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We study the many-server queue shown in Figure 1(a). Customers from class j ∈ {1, 2} arrive according to
renewal processes having rate λj > 0 and request processing. There are N ∈ {1, 2, . . .} servers, each working at
rate one. All servers are fully flexible; that is, every server can serve customers from both classes. Each
customer has a randomly distributed patience time that may depend on the class and reneges (abandons the
system without receiving service) if service does not begin before the patience time expires. The system incurs
the penalty p1 > 0 when a class 1 customer reneges and the penalty p2 > 0 when a class 2 customer reneges.
Upon arrival, each class j customer independently samples from the distribution determined by cumulative
distribution function (cdf) Gr

j having mean 1/θj < ∞ to find its patience time and from the distribution
determined by cdf Gs

j having mean 1/μj < ∞ to determine its service time (that is, the required processing
time).

The scheduling policy determines what to do when a server is available. In particular, when customers from
multiple classes are waiting, the scheduling policy must specify which class the server should next serve.
Within the class selected, the customer who has waited the longest is served; this customer is called the head-
of-line customer. If a server becomes available to find no waiting customers, then the server necessarily idles.
We would like to find a scheduling policy π (within a suitably defined class of admissible scheduling policies)
that minimizes the long-run average cost

#(π) :� lim sup
T→∞

1
T
IE

∑J
j�1

pjRj(T, π)
[ ]

,

where Rj(T, π) tracks the cumulative number of reneging customers in [0,T] from class j ∈ {1, 2} under
scheduling policy π.

Assume the classes are labeled so that p1θ1 > p2θ2. The solution to the approximating fluid control problem
in equation (23) in Puha and Ward (2019) motivates using a static priority scheduling rule that gives priority to
class 1 customers and only serves class 2 customers when no class 1 customers are waiting. When customer
interarrival, service, and patience times are all exponentially distributed, Atar et al. (2010), proposition 4.1 and
theorem 6.1, establishes that the aforementioned static priority scheduling rule is asymptotically optimal
under many-server fluid scaling and overload conditions. However, under the additional assumption that
μ1 � μ2, the solution to the approximating diffusion control problem in equation (16) in Kim et al. (2018),
proposition 1, only motivates using the aforementioned static priority scheduling rule when θ1 ≤ θ2 and,
otherwise, motivates using the state-dependent threshold rule illustrated in Figure 1(b) (see also Harrison and
Zeevi (2004)). The intuition is that, when θ1 ≤ θ2, class 2 has both a lower instantaneous abandonment cost
(p1θ1 > p2θ2) and a higher reneging rate (θ1 ≤ θ2), meaning there is a fortunate alignment between cost and
downward drift from reneging. Otherwise (θ1 > θ2), prioritizing class 2 over class 1 gains the additional
reneging rate θ1 − θ2, which trims congestion (thereby reducing future reneging), presenting a trade-off
between deciding priorities based on drift and deciding priorities greedily based on instantaneous cost.

313

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

21
6.

73
.2

17
.7

4]
 o

n 
15

 J
ul

y 
20

26
, a

t 0
4:

23
 . 

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y,
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 

http://pubsonline.informs.org/journal/stsy
mailto:amy.ward@chicagobooth.edu
https://orcid.org/0000-0003-2744-2960
https://orcid.org/0000-0003-2744-2960
https://doi.org/10.1287/stsy.2019.0048
https://doi.org/10.1287/stsy.2019.0048
http://creativecommons.org/licenses/by/4.0/


The Open Question
We would like to bound the performance of the state-independent static priority scheduling policy in
comparison with the optimal scheduling policy. When customer interarrival, service, and patience times are all
exponentially distributed, the scheduling control problem can be written as a Markov decision problem, in
which case we also want to bound the performance of threshold scheduling policies. In this setting, we are
hopeful the methodology in Braverman et al. (2019) could be helpful. (We note that a similar question holds in
the single-server setting, which could be an easier place to begin.) The larger (and harder) question is to be
able to say something more generally when distributions are not exponential.
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Figure 1. The Many-Server Queueing Model
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