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1. Introduction

Stochastic gradient descent in continuous time (SGDCT) is a statistical learning algorithm for continuous-time
models, which are common in science, engineering, and finance. Given a continuous stream of data, SGDCT
can estimate unknown parameters or functions in stochastic differential equation (SDE) models. Sirignano and
Spiliopoulos (2017) analyze the numerical performance of SGDCT for a number of applications in finance and
engineering. We prove a central limit theorem (CLT) and L? convergence rate for the SGDCT algorithm; see
Section 1.1 for an overview of our results. Several technical challenges arise in the analysis, and our ap-
proaches may be more broadly useful for studying other continuous-time statistical learning methods (e.g.,
Doya 2000, Raginsky and Bouvrie 2012, Surace and Pfister 2016).

Batch optimization for the statistical estimation of continuous-time models may be impractical for large data
sets in which observations occur over a long period of time. Batch optimization takes a sequence of descent
steps for the model error for the entire observed data path. Because each descent step is for the model error for
the entire observed data path, batch optimization is slow (sometimes impractically slow) for long periods of time
or models that are computationally costly to evaluate (e.g., partial differential equations or large systems of
differential equations).

SGDCT provides a computationally efficient method for statistical learning over long time periods and for
complex models. SGDCT continuously follows a (noisy) descent direction along the path of the observation; this
results in much more rapid convergence. Parameters are updated online in continuous time with the pa-
rameter updates 0; satisfying a stochastic differential equation.

Consider a diffusion X; € X CR™:

dXt =f*(Xt)dt + odW,g. (1)

The function f*(x) is unknown, and ¢ is a constant matrix. The goal is to statistically estimate a model f(x, 0) for
f*(x) from the continuous stream of data (X;)o. W; € R" is a standard Brownian motion, and we assume o is
known. The diffusion term W; represents any random behavior of the system or environment. The functions
f(x,0) and f*(x) may be nonconvex.
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The stochastic gradient descent update in continuous time for the parameters 6 € R* satisfies the SDE:
40, = o Vo f(Xi, 01)(00™) " dX: = Vo f(X,, 0)(o0™) " F(X, 0], @)

CUL
Co+t*

0y is initialized according to some distribution with compact support. The parameter update (2) can be used
for both statistical estimation given previously observed data as well as online learning (i.e., statistical es-
timation in real-time as data becomes available).

Define the function

§,0) = 1| £, 0) = F I, = 3 (£.0) = @), (00T) (£, 0) = (),

which measures the distance between the model f(x, 0) and the true dynamics f*(x) for a specific x.

We assume that X; is sufficiently ergodic (to be concretely specified later in the paper) and that it has some
well-behaved 7(dx) as its unique invariant measure. As a general notation, if /(x, 0) is a generic L!(7) function,
then we define its average over m(dx) to be

fl(@):‘/%h(x,G)n(dx).

where Vof(X;; 0,) is matrix-valued and «; is the learning rate. For example, a; could equal We assume that

In particular, g(6) = Aeg(x, 0)n(dx) is a natural objective function to consider for our analysis of the asymptotic

behavior of the algorithm 6;. g(6) is the weighted average of the distance between f(x, 0) and f*(x). The weights
are given by m(dx), which is the distribution that X; tends to as t becomes large.

The distance g(x, 0) is decreased by moving 0 in the descent direction —Vgg(x, 0), which motivates the
algorithm

dOr = —a;Veg(Xe, 01)dt = aiVof(Xi, Qt)(UOT)_l(f*(Xt) —f(Xs, Gf))dt' &)

f*(x) is unknown so (3) cannot be implemented in practice. However, dX; = f*(X;)dt + cdW; is a noisy estimate
of f*(X;)dt, which can be used to derive the SGDCT algorithm (2). In particular, it is easy to see that the SGDCT
algorithm (2) is the descent direction (3) plus a noise term:
46, = at[ Vof (Xi, 01)(007) ' dX, — Vof (Xi, ) (00 ™) f(X,, Qt)dt]
= a;Vof(Xi, 01)(00) ™ (f'(Xe) = f(Xs, 00))dt + asVof (Xi, 01)(00T) " odW,
= —Vog(Xy, 01)dt + aVof (X;, 01)(00 7)™ adW,. (4)

The descent direction —a;Vof(X;, 0;) in Equation (4) depends upon X;, so it is unclear in the preceding
formulation if 0; makes progress toward a fixed point. In order to understand the behavior of 6;, it is helpful to
decompose (4) into several terms:

d@t = - atVQg(Qt)dt — at(Vgg(Xt, Qt) - Vgg(et))dt + OKtVQf(Xt, Gt)(O'GT)_lﬁth .

Descent term Fluctuation term Noise term

®)

Heuristically, if a; decays with time (e.g., a; = %), the descent term —a;Vgg(0;) dominates the fluctuation and

noise terms for large t. Then, one might expect that 6; would converge to a local minimum of 3(6). The authors
proved in Sirignano and Spiliopoulos (2017) that 6; converges to a critical point of the objective function g(6):

INHEA) B0 as too. (6)

However, Sirignano and Spiliopoulos (2017) left as an open question whether 0, satisfies any asymptotic
convergence rate. In this paper, we prove a central limit theorem and an L7 convergence rate, which we
present in the next section of this introduction.

1.1. Contributions of This Paper
We prove a central limit theorem for 0; when g(0) has a single critical point 6™

VIO —60) 5 N(O0,8)  as  t— oo, )
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This result is proven for objective functions g(6), which may be nonconvex, and models f(x; 6) with up to
linear growth in 6 and polynomial growth in x; see Theorem 4. Furthermore, when g(0) is strongly convex we
prove an LV convergence rate:

K

E[|6; = O] £ ———7,
0= 01 < (=

®)
for p > 1. We prove this result for models f(x, 6) with up to quadratic growth in 6 and polynomial growth in x.
In addition, in this strongly convex case, we prove the central limit theorem also holds for models f(x, ) with
up to quadratic growth in 6 and polynomial growth in x. The L7 convergence rate and CLT for the strongly
convex case are stated in Theorems 1 and 2, respectively.

Theorems 1 and 2 do not make use of the results in Sirignano and Spiliopoulos (2017). As a part of the proof
for Theorem 4, we also strengthen the convergence result of Sirignano and Spiliopoulos (2017), which did not
allow f(x, 0) to grow in 6; see Theorem 3. Theorems 1, 2, and 4 are proven for the learning rate a; = ngt.
Analogous results for Theorems 1, 2, and 4 hold, of course, for a general class of learning rates a;; see
Proposition 1. The precise statement of the mathematical results and the technical assumptions required are
presented in Section 2.

In addition, as a corollary, our results prove an L¥ convergence rate and a CLT for the case in which there is
no dependence on X;. That is, if 8" is the unique critical point of the function g(6) and

d@t = at(—Vg(Gt)dt + th), (9)

then 0; 25 0" and VH(0; — 0") 5 N(0,£) as t — o. In addition, if g(0) is strongly convex, then E[||6; — 6°[F'] <

These mathematical results are important for two reasons. First, they establish theoretical guarantees for the
rate of convergence of the algorithm. Second, they can be used to analyze the effects of different features, such
as the learning rate a;, the level of noise ¢, and the shape of the objective function 3(6). We are able to precisely
characterize the regime under which the optimal convergence rate exists as well as characterize the limiting
covariance L. The regime depends entirely upon the choice of the learning rate.

Proving the central limit theorem is challenging because of the nature of the X; process. The data X; is
correlated over time, which differs from the standard discrete-time version of stochastic gradient descent in
which the data are usually considered to be independent and identically distributed (i.i.d.) at every step.
In particular, the fluctuation term ozt(Vgg(Xt, 0;) — Vgg(Qt))dt must be analyzed and shown to become small in
some appropriate sense. We evaluate and control with rate a? these fluctuations using a Poisson partial
differential equation.

Although it can be heuristically seen that the descent term dominates the fluctuation and noise terms in
Equation (5) for large ¢, the descent term a;Vgg(6;) — 0 as t — co because lim,_,. a; = 0. Therefore, it is a priori
unclear if asymptotically a;V3(0;) remains sufficiently large to guarantee an asymptotic convergence rate for 0;.

Sirignano and Spiliopoulos (2017) proved the convergence result ||[Vo3(6,)|| =5 0 using a cycle of stopping
times to capture when ||V3(6;)|| is large or small. However, this approach is not useful for proving the CLT.
Instead, we derive a stochastic integral to represent V(0; — 0*) using Duhamel’s principle and the fundamental
solution of the random ordinary differential equation d\¥; = —atVQg(ét)\ptdt, where 0; lies on a line connecting
0" and 6;. The integrand of this stochastic integral includes the fluctuation and noise terms as well as W,.

The proofs in this paper also require addressing several other challenges. The model f(x, 0) is allowed to
grow with 6. This means that the fluctuations as well as other terms can grow with 6. Therefore, we must
prove an a priori stability estimate for ||6;]|. Proving a central limit theorem for the nonconvex g(6) in Theorem 4
is not straightforward because the convergence speed of 0; can become arbitrarily slow in certain regions, and
the gradient can even point away from the global minimum 0. To address this, we consider the stochastic integral
after the time 75, which is defined as the final time 0; enters a neighborhood of 0*. However, 15 is not a stopping
time, and therefore, careful analysis is required to study the limiting behavior of the stochastic integral.

The approaches we develop in this paper are likely to be of general use for studying the asymptotics of
other continuous-time statistical learning methods (e.g., Doya 2000, Raginsky and Bouvrie 2012, Surace and
Pfister 2016).

1.2. Literature Review
The vast majority of the statistical learning, machine learning, and stochastic gradient descent literature ad-
dresses discrete-time algorithms. In contrast, this paper analyzes a statistical learning algorithm in continuous time.
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We review the existing literature that is most relevant to our work. We also comment on the importance of
developing and analyzing continuous-time algorithms for addressing continuous-time models.

Many discrete-time papers study algorithms for 0, without the X-dynamics (for example, stochastic
gradient descent with i.i.d. noise at each step). The inclusion of the X-dynamics makes analysis significantly
more challenging. An L? convergence rate and central limit theorem result for discrete-time stochastic gradient
descent is presented in Benveniste et al. (1990). Our setup and assumptions are different from Benveniste et al.
(1990). Our proof approach is different than the one in Benveniste et al. (1990) and leverages the continuous-
time nature of our setting, which is the formulation of interest in many engineering and financial problems
(see Sirignano and Spiliopoulos 2017).

Yin and Gupta (1993) studied convergence of a continuous-time version of the stochastic gradient descent
algorithm. They proved convergence for the process and a central limit theorem for the time-averaged process.
There are a couple of differences between our paper and Yin and Gupta (1993). Our paper includes the
X-dynamics, which are not considered in Yin and Gupta (1993). Yin and Gupta (1993) proved a central limit
theorem for the time-averaged process, and we study the central limit theorem for the process itself. In
addition, our assumptions are different.

Sakrison (1964) studied convergence of a continuous-time version of the stochastic gradient descent al-
gorithm. However, Sakrison (1964) did not include the X-dynamics. Sakrison (1964) only proves convergence,
and our paper proves a central limit theorem and a convergence rate.

Raginsky and Bouvrie (2012) studies continuous-time stochastic mirror descent in a setting different than
ours. In the framework of Raginsky and Bouvrie (2012), the objective function is known. In this paper, we
consider the statistical estimation of the unknown dynamics of a random process (i.e., the X process satisfying (1)).

Statisticians and financial engineers have actively studied parameter estimation of SDEs, although typically
not with statistical or machine learning approaches. The likelihood function will usually be calculated from the
entire observed path of X (i.e., batch optimization) and then maximized to find the maximum likelihood es-
timator. For example, Basawa and Rao (1980) derived the likelihood function for the entire path of a con-
tinuously observed X. Unlike in this paper, the actual optimization procedure to maximize the likelihood
function is often not analyzed. Readers are referred to Bishwal (2008), Kutoyants (2004), and Rao (1999) for
thorough reviews of classical statistical inference methods for stochastic differential equations.

Continuous-time models are common in engineering and finance. There are often coefficients or functions in
these models that are uncertain or unknown; stochastic gradient descent can be used to learn these model
parameters from data.

It is natural to ask why use SGDCT versus a straightforward approach that (1) discretizes the continuous-
time dynamics and then (2) applies traditional stochastic gradient descent. We elaborated in detail in regards
to this issue in Sirignano and Spiliopoulos (2017), in which specific examples are provided there to showcase
the differences. For completeness, let us briefly discuss the issues that arise.

SGDCT allows for the application of numerical schemes of choice to the theoretically correct statistical
learning equation for continuous-time models. This can lead to more accurate and more computationally
efficient parameter updates. Numerical schemes are always applied to continuous-time dynamics, and dif-
ferent numerical schemes may have different properties for different continuous-time models. A priori
performing a discretization to the system dynamics and then applying a traditional discrete-time stochastic
gradient descent scheme can result in a loss of accuracy or may not even converge; see Sirignano and
Spiliopoulos (2017). For example, there is no guarantee that (1) using a higher-order accurate scheme to
discretize the system dynamics and then (2) applying traditional stochastic gradient descent will produce a
statistical learning scheme that is higher-order accurate in time. Hence, it makes sense to first develop the
continuous-time statistical learning equation and then apply the higher-order accurate numerical scheme.

In addition to model estimation, SGDCT can be used to solve continuous-time optimization problems, such
as American options. In Sirignano and Spiliopoulos (2017), SGDCT is combined with a deep neural network to
solve American options in up to 100 dimensions. Alternatively, one could discretize the dynamics and then
use the Q-learning algorithm (traditional stochastic gradient descent applied to an approximation of the
discrete HJB equation). However, as we showed in Sirignano and Spiliopoulos (2017), Q-learning is biased,
and SGDCT is unbiased. Furthermore, in SDE models with Brownian motions, the Q-learning algorithm can
blow up as the time step size A becomes small; see Sirignano and Spiliopoulos (2017) for details.

1.3. Organization of Paper
In Section 2, we state our assumptions and the main results of this paper. The proof of the LV convergence rate
for p > 1 is in Section 3. The proof of the CLT in the strongly convex case is in Section 4. Section 5 proves the
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central limit theorem for a class of nonconvex models. In Section 6, the convergence rate results are used to
analyze the behavior and dynamics of the stochastic gradient descent in continuous-time algorithm. Some
technical results required for the proofs are presented in Appendix A. Appendix B contains the proof of
Theorem 3, which strengthens the convergence result of Sirignano and Spiliopoulos (2017). In particular,
Appendix B provides the necessary adjustments to the proofs of Sirignano and Spiliopoulos (2017) in order to
guarantee convergence in the case in which the model f(x, 0) is allowed to grow with respect to 6.

2. Main Results

We prove three main results. Theorem 1 is an L” convergence for the strongly convex case. Theorem 2 is a
central limit theorem for the strongly convex case. Theorem 4 is a central limit theorem for the nonconvex case
with a single critical point.

We say that the function 1(0) is strongly convex with constant C if there exists a C > 0 such that zTAh(0)z >
Cz"z for any nonzero z € RF. A is the Hessian matrix of the function /(6). Conditions 6 and 8 require that
CCy > 1, where C, is the magnitude of the learning rate and C is the strong convexity constant for the objective
function g(9") at point 6 = 6. This is an important conclusion of the convergence analysis in this paper: the
learning rate needs to be sufficiently large in order to achieve the optimal rate of convergence. This de-
pendence of the convergence rate on the learning rate is not specific to the algorithm SGDCT in this paper, but
applies to other algorithms (even deterministic gradient descent algorithms). We discuss this in more detail in
Section 6.

It should be emphasized that the assumptions for Theorems 1 and 2 (the strongly convex case) allow for the
model f(x, 0) to grow up to quadratically in 6. On the other hand, Theorem 4 (the nonconvex case) is proven
under the assumption that f(x, 0) grows up to linearly in 6. The growth of the model f(x, 0) is allowed to be
polynomial in x for Theorems 1, 2, and 4.

The proofs of Theorems 1, 2, and 4 are in Sections 3, 4, and 5, respectively. Some technical results required
for these proofs are presented in Appendix A. Appendix B contains the changes necessary to generalize the
proof of convergence of Sirignano and Spiliopoulos (2017) from the case in which §(6) is bounded to the case
in which 3(6) can grow up to quadratically in 6; see Theorem 3 for the corresponding rigorous statement.

Let us now list our conditions. Condition 1 guarantees uniqueness and existence of an invariant measure for
the X process. Condition 1 and the second part of Condition 2 guarantee that Equation (1) is well posed. We
use the notation ||| for the Euclidean norms of both vectors and matrices. ||| denotes the £>-norm and Il
denotes the {/-norm.

Condition 1. We assume that 66" is a nondegenerate constant diffusion matrix and limy_,o f*(x) - x = —0o.

In regards to regularity of the involved functions, we impose the following Condition 2.

Condition 2.

1. We assume that Vog(x, ) € €2(R¥) for all x € %S R™, 2V € G(%,R¥), Vog(-, 6) € €*(%) uniformly in 0 € R* for
some a € (0,1).

2. The function f*(x) is 6***(%) with a € (0,1). Namely it has two derivatives in x with all partial derivatives being
Holder continuous with exponent a with respect to x.

3. For every t > 0, Equation (2) has a unique strong solution.

Conditions 3 and 4 are imposed in order to guarantee that 0; has bounded moments uniformly in time ¢.

Condition 3. There exists a constant R < oo and an almost everywhere positive function k(x) such that

(=Veg(x, 0),0/110])) < =)0, for [|6]| = R.
Condition 4. Consider the function

(10)

0 0 >1/2
e el

T(x,0) = < Vof (x, 0)Vof " (x, 6)

Then, there exists a function A(x), growing not faster than polynomially in ||x||, such that for any 01,0, € RF and x € R™
|7(x, 01) = 7(x, 02)] < [A()|p(lI61 = G2l)), (11)

where p(&) is an increasing function on [0, c0) with p(0) =0 and f&op‘z(é)dé = oo.
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Notice that Condition 4 simplifies considerably when 0 is one-dimensional. Condition 4 is always true in the
case in which Vgf(x, 0) is independent of 6 (which happens, for example, when f(x, 0) is affine in 0). Fur-
thermore, if f(x, 0) and Vef(x, 0) are uniformly bounded in 0 and polynomially bounded in x, Conditions 3
and 4 are not required for the CLT in the nonconvex case (Theorem 4).

Conditions 3 and 4 are necessary to prove that sup,.,E[||0:|]'] <K for p >2. This uniform bound on
moments, which we prove in Appendix A.l, is, in turn, required for the proofs of the L” convergence and
central limit theorem in Theorems 1 and 2. The function g(x, 0) is allowed to grow, which means that some a
priori bounds on the moments of 0; are necessary.

In regards to the learning rate, we assume the following.

Condition 5. The learning rate is a; = Cfit,

Condition 5 makes the presentation of the results easier. However, as we see in Corollary 1, the specific form

—_— C(l’
a = Co+t
specific form both for presentation purposes and because this is the usual form that the learning rate takes in
practice. However, we do present the result for a general learning rate in Corollary 1.

where C, > 0 and Cy > 0 are constants.

is not necessary as long as a; satisfies certain conditions. We chose to present the results under this

Condition 6.
L. ||Vif(x, 0)|| < K(L +|x||7 + [|B]I*9V) for i =0,1,2,3 and for some finite constants K,q < co.
2. 3(0) is strongly convex with constant C.
3. CC, > 1.
4. 3(0) € C® and ||Vi,3(0)|| < K(1 +||6||*) for i =0,1,2,3 and for some finite constant K < oco.

As is seen from the proof of Theorems 1 and 2, one needs to control terms of the form fotas(Vg(Gs)—
Q(X;, 05))ds. Because of ergodicity of the X process, one expects that such terms are small in magnitude and go
to zero as t — co. However, the speed at which they go to zero is what matters here. We treat such terms by re-
writing them equivalently using appropriate Poisson-type partial differential equations (PDEs). Conditions 1, 2,
and 6 guarantee that these Poisson equations have unique solutions that do not grow faster than polynomially
in the x and O variables (see Theorem A.1).

Theorem 1. Assume that Conditions 1-6 hold. Then, for p > 1, there exists a constant 0 < K < oo such that

K

E[|0; = O°IP] £ ————7-
161 =01 < (=

In order to state the central limit theorem results, we need to introduce some notation. Let us denote by v(x, 0)
the solution to the Poisson Equation (5) with H(x, 0) = Vgg(x, 0) — Veg(0). Let us also set

h(x, 6) = (ng(x, 0)(00™) '~V 0(x, 6))00T(V9f(x, 0)(c0™) "' =V,0(x, @))T and 7(6) = / h(x, 6)7(dx).

Theorem 2. Assume that Conditions 1-6 hold. Then
VO, - 0) 5 N (0,5),
where ¥ is defined to be

£=C2 / () D]y )es(C(48) 1) g
0

Our results, of course, immediately imply an L” convergence rate and a CLT for the case when there is no
dependence on X;.

Corollary 1. Assume that 0" is the unique critical point of the function g(0) and that

do; = at(—Vg(Gt)dt + th) (12)
has a unique strong solution. In addition, we assume that Conditions 2.1, 3 (with g(0) in place of g(x, 0)), 5, and 6.2-6.4
(with g(0) in place of g(0)) hold. Then, O, satisfies the LV convergence rate

K

E[)|0; = O] £ —=—7
10 = W1 < oy g
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and the CLT
VEO, - 6 5 N(0,5),
where here

- szx / ® e—s(CaAg((v’*)—I) e—s(Ca(Ag)T(H*)—I) ds.
0

The main result of Sirignano and Spiliopoulos (2017) states that, if g(0) and its derivatives are bounded with
respect to 0, then, under assumptions of ergodicity for the X process, one has convergence of the algorithm in
the sense that lim;_,« [|V3(6;)|| = 0. In this paper, we allow growth of (0) with respect to ||0]|. In particular, as
we state in Theorem 3 and prove in Appendix B, the results of Sirignano and Spiliopoulos (2017) hold true
without considerable extra work if one allows up to linear growth for f(x, 6) with respect to 6, which translates
into up to quadratic growth for 3(0) and up to linear growth of V3(0) with respect to 0. Let us formalize the
required assumptions in the form of Condition 7, which also strengthens Condition 6.

Condition 7.
L ||Vif(x, 0)|| < K(L +|1x]|7 + [|6)IT=V) for i =0,1,2 and for some finite constants K,q < oo.
2. ||VEg(0)|| < K(1 +1617) for i =0,1,2 and for some finite constant K < co.
3. Vg(0) is globally Lipschitz.

Theorem 3. Assume that Conditions 1-5 and 7 hold. Then,
tll)rg [Vog(0y)|| =0, as.

Theorem 3 proves convergence for nonconvex g(6) even when f(x, 0) grows at most linearly in 6. Theorem 3
is proven in Appendix B. The proof is based on the uniform bound for the moments of O established in
Appendix A.

Theorem 3 is required for proving a central limit theorem for nonconvex g(6). The central limit theorem for
nonconvex g(0) is proven in Theorem 4.

Condition 8.

1. 3(0) may be nonconvex but has a single critical point 6.

2. There is a 6" > 0 small enough such that g(0) is strongly convex in the region |0 — 6%|| < 6" with constant C and
CC,>1.

3. 3(0) e C°.

4. Vg,8(0)>01if 6; — 07 > Ro and Vg,g(0) <0if 6; — 0; < —Rg for i =1,2,...,k and for some Ry > 0 large enough.

The fourth part in Condition 8 guarantees that Vy,g(0) always points inward toward the global minimum 6*
if 10y| is sufficiently large.

Theorem 4. Assume that Conditions 1-5, 7, and 8 hold. Then, we have that
VO, - 0) 5 N (0,5),

where ¥ is defined as in Theorem 2.

If f(x,0) and Vgf(x, 0) are uniformly bounded in 6 and polynomially bounded in x, Theorem 4 is true
without Conditions 3 and 4.

Proposition 1 shows that, under certain conditions on the learning rate a;, the specific form of the learning
rate assumed in Condition 5 is not necessary. In particular, the convergence rate and central limit theorem
results can be proven for a general learning rate a;. The proof of Proposition 1 follows exactly the same steps
as the proofs of Theorems 1, 2, and 4 albeit with more tedious algebra and is omitted.
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Proposition 1. Let us denote \I/(p) =e’ C/ P , for p > 1 and consider the matrix-valued solution ®j to Equation (1).
Theorems 1, 2, and 4 also hold under a general learning rate o satisfying the conditions

/ adt = oo,/ afdt < oo,/ |a;|ds < 00,3p > 0 such that lim at? =0,

0

Vp>2 /(a + o) WPl s < O , and/ a2 wilds <0 1/2)
0

t t
‘/0 222w ds < o(ay), / a?||o

vpz2 W< O(af/z) and W) < 0( 1/2)

= O(ay),

In particular, the statements of Theorems 1, 2, and 4 then take the form
E[ll6; - 0'[P] < Kat}”

and
a0, - 07 5 N (0,5),

where now T = [ij,]‘]ii].:.l is as in (9) but with the bracket term [ﬁ] replaced by

t t
2 ~(Aw+Au) aydu
tli)n;a /0 age f ds|.

It is easy to check that, if we use a; = C(O:is as the learning rate, then the conditions that appear in Proposition 1

all hold if CC, > 1.

We conclude this section by mentioning that, in the bounds that appear in the subsequent sections, 0 <
K < co denotes unimportant fixed constants (that do not depend on t or other important parameters). The
constant K may change from line to line, but it is always denoted by the same symbol K. Without loss of
generality and in order to simplify notation in the proofs, we let Cy = 0, consider ¢ > 1 (i.e., the initial time is set
to t =1), and let o be the identity matrix.

3. Theorem 1: L” Convergence Rate in Strongly Convex Case
The proofs in this paper repeatedly make use of two important uniform moment bounds. First, as we prove in
Appendix A.1, we have, for p > 2, that

sup E[04]F"] < K.
t>0

Second, it is known from Pardoux and Veretennikov (2001) that, under the imposed conditions for the X
process, for p > 2,

sup E[J|X{P] < K.
>0

To begin the proof for the L” convergence rate, rewrite the algorithm (2) for 6; in terms of 2(6).
dO; = a;Vef (X, 0:)(dX; — f(X;, Or)dt)
= aVof (Xi, 0)(f*(x) — f(Xy, Op))dt + a;Vof (X;, Or)dW;
= —a;Vog(Xy, 01)dt + a;Vef (Xi, 0))dW;
= —a;Ve3(0)) + a:(Vog(0:) — Vog(Xy, 01))dt + a;Vof (Xi, Or)dW,. (13)
A Taylor expansion yields:
VoR(61) = Vo3(6") + AZ(6)(6; - 6°) = AZ(6;)(6: - 6"),

where 0! is an appropriately chosen point in the segment connecting 0; and 0°. Substituting this Taylor
expansion into Equation (13) produces the equation:

d(0; — 0°) = —a;AZ(0,)(0r — 0°)dt + ar(V3(0;) — Vog(Xe, 0p)dt + arVof (X, 0:)dW,.
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Let Y, = 0; — 6*. Then, Y; satisfies the SDE
dY; = —aAZ(0))Ydt + a(Ve3(0r) — Vag(Xe, 0n)dt + a;Vof (Xi, 01)dW;.
By It6’s formula, we then have for p > 2

dIYilP = pllYdP > Yia( Vof (Xe, 00)), W] = peul[YdP72( Y, AZ(0}) Yy )dt
ik

+ parl YAl ~2(Y1, Vog(6) — Vog(Xy, Op))dt

2
D (( Vef (Xi, Gt))f,k)z"'(P -2)> (Z ||Yt||_1ylf( Vef (X, Gt))k,,-) ldf- (14)
T \T

+Lazivp2
2 ik

Using the strong convexity of g, we obtain the inequality

dIYAP < plIYllP= > Yia( Vof (X, 61)), AW} — pCau|| Y|P dt
ik

+ Pﬁft”Yt”p_z(Yt, Vo3(0:) — Vog(Xy, 9t)>dt

S((Vef(x, 00),) + -2 3

ik

2
+5 at”Yt“p

2
DIV YE(Vef (X, et))k,i) ldt
k

Let’s now define the process

b C t( od _ i
Mi=p [y P 3 v Vef, 00), W
1 ik

and notice that M; solves the SDE

dM; = —pCa;Mdt + p||Y:|P 2 Z Y}f( Vof (X, Qt))k,l.de.
ik

Next, if we set I'; = ||Y{|[\ — M;, we obtain that

dTy < —pCayTidt + pal| Y|P ~2(Y:, Vo3 (0;) — Vog(Xy, Oy))dt

(Ve 00),.) +(r -2 3 (Z Y (Vef (X, 6t>>k,i) ]dt
i k

+E ey
2 ik

Next, we define the function

7

t
Wgzéw[%w:@

)pCCa
t

and the comparison principle gives

L < WAIYAIP +p / | WYY, Vo3(0:) = Vog(X,, 0.))|ds

2
o [ e (v, 00, ) +0-2 5 Znnn-W’;(vefm,es»k,,.) ]ds
i k

=T} +T2+ T2 (15)

The next step is to rewrite the second term of (15), that is, I? = p / [as\lf(p )||Ys||?7‘2<Ys, Vo2(0s) — Vog(Xs, 95)>]ds.

We construct the corresponding Poisson equation and use its solution to analyze I’?. Define G(x, 0) = (6 — 0%,
Vo3(0) — Vog(x, 0)) and let v(x, ) be the solution to the PDE Z.v(x, 0) = G(x, 6). Here ¥, is the infinitesimal
generator of the X process. Because of Theorem A.1, the Poisson PDE solution satisfies

l[o(x, 9)|| +|IVxo(x, 9)II < KA +[101™)(A + [lxl™),

2 55 @ 0| + 5 (x,0)

i=1,2

(x,0)

< K+ [16]")(1 + flcl™) (16)

ae aae ‘H&aw
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for appropriate, but unimportant for our purposes, constants mj, m,, ms, my. By Itd’s formula,
t t
0%, 0) = 0(X., 00 = [ L0, 0du+ [ Loo(X,, 0.)d
S S

t t
N / Vo(Xe, 0)AW, + / 1,V o0(Xs, B0V of (X, 6,)AW,

S

t
+ / auvexv(xu/ Qu)vef(xur Gu)du/
where ¥ is the infinitesimal generator of the 0; process and ¥, is the infinitesimal generator of the X; process.
Define v; = v(X;, 0;) and recognize that

G(X[, Gt)dt = ng(xt, Gt)dt
= dv; — Lev(Xy, 0p)dt — Vio(Xy, 00)dW, — a,Vev(Xy, 0;)Vef (Xi, 0,)dW;
— a;Vo,v(X;, 0:)Vef (X, 0,)dt. (17)

Using this result, I'? can be rewritten as
2= [ a2, Vg6, - Vo, 0))es
= a2y, - [ @V Tx, 00w,
- /1 t a WY Lov(Xs, 6s)ds - /1 t Q2WP||Y P2V u(Xs, B5)Vaf (Xs, B5)d W,

t
- [ U200, 0Vef (X, 0.1
1
=TH 4+ T2 4+ T3 + 24 4 T2°, (18)
Let’s first rewrite the first term l"f’l. We apply Itd’s formula to as‘lfgz)HYSHP‘ZUS:

Ca

t t
WY 20 = ar WY on = /1 a P Y|P 2o, - /1 S WERIYAPouds

)

N S S v, 1 2
+ a s | VS|P~ vsds + as\W, vd|| Y|P + as\Wy, d[||YS|| , vs].
1 1 1

Then, we have the following representation for I':

t
121 = / a WY P -2do,
1

®) ) ® ) "'Ca ) ) e oowy) )
= a2 =Vl 2or + [ R ods - [ a S s

t t
- [ arfloany? - [ advar,o]
1 1
t t
= a WP o - cr W IVl 20r + CF! /1 WY P o.ds - pC /1 WY [P o.ds

t t
- / a0 dIY.|P - / DAY, 0], (19)
1 1

Now, we are ready to put things together. Equation (14) with p — 2 in place of p is then used to evaluate the
second-to-last term of (19) and similarly for the quadratic covariation term d[||Y|P~2, v] of the last term of (19).
Plugging (19) in (18) and that in (15), we get that there is an unimportant constant K < co large enough and a
matrix-valued function C(x, 0) that grows at most polynomially in x and 6 such that

T < WOV + @ Y20, — ad WY P20,

t A
+K / WY, [P2C(X,, 0,)ds + M, (20)
1
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where M; is a mean zero and square integrable (this follows from the uniform moment bounds on the X and 0
processes) Brownian stochastic integral.

Recall now that we want to evaluate E||Y/||’. Recalling the definition of I'y and taking expectation in (20), we
obtain

t
EIVAP < E[WEIMIP + adlYilP 200 - ax WYl 201 | + KE / WYX, 0,)ds.
1

Recalling that \I/g’l) = t7P¢C and that CC, > 1, we get that \I/ffl) < t7. Hence, we have obtained that, for any
p 2 2, the following inequality holds

t
E|Yl < K7 + E[a|[Yi|P~20;] + KE / 2WP||YP2C(X,, 6,)ds. 1)
1

The next step is to proceed by induction. Using the uniform moment bounds for X and 0 together with the
polynomial growth of v(x, 0) and ((x, 0), we get for p =2

t
E||Y|? < Kt + E[a,0;] + KE / 2W2C(X;, 0,)ds
1

t
<K|FZ2 471 4 %G / §2CCa24s| < K71,
1

where the unimportant constant K may change from line to line. Hence, the desired statement is true for p = 2.

Next, let us assume that it is true for exponent p — 1, and we want to prove that it is true for exponent p. Using

Holder’s inequality with exponents r1, 7, > 1 such that 1/r; +1/r, =1 and choosing 1y = ;% >1,

E[ YA 20] < i (BIYolP~Y)" " (Elorl2) !
p=2
<Ktz = KtP?,

and likewise,

t
EH [ a2, oo
1

t _ 1/r
< [ e (Envaer) " @i, oo s
t 1/
<K / a§w§§>(E||ys||<ﬂ—2>ﬁ) " s
1

F ooy 1
SK[ Oés\yt/s st

< Kt PCCa / ' §PCCam15 4o
<K(FP? - 1t—pcca)
<Kt P2,
Putting the last two displays together, (21) gives
E|Y/|P < Kt P2,

which is the statement of Theorem 1 for integer p > 2. The statement for any p > 1 then follows from Hoélder’s
inequality. This concludes the proof of the theorem.

4. Proof of Central Limit Theorem in Strongly Convex Case
To prove the central limit theorem, we use a second-order Taylor expansion:
10%¢

V3(0;) = Vog(0") + AZ(0")(0; — 07) + EW(@})(@ - 0)(6: - 07,
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where 6! is an appropriate point chosen in the segment that connects 6; to 0*. The last term on the right-hand
side (RHS) of the preceding equation is a tensor-matrix product. Then, the evolution of 0; follows:

. ~ . a; g
+ [Xthf(Xt, Qt)th

(01)(0; = 0°)(0: = 0")Tdt + a,(Vo3(0:) — Vog(Xs, 01))dt

Let Y; = 6; — 6*. Then, Y; satisfies the SDE

atag

dYt = —(XtAg(Q:)Ytdt 5 863

(01)Y: Y[ dt + ar(Vo3(0;) — Vog(Xy, 00)dt + arVof (X, 01)dW,.

Let @ € R® be the fundamental solution satisfying

dq):,s = —atAg(Q*)CD;Sdt, o = I, (22)

s,8

where [ is the identity matrix. As in Section 3, we set, without loss of generality, Cy = 0 and assume that the
initial time is at ¢ = 1. Then, Y; can be written in terms of @} :

ab a Q ! * = ! *
Y =®;, Y1 - / Chs 5 6% (OHYY]ds + /1 D; as(Vo3(6s) — Vog(Xs, 05))ds + /1 D; s Vof (Xs, 65)dWs
=T/ +T2+ T2 +T}. (23)

Next, a convergence rate for ®;, must be established in the matrix norm [|A]| = |/3;; A2 Consider the change
of variables 7(t) = s + f a,du and define <D , via CD*, = @;,. For a; = C" we have 7(t) = s + C,(log(t) — log(s)).
Performing this change of variables,

dd; = -AZ(0)D; dr, D =], (24)
for 7 > 5. Define ®7, as the jth column of @; ; and AZ(6")" as the ith row of the matrix AZ(6"). Consider the one-
dimensional differential equation:

7

@){'
dt

= (@ @)

T
“2(PAZ(O) DY, + - - + DUFAZ(67) DY)

7

= ~2(@) " AZ(O") DY, < - 2C(@7) "D, =

where we have used the strong convexity assumption. This, of course, yields the convergence rate

|

Changing variables again yields the convergence rate in the original time coordinate t:

We recall some important properties of @}  (for reference, see proposition 2.14 in Chicone 2006). ®@j, is

dlfferentlable in t with the semigroup property @7 = O} D7 ;. Furthermore, @} is invertible with inverse
Oy = @ ;. Therefore,

’ < Ke 2C(r=s),

Fy*
q)'r,s

t
@[ ? < Ke269) Ko 20w pracei e (25)

Fy*
®T,S

a * a % *,—1
%(Dt,s - a (q)th) )
& *, * &q)*l *
q)n& @y 1:(Dt1q)slla—ssq)sll
= _(Dt,s (asAg(Q*)q);,l)q)sl_

= —a, D} AZ(O). (26)
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Combining the calculation (26) with the bound (25) yields

Jd .
% (Dt,s

2

< Kazt—ZCCHSZCC

Now, let’s examine the process \/ZYt, which represents the fluctuations of 0; around the global minimum 6.
First, observe that VII} =5 0 because of the bound (25). Let’s now examine ViT?. Recall that E[||Y|'] < X from
the L” convergence rate in the previous section. Applying this result with p = 2,3, we obtain

t 83—
B||[virg| | < E| Ve / ‘cp;lsas—%(eg)ysy; ds]
1
ts ( 5/2)ds
< K\/it‘cca / sCC~2ds < K\t = KeY2, (27)
1

Therefore, V't F2 - 0. (Note that 2 ae3 (Gl)Y Y] is a tensor-matrix product.)

S
Next, we address the term ViT?. We construct the corresponding Poisson equation and use its solution to
analyze I. Define G(x, 0) = Vg3(0) — Vgg(x, 0) and let v(x, 6) be the solution to the PDE £,v(x, 6) = G(x, 6).
Proceeding in a fashion similar to Equation (26) (but with different function v now), we write VI:

t
Vi = Vi [ 0.0}, (Vo(0,) - Vog(X.,0.)ds
1
t t
=Vt / a,®@; o — V't / a,®; V,0(X;, 05)dW,
1 1
t ¢
—i / a;®; Lov(Xs, 0s)ds — Vi / a2®; Vou(Xs, 05)Vof (X, 0s)dW,
1 1
f
Vi / 02D Vo,0(Xs, 0)Vof (X, 0)ds
1
= VP! + VTP + VITP? + VI + VIS, (28)
where v(x, 0) satisfies bounds similar to the ones in (25). Following similar steps as in Section 3,
L'l
VHIT |+ 0371+ 0+ 127) = 0,
which, of course, implies that VT + 2% + 24 4+ 13%) L, 0,

The term V?? + ViT# is now analyzed. This term produces the limiting Gaussian random variable. Recalling
the reduction to 0 = I, we have

t
VT2 VI = VE [ 000, (Vaf (X, 0) = ViolX., 0)aW.. @)
1

Let h(x, 0) = (Vof(x, 0) - Vio(x, 0))(Vof (x, 0) — Viu(x, 0)) " and h(0) = [h(x, e)n(dx) Let H(x, 6) = h(x, 6) — h(6).
Recall that ||Vef(x, )| < K(L + ||x[l? +[|6]]), [IV2o(x, O)I < K(1 + |1x]|7 + [16]°), |l£55 (x, 6)|| < K(1 +|lxl7 +[|6]]*), and

(9;«962 (x, 9)“ < K(1 + ||x||7 +110]]). The latter bounds on v(x, 0) and its derivatives are from Equation (25). These

bounds imply that the function H(x, 0) and its derivatives have polynomial growth in ||x]| and ||0||. Based on
Theorem A.1, the solution w(x,0) to the PDE ¥,w(x,0) = H(x,6) and its derivatives also have at most
polynomial growth 1n |[x|| and ||O]|-

We prove that VIT>? + Vi LN (0, %) for the appropriate limiting variance-covariance matrix . The proof
relies upon the P01sson partlal differential equation approach using the at most polynomial growth of its
solution and its derivatives together with the uniform boundedness of the moments of X; and 6; processes to
analyze the rate of convergence.
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The quadratic covariation matrix of VT 32 4 ViT# is
I = t/lt L h(Xs, 0,)D) ds.
It is necessary to show that ;%5 ¥ as t — co. To begin, we show a simpler limit. Consider the process
Y=t /1 t al®; 1(0")D; ds.
It is proven now that ¥; converges to a limit £ as t — co. Let us now establish the limit £ as t — oo. Recall

that Ag(0”) is both strictly positive matrix and symmetric. Therefore, by the eigenvalue decomposition, we can
write that

AZ(6") = UAUT,

where U = [uy, - -+, ux] is the corresponding matrix of orthogonal eigenvectors uy, ..., ux € R¥ and A = diag(Ay, -+,
Ax) is the diagonal matrix with the positive eigenvalues A; >0 for i =1,---,k. Next, we notice that a time

transformation as in (24) allows us to write that, for ©(t) = s+ f aydu and (IJT(t)S @,

G = e~AO) )
T,8 .

Combining the latter results, we then obtain that

t
. —A ud
;= Ue J ety gr

For notational convenience, let us now set
Ao = e—/;a,,duA _ diag e_—/h .Lfaudu o e—/\k /Sta“du — di iag ( ))\1Ca . (E)AkCa
t,s 7 7 f 7 7 t .
Let us write A, = ()/\ C fori=1,---,k. The (i,j)th element of the matrix ®@;, takes the form

ts Jij Z A(t s),mUimUjm-

Naturally, (P"7) o1 ; = Pj 0 = K21 Ats)m Wit - Hence, the (i, j)th element of the matrix X, takes the form

_ t
Zt,i,j = t/
1

=t

k -
(13 Z q):,s,i,n Z h(e*)n,k’ ((D*,T)t,s,k’,jlds
n k=

(Z /\(t,s),mui,mun,m) Z fl(e*)n,k’ (Z /\(t,s),m’ Uj Mk/,m/) lds
n k’ m’
= Z Z Z Z t/ 5[(A(t,s),mui,mun,m)E(G*)n,k' (A(t,s),m’uj,m’uk’,m’)]ds

n m k m

23535303 [ (T R

n m k m

_ G 1-(Ap+4,)Ca
_ZZZ;[(AanrAm')Ca—l(l_t )

n m K

Ui Ui, PO )y o U Uk

ui,mun,mh(Q*)nrk, Z/l]‘,m/ Uk -

By the Rayleigh-Ritz theorem, A4,..., Ay > C. Therefore, Co(Ay + Ap) = 2C,C > 1. Then, we get that the (i, j)th
element of the limiting quadratic covariation matrix ¥ takes the form

IRTARTED 195 39

t—o00 m o

= Z Z Ui mUn,m Z fl(e*)n,k/ Z
n m k'

. N*
ui,m un,mh(g )n,k’ Uj o Uk

(A + Am,)c
CZ
(A + Ay )Co — 1

]”],m' Ukr ! - (30)
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Notice that we can conveniently write that
£ / * ¢5(Co050)1) y7)e~5(Co (08) " @)-1) g (31)
0
It remains to show that E||Z; — Z||, — 0 as t — oo. If this is true, then the triangle inequality yields
El|z - 2, < B[z - Zf|, + B2 - 2, — 0.

Then, E||Z; — £, = 0 would imply that DI )
To prove that E||Z; — %[, — 0, we begin by defining

V=t / Q0] (0,7 ds.
1

By the triangle inequality, |, — £/, < ||Z: = V4|, + ||Vi — Zi||,- We first address the second term:

17— %), = H / (0], 007 ~0,(0")0 )| (32)

The (i,j)th element of the matrix V,— %, is

7i-2), =t [ ot

/ 2Zq>ts,n2v9h(el e (Os —6*)q>;§k, ds,

k=1

Zq)tsznzh(g )nk’q)tsk/ Zq)tsmzh(e )nk’q)fsk]

where 6! is an appropriately chosen point in the segment connecting 05 and 6*. Recall now that v and its
derivatives can grow at most polynomially in |jx|| and [|0]|. As a result of the specific growth rates, we have

[Voh(6)|| < K(1 +[10]°).

In addition, E[||6s — 0°|*] <X from the convergence rate in Section 3. Using these facts, the uniform in time
moments bound on 0;, and the Cauchy-Schwartz inequality,

B|(7: - £, || < /
SKt/ o
1
t
SKt/ s~
1

;> 0as t— oo

tsznzveh(el nk’ G)q)tsk’

Dyl ”ds

E[Ilvehwl)n [ =lle. - e

t,s,in

5| o 2d
21D || ds.

Therefore, ||V;
Now, let’s address [|I£: = V4|, using the Poisson equation method.

Y, —V,=t / a2 (D (O, Xs) Dy — D h(05) Dy )ds.
1

The (i,j)th element of the matrix Z; — V; is
= [ 55000 S0 X0~ 0 )0
k/_

Using Itd’s formula, the bounds (27) on the Poisson equation £,w = H, the moment bounds on X; and 6;, and
the It6 isometry, it can be shown that

E|(7: - £1),,| -0,
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as t — co. This, of course, implies that E||V; — Z||, — 0. Combining results and using the triangle inequality,
we have the desired result ¥; 5 T as t — oo.

The convergence in probability of the quadratic variation X; for Equation (29) implies that (29) converges in
distribution to a mean zero normal random variable with covariance ¥ (see section 1.2.2 in Kutoyants 2004).
Combining all of the results yields the central limit theorem:

VEY, 5 N (0, E).

5. Proof of Central Limit Theorem in the Nonconvex Case

From Theorem 3, we know that ||[Vg(6;)|| — 0 almost surely. Under the imposed conditions, this implies that

either [|0; — 0%|| = 0 or [|0]| = oo. We must, therefore, first show that ||0¢|| remains finite almost surely.
The parameter 0; evolves as

t t t
6, = 0, + / —aVog(0,)ds + / 1, [Vo3(6:) — Vog (6, Xo)]ds + / Y of (X, )W (33)
1 1 1

Recall from Condition 8 that Vg,g(0) >0 if 6, - 6; > Ry and Vyg(0) <0 if 6;—0; <—-Rp for i=1,2,... k. If
|61i(w)| = oo, then either 0;;,(w) — +o0 or O;;(w) — —oco because 6; has continuous paths (ie., a divergent se-
quence such as —2" cannot occur). Next, note that the second and third integrals in Equation (33) converge to
finite random variables almost surely. Suppose that 0;;(w) — +co. This implies that there exists a T(w) such

that 0;; > 0; for all t > T(w). However, /Tt(m) — a;V,8(65)ds < 0. This, combined with the fact that the second and

third terms in (33) converge to finite random variables almost surely, proves that 0;; < +co with probability
one. A similar argument shows that 6;; > —co with probability one. Therefore, |6;; — 67| — 0 almost surely.

0,5 o implies that, for any 6 > 0 sufficiently small, there exists a (random) time 75 such that ||0; — 0%|| < 0
for all t > 75. Notice that, for fixed 6 > 0, 75 is almost surely finite, but we also remark that 75 is not a stopping
time. In this section, the parameter 6 is chosen sufficiently small such that 0 < 0 < 6%, where 6" is taken from
Condition 8. Using a Taylor expansion,

Vog(0r) = VoR(0") + AZ(01)(0: — 6) = AZ(6;)(6; — 67),
where 6] is appropriately chosen in the segment connecting 6; to 6. Then we have
d(0; — 0°) = —a;AZ(0;)(0; — O°)dt + a;(Ve3(0:) — Vog(Xy, 00)dt + a;Vof (Xi, O1)dW,.
Let @, satisty
A0y = —AZ(0))Dyedt, Dy =1,
and notice that, for t > s > 15,
||<Dt,s||2 < K#2CCag2CCs

We also later make use of the fact that @, satisfies the semigroup property ®;; = @D, (for reference, see
proposition 2.14 in Chicone 2006). Letting Y; = 0; — 0", we obtain

t t
Yt = (Dt,lY1 + / aqut,s(Veg(Gs) - Vﬁg(Xs/ 65))d5 + / aqut,sVef(Xs, 6s)lﬂ/vs
1 1
=T} +T2+T°.

The first term I'} is analyzed as follows.

Lemma 1.

Vir! 5o,

as t — oo.
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For t > 15, we have

[VErE], = Vil @il < KVE@ye [0, 4]
< Kt‘ccﬁ%fcgc“' ||CDTB,1 Y ||
= K(tj)t CCa*,

.S.

T5,11/1” is almost surely finite because P[75 < oo] = 1. Then, because CC, > 1, \/fl"} %5 0as

where K(75) = T—
I — oo.

Let v(x, 0) satisfy the Poisson PDE £,v = G(x, 0), where G(x, 0) = Vgg(0) — Vgg(x, ). The solution v(t, x) and
its relevant partial derivatives are growing at most polynomially in [|x|| and linearly in ||0|| because of the
assumptions of Theorem 4. It6’s formula yields the representation

t
2= [ 0u,.(Vo(6) -~ Vog(X.,0.)ds

1

t t
Z/asq)t,sdvs_/ asth,sva(XSI 0s)dW;
1 1
t t
_/ as®t,s§590(xs, Gs)ds_/ agq)t,sVQU(XS/ Qs)vef(XS/ 6s)dvvs
1 1

t
- / a?th,Svexv(XSI Qs)vef(xw 0s)ds
1
=T7 +T72 + T + T74 + T2

In order now to analyze the terms involved in l"f’z and l"f’, we need some intermediate results that we state
now. For presentation purposes, the proof of these lemmas is deferred to the end of this section.

Lemma 2. Let {(x, 0) be a (potentially matrix-valued) function that can grow at most polynomially in x and 6. Then, we
have that

1. I} = \/ffltaqut,SC(Xs, O5)ds =5 0 as t — co.

2. 2= \/fﬂtagfbt,sC(Xs, 0s)dW; — 0 in probability as t — oo.

Lemma 2 immediately gives that the terms V> (recall that the operator £y has a multiplicative factor of

ay), VIT?® converge almost surely to zero and that ViT7* converges in probability to zero as t — co. To see this, it
is enough to notice that all of these terms take the form of the I} and I? quantities mentioned in Lemma 2. The
term VI also converges almost surely to zero by first rewriting usmg It6’s formula as it was done for the
correspondmg term of Section 3 (refer to (19) with p = 2 and replace ¥/, ®) . by @;,) and then using again Lemma 2.

The limiting Gaussian random variable is produced by I'*? and I?. Therefore, it remains to analyze
VHI?? +T3). We have

t
VHI?? +17) = Vi / & Dy Vof (X, 0,) = V,0(X,, 0,))dW
1
Using the results from Kutoyants (2004), it is sufficient to prove the convergence in probability of
Y=t / a2y h(X;, 05D, ds
to a deterministic quantity. We recall here that h(x, 0) = (Vef(x, 0) — Vyo(x, 0))( Vef(x, 0) — Vio(x, 0))". As before,
let @7 be the solution to
dd;, = —a;AZ(0")D; jdt, o =1
Recall that @;, satisfies the bound

2
< Kt~ 2CC, ZCC

(D:,s ag
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Define L; and I} as

_ t _ _ t _
L=t / oD h(07)D/ ds, and T =t / az®; h(67) Dy ds.
1 1

/S

Note that we already proved in the previous section that L} converges in probability to = as t — co. We would
like to show that ||£; — ;|| — 0 as t — oo almost surely.

Lemma 3. ||Z; - &}
To prove that ||Z; — ;|| > 0, we begin by defining

— 0 with probability one as t — oo.

— t —_
Vi=t / a2 ®; h(05) D] ds.
1

By the triangle inequality, ||X; — itH < ||Zt — Vf“ + HVf — it”. We then have the following lemmas.

Lemma 4. ||V, — Z,|| — 0 with probability one as t — oo.
Lemma 5. ||Z; — V|| — 0 in probability, as t — oo.
By the triangle inequality,
I 2 < 5 Vil + 17 - £ 15 - 5

Combining Lemmas 3, 4, and 5, ||X; - i“ 2,0 as t — 0. Therefore, using the results from Kutoyants (2004),

VHT?? +T3) 5 N(0, £),

as t — oo,
Combining all of the results yields the central limit theorem:

VEY: 5 N (0, ),

which is our desired result.

5.1. Proof of Lemmas 2-5
In this section, we give the proof of the lemmas that were used in the proof of the central limit theorem of the
nonconvex case.

First, we need an intermediate result to properly handle convergence to zero of multidimensional stochastic
integrals. Such a result should be standard in the literature, but because we did not manage to locate an exact
statement, we present Lemma 6.

Lemmaé6. Let Z; = fltb(t, s, Xs, 05)dWs. Let p € N be a given integer, and consider a constant ¢ > p — %and amatrix E, where
EET is positive definite, such that

t
e / a?sb(t, s, X, 0,)ETds 5 0, (34)
1

as t — oo. Then, if/lt b(t, s, Xs, 05)b(t, s, Xs, Gs)TdsL 0 as t — oo, we have that Z; -5 0 as t — .
Proof of Lemma 6. Let n > 0 be arbitrarily chosen and construct the random variable

~ 2c-2p+1
7 i

t=17 C[ZJJ

t
— _1
1} / Al EAW,.
1
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From proposition 1.21 in section 1.2.2 of Kutoyants (2004), Z; +Zti>N(0, ?EET) as t — co. In addition,
7 4, N(0,7*EET) as t — oo. Then, from the triangle inequality,
= - €
| Zsi+ Zii = Ziil > \/%

€ k €
P[zgi > %] - ;:P \Z > \/%

. . e
P|Ztil +|Zti + Zy | > \/%

~ 1 [e
(]P |Zy | > 2\/];

For each fixed n > 0, the RHS of the inequality (35) converges to a finite quantity as t — oo because of the
continuous mapping theorem and the convergence in distribution of Z;; + Zt,,- and Z;. Furthermore, the limit of
the RHS can be made arbitrarily small by choosing a sufficiently small 1. Therefore, for any 6 > 0, there exists a
n > 0 such that

k

=Zp

i=1

P|Z* > €] <

M- 1M~

IA

1

Il
—_

~ 1 Je
|Zyi + Zti| > >Vk

< +P

M-

1l
—_

(35)

1

lim supP[||Z|* > €] < 6.

t—oo

Proof of Lemma 2. Let us first prove the first statement of the lemma. Without loss of generality, let t > 75. To
begin, divide [0, ] into two regimes [1,75 A t] and [t5 A t,T5 V t]:

Ty V

t Ts At t
Il =i / a2y ((Xs, Os)ds = Vt / a2, (X, Os)ds + Vi a2 s((Xs, Os)ds.
1 1

TNt
= 12 (36)

Let us first study the second term.

“Ifl'zHl = ”‘ﬁ / A:t 22Dy U(X,, O,)ds
'

Ts Vi
< KV f o||,IC(Xs, 64)ds
1 TNt

TsViE
< KiCerz [T CC L X+ s
T

s\t

< K CCet1/2 /1 2 X+ 10 ds.
Let us now define the quantity
L= KrC i [ + oas,
and notice that, with probability one, we have

limsup ”Itu“

t—o0

< limsup L;.

t—o0

1

For ¢ > 0, consider now the event A = {L; > t*7/2}. Using the uniform in time bounds for the moments of X;
and 6;, we obtain that

t
]ElLt| < Kt—CCa+1/2/ SCC“_ZdS < K(t—l/z _ t—CC(.-%—l/Z)'
1

Then, Markov’s inequality and the fact that CC, > 1 give

E|Ly| -
i S KE

P|Ae] <
The latter then implies that

Z ]P)[Aznrg] < 0o,

neN
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which then, because of the Borel-Cantelli lemma, guarantees the existence of a finite positive random variable
d(w) and of some 1y < oo such that, for every n > ny,

Lo < d(w)27.

For any t € [2",2"] and n > ny,

n+1

L < K2/CCCm) [T SCC2 1 X + o).
1

< K2CCm12,,
< K2CC‘Y_1/2d(a))2_(n+1)€
< K(o)t.

Therefore, L; =5 0, which immediately implies that Itl’2 25 0. Next, we analyze the first term on the RHS of
Equation (36). If t > 75, the semigroup property yields

11 Ty At 5 Ts At 5
It/ = \/E‘/ asq)t,sC(Xs, Gs)ds = \/Zq)t,m / as(DTa,SC(XS' QS)ds'
1 1

Therefore, if t > 15,

To At
H\/E/ azq)t,sC(XS/ Gs)ds < K\/E”q)t,’ro” < C(Té)t—cca*'l/z'
1

/ " 020, L(X., 0.)ds
1

The constant C(7s) is almost surely finite because P[7s5 < co] =1 and because ||X|| and ||0,|| are almost surely
finite for s < 7s5. Therefore, using the constraint CC, > 1, we have obtained

Ts At
H«/E / 22D, C(Xs, O.)ds
1

a.s.
- 0.

Combining results, the integral (36) converges to zero almost surely as t — oo.
Next, we prove the second statement of the lemma, for which we shall use Lemma 6. In the notation of
Lemma 6, let us set b(t,s,x, 0) = \/Zaqut,sC(x, 0), and with some abuse of notation, let us consider the quantity

t
2] =1 / oD, (X, 0)CT (X, 0)0T.ds.
1

Now [I?] is a matrix with elements

t k
1y = [ 0 30 D(ET), 0 (X O s
1 n k=1 ’
T At 4 k T5Vt 4 k
= t/ a; Z Dt s i Z (CCT)n,k/ (Xs, 6s)q)t,s,k’,jds +1 s Z Dt s,in Z(CCT)n,kz (X, Qs)q)t,s,k’,jds
1 n k=1 Ts AL n k=1
= [I}1;; + [T

Proceeding as in the first part of the lemma shows that, for each index i,j, the corresponding element of the
matrix [I[?] goes to zero, that is,

[Itz]l-,]. = [If]}/j + [If]%j — 0, a.s., as t — oo.
To complete the proof, we then need to use Lemma 6. Let us define
t
D, = £t / a?psc\/fq)t,sC(Xs, 05)E"ds

1

Ts At T VE

:ﬂW/ aﬁﬁ%q&@mefW/'cﬁWQg&@ﬁw&
1

Ts At

=D} + D%
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By Lemma 6, if we show that, for the appropriate choices of p, ¢, and E, D; goes to zero in probability as t — oo,
then we would have shown that the second statement of the lemma holds, that is, that I> — 0 in probability as
t— oo,

We pick p =2, ¢ = 2CC,, and E = I to be the identity matrix. Let us first start with D?. Notice that, for the (i, j)th
element of the matrix, we have

D3], < ke [

Ty At

TsViE

Ss Vs
TsVE

< ki [1 AL I+ s,
Ts At

It is clear that, from this point, the analysis of D? is identical to the analysis of I}"*. In particular, define the quantity
. t
Ly = K#3CCar? f ST+ IX[™ + 11641,
1

and for ¢ > 0, consider the event A, = {ﬁt > t71}. Using Markov’s inequality and the uniform in time bounds
for the moments of X; and 0, we obtain that

t 3CC“+2ftS3CC”_4dS
1

E|Lt|
<K
te— re1
From here on, the rest of the argument follows the Borel-Cantelli argument that was used for the proof of the
first part of the lemma. This yields that D? %3 0 as t — oo.
Next, using the semigroup property and for 75 < t, D} can be rewritten as

PlA,.] < Kte.

D = 1262 [ 0t 0 (X, 005 = 12020, [t e, LX, s
1 1

Therefore, by similar logic as for the term I}!, we obtain
D} < Ceap2ee,

where C(7;) is almost surely finite. Therefore, because CC, > 1, D} =5 0 as t — co. Consequently, as t — co, we
have indeed obtained

2 a.s.

D;=D} +D?=5 0,
which, by Lemma 6, implies that the second statement of the lemma is true. This concludes the proof of the lemma.
Proof of Lemma 3. ®;; can be expressed in terms of @} . To see this, first perform a Taylor expansion:

dq)t,s = —atAg(Q*)CDtlsdt - Oftctytq)t,sdt, (Ds,s = I,

C; are the third-order partial derivatives of 3(6), and based on the imposed assumptions, they are uniformly
bounded. Therefore,

t
Dy = O~ / WD}, C Y Dy .
S

Define ;5 = fs tauq)’;/ucu Y, ®, sdu. Recall that there exists an almost surely finite random time 75 such that |[Y¢|| < 6
for all t > 75 and any 6 small enough. From the bounds on ®;; and @i, we have that, for t > s > 15, where 6

small enough,
JewsP <t [ o

<tK/

t
< KéZt—ZCCa+1S2CCa/ u_zdu

S

2du

u,s

Y PPl

tu

< K(SZ t—ZCCa SZCC
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We have used the Cauchy-Schwartz inequality in the first inequality. Now, consider the case in which t > 75
but s < 7.

t
gt,s :/ aucDZuCuYuq)u,sdu
s

Ts t
= / a, D, C, Y, Dy sdu + / auCD:,uCuYu(DM,Sdu
S

)

To
=@ / aquTmuCuYquu,sdu + &iay
S

From the previous bound, ”ét/-[b” < K6t CCa Tgc“. Therefore, using the fact that 75 is almost surely finite, the
bounds on @; . and &, and the triangle inequality,

t,’Tg
[l€es|| < Clrs)t S,

when t > 75, but s < 75. .
We use these results to derive the limit of X; as t — oo.

- t -
L=t / a2 Dy h(07)D/ ds
1

5
+ _ t _ t _
_ / 0, (0T ds — t / Q& h(0) D] ds — 1 / 20, (0] ds
1 1 1
_ t _ t _
_5 / Q& (0" DT.ds — ¢ / Q2] H(0")E]d. (37)
1 1

Let’s consider the second term in (37). Without loss of generality, assume t > 7s.

2 t 2 Ts
<P / ds + £ / ‘
Ty 1

t _ _ _ 2
”t / al&h(07) D] ds a2&h(07) ] aZ&sh(07)D] | ds
1

t _ 2 To - 2
< / a2 h(0)D[ || ds + £ /1 a2&psh(0)D] @) ('ds
Ts
< K§244CC.H3 / fdCC-a g ()43
Ty
< K& + C(tg)t 403, (38)

C(t5) is almost surely finite because 75 is almost surely finite. The third term in (37) is similar. Using (37) and
the bound (38), we have that, with probability one,

limsup ||Z — £} < K6.
t—oo

This implies that lim;_, Hit - i:
lemma.

= 0 because 0 can be as small as we want. This concludes the proof of the

Proof of Lemma 4.

t _ -
1V = 5| = Ht / Q2 (@, F(0,)D], — Dy u(6)D].)ds
1

Using the semigroup property,

£,7s T5,5  £Ts

— _ To - -
Vi-Li=t / 02 (15, Dy O], (D, = D, Py FH(O)D], O )
1

t _ -
+t / a2 (Dy,sh(05) D — Dy h(67)D/)ds.

Ts
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The (i,j)th element of the matrix V,— % is

k

— — T -
(Vt - Zt)i,j = [Z]; t/ asq)t,m,i,mq)'rg,,s,m,fvﬁh(ei)Zn(es - 6*)q)1§,s,n,k’q)t,”[§,k’,j
m,{nk' =

+t Z ths i nVQh(Ql nk/(es - 6*)th,s,k’,jds'

T nk’

By the Cauchy-Schwartz inequality and the bound ||V9P_z(6)|| < K(1+16|]), we have

2
( / 2 Z ths i nVGh(Ql nk/(es - 6*)q)t,s,k’,jds)

n,k’

2
< th Z q)fsznveh(el nk'(es = O0)®;sp0 | ds
To nk'
< K27 4CCa+3 / t s G4
T5
< K&°. )

We also have that

Ty k 2
(i’/ asz Z o szmq)’rbbmé’veh(el)[n(e -6 )q)TDSVlk’ tts,k’ dS)
1 m,nk’=1

2
TS k
< tS/ aé( Z q)t,fb,i,mq) Dsml’vﬁh(gl)[n(e - )CD osnk’q)t’rb k', ) ds

1 m, k=1

k 2
< Kt3 Z (q)l‘ 15,k (Dtnlm) [ 4q)”2[55m€(veh(61)€n(6 -0 )) q)rssnk’ds
m,{nk'=1

< C(1)t4CCat3, (40)

Because 75 < co with probability one, C(t;) is also finite with probability one. Combining the results from
Equations (39) and (40),

(I_/t - it)i,jg K% + C(s)t4CCa+3,

Therefore, we have that limsup,_, ||Vt — itH < K&?%. Because 6 is arbitrarily small, we have that (Vt - Zt). 0,
concluding the proof of the lemma.

Proof of Lemma 5. Notice that we have
—_ t 2 —_
Y-V, = t/ as (CDt,Sh(GS,XS)CD; - (I)tlsh(es)d);)ds. (41)
1

and consequently, the (i, j)th element of the matrix Z; — V; is

(‘_/t - ) / 2 Z q)ts in Z(h(QS/X )n k= E(Qs)n,k’)q)z,—s,k’,jds'
=1
Let w, 1 (x, 0) be the solution to the Poisson equation Lw,, i (x, 0) = h(0,x), 1 — IZ(Q)W. The solution w;, (¢, 6)
and its relevant partial derivatives grow at most polynomially with respect to 6 and x because of the as-
sumptions of Theorem 4. The next step is to rewrite the difference (V; - Zt) ;; using that Poisson equation
and Itd’s formula and then to show that each term on the right-hand side of the resulting equation goes to
Zero.
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For example, we have that

/ I Z(hws,x Yo = 1(05),10) Pl

=1

- / 02 Dy > Dy Vot (X, 07 dW, + (), 42)
1 n k=1

where (+) is a collection of Riemann integrals resulting from the application of It6’s formula. Now each of these
terms can be shown to go to zero with an argument exactly parallel to Lemma 2. Because of the similarity of
the argument, the details are omitted.

6. Convergence Analysis and Insights
The central limit theorem provides an important theoretical guarantee for the performance of the SGDCT
algorithm developed in Sirignano and Sp1hopoulos (2017). Theorem 4 is particularly significant because it
shows that the asymptotic convergence rate of £ even holds for a certain class of nonconvex models. This is
important because many models are nonconvex.

In addition, the analysis yields insight into the behavior of the algorithm and provides guidance on selecting
the optimal learning rate for numerical performance. The regime in which the central limit theorem holds with

the optimal rate vt is C,C > 1. C, is the magnitude of the learning rate. For example, take a; = ij'rt. Therefore,

the learning rate magnitude must be chosen sufficiently large in order to achieve the optimal rate of con-
vergence. The larger the constant C is, the steeper the function g(0) is around the global minimum 6*. The
smaller the constant C is, the smaller the function g(9) is around the global minimum 6*. The “flatter” the
region around the global minimum point, the larger the learning rate magnitude must be. If the region around
the global minimum point is steep, the learning rate magnltude can be smaller.

The condition of C,C > 1 to ensure the convergence rate of +7% is not specific to the SGDCT algorithm, but it
is, in general, a characteristic of continuous-time statistical learning algorithms. The convergence rate of any
continuous-time gradient descent algorithm with a decaying learning rate depends upon the learning rate
magnitude C,. Consider the deterministic gradient descent algorithm

do _
7; = —a;Vg(6y).

Let ay = Cfit and assume g(0) is strongly convex. Then ||0; — 67| < Kt**“=. Note that the convergence rate
depends entirely upon the choice of the learning rate magnitude C,. If Ca is very small, the deterministic
gradlent descent algorithm even converges at a rate much smaller than 2.

2 is the fastest possible convergence rate given that the noise in the system (1) is a Brownian motion. This is

due to the variance of a Brownian motion growing linearly in time. However, other types of noise with

variances that grow sublinearly in time could allow for a faster rate of convergence than t2. An example of a
stochastic process whose variance grows sublinearly in time is a fractional Brownian motion with an ap-
propriately chosen Hurst parameter. Analyzing the convergence rate under more general types of noise would
be a very interesting topic for future research.

In the central limit theorem result, we are also able to precisely characterize the asymptotic variance-

. s e K .
covariance matrix ¥ = [Z‘i/j]ijzl with

_ _ Cc2
Y= ; o), .. S S -

and
L= f (G0 (C (0O,
0

The covariance depends upon the eigenvalues and eigenvectors of the matrix AZ(6*), which is the Hessian matrix
AZ(0) at the global minimum 6*. The larger the eigenvalues, the smaller the variance. This means that the steeper
the function g(0) is near the global minimum 6", the smaller the asymptotic variance. The flatter the function
3(0) is near the global minimum, the larger the asymptotic variance. If the function is very flat, 6;’s drift toward 6"
is dominated by the fluctuations from the noise W;. The covariance also depends upon the learning rate magnitude C,,.
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The larger the learning rate magnitude, the larger the asymptotic variance L. Although a sufficiently large learning
rate is required to achieve the optimal rate of convergence £, too large of a learning rate causes high variance.

7. Conclusion
SGDCT provides a computationally efficient method for the statistical learning of continuous-time models,
which are widely used in science, engineering, and finance. The SGDCT algorithm follows a (noisy) descent
direction along a continuous stream of data. The algorithm updates satisfy a stochastic differential equation.
This paper analyzes the asymptotic convergence rate of the SGDCT algorithm by proving a central limit
theorem. An L” convergence rate is also proven for the algorithm.

In addition to a theoretical guarantee, the convergence rate analysis provides important insights into the
behavior and dynamics of the algorithm. The asymptotic covariance is precisely characterized and shows the
effects of different features, such as the learning rate, the level of noise, and the shape of the objective function.

The proofs in this paper require addressing several challenges. First, fluctuations of the form
f 00‘5 h(XS, 05) — h(6, ))ds must be analyzed. We evaluate and control with rate a? these fluctuations using a
Poisson partial differential equation. Second, the model f(x, 0) is allowed to grow with 6. This means that the
fluctuations as well as other terms can grow with 0. Therefore, we must prove an a priori stability estimate for
[|164]. Proving a central limit theorem for the nonconvex g(6) in Theorem 4 is challenging because the con-
vergence speed of 0; can become arbitrarily slow in certain regions, and the gradient can even point away
from the global minimum 6*. We prove the central limit theorem for the nonconvex case by analyzing two
regimes [0, 75] and [75,0), where 15 is defined such that ||0; —
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Appendix A. Preliminary Estimates

This section presents two key bounds that are used throughout the paper. Section A.1 proves uniform in time moment
bounds for 6,. That is, we prove that E[||6,|]'] is bounded uniformly in time. Section A.2 presents a bound on the solutions
for a class of Poisson partial differential equations. In the paper, we relate certain equations to the solution of a Poisson
partial differential equation and then apply this bound.

A.1. Moment Bounds
It is easy to see that, for ||0|| > R (in fact for [|0]| > 0), one has for ||0/]| = ,IZZ.‘:l|Hi|2

61», Vg (Xt, Qt) n 0 GI(VGfV f(Xt/ t) VvaTf(Xr/ t))l
4164 S 2 Z it
=|- -
' ' ||6t” ! ij=1 2”6 ”3 =1 2||6t||
+01t”6 ||<9t/v9f(xt/ t)th>
| (00 Ve, 00) 5 30 O1(Vo V5 f(X,,00),; 2 (VofVof(X, 00),)
el = 2/[64P = 264
+a,7(X, Qt)dwt,

for an independent one-dimensional Brownian motion W. Let us also now consider the process 0, that satisfies
dé[ = —OC[K(Xf)étdt + atVQf(X[, ét)th,
where «(x) is from Condition 3. Then we get similarly that, for ||é|| >0 and ||ét|| = \lZf:1|é§ 2

L 00 (Vafvif,00) (Vv 0) |
o] = | -awXo||o] - o . Ly a? |
6] (X[ |6] tUZ:l TG = 2|6
a5 1000 Vo %, B
, o t(V@ngf(Xt,ét)),, n (Véfvgf(xt/ét)) -
= |—ax(X)||6]| - o? = Tta; D “ldt
t ( f)” f|| ti/]Z:]l 2||9t||3 ti:] 2||6f||

+ atT(Xf, ét)dVVt
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Because of Conditions 3 and 4 and continuity of the involved drift and diffusion coefficients for ||0||, é” > R >0, we may

use the comparison theorem (see for example Ikeda and Watanabe 1977) to obtain that

P10l < [|©:

,4>0)=1. (A1)

It is easy to see that the proof of the comparison theorem 1.1 of Ikeda and Watanabe (1977) goes through almost
verbatim despite the presence of the term A(x) in Condition 4. The reason is that |A(x)| is assumed to have at most
polynomial growth in ||x|| and all moments of X; are bounded uniformly in f.

Now, notice that 8; can be written as the solution to the integral equation

~ ~ — t s t — t ~
G, = Goe o N / ae [ NG (X, B)AW.,.
0
From the latter representation we obtain, recall that x(x) is almost surely positive, that for any p > 1,

B 5 t o B 2p
|0 < KE||&o|” + KIEH /0 e NG (X BAW,

~ t t - p
< KE||Go|[* + KIE( /0 a2 [ g 65)||2ds)
t t
< KE||§o|[? + KE /O o2re g e 0| ds
t
< KE||0o|[?’ + KE /0 ||V (X, 0| ds
D112 ' 2, A 1%
< KE||Bo|[” + K /O o (1 + BIXJP + B[, )ds
t t
SKIE||@0||ZP+K/O ocfpds+K/0 ocf”IE”éSHZPds

t
< KE||6o|[* + sz%l (Co™ = (Co+t' ) +K /O o |0 ds.

t
<K+K / o2 E|0, | ds,
0

where the unimportant finite constant K < co changes from line to line. Hence, the Gronwall lemma then immediately
gives that, for any p > 1, there exists a finite constant K < co such that

sup E[|0,]* < K. (A2)
t>0

Combining (A.1) and (A.2), we then obtain that, for any p > 1 and for an appropriate finite constant K,

sup E||0:]* < K,
>0
completing the proof of the targeted bound.

A.2. Poisson PDE
We recall the following regularity result from Pardoux and Veretennikov (2003) on the Poisson equations in the whole
space, appropriately stated to cover our case of interest.

Theorem A.1. Let Conditions 1, 2, and 6 be satisfied. Assume that H(x, 0) € €**(%, R¥), where % C R™,

/ Hx, 0)m(dx) = 0, (A3)
X
and that, for some positive constants K, p1,p2, p3, and q,

IEIC ) < K(1+ [61)(1 + ),
JH
|50

’H
‘W (x,0)

< K@ +[10172)(1 + [|xI7),

< KA +[1017)(A + [lx][?). (A.4)
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Let &, be the infinitesimal generator for the X process. Then the Poisson equation
Fu(x,0) = H(x, 0), / u(x, O)m(dx) =0 (A.5)
@

has a unique solution that satisfies u(x,-) € 6> for every x € %, d5u € 6(% x R"), and there exist positive constants K’ and m such that

lluCx, O)| + [IVualx, O)]| < K'(1 +[|6]P)(L + Jlx[[™),

d %u

w0 + |5 0 < K e + i,

22 Pu

oo 0]+ [t (e, 0) < KL+ 1P+ ). (A6)

Terms of the form H(x, 0) = h(x, 0) — h(6) must be analyzed and controlled throughout the paper. Note that H(x, 0)
satisfies the centering condition (A.3). For example, the term G(x, 6) = Vgg(x, 6) — Vog(0) needs to be controlled. G(x, 6)
satisfies the centering condition (A.3) and Condition 6 implies the bounds (A.4) with appropriate choices for py,p2, ps,
and gq. Therefore, the Poisson solution (A.5) associated with H(x, 0) = G(x, 0) satisfies the bounds (A.6).

Appendix B: Proof of Convergence with Linear Growth in f(x,0)

Under the global Lipschitz assumption on Vg(0) and the uniform bounds on the moments of 0 derived in Appendix A.1,
the proof is exactly the same as in Sirignano and Spiliopoulos (2017) except for the term ]t of lemma 3.1, in section 3 of
Sirignano and Spiliopoulos (2017) which we redefine and prove converges almost surely to zero.

1V = arllo(X;, O]l

Using the bounds (A.6) and results from Pardoux and Veretennikov (2001), there is some 0 < K < oo (that may change
from line to line) and 0 < g < co such that, for t large enough,

EJVP < KaZE[1 + X7 +[|6:]P] < Ka?.

Consider p > 0 such that lim;_,., a?#? = 0, and for any 6 € (0,p), define the event A, = {](1) > 0P } Then we have, for ¢
large enough such that a?t%* <1,

BV a1

P(Ass) < <K-Lt—<K

20-p) =25 T s
The latter implies that
Z P(Azrll(s) < 00,
neN

Therefore, by the Borel-Cantelli lemma, we have that, for every 6 € (0, p), there is a finite positive random variable d(w)
and some 1y < oo such that, for every n > nj, one has

](1) d(w)
2" = on(p-o) °

Thus, for t € [2",2"*1) and 1 > 1y, one has, for some finite constant K < oo,

dw) o dw)

)
< Ka2u+1 sup ||U(X5, 95)” < KW = w5 .

56(0,2’”1]

The latter display then guarantees that, for ¢t > 20, we have with probability one,
d(w)

1)
<KL

— 0, as t — .
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