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Introduction

Load-balancing algorithms are important for efficiently routing jobs in systems of parallel queues; however,
there has been relatively little attention devoted to developing algorithms in the presence of messaging and/or
routing delays. Given a system of parallel queues with infinite capacity buffers; first-come, first-serve service
discipline; and a single stream of incoming jobs that are routed by a dispatcher upon arrival, it has been shown
that join the shortest queue (JSQ) satisfies certain optimality properties, including minimizing mean wait time
when the job sizes are exponentially distributed (Winston 1977, Ephremides et al. 1980) and state space
collapse of the queue lengths under heavy traffic scaling for general service distributions (Reiman 1984).
However, implementation of JSQ uses up-to-date information about the state of the buffers, which requires
instantaneous exchange of multiple messages between the dispatcher and the queues. This challenge has led to
the development of efficient algorithms that require fewer messages, including join the shortest of d queues
(JSQ(d); Vvedenskaya et al. 1996, Mitzenmacher 2001), join the idle queue (JIQ; Badonnel and Burgess 2008, Lu
et al. 2011), and persistent idle load distribution (PILD; Atar et al. 2019a, b); see van der Boor et al. (2018) for a
survey of some recent results in the many-server limit. Although these algorithms do not use full information
about the system, they still use up-to-date information about the state of some of the queues. Because of the
physical separation between the dispatcher and the queues, processing effects, or periodic updates from the
queues, the dispatcher may have access only to information about the delayed states of the queues. (There may
also be routing delays because of the time it takes a job to travel between the dispatcher and its assigned
server, for which these algorithms also do not account.) In such settings, it has been shown that JSQ can
perform quite poorly and lead to sustained oscillations in queue lengths (Mitzenmacher 2000).

Prior Work

There are relatively few load-balancing algorithms that account for the presence of delays, and mathematical
analysis of systems with delays is challenging because of the need to keep track of the history of the system
over the delay interval. Mitzenmacher (2000) studied the performance of JSQ(d) with delays using numerical
simulations and analysis of fluid equations. He demonstrated that incorporating increased randomness into
routing decisions as the delay increases reduces the size of oscillations in queue lengths. Pender et al. (2017,
2018) and Novitzky et al. (2019a, b) studied fluid models for decentralized systems in which customers
(i.e., the jobs) probabilistically choose to join a queue based on posted wait times and there are information
delays because the posted status may not be current and/or routing delays resulting from the travel time for
the customer to join the queue. Such decentralized systems are relevant in applications ranging from cus-
tomers choosing which ride to join at Disneyland to which hospital to route to in an emergency. They analyze
conditions under which there are sustained oscillations and estimate the size of the oscillations. Atar and
Lipshutz (2018) considered join the shortest estimated queue algorithms in which the dispatcher maintains an
estimate of the current queue lengths based on the delayed queue lengths and past routing decisions. They
prove state space collapse for the estimated queue lengths under heavy traffic scaling.
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Open Problems
Although there has been some progress developing load-balancing algorithms in the presence of delays, there
are a number of open problems remaining, some of which are listed here.

i. Analysis of load-balancing algorithms that rely on queues sending messages to the dispatcher upon idling
(e.g., JIQ or PILD) in the presence of delays. Here, messaging delays can result in the queue idling during the
length of the messaging and routing delays, so it may be advantageous for a queue to message the dispatcher
prior to idling.

ii. Development of load-balancing algorithms at the heavy-traffic scale for fixed numbers of queues that do
not account for past routing decisions (in contrast to the algorithms developed in Atar and Lipshutz (2018),
which utilize past routing decisions) and analysis of ergodic properties of the scaling limits. The work
(Kinnally and Williams 2010) on stationary distributions of delay differential equations with nonnegativity
constraints may be relevant.

iii. Development of load-balancing algorithms that account for delays in the many-server limit. The works to
date have focused on systems with a fixed number of parallel queues. See the recent work (van der Boor et al.
2019) in this direction that is applicable to the setting of periodic or random information updates on the queues.

iv. Development of load-balancing algorithms for systems with heterogeneous, stochastic, or state-
dependent delays, which can, respectively, arise because of the physical locations of the queues, stochastic
fluctuations, or effects from congestion within the network.
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