ), LA (E) + EXERH)), (17)
where E%* is the random J-dimensional vector defined by
Bl = ZN () + bla, Z9M(ty ) A + a(a, Z(ty_1))oa W. (18)
We have the following result on the convergence of the Euler approximations.

Theorem 2. For each p >2, a € U and t<oo,as A | 0,

E|sup |Z%A(s) = Z%(s)IP | = O((A logi)g), (19)
0<s<t

E|sup [L**(s) — L*(s)IP | = O((A log%)g). (20)
O<s<t

The proof of Theorem 2 is given in Section 7. The proof is a straightforward adaptation of the proof of theo-
rem 3.2(i) of Slominski (2001) which proves (19) in the case of normal reflection along the boundary. The main
difference between the two results is that we allow for oblique reflection along the boundary and also prove
convergence of the constraining process in (20). As a corollary of Theorem 2, we have the following result
on the almost sure convergence of the Euler approximation. The corollary follows from Theorem 2 and an
argument using the Borel-Cantelli lemma (see Stominski 1994 for an example of such an argument).

Corollary 1. For each a € U, t<oo and € >0, a.s.

lim A®~2 sup [Z%(s) — Z%(s)|= 0, 1)
A0 0<s<t
lim A% sup [L*(s) — L%(s)|= 0. (22)
AlLO 0<s<t

3.2. Euler scheme for the Derivative Process

We now construct an Euler scheme for the derivative process. We start with a lemma that introduces a linear
projection map that can be interpreted as a linearization of 7“. Recall the definition of the linear subspace H,
for x € G given in (8).

Lemma 2. For each x € G, there is a unique map ¥ : R/ H, that satisfies $%(y) — y € span[d(a, x)] for all y € R/.
Furthermore, &% is linear.

Proof. By Assumption 1 and lemma 8.2 of Lipshutz and Ramanan (2018) the set W* := {x € G : span(H, U d(a, x)) #
R/} is empty. The lemma then follows from lemma 8.3 of Lipshutz and Ramanan (2018). o

Remark 7. For each x € G, because ¥ is a linear map from R/ to H, C R/, we can write 2 as a | X | matrix whose
column vectors lie in H,. Throughout this work, we view £¢ as this | X ] matrix and refer to &£ as a “derivative
projection” matrix because the matrix projects points in R/ to H, and it is closely related to the derivative process.
See the appendix for an explicit expression for the derivative projection matrices £¢, x € G in terms of the
reflection matrix.

For A >0, recall the sequence {f}},y,, the random vectors {65 W}y, the discrete filtration {F}'}, and the pair
of processes (Z**,L**) defined in the last section. Let $%* = {$%A(t),t > 0} denote the piecewise constant
RCLL {F~}-adapted process taking values in R/*M defined as follows: Set

FU4(0) :=xg() (23)

and, for n € N, set

L= g0, teltty), (24)
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and recursively define
}Q,A(tﬁ) = Lzya,A(tﬁ)%Z,A/ (25)

where #%2 is the random element taking values in R*M defined by

%Z'A = }a’A(tﬁq) + ba(a, ZH'A(tﬁq))A +by(a, Za'A(tﬁq))ja’A(tﬁq)A +0a(a, Za'A(t;Azq))éﬁW

+ o, ZVA (D) IR )0 W + R (@)L (E) = LA (E,y). 2

The following establishes convergence of the Euler scheme for the derivative process.

Theorem 3. For each p > 2, a € U, and t <o,
t
| [0 - 56l ds + 9740 - 570 | =
0

In addition, given any t<oo, the family {$%*(s)} is uniformly integrable.

s€[0,t],A€[0,t]

The proof of Theorem 3, which is given in Section 8.2, relies on a representation of the derivative process in
terms of the deterministic derivative map evaluated at a related continuous process (see Remark 11) along with
continuity properties of the derivative map, which are established in Theorem 4.

Corollary 2. Forall t >0,
t
©/te) = im | [z g6 + Gz 00300 | @)

Proof. The corollary follows from Theorems 1-3. O

Corollary 2 suggests a consistent estimator for @;(«). In the next section, we describe an algorithm for
estimating @;(«) based on the Euler discretization. It is also of interest to investigate whether there is an exact
sampling algorithm for the joint process (Z%, $%), which would avoid the bias introduced by the Euler
discretization. Even in the setting of RBMs in the nonnegative orthant with reflection matrices that are so-
called Jt-matrices, for which an exact sampling method has been proposed in Blanchet and Murthy (2018), it is
a challenging problem to exactly sample the associated derivative process because the derivative process
jumps whenever the RBM reaches the boundary of the domain. We leave this as an interesting open problem
for future work.

3.3. Numerical Algorithm
Fix 0 <A <t <oo. Because A is typically much smaller than ¢, for simplicity, we can assume N :=t/A is a positive
integer. Because 74" and $** are constant on intervals of the form [tﬁ_l,tﬁ), n=1,...,N, we have

t N-1
/O C(Z9N($)) $¥ M (8)ds + CHZOM D) FVAE) = D GUZYAEN YDA + THZA (1)) MR- (28)
n=0

Algorithm 1 (Our IPA Method)
Construct the projection map n*, the map &%, and the derivative projection matrices &%, x € G (as described in the
appendix). Set Z¥A(t}) := xo(e) and $*A(t}):=x}(a). For n =1,...,N, recursively complete the following steps:

1. Generate a K-dimensional Gaussian random variable 64W with mean zero and diagonal covariance
matrix AEg.

2. Define (Z*A(t2),L¥A(t2)) as in (17) and (18).

3. Define $*A(t}) as in (25) and (26).

Set the (IPA) estimator ®;j(a);p, of ®j(a) equal to the right-hand side of (28).

In the next section, we compare our algorithm with other methods for sensitivity analysis. In Section 5, we
illustrate our algorithm with an example of a one-dimensional RBM and an example of an RBM that arises
in the study of a rank-based interacting diffusion model of equity markets.
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4. Comparison with Existing Methods

The main existing (consistent) estimator for sensitivities of reflected diffusions is the LR method with the
caveat that the LR method is applicable only when the law of the perturbed process is absolutely continuous
with respect to the law of the original process. In the context of multidimensional (reflected) diffusions, this
only holds for perturbations to the drift. In this case, the LR method uses a change of measure argument to
recast expectations of functionals of the perturbed process as the expectation, under the law of the original
process, of the functional multiplied by the likelihood ratio or the Radon-Nikodym derivative. The LR method
for sensitivities of diffusions with respect to drift was introduced in Yang and Kushner (1991), and the authors
describe an extension of their method to reflected diffusions (see section 9 of Yang and Kushner 1991). Here we
provide a brief summary of the method in the context of reflected diffusions in convex polyhedral domains
and refer the reader to Yang and Kushner (1991) for the details.

Because we can only consider perturbations to the drift in this section, in addition to the assumptions stated
in Section 2.2, we also assume that the initial condition, dispersion coefficient, and directions of reflection are
constant in « € U; that is, xo(+) = xg, 0(+,-) =0(-), and R(-) =R. Fix t<owand a € U. Form=1,...,M and ¢>0,
let u%¢ : G—RX be the function given by

oy () 1= ol (x)a (x)(b(a + ey, x) — blav, X)), x €G.

A standard argument using the Lipschitz continuity of b(-,-) and Girsanov’s transformation (see, e.g., chapter
IV.38 of Rogers and Williams 2000) shows that there exists a family of probability measures {P};°},., on the
measurable space (Q, %) that are mutually absolutely continuous with respect to the underlying measure P
with Radon-Nikodym derivatives

= exp{ / (U (Z5(5)), AW (s)) — / s <za(s>>|2ds}, £>0, (29)

and such that {Z*(s),0 < s < t} under P, is equal in distribution to {Z****"(s),0 < s < t} under PP. Let D* denote
the M-dimensional random variable whose mth component, denoted D*" for m =1,...,M, is defined by

oo i @B /dIP’) 1

e—0

/ (1(Z%(s)a™ (Z*(s)ban (e, Z%(5)), AW(s)),

where b, (a, x) denotes the partial derivative of b(-,x) at @ with respect to the mth component of a. According
to theorem 3.1 of Yang and Kushner (1991),

,01(0) =tim [ (s + cozy) I
) E[(/otw“(s))ds + cz<za<t>>)Da'm]'

As described in (15)—(17), we have an Euler approximation Z%* for Z*, which yields the approximation D%
for D*" for m=1,...,M, given by

N-1
DA™ = 3 (a (Z¥A (e (ZVA (1) ban (@, ZVA(E)), 83 W). (30)
n=0
According to theorem 4.1 of Yang and Kushner (1991),
t
O)(a) = En(l) E[( / C(Z%2(s))ds + CZ(Z“'A(t)))D“'A]. (31)
- 0

We now propose a numerical algorithm for estimating ©;(«) based on (30) and (31). Fix A € (0,¢) so that
N:=t/A is a positive integer. Then we have

( / G(Z¥A(s)ds + Co(Z A(t)))D“ A= (Z GUZEA DA + G(Z¥A (ty) | DA (32)
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Algorithm 2 (LR Method)
Construct the projection map 7 (as described in the appendix). Set Z*A(t5) = xo. For n =1,...,N, recursively
complete the following two steps:

1. Generate a K-dimensional Gaussian random variable 64W with mean zero and diagonal covariance
matrix AEg.

2. Define Z*A(t2) as in (17) and (18).

Define D** as in (30) and set the (LR) estimator ©;j(a), of ©(a) equal to the right-hand side of (32).

We briefly mention some of the advantages and drawbacks of the LR method. When applicable, the main
advantage of the LR method is that it applies to a broad class of functionals of reflected diffusions, requiring
only that (; and (, be measurable (and integrable) without imposing additional smoothness conditions that
are required for our IPA method (Algorithm 1). In addition, because there are exact sampling methods for
reflected diffusions (see Blanchet and Murthy 2018), they can potentially be adopted to obtain an unbiased
estimator of ®j(a). On the other hand, as mentioned, the main drawback of the LR method is that it is
generally only applicable to perturbations of the drift. In section 8 of Yang and Kushner (1991) the authors
show that, in the one-dimensional setting, the approach can be adapted to allow for perturbations of the diffusion
coefficient, but those methods do not extend to higher dimensions. This is quite restrictive as it is often of interest
to compute sensitivities with respect to parameters other than the drift (e.g., in diffusion approximations of
queueing networks, which we plan to study in future work). Furthermore, even when considering perturbations
to the drift, numerical evidence suggests that the variance of the LR estimator is substantially larger than the
variance our estimator (see Section 3). This supports the observation made in chapter VIL.5 of Asmussen and
Glynn (2007) that IPA estimators generally outperform LR estimators when both methods are applicable.

Remark 8. It is worthwhile to compare our IPA algorithm with the class of FD methods, which can be used to
estimate sensitivities. These are based on approximating the derivative by a finite difference and include forward,
backward, and central difference approximations (see, e.g., chapter VIL.1 of Asmussen and Glynn 2007). For
example, the forward difference estimator associated with fixed ¢, A > 0 (and assuming once again that N:=t/Ais a
positive integer) for d,,0,(a) for m =1,...,M is given by

N Gzoreen (1)) = G(ZYA(E)) | G(ZoreanmA(tR)) — G(Z9A (1Y)
9O ()pp = % e A+ 5 € =

(33)

with 2 defined as in (12). The appeal of an FD method is that it is simple to implement and can be used to
approximate sensitivities with respect to all of the parameters. The main drawback is that it introduces an
extra source of bias from the derivative approximation. Our IPA method can be viewed as a limiting version of
the FD method that eliminates the bias from the derivative approximation without any increase in the
computational complexity of implementation. Because there is no computational advantage to using the FD
method and, in general, there do not appear to be any other advantages to using an FD method over an
IPA method when both are applicable (see, e.g., the first paragraph at the the top of p. 219 of Asmussen and
Glynn 2007), we do not provide a numerical comparison of our method and an FD method.

5. Examples

We present two examples to illustrate the efficacy of our method (Algorithm 1): a one-dimensional RBM in
which analytic formulas for the transition density are available and a multidimensional RBM that arises in the
study of rank-based diffusion models for equity markets. We chose these two examples because they are
useful for illustrating the efficacy of our method. We emphasize that our algorithm can be used to estimated
sensitivities for broad classes of reflected diffusions with oblique reflection, such as RBMs with oblique
reflection and reflected Ornstein—Uhlenbeck processes that arise as heavy traffic limits of queueing networks
(see, e.g., Reiman 1984, Chen and Mandelbaum 1991, Peterson 1991, Mandelbaum and Pats 1998, and Ward
and Glynn 2003). We used the program R for all computations, which were performed on an IBM machine
with a 3.40 GHz Intel Core i7 processor.

5.1. One-Dimensional RBM
Let J =1, U:=(0,00) XR X (0,00), and W be a one-dimensional {%;}-Brownian motion on (Q, %, P). For each
a=(x,b,0) e U, let Z&9) be a one-dimensional RBM in R, with initial condition x, constant drift b, and
variance ¢? and driving Brownian motion W. It is well known (see, e.g., chapter X.8 of Asmussen and Glynn
2007) that Z&®9) satisfies

ZELO(f) = x + bt + o W(t) + Y1), >0,
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where Y®b0) jg given by

Y®bo () = sup(—x —bs —aW(s)) v 0, t>0.

0<s<t

For t > 0, define ®; : U— R, by
Oi(x,b,0):= E[Z(x'b")(t)], (x,b,0) € U. (34)

We use our algorithm (Algorithm 1) to estimate the first partial derivatives 9,0:(1,-1,1), d,0:(1,-1,1), and
d,01(1,-1,1). In Table 1, we compare the estimates obtained using our IPA method with the analytic values
obtained using the formula for the cumulative distribution function of a one-dimensional RBM given in
equation 3.63 of Harrison (2013) and, in the case of perturbations to the drift, with the estimates obtained
using the LR method (Algorithm 2).

In Figure 1, we plot confidence intervals (Cls) for the relative biases of our IPA estimator and the LR
estimator (when applicable) of the partial derivatives of ©(:, -, -) for different time steps A. As anticipated, the
magnitudes of the relative biases decrease with A. (The “relative bias” of an estimator is equal to the difference
between the expected value of the estimator and the analytic value divided by the magnitude of the ana-
lytic value.)

In Table 2, we compare CIs for the relative biases of the LR estimator and our IPA estimator of d,0(1,b,1)
for different values of b, f, and A. As seen in Table 2, there is no significant difference between the estimates of
the relative biases. In theorem 4.1 of Yang and Kushner (1991) the authors state that (under our stated as-
sumptions and also assuming that only the drift b depends on «)

E[@T(&)LR] - ddaE[ /0 tcl(Z“'A(s))ds + CZ(Z“'A(t))].

(Specifically, they prove the preceding holds in the case that Z¢ is a diffusion and describe an extension to the
case of a reflected diffusion.) We conjecture that

E[67(@)ps | = %E[ [a@ s+ @(Z“A(t»]

also holds, and so our IPA estimator and the LR estimator have the same bias for each time step A>0. The
proof of this conjecture would require significant additional work that entails the proof that $* is the
appropriate linearization of Z%* with respect to a. Because this is beyond the scope of this paper, we leave
our conjecture as an interesting problem for future work.

In Table 3, we compare the empirical standard deviations of the LR estimator and our IPA estimator of
2y04(1,b,1) for fixed A>0 and different values of b and t. Our method appears much more efficient in all cases
although the degree of variance reduction depends strongly on b and t.

5.2. Rank-Based Interacting Diffusion Model of Equity Markets
We consider a rank-based interacting diffusion model, referred to as the Atlas model, which was first
introduced by example 5.3.3 of Fernholz (2002) to study equity markets and subsequently generalized by

Table 1. Analytic Values, the LR Estimates, and Our IPA Estimates for Sensitivities of an RBM

Method A 2:0:(1,-1,1) 2,01(1,-1,1) 2,01(1,-1,1)
Analytic N/A 0.3319 0.4351 0.6681

LR 10! N/A 4726 + .0067 (2.4 seconds) N/A

IPA 10" 4572 + .0031 (2.2 seconds) 4677 + .0025 (2.2 seconds) .5008 + .0034 (2.2 seconds)

LR 102 N/A 4563 + .0072 (27.9 seconds) N/A

IPA 10 .3653 + .0030 (23.9 seconds) 4537 + .0027 (24.3 seconds) .6217 + .0035 (24.3 seconds)
LR 10° N/A 4456 + .0073 (282.1 seconds) N/A

IPA 10° .3412 + .0029 (233.4 seconds) 4402 + .0026 (238.2 seconds) .6510 + .0034 (282.1 seconds)
LR 10 N/A 4393 + .0072 (2,700.3 seconds) N/A

IPA 10 .3342 + .0029 (2,359.8 seconds) 4387 + .0026 (2,358.7 seconds) .6641 + .0035 (2,308.5 seconds)

Notes. Analytic values (approximated up to four decimal places) of the first partial derivatives of ®(, -, -) defined as in (34) and evaluated at
(1,-1,1), as well as 95% confidence intervals for the LR estimates (when applicable) and our IPA estimates of the first partial derivatives of
©:1(-,+,-). Each estimate was obtained using 10° trials. The CPU time for each estimate is indicated in parenthesis.
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Figure 1. Relative Biases of Our IPA Estimators and of the LR Estimators for an RBM
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Notes. 95% CI for the relative biases of IPA estimators and (when applicable) LP estimators for the first partial derivatives of ©(-, -, -) defined in
(34) and evaluated at (1,-1,1) using different time steps A. Each estimate was obtained using 10° trials.

Banner et al. (2005) and Ichiba et al. (2011). In the usual model of an equity market, the growth and volatility of
each stock are fixed and depend on the identity of the stock, whereas in the class of Atlas models, the growth and
volatility of each stock are allowed to depend on its relative rank within the market and, thus, are time-varying
(and discontinuous). The hybrid Atlas models considered in Ichiba et al. (2011) allow for the drift and
diffusion coefficients to depend on both the identity of the stock and its relative rank within the market. Here
we restrict our consideration to the class of Atlas models originally introduced in Fernholz (2002) and studied
in Banner et al. (2005), whose coefficients depend only on the relative ranks of the stocks within the market

because their associated “ranked processes” are RBMs.
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Table 2. Relative Biases of Our IPA Estimators and of the LR Estimators for an RBM

Method b A t=2 t=6 t=10 CPU time
LR -1 0.1 .0602 + .0020 —-.0306 + .0026 —.0411 + .0030 2,601.9 seconds
IPA -1 0.1 .0603 + .0009 —.0303 + .0011 —.0436 + .0011 2,329.1 seconds
LR -1 0.01 .0253 + .0021 —-.0019 + .0028 —.0064 + .0033 24,248.9 seconds
IPA -1 0.01 .0246 + .0009 —-.0018 + .0011 —-.0057 + .0011 24,283.2 seconds
LR 0 0.1 .0586 + .0014 .0363 + .0015 .0265 + .0015 2,492.8 seconds
IPA 0 0.1 .0589 + .0004 .0350 + .0004 .0247 + .0004 2,539.8 seconds
LR 0 0.01 .0224 + .0015 .0127 + .0016 .0091 + .0016 24,520.9 seconds
IPA 0 0.01 .0204 + .0004 .0119 + .0004 .0081 + .0004 23,958.8 seconds
LR 1 0.1 .0179 + .0017 .0084 + .0021 .0052 + .0024 2,609.8 seconds
IPA 1 0.1 .0173 + .0001 .0076 + .0001 .0047 + .0001 2,475.1 seconds
LR 1 0.01 .0056 + .0017 .0033 + .0021 .0032 + .0024 24,546.3 seconds
IPA 1 0.01 .0062 + .0001 .0026 + .0001 .0016 + .0001 23,897.3 seconds

Notes. 95% confidence intervals for the relative biases of the LR estimator and our IPA estimator of the first derivative of ©(1, -, 1) defined in (34)
evaluated at different values of b and t, and using different time steps A. For each method, drift b and time step A, the CPU time to estimate the
first derivative of ®y9(1,-,1) is listed. Each estimate was obtained using 107 trials.

In the simplest version of the Atlas model (with | > 2 stocks), the stocks have equal volatility, the smallest
stock (referred to as the Atlas stock) has positive growth rate, and all other stocks have zero growth. To
be precise, let g>0, >0, and W be a J-dimensional Brownian motion. Let S = {S(t),t > 0} denote the
J-dimensional process whose jth component at time t > 0, denoted S/(#), is equal to the value of the jth stock at
time t. Then S evolves according to the SDE (with discontinuous drift)

d(log S/(t)) = Y/(t)dt + cdWI(t), t>0, i=1...,], (35)

where y/(t) is equal to Jg if S/(t) < S¥(t) for all k # j and equal to zero otherwise for j =1,...,]. Strong existence
and pathwise uniqueness of solutions to (35) follows from Ichiba et al. (2013). Let Z = {Z(t), t > 0} be the rank-
ordered process, where Z(t) is obtained by permuting the components of log S(t) (the logarithm is applied
componentwise) so that they are in descending order for t > 0. Then according to Banner et al. (2005) (see the
paragraph following the proof of proposition 2.3), Z is a J-dimensional RBM in the Weyl chamber

G:={xeR]:x12x22...2xI}

with drift vector (0,...,0, ]g)T, diagonal covariance matrix GZE], and normal reflection vector d; = n; = (¢; —
e+1)/V2 along face Fi:={x € G :x' = x*1} for i=1,...,] - 1.

In many applications in mathematical finance, it is of interest to compute sensitivities of functionals of the
stocks in a market with respect to the underlying parameters of the market. For example, sensitivities of
derivative prices with respect to the underlying market parameters, commonly referred to as the “Greeks,”
play an important role in risk management and hedging strategies (see, e.g., chapter 7 of Glasserman 2003).
Here, we study sensitivities related to the Atlas model, which have not yet received much attention. A
performance measure of interest in this context is the so-called diversity of the equity market, which is
expressed in terms of the J-dimensional process u = {u(t),t > 0} of relative market capitalizations defined by
() :=C(S(t)) for t >0, where C: (0,00) > {x € (0,1) : x' +---+ %/ =1} is defined by

. x/
C(x):= 4

ﬁ’ xe(oloo)]I jzl,...,]. (36)

Table 3. Relative Performance of the LR Estimator and Our IPA Estimator

b t=2 =4 F=6 =8 t=10
-3 2.61 3.16 3.71 4.18 4.59
-2 2.10 2.88 3.21 3.63 3.85
-1 217 2.26 2.44 261 2.82
0 3.96 3.66 3.61 3.58 3.59
1 3.91 475 5.69 6.66 7.59
2 1.01 x 107 241 x 10% 420 x 10% 6.30 x 102 8.53 x 102
3 7.18 x 10* 1.85 x 10° 3.30 x 10° 499 x 10° 6.80 x 10°

Notes. Ratios between the empirical standard deviations of the LR estimate and our IPA estimate of the first derivative of ®(1,-,1) defined in
(34), evaluated at different values of t and b. Each estimate was obtained using 10° trials and time step A = 0.1.
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Fix p € (0,1) and define f : R, — R, by
Fx) =+ + (Y, xeR,. (37)

Then f is the pth power of the so-called diversity function, and f(u(t)) is a measure of the diversity of the market
(see example 3.4.4 of Fernholz 2002). Because f(x) is invariant under permutations of the components of x and
Z is obtained by permuting the components of log S, it follows from (36) and (37) that f(u(t)) = C(Z(t)), where
C: G [JP71,1) is the continuously differentiable function defined by

epxl N +3PX/

P’

—(e‘1+---+ev") xeG.

Cx):=

A straightforward computation shows that the gradient of C is bounded and continuous. Here, we first use an
FD method based on the SDE representation (35) and then our IPA method for the reflected diffusion
representation to estimate the sensitivity of E[f(u(t))] to an underlying parameter of the market.

Fix 0 >0 and set U:=(0, ). For each « € U, set the growth rate to be ¢(a):=0?/2a. Here, the form of ¢(«a) is
chosen to be consistent with the growth rate of interest in section 6 of Banner et al. (2005). Let S* = {S*(¢),t > 0}
be the J-dimensional process satisfying (35) with g = g(a), let p® = {u*(t),t = 0} be the process of relative
market capitalizations defined by u®(t):=C(5%(t)) for t > 0, and define

Oa) =E[f(u*(1))], t>0. (38)

Let t >0 and a € U. Assuming that ©(:) is differentiable, it follows that, as ¢ — 0,

B )] =B, g
&

Oi(a) =

Yan (2002) proposed an Euler scheme for approximating solutions to SDEs with discontinuous drift and
proved convergence properties of the Euler scheme. Using the algorithm described in section 4 of Yan (2002)
one can obtain estimators 5¢*¢ and 5¢ (using “common random numbers,” see chapter VII.1 of Asmussen and
Glynn 2007) for $** and S%, respectively, and use the (forward-difference) approximation

FCE™(1) ~FCE (1)

Of(a) ~ é

Alternatively, letting Z* denote the associated rank-ordered process so that ©;(«) = E[C(Z%(t))], we can use our
IPA method (applied to the reflected diffusion Z%) to estimate ®;(a). We note that although Z* is an RBM in
the Weyl chamber with normal reflection, the transformed process Z%:=RTZ® is a (] — 1)-dimensional RBM
in the orthant with oblique directions of reflection d; = [RTR]" along the face Fi={xeR[,x¥=0} for i=
1,...,] = 1. Thus, we believe the numerical results presented in this example are also representative of the
performance of the algorithm for a large class of oblique RBMs in the orthant.

Let 0> =3x 107, Z*(0) = 0, and p = 1/2. In Table 4, we list the ratio of the empirical standard deviations of
the FD estimator (described in Yan 2002 for the SDE description of the model) and our IPA estimator (for the

Table 4. Relative Performance of Our IPA Estimator, the LR estimator, and the FD Estimator

Ratio of standard

Method € 95% CI deviations CPU time
IPA N/A —.01037 +.00005 1.0 1,165.0 seconds
LR N/A —.00624 + .00865 161.3 533.7 seconds
FD 1072 —.01053 + .00006 1.1 763.6 seconds
FD 1073 —.01063 + .00007 1.3 852.6 seconds
FD 10~ —.01061 + .00014 2.6 858.9 seconds
FD 107 —.01052 + .00038 7.2 809.8 seconds
FD 1076 —.01065 + .00070 13.0 786.7 seconds

Notes. 95% CI for our IPA estimator, the LR estimator, and the FD estimator (for different ¢ > 0) of the first derivative of ®@9p(-), defined in (38)
with | = 3, and evaluated at & = 1. For each method, the ratio between the standard deviation of the estimator and the standard deviation of our
IPA estimator is listed as well as the CPU time required to compute the estimate. Each estimate was obtained using 10° trials and time step A = 1.
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RBM description of the model) for ©,,(1) when | = 3. We also include the ratio of the empirical standard
deviations of the LR estimator and our IPA estimator (both for the RBM description of the model) for ®/,,(1)
when | = 3. As seen in the table, we obtain significant variance reduction by using our IPA method over the
LR method and over the FD method for small ¢>0.

To illustrate the performance of our method in higher dimensions, in Table 5, we compare the empirical
standard deviations and CPU times of our IPA estimator, the LR estimator, and the FD estimator (with ¢ = .01)
for different dimensions J. As expected, the CPU time required to compute each estimate increases with J. The
empirical standard deviation of the LR estimate appears to be diverging as | increases. This can be explained
by the fact that the LR estimator depends on the derivative of the drift b with respect to a as seen in (30)
and (31) and the fact that the magnitude of the drift grows linearly with the dimension |—in particu-
lar, b(a) = (0,...,0,Jg(a))T.

6. The Skorokhod Problem and the Derivative Problem

In this section, we recall the deterministic SP, extended Skorokhod problem (ESP), and derivative problem. We
state some useful properties and also state a new continuity result for the derivative problem (see Theorem 4)
that is needed for the proof of Theorem 3 and whose proof is deferred to Section 9. Throughout this section,
we fix a € U. Recall that Assumptions 1-3 hold.

6.1. The Skorokhod Problem and Extended Skorokhod Problem
Recall that R(@):= (d1() --- dy(a)) denotes the reflection matrix associated with a.

Definition 3. Given f € Dg(R/), a pair (k, €) € D(G) x D(RY) is a solution to the SP {(d;(a), n;,¢;),i € $} for f if
h(t) = f(t) + R(@)((t),  t=0,

where £(0) = 0, and for each i € $, the ith component of ¢, denoted (', is nondecreasing and can only increase
when h lies in face F;; that is,

/0 Liny¢rydl'(s) = 0.

If there exists a unique solution (1, €) to the SP {(d;(«), n;,¢;), i € $} for f, we write h = I'*(f) and refer to I'* as the
associated SM.

In the following, we state the ESP, which is an extension of the SP that allows for a constraining term with
unbounded variation. We introduce the ESP formulation because it is more convenient to work with in sub-
sequent proofs.

Definition 4. Given f € Dg(R/), a pair (h,¢) € D(R/) x D(R/) is a solution to the ESP {(di(«), n;,c;),i € $} for f if
h(0) = f(0) and the following conditions hold for all ¢ > 0:

L h(t) = f(£) + 8();
2. h(t) € G;
3. for all s€[0,1),

g(t) — g(s) € cone [Uye(s (e, h(u))]; and
4. g(t) — g(t—) € cone [d(e, h(t))], where g(0—):=0.

If there exists a unique solution (k, g) to the ESP {(d;(a), n;,¢;),i € $} for f, we write h = [*(f) and refer to I'*
as the associated ESM.

Table 5. Performance of Our IPA Estimator, the LR Estimator, and the FD Estimator as the Number of Particles Increases

IPA LR FD (e =.01)
2 7.257 x 1073 (104.4 seconds) 0.7677 (45.5 seconds) 7.774 x 107> (88.8 seconds)
3 8.713 x 1073 (112.4 seconds) 1.407 (55.4 seconds) 9.444 x 1072 (91.5 seconds)
4 9.053 x 1073 (130.6 seconds) 2.146 (60.0 seconds) 1.043 x 1072 (97.0 seconds)
5 9.821 x 103 (143.7 seconds) 3.043 (65.9 seconds) 1.101 x 1072 (104.4 seconds)
6 1.105 x 1072 (171.7 seconds) 3.923 (74.5 seconds) 1.158 x 1072 (110.1 seconds)

Notes. Empirical standard deviations for our IPA estimator, the LR estimator, and the FD estimator (with ¢ = .01) of the first derivative of
®1000(-), defined in (38), evaluated at a = 1 for increasing dimension J. The CPU time required to compute each estimate is listed in parenthesis.
Each estimate was obtained using 10* trials and time step A = 1.
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Remark 9. Given a reflected diffusion Z* with L* satisfying the conditions in Definition 1, define the {%,}-adapted
J-dimensional continuous process X* = {X“(¢),t > 0} by

t t
X(F) = xp(a) + /O b(a, Z%(s))ds + /0 ola, Z*s)dW(s),  t>0. (39)

Then, by the properties of (Z%,L%) stated in Definition 1, (Z%,L*) is a solution to the SP {(di(«), n;, c;),i € $} for
X“. Define the constraining process Y* by Y*:=R(a)L*. Then, by the properties of Y* stated in Remark 2,
(Z%,Y%) is a solution to the ESP {(d;(a),n;,c;),i € $} for X°.

The following is a time-shift property to the ESP. A similar property holds for the SP; however, the latter is
not needed in this work.

Lemma 3 (Ramanan 2006, Lemma 2.3). Suppose (h,g) is a solution to the ESP {(di(a),n;,c;),i € $} for f € Dg(R/). Let
s > 0 and define ¥ € D(G), g € D(R)), and f* € Dg(R)) by

BC)=hs+),  &0):=gls+)=g),  f()=h(s) +f(s+-)=f(s). (40)

Then (1°,g°) is a solution to the ESP {(di(a), n;,c;),i € $} for f°.

We close this section with the following proposition that ensures, under our standing assumptions, that the
SP and ESP are well defined and the associated SM and ESM are Lipschitz continuous.

Proposition 1. Let a € U.
i. There exists kr(a) <oo such that if, for k=1,2, f, € Dc(R)) and (hy, £) is the solution to the SP {(di(a), n;,c;),
i€ 3} for fy, then for all t >0,

sup |h1(s) — ha(s)| + sup [£1(s) — €2(s)] < kr(a) sup |f;(s) = f,(5)]. (41)
0<s<t O<s<t 0<s<t
ii. There exists () < oo such that if, for k= 1,2, f, € Dg(R)) and (h, g,) is the solution to the ESP {(di(a), n;,c;),
i€ 9} for f,, then for all t >0,

sup [h1(s) — ha(s)] + sup |g;(s) — &,(s)] < kp(a) sup [f;(s) = f,(s)]. (42)
O<s<t O<s<t 0<s<t

iti. Given f € DG(R/), there exists a unique solution (h,{) to the SP {(di(), n;,c;),i € $} for f.

iv. Given f € Dg(R)), there exists a unique solution (h,g) to the ESP {(di(a),n;,¢;),i € $} for f.

Proof. The Lipschitz continuity of the ESM (42) stated in part (ii) follows from Assumption 2 and theorem 3.3 of
Ramanan (2006). Part (iv) follows from part (ii) and lemma 2.6 of Ramanan (2006). Parts (i) and (iii) then follow from
parts (ii) and (iv), Assumption 1, and lemma 2.1 of Lipshutz and Ramanan (2019a). O

6.2. The Derivative Problem

The derivative problem was first introduced in Lipshutz and Ramanan (2018) as an axiomatic framework for
studying directional derivatives of the ESM. The formulation of the derivative problem can be thought of as a
linearization to the ESP (note the similarities between Definitions 4 and 5). Recall the definition of H, given
in (8).

Definition 5. Given f € Dg(R/), suppose (I, g) is a solution to the ESP {(di(a), n;,¢;),i € $} for f. Let € D(R/). Then

(¢, n) € D(R)) x D(R)) is a solution to the derivative problem along & for 1 if the following conditions hold for
all t > 0:

L () = 9(t) +n(t);

2. ¢(t) € Hy;

3. for all s€[0,¢),

n(t) = 1(s) € span|U,ed(a, h(u))]; and
4. n(t) = n(t-) € span[d(a, h(t))], where 1n(0—):=0.

If there exists a unique solution (¢, 1) to the derivative problem along & for {, we write ¢ = Aj(1) and refer
to Ajj as the derivative map associated with h.
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Remark 10. Definition 5 is slightly different from definition 3.4 of Lipshutz and Ramanan (2018), where h was
assumed to be continuous. Here we allow for h to lie in D(R/) and impose condition 4, which follows from
condition 3 when & is continuous. When / is not continuous, condition 3 only guarantees that n(f) -

n(t—) € spanld(a, h(t-)) U d(a, h(t))].

Remark 11. Given a derivative process $* along a reflected diffusion Z%, define the continuous {¥,}-adapted
process #* = {#*(t),t > 0} taking values in R’M, for t > 0, by

¢ ¢
%“(t)::x{)(oz)+/0ba(a,Z“(s))ds+/0bx(a,Z“(s))}“(s)ds
(43)

+ / (e, Z3(s)AW(S) + / '(a, Z4($) I S)AW(S) + R (@)L(E).
0 0

For each m =1,...,M, it follows from the properties of (§$, K% ) stated in Definition 2 that a.s. ($, %) is a
solution to the derivative problem along Z* for . In other words, if A}, is a.s. well defined, then a.s.
%1 = A%“ (%%)
In the following, we state some important properties of the derivative problem and its associated derivative
map. The first lemma states a time-shift property of the derivative problem that is the analogue of the time-

shift property of the ESP stated in Lemma 3.

Lemma 4. Let (h,g) be a solution to the ESP {(d;, n;, c;),i € $} for f € Dg(R!). Suppose (¢, 1) is a solution to the derivative
problem along h for ¢ € D(R)). Let s > 0 and define h* € D(G) as in (40), and define ¢°,n°,v* € D(R)) by

PC)=gls+),  w=nls+)=n6), Y= P6) + (s + ) = P(s). (44)
Then (¢°,n°) is a solution to the derivative problem along h* for y°.

Proof. This was shown for f € Cg(R/) in lemma 5.2 of Lipshutz and Ramanan (2018). A similar argument can be
used to prove the lemma in the case in which f € Dg(R/). The only difference is that condition 4 must also be
verified. To see that condition 4 holds, fix s > 0 and let ¢ > 0. By the definition of 7°, condition 4 to the DP and the
definition of 1°,

m(#) = (k=) = nls + ) = n((s + £)=) € spand(a, h(s + 1))] = span[d(a, I*(1))].
This proves condition 4 of the DP holds. O

Proposition 2. Let a € U. There exists xx(a) < oo such that, if (h,g) is the solution to the ESP {(di(«), n;,c;),i € $} for
f eDe(R)), and for k = 1,2, (¢, k) is a solution to the derivative problem along h for ) € D(R/), then, for all t < oo,

sup |¢;(s) — ¢, (s)] < xala) sup [ph1(s) = 2(s)]. (45)
O<s<t O<s<t
Proof. When f € Cg(R/), the proposition follows from theorem 5.4 of Lipshutz and Ramanan (2018). When f is not
continuous, the proof follows exactly analogously to the proof of theorem 5.4 of Lipshutz and Ramanan (2018)
except that equation 3.5 of Lipshutz and Ramanan (2018) does not follow from condition 3 of the derivative
problem, but rather is due to condition 4 of the derivative problem. O

Our final two results in this section state conditions under which the derivative problem along h is well
defined and the associated derivative map is continuous. Both results require that (h, g) satisfy a version of the
boundary jitter property, which was originally introduced in Lipshutz and Ramanan (2018) to characterize
directional derivatives of ESMs. For the following, let N' denote the nonsmooth part of the boundary; that is,

Ni={x€dG:|9(x) = 2). (46)

Definition 6. A pair (i, g) € C(G) x C(R/) satisfies the boundary jitter property if the following hold:
1. If h(t) € dG for some t <t<tp, then g is nonconstant on (f; V 0, fp).
2. h does not spend positive Lebesgue time in the boundary JG; that is,

‘/Owlac(h(s))ds =0.
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3. If h(t) e N for some t>0, then, for each i€ $(h(t)) and all 6 € (0,t), there exists s € (t—0,t) such that

$(h(s)) = {i}.
4. If h(0) € N, then, for each i € $(h(0)) and all 6 >0, there exists s € (0,0) such that $(h(s)) = {i}.

Remark 12. Condition 2’ of the boundary jitter property is slightly stronger than condition 2 of definition 3.1 of
Lipshutz and Ramanan (2018), which only requires that & does not spend positive Lebesgue time in the
nonsmooth part of the boundary (i.e., where two or more faces intersect). The stronger version of condition 2
stated in Definition 6 is used in the proof of Theorem 4.

In Lipshutz and Ramanan (2019a), it was shown that a reflected diffusion and its constraining process a.s.
satisfy the boundary jitter property. For the following, given « € U and the associated reflected diffusion Z¢,
let Y* denote the constraining process defined in Remark 9.

Proposition 3. Let o € U. Then a.s. (Z%,Y*) satisfies the boundary jitter property.

Proof. Conditions 1, 3, and 4 of the jitter property hold because of theorem 3.3 of Lipshutz and Ramanan (2019a).
Condition 2’ follows from lemma 4.3 of Lipshutz and Ramanan (2019a). ©

Proposition 4. Let a € U. Given f € Cg(R)), suppose the solution (h,g) to the ESP {(di(a), n;,¢;),i € $} for f satisfies the
boundary jitter property (Definition 6). Then, given € C(R/), there exists a unique solution (¢, 1) to the derivative problem
along h for 1. Furthermore, ¢ is continuous at times t >0 such that h(t) € G° UN.

Proof. The proposition follows from theorem 3.11 and lemma 8.2 of Lipshutz and Ramanan (2018). o

The following continuity property of the derivative map is instrumental in the proof of our main result. In
addition to its use in this work, it is also used in Lipshutz and Ramanan (2019b) to show that the joint reflected
diffusion and derivative process is Feller continuous. In contrast to the other results in this section, we explicitly
state exactly which assumptions are required for the following theorem. Recall that we have equipped D(R/) with
the Skorokhod J;-topology.

Theorem 4. Suppose Assumptions 2 and 3 hold. Given f € Cg(IR/), suppose the solution (h, g) to the ESP {(di(a),n;,c;),i€ 9}
for f satisfies the boundary jitter property (Definition 6). Let {f,};cn be a sequence in D(RV) such that f, converges to f in D(R/)
as [ — oo, and for each €N, let (h;,g,) denote the solution to the ESP {(di(),n;,c;),i€ $} for f,. Suppose 1 € C(R/) satisfies
Y(0) € Hyo) and {1} ey is a sequence in D(R/) such that ¥ converges to 1 in D(R)) as [ — co. Then Ay (gbl) converges to
A) in D(R') as [ — oo,

Remark 13. The continuity result in Theorem 4 is somewhat subtle and cannot be strengthened in the sense
explained as follows. Note that Theorem 4 establishes continuity of the mapping (f, 1) = A (1), where we recall
that I' denotes the ESM, only at continuous functions (f, 1) for which the pair (T'(f), T(f) - f) satlsﬁes the boundary
jitter property and ¢(0) € Hi(). Because convergence in the Skorokhod J;i-topology to a continuous function
implies uniform convergence on compact intervals, this continuity holds when the domain of the mapping is
equipped with the topology of uniform convergence on compact intervals, and the range is equipped with the
Skorokhod J;-topology. It is not possible to strengthen the topology on the range to the topology of uniform
convergence on compact intervals as illustrated by the following simple one-dimensional example with data
{(e1,€1,0)} and with f, {f };cn, ¥ defined by f(t):=1—t, f,(f):=1+1"" =t for | € N and () :=1 for t > 0. Further-
more, the condition that the pair (I'(f), [(f) — f) satisfies the boundary jitter property can also not be relaxed. This
can be seen by analyzing the two-dimensional example with data {(e;, ;,0),7 = 1,2} and with f, {f,};cn, ¢ defined
by f():=1-t,1-t7, f():=(1—-t,1+ 1" = )T for [ € N and ¢(t):=(1,1) for t > 0. We leave a detailed verifi-
cation of these claims to the interested reader.

The proof of Theorem 4 is deferred to Section 9.

7. Convergence of the Euler Scheme for Reflected Diffusions
For A>0, recall the sequence {t3},cy, in R, defined in (12), define the RCLL step function p* : R, — R, by

i) =12, te [, 5., n e N, (47)

recall the definition of the discrete filtration {#2} given in (14), and define the piecewise constant RCLL
{F~}-adapted process WA = {WA(¢),t > 0} on (Q, F,P) by

WA(L) = W(ED), te[td,t2.), neN. (48)
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Observe that p® and W” are constant on the interval [t,t},,) for each n € Ny and
PR =t () = A (49)
WAt = WAty -) = 6, W, (50)

for each n € N, where 64W is defined as in (13). Recall the piecewise constant RCLL {#}-adapted processes
(244, L¥A) taking values in G x RY defined in (15)—(18). By (15)-(18) and (12), we have, for each n € N,

n
ZME) = 2w + D5 (200 - 2y
=1
n
= xo(@) + >, (B = 24, + 7 (@) - 5
=1

= xo(a) + D b(a, ZSNE A + D) o, ZA L)W + R(a) D EX(EF)
=1 =1 =1

= xo(@) + 3 b(a, ZNE))A + D ala, ZN(E )W + R@LVA(E),
=1 1

where the third equality uses the fact that, by Lemma 1, R(a)é“(E]?‘) = n"‘(E}’"A) - E}’"A for each j € N. Because

ZaA oA A and WA are constant on intervals of the form [t2,t4,,) for n € Ny, it follows from (15), (49), (50),
and the last display that, for all >0,

Z00(F) = xo(a) + / b, 2 (5=))dp(s) + / (e, 78 s=)dWA(S) + R(a)L(E), (51)
0 0

In addition, by (15)=(17) and Lemma 1, we see that a.s. L%*(0) = 0, and for each i € $, the ith component of L**
is nondecreasing and can only increase when Z*% lies in F;.

Remark 14. Define the J-dimensional piecewise constant RCLL {F%}-adapted process X%* = {X*A(t),t > 0}, for
t>0, by

XPA(f) 1= xo(a) + / ba, 20 (s=))dp’(s) + / (@, 29 s=)dWA(s)
0 0 (52)

A

= xola) + /O T, 2 (s))ds + /0 ’

A

t)
o, Z(s))dW(s).

Then, by the properties of (Z%*,L%") stated previously and Definition 3, we see that (Z**,L*%) is a solution
to the SP {(d;(a),n;,c;),i € $} for X*A.

We now prove the convergence of the Euler scheme for the reflected diffusion. The argument is analogous
to the one given in Stominski (2001) for reflected diffusions in convex polyhedral domains with normal
reflection. Given a function f : R, — R/ and 0<A <t, define

Osc(f, A, t) == sup{|f(u) — f(s)| : s,u € [0, ], |u — 5| < A}. (53)

Lemma 5 (Stominski 2001, Lemma A.4). For each a € U, p > 2, and t < oo,
P

E[|Osc(W, A, H)F] = O (A logi)z) as A | 0.

Proposition 5. For each a« € U, p > 2, and t < oo,

4
E|sup |X¥(s) - X*(s)f | = O((A log %)

0<s<t

as A | 0.
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Proof. Fix @ € U, p > 2, and t < co. The proof is analogous to the proof of theorem 3.2 of Slominki (2001), which
assumes normal reflection along the boundary. In particular, following equations 3.3 and 3.4 of Slominski (2001),
there exists a constant C < co (depending on a € U and f < o) such that

1\2 t
SC(AlogK) +C/IE
0

Because Z%* =T*(X**) and Z* = T%(X%) by Remarks 9 and 14 and the Lipschitz continuity of the SM shown
in Proposition 1(i), we have, for t >0,

E| sup [X*“*(u) = X* ()

0<u<t 0<us<s

sup 25 (u) — Z“(u)l”lds. (54)

E|sup |Z%4(u) = Z*(u)P

0<u<t

< (kr(@)PE

sup [X*A(u) - X"‘(u)|”l.

0<u<t

Substituting the last inequality into the integrand on the right-hand side of (54) and applying Gronwall’s
inequality yields

E| sup [ XA (1) = X ()P

0<u<t

< C(A log%)iexp(C(Kr(a))pt), £>0,

which completes the proof of the lemma. O

Proof of Theorem 2. Recall that @ € U is given. Fix p > 2. Recall that (Z*, L*) is a solution to the SP {(d;(«),n;,¢;),i€ $}
for X* by Remark 9, and (Z**,L%%) is a solution to the SP {(d;(a),n;,c;),i€ $} for X** by Remark 14. The theorem
then follows from the Lipschitz continuity of the SM (see Proposition 1) and Proposition 5. O

8. Convergence of the Euler Scheme for the Derivative Process

In this section, we prove Theorem 3, our main result on the convergence of the discrete approximation of the
derivative process. In Section 8.1, we express the discretized derivative process $%% in terms of the derivative
map along Z%* applied to an associated discretized process #*2, see (63) and (64), that is more tractable to
analyze. In Proposition 6 of Section 8.2, we state that the discretized process #** converges to #* in an
appropriate sense as the time step A approaches zero, where #“ is a process associated with the derivative
process. In particular, the derivative process can be expressed in terms of the derivative map along Z* applied
to € (see Remark 11). We close Section 8.2 by combining the convergence result (Proposition 6) and the
continuity property of the derivative map (Theorem 4) to prove Theorem 3. Finally, in Section 8.3, we prove
Proposition 6.

For A>0, recall the sequence {t}},cy, in R, defined in (12), the RCLL step function p* defined in (47), the
discrete filtration {%2} defined in (14), the piecewise constant RCLL {F/}-adapted process W* defined in (48),
the piecewise constant RCLL {%?}-adapted processes (Z**,L*%) taking values in G x RY defined in (15)—(18),
and the piecewise constant RCLL {F/}-adapted process $** taking values in R/*M defined in (23)-(25).

8.1. Relation Between the Discretized Derivative Process and the Derivative Map
Recall the definition of H, given in (8) for x € G. Suppose xo(«) € F; for some i € $. Then, for all € RM and ¢ >0
sufficiently small so that a + ¢ € U, we have

e Nxola + eB) — xo(a), m;) = e ({xo(ax + B), mi) — ;) = 0,
where the final inequality is because xo(-) takes values in G. Because the last display holds for all g € RM, by
considering limits as ¢ — 0 from the left and right, this implies that the column vectors of xj(«) take values in
{y e R : (y,n;) = 0}. In particular, it follows that given a € U, the column vectors of xj(«) take values in H, ).

Thus, by (12), (23), and (15),

FEAE) = [xh(@)]y € Hyy(a) = Hzea ), m=1,...,M. (55)
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Here [x{(a)],, denotes the mth column vector of x{(a). By (23)-(26) and (15), we have, for each n € N,

FENEL) € Hpangy,  m=1,...,M, (56)

and
FoNED) = FUNE) + D5 (9MNE) - 9
j=1
= xj(a) + Z (%?'A = L) + Luan % %;m)

= xp(a) + Zb (a, Z*A(E2)A + Zb (a0, Z* A2 ) FAELDA + Zaa(a,Z“A( )l

j=1

#370u(, ZAE DI + R (@) DA = L))+ 335,00 27 = 7
= = =
= xp(a) + Z baar, Z¥A(E21))A + Z bla, Z*A (L) FVA(EL DA + Z oalet, Z5(t21)) 5} W
j=1 j=1

+ Z ox(a, Z% A( =9)) A(fjA 1)6AW + R/ (a)LYA(E2) + HVA(ED),

where H*4 = {H*A(t),t > 0} is the piecewise constant RCLL {F4}- adapted process taking values in RM
defined by #*4(0) = 0 and, for each n € N, H*A(t):=H*A(t}_,) for all t € [t2 |, 1) and

n
K A(tA) — Z ZaA(tA)%a AN %]{x,A)' (58)
]_

Because $44, Z¥A, L¥A, pA, WA, and H** are constant on intervals of the form [t4,t3,,) for n € Ny, it follows

from (55)—(57), (23), (47), and (48) that, for all ¢ >0,
}z,l’A(t) € HZ(!,A(t), m = 1, [N ,M, (59)

and

FA() = () + / ba(a, 2% (s=))dp™(s) + / bola, Z0(s-))$°Ns-)dp(s)
0 0 (60)

t t
+ / oala, Z2(s=)dWA(s) + / o, Z9(s=)) $92 (s—)dAWAE(s) + R/ ()L¥2 () + HEA(t).
0 0
By (58) and Lemma 2, we see that, for each m=1,...,M and n € N,
?7{ﬁ;A(t$) - ?7{f‘f(tﬁ—) = “ZH,A%)[%‘;;’A]W - [%Z'A]m € span[d(oz, Z“'A(tﬁ))].

Here [%94],, denotes the mth column vector of the | x M matrix ¥%2. Because H** and Z%* are piecewise
constant, it follows that, for all m=1,...,M and 0 < s<t<oo,

HEA(E) — HYA(s) € span|Uyes qd(a, Z“’A(u))] (61)

and forall m=1,...,M and t>0,
IHLA(E) — HLA(t-) € span|d(a, Z¥A(1))- (62)
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Remark 15. Define the piecewise constant RCLL {%}-adapted process #** = {#*A(t),t > 0} taking values in
RXM, for t > 0, by

A0 = i) + [ b, Z5-)dp(s) + i b, 2 (5=)) § s-)dp(s)
t 0 t 0 (63)
# [ 0u(a 22N 6 + [ o0, 76D W) + R @)
0 0
A At

— X)) + /0 T (a, 20 (s))ds + /0 b, 79 (s)) $9 (s)ds

P (t)
" /“

It follows from (59), (57), and (61)—(63) that, for each m = 1,..., M, a.s. ($%2,5%%) is a solution to the derivative
problem along Z** for #%*. In other words, a.s.

A(t

o, ZA($)dW(s) + / T e, Z () 4 (5)AW(s) + R’ (a)LA(8).
0

o= ApalY),  m=1,. M o4

8.2. Proof of Theorem 3
In preparation for proving Theorem 3, we first state some preliminary results.

Lemma 6. For each a € U, p > 2, and t < oo, there exists Cg“”’ " < oo such that for all A>0,

E|sup |[L*(s)P | < C*. (65)

O<s<t

Proof. Fix @ € U, p > 2, and t < co. The fact that

E| sup [X**(s) — xo(a)l

O<s<t

< oo (66)

follows from a standard argument using (52), Holder’s inequality, the BDG inequalities, Tonelli’s theorem,
Assumption 4, the fact that Z¢* = T%(X**) by Remark 14 and & = I'*(f) where h(-) = f(-) = xo(a), the Lipschitz
continuity of the SM (Proposition 1) and Gronwall’s inequality. Then, using the fact that (Z**,L*%) is the
solution to the SP for XA by Remark 14, the fact that (1, 0) is the solution to the SP for f, (66), and the Lipschitz
continuity of the SM, we obtain (65). O

Lemma 7. For each a € U, p > 2, and t < oo, there exists Cg“’p’t) < oo such that, for all A>0,

E|sup [|$*26)|P| < C(za’p 2 (67)

0<s<t

Proof. Fixa € U, p > 2, and t < co. Let A > 0. For brevity, let x := max(x1, k(a)) < 0o, where x; < oo is the constant
from Assumption 4. By (63), Holder’s inequality, the BDG inequalities, Tonelli’s theorem, and bounds on the
coefficients stated in Assumption 4,

E <4 xp@)|f + 47'E

sup [[7* )|
O<u<t

sup [R' ()L™ (s)P l

0<s<t

t
+ 471+ Cp)KP /0 1+E

Osup‘ ||}“’A(u)||”l ) ds.
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By (64), the Lipschitz continuity of the derivative map Ayz.. (Proposition 2), and Lemma 6, we have

E[ sup [|§** )P | < 47 (@) + £ IR (@) Cy
O<u<t
t
L (e Cp)sz/ 1+E|sup Hja,A(u)“pl)ds_
0 0<u<s

An application of Gronwall’s inequality yields (67) with

= (L+ 47 (@ + 4 IR (@Y )t a0,
Recall the derivative processes $* introduced in Definition 2 and the associated process #“ introduced in
Remark 11. We recall a basic estimate.

Lemma 8 (Lipshutz and Ramanan 2019a, Lemma 5.7). For each a« € U, p > 2, and t < oo,

E|sup ||[$*(s)|IP | < o0 and E|sup ||#*(s)|] | < oo.
0<s<t 0<s<t
Proposition 6. For each a« € U, p > 2, and t < oo,
LimE|sup [|#H*2(s) - %“(s)“pl =0. (69)
Al0 | ossst

We first show how Theorem 3 and Corollary 2 can be deduced from Proposition 6. The proof of Proposition 6
is given in Section 8.3.

Proof of Theorem 3. Let m =1,...,M. By Theorem 2, Proposition 6, and an application of the Skorokhod rep-
resentation theorem, we can assume that a.s. (Z%*, #%%) converges to (Z%, %2 ) uniformly on compact time intervals
as A | 0. By Proposition 3, a.s. (2%, Y*) satisfies the boundary jitter property. Then, by the fact that $%, = Az (95
and %2 = Azaa(H%2) for A >0, and the continuity of the derivative map shown in Theorem 4, a.s. $%* converges
to $% in the J;-topology as A | 0. By part (iii) of Theorem 1, Proposition 3, condition 2" of the boundary jitter
property and lemma 4.13 of Lipshutz and Ramanan (2019a) a.s. $* is continuous at t and at almost every s € (0, t).
Thus, a.s. $** converges to $* at t and at almost every s € (0, t), which, along with Lemmas 7 and 8, completes the
proof of Theorem 3. O

8.3. Proof of Proposition 6
Fix a € U. For brevity, throughout this section, we let

K := max(x1, K2, kr(a), ka(a)) < oo,

where x; and «, denote the constants in Assumption 4, xr(a) denotes the constant in Proposition 1, and xx(«)
denotes the constant in Proposition 2.

We first prove an estimate that relates the derivative map along the reflected diffusion with the derivative
map along the Euler discretization of the reflected diffusion.

Lemma 9. Foreachp>2, m=1,...,M, and t<oo,
t
i | 11 G5)6) = A2 G P | = 0 (70)
0

Proof. Fix p>2, m=1,...,M, and t <oo. Recall the constraining process Y* introduced in Remark 2 and the
process X defined in (39). By Remark 9 and Proposition 3, a.s.

a. (Z%,Y%) is the solution to the ESP for X%, and

b. (Z2%,Y") satisfies the boundary jitter property.

For A >0, recall the process X** defined in (52). Then by Remark 14, Proposition 5, and an argument using the

Borel-Cantelli lemma (see Stominski 1994 for an example of such an argument), a.s.

c. Z%N =T(X*"), and

d. X converges to X* in D(R/) as A | 0.
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Because (a)-(d) hold a.s., it follows from Theorem 4 that a.s. Az.(#%) converges to Az (#%) in D(R/) as A | 0.

Thus, a.s.
Agan(¥,)(s) = Az«(¥;)(s) as A | 0 for almost every s € [0, ¢].

By the Lipschitz continuity of the derivative map (Proposition 2),

sup |Azes (HE)S)P + sup |Az(H2 ) < 2« sup [ (s)P.

0<s<t 0<s<t 0<s<t
Therefore, by Lemma 8, the dominated convergence theorem, and (71), (70) holds. ©
Proof of Proposition 6. Let p > 2 and t < 0. By (63) and (43), for each s € [0, ],

Joe26)~ 70
S

ba(ar, Z%™(u))du
pA(s)

<

/S{ba(a, Z9M(u)) = ba(a, Z%(w)) bdu
0

+ by(a, Z* () $* (u)du
pA(s)

" / (ba(a, ZNw)) — by(t, Z0 (1))} $° ()
0

" / b, Z0)(F () — $w)du
0

+ /ps oala, Z9(1))dW (1)

A(s)

+ /S{aa(a, Z%Mu)) = oaler, Z%(u)) }dW (1)
0

" / T ol ZN ) $ (AW ()
pA(s)

" /0 (00, Z0N () — 0, Z0 ()} N (AW ()

#| [ 2@ g4 - 97)awe)
0

+||R (@)(L*(s) = L(9))||-

We treat each of the 11 terms on the right-hand side of the last display separately.
Term (73): By Assumption 4 and the fact that [s — p2(s)| < A for all s € [0, 1],

s P

ba(at, Z (u))du
pA(s)

E|sup < APxF.

0<s<t

Term (74): By Holder’s inequality and Assumption 4, with the associated constant y,

P

E < txPE

sup
O<s<t

/s{ba(a, Z%M(w)) — bala, Z%(u)) }du
0

O<s<t

sup |Z%4(s) = Z*(s)"" .

1)

(72)

(73)

(74)

(75)

(76)

77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)
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Term (75): By Holder’s inequality, Assumption 4, and the fact that |s — p”(s)| < A for all s € [0,1],

p

E b, ZM () ¥ (w)du

pA(s)

< APxPE|sup ||}“’A(s)||p . (86)

0<s<t

sup
O<s<t

Term (76): By Holder’s inequality, Assumption 4, and the Cauchy-Schwarz inequality,
pl

sup ||w<s>n2ﬂ]} |
0<s<t

E

sup
0<s<t

/0 byl Z()) - b, Z()} 9 )

(87)
sup |Z¥A(s) — Z%(s)|?? |E

O<s<t

< tPx? {E

Term (77): By Holder’s inequality, Tonelli’s theorem, and Assumption 4,

P
Efsup

0<s<t

/0 b, 2 ()9 w) - 950

t
< Pl /0 IE[H}“’A(S) —ﬁ“(s)”p]ds (88)

Term (78): By Assumption 4, (53), and the fact that |s — p”(s)| < A for all s € [0,¢],

P

E|sup < kPE[|Osc(W, A, b)]. (89)

0<s<t

/ " oala, 2 ) AW(w)
pA(s)

Term (79): By the BDG inequalities and Assumption 4,

P

E|sup < Cprtg E

0<s<t

/0 (0u(e, Z(u)) - oa(a, Z(w)}dW(w)

sup |Z%4(s) = Z*(s)]"Y l (90)

0<s<t

Term (80): By Assumption 4, the Cauchy-Schwarz inequality, (53), and the fact that |s — p®(s)| < A for

all s €[0,t],
< K”{]E

Term (81): By the BDG inequalities, Assumption 4, and the Cauchy-Schwarz inequality,
|

sup ||§“'A(s>nzpl}i.
0<s<t

1
2

P

E sup [|[$A(s)|] (91)

0<s<t

sup
0<s<t

/ T o, ZN ) $ (AW ()
pA(s)

E[|Osc(W, A, t)|2”]}

E

sup
0<s<t

/0 (o, Z7Nw)) — o, Zw) LN @AW ()

92)
sup |774(s) = Z° ()P

0<s<t

E

<GPt {E

Term (82): By the BDG inequalities, Tonelli’s theorem, and Assumption 4,

P

t
E < Pt /0 E[ 574 (s) - 9°(5)|)ds. 93)

sup
O<s<t

[ otz (374w = 3 w)aw)
0

Term (83): By Assumption 4, the facts that (Z**,L**) solves the SP for X** and (2%, L%) solves the SP for X¢,
and the Lipschitz continuity of the SM (Proposition 1),

p

E|lsup R/ (@)(L%(s) - L*(s))|| | < «¥E

0<s<t

sup |[X“A(s) — X* (s)|Pl. (94)

0<s<t
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Before combining the terms, we observe that, because $%* = Azua(#%2) and $% = Az(#2) for each m =
1,...,M, it follows from the Lipschitz continuity of the derivative map that

(F0(8) = Fn()] < 1Azoa (H)(6) = Agoa (H3) ()] + [Azoa (5,)(5) = Az (35,)(5)]
< i sup [H45 (u) — HE ()] + |Azoa (H2)(S) — Aze(HE)(5)].

0<u<s

Thus,

M
1994s) = $2G)|I" < @MY i sup [|36 ) — @)+ @MY D 1A z0s () = Aze (I G- (95)

0<u<s m=1

Now combining (72)-(95) and applying Gronwall’s inequality, we obtain

E|sup [|#*(s) - %a(s)”p <1177 1P Crexp(1177H (M + 1P (# + Cpt)),
0<s<t
where
%
Cp:i= A (1 +E|sup |F*2G)|P || + PE[IOsc(W, A, )] + {E sup ||$¥4 ()| |E[|Osc(W, A, t)|2”]}
0<s<t 0<s<t

+ (" + Cpt2)E| sup |Z%(s) — Z%(s) "

0<s<t

sup |Z(s) = Z*(s)7”

0<s<t

up ||W<s>||2ﬂ]}
0<s<t

+ (tF + C,,tg){IE

+1PE|sup [X¥A(s) — X*(s)]P

0<s<t

» M t
+ MY #FT ) D) IE[ /0 A o (962)(s) — Aza(%f‘n)(s)V’ds].
m=1

By Lemma 7, Lemma 5, Theorem 2, Proposition 5, and Lemma 9, C, — 0 as A | 0, thus completing the proof
of (69). O

Remark 16. From the final display in the proof of Proposition 6 and in view of Theorem 2, Lemma 5, and
Proposition 5, we see that a challenge to obtaining a rate of convergence for our IPA method as the discretization
parameter converges to zero is the lack of uniform continuity for the derivative map; specifically, uniform continuity
of the map f— Af f)(¢) at f € Cg(R)) such that (T(f),T(f) — f) satisfies the boundary jitter property. In fact, we
strongly suspect that such a uniform continuity property does not hold because the proof of continuity of Theorem 4
relies heavily on path properties of (I'(f), T(f) — f).

9. Continuity of the Derivative Map
In this section, we prove Theorem 4. In Section 9.1, we show that it suffices to consider the case when 1 lies in
a certain class of simple functions. In Section 9.2, we characterize solutions to the derivative problem in terms
of the derivative projection matrices (introduced in Lemma 2) when ¢ is constant or when ¢ is simple and &
does not hit the nonsmooth part of the boundary. In Section 9.3, we prove the continuity property of the
derivative map when ¢ lies in a certain class of simple functions.

Throughout this section, we fix @ € U. For brevity, we drop the a notation and write d(-), Ay, and £, for
d(a,-), Ay, and £, respectively.

9.1. Proof of Theorem 4
In this section, we first prove Theorem 4 when 1; = 1 for all I € N and ¢ lies in a class of simple functions (see
Lemma 11). With that in mind, let Ds(R/) denote the set of simple functions in D(R/); that is,

m
Dy(R):= {Zyjlls]_,sjﬂ) meNy,...,yn ER,0<s1< -+ <51 < oo}.
=
For h € C(G), let

Byi={t>0:h(t) € IG}
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denote the times in [0, ) that / lies in the boundary JdG, and for i € D(R/), let
Jo={t>0: () # P(t-)}

denote the jump or discontinuity points of ¢ in (0, c0). Recall the definition of H,, x € G, given in (8). For
h € C(G), define

DX(R):={y € Dy(R/) : (0) € Hy () and By, N ], = 0} (96)

Lemma 10. Given h € C(G), suppose By, has zero Lebesgue measure. Then, for 1 € C(R)) with 1(0) € Hy), there is a
sequence {Ur ey in DI(R)) such that Yy converges to W uniformly on compact intervals as k — co.

Proof. Fix ¢ € C(R/) with ¢(0) € Hy). Let t<co and ¢ >0 be arbitrary. It suffices to show that there exists Pe
D!(R/) such that sup, o<t [U(5) = (s)| < e. Because Ds(R/) is dense in C(RR/) under the topology of uniform convergence
on compact intervals (see, e.g., theorem 6.2.2 of Whitt 2002), we can choose ¢ € Dy(R/) such that 1(0) = 1(0)
and sup_._, [1(s) — U(s)| < /2. By the definition of Dy(R/) and the fact that (0) = 1(0), there exist m € N,
Y1, ym €R, and 0 =81 < - -+ <841 such that y; = (0) and

m
ll} = nyl[sf,57+1)'
=1

Without loss of generality, we can assume s+ > t. Because ¢ is uniformly continuous on [0, ], we can choose
6> 0 sufficiently small so that s,.1>t+0, s;+0<sj1 —0 for each j=1,...,m, and

sup{lp(u) —(s)| :s,u € [0,t],[u —s| <6} < &/2.

Set 3; =s; = 0. For each j=2,...,m+1, let §; € (sj — 0,s; +0) \ By, which is nonempty because B, has zero
Lebesgue measure. Define i € D/(R/) by

m
17b = nyl[gjlgm)'
j=1

Then §,41>t. Let s€[0,¢] and je{1,...,m} bg such that s € [3,5,,1) C (s — 6,5j+1 + 0). Then there exists u €
(sj,si+1) such that [u —s|<6 and so Y(s) = y; = P(u) and

() = PO < [ls) = p(wl + lp(w) = Pl <e.
Because s € [0,t] was arbitrary, this completes the proof. O

We now state a key convergence lemma, Lemma 11, and show how it, together with Lemma 10, can be used
to prove Theorem 4. The proof of Lemma 11 is deferred to Section 9.3 after first establishing some pre-
liminary results in Section 9.2.

Lemma 11. Given f € Co(R)), suppose that the solution (h,g) to the ESP for f satisfies the boundary jitter property. Let
{f}1en be a sequence in D(R)) such that f, converges to f in D(R) as | — oo, and for each | € N, let (h;, ) denote the solution
to the ESP for f,. Then, for all i € D!(R/), Ay, () converges to Ay(y) in D(R)) as [ — co.

Proof of Theorem 4. Recall that « € U is fixed and, for any i € D(R/), denote A{ just by Ay. Fix f € C5(R/) and
a sequence {f, };cy in D(R)) such that f, converges to f in D(R/) as ! — 0. Let (1, g) denote the solution to the ESP for
f and, for each € N, let (/1;,g;) denote the solution to the ESP for f,. Fix ¢ € C(R/) and a sequence {¢/};cy in D(R/)
such that ¢; converges to ¢ in D(R/) as [ — oo. Let d},(-,-) and dy(-,-) denote metrics on D(R/) that are
respectively compatible with the Skorokhod J;-topology and the topology of uniform convergence on compact
intervals. Because the topology of uniform convergence on compact intervals is a stronger topology than the
Skorokhod Ji-topology, we can assume the metrics are chosen such that dj,(-,-) < dy(:,-). Then, by the triangle
inequality and Lipschitz continuity of the derivative map (Proposition 2),

dp, (A (1), M) < du(Ag, (Y1), A, (W) + dy, (Mg, (¥), An(¥))
< wkadu(r, ) + dy, (A, (), An(y)).
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Because 1 € C(R/) and the Skorokhod J;-topology relativized to C(R/) coincides with the topology of uni-
form convergence on compact intervals there, di (¢, 1) converges to zero as [ — co. We are left to show
dr, (A, (), An(1)) converges to zero as [ — oo. According to Lemma 10, there is a sequence {{k}iey In D’;(R/ )
such that 1, converges to ¢ in D(R/) as k — oo. For each k € N, by the Lipschitz continuity of the deriva-
tive map,

dy, (A, (), An(@)) < dj, (A (@), A, (Yr) + dy, (A, (i), An(Pi)) + dj, (An(@r), A1)
< ZKAdU(q)/ lPk) + dh (Ahz(ybk)/ Ah(#’k))

By Lemma 11, dj, (A, (k) An(Yr)) converges to zero as [ — oo. Then letting k — oo, dy (¢, ) converges to zero.
This completes the proof. O

9.2. Characterization of Solutions to the Derivative Problem

In Lemma 12, we characterize solutions to the DP along h for simple ¢ up until the first time & hits the
intersection of two or more faces. In the next section, we use an inductive argument (on the first time & hits n
or more faces) to prove continuity properties of the derivative map. With that in mind, given a solution (%, g)
to the ESP for f € Dg(R/), define

0, = inf{t > 0: [$((E)| V I$(h(t=)| = n},  n=1,...,N, 97)
and set Oy.1:=co. Suppose ¢ € Ds(R)) is of the form

m
V=D Yl 50 (98)
=1
forsome meN, y1,...,Ym € R/ such that Yi#F Y for1<j<m,and 0 =s1 < -+ <s;41 = 0. Foreach 1 <j<m,

define K; € N, and the sequence {pj(k)}=1, , in [s;,sj1] as follows: set p;(1):=s; and, for k € N such that
pj(k) <sj1, recursively define

pilk +1):= inf(t> py(K) : $(u(6) € S((p, KN} A . 99)
If pj(k) = sj;1 for some k € N, then set K;:=k and end the sequence so that
Sj = p](l) <0 < p](K]) = Sj41- (100)

On the other hand, if p;(k) <sj;1 for all k € N, then set K := co. In the case that K; = oo, because p;(k) is increasing
and bounded above by s;,1, there exists pj(e0) < s;;1 such that p;(k) — pj(c0) as k — oco. If pj(c0) = oo, then we
must have sj;; = oo, and hence, 0, = co. Alternatively, if pj(co) <co, then the definition of p;(k) given in (99)
implies that |$(h(pj(e0)—))| > 2, which, along with the fact that p;(k) < 0, for all k € N and the definition of 0
given in (97), implies p;(c0) = 0. In either case, we see that if K; = oo, then p;(k) — 0, as k — co. Hence, because
Sm+1 = 02, we have K; = oo only if j = m. In this case,

Sm = Pm(1) <pm(2) < -+ <Spy1 = Oa. (101)
Lemma 12. Given f € Dg(R/), let (h,g) denote the solution to the ESP for f and define 0 as in (97). Suppose 1 € Dg(R/)

satisfies (98). For each 1 < j < m, define K; € No and the sequence {p;(k)}=1,..,x, as in (99). Then the solution (¢, n) to the
derivative problem along h for i on [0, 0,) satisfies, for each 1 <j <m,

(P(t) = gh(p,(k)) eee ih(pf(l))((t)(sj_) + y]) fOT’ te [p](k), p](k + 1)), 1<k<K; (102)
where $p(0—):=0.

Proof. To prove the lemma, it suffices to show that (¢, ¢ — 1), where ¢ is defined as in (102), satisfies conditions 1-4
of the derivative problem along / for ¢ on the interval [0, ;). Condition 1 holds automatically. We next show
that condition 2 holds. Given t € [0,0;), let 1 <j<m and 1 <k<K; be such that t € [p;(k), pj(k +1)). By (99),
$(h(t)) € $(h(p;(k))). Therefore, because £y ,,x) maps R/ into Hy(p,(x)), it follows that

Ot) = Lnio,) Loy (P(s—) + Y5) € Hipy ) S Hgey-

Therefore, condition 2 of the derivative problem holds. We are left to show that conditions 3 and 4 of the
derivative problem hold. First, observe that, for 1 <j <m and 1 < k<K, (98) and (102) imply that ¢ and ¢ are
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constant on the interval [p;(k), pj(k + 1)), and hence, n:=¢ — 1) is constant there as well. Therefore, to prove
(¢, ¢ — 1) satisfies both conditions 3 and 4 of the derivative problem, it suffices to show that

1(p(k)) = 1(pj(k)=) € span[d(h(p;(k)))] (103)

for each 1 <j<m and 1 <k<K;. Suppose 1 <j<m and k=1. Then p;(1) =s; by definition, so the facts that
n:=¢ =19, §s)) = Lus)(P(si—) +y;) by (102), P(s)) = ¢(s;—) +y; by (98), and Ly (P(s;—) +yp) — (P(si—) +y)) €
span[d(h(s;))] by Lemma 2, together imply
1(pi(1)) = 1(pi(1)=) = P(s)) = Pls=) = (P(sy) = Y(s;=))
= Liis)(P(5=) +yp) = (P(si=) + )
€ span[d(h(p;(1)))]-

Next, suppose 1 <j <m and 1<k <K;. Then the facts that n:=¢ — 1, Pp(p;(k)) = L) (P(p;(k)-)) by (102), ¢ is
continuous at p;(k) by (98), and Zy, k) (P(p;(k)-)) — P(p;(k)—) € span[d(h(pj(k))] together imply

1(pj(k) = npj(k)=) = ¢(p;(k)) = ¢(p;(k)-)
= Lo a0 PPy (k) =) = p(p;(k)-)
e spanld(h(p;(k)))].

This verifies (103) and, thus, proves the lemma. O

9.3. Proof of Lemma 11

We use the principle of mathematical induction to prove the following statement holds for n =2,...,N + 1.
Because On.41:= 0o by definition, this completes the proof of Lemma 11. Given T < oo, we say that a function
A:[0,T) = [0,T) is a time change on [0,T) if A is nondecreasing and maps [0,T) onto itself.

Statement 1. Given f € Cg(R/), suppose that the solution (1, g) to the ESP for f satisfies the boundary jitter property
(Definition 6). Let { f, }iy be a sequence in D(R/) such that f; converges to f in D(R/) as | — oo, and for each € N, let
(h1,g;) denote the solution to the ESP for f,. Then given ¢ € D!(R/), there is a sequence {A;};y of time changes on
[0,6,) such that for all T < oo,

lim sup [A4() -t =0, (104)
=00 4c10,0,AT)

and for all T<86,,
lim supJIAhl W)A() = Au()(B)] = 0. (105)

® tel0,T

We first prove the base case n = 2.

Lemma 13. Statement 1 holds with n = 2.

Because the proof of the base case is lengthy, we first provide a brief outline of the argument. We show that,
roughly speaking, because (1, g) satisfies the boundary jitter property and f; converges to f as [ — oo, it follows
that, on a compact interval [0, T] contained in [0, 6,) and for [ sufficiently large, /i hits the same boundary faces
that & hits, and /; hits those boundary faces in the same order that & does. The time change A; on [0, 8,) is then
constructed so that, on [0, T], the paths ¢y o A; and ¢ are equal, and the paths ;o A; and £ hit the same boundary
faces in the same order and at the same times. The paths Ay, (1) o A; and Ay(¢) are then equal on [0, T] because
the jumps of both paths depend only on the paths 1) o A; and v, respectively, and on the times and the order
in which ko A; and h, respectively, hit the boundary faces.

The following is an upper semicontinuity property of the set-valued function $(-) that is needed in the proof
of Lemma 13.

Lemma 14 (Kang and Williams 2007, lemma 2.1). For each x € G, there is an open neighborhood U, of x in R/ such that
I(y) € $(x) forall y € U, N G.

Proof of Lemma 13. Let f, (1, 8), {f;}ienv, {71, 8)) }ien, and ¢ be as in Statement 1. Define 0, as in (97). If 6, = 0, then
(104) and (105) hold trivially. For the remainder of the proof, we assume that 0, > 0. Because f, converges to f in
D(R/) as | — oo, f € C5(R/), and the Skorokhod J;-topology relativized to C(R/) coincides with the topology of
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uniform convergence on compact intervals, the Lipschitz continuity of the ESM stated in Proposition 1(ii) implies
the following:
a. (I, g;) converges to (h,g) uniformly on compact intervals as [ — oo.

Because we are only concerned with the interval [0, 6,) in this proof and 1 lies in D*(R/), we can assume without
loss of generality that, as specified in (98), ¢ = X7, yjljs,,,) for some m € N, y1 € Hy), y2,.-.,Ym € R/ such that y; # yjn
forl <j<m,and0 =81 < -+ <sy41 <cowiths,1 < 0>. Foreach 1 <j < m, define K; € N, and the sequence {pj(k)}kzle]
in [s;,5;41] as in (99) and the subsequent two sentences. As noted, following (99), K; < co for each 1 < j<m and

Pm(Km) =0y =00 if Ky < oo, (106)
klim pm(k) = 02 if K, = oo. (107)

By the definition of p;(k) in (99), the definition of 0, in (97) and condition 1 of the boundary jitter property,
for each 1 <j<m and 1<k<K; there is a unique index ij(k) € $ such that
b. $(h(p;(k))) = {ij(k)} and g is nonconstant on every neighborhood of p;(k).
By the upper semicontinuity of $(-) shown in Lemma 14, the continuity of &, the definition of p;(k) in (99) and (b),
for each 1 <j <m and 1 < k<K;, there exists &;(k) € (p;(k), pj(k + 1)), which is not necessarily unique, such that

h(t) € G°, € [s;, (1), 1<j<m, (108)
h(t) € G°, € [&(k — 1), pi(k), 1<j<m, 1<k<K, (109)
$(h(b) < {ii(k)}, € [pi(k), &(K)], 1<j<m 1<k<K, (110)
ht) € G°, € [E(K = 1), 5], 1<j<m. (111)

Set I;:=1. By (108)—(111), the upper semicontinuity of $(-), (b) and (a), for each 1 <k<K,, we can choose
l; 2 I;_, such that for all [ > [,

Iy(t) € G°, te[s;, &I, 1<j<m, (112)
S(h(t) < {ij(k)}, te[&i(k—1), k)], 1<j<m, 1<k<K; (113)
h(t) € G°, te &K —1),s51], 1<j<m, (114)
S(ht) € {im(k)},  te[Enlk—1), En(k)], 1<k<k, (115)

and
c. g is nonconstant on (&;(k — 1), &;(k)) for 1 <j<m and 1<k<K;.
d. g, is nonconstant on (&,,(k — 1), &y(k)) for 1<k < k.
By (113), (115), (), (d), and the fact that g; can only increase when /I lies in dG, we have
e. For each 1 <j<m and 1<k <K, $(h(t)) = {ij(k)} for some t € (¢;(k — 1), &;(k)).
f. For each 1<k <k, $(h(t)) = {zm(k)} for some t € (&,,(k — 1), &(k)).
Given [ € N define 6):= mf{t > O |.¢(h1(t))| >2}, and for each 1 <j<m, defme K € N and the sequence

.....

pl(k +1):= inf{t > pl(k) : 9((6) & Iy} A sjer. (116)

If p](k) = sj41 for some k € N, then set K :=sj;1. Alternatively, if p](k) <sj for all k € N, then set K’ =oc0. Let
1<k<K, and suppose [ > [;. Then (116) the definition of Kl for 1 <j<m, (112)-(115), (e) and (f) 1mply that
g Kj=K; for 1<j<m.
h. p](k) € (&j(k—1),&(k)) and §(h1(p]l.(k))) = {ij(k)} = $(h(p;(k))) for 1 <j<m and 1<k<K;

i Py (k) € (Emlk = 1), £n(k)) and I(h(p], (k) = {in(k)} = $(h(pu(K))) for 1<k <k.
Now fix 1 <j <m and 1<k <K;. We show that

lim pj(k) = p;(k). (117)
Because (k- 1) < pj(k) <&;(k), we can choose 6 >0 sufficiently small so that (p;(k) -0, pj(k) +0) C [&;(k—1),

&i(k)]. Let 1< k <K,, be such that pik) < pm(lAc) (e.g., if j<m, choose k=1, and if j =m, choose k =k). By (a),
(109), and (b)—(d), there exists a positive integer I° > l; sufficiently large such that, if [ > I°, then hy(t) € G° for
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t e [&i(k—1),pj(k) - 0] and g, is nonconstant on (p;(k) — 0, p;(k) + 6). This, along with (e) and (f), implies that
p](k) € (pj(k) = 6, pj(k) +6) for all I > I°. Because 6 >0 was arbitrary, (117) holds.

We now define the time changes A; on [0, 62). Let {I;},_; . k, be such that, for each 1 < k<K, and all I > I,
(112)~(114) hold. Fix I € N. If I <1y, then set A(t):=t for all € [0, 02). Now suppose [ > I;. Let 1 < k <K, be such
that [; <I<Il, ;. For1<j<mand 1 <k<K;and forj=mand 1< k <k, define

pllk+ 1)~ pl(k)

k+1°

Al — . . .
and, if 0, < oo, define
Aty = plyk+ 1) + %( k1), te [pulk+1),0), (119)
whereas if 0, = oo, define
M) =t + (pL (k +1) = pu(k + 1) tre®D) - pe[p(k +1), ). (120)

It is readily verified from (118)-(120) that, for each [ > I;, A; is a nondecreasing, continuous, piecewise linear
function mapping [0, 6,) onto [0, 67) such that for each 1 <j<m,
Mp(k) = pltk),  1<k<K;, (121)
Mpw(®) = ply(k), 1<k <k (122)
We now turn to the proofs of (104) and (105).

We begin with the proof of (104). Let T < co. We first treat the case that T < 6,. By (106) and (107), we can choose
1 < k<K, such that T < pm(k) Then by (118)—(120), for all I > I,

sup |A(t) -1 < max |pj(k) pi(k)l. (123)
te[0,T)

Letting I — oo, it follows from (117) that (104) holds. Next, consider the case in which 6, < T <co. Let € € (0, 0>)
be arbitrary. Because 0, — ¢ <0, and (104) holds whenever T <0,, we have

lim sup [A() -t =0. (124)
l—>oo te[0,0,—¢)

Therefore, it suffices to show that

limlim sup |A(t) -1 =0. (125)
élo =0 t€[92—6,92)

By the triangle inequality and the fact that A;: [0, 0,)— [0, 02) is nondecreasing, we have, for all ¢ € (0, 0)
and t € [0, — ¢, 0,),
() =t < |Ai(F) — Oa| + (62 — 1]
<O —¢€) — Oy + € (126)
< |Al(92 - E) - (92 - é)l + 2¢.
By (124) and the continuity of A;, Aj(62 —¢) — 02 — ¢ as | — oo, which, along with (126), yields (125). This

establishes (104).
We now turn to the proof of (105), which completes the proof that Statement 1 holds with n = 2. Let T < 0,. By

(106) and (107), we can choose 1< k <K,, such that T < pm(l%). We show that for each [ > [,
An @) A1) = A(@)(®)  for all t € [0, p,u(K)), (127)
which completes the proof of (105). Fix [ > [;. By Lemma 12, for each 1 <j <m and 1 < k<K;, A,(¢) satisfies
Mu(@)#) = L)+ Lo Du(@)(s=) +y5), (128)
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for all t € [pj(k), pj(k + 1)), where A;,(1)(0—) :=0. Similarly, by Lemma 12, for each 1 <j<mand 1 < k<K]l =K;
(by (8)), An () satisfies

A (@)E) = Lyt Loy A (P)(=) + 1)
= Lo, "+ Loy (A (P)(s=) + ),

forte [p]l»(k), p]l-(k + 1)), where Ay, (1)(0-) :=0 and we have used (h) and (i) in the second equality and properties
of the derivative projection matrix in Lemma 2. By (121) and (122), for 1 <j<m and 1 <k<K;, or for j=m
and 1 <k<k,

(129)

A (D) MB) = Loy Loy (A (P)si=) + ), t € [pj(k), pjk + 1)). (130)

Then, because Ay, (1)(0) = ¢(0) = Ap(1)(0) by (128), (130), and a simple recursion argument, we see that
(127) holds. o

We can now prove the induction step.

Lemma 15. Let 2 < n < N and suppose that Statement 1 holds. Then Statement 1 holds with n + 1 in place of n.

Because the proof of Lemma 15 is rather long, we first provide a brief outline of the argument. The proof is
divided into four sections (whose titles are indicated using bold italic font). In the first part, we partition the
interval [0, 0,,;1) into intervals of the form [fy, fx11), 0 < k <K, for some K € N,,, where the time #; is chosen such
that |$(h(fx))| = n for 1 < k<K. In the second part, we construct each time change A; on the intervals [#, ti11),
0 < k<K and use the induction hypothesis and time-shift properties of the ESP (Lemma 3) and derivative
problem (Lemma 4) to prove the time changes satisfy the desired convergence properties. In the third part, we
recursively prove convergence of the time changes and the time-changed paths on intervals of the form [0, )
for 1 <k<K+1. The proof relies on the induction hypothesis, the fact that A,(¢)(-) is continuous at t; (by
Proposition 4) and the Lipschitz continuity of the derivative map (Proposition 2). In the fourth part, we
extend the convergence of the time changes and time-changed paths to the interval [0, 8,.41).

Proof of Lemma 15. Let f, (1, ), {f, }ienv, {(71,8)) }ieny, and ¢ be as in Statement 1. If 6,1 = 0,, then (104) and (105)
hold by assumption. For the remainder of the proof. we assume that 0,41 > 0,.

Partition of the Interval [0, 0,.1) into Subintervals {[t, ti.1)}1<, - Set to:=0, t;: =0, and, for k > 1 such that
tr < On41, define py to be the first time after ¢ that either 1 jumps or / hits a face that does not lie in the subset of
faces that h(f) lies in; that is,

pr:= inf{t >t 2 p(f) # (i)} Anf{t > b 2 F(h(E) € F(h(t)} (131)

and let t; be the first time after p; that i lies at the intersection of #n or more faces; that is,
teer := Inf{t > pie 2 [$(h(D)| 2 n}, (132)

where we recall that the infimum over the empty set is taken to be infinity. We claim that
|9 (h(pi)l < 1. (133)

For a proof by contradiction, suppose |$(h(pr))| > 2. If ¥(pr) # Y(px—), then the definition of D/(R)) given in (96)
implies that h(px) € G°, and so |$(h(pk))| = 0, which leads to a contradiction. On the other hand, if ¢(-) is
continuous at py, then it is clear from (131) that there exists i € $(h(pi)) such that i ¢ $(h(f)). By condition 3 of
the boundary jitter property, & must hit the interior of each face F;, i € $(h(px)), infinitely often immediately
prior to pg. In particular, there exists s € (f, pr) such that h(s) € F;,. However, because ix ¢ $(h(ty)) and s < py, this
contradicts definition (131) for p;. In either case, we obtain a contradiction. Therefore, (133) holds. It then
follows from the definition of D/(R/) given in (96), (133), the continuity of /, and the upper semicontinuity
property of $(-) shown in Lemma 14 that

be < pre < tgsa- (134)
If t = 0,41 for some k € N, then set K:=k and end the sequence. Alternatively, if t; <0, for all k € N, define

K:=oco. In this case, we claim that fy — 0,41 as k — oo. The claim clearly holds if #, — o0 as k — oo, and on the
other hand, if f; is uniformly bounded for all k € N, then there must be an accumulation point, and it
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follows from (131) and (132) and the fact that ¢ has finitely many discontinuities that the accumulation point
must be 0,41. In either case, the following holds:

Given T < 60,41, there exists 1 < k<K + 1 such that T <. (135)

Definition of the Time-Changes A, on [0, 0,.1). We use the induction hypothesis and time-shift properties of the
ESP (Lemma 3) and derivative problem to define the time changes {A;};cy on intervals of the form [f, fx41) for
0 <k<K. We begin with the interval [0, t;). Because t; = 0, by definition and Statement 1 holds by the in-
duction hypothesis, there is a sequence {A]},y of time changes on [0, ;) such that for all T < oo,

lim sup |)\ll(t) - =0, (136)

=00 10,6, AT)
and for all T<#,
lim sup [Ay ()(A] (1) = An(¥)(B)] = 0. (137)

i

9 te[0,T)

For each I € N, define A; on the interval [0,t) by

A(t):= AL () fort € [0,t). (138)

Now suppose 1 < k < K. Because h spends zero Lebesgue measure on the boundary dG because of condition 2’
of the boundary jitter property (Definition 3), it follows from (134), (133), and the upper semicontinuity of $(-)
that there exists

te < &k < P (139)
such that
h(é&) € G° and |$(h(t))] <n for all t € [&, pr)- (140)
Define
W) =hE+9), g0 =g+ )-8E),  fAO=hE) +f(&+)—f(&). (141)

By the time-shift property of the ESP, (W, gk) is a solution to the ESP for fk . In addition, because (h, g) satisfies
the boundary jitter property and h(&x) € G° by (140), it follows from (40) that

(*,¢") satisfies the boundary jitter property. (142)
Finally, by (40), (140), and (132),
0% := inf{t > 0 : [$(h(t))| = n}
=inf{t > & = [F((D)] = n} - & (143)
=ty = &k

For each [ € N, define K, ¢, and f¥ as follows:
W) =h(&+), &0 =gE+)-g&),  fEC)=m(&) +fi(& + ) = (&) (144)

Again, by the time-shift property of the ESP, (i}, g¥) is a solution to the ESP for ff. Because f, converges to f
uniformly on compact intervals as [ — oo, it follows that

fF converges to f uniformly on compact intervals as [ — oco. (145)
Therefore, by the Lipschitz continuity of the ESM [Proposition 1(ii)],

(hf,g¥) converges to (1*,¢") uniformly on compact intervals as [ — co. (146)

Define

) = Ap(@) (&) + (& + ) — (&) (147)
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By the time-shift property of the derivative problem (Lemma 4),

Ap @) = M@)(Ex+ ). (148)
The definitions of ¥ and ¥, the fact that h(&;) € G° so Hy,) = R/, the fact that i € D!(R/) and (96) imply that

Yk e DI (R)). (149)

By (142), (145), (149), and the fact that Statement 1 holds by assumption (with K, ¢¥, fX, K, of, f¥, Y¥, and 6F
in place of I, g, f, i, g, f}, ¥, and 6,, respectively), there is a sequence {Af},c; of time changes on [0, 6%) such
that, for all T < oo,

lim sup |/\§‘(t) -t =0, (150)
% te[0,6kAT)

and for all T<0~,

lmmWMWWAM%W (151)

>0

For each [ € N, define A; on the interval [t fr1) = [, & + 6’;) [because of (143)] by

for t € [t, &)

Ald) = {Ak(t &) for t € [Ex, trar). (152)

Convergence of the Time-Changed Paths on Intervals of the Form [0,1,). We use the principle of mathematical
induction to show that, for each 1 <k<K+1 and for all T <oo,

lim sup |A)(f) -t = (153)

=00 4e0,6AT)
and for all T <ty,

lim s[tér;] [Aw (D) (A1) = Ap(@p)(H)] = 0. (154)
te

The base case k = 1 follows immediately from (136) and (137). Now suppose 1 < k<K + 1 and (153) holds for
all T < oo and (154) holds for all T < ;. We first prove (153) holds for all T < co with k + 1 in place of k. Let T < co.
We have

sup |t -t = sup |[A(t) -tV sup A1) -1 (155)
te[0,t1 AT) te[0,tAT) te[Ex ATty 1 AT)

By (152) and (143), we have

sup A4 -1 < sup IAK(t) - t]. (156)
te[EAT by AT) te[0,(65 A(T—Ek))V0)

By (155), our assumption that (153) holds, (156), and (150), we see that (153) holds with k + 1 in place of k.
Next, we prove (154) holds for all T < ty,;. If T <t, then (154) follows by assumption. Let fx < T <t,1. We have

sup [Ay, ()(Ai(D) = An@)B)] < sup [Ay(P)AB) = Mu@)(B)] + sup 1A, (D)) = An(@) (D). (157)

t€[0,T] te[0,E,AT] te[& AT, T]

We first show that

lim ~ sup |AR ) (A(1) = A(@)(B)] = (158)

T te[0,&4AT]

Because [$(h(f))| > 2 by (132), Proposition 4 implies that A,(y)(-) is continuous at t. Let ¢ > 0. By (139) and the
continuity of A(1)(:) at fx, we can choose 6> 0 sufficiently small such that

O<tpy—O0<tr+0<&<pr—0 (159)
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and
AL W)(E) — An()(E)] < e for all t € [ty — 0,1 + 0]. (160)

By the definition of D"(R/) in (96) and the fact that h(t;) € dG, we can assume that >0 is sufficiently small so
that 1(-) is constant on [f; — 20,t]. Along with the definition of p; in (131), this implies that

Y(+) is constant on [t — 20, px). (161)

Because of the upper semicontinuity of $(-) shown in Lemma 14 and the definition of p, in (131), we can
choose 6> 0 possibly even smaller to ensure that

S(h(t)) € $(h(ty)) for all t € [t — 6, pk). (162)
It follows from (154) (which holds for T <t by assumption) that
lim sup [Ay, ($)(A(1) = Au(@)(®)] = 0. (163)

=00 4e10 5]
Then by (163) and (160), we can choose [y € N sufficiently large such that for all I > I,
1A W)t = 6)) = Au(@)(El < 1A () (it = 6)) = Ap(p)(Ex — O] + [An(§)(tk — 0) — An(p)(tr)]

164
<2e¢. (164)

By (146), the fact that (153) holds with k + 1 in place of k, and the relation pi <t stated in (134), we see that
lim sup [|(A(#) —h(t)| = 0.

[0 t€[0,px—0]

Then, by (153), the last display, (162), and the upper semicontinuity of $(-), we can choose Iy € N possibly
larger such that for all [ > Iy,

At = 8) > te — 26, (165)

and
(A1) € $(h(ty)) for all t € [t — O, px — 0. (166)

By condition 2 of the derivative problem, (166), and (159), Au(¢)(t) € Hyw,) S Hiyr,¢y) for all t € [t =0, &
A straightforward verification then shows that the constant pair of functions @(-),77’(-)) = (A(W) (%), 0) is
the unique solution to the derivative problem along /() :=hj(A/(ty — 0 + -)) for the constant function 1?[)() =
Ap(¥)(t) on the interval [0, & — i + 6]. By the time-shift property of the derivative problem stated in Lemma 4
(with tx =6 in place of s), (165), and (161), it holds that, for each [ >y, the pair of functions (c{)()
1(-)) == (A, (W) (At = 0 + ), A (P)(Ailtx = 0 ++)) = Ay (P)(Ay(t = 6))) is the unique solution to the derivative
problem along h;(A;(t — 6 + -)) for the constant function ¢(-) = Ay, (P)(A(tx — 6)) on the interval [0, & — # + 5]
Therefore, by the Lipschitz continuity of the derivative map (Proposition 2) and (164),

sup A () = A@)(Bl = sup  [p(t) - (B

te[te—0,Ek] te[0,&x—t+0]

< k@) Ay, (W) (At = 6)) = Ap()(te)

<2xp(a)e.

Because ¢ >0 was arbitrary, the last display and (163) together imply that (158) holds.
Next, we show that

lmswleww An()(t)] = (167)

te[ & AT, T]
Define /¥, g, f* and in (141), K, g;‘, and f,k as in (144) and ¥ as in (147). For each [ € N, define IM‘ € Ds(R)) by
Y= A ()E) + Pl + ) = Y(E). (168)
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Then by the time-shift property of the derivative problem (Lemma 4),
A (0) = Ay ()& + ). (169)
Thus, by (169), (148), and the triangle inequality,

sup |A, (@)(A(H) = Au@)(H)] = sup

te[ &k AT, T] te[0,(T-&x) VO]

A RIAR®) = A @0

A @HOEB) = A WHAFD) (170)

< sup
te[0,(T~Ex) V0]

A @FARD) = A IO

+ sup
te[0,(T-&) V0]

By the Lipschitz continuity of the derivative map (Proposition 2), the definition of L/}f in (168), and the
definition of ¥ in (147), we have

sup A (WDAT(1) = A (@A (t))) <kala)  sup  [pi(t) - yF)

t€[0,(T—&,) VO] te[0,AF(T-&x)v0)]
< k(@A ()(E) = An(@)(Er)-
Then, by (158) and the fact that A;({x) = & because of (152), letting [ — oo yields

lim  sup
[0 tefo,(T-5)v0)

A @HOF®) = A WHAF®)| = 0. (171)

Because (T — &) vV 0< 6%, it follows from (151) that

lim  sup
1200 4ef0,(T-&)vo0]

A @HAFB) = A ()8 =0, (172)

Together, (170)-(172) imply that (167) holds. Because (158) and (167) both hold, we see that (154) holds with
k +1 in place of k. With the induction step established, the principle of mathematical induction implies that,
for each 1 <k<K+1, (153) holds for all T<co and (154) holds for all T <.

Convergence of the Time-Changed Paths on [0, 0,.1). We first prove that (104) holds for all T <o with 0,4; in
place of 0,. Let T <oo. Suppose T < 0,4+1. Then there exists 1 < k<K + 1 such that T <t, so by (153),

lim sup |Ay(t) —#| < lim sup [A(t) — | = 0. (173)
=00 te10,) =% 4e(0,4)

Now suppose T > 0,41. Let ¢ € (0, 0,) be arbitrary. Because (173) holds for all T <6,.1, we have
lim sup [A(t) -t =0. (174)

2% 4e[0,0,11-¢)

Thus, we are left to show that

limlim  sup  [A() -t =0. (175)

Elo b0 te[enﬂ _5,9n+1)
By the triangle inequality and the fact that A; is nondecreasing, for all ¢ € (0,0,+1) and t € [0,41 — €, Op41),
[A1(t) = t] < |A(t) = Opsa] + |Oni1 — H S |A(Oni1 — €) = Opaa| + €. (176)

By (174) and the continuity of A;, we have A;(0y41 — €) = 0,41 — € as | — oo. Thus, (175) holds, which implies
that (104) holds with 0,41 in place of 0,. We are left with the final step of proving that (105) holds for all
T<0Ops1. Let T<0O,41. By (135), there exists 1 <k<K+1 such that T<#. It then follows from (154) that
(105) holds. o

Proof of Lemma 11. By Lemmas 13 and 15 and the principle of mathematical induction, Statement 1 holds for
n=2,...,N+1. Because On,1 = co by definition, the lemma follows. O



Downloaded from informs.org by [216.73.217.74] on 14 July 2026, at 18:00 . For personal use only, al rights reserved.

Lipshutz and Ramanan: A Monte Carlo Method for Sensitivities of Reflected Diffusions
138 Stochastic Systems, 2019, vol. 9, no. 2, pp. 101140, © 2019 The Author(s)

Acknowledgments

The authors thank Mike Giles for useful feedback on the numerical examples in a previous version of this paper. They also thank
the referees for a careful reading of this paper and for their helpful comments and corrections. In particular, their comments led
to the addition of the appendix.

Appendix. Explicit Expression for the Projection Maps and Derivative Projection Matrices

In this section, we obtain explicit expressions under Assumptions 1-3, for the projection map n* (see Assumption 3), the map

&% (see Lemma 1), and the derivative projection matrices £¢ (see Lemma 2) associated with the data {(d;(«), n;, ¢;),i € $}.
We fix @ € U and drop the “a” notation. Let I:={$(x): x € dG}. For I €I let

Fi:={x€dG: $(x) =1}, (A.1)
dj:=cone{d;,i € I}, (A.2)
Ap=m'(F):={x e R : n(x) € F}. (A.3)

Lemma A.1. The subsets Ay, I € 1 are disjoint, and R/ \ G° = UjrAy. In addition, for 1 €1,
Ar={z-u:zeF,ued}. (A.4)

Proof. From the definition of I we see that {F;,I € I} partitions JG into disjoint subsets. By Assumption 3 and the fact that
d(x) = {0} for all x € G°, it follows that 7t(x) € dG for all x € R/ \ G°, and so

7N 0G):={x e R : m(x) € G} =R/ \ G°.

Along with (A.3), this implies that {A;,] € I} partitions R/ \ G° into disjoint subsets. Let I € I. Suppose x € Ar. By (A.3),
Assumption 3, and (A.2), z:=7(x) € Fj, u:=n(x) — x € d, and x = z — u. Alternatively, suppose z € Fj, u € dj, and x:=z —u. It
follows from the uniqueness of 7 (see Remark 3) that 7(z — 1) = z € F;. This proves that (A.4) holds. O

For I €1, define
Hy={yeR :(y,n)=0Viel}.
The next lemma follows immediately from lemmas 8.1 and 8.2 of Lipshutz and Ramanan (2018) and Assumption 1.

Lemma A.2. For each I € I, H; N span(d;) = {0}, and for each y € R, there exists a unique pair of vectors v € Hy and w € span(d) such
that y = v + w.

Let Q:=(m --- ny) denote the | X N matrix with column vectors {n;,i € $}. For I €I, let S; denote the N X |I| matrix
whose (i, j)th entry equals one if 7 is the jth element of I and zero otherwise for i € § and j € I. Define R;:=RS; and Q;:=QS;
to be the | x |I| matrices with column vectors {d;, i € I} and {n;,i € I}, respectively. By Assumption 1 and Lemma A.2, the
null space of Q,TRI is equal to zero, and so Q,TRI is invertible. Define

Vii= = Si(Q[R)Qf e RN, (A.5)
and
P;:=E + RV, e R, (A.6)

where we recall that E; denotes the | X ] identity matrix. Note that, if N =] and $ €1, then V4 = —R™! and Py = 0.
We derive some properties of the matrices V; and P;. By the definitions of H; and Q;, we have QITU =0 for all v € Hj.
Therefore, (A.5) and (A.6) imply that

Viv=0, v e Hj, (A7)
Pro=v, v € Hj. (A.8)

In addition, if w € span(d;), then there exists r € R!l such that w = R;r. Thus, by (A.5) and the fact that R; = RS;,
RViw = —Ry(Q] R)) ' Q[ Ryr = —w.
It follows from (A.6) that
Prw =0, w € span(dy). (A9)
Letc=(c; --- cn)T € RN denote the column vector whose ith component is equal to ¢; for i € §, and define

q1:=S1(QIRy)'STc e RN. (A.10)
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Given x € Fy, it follows from the fact that (x,n;) = ¢; for all i € I that Q;x = S;c. Thus, by (A.5),

Vix = —q1, x € Fy. (All)
Lemma A.3. The projection map 7 : Rl + G satisfies
if x € G°,
ni(x) = {x lf * (A.12)
P1X+R[]1 #XEA],IEH,
and the map & : RN — RY satisfies
0 if xeG°,
&(x) = { f (A13)
V,x+q1 leEAI,IEH.

In addition, for each x € dG, the derivative projection matrix £, € R satisfies £y = Py Furthermore, for each I €1,
Ap={xeR :Pix+Rq €Fjand Vix + g € R)'}. (A.14)

Remark A.1. Lemma A.3 provides explicit expressions for the projection map and derivative projection matrices. How-
ever, implementation of the method requires checking if x € A; for each I € I, and [I| grows exponentially with the number of
faces. For certain examples of reflected diffusions in domains with a large number of faces, more efficient expressions may be
available (e.g., by exploiting symmetry properties of the directions of reflection); however, such an approach is specific to the
problem of interest. In addition, for many reflected diffusions of interest, a.s. the reflected diffusion does not hit the intersection
of of two or more faces—for example, the reflected diffusion studied in Section 5.2 (see, e.g., Ichiba and Karatzas 2010)—or the
constraining process L* is constant when the reflected diffusion Z* is at the intersection of two or more faces (see, e.g., theorem 1
of Reiman and Williams 1988). That being said, with positive probability, the discrete approximation L%* increases when Z&*
lies in the intersection of two or more faces; however, this probability converges to zero with the discretization parameter. Thus,
when implementing the expression for the projection map and derivative projection matrices, an efficient algorithm will first
check if x € Aj for I € {0,1, ..., N} before checking if x € A for |I| > 2.

Proof. FixI € I. Let x € A;. We first prove m(x) = Prx + Rqy. By (A.4) there exists z, € Fr and uy € d; such that x = z, — u,. Then,
by (A.6), (A.9), and (A.11),

Pix + qu = (E] + RV])Zx + qu =z, €F,
and so
Pix+Rqr —x =uy €d. (A.15)

By the uniqueness of the projection map 7, this proves that 7(x) = Pyx + Rq;. Next, we show that &(x) = Vix + g;. By Lemma 1,
(A.12), and (A.15),

RE(X) =m(x) —x = Pix + Rgp — x = uy.

Because uy € dj, this implies that V;x + g; € R{Y and [Vix +q]'>0 onlyifi € I. Therefore, by the uniqueness of £ (see Lemma 1),
&(x) = Vix + g1 holds. To show that &, = Pyy), suppose y € R/. By Lemma A.2, we can choose v, € Hj = H, and w, € span(d;) =
span(d(x)) such that y = v, + w,. It follows from (A.6)~(A.9) that Piy = Piv, + Prw, = v, and Py —y = —w, € span(d). By the
uniqueness of the derivative projection matrix, this proves £,y = Py(yy.

We are left to prove (A.14). Suppose x € A;. By (A.12) and (A.3), Pix + Rq; = 1t(x) € F;. In addition, by (A.6), (A.12), and
Assumption 3, R(Vx + q;) = 7(x) — x € d, and so, in view of Assumption 1 and the fact that [Vix + g;]' = 0 for all i¢ I by (A.5)
and (A.10), it follows that Vjx + g; € RY. On the other hand, suppose x € R/ is such that Pjx + Rq; € F; and Vix + g; € RY. Then
uy:=R(Vix + qr) € dr and z, :=x + u, = P;x + Rq; € Fr. Therefore, x = z, —u, € A; by (A3). O
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