This article was downloaded by: [216.73.217.74] On: 15 July 2026, At: 03:05
Publisher: Institute for Operations Research and the Management Sciences (INFORMS)
INFORMS is located in Maryland, USA

- Stochastic Systems
A=

Publication details, including instructions for authors and subscription information:
http://pubsonline.informs.org

W
1:5 DX Open Problem—Iterative Schemes for Stochastic
Optimization: Convergence Statements and Limit

Theorems

Afrooz Jalilzadeh, Jinlong Lei, Uday V. Shanbhag

To cite this article:

Afrooz Jalilzadeh, Jinlong Lei, Uday V. Shanbhag (2019) Open Problem—Iterative Schemes for Stochastic
Optimization: Convergence Statements and Limit Theorems. Stochastic Systems 9(3):299-302. https://
doi.org/10.1287/stsy.2019.0043

This work is licensed under a Creative Commons Attribution 4.0 International License. You are free to copy,
distribute, transmit and adapt this work, but you must attribute this work as “Sochastic Systems. Copyright ©
2019 The Author(s). https://doi.org/10.1287/stsy.2019.0043, used under a Creative Commons Attribution License:
https://creativecommons.org/licenses/by/4.0/.”

Copyright © 2019, The Author(s)

Please scroll down for article—it is on subsequent pages

informs.

With 12,500 members from nearly 90 countries, INFORMS is the largest international association of operations
research (O.R.) and analytics professionals and students. INFORMS provides unique networking and learning
opportunities for individual professionals, and organizations of all types and sizes, to better understand and use
O.R. and analytics tools and methods to transform strategic visions and achieve better outcomes.

For more information on INFORMS, its publications, membership, or meetings visit http://www.informs.org



http://pubsonline.informs.org
https://doi.org/10.1287/stsy.2019.0043
https://doi.org/10.1287/stsy.2019.0043
https://doi.org/10.1287/stsy.2019.0043
http://creativecommons.org/licenses/by/4.0/
http://www.informs.org

Downloaded from informs.org by [216.73.217.74] on 15 July 2026, at 03:05 . For personal use only, al rights reserved.

dﬂf@f’ﬂfv STOCHASTIC SYSTEMS
s@ Vol. 9, No. 3, September 2019, pp. 299-302

http://pubsonline.informs.org/journal/stsy ISSN 1946-5238 (online)

Special Section: Open Problems in Applied Probability

Open Problem—Iterative Schemes for Stochastic Optimization:
Convergence Statements and Limit Theorems

Afrooz Jalilzadeh,? Jinlong Lei,® Uday V. Shanbhag®

@The Pennsylvania State University, State College, Pennsylvania 16801
Contact: azj5286@psu.edu (A]); jx1800@psu.edu (JL); udaybag@psu.edu, (2 https://orcid.org/0000-0001-5869-9561 (UVS)

Published Online in Articles in Advance: History: This paper was accepted for the Stochastic Systems Special Section on Open Problems in Applied
September 17, 2019 Probability, presented at the 2018 INFORMS Annual Meeting in Phoenix, Arizona, November 4-7,
2018.

https://doi.org/10.1287/stsy.2019.0043 Open Access Statement: This work is licensed under a Creative Commons Attribution 4.0 International

License. You are free to copy, distribute, transmit and adapt this work, but you must attribute this work
as “Stochastic Systems. Copyright © 2019 The Author(s). https://doi.org/10.1287 /stsy.2019.0043, used
under a Creative Commons Attribution License: https:// creativecommons.org/licenses/by/4.0/.”

Copyright: © 2019 The Author(s)

Keywords: stochastic optimization « stochastic approximation « central limit theorems

1. Central Limit Statements for Stochastic Gradient Methods and Their Variants

Central limit theorems represent among the most celebrated of limit theorems in probability theory (Lindeberg
1922, Feller 1945). It may be recalled that the sum of n independent and identically distributed zero mean
square integrable random variables grows at the rate of y/n. Consequently, by dividing this sum by n, we
expect its law to possibly approach a limit. This intuition is formalized by the central limit theorem (CLT;
Chow and Teicher 2012, chapter 9), and in fact, this limit is the normal distribution. Our interest lies in de-
veloping limiting statements for estimators to the following stochastic optimization problem:

min f(x) =E[F(x,£)], (SOpt)

where f(x) is a strongly convex function on R”, F:R" x R? — R is a real-valued function, &: Q — RY, and
(Q, &, P) denotes the associated probability space. We consider the limiting behavior of a rescaled estimation
error (x; — x*), where x* is a solution to a (SOpt) and {x};», is a sequence generated from a stochastic gradient
scheme (SA), where xp € R"” and {4} is a positive step length sequence.

Xiea1 =Xk — Vi VaF (X, &), k>0. (SA)

We define % = {x¢, &, ..., &1} and assume there exists an oracle that generates V. F(xx, &) at x; such that, for
any k>0, E[M1 | F] =0 and E[||Mgl? | Fi| <v? as., where My = Vi f(x) — ViF(xg, &). Under suitable
summability requirements on {y;}, differentiability of f(x) (with twice differentiability at x* and H = V2f(x"),
[IVF(x) — H(x — x*)|| < cllx — x*||"*# (with ¢ > 0,8 €(0,1)) and suitable spectral requirements on H, we present
a CLT.

Theorem 1 (CLT for (SOpt); Chen 2002, theorem 3.3.2). Let algorithm (SA) be applied to the problem (SOpt). Under
the aforementioned assumptions, the following holds, where N(u,S) denotes the normal distribution with mean p and
covariance S.

X — X d / ® (ML)t (HSL,)E
—> N(0,X), where X = e(H*3Ln)tg o(H+8L )t gy 1
VVk k— oo ( ) 0 0 ( )

Theorem 1 is merely an instance of CLT-type results, and stationary distributions of stochastic gradient methods
with decreasing/constant step lengths have been investigated (Kushner and Yin 2003, Mandt et al. 2017). In the
context of Theorem 1, open questions arise from weakening the assumptions to examining the impact of ac-
celeration and variance reduction schemes that use increasing batch sizes of gradients.
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1.1. Weakening Convexity and Smoothness

Can strong convexity and smoothness (away from x*) requirements be weakened? One avenue may lie in
using iteratively regularized and smoothed schemes (Koshal et al. 2013; Yousefian et al. 2013, 2017; Jalilzadeh
et al. 2018a) with V, f(x;) replaced by V.f, (xx) + €xxx, where f,(x) is a smoothing of f (Jalilzadeh et al. 2018a)
and € denotes the regularization parameter at iteration k. Proceeding further, can smoothness be further
weakened to allow for semismoothness (Facchinei and Pang 2007) at x*?

1.2. Variance Reduction Schemes
Recently, there has been an interest in utilizing variance reduction schemes in which an increasing batch size

of gradients, given by (Zjl\ikl Vi (x, éj,k)) /N, is employed at each step of (SA). In such regimes, it has been

shown that, under strong convexity, if the batch size Nj increases at a geometric rate, the mean-squared
error decays at an appropriate geometric rate (Shanbhag and Blanchet 2015). Specifically, if Ny = [p~**1],
where p € (0,1), it seems possible that, for some g € (0,1), an appropriate CLT can be proven of the form
g7 - x°) =25 N(0, D).

1.3. Accelerated and Quasi-Newton Schemes

Stochastic variants (Mokhtari and Ribeiro 2014, Jalilzadeh et al. 2018a) of quasi-Newton methods have been
developed in the past few years with a view toward mitigating the concerns of ill-conditioning, where {x;} is
updated according to the following rule:

Xa1 := Xk — VPV F (X, &k), k>0, (stochastic Quasi-Newton (SQN))

where Py is an approximation of the Hessian inverse from a modified Broyden-Fletcher-Goldfarb-Shanno
(BFGS) update rule. Accelerated gradient methods for convex L—smooth problems achieve a rate of 0(1/k?)
(Nesterov 1983, Beck and Teboulle 2009); an identical rate is achieved via constant step length variance
reduced accelerated scheme for (SOpt) in Ghadimi and Lan (2016), Jofré and Thompson (2017), and Jalilzadeh
et al. (2018b), while a rate of O(1/k) is achieved for nonsmooth (but smoothable) problems (Jalilzadeh et al.
2018b). Can CLTs be developed to characterize the limiting behavior of SQN and accelerated schemes?

2. Stochastic Iterative Schemes for Stochastic Nonconvex Optimization

Over the last 15 years, there has been a surge of advances in stochastic first-order schemes, including extragradient
methods (Juditsky et al. 2011, Yousefian et al. 2014, Jalilzadeh and Shanbhag 2016), accelerated schemes
(Ghadimi and Lan 2016, Jalilzadeh et al. 2018b), variance-reduced schemes (Shanbhag and Blanchet 2015, Jofré
and Thompson 2019), deterministic step length schemes for nonconvex programs (Ghadimi and Lan 2016,
Ghadimi et al. 2016), and SQN schemes (Lucchi et al. 2015, Zhou et al. 2017, Jalilzadeh et al. 2018a). We review
some recent advances in stochastic trust-region and line-search methods.

2.1. Trust-Region Methods
Trust-region (TR) methods represent an important avenue for computing stationary points of nonconvex
nonlinear programs. When considering the minimization of f(x) over R”, given a current iterate x;, TR methods
compute a direction p; by solving (2).
min m(pe) 2 fx) + Vi f (o) pi o+ 3¢ Bip, @)
(JINTS
where Ay is the trust-region radius and By is generated via a quasi-Newton update rule in first-order regimes

or By = V2f(x;) when second derivatives are available. Suppose the ratio between actual reduction f(xx) — f(xx41)

: - - & o) ~fCe)
and predicted reduction my — my.; is denoted by ¢ = %

and the trust region is maintained constant or raised if ¢, ~ 1; otherwise, x4 = x, and the trust-region radius
Ay is reduced by a constant factor. In Chang et al. (2013) and Shashaani et al. (2018), asymptotic convergence is
guaranteed by sampling the function values repeatedly to compute estimates of the function (and possibly
gradient) values and consequently reduce the error of estimates without any rate result. A fully stochastic
variant of the TR method with random models (STORM) proposed in Chen et al. (2018) is developed in
Blanchet et al. (2019) covering settings in which the objective and gradient estimates might be biased. Under
suitable assumptions, including a requirement that random models ;. are probabilistically “fully linear” and

If ¢y > ¢, for some € € (0,1), then xpq = X + py,
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Hessians Hy are bounded, both a.s. convergence to stationary points and an iteration complexity of 0(1/€?)
are proven.

2.2. Line-Search Methods

Line-search methods compute a direction p; based on minimizing f(x) + V.f (xi)" pi + 2 p{ Bipr, where By > 0
could be generated via a quasi-Newton update or could be the true Hessian V2f(x;). Then ay is computed by
conducting a search satisfying the Armijo condition f(x; + axpx) < f(xx) + oo Vaf (xx)Tpr, where o € (0,1). Con-
sequently, xpi1 = X; + axpr. An important aspect of the gradient method is to appropriately choose a step size.
When applying the line search, backtracking introduces a non-Martingale difference sequence, and a direct
application of the law of large numbers is not possible. To overcome this challenge, empirical process theory is
utilized to analyze the resulting processes (lusem et al. 2019), allowing for deriving optimal iteration
complexity 0(1/€) and near-optimal oracle complexity 0(1/€?) (also see Paquette and Scheinberg (2018)).

2.3. Expectation-Valued Constrained Problems

Suppose the problem is complicated by stochastic constraints of the form E[Ci(x,&)] =0,i=1,...,m,x >0,
where C;: R"xR? — R is a twice-continuously differentiable function for i =1,...,m. Although nonlinear
programming has been processed via interior-point schemes, sequential quadratic programming schemes, and
Lagrangian methods, stochastic extensions remain unaddressed. For instance, in line-search interior-point
schemes, the subproblem requires solving the linearized Newton system, requiring both the Hessian of the
(stochastic) objective and each (stochastic) nonlinear constraint function. Subsequently, choosing a step length
requires conducting a line search with respect to a suitable merit function defined as M(zx + axpr, pr) <
M(zx, pr) + oVell(zk, p)Tpr, where M(z, p) = E[F(x, )] = 21 E[Cilx, &)] + 3 pZfy [E[Cilx, £)]|I*. Developing as-
ymptotics and rate statements (even local) remain open questions for stochastic extensions of such schemes.

2.4. Stochastic Quasi-Newton Enhancements

In deterministic regimes, second derivatives may either be unavailable or challenging to compute. As a result,
the matrix By in the TR or the LS subproblem is no longer the true Hessian but may be constructed as through
a quasi-Newton update, an example being the celebrated BFGS update rule (Nocedal and Wright 2006). Can
one integrate recently developed stochastic BEGS updates (Jalilzadeh et al. 2018a) to develop BFGS variants?
Can variance-reduced counterparts allow for achieving deterministic rates of convergence?

2.5. Further Challenges

Beyond Sections 2.3 and 2.4, there are a host of challenges that remain, including ensuring convergence to
second-order Karush-Kuhn-Tucker points (such as by combining negative curvature directions with Newton
directions in a stochastic curvilinear search) (Moguerza and Prieto 2003, Curtis and Robinson 2019) to allowing
for nonsmoothness and semismoothness in the problem definition (Facchinei and Pang 2007).
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