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1. Introduction

The model under consideration consists of a multiclass M/M/1 queueing model under diffusion-scaled heavy
traffic in which the decision maker (DM) is uncertain about the parameters and acts to optimize an overall cost
that accounts for this uncertainty. The model consists of a server that, at any time instant, the server’s effort is
allocated by the DM to customers from several numbers of classes. Customers of each class are kept in a finite
buffer. Apart from the scheduling control, upon arrival of a customer, the DM has to decide whether to reject it
or to assign it to the buffer that corresponds to its class type. The DM has ambiguity about the rates of arrivals
and the mean service times. The cost accounts for the ambiguity, the holding of customers in the buffers, and
rejections of new arrivals.

The problem without ambiguity, also referred to as the risk-neutral problem, was analyzed by Atar and
Shifrin (2014) under the framework of G/G/1. Plambeck et al. (2001) studied a similar nonrobust problem
with time constraints instead of the finite buffer constraints. In these problems as well as in many other
classical models of queueing control problems (QCPs), see, for example, Bell and Williams (2001) and
Budhiraja and Ghosh (2006, 2012) and the references therein, there is a fixed time-homogeneous random
model; that is, the DM is certain about the evolution of the system, which, moreover, does not change in time.
Such an assumption is not realistic, and a robust analysis is desirable. Because of the complexity of real-world
systems, lack of sufficient calibration, and inaccurate assumptions, one cannot precisely model the arrival and
departure processes. In recent years there has been increasing interest in robust analysis of queueing systems.
We consider uncertainty in the diffusion scale of the QCP in a way that is often referred to as model uncertainty
or Knightian uncertainty, see, for example, Maenhout (2004), Hansen et al. (2006), Hansen and Sargent (2008),
and Bayraktar and Zhang (2015), and in the context of queueing systems, see Jain et al. (2010), Blanchet et al.
(2014), and Lam (2016); see also Petersen et al. (2000) in a discrete time setup. This is not to be confused with
the terminology robust queueing theory, which is often referred to in optimization-based performance analysis;
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see, for example, Bandi et al. (2015) and Whitt and You (2018). Uncertainty in fluid models of queueing was
studied, for example, in Dupuis (2003), Whitt (2006), and Bassamboo et al. (2010).

We consider a DM who is skeptical about the validity of an underlying model and takes into account a
family of models in the following way. We assume that the DM has a reference model in mind, which, up to
some degree, describes the situation the DM is facing. To model the uncertainty about the reference model, the
DM takes into account other models and penalizes them based on their deviation from the reference model.
More specifically, we consider the following cost function, which the DM aims to minimize

sgp{EQ[ /0 T (R X(ode+ 7 ar) | - aL(QHP)},

where I is the number of classes. The vectors / and # stand for the holding and the rejection costs, respectively. The
I-dimensional processes X and R represent the queue lengths and the rejection processes, respectively. The
supremum is taken over measures equivalent to [P, and the function L is a discounted variant of the Kullback-
Leibler divergence. It measures how far away Q is from the reference measure [P and penalizes accordingly. We
allow for different levels of model uncertainty for each of the arrival processes as well as for each of the service pro-
cesses. The parameter a > 0 measures the level of ambiguity the DM has regarding the reference model. It can
also be viewed as the Lagrangian of a performance-optimization problem with an uncertainty set constraint as
presented in Jain et al. (2010), equation 14, and Lam (2016), equation 2. Moreover, exploiting the Markovian
structure of the problem, we argue that one may replace the supremum over measures by a supremum over
(possibly time-dependent) rates, which are penalized according to their deviation from the reference rates.

To tackle QCPs under heavy traffic, one often solves a limiting control problem associated with a Brownian
motion, called Brownian control problem (BCP) and uses its solution to construct an asymptotically optimal
policy in the QCP. This concept was first introduced by Harrison (1988); for further reading on BCPs, see, for
example, Bell and Williams (2001) and Budhiraja and Ghosh (2006, 2012) and the references therein. In our
case, the cost function given suggests that the BCP is, in fact, a stochastic game. The players in this game are
the DM and the nature, which, according to their goals, are referred to as the minimizer and the maximizer,
respectively. Interpreting the roles of the processes from the QCP to a multidimensional stochastic differential
game, the minimizer controls the server’s effort allocation and the admission/rejection, and the maximizer is
free to choose a probability measure and is penalized in accordance with the deviation of the chosen measure
from the reference measure. This game was analyzed in Cohen (2018), in which it was also shown that a state-
space collapse property holds. This is done by considering a reduced stochastic differential game (RSDG), which
emerges from the workload process, and showing that both games share the same value and that, given
equilibrium in either one of the games, one can construct an equilibrium in the other game. Further properties
of the games, such as dependency on the ambiguity parameters, are also given there.

This paper is devoted to the connection between the QCP and the BCP (namely, the RSDG); we show that
the value function of the QCP is approximately the value function of the RSDG and that the minimizer’s
optimal strategy from the multidimensional stochastic differential game leads to an asymptotically Markovian
optimal policy in the QCP. Roughly speaking, this strategy suggests that the DM should use a cu type of rule
and fill in the buffers in accordance with their holding costs without using rejections unless a cutoff level of
workload that depends on the ambiguity level has been reached and then to use rejections only from the buffer
with the cheapest rejection cost, weighted with the mean service rate, until the workload level goes below the
cutoff. More specifically, let y; be the mean service rate of class i customers under the reference model and
recall that f; is the holding cost per customer of class i. The DM should prioritize the classes in the order
of {i; pitl,, where the lowest priority is given to the class with the lowest hy i1i among the classes for which the
buffers are not “almost” full. As for the admission-control part of the policy, whenever the workload level
remains below the mentioned cutoff, use rejections only if there is a new arrival to a full buffer; as is shown,
the probability of such an event vanishes with the scaling parameter. If the workload level exceeds the cutoff,
the DM rejects all incoming customers to the class with the lowest #;;. This policy (with different cutoff level)
was shown to be asymptotically optimal in the risk-neutral setup and in a QCP with the same mechanism but
with the moderate-deviation heavy-traffic regime (instead of the diffusion scaling) and a risk-sensitive cost
criteria. The latter QCP models a situation of a “very” risk-averse DM. The only difference between the
policies in the three models is in the position of the cutoff point. Specifically, the allocation policy is the same.
This shows us the usefulness of the allocation policy as it is robust to ambiguity. The optimality of the same
policy (with differences only in the cutoff level) in these three models is not obvious because of the existence of
the maximizer, which leads to a nonstationary problem. For further reading about the moderate-deviation
heavy-traffic regime, see Atar and Biswas (2014), Biswas (2014), Atar and Cohen (2016, 2017), Atar and
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Mendelson (2016), and Atar and Saha (2017) and, in the context of our paper, also the discussion in Cohen
(2018). The current paper does not aim to establish a rigorous relationship between the QCP under the
Knightian uncertainty and the QCP under the moderate-deviation heavy-traffic regime. Saying this, we only
mention that a common feature to this model and the moderate-deviation one is that, in the limiting problem,
the change of measure can be translated into a linear (in the maximizer’s control variable) change in the drift
and a quadratic penalty.

We now make some comments on proof techniques. The proof is divided into two parts: showing that the
value function of the RSDG forms an asymptotic lower bound for the QCP and that the expected cost as-
sociated with the candidate policy is asymptotically bounded above by the value function of the RSDG. Also,
recall that we consider a sequence of queueing systems. For the lower bound, we assign the maximizer a
policy that is driven from the equilibrium strategy in the RSDG, and using it, we show that, for any sequence
of strategies used by the minimizer, the expected cost is bounded below by the value of the RSDG. By its
structure, the maximizer’s strategy preserves the critical load of the system. The main technical difficulty in
this part is that the sequence of strategies of the minimizer is arbitrary, and because of the nature of the control
in the QCP, which is replaced by a singular control in the BCP, compactness arguments do not apply here. In
the risk-neutral case, in which there is no maximizing player, Atar and Shifrin (2014) managed to bypass this
issue by “%-tightness arguments applied to the integrands of the relevant processes and, later on, taking the
derivatives of the implied limiting processes. In our setup, the maximizer’s strategy depends on the scaled
queue lengths process and not on its integrand. Therefore, the ‘6-tightness of the sequence of the scaled queue
lengths processes is required. As a result, the integrand-derivative method cannot be applied in our case. We
use the time-stretching method, which was introduced by Meyer and Zheng (1984) and studied in the same
framework by Kurtz (1991). In the context of stochastic control, the method was first used by Martins and
Kushner (1990) and Kushner and Martins (1991) and was adopted in Budhiraja and Ghosh (2006) and
Budhiraja and Ross (2006, 2007). In Section 4.2.1, we set up a random time transformation for any system such
that the controls are Lipschitz continuous with Lipschitz constant one. Then, in Lemma 2, we apply
6-tightness arguments for the sequence of the relevant time-stretched processes (including the scaled queue
lengths process) and obtain limiting processes. Using an inverse time transformation in Section 4.2.2, we go
back to the original scale. Finally, in Section 4.2.3, we connect between the costs associated with the time-
rescaled limiting processes and the value of the RSDG.

To show that the expected cost associated with the candidate policy is asymptotically bounded above by the
value function of the RSDG, we do the following. We consider an arbitrary sequence of strategies for the
maximizer. This sequence of probability measures is not forced to satisfy the critical load condition. Therefore,
at the first step, we show that it is “too costly” for the maximizer to have a big deviation from the reference
measure and, thus, restrict the maximizer to strategies that, on average, do not deviate much from the
reference measure (Proposition 3). Then, in Proposition 4, we adapt a state-space collapse result from the risk-
neutral case to ours and show that, under the sequence of strategies chosen by the maximizer, the underlying
stochastic dynamics of the scaled queue lengths lie close to a specific path, called the minimizing curve. At this
point, one can use ‘¢-tightness arguments to conclude the convergence of the relevant dynamics, including the
holding and rejection cost parts. However, in order to estimate the change of measure penalty given by the
Kullback-Leibler divergence, one shall have another reduction and “truncate” the maximizer’s strategies such
that the critical load condition is almost surely (a.s.) preserved. Then we show that the relevant processes and
all the cost components associated with the two levels of restrictions of the maximizer’s strategies are close to
each other (Proposition 5). This approximation relies also on the state-space collapse. Thus, the rest of the
analysis is performed in the more convenient case, in which the critical load condition holds and the expected
cost is shown to be asymptotically bounded from above by the value function of the RSDG. For this, we reduce
to one-dimensional dynamics and estimate from below the change of measure penalty, and together with the
convergence of the holding and rejection cost components, we conclude the upper bound. Section 5 provides a
future outlook, and Section 6 is dedicated to the proofs of the more technical and less innovative lemmas and
propositions stated in Section 4.

The paper is organized as follows. Section 2 presents the model. Section 3 collects a few results from Cohen
(2018) required for the proof. In Section 4, we provide and prove the main result (Theorem 1), which states that
the QCP value converges to that of the BCP from Cohen (2018), and an asymptotically optimal policy is provided.

1.1. Notation
We use the following notation. For a,b € R, a A b = min{a, b} and a V b = max{a, b}. For a positive integer k and
c,d € R¥, ¢ - d denotes the usual scalar product and ||c|| = (c - ¢)!/2. We denote [0, c0) by R.. The infimum of the
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empty set is taken to be oo. For subintervals 1, CR and m € {1,2}, we denote by €([;, ), €™(I;,I,), and
%(I1,I) the space of continuous functions (respectively, functions with continuous derivatives of order m and
functions that are right-continuous with finite left limits [RCLL]), mapping I — L. The space %(l, ) is
endowed with the usual Skorokhod topology. For T,6>0 and a function f : Ry — Rk, ||f|l; = sup;eio 7 If (Bl
and oscr(f, 0) = sup{||f(u) —f(H)|| : 0 < u <t < (u+6) AT}. For any RCLL processes X, Y, the quadratic variation
of X is denoted by [X], and the quadratic covariation of X and Y is denoted by [X,Y].

2. The Queueing Model

We consider a QCP with customers of I different classes that arrive at the system to be serviced by a single
server. Upon arrival, the customers are queued in I buffers with finite capacity in accordance to their class.
Processor sharing is allowed, and the server may serve up to I customers at a time, where two customers from
the same class cannot be served simultaneously. We study the system under heavy traffic. Hence, we consider
a sequence of systems indexed by the scaling parameter n € N.

2.1. The Reference Model

Usually in (nonstatistical) stochastic control problems it is assumed that the probability measure is fully
known. A model is fixed, and the DM finds the optimal policy given the probability measure. In a statistics-
based approach, the parameters are not fully known, and the DM learns them. We consider an epistemic
reference probability space that is driven by previous knowledge as in nonstatistical stochastic control problems.
But, instead of working only with this probability measure, as detailed in Section 2.2, the DM considers a
robust cost that takes into account a family of measures without statistically learning the true model.

For every i€ [I]:={1,...,I} and n € N, we consider the probability spaces (Qf;, %} P};) and (Q3;,45 ,P5))
that, respectively, support a Poisson process A} with a given rate A} and a Poisson process S} with rate u}. The
process Al counts the number of arrivals to the ith buffer, and S/(t) stands for the number of service
completions of customers of class i had service been given to class i for ¢ units of time. Denote A" = (A7), and
§" = (SPiz

As is rigorously clarified in Section 2.2, we consider a different level of uncertainty about each of the 2I
components of (A", 5") and, thus, set the following reference probability space that supports these processes

1
(in (gnl ]Pn) = I—{(Qiz X Qg,i)/ ®1I‘:1((g711,1’ ) H(P X sz
=

where &_,(4},;®9 )= (4], ®9,)®...® (4, ©%9;)).

By the structure of the probability space, under the measure P", the 2I processes Af,SY,...,A},S] are
mutually independent. Moreover, the distribution of A} (S7) under P" is identical to its distribution under P,
(F5,)-

Let U" = (UM, be an RCLL process taking values in U = {x = (x1,...,x7) € [0,1]' : £ x; < 1}, where its ith
component Uf(t) represents the fraction of effort the server dedicates to class i (recall that process sharing is
allowed). Then

T (F) = /0 Wisds, teR., )

gives the cumulative effort in the interval [0, t] the server dedicates to class i customers, and the number of
class i job completions by time ¢ is, thus, S/'(T}(t)). This is a Cox process with rate p/U?.

We allow rejections of customers (only) upon arrival, and a rejected customer never returns to the system.
The number of rejections from class i until time ¢ is denoted by R/(f).

Denote by X! (t) the number of class i customers in the system at time ¢. Then, the balance equation is given

by

XH(t) = X[(0) + AP (t) — SI(T(t)) — RI(¢), teR,. (2)
For simplicity, we assume that X?(0) is deterministic. We use the notation L" = (L"), for L" = X",R",T".
Because U" is an RCLL process and, by construction, so are A" and S", we conclude that X” and R" are RCLL

as well. The capacity of buffer i is denoted by b/ and is nondecreasing with n.
We now introduce the diffusion scaling and the heavy-traffic condition. First, we assume that

A= A+ A% + o(n'/?), whi=pm + ant’? +o(n'?), (3)
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for some fixed constants A;, y; € (0,00) and A;, i, € R. Moreover, the system is assumed to be critically loaded;
that is, 21, p; = 1, where p;:=A;/u;, i € [I]. Also, set up b” :=bn'/? for some constant b; € (0,00), i €[I].
The process (U",R") is regarded as a control in the nth system and is now given rigorously.

Definition 1 (Admissible Control for the Decision Maker, QCP). An admissible control for the minimizer for any initial
state X"(0) is a process (U", R") taking values in U X R! that satisfies the following:

(i) The process (U",R") is adapted to the filtration 9} = G"(t) := 6{A}(s), S/ (T}(s)),i € [I],s < t} and has RCLL
sample paths.

(i) The processes R" are nondecreasing with jumps of sizes 1/+/n.

(iii) For each i € [I] and t € Ry,

X!(t) =0 implies U'(t)=0
(iv) The buffer constraints X?(t) € [0, 19{’], teR,, and i € [I], hold.

The first condition expresses the fact that the DM makes the decision based on past observations. The second
condition follows because rejections are accumulated. The third condition asserts that service cannot be given
to an empty buffer. We denote the set of admissible controls for the DM in the nth system by s"(X"(0)).

2.2. The Optimization Problem with Model Uncertainty
Recall that we consider a DM who is uncertain about the underlying reference probability measure P, or loosely
speaking, the DM suspects that the rates/intensities {A?}._; and {u/}_, may be unspecified. Therefore, instead
of optimizing under a single probability space, the DM considers a reference probability measure P and a set
of candidate measures (provided in the sequel) and penalizes their deviation from P". The penalization is done
by using a discounted variant of the Kullback-Leibler divergence. More explicitly, the QCP is set up as a
stochastic game that models a type of worst-case scenario. The players are the DM who chooses a policy that
minimizes a cost and an adverse player also referred to as the nature or maximizer, who has access to the policy
chosen by the minimizer and to the history. The nature is penalized for deviating from the reference model.
We are interested in a cost that accounts for the scaled queue lengths and rejections in addition to the
uncertainty about the model. Denote the scaled head count process and the scaled rejection count by

X"(t):=n"V2X"t)  and  R'(H):=n"'2RMt), teR,.

Fix a discount factor ¢ > 0, vectors of holding and rejection costs h,7 € (0,00)!, and ambiguity parameters « := (x4,
K2i)l_; € (0,0)?. The DM chooses an admissible control (U",R") in an attempt to minimize the following
robust cost:'

sup  J'(X"(0),U", R, Q%)
Qredn(x(0))
where the set of candidate measures 9"(X"(0)) consists of all the product measures Q" = ]—Ll:l((@fi X @5’1) that
satisfy some integrability condition (the exact definition is provided later), and
JH(X"(0), U",R",Q"; x) :=
I
1

~ 00 A~ A D 0 [
E@,,[ /O e i X”(t)dt+?-dR”(t))]—Z_Lio(QTri”P -2

i=1 K1i i=1 K2,

1 A 4)
— L3(Q3 IIP5 ),

and

A A 0o d@n (t)
LQ @ni Pni = E@Li / e_Qf lo 1, dt ,
QLI 0 © gdP’f,z’(t)

o dQ(t)
e~%1o ZEZ AT(H)].

©)

14(@3,IP3) =E%

The first component in the cost function includes the holding and rejection costs under the measure Q". The
last two sums in (4) are referred to as the change of measure penalties. Although the second penalty depends on
the control of the DM through the integrator dT}, the same asymptotic results hold if we assume a penalty
with integration dt. The main reasons for choosing this form is because it simplifies the analysis.
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When «;; is “small” (“big”), we say that there is a weak (strong) ambiguity about the rates of the processes
Al and S}(T}') := S}(T}()). The idea is that for small «;;’s there is a big punishment per unit of deviation from
the reference measure, and therefore, the maximizer would prefer to choose measures (@]”l close to P; (in the
divergence sense) and, as a consequence, also the relevant expectations. However, one needs to make sure that
the total punishment given by -1 L@(Q;’lH is also small. In Cohen (2018), theorems 5.1 and 5.2, we show that,
as the ambiguity parameters Converge to zero, the stochastic differential games, which are provided in the
same paper, converge to the risk-neutral BCP studied in Atar and Shifrin (2014). Therefore, our problem
indeed models ambiguity with respect to (w.r.t.) the risk-neutral model.

The set of candidate measures Q”(X”(O)) consists of all the product measures Qr = {:1(@;’,1- X @g,i) that, for
every i € [I] and t € R,, the Radon-Nikodym derivatives satisfy

o [ e o [ -}
fz%g;mp{ /Otl g(“bjj( ))dS"<T"< ) - / (¥3,09) - u)dT"(S)}

for {¢}}-predictable, measurable, and positive processes {7, j € {1,2}, satisfying f()t1p7l(s)ds <oo P a.s. for every

(6)

t € R.. These conditions assure, first, that the right-hand sides (r.h.s.) in (6) are IP’" martingales, j € {1,2}, and
second, that, under the measure Q (Q2 ;) Al (SH(T})) is a counting process with 1nten31ty Y1, (¥5,U}). Notice
also that, under the measures Q”l, ] e{1,2}, the critical load condition might be violated because we do not
restrict the intensities {I,D” }] in N such a way. However, as we detail in Section 4.4, such changes of measures
are too costly and are avoided by the maximizer so that, as a consequence, on average, the critical load
condition is preserved.

Finally, the value function is, thus, given by

V' x;x):=  inf sup J'(x, U",R", Q"; ).
(UW,R”)E&Q"()() QV’EQ"(X)

Remark 1.

(i) Notice that the r.h.s. of (6) are martingales, and therefore, there exist probability measures Q}ﬂ, jed{1,2},
such that (@” |<@n satisfies (6) for all t € R,, see Stroock (1987), lemma 4.2.

(ii) From the presentations in (6), it follows that one may think of the maximizer as choosing rates rather
than choosing a measure. The reason is that the rates (A}, u/) under the reference measure P are replaced by
the rates (Y7;(-),¥5,(-)), which are allowed to be time dependent. Including time-dependent change of
measures/rates is more realistic because, in real-world systems, one has no guarantee that the rates remain
fixed over time, and moreover, we show that a cu type of policy remains optimal under this general structure.

3. The BCP
3.1. The RSDG
In Cohen (2018), we provided two equivalent games: an I-dimensional game that captures the dynamics of the
buffers and a one-dimensional game the dynamics of which approximate the workload process. For the
forthcoming analysis, we use only the latter. This section is devoted to the description and the relevant
properties of this game.

To derive the game, we introduce some scaled processes and constants in addition to X" and R" introduced
earlier. Set for every i € [I] and t € R,

AN =n"V2ANE = ATY,  SH(E) =TS - ), )
V() = w2 (pit — TH(E)), il =2 (A — pyul).

We use the notation X" = (X?)._; and similarly for R", A",5",Y", and 7it". Denote also $*(T") = (5/(T/(-)))L,. The
scaled version of (2) is given by

K1) = R10) + "t + A"(F) — §'(T"(H) + Y'(F) — R™(t),  teR,. ®)
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An admissible policy satisfies

N I ~
Rt e %:=[][0,6], teR,, Plas. 9)
i=1

Multiplying both sides of (8) by the workload vector
0" :=(n/ui,...,nj/uy). (10)
we get
o - X"t) = 0" - X™M0) + 6" - it + 6" - (A"(t) - 3”(T”(t))) +0"-Y'(t) - 0" - R(t).
Under the reference measure P", {(A", §”)}n weakly converges a 2]-dimensional (0, 5)-Brownian motion, where
¢ :=Diag (Al/z, . ..,)\}/2, y%/z,...,y}/z). As we show rigorously in the proof of Lemma 5, Y" is of order one as

n — oo. Hence, its definition implies that T"(f) — (p1,..., pnt, t € Ry, and therefore, under P", {A” - §”(T")}n
weakly converges to an I-dimensional (0, §)-Brownian motion, where

6= (6y):= Diag((Z/\l)l/z, . .,(2/\1)1/2).

Hence, 6" - (A"(t) — $*(T"(t))) can be approximated by a one-dimensional Brownian motion. This last two
approximations suggest that the 2] ambiguity parameters {x;;},; collapse into I parameters {¢;};, which, in turn,
are folded into a single parameter ¢ as follows:

" . 1 Gogans
&= E(Ku + %2,), iel(l], and £:= ;;(90)1- & (11)
To introduce the game, we need the following notation. Set the vectors
0:=(ui',...,ur"),  b=(b,....b), (12)
and the scalars
X0:=0-%, m:=0-m, o:=68|, b:=6-b. (13)

We are now ready to define the RSDG.

Definition 2 (Admissible Controls, RSDG). An admissible control for the minimizer for any initial state xo € [0, b] isa
filtered probability space (Q, &, {%F;},P) that supports a one-dimensional standard Brownian motion B and a
process (Y, R) taking values in R2 with RCLL sample paths, both adapted to the filtration {%;}, and satisfies the
following properties:

(i) For every 0 <s<t, B(t) — B(s) is independent of %; under P.

(if) Y and R are nonnegative and nondecreasing.

(iii) The controlled process satisfies X(t) = xo + mt + dB(t) + Y(¢) — R(t), and X(t) € [0,b], t € Ry, P-as.

An admissible control for the maximizer is a measure Q defined on (Q, %, {#;}) such that

d t "
;%((tt)):exp{ /0 llf(s)dB(s)—% /0 ¢2(s)ds}, teR,, (14)

for an {%,}-progressively measurable process 1 satisfying
]EP[ / e %Y (s)ds
0

Denote by (xg) (2(xp)) the set of all admissible controls for the minimizer (maximizer) given the initial condition xo.
In Cohen (2018), equation 2.29, it is argued that the controlled process can alternatively be written as

<oo and EF [e%/o YO o for every t € R,. (15)

X(t) = xp + mt + /tm,l}(s)ds +0Bet) + Y(t) - R(t), teR,, (16)
0

where BQ(t):=B(t) — fottp(s)ds, t € Ry, is an {%;}-one-dimensional standard Brownian motion under Q. This
form serves us in the asymptotic analysis.
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The cost associated with the initial condition xy and the controls (Y,R) and Q is given by

T, Y, R Qi ):=9| [ o + v - @)
0
where

h(x):=min{h-E:E€X, 0-& =2}, (17)
ri=min{f-g:qeR., 0-q=1}, (18)
and

N

/wge_"t log 4Q() dt
0

LY(QIIP) :=E* 0

= EQ[ / we—@flﬁz(t)dt], (19)
0

where the second inequality is given in Cohen (2018), equation 2.23. The latter form turns out to be useful in
the approximation procedure, see (50) and (93). Notice that the scalar ¢ folds all the ambiguity parameters
{xi;};; and all the 2I penalties from (4) are collapsing into one penalty. By the convexity of &, it follows that & is
convex. In fact, 1 is piecewise linear and Lipschitz continuous. Moreover, h(x) > 0 for x > 0, and equality holds
if and only if x = 0. Therefore, / is strictly increasing. In Atar and Shifrin (2014), it is shown that there is i* € [I]
such that,

7= o= min{fip, o i€ 1]} (20)

The index i* stands for the class with the smallest rejection cost, weighted with the mean service rate. In fact,

under the candidate asymptotically nearly optimal policy, presented in Section 4.1, unless a buffer is

overloaded, an event that happens with vanishing probability, rejections are performed only from class i*.
The value function is given by

Vixg;¢) = inf su X0, Y,R,Q;¢).
(x0; €) (¥ R)esl(z0) QeEl(I;)O) J(xo Qe) (21)

3.2. Properties of the Game
The RSDG admits a simple optimal strategy for the minimizer that enforces the workload to stay in a specific
interval of the form [0, ] with minimal effort. To rigorously define such a strategy, we make use of the
Skorokhod map on an interval. Fix f> 0. For any 1 € 9(R,, R), there exists a unique triplet of functions (x, (1, (2) €
9(R,,R3) that satisfies the following properties:

(i) For every t € Ry, x(t) = n(t) + Gi(t) — Ca(t).

(if) ¢ and G, are nondecreasing, (1(0—) = ((0—) =0, and

/ Lo (O = / Lo (O = 0,
0 0

where 17(x) =1 if x belongs to the set F and zero otherwise. We denote by I'jg (1)) = (F%O,ﬁ],l“forﬁ], F?O,ﬁ])(r]) =(x,C1,0).

See Kruk et al. (2007) for existence and uniqueness of the solution and continuity and further properties of the
map. In particular, we have the following:

Lemma 1. There exists a constant cg >0 such that, for every t>0, B, B >0, and w,® € DR, R),
T 101 (@)(t) = Tjo ) (@)Dl < es(llw = @lir + |8 = B)-
Definition 3. Fix x¢, 8 € [0, b]. The strategy (Y, R) is called a p-reflecting strategy if, for every n € 6(R,,R), one has
(X/ Y/ R)(T]) = F[O,ﬁ] (n) with X(O) = Xp-
The next proposition summarizes the necessary results for the analysis in the sequel.

Proposition 1 (Cohen (2018, theorems 3.1 and 4.1)). Fix ¢ € (0, o). The walue function V(-) := V(-; €) is twice continuously
differentiable and satisfies 0 < V' < r. Moreover, set the parameter

Be = inf{x € (0,b]: V'(x) =1} A b (22)
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and the measure Qy = Qy,.) associated with Py (t):=eoV'(X(t)) via (14). Then, the reflecting strategy (Yg,, Rg.) and
the measure Qy form an equilibrium in the sense that

V(xo) = sup ](x()/ Yﬁ( 7 R‘Bz 7 Q/ 8) = ](X(), Yﬁz s Rﬁz 7 QV/ ‘S) = inf ](x()/ Y/ R/ QV/ €)~
Qe2(xo) (Y,R)esd(x0)

In Cohen (2018), it is shown that the value function V is continuous and decreasing in the ambiguity pa-
rameter ¢ and that the reflecting barrier . is continuous in ¢. The meaning of the set of equations in the
proposition is that, by using the reflecting strategy (Y, Rgp,), the best the maximizer can do is choosing the
measure Qy and vice versa. The optimality of Q, serves us in Section 4.2, where we equip the maximizer in the
QCP with a measure driven by Qy. The reflecting strategy (Y., Rp,) is used to show the state-space collapse in
Section 4.3.2.

4. Asymptotic Analysis

4.1. Nearly Optimal Policy

In this section, we present a candidate policy that is shown to be nearly optimal. The idea of the policy is to
give the least priority to the buffer with the cheapest holding cost and let it fill up until it is almost full. If the
workload increases, we keep the cheapest buffer full and start filling the next cheapest buffer by less prioritizing
it and so on. This is done with almost no rejections unless the critical workload level . (see Proposition 1) is
reached, in which case rejections occur and only from the buffer with the cheapest rejection cost.

4.1.1. The Minimizing Curve. Before presenting the candidate policy, we provide a minimizing curve that the
dynamics in the QCP X" asymptotically trace. Its structure stems from the equilibrium strategy in the
multidimensional stochastic differential game provided in Cohen (2018). Because of the discrete nature of the
QCP, we take this curve to be bounded away from (yet close to) the boundary of IT._, [0, b;/y;]. This curve is a
key element in establishing the state-space collapse property. Without loss of generality, assume that

hipr = hopio > -+ > hyuy, (23)

Fix 09>0, and let 4 =(4y,...,4;r) be given by 4; = Bi—éo, iell], and a =B, A(0-d)<b. Note that, if oy is
sufficiently small, then a = . (unless . = b). The difference between the intercepts on axis i = 1,2, 3 in Figure 1
equals 0o/u;. Hence, when 09 — 0, the solid box converges to the dotted one. We now rigorously define a
function that maps workload values to states of the Ith dimensional system and then explain its struc-
ture. Set the function y”:[0,b] — & as follows. For x € [0, 0 -4), the variables j=j(x) and v = v(x) are de-
termined via

1
X = Z 0;a; + 9]'1), jE [I], [2AS [Orﬁ])/ (24)

i=j+1

and let

i
Y(x) = D diei + ve;. (25)

i=j+1

Figure 1. Case in Which I = 3, h= (1,5/2,3/2), p =(3,1,3/2), and (d1,42,43) = (4,7,6)

3
O Af .
Il bs/us,l————-—-"'—‘—:;“l
m s B 0L
1 | M |
] N I I
oy | 102/ 1o
k ! e 2
J i e — i
bl/Ml

Notes. The graph to the left stands for the workload levels. The curve of the function )* is in bold in the graph to the right. The workload levels
with the lowercase letters are j = 0,k = d3/u3 = 4,1 = a3 /us + a2 /pp = 11,m = a3 /s + do/p2 + 1 =12, and n = dz/puz + a2/ o + a1 /py = a = 37/3.
They, respectively, correspond to the uppercase letters ] =(0,0,0),K=(0,0,43/u3)=(0,0,4),L=(0,d>/ 2,43/ u3) = (0,7,4), M= (1,82 / 2,43/ 3) =
(1,7,4), and N = (41/ 1,82/ 2, d3/ u3) = (4/3,7,4). Pay attention that, between N and O, y? is defined via a linear interpolation. If, for example,
m =B, =a, the scaled queues fluctuate close to the bold curve between points | and M.
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On the interval [0 - 4, b], define ) as the linear interpolation between the points (0 - 4,4) and (b, b). Notice that
the buffers j+1,...,I, which are the cheapest ones (holding cost-wise), are almost full (up to 6¢), buffer j is
building up, and the buffers 1,...,j are left empty. An illustration of the curve y“ is provided in Figure 1.

We now set up a holding cost that is associated with workload values through the curve y“. Recall the
definition of h from (17) and let

W(x):=min{h-E:E€X,0-E=x&E <y (x),ie[l]} =h-y(x), x€[0,0-a]
Also, set

w1(0g) = sup |h* — h|.
[o,eg] (26)

By the choice of g, it is clear that w1(0+) = 0.

4.1.2. The Candidate Policy and the Main Theorem. 4.1.2.1. Rejection Policy. In the case in which a class-i arrival
occurs at a time t when X!'(t-) +n~"2>b;, then it is rejected. Such rejections are called forced rejections.
Whenever 6 - X" > g, all class-i* (see the paragraph preceding (20)) arrivals are rejected, and these rejections are
called overload rejections. Apart from that, no rejections occur from any class.

4.1.2.2. Service Policy. For each % = (%1,...,%) € ¥, define the class of low priority
L(x) = max{i: X; <d;},
provided %; <4; for some i, and set £(&) = I otherwise. The complement set is the set of high-priority classes:
H(x) = [IT\ Z(3).
When at least one class among #(%) is not empty, the class £(X) receives no service, and all classes within F(X)

that are not empty receive service at a fraction proportional to their traffic intensities. Namely, denote #* (%) =
{i € ¥(x) : x;> 0} and define p’(%) € R! as

0, if £=0,
. Pilieser @) .o opiya
"Ry = d =—""2 0 i HER) £ 0, 27
pi%) ket (3) Pk ®) 27)
ey, if X; =0 for all i<I and x;>0,

where recall that e; = (0,...,0,1) € Rl. Note that #*(£) =0 can only happen if £; =0 for all i<I, which is
covered by the first and last cases in the preceding display. Then, for each t € R,

u'(t) = p'(X"(#). (28)
Note that, when #*(%) # 0,
pi(R)>p; forallie ¥ (%). (29)

That is, all prioritized classes receive a fraction of effort strictly greater than the respective traffic intensity.
Also note that 3; U = 1 whenever X" is nonzero. This is, therefore, a work-conserving policy.

To illustrate the relationship between the candidate policy and the minimizing curve, we assume that the
system starts empty. Then the low priority is given to buffer I (unless in times it is empty) and it fluctuates,
and the other buffers get priority and, hence, are almost empty. This is the situation until buffer I exceeds level a;.
Then, buffer I receives priority and decreases rapidly until it goes below level 4; and now again is low
prioritized. This way, although buffer I — 1 is not empty, buffers I and I — 1 exchange priorities so that buffer |
remains around the level 4; and buffer I — 1 fluctuates.

Remark 2. Pay attention that the service policy does not depend on the ambiguity, but rather only on the prior-
itization of the buffers according to the holding costs. The ambiguity, which is folded into the parameter ¢, plays a
role in the rejection level 2, which equals B, unless . = b, in which case a is very close to .. As mentioned in the
introduction, the candidate policy (again, with a different rejection level) is also optimal under the moderate-deviation
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heavy-traffic regime. This fact illustrates the robustness of the service policy, especially because our formulation allows
for time-varying rates.

Recall the definition of 0" given in (10).

Theorem 1. Assuming that xo:= lim, ., 0" - X"(0) exists, then
lim V*(X"(0); x) = V(xo; €). (30)
n—oo

Moreover, for every n € N, denote the policy constructed by (U"(a),R"(a)). Then, there is a function w; : Ry — R,
satisfying wy(0+) = 0 such that

limsup sup J"(X"(0), U"(a), R™a),Q"; k) < V(xp; €) + w(Be — a). @31)
n—e0 - Guedn(Xn(0))

Recall that the parameter 2 can be chosen to be arbitrarily close to f.; see the paragraph following (23).
Therefore, by a diagonalization argument, one can deduce an asymptotically optimal policy generated from
U"(a). The proof of the theorem takes place in the next two sections. In Section 4.2, we show that the game’s
value function V bounds from below the liminf of the QCP’s value functions. That is,

liminf V(X" (0); x) = V(xp; €). (32)

In Section 4.3, we prove (31). Together, we obtain (30).

4.2. Proof of (32)

The proof follows along these lines. We equip the maximizer in the QCP with a measure in such a way that its
one-dimensional folding onto the workload scale is the equilibrium measure Q,, from Proposition 1. The DM is
equipped with an arbitrary sequence of policies {(Y",R")},. Using weak convergence arguments and pro-
jecting the I-dimensional processes on the workload vector 6" (see (10)), we show that, along every converging
subsequence, the projected dynamics converges to the dynamics given in (16) with ¢ = ¢y (see Proposition 1)
and establish the lower bound for the value functions.

The main difficulty of this argument is that, because {(Y”,R")}, is an arbitrary sequence of singular controls,
one Cannot expect this sequence to be tight. Therefore, we use time stretching in order to prove the lower
bound.? The idea is as follows. Take, for example, the process R". In Section 4.2.1, we stretch the time (using
the same transformation for all the processes) and generate a process R" in such a way that {R"} is Lipschitz-
continuous with Lipschitz constant one (over intervals of order one) and, therefore, tight and converges to a
process R. Then, in Section 4.2.2, we go back to the original scale by an inverse time transformation and get the
process R, which is used in Section 4.2.3 to get the value function of the RSDG.

We start with setting up the maximizer’s measure in the QCP. Recall the definition of 0 from (12). For every
teR,; and i €[], set

(06);8; 026

Pi(t) = SR V’(e X"(t-); €) (33)
i . K1, l\/_ " L K2, z\/_
Y1) = —— lll’, 0,  Pot):=~ m% (®), (34)
and also
Yl :=A + 1,@;1,14(15)(/\1»11)1/2 and Py () =i + I/A)Zli(t)(yin)l/z. (35)

Let {(@;fi}j/i,n be the relevant measures defined as in (6). Notice that, from Proposition 1, 0 < V’(; ¢) < r; hence, it
follows that all the processes mentioned in (33) and (34) are uniformly bounded by some constant. Namely,
there exists a constant Cyp >0 such that for every je {1,2}, i€ [I], n€N, and f € R,,

1970 < Co. (36)
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We now simplify the change of measure penalty from (5). Because A!(-) — follZin(s)ds is a martingale under (@]’»fi,
we get the following sequence of equations:

LY(Q IP7 )

T 0o t
:]E@i’,i/o pe—é’f(/o log( /\())dA”(s) /(Ipll(s) /\”)ds)dt]
. [ poo t n
_ % /0 pe—et( /0 1og("b1Nf ))(dA”()— " (s)ds)
; 1 @7)
; /O :¢1,(S)l g(l’bl (8 )) ljz’f,i(s)+/1?;ds)dt]

— B /0 wpe_"t( / {¢11(S)1 g(l'bll( )) ¢?,i(s)+/\?}ds)dt]
- 5% [Cefyrmto g("’“( ) - vt k|,

where the last equality follows by changing the order of integration. Similar calculations apply to the change
of measure penalty associated with the service time. Set y" = {¥ (t)(Ain)'/2/A}. Then, [y"| < Cyn~ /2 + o(n™/2).
Noticing that |(1 + ") log(1 + y") — y""| is uniformly bounded over n and recalling (35), we get that there exists a
constant C; >0, independent of n and ¢, such that

s

i=1 K1,

1
~ 1 A
LIQ P ) + > fKZ.Lg(@QiIIPﬁj) <G
i=1 N2,

Fix an arbitrary sequence of controls {(Y",R")},. We focus only on those n € N for which
J(X"(0), U", R", Q" k) < V(xo0; €) + 1. (38)

For the n’s for which the reversed inequality holds, we obtain J"(X"(0), U",R”,Q”; K) > V(xp; €), and the lower
bound holds without even taking a limit. Therefore, for every t € R,,

N R A t R
e “EY'[7- R"(H)] < EV [ / e 7 - dR"(s)| < V(xg;€) + Co + 1, (39)
0

where Q" = 1(Q X Qz ;). This property serves us in Lemma 2 when we claim tightness of a time-rescaled
version of R".

Recall that the intensity of S/(T}) is ¢ U} and that dTj(s) = Uj'(s)ds. Then, under the measure Q", the
dynamics of X" can be expressed in the following convenient form:

X () = X7(0) + 't + A() — D} (t) + Y (1) = R} (1) (40)
e[ B (o) — 2 / 92, (6)TH(s),
where
A= {aro - [yt (1)
Di0=n (st - [ e )
Set A" = (Ar,... A”) and similarly D" = (D}, ..., D¥). By standard martingale techniques, A" and D" are 4!
martingales under Q", where recall that ¢! is given in Definition 1(i); see, for example, the arguments given in

the proof of theorem 3.4 in Kushner and Martins (1993).

4.2.1. Time Rescaling. Recall the definition of 0" from (10). For every n € N, define

()=t + 60" RN+ 0" -Y'(H), teR,. (43)
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Because R" and 6" - Y" are nondecreasing and RCLL (see (7)), it follows that 7" is strictly increasing and RCLL.
Moreover, for every 0 <s <f, () — 1"(s) > t —s. The time rescaled process is given by

T'(t) := inf{s > 0: 7"(s) > t}, teR,.

Notice that 7" is nondecreasing and continuous. Also, because Y" is continuous and the jumps of R" are of
size %, we get that there |7"(7"(t)) — t| < [|6"||/v/n and

0<7"(t) <s if and only if (s) >t >0. (44)
Define also the following rescaled processes:

L(n)=L"z"(1), A"H:=A"T"(¢), D'(B)=D"("(t), T'(t):=T"F"1),

for L=X,Y, and R.
Lemma 2. The sequence of processes

{(A",D”,A",D”, Xn &Y R, T,

~~~~~

Xl(t) = 5(1(0) + ﬁll’f(t) + 611(96),£1/ V/(Q . X(S)} é)d%(S) + C},B,(f) + Yl(t) — R,’(t), (45)
0
A(t) = A(x(t), DM =D@®),  Tt):=(p1,...,pE(), (46)

where B=(By,...,B)) =6 (A-D)isa martingale w.r.t. its own filtration and with quadratic variation (-)$, where $
is the identity matrix of order I X 1.

The proof is given in Section 6.
By reducing to a subsequence and by Skorokhod’s representation theorem (see Billingsley (1999), theorem
6.7), we may assume without loss of generality that there is a probability space (Q* %, Q") that supports the

~~~~~

m(fw DA B R 2 YR T = (A, D, 4,D, %7, 7, 12, T); 47)
Q" a.s., uniformly on compacts (u.o.c.). Throughout the rest of Section 4.2, we consider the probability space
(¥, %, Q") and without loss of generality occasionally assume that (47) is at force.

The following lemma states that the time-rescaled process (f) grows to infinity together with t. Loosely
speaking, it implies that the processes {(R", Y")},, do not explode as 1 — oo and that a right-inverse function
77! exists; see the next section. Hence, we can make the transformation back to the original time scale. The

lemma plays an important role in the proof of Proposition 2, and its proof is provided in Section 6.

Lemma 3.
tlim T(t) = 00, Q-a.s.

4.2.2. Back to the Original Scale in the Limiting Environment. We now define the inverse of 7, which brings the
limit processes back to the original scale. Set
() := inf{s > 0: T(s) > t}, teR,.

One can verify that 7 is right-continuous and strictly increasing. Moreover, lim; . 7(t) = co Q" a.s. and from
Lemma 3, for every t € Ry, 7(t) <o a.s. Finally, for every t € Ry, T((t)) = t, ©(T(t)) > ¢, and

0<T(s) <t if and only if T(f) > s> 0.
The time-transposed processes are defined as follows:
X'()=X(e(), A'():=A@(), D'()=D(x()),
Y'()=Y(x(), R():=R(), T()=T(()).
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From (45); the equality 7(7(t)) = t; and Protter (2004), theorem IV.4.5, we have, for every t € R,,
¢
X:() = X;(0) + myt + 6,7(96);»&/ V(6 - X*(s); e)ds + 6;B;(t) + Y;(t) — Ri(t), (48)
0

where
=(B;,...,B)):=6"1(A" - D").

The relevant filtration in the limiting environment is now provided. Set 4 = G*(t):=o{(X(s), A(s), D(s), Y(s),

R(s)), 0 < s < t}. Notice that, for every 0 <s<t<oo, {t(s) <t} = {Z(t)>s} € ‘Q‘*(t) Therefore, 1(s) is an optional

time for % (t). From Karatzas and Shreve (1991), corollary 2.4, 7(s) is a stopping time for the complete right-
continuous filtration 4, = CQ(t) =@ (t+) V N, where N is the collection of Q*-null sets. Using the monotonicity of
t7(t), we get that G :=%G(1(t)) is a filtration.

Proposition 2. The process B* is an I-dimensional standard Brownian motion under the filtration §;.

The proof uses classical martingale arguments and is given in Section 6.

4.2.3. Asymptotic Lower Bound. We are now ready to analyze the cost function. We start with an upper bound
for the limit of the Kullback-Leibler divergences from (5). Recall (37) and consider y" = ¢} (£)(Am)"/2/A}. By
(33)—(35) and because 0 < V' <r (Proposition 1), " > 0. Notice that for every y >0,

(1+y)log(l+y)—y < %yz. (49)

Because Ain/A} — 1 as n — oo, we get from the last display in (37) that

A A1 A
e < 9|5 [Cen i ora] o,

The same calculation yields,

A A1 N
L@y < B9 3 [T oran

+EQ [/ome—@f@s,i(t)ﬁd(ﬂ(t) ~pit)] + o).

The last expectation is of order o(1). Indeed, by (33) and (34), (fb’zl,i(t‘))2 =¢(V'(0- Xn(t-)); ¢))? for some ¢;>0.
From Protter (2004), theorem IV .4.5,

fo "W (0)PATIE) - pif) = /0 " e O (7 (1) PATIE () - i ()
- ¢ / "m0V (0 - XM -)PATIE (D) - piE ().
0

From Lemma 2 and Dai and Williams (1996), lemma 2.4, the last integral converges to zero, Q" a.s. Although
the mentioned lemma is stated for a finite time interval, the discounted cost, the boundedness of V’, and the
bound T"(t) < t allow us to take the integral’s upper limit to be infinity. Now the uniform boundedness of the
integral implies that the expectation of the last integral converges to zero as well. Using the preceding
representations, together with (11), (33), and (34), it follows that

s b

=1 KLi

L{(Q} P} )+Z L"(QZ,HPZ,)_ ]EQ [ /0 mezaz(V’(G”-X”(t);e))zdt +o(1). (50)
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Notice that X" ‘has only a countable number of jumps during the time interval [0, ), and therefore, we
could replace X"(t—) by X"(t) without affecting the integral. From (4); the preceding; and Protter (2004),
theorem IV.4.5, one has

J(X"(0), U", R", Q"; )

> EQ / me—@f{[ﬁ-xn(t)—(wv'(eﬂ-X"(t);e))z/(Zg)]dt+f-d12"(t)} +0(1)
1/ 0

_ o / me-@f”“){[ﬁ XM = (ea V(O - XM(TM(1)); €))? ] (2e)|dT" () + 7 - dfz”(f”(t))} +0(1)
L/ 0

+o0(1).

_Eo| / me-@f”“){[ﬁ XM = (eaV' (0" - XM (E); €)))(2€)|dTH(E) + 7 - dﬁn(t)}
L/ 0

Recall that /- X" and R are nonnegative; that X" is uniformly bounded; and also that R” is nondecreasing,
continuous, and bounded on any compact time interval. Then, from (47); Dai and Williams (1996), lemma 2.4;
and the bounded convergence theorem, we get that Q" almost surely for every s € R,, one has

lim inf e-@f"“){z%.)?”(t)df"(t)+f-d1§"(t)}z lim / e-@f”“){ﬁ-)?"(t)df"(t)+f-d12"(t)}
n—oo 0 n—eo Jq

_ / Se—@f@{ﬁ X(td(t) + 7 dR (D).
0

Taking s — oo (the upper limit of the integral) first and then E¥ on both sides, we obtain

n—oo

liminf EY [ / e-@f"@{l% XM (DA + F - dﬁ"(t)}
0

> Y [ /0 me“ﬁ(t){fz - X(BDdE(E) + 7 - dﬁ(t)}].

Using now 0 < V' <r; ()N(”, ’E”)::»()N(, 7); Lemma 3, Dai and Williams (1996), lemma 2.4; and the bounded
convergence theorem, we similarly get that

liminf EY

n—o0

- / et (g (07 - (P )2/ (26)d (1)
0

> EQ*[—/ e D (eaV' (0" - X(t); s))2/(2€)df(t)}.
0
Combining the last two bounds,

liminf EY

n—o0

/ T Ol R~ (eoV (0" K8y )2/ Qe)T(E) + 7 dﬁn(t)}]
0

> 2| / me—@f“){[fz () = (eaV'(0 - X(1); €))2/ (2e)dE(E) + 7 - dﬁ(t)}]
0 (52)

- EY / e-vf{[ﬁ-x*(t)—(eov'(e.X*(t),-g))z/(ze)]dwrf.dR*(t)}]
L/ 0

> 1| / we‘@t{[h(e X (b)) = (eaV'(0 - X*(1); €))2/(2€)]dt + 1 - d(O - R*(t))}],
1J0

where we used Protter (2004), theorem IV.4.5, to get the equality. Indeed, recall that 7(z(t)) = ¢, X'(t) = X(t(t)),
R*(t) = R(7(t)), and Lemma 3. The last inequality follows because, by the definitions of & and r (see (17) and (18)

and Cohen (2018), equations 2.45 and 2.46), h(0 - X*(t)) < h-X*(t) and foooe‘@trd(e -R*(1)) < foooe‘gt? -dR*(1).
Denote B:= (2{21(66)187)10 and (X,Y,R):=(0-X",0-Y",0-R"). Then, from (45), together with (11), (13), and
the limit xg = lim, . 0" - X"*(0), we have that

X(t) = xo + mt + o/teoV’(X(s); e)ds +oB(t) + Y(t) = R(t), teR,. (53)
0

From Proposition 2, we get that B is a standard one-dimensional Brownian motion w.r.t. ‘6;. Hence, property
(i) of Definition 2 holds. Also, property (ii) follows because 6" - Y" and R" are nonnegative and nondecreasing;
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see (7). Hence, (19) and the definition of Q, in Proposition 1 imply that the last expectation in the sequence of
relations in (52) equals [(xop, Y, R, Qy; ¢). Together with (51), we have

liminf [*(X"(0), U",R",Q";x) > J(xo, Y, R, Qy; &) = V(xp; €).
n—oo

Because the sequence of policies {(U",R")}, is arbitrary, it follows that
liminf V*(X"(0);x) > V(xp;€). O

4.3. Proof of (31)

In this section, we consider a sequence of arbitrary strategies for the maximizer and show that, in the limit, the
candidate policy for the DM is bounded above by the value function of the RSDG. That is, asymptotically, the
maximizer cannot punish the DM more than the equilibrium in the RSDG.

Recall that the maximizer’s strategy can be equivalently formulated as rate perturbations. We start with
considering an arbitrary sequence of strategies for the maximizer that is not too costly. That is, the rates are
only moderately perturbed by the maximizer. Then, in Section 4.3.2, we prove a state-space collapse property.
Specifically, we show that, by using the candidate policy, the dynamics of the buffers’ sizes stay close to y*
from (25) under the perturbed rates. In Section 4.3.3, we asymptotically bound the expected cost; in order to
estimate the change of measure penalty, we truncate the rate processes {{/;},;; and show that, by doing this,
the penalty does not change much.

4.3.1. The Maximizer’s Perspective. Consider an arbitrary sequence of measures chosen by the maximizer in the
QCP, {Q"},n, where each Q" € 9"(X"(0)). Recall that every measure Q" € 9"(X"(0)) is associated with the
processes {];};;; see (6). These processes stand for the “new” intensity of the processes {A}};, and {S}(T})}; .

To simplify the notation and some of the arguments, we consider one probability space (Q,%, Q) that supports
the processes {(A}, S}(T}'))};, and under which, for every n € N, the relevant intensities are {1/)] i}jin- However,

occasionally, when we want to emphasize the relevant measure, we use the measures {Qﬁ}n ;i and {Q”}n
Notice that the same calculation given in (37) is valid here as well, so

i) =% [ (v oos(H2) - vt + 1),

i@ eg) = 5% [y onos(42) - g0+ farrco]|

1

(54)

We now show that without any loss, the maximizer can be restricted to measures Q" e Q”(X"(O)), which are
“not too far away” from the reference measure P". The idea behind it, as is provided rigorously in the proof, is
that, by changing the rate, the rejection cost contributes at most a linear cost, and the penalty for the change of
measure is superlinear. Similarly to the bound in (38), without loss of generality, we may and do assume that

J*(X"(0), U"(a), R"(a), Q"; %) > V(xo; ) — 1. (55)
Define
=m0 - A7), and 95 (8= (i) A (@5(0 — uf). (56)

Recall that, in the previous section, the maximizer was given a specific strategy for which sup,;; |¢]l(t)| was
bounded. Because we consider now a sequence of arbitrary strategies for the maximizer, it does not hold in
this case. However, as we show in Proposition 3 and in Section 4.3.3, this is approximately the case.

Proposition 3. There exists M >0 such that, for every n > ng and every i € [I],

E@[ [ e (1. ma+ g oumin) + [Ce (@ orar @ oraro)

and

<M.

E@[ /0 —@f(wl,(t)l g(%( )) Ebllq,i(t)‘i‘/\?)dt—f— / “”(1{»21(1&) o g(ll/:( )) o (f)+y7)dT?(t)

1 1
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Proof. The second bound follows from the first one together with inequality (49). Thus, we only prove the first one.
As argued in Atar and Shifrin (2014), for every t € R,

IR (DI < CA+ ¢+ A", + 1D"1],),

where, in the preceding expression and in the rest of the proof, C refers to a finite positive constant that is
independent of n and ¢ and which can change from one line to the next. Denote

1
@'0:= (9500 + 950U ®),  teR

i=1

Recall the definitions of A", D" given in (41) and (42), then

t
IR"(#)]| < c(1 +t+/(p”(s)ds+ A", +||D"||f). (57)
0
Applying the Burkholder-Davis-Gundy inequality to A” and D" and noticing that n Yl < CL+nY 2|1/A)]’.f1.|),
we have
- N It
EC[|A"|?] < Cn_lEQ[/ P (s)ds| < C(t + n_l/ZEQ[/ ¢§‘,i(s)ds]),
0 0
- g o (58)
B < oS [yt o) < i+ e [ g em))
0 lJo
Hence,
i ot ]
EQ[|IR"(#)ll] < c(1 +t+EC /(p”(s)ds ) (59)
0 ]
An application of integration by parts yields
/ e P dRM () = [-ple P RU(B|S0 + / oe™%7 - R'(t)dt, (60)
0 0

and changing the order of integration implies

00 t 00
/ e / @"(s)ds = / oe %" (t)dt.
0 0 0

Notice that the first term in (60) is nonpositive. Taking expectation on both sides of it and using the bound (59),

we get that
/Owge_gt{/ot(p”(s)ds}dt])
/Oooge‘@tgo”(t)dt]).

Clearly, - X" is bounded. Then (55) and the last bound yield that

E@[ / e™%% - AR (t)
0

< C(1+E@

- c(1 +EQ

| [ (@ @ pamo)

sc0(1+E@

[ e {19 enat-+ 13,00 0)
0

), (61)

for some Cp >0, independent of n. Because the function z —2z2 is superlinear, there is a constant C; € R such
that for any z € R, 22 > C; +2Cyz, and thus,

= [/o me_gt ((¢T,i(t))2dt + (@;ri(t))z AT t))

> Cy +2C, (]E@[ /O me-@f(@;i(t)ut + |@§',i(t)|de(t))]).
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Together with (61), we obtain that

EQ <1-C,/Co,

[ e {19 e0at-+ 193,00 0)
0

and the result holds by another application of (61) and the preceding bound. O
Define

W ()= /0 oo, and W)= /O 2 (AT (D),

A

and set ‘i’]” = (‘I’]’f,.;z' € [1]). The next lemma assures that {(\P", ‘i’g)}n has a converging subsequence and that any

of its limit points has continuous paths with probability one.

Lemma 4. The sequence {(\W, 1)}, is 6-tight.

The proof is given in Section 6.

4.3.2. State-Space Collapse: Staying Close to the Minimizing Curve. We consider a set of one-dimensional
processes. It is obtained by multiplying the scaled processes by 0" (see (10)). For its definition, denote

W= A" = D" + @, (62)

and
W= (W"), X" .=0"-X", Y*":=0"-Y", R¥:=0"-R" (63)

Moreover, set §" =071 5L, 07A;*P%, Yy =071 5L, 07u}/*{4, and

we)= [y wo= [ e (64)
The identity from (40) is valid here as well and can be expressed as
Xi(t) = X7(0) + it + A1) = Dj(t) + Y7 (0) = RY(H) + 47207 (1) = 295,00, (65)
As a result,
X#1(t) = X*"(0) + WH'() + Y#'(t) — R¥"(t) + o(‘lfﬁ’"(t) - \Ilg'"(t)), teR,. (66)

We now state a couple of results from Atar and Shifrin (2014) that are needed in the next section. The proofs in
our case are almost identical yet require some technical modifications, and they are deferred to Section 6. The
next two lemmas are needed to prove Proposition 4 and Lemma 7. The next lemma states that, under the
candidate policy given in Section 4.1, the busy time of every buffer converges to its traffic intensity.

Lemma 5. For every i € [I], {T"}, converges w.o.c. to T;, where Ti(t):= pit, t € R,. Moreover, {(A", D", W")},, is €-tight.
We now define another set of processes generated from the last set. Let 7" be the first time a forced rejection
occurred in the nth system and set
WO () := WH (- A7), XoM() =X AT, YOr() =Y (- AT,

on #n n on 4n n on 4,n n (67)
ROM():=R(-AT"), WO =WHI ALY, W) =W (AT

A minor modification from Atar and Shifrin (2014) that can be observed immediately is that we defined W
and W*" using A" and D" instead of A" and D".
We continue the proof of (31) with the case that the initial state lies close to the minimizng curve. That is,

lim X"(0) —"(xo)) =0  and 0"-X"(0)€[0,a], neN, (68)
n—o00
where recall that xo:= 6" - X"(0). As argued in Atar and Shifrin (2014), step 5, this condition can be relaxed by

considering a stopping time that indicates when the state is “sufficiently close” to the minimizing path. This
stopping time converges to zero. Then we may continue from that stopping time in the same way. The proof
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follows by the same lines as in case that the initial state lies close to the minimizing curve but with heavier
notation and is, therefore, omitted.
A modification of the two next results appear in Atar and Shifrin (2014), step 1.

Lemma 6. For every n € N,
(@A X", Yo", ROM™) = Tjoq(X*"(0) + W + o(W)" — W) + E"), (69)
where
E':'=@aAnX")-X""=0. (70)

Moreover, the sequence {(W°",X°",Y " R", W " WM} is G-tight.

Next, we provide a state-space collapse result and claim that the multidimensional process X" lies close to
the minimizing curve. Recall the dependency of the candidate policy on the parameter 6.

Proposition 4. For sufficiently small 6y, the following limit holds u.o.c.:

X" - (X = ,
as n — oo, and moreover, for every T >0, lim, e Q(T” <T)=0.
From the limit lim, Q(7" <T) — 0, we conclude that {(W*", X*", YA, R WA PR s 6-tight.

4.3.3. Asymptotic Bound for the Costs. In this section, we take advantage of the convergence of the dynamics to
the minimizing curve we just argued. We start by showing that the expected holding and rejection com-
ponents of the cost can be approximated by equivalent components associated with one-dimensional dy-
namics. Then we approximate the one-dimensional dynamics with simpler dynamics for which the intensities
used by the maximizer are truncated in some sense. The difference between the expected holding and rejection
cost components of these dynamics are shown to be small. The reason for this reduction is as follows. Al-
though we know that the Q a.s. absolutely continuous valued processes (W, W%) are é-tight and, therefore,
have a converging subsequence whose limit is denoted by (‘f’l,\f!z), it does not imply that (@ a.s. the paths
of (\ffl,‘f/Z) are absolutely continuous. Hence, we cannot argue, for example, that ¥, is of the form ‘f’u =
fd 92’1,1'(’5)‘1’5 for some 1,7}1’1.. As a consequence, we cannot express the limiting measure for the maximizer nor the
change of measure penalty using IZJU as can be done, for example, in (54) by substituting {7, = A} + gAb’f/i(Ain)l/ 2,
After this reduction, we bound the change of measure penalty. Finally, the expected cost associated with the
uniformly bounded rate dynamics is approximated by the value function of the RSDG.

4.3.3.1. One-Dimensional Reduction. We start with showing the following uniform bound:

lim sup EQ/ e (R™(t))?dt < co. (71)
0

n—00

To establish this, recall the bounds in (57) and (58). As a result,
IR ®IP] < C(1+ & + BN + 13 IP]),

for some constant C>0 independent of n and t. Together with Proposition 3, (71) follows.
Now turn to the holding and rejection costs. By the definitions of the rejection mechanism and of R*" in
Section 4.3.2, on the event {t" > T}, one has

R™(T) = RI(T)er = i R¥"(T)e;.
Relations (59) and (60) imply that

]EQ[ /O " eatp. dzi"(t)] = E@[ /0 " e ttp ﬁ"(t)dt]. (72)
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Recall that h*(w) = i - y*(w). Then, Proposition 4, the boundedness of X" and K(X*"), the bound R*" < ||0"|
IR, and (71) imply that

lim EQ[ / TR R0 + of - RM D)~ / "o (X (1)) + Qrﬁ”'”(t)}dt] _
0 0

n—o00

where we used the identity r = r;u;; see (20). Using the limit lim, Q(1"<T) — 0 and (72), we deduce

lim EQ

n—o0

f me-é’f{ﬁ - X"(H)dt + 7 - AR (1)} — / me‘ﬁ‘t{h“(X"'”(t)) +orR °'”(t)}dt] = 0. (73)
0 0

4.3.3.2. Truncated Intensities. We now show that the maximizer can use probability measures for which
{110],}],” are uniformly bounded from above by a sufficiently large constant k without too much lost.

Recall that, under Q, AN - fogl)ll(t)dt and S/(T}(-)) - fol,bzl(t)dT"(t) are martingales. We now truncate the
intensities and consider the Q martingales A™(-) — fogb’f “(H)dt and SMH(TI(-) - /Olpg’k(t)dT” *(t), where

AGESTOR (/\in)l/szfi(t)]l{|¢;,.(t)|>k}/
Yo (0= () = () 95,0 44y oy
and T = (Tl-”’k e [I]) is the DM’s control associated with the intensities {1p] ,k}}l Denote 1/}]”,]‘ ():= 1/1] ()1 15,01k
je{1,2}. Clearly, |¢ F|<k and
YL = A+ PR Am)2 + o(n''?),
DE(E) = ) + i O (um)' + o(n'?).
The processes (A™F, D"F) and (A", D") are coupled such that, for every i € [I],

(A — ATR)) = ()2 /O PrL g1 opadt

' (74)
(D} = D)) = (uim)'? /0 95O 43 0o dT7 (0

are martingales.

Define A" :=(A" :ie[I]) with A :=n"12(AM() - fo¢fk(t)dt) and similarly define D"*. For every L €
{W,X,Y,R,W;,W,}, let [** and L*"* be defined as [* and L*", where the intensities (l/)ll,llig ¥) are replacing
(i, ¥5,), i€[l] and let T'* be the equivalence of T” in this setup. Also, let ¥ be the first time a forced
rejection occurs in this setup and set L™ := L#"5(- A ™ F). Clearly, Lemmas 5 and 6 and Proposition 4 hold in
this case as well, where the superscript n is replaced by n,k. For the sake of exposition, we state all the
necessary results here.

As a private case of Lemma 5, we get that {T"'k}n converges u.o.c. to T =(T4,...,T;), where recall that
Ti(t) = pit, t € R,. Proposition 4 implies that, for sufficiently small 0y, the following limits hold

lim X"k — 7(X*") = 0,

and for every k, T>0,
Q(t"* <T) = 0. (75)

Lemma 7. For every n € N,
(a A XMk yomk Remky = Tpo g (X#(0) + W™, 4 g(WF —womky 4 by, (76)
where

E":=(a A XM = X =0, (77)
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Moreover, the sequence {(W "k, X ok, yenk Renk e nk \1’2‘”””‘, \f’ﬁ"k,\ff’z"k)}n is G-tight and any subsequential limit
of it (Wok, Xk, Yok ROk ok W2k @k k) satisfies Q a.s.

(Xo,kl Yo,k,Ro,k) — F[O/a](XO,k(O) + Wo,k + O—(\ijlork — \Ilzo’k)), (78)

where X °%(0) = X*"(0) = xo, W is an (m, o)-Brownian motion w.r.t. the filtration F,:=a{W°*(s), X°K(s), Y °K(s),
ROK(s), WK (s), Wk (s), Dk(s), Dh(s) : 0 < s < t}, and

I I
Wk =07t 300 PRk, R =0t Y oD (79)
i=1 i=1

Moreover, there are processes {éﬁi}j/i, progressively measurable w.r.t. G} such that
bL0) = / B, B0 = / @, (80)

which satisfy max;; ”(2)}(,1'”00 < k. Finally, Q as.,
limin /0 T Pt 2 /0 e @k ()P,

lim inf / e (DER()2 AT () > / e (P (1) pidt.
n—oo 0 4 0 4

Proof. The Skorokhod mapping formulation of the prelimit processes, the limit in (77), and the ‘“-tightness are
private cases of Lemma 6. These results imply the Skorokhod formulation of the limiting process in (78).
The expressions in (79) follow because 0" — 6, and from (64),

I I
W) =0T D OAPOTE A, W) =0t S 00 P (T A ). (82)
i=1 i=1

By definition, for every i € [I] and j € {1,2}, |1,Ab;fl’.k| <k, and therefore, Q a.s., {‘i’;gk}jli,n are all Lipschitz-continuous
with the same Lipschitz constant k. Because Lipschitz-continuity implies absolutely continuity, from section
IV.17 of Dellacherie and Meyer (1978), we get the existence of progressively measurable processes {qb;?,i}]-/,- such
that (80) holds.

The bounds in (81) follow immediately from Cohen (2017), lemma A.3, noticing that, by the Skorokhod rep-

resentation theorem, the convergence (Tf’k,\llg’f) = (T;, d% ) can be replaced by u.o.c. Q a.s. convergence.

Finally, we prove that W °f is an (m, 0)-Brownian motion. The martingale central limit theorem (Ethier and Kurtz
(1986), theorem 7.1.4) implies that {(A™k, S"})}, converges to a 2I-dimensional (0, §)-Brownian motion, where S" =
(St :ie[I]) and

t
SRt =12 (s?(t) - /0 z,bz,i(s)ds), G = Diag(A12,..., A2l ).

Using a lemma regarding random change of time from Billingsley (1999) with T — T, gives that {(A"*, D)}
converges to a (0,5)-Brownian motion, where

Si=(AV2,.. A2 A1, AL,

As a result, from the definitions of W, Wk and Wonk (see their equivalences in (62), (63), and (67)), we get
that W°* is an (m, 0)-Brownian motion w.r.t. its own filtration. The proof that its filtration can be replaced by
% follows by the same lines of Proposition 2 and is, therefore, omitted. O

The next proposition tells us that, by truncating the intensities, the expected cost does not change much.

Proposition 5. The following limit holds:

lim lim sup

k—oo

E@V we-at{h”(X“”(t)) + orR°"(t)}dt — / me‘gt{hﬂ(X A (E) + orR O'"'k(t)}dtH =0 )
0 0

n—oo0
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and for every i€ [I],

hm lim sup (’Lﬁ'(@'{iﬂ PR (oA

n—oo

)| + L ey - 5@

1)) =0 (84)
where QY and Qb7 are the measures associated with Y (t) = ATt + (Am)Y2PYE(H) and @3 ,(H) = pl't + (uin) /2Py (8).

Proof. From the representations in (69) and (76); the limits (70) and (77); the definitions (64), (67), and (82); and
Lemma 1, it follows that in order to obtain (83), it is sufficient to show that

hm lim sup EQ / e ||wemk — W°'"||fdt] =0, (85)
k— o0 n—oco 1Jo

hm lim sup EQ / e_9t||‘f/’f’f.‘ - ‘f’;’iﬂtdt] =0, (86)
k—oo oo /0 ’ g

Jim lim sup E2 / e-9f||\ifg{?—\ifgi||th;1(t)] = 0. (87)
—00 400 /o 4 4

Set the functions f{; : (=A?(A;n)/2,00) = R and f3,; : (—u!'(un)~'/2,00) = R given by
fl(x) = (A? + (/\in)l/zx) log(l + ()\m)l/Zx/A?)) — (Am)2x,
f0) = (1 + (uin) ) Tog (1 + (i) /7)) = (i) 2.

To obtain (84), recall (54). Then it is sufficient to show that

tim imsup € | (e #1710 - L M| =0, 8)
Jim imsup | e #120) - £ GLOWTI0)] =0 (59)

We start with the limit in (85). Simple algebraic manipulation gives the bound
Wk —wel, < C(IA™ — A"l, +[ID"* = D]},

where C refers to a finite positive constant that is independent of # and t and which can change from one line
to the next. From (74) and the Burkholder-Davis-Gundy inequality, we get that, for every i € [I],

A ~ t
ink % B R
E@[HA? —A?||f] <Cn UZEQ[-/O |1Vll,i(s)|]1{Itﬁ’l’,(S)l>k}dS]’

Now, changing the order of integration gives

n—oo n—o0

hm hmsup ]EQ[/ e | APK — Ar|2dt

00 t
< hm limsup Cn~ 1/2EQ[/ e‘gt{/ |1/A)’f,,.(s)|]l{|¢n (S)|>k}ds;dt} (90)
0 0 K
< hm llm Sup Cn_l/zEQ [/ Qe_gt|¢};i(t)|]1{|lj)n (t)l>k}dt:| = 0
0 1i

k—eo 1500

Pay attention to that, by Proposition 3, the last limit holds even without the n71/2 term.
The rest of the sufficient limits, namely (86)—(89), are treated similarly: notice that

”\IA’Il W?z”t <C Z W}l z(s)l]l{w,1 (S)|>k}d5
i=1

|f1n,z'(’77’111f5'((t)) _fﬂi(¢¥,i(t))| S C;fﬁi(ﬂ,z‘(ﬂ)ﬂﬂ @ )k

and similar bounds apply for j = 2 as well. We may continue in the same way as we did in (90), where now the
n'=2 term is absent, using the two bounds in Proposition 3. O
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We now show that the change of measure penalty in the truncated case can be approximated by a quadratic
form. From (54), the bound sup, |¢11(t)| <k, and Taylor’s expansion of log(1 + x), one has

@it = 545 [Ceniriona] o,

Similarly,

@ity = 65 [T ano) +o)

From (81), it follows that

I I

o . 1 Ak

lim inf [E —Lﬂ’(@ PR —Kz‘Lg(QZfIIP’Z’,,‘)
=1 K2,i

=1 K

©1)
1 1 ~[1 ) N I 1 o B R
> 3 Luly [ ora] + 5 Dutf] et wro] +ow,
i=1 12 =1 "4t
The identity
1 1 1
EOK% +k—20¢% > m(al - m)?, ki,kp>0, aj,a€R,
implies that
Lok ooy o 1 2% 2 > L (2 12
S B0 + 5 @07 > 1 (06,0 - p1 2,00 ©2)
where recall that &; = 2(1<1Z + %2,4). Set
k IS 2gk 12
¢ i=0" leei()\i Pri— (Ibzlp)
i=
By the Cauchy-Schwartz inequality,
I i
[6‘22(9@% Zzg (84,0 - p28,0)) = (@0
i=1 i=1
Then,
: k 124 £k ()2
(o (H) - t k1))?,
Wy (B0 - pl285,0) = @)
where recall that ¢ = 072 321_,(66)?8;.
From (91), (92), and the last bound, we obtain that
! 1, n 1 ) ® —0
mant | 33 LE@EIEL) + 3@ > B [t 93)
=1 K

Fix 61>0. Combining the last limit with the ones from (73) and (83) and recalling (71) and the bound
IR < le"IR™]|, we get that there is k;, >0 such that for every k > k;,,

limsup J*(X"(0), U"(a), R"(a), Q"; )
n—oo (94)

<EQ +01/2,

e 00 + R0 - 3 (@6
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where notice that (78)—(80) and the definition of ¢** gives
(X4 T4, R = T+ W% o [ 64,
Fix such k. Because a — f. as 69 — 0 (see the paragraph before (24)), Lemma 1 and (26) imply that
/O TR RAD) + R o (@A)l
= [T nE0) + rR) - o (@6

as 09 — 0, where

>-<|

(}_{ R) = F[O’BEJ (X() + Wo,k + 0/.¢#'k(5)ds) .
0

4.3.3.3. Obtaining the Upper Bound. As argued earlier, to conclude the convergence in expectation of the
preceding, it is sufficient to show that

limsupE

0l—>‘[3L

< 0. (95)

/ e RO (1) Pt
0

The proof is borrowed from Atar and Shifrin (2014), equation 85, and adapted to our case with the additional
stochastic drift o [[¢**(s)ds. Apply Itd’s formula to (X °¥)?; use the reflection conditions fot}_( °k(s)dY “k(s) = 0 and
JoXkdRK(s) = aRk (1) to get

ReA(t) = {(X° )R - ()2 +2 KA (s) + 0¢P($)ds] + ozt}.
0

Because X°f and o¢*k(s) are bounded, (95) follows easily. )
Recall the definition of | and V from Section 3.1 and that X°¥(0) = xo; then

lim EQ[ / me’@t{h”(}_("'k(t)) + orRk(t) — % (qb”"‘(t))z}dt]
0

o0
= 59 [T 00+ 0RO~ 5 (0401
=J(X*X0),Y,R, Q&) < V(xo;e),

where Q is the measure associated with the rate ¢*f. The last inequality follows by the optimality of the
minimizer’s reflected strategy; see Proposition 1.
Together with (94), we obtain that, for sufficiently small 6o >0 and large #,

J"(X"(0), U"(a), R"(a), Q"; ) < V(x0; €) + 1.
Because the constant 61(>0) and the measures {(@”}n were chosen arbitrarily, we get (31).

4.4. The Maximizer’'s Asymptotic Behavior

Recall that, under the measure (@ (sz) A} (S](T})) is a counting process with intensity ¢, (5 ,U}"). No-
tice also that, under the measures Q”l, j€ {1 2}, the critical load condition might be violated because we
do not restrict the intensities {110" }]”, in such a way. However, as follows from Sections 4.2 and 4.3, such
changes of measures are too costly and are avoided by the maximizer so that, as a consequence, on average,
i (t) = AT + 0(n'?) and ¢} () = u! + O(n'/?). Indeed, in the proof of the lower bound, we used the equilibrium
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control for the maximizer from the RSDG and set up the maximizer’s control in the QCP to be given by
(33)—(35). Therefore, the critical load condition holds.

In the proof of the upper bound, we show in Section 4.3.1 and, more specifically, in Proposition 3 that
P = A7+ (/\in)l/zﬁ);fl(t), where the expectations E9[ foooe’@th,@{’,i(t)ldt] are uniformly bounded in 1, and sim-
ilarly for y7 ..

The main reasoning for this phenomenon lies in the fact that we are studying a diffusion-scaled problem,
and as such, the uncertainty is expressed on the scaled system. Now, by observing the diffusion-scaled system,
the DM can rule out measures under which [¢}; — A7| + ¢}, — u| is of higher order than n'/? (for sufficiently
large n). This is because the diffusion coefficient in the limiting dynamics under the new measure would be
different from the one that emerges from the reference measure, and in the limiting problem, this could be
identified very quickly. Another reason is, of course, the structure of the penalty using the Kullback-Leibler
divergence, which also leads to a limiting problem with linear drift and quadratic penalty in the maximizer’s
control; see (19).

5. Future Outlook
1. Recall Remark 1(ii). Much as in the Markovian case, the heavy traffic approximation for G/G/1 also
scales (2) to (8), whose form uses the mean arrival and service rates A} and uf. In the change of measure given

by (6) appear the actual arrival and service rates under the measures P}; and (@}fi, namely (A7, ui') and (¢ (-),

Y5 :(+)), respectively. In the Markovian case (M/M/1), the mean and the actual arrival and service rates are
identical. Our technique heavily uses this identification. It is desirable to extend the main result of this paper
beyond the Markovian setting to general service time distributions and renewal arrival distributions under
second moment conditions.

2. Our model considers finite buffers and linear cost. The author is currently testing the robustness of the
generalized cp policy in the unconstrained case. I expect to benefit from the pathwise minimality property of the
Skorokhod mapping (see Atar and Biswas 2014) in three aspects: (1) replacing the Kullback-Leibler divergence
with a more general divergence satisfying basic properties, such as growth, continuity, and convexity; (2)
attaining the lower bound without needing the smoothness of the value function—this allows us to skip the
differential equation analysis done in Cohen (2018)—and (3) proving the lower bound without the time-
rescaling procedure. The state-space collapse part in the proof of the upper bound in this case should be
simpler again because rejections are not allowed. However, using a general divergence leads to a more subtle
analysis of the maximizer’s penalty part of the cost.

3. The present model assumes the uncertainty in the diffusion scale, and as discussed in Section 4.4, the
system stays critically loaded. The author studies a similar type of uncertainty in the fluid scale. In this case,
we do not assume a reference model, but rather the maximizer chooses the worst set of parameters (possibly
stochastic and time-dependent) within a given set of possible parameters without a penalty component. In this
case, it is less trivial that an index policy is asymptotically optimal.

4. Recently, Blanchet and Murthy (2019) quantified the impact of model misspecification when computing
general expected values using an optimal transport cost instead of divergences. It would be interesting to
tackle the QCP presented here and challenging the cu rule using optimal transport tools.

6. Proofs
Proof of Lemma 2. The ‘6-tightness of {7", Y”,R")},, follows by the following observation, which relies on the
estimate |[t"(7"(t)) — t| < ||0"||/v/n and the definition of 7".

2”«/65“ FE—s > T(E() - T(E(S) ©e)

= #(t) — T'(s) + 0" - R™() — 0" - R"(s) + 0" - Y"(£) — 6" - Y"(s).

Next, because the sequence {(7", f/”)];n is 6-tight, we get, by (7) and the limit un"/* — oo, that i 2 T
fror}l (40), the “¢-tightness of {7", Y",R”)}n, and (36), the “€-tightness of {X"}, follows once we show that
{(A",D")}, is 6-tight. Recalling that {7"}, is ‘é-tight, then in order to prove the latter statement, it is sufficient to

show the €-tightness of {(A”, D")}.
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For every i € [I] and 1 € N, the processes {]; and ¢ U} are the intensities of A} and D} := §](T}'), respectively.
Denote

(W2, ..., Wh):=(A",... A" D", ...,DV),
W = (W, W) = (A, AL D, DY,
W = (W, W)= (AL, ..., A" D", ..., D).

Therefore, for everyje {1,...,2I}, W]” is a martingale w.r.t. its own filtration under the measure @”. Notice that
the quadratic variation of W7 satisfies

N 1
UAREH ©7)

which is of order f thanks to (35), (36), and (3). Fix an arbitrary T>0 and a stopping time n. Then, by the
Burkholder-Davis-Gundy inequality (see Protter (2004), theorem 48) and (97), we get

A ¥ N 2 0TI Y A Y
(E¥ I+ ) = Wi o)ls) < B WG + ) = Wikl < CoBY W + )5 < Cad

for some constants Cs, C4 >0, independent of n, 6, and 7. Therefore, Aldous criterion for tightness holds (see,
e.g., Billingsley (1999), theorem 16.10). Because the jumps of these processes are of order O(n7/?), any limit
process has continuous paths with probability one and %-tightness of {W"}, is proved.

The first two identities in (46) follow by the convergence (Wn, W, 77} = (W, W, ©), which, in turn, follows by the
tightness of {(W”, W", ¥")},,. Finally, the quadratic variation of B follows by (35), (46), and the martingale central
limit theorem (see Ethier and Kurtz (1986), theorem 7.1.4).

As mentioned after Lemma 2, by Skorokhod’s representation theorem, we may assume that along a subsequence
(47) holds a.s., u.o.c. under some probability space that supports all the relevant processes. Now, from Dai and
Williams (1996), lemma 2.4; (33)-(35); and (40), we obtain (45). O

Proof of Lemma 3. Fix 0 <s <t. From (44), it follows that

Q(F'(H) < 5) = Q'(?"(s) 2 t) = Q'(s + 0" - R"(s) + 0" - Y"(s) > 1)
98
< %E@*[en R(s) + 6" - V(s)]. )

From (36), (40), and the inequality T"(u) < u, u € R, we get that there is a constant C5 > 0 independent of n and
t and such that

Yi(s) < Cs(1+ R} (s) + Al'(s) - DY(5)).
Recalling that Af’ — D7 is a martingale and (39), we get that the last display in (98) is bounded above by tc_—ﬁs for
some Cg >0, independent of n and t. Now, because, for every s € Ry and 0 < t < ¥, {7(t) >s} 2 {7(¥') > s}, we get
that

Q* (}gg () < s) = tlg?o Q(T(t) <5s).

(o3

=, we conclude that

d
Using the convergence in law 7" = 7 and because Q*(7"(f) <s) <

Qr (thm T(t) < s) < tlim limsup Q*(7"(t)<s) =0. O

n—oo

Proof of Proposition 2. We use the Lévy characterization for Brownian motions. Namely, we show that B*(t) and
B*(t)(B*(t))" — 9t are continuous local martingales w.r.t. §*, where recall that $ is the identity matrix of order I x I.
To simplify the presentation, set

/-”rél) =6_1(A_D),
...,B)=6"YA-D).

T3¢
I}
T3¢

B =(B],...,Bj)= 67" (A" - D),
B"=(B],..., Bj) = 67" (A" - D"),

T
1l
~~~ ~~~
T
s
S
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We start by arguing the continuity. From (47), (B” i B") — (B, 7,B) Q" a.s., u.o.c. and, therefore, B(-) = B(7(")),
Q" a.s., wo.c. Thus, B*(-) = B(z(-)) = B(7(t(-))) = B(:), which is continuous Q" a.s.; see Lemma 2. The proof that
B*(t)(B*(t))" — $t is a local martingale follows by the same lines of the proof that B*(t) is a local martingale. We
start with the proof of the latter and then add the missing details for the former. Recall the definition of %"
from Definition 1(i).

Fix t,s € R, and n € N. Notice that {7"(s) <t} = {t"(t) 2 s} = {t+0- R'(t) + 6 - Y"(t) > s € §". Thus, 7(s) is a
4y-stopping time. Recall that A" and D" are ¢/-martingales; then the optional sampling theorem (see problem
1.3.24 in Cohen (2018)) yields that B'(t+-) = BM((t + -)) is a 4" (7"()) martingale. As a consequence, for every i € [I]
and every 9"(7"(t))-measurable random variable ",

EY[(B(t +5) - B{(1)C"] =0

Recall that ¢+ 7"(f) is nondecreasing, and therefore, ¢"(7"(t)) is a filtration. Now, for every bounded con-
tinuous function g,

(A" (51), D™ (5m), Y"(5m), R*(51), ¥ (sm); O < sy < t,m=1,...,k)
= g(A"(#"(50)), D"(T"(51)), Y("(5)), R(Z" (1)), T"(5m); O S Sy < t,m=1,...,Kk)

is 9"(7"(t))-measurable, where k € N, and {s,,} is an arbitrary sequence. Combining the last two displays, one
gets

E® [g(A" (550), D™ (51), V! (5), R* ), P(s); 0 < sy < t,m=1,...,k) x (Bl (t +5) — BI(#))] = 0. (99)

From (40),
X(t) = X7(0) + i 2" (t) + AV(t) — f)"(t) + Y7(t) — RM(t)

" 100
e [ " g (s)ds — 12 / P2 ()ATIs). (o

From (36), (100), and the bound T"(u) < u, u € R, we get that there are constants C7, Cg >0, independent of ¢,
such that, for sufficiently large n, one has

BH(1)] < CH(0" - RU() + 0" - V(1) + 20(H) + 1) < Cs(t+ 1), teR,,

where the last inequality follows by the same arguments leading to (96). From (47), (99), and the bounded
convergence theorem, we get that

EY[g(A(si), D(si), Y(sm), R(s), Tsm); 0 < sy <t,m=1,...,k) x (Bi(t +5) — Bi(H)] =0, (101)

which implies that B is a %; martingale. }
Next, for every i € [I], we show that the composition B;(t) = B;(7(t)) is a %;-local martingale. For this, we need to
define the following stopping times. Fix M >0 and set,

ftim = inf{t > 0 : Bi(t) > M},
Tty = inf{t > 0 : Bi(t) > M}.
One can verify that t(m;p) = 7M. 5
We now show that B;(t A 7t;)1), which, by definition, equals Bi(t(t A 71;)1)) and is a %; martingale. Because
limpi—eo 1M = 00, Q" a.s., we conclude that B* is a “;-local martingale. For this, set, Bi,M(-) =Bi(- A 7tim). We use the

optional sampling theorem given in Ethier and Kurtz (1986), theorem 2.2.13, which (in adaptation to our notation)
states that, if for every t € R,,

EY|Bipm(t(t A 1tim))| < 00 (102)
and

lim E@(1Bim(T) Lz nsmy] = 0, (103)
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then, for every 0 <s <t,

E@[Bim(t(t A 1tim)) |9 (s A ip)| = EY [Bipa(T(t A 1ti0) | G(t(s A Tim))|
= Bim(t(s A i),

where we used the identity 9'(t) = G(7(t)). Therefore, B, (t(t A ;1)) is a %; martingale. Notice that

Bi(t A mtim) = Bi(t(t A mtipm)) = Bi(t(t) A t(rm)) = Bi(t(t) A T(mtim) A Foipm)
= Bi(t(t A i) A Rim) = Bim(t(t A 1))

and, therefore, B;(t A ;) is a 9; martingale. Indeed, the first and last equalities follow by the definitions of B*
and By, respectively. The second and fourth equalities follow by the monotonicity of the function ¢ 7(t).
Finally, the third equality follows because 7(m;n) = 7.

We now prove that properties (102) and (103) hold. Property (102) follows by the definition of B; . To prove
property (103), notice that

EY(1Bim(D L ens1y] < EX[IBim(TIL zmy<y| < MQ(E(T) < 1).

Now, from Lemma 3, the left-hand side of the preceding approaches zero as T — oo, and (103) is proven.

We end the proof by providing the missing arguments for the proof that B*(t)(B*(t))" — $t is a martingale. One
may go over the proof and replace the B; i(H)s, i € [I] with N,](t) =B; (t)B (t) = 6;t, i,j € [I]. The only difference
between the proofs lies in proving that N(t) = B(t)(B(t)™ — St is a G, martingale or, equivalently, in showing that
(101) holds with Ny, replacing B:. To this end, recall that Q"= 1((@11 X Q2 ;). Thus, {A},...,A},D},...,D}} are
mutually independent under Q" and, therefore, also under Q". Moreover using the contmulty of 7" and the
notation AL(t) = L(f) — L(t—), we get that, for any ,j € [I] i # j, the following equalities hold Q*-a.s.,

(B, B]”](t) = > AB?(S)AB?(S) Z AB;(7"(s))AB/ (T"(s)) =

O<s<t 0<><t

and

(B}, BI1(t) = [B}1(1) = > (AB}(s))* = 1A2 2 (AAJ(T'(9))? + (AD}(T"(5)))?

0<s<t i 0<s<t
(A”(f”(t)) + D} (7"(1)) ;=2 T(8),

~n

where the limit holds by the strong law of large numbers. Because Ef’(t)f%;?(t) - [E’?,B}q](t) is a 9"(7(t)) mar-
tingale, by taking the limit n — oo, one deduces that (101) holds with Nj; replacing B;. O

Proof of Lemma 4. From Proposition 3, it follows immediately that, for every T >0,

Jim Tim Q(|(¥7, ¥3)llr > K) =o.

—>007’l

Fix 6,n,K>0, and for every n € N, set

Pri= /0 o ((@;"i(s))2ds + (Ij;g,i(s))sz;l(s)). (104)
Clearly, for any K>0,
Q(oser((W7,W1),6) = 1) = Qoscr((W7, 1), 8) = 1, P > K) + Q(oscr((P7, 1), 6) = 1, P" < K). (105)
Proposition 3 implies that
lim lim sup lim sup Q(OSCT((\I’”,‘I’”) 6) =1, P">K) < hm lim sup Q(P">K) = (106)

70 550+ n—oo0 n—0co
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We now examine the second term on the r.h.s. of (105). In the event {P" < K}, Jensen’s inequality implies that
there exists a constant Cr >0, independent of 7, such that, for every 0 <s<t<T,

(D7, 2)(t) — (U5, U5)(s)IP < Cr(t —s)P" < CrK(t —s).
As a result,

lim lim Q(OSCT((\f’?,‘i’g),é) >1n,P" < K) =0.

6—0+ n—oo

Combining it with (106), we get

lim lim @(OSCT((\f’ﬁ’,‘f’g)fé) 2 77) =0,

0—0+ n—oo

and the “6-tightness is established. O

Proof of Lemma 5. By (65), we have
Il < 11X" Iy + A"l + D"l + 17" T + Call (P, )l + IR 7, (107)

where C, depends solely on {(A;, u;)};. From (57), it follows that there exists a constant C3 >0, independent of n
and T, such that, for every T € Ry,

IRy < Cs (14 T+ A"y + 1Dl + (&7, P9, )- (108)

Recall that ||X”||T is bounded, and from Lemma 4, ||(\17”,\f’§’)||T is tight. Then, once we show that {(A”,D”)}n is
@-tight, from (107) and (108), we get that {1Y"l:},, is tight. Now, by the definitions of Y" and p'—see (7) and
(3)—we get that {T}'}, converges u.o.c. to T:, where Ti(t) = pit.
We now argue the €-tightness of {(A", D")},. From (58) and Proposition 3, it follows that, for every T >0,
lim lim Q(|I(A", D"y > K) = 0.
K— o0 n—00
As argued in the proof of Lemma 4, it is sufficient to prove that, for every K>0,

lim lim (@(OSCT((A”, D"), ) > n,P" < K) =0,

6—0+ n—oo

where P" is given in (104). This follows because, under the event {P" <K}, the jumps of (A", D") are of order
n~Y2, and therefore, the limit process is continuous.

Finally, the ‘“6-tightness of {W"}, follows now by its definition. O
Proof of Lemma 6. By the definition of the candidate policy, rejections do not occur when X °" <a and the policy is
work-conserving; namely, >, U’(t) = 1 whenever X"(t) > 0. Therefore,

/Oll{xwt)q}dRo’n(f) = /0]1{X°«”(t)>0}dyo’n(t) =0,

and (69) holds.

Recall that {(W%", W5", W)}, is 6-tight and, therefore, also {(W;", W;", W°")},. Hence, in order to show the
6-tightness of all the processes as mentioned in the lemma, it is sufficient to prove that E" = 0. Fix T>0. It is
sufficient to show that, as n — oo,

+
sup X*"'(t)—a| =0. (109)
te[0,T]

For v>0, consider the event Q:= {supte[O/T]X°'”(t)>a+v}. On this event, there exist random times 0 <

1 <73 < 7" such that X*"(t7) <a+v/2, X*"(1}) > a+ v, and X*"(t)>a for every t € [t},7}]. Using the notation
L[s,t] = L(t) — L(s) for every process L and 0 <s <t by (66) and the fact that Y*" does not increase on an
interval for which the system is not empty, we have

a+v)—(a+v/2) < X”'”[T’f, 5]
= (W' + (3" — WiM)[7}, 73] - R¥"[1], 7]
= (W*" + o(WH" — W) [2h, 73] — n V2 AL [T}, 7],
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where we used the fact that the policy rejects all class-i* arrivals when X*" >a*. Fix a sequence " >0, 1" — 0,
such that n'/%" — co. In case 7§ — 7} <7", one has

v/2 < (WH" 4 a(‘I’ﬁ'" - \I’;'”))[T’f, ] < oscr (W™, ") + oscT(o(\I’ﬁ’” - ‘Ifg’”), )

and in case 75 — 7} > ", one has

2(|lo(w" —w3")

y e
I+ 1W¥"l) > A2Let, b = Afet, o)+ [ P o
T

> =2||A%ll; + Crr'n'/?,

for some Cr >0, independent of n. The last inequality follows because the last intergal must be greater than

Crr'n!/? for some Cr>0. Otherwise, there is a sequence of intervals {I"}, with lengths " such that

limy, oo (rn) ™ [, ¢1 ()dt =0 (recall that ¢/ ;>0). This implies that lim sup,(r"n)" LA n)29" (Hdt <0, and

therefore, for sufficiently large n, fln l,bl (t)dt < —=Cy4r"n'/? for some C4 >0 independent of n. This implies that

fl,, |1p1 (H|dt = C4r"n!/? — o0 as n — o in contradiction to Proposition 3. Therefore, the last inequality holds.
The tightness of {A"}, (see Lemma 4) and the %- -tightness of {(W*" \Pﬁn,‘l’” ")}, (Lemma 5) imply that

}gloqo[@ (oscT(W”'", ) > v/2) + @(oscT(a(‘Ifﬁ’” - Wi, ") > v/2)
+ QAW W + Wl + JA} = Crrn ) | = 0
and thus, lim,_, (@(Q’f) = 0. Because v>0 was arbitrary, we obtain (70). O

Proof of Proposition 4. This is the equivalent of equation 67 and the conclusion in step 3 in Atar and Shifrin
(2014). The proof there is given in step 2. We now provide an adaptation of Atar and Shifrin (2014), step 2, to our
case. For simplicity, we share most of the notation and provide the claims in the same order.

Denote by §={f€¥:0-2<a,%=)%0-%)} the set of points lying on the minimizing curve, and J*¥ =
{# €% : % = b; for some i}. These two sets are compact and disjoint. Hence, there exists v >0 such that, for any
0<v' <vy, 9" N(A@*X)" =0, where, for a set F € R/, we denote

FY = {%: dist(%,F) <v'}.

In the rest of the proof, we consider only v’ strictly smaller than vy. For sufficiently large n, forced rejec-

tions occur only when X" lies in (9*%)". As a result, as long as the process X" lies in §”, no forced rejections
occur. Therefore, 0" < 7", where

o' =C{"ACY " =inf{t: X*" > a+1'}, {" =inf{t: mﬁ]x X7 (t) = pH(XP" ()] = v}
1€

As a result, in order to prove the first limit in the lemma, it is sufficient to show that Q(¢" <T) — 0 for any
small v/ >0 and any T. Fix v" and T. Because o" < 7",

Q"<T)= Q" <T, 0" <) < Q" AT <TAT
<QC" < TAT)+ O <TATY.
From (109), it follows that Q((" < TA1") — 0 as n — 0. It, therefore, suffices to prove that
lim Q(C" < TAT") — 0. (110)

On " <TAT", let x":=X*"({") = X°>*(("), and let j =" and &" be the corresponding components from the
representation (j, &) of x" given in (24).

Fix a positive integer K = K(1’). Consider the covering of [0,b] by the K—1 intervals =y = B(kvy,v1),
k=1,2,...,K—-1, where B(x,a) denotes [x —a,x +a] and v; = b/K. Let also Z; = B(kvy,211).

Recall that X " are C-tight. Hence, given 6 > 0, there exists ' = ¢’(5, T, v1) > 0 such that, for all sufficiently large n,

|X°"(s) = X°"(f)] < vy for all s,t € [0, T],|s — | < ¢’, with probability at least 1 — 4. (111)
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Fix such 6 and ¢’. Denote by T":=[(C" — &’ v 0), "], and set
Q"= {(" < TAT", X" € By, X*'(t) € By for all t € T"}.

Then, for all large 7,
K-1
QU <TAT) <5+ >, QQ™), (112)
k=1

where we used the identity X*" = X°" on [0, 7"]. We fix k€ {1,...,K—1} and use a similar (but more ad-
vanced) argument to the one given in the proof of Lemma 6 to analyze QUk,

The value ass1gned by the policy to U" (see (27)) remains fixed as X" varies within any of the intervals (&;, @j11),
where &;:= X!_.., Oy, i € [I]. We now provide four separate cases, and under each one of them, for each k,
lim,,_>oo Qmk =0

L = Hk c (0,a), and for all j, a; ¢ Z.. Then we consider the following cases.

I. &, C (0 a), but &; € 5 for some j€{1,2,...,1-1}.

III. 0 € &y.

IV. a € &.

There may be additional intervals 2., but they are all subsets of (2, 00) and, therefore, not important for our
purpose.

We analyze only case I (and afterward comment on the other ones). This means that, in the representation of )7,
the jth component is the same for all the points x € Z;. Note that j:= j(k) depends on k only and, in particular, does
not vary with n.

Fix ie{j+1,...,I} (unless i=1I). We estimate the probability that, on Q"*, (" < T AT" occurs by having
X”(C”) V4 (X””(C”)) > v'. More precisely, because i>j, y{(x") = a;. Then we show that

for every v’ € (0,v'), QU™ N {XM(C") >a;+v"}) = 0 asn — oo. (113)

Recall the convergence of the initial condition given in (49) and that y* is continuous. Now, the jumps of X" are
of size n71/2, and therefore, in the event indicated in (113), there must exist n" € [0, "] with the properties that

X"y <a; +v"/2, X"(t)>a; for all t € [, C"]. (114)

In this event, during the time interval [1", ("], i is always a member of %(X™), and therefore, by (28) and (29)

4 Yr< - \/_ }
Set " = " v (T" — &). Then, for every t € [/", ("], one has X”(t) € Zx € (0,a), and therefore, no rejections occur.

Combining these facts with (65) and the definitions of A", D", and W™ given in (41), (42), and (62), we have

ui(t) = pl’-(f(”(t)) > p; + ¢ for some constant ¢ >0, independent of . By the definition of Y/” from (7)

R 01 = (W o+ AP, PO 1 - e o = i) (115)

where® we used the notation L[t,s] = L(t) — L(s) for any process L, and 0 < s < f. As in the proof of Lemma 6, fix
a sequence r" >0 with " — 0 and ryn — co. If (" =" <" and n is sufficiently large, then A" = n"; thus, by
(113) and the definition of n", X![#",C"] > v" /2. As a result,
oscT((/\}/z\f’” pl/z‘l’” ) r”) +oscr(W?, 1) > (W? + /\}/Z\ff” yl/z‘I/” )[17 " =v')2
must hold. If, on the other hand, " — 7" > ", then by (115),
2oy, = Wl + W) = (W + A2, = 20 ), ¢ = c%rn > cry Vi,
for some constant ¢ >0. Hence, the probability in (113) is bounded above by
@(OSCT(A}Q@/?i L /2\I’§‘1, ) > v”/4) + Q(oscr(WY, r") > v’ /4)
+ Q2{IN2 W1, — PP N+ IWE ) = eruvin),
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which converges to zero as n — oo, by the C-tightness of {W"},, and {)\}/ e — } .

The rest of the proof follows by the same lines as in Atar and Shifrin (2014), where again W is replaced by

W” /\1/ z‘f’ - U 1 Z‘I’ . The properties needed are the ‘6-tightness of {X°"}, and {W"}, (Lemmas 5 and 6); the
uruform Contlnulty of 7/ ; the convergence 0" — 0; and of the initial condition given in (68), the boundedness of %
and that the jumps of X" are of size n™'/2. O
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Endnotes

! Notice that this is a stochastic game, in which the minimizer chooses a strategy and the maximizer, who knows the minimizer’s choice, responds
by choosing a worst-case scenario. Also, we do not consider a statistical inference learning problem.

2 At this point, it is worth mentioning that Atar and Shifrin (2014) managed to bypass this issue by arguing the €-tightness of the integrands of the
relevant processes. Repeating the same arguments, one may show that the integrands of Xz , YZ ,and R” are ‘6-tight. Because V” is bounded (see

Proposition 1), we get that the sequence { /0 (1/)1/,.(5) - lpzli(s))ds}n is 6-tight. However, because we wish to obtain (after projecting on the workload
vector) the specific integral given in (53), we still need to argue tightness of X".
8 This is where the proof given in Atar and Shifrin (2014) requires modification: W is replaced by W + /\}/ Z\f/'l’/i - y}/ Z\f’g/i.
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