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1. Introduction

Polynomial jump diffusions have broad applications in finance. A jump diffusion is polynomial if its extended
generator maps any polynomial to a polynomial of equal or lower degree. As a consequence, its conditional
moments can be computed in closed form. This property renders polynomial jump diffusions computationally
tractable and perfectly suited for financial asset pricing models. Many commonly occurring jump diffusions
are polynomial, for example, Ornstein—Uhlenbeck processes, square-root diffusions, Jacobi or Wright-Fisher
diffusions, Lévy processes, and geometric Lévy processes as well as multidimensional analogues and com-
binations of these processes.

In this paper, we develop a comprehensive mathematical framework for polynomial jump diffusions. We
characterize the polynomial property in terms of the coefficients of the extended generator, and we establish
the moment formula. We show that the polynomial property of a jump diffusion is preserved under poly-
nomial transformations and Lévy time change. These transformations allow us to easily construct polynomial
jump diffusions from simple building blocks. They also allow us to efficiently specify nonlinearities in financial
models, which renders them flexible in capturing many of the empirical features of financial time series.

We also revisit affine jump diffusions, which have been widely used in financial asset pricing models for the
last two decades. We provide a relaxed definition of an affine jump diffusion in terms of the pointwise action
of its extended generator on exponential affine functions, and we establish the affine transform formula. We
show that, modulo integrability conditions on the jumps, affine jump diffusions are polynomial. The converse
does not hold, so polynomial jump diffusions truly extend the class of affine jump diffusions. We find that the
affine property of a jump diffusion is not invariant under polynomial transformations or Lévy time change
in general, which may explain why these transformations have not been widely applied in affine financial
models.

In contrast to earlier work on polynomial and affine processes, we do not require the Markov property.
Instead, we work in a special semimartingale framework, which is more flexible and amenable to practical
applications. Non-Markovian polynomial jump diffusions exist and can be constructed using the counter-
examples of Kallsen and Krithner (2016, section 3), and most of our results apply to them. Indeed, Mar-
kovianity is only assumed for the invariance of the polynomial property under Lévy time change; all other
arguments rely on It6 calculus rather than functional analysis.
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We present a generic method for option pricing in polynomial jump-diffusion models. This method builds
on the expansion of the likelihood ratio function with respect to an orthonormal basis of polynomials in some
conveniently weighted L? space. As an application, we introduce a large class of novel financial asset pricing
models that are based on polynomial jump diffusions and that are beyond the affine class. In these models, the
excess log return processes are conditional Lévy in the sense of Cinlar (2003). This extends several well-known
univariate diffusion volatility models, such as the Jacobi model (Ackerer et al. 2018), the extended Stein-Stein
model (Stein and Stein 1991, Schobel and Zhu 1999), and the extended Hull-White model (Hull and White
1987, Lions and Musiela 2007).

Because of their inherent tractability, polynomial jump diffusions have played a prominent and growing
role in a wide range of applications in finance. Examples include interest rates (Delbaen and Shirakawa 2002,
Zhou 2003, Filipovi¢ et al. 2017), stochastic volatility (Gourieroux and Jasiak 2006, Ackerer et al. 2018),
exchange rates (Larsen and Serensen 2007), life insurance liabilities (Biagini and Zhang 2016), variance swaps
(Filipovi¢ et al. 2016), credit risk (Ackerer and Filipovi¢ 2020a), dividend futures (Filipovi¢ and Willems 2019),
commodities and electricity (Filipovi¢ et al. 2018), stochastic portfolio theory (Cuchiero 2019), and economic
equilibrium (Guasoni and Wong 2018). Properties of polynomial jump diffusions can also be brought to bear
on computational and statistical methods, such as generalized method of moments and martingale estimating
functions (Forman and Serensen 2008), variance reduction (Cuchiero et al. 2012), cubature (Filipovi¢ et al.
2019), and quantization (Callegaro et al. 2017). This recent body of research primarily relies on polynomial
jump diffusions that are not necessarily affine. Focusing on the affine case, one finds an even richer history in
the finance literature, in which affine jump diffusions have long been used to address a large number of
problems in asset pricing, optimal investment, equilibrium analysis, and so on.

In addition to their usefulness in applications, polynomial jump diffusions are of theoretical interest because
of their rich mathematical structure. Work in this direction has primarily focused on the diffusion case, going
back to Wong (1964). Mazet (1997) and Forman and Serensen (2008) characterize one-dimensional polynomial
diffusions. Bakry et al. (2014) describe compact state spaces with nonempty interiors that can support two-
dimensional reversible polynomial diffusions. Larsson and Pulido (2017) study polynomial diffusions on
compact quadric sets and relate their probabilistic properties to sum-of-squares representations of certain
positive biquadratic forms. Existence and uniqueness for a large class of polynomial diffusions on semialgebraic
state spaces are developed by Filipovi¢ and Larsson (2016). Probability measure-valued polynomial diffusions
are studied by Cuchiero et al. (2019). The theoretical literature in the jump-diffusion case is less abundant. The
first systematic accounts are those of Cuchiero (2011) and Cuchiero et al. (2012) in a Markovian framework.
Gallardo and Yor (2006) study Dunkl processes, which are polynomial jump diffusions; see also Dunkl (1992).
Affine jump diffusions with compact state spaces are analyzed by Kriithner and Larsson (2018). A large class of
specifications of simplex-valued polynomial jump diffusions is developed by Cuchiero et al. (2018). Our paper
adds to this applied and theoretical literature by providing a unifying framework for polynomial and affine
jump diffusions, enabling new approaches to financial modeling.

We end this introduction with some conventions that are used throughout this paper. We fix a stochastic
basis (Q,.%,.7;,P). Equalities between random variables are understood to hold almost surely. Following
Jacod and Shiryaev (2003, equation (I.1.1)), we use the notion of generalized conditional expectation, which is
defined for any o-field .#’ C .% and all random variables X by

E[X* | Z'|-E[X"|.#'], on {E[X||#’] <co},

g’ —
BX1 7] = {+oo, elsewhere.

For a multi-index a = (a1, ..., a;) € N¢, we write |a| = a7 + --- + a; and x* = Xyt 'oxg" forxeRY A polynomial p
on R? is a function p: R? — R of the form p(x) = X4 cax®, where the sum runs over all & € N4 and only finitely,
many of the coefficients c, are nonzero. Such a representation is unique. The degree of p is the number
degp = max{|a| : ¢, # 0}. We let Pol(R?) denote the ring of all polynomials on R? and Pol,(RY) the subspace
consisting of polynomials of degree at most . Let E be a subset of R?. A polynomial on E is the restriction p = gz
to E of a polynomial g € Pol(R?). Its degree is degp = min{degq : p = ql¢, 4 € Pol(R?)}. We let Pol(E) denote the
algebra of polynomials on E and Pol,(E) the subspace of polynomials on E of degree at most 1. Both Pol,(R%)
and Pol,(E) are finite-dimensional real vector spaces, but if there are nontrivial polynomials that vanish on E,
their dimensions are different. If E has a nonempty interior, then Pol,(R?) and Pol,(E) can be identified. For
simplicity of notation, we write f € Pol,(E) for any function f = (f1,...,f) : R? — RF with k € N such that the
restrictions fi|r € Pol,(E) for all i=1,...,k. The set of real symmetric d X d matrices is denoted S, and the
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subset of positive semidefinite matrices is denoted S?. For any map ¢ : E — F, we denote the pullback operator
by ¢, which maps a function f on F to a function ¢*f on E by

P'f(x) = f(p(x)). 1)

The remainder of this paper is as follows. In Section 2, we define polynomial jump diffusions, give a
characterization in terms of the coefficients of the extended generator, and establish the moment formula. In
Section 3, we revisit affine jump diffusions. In Section 4, we study the invariance of the polynomial property
under polynomial transformations. In Section 5, we introduce polynomial conditional Lévy processes. In
Section 6, we show that the polynomial property is invariant under Lévy time change. In Section 7, we present
a generic method for option pricing in polynomial jump-diffusion models. In Section 8, we introduce a large
class of polynomial asset pricing models building on polynomial conditional Lévy processes. In Section 9, we
focus on linear volatility models. Section 10 concludes. Appendix A, B, C, and D contain additional results and
all proofs.

2. Polynomial Jump Diffusions
We consider a jump-diffusion operator on R? of the form

Yf(x) = %Tr(a(x)vzf(x)) +b(x)"VF(x) + /R (f(x +&) —f(x) - ETVf(x))v(x, dé), (2)

d

for some measurable maps a:R? — S? and b:R? — R?, and a transition kernel v(x,d&) from R? into R?
satisfying v(x, {0}) = 0 and [, [I€]| A IE]Pv(x, d€) < oo, for all x € R

We let X; be an E-valued jump diffusion with extended generator ¢ for some state space E C R?. That is, X;
is an E-valued special semimartingale, and

FX0) — F(Xo) - /0 Gf(X,)ds 3)

is a local martingale for any bounded C? function f(x) on R
We say that ¢ is well defined on Pol(E) if

/ [[EI" v(x,d&) < oo for all x € E and all n > 2, and (4)
Rd
“f(x) = 0 on E for any f € Pol(R?) with f(x) = 0 on E. (5)

This property ensures that ¢ is well defined as a linear operator from Pol(E) into the space of measurable
functions on E.?

Definition 1. The operator ¢ is called polynomial on E if it is well defined on Pol(E) and maps Pol,(E) to itself for
each n € N. In this case, we call X; a polynomial jump diffusion on E.

Thus, a polynomial jump diffusion on E is an E-valued jump diffusion whose jump measure admits
moments of all orders with an extended generator that maps polynomials on E to polynomials on E of lower or
equal degree. Polynomial jump diffusions admit closed-form conditional moments and have broad appli-
cations in finance, as we see.

The polynomial property of ¢4 on E has a simple characterization in terms of its coefficients a(x), b(x), and

v(x, d&).
Lemma 1. Assume that ¢ is well defined on Pol(E). Then the following are equivalent:
(i) ¢ is polynomial on E.
(ii) a(x), b(x), and v(x,d&) in (2) satisfy
b € Poly (E),

a+ EETV(-,dE) € Poly(E),
Rd

[, &vtd8) € Pola®)
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for all |&| > 3. In this case, the polynomials on E listed in property (ii) are uniquely determined by the action of ¢4 on
Pol(E). Moreover, a(x), b(x), and fRd &% (x,d&) are locally bounded in x on E for all |a| > 2.

Proof. The implication (ii) = (i) is immediate, and the implication (i) = (ii) follows by applying ¢ to all mo-
nomials. In particular, the polynomials on E listed in property (ii) are uniquely determined by the action of ¢ on
Pol(E). It remains to show that a(x) and fRd lIE]Pv(x, d&) are locally bounded in x on E. But this follows because
a(x) € ST and a; + fRﬂ &2v(-,d&) € Poly(E) and, hence, a;(x) >0 and fRd &2v(x,dE) > 0 are locally bounded in x
onE. O

Although the moments of v(x, d&) of order three and beyond are determined by the action of ¢ on Pol(E), the
measure v(x,d¢) itself need not be uniquely determined. The following example illustrates this.

Example 1. Consider the compensated compound Poisson process X; with unit intensity and log-normal jump
distribution, whose extended generator is given by ¥f(x) = fR( flx+ &) —f(x) = &f(x))g(&)dE, where g(&) is the
standard log-normal density. It is well known that the log-normal distribution is indeterminate in the sense of the
moment problem so that there exists a density h(&) different from g(&) but with the same moments. The extended

generator f?f (x) = /R( flx+&) —f(x) = &f(x)h(E)dE then coincides with ¢ on Pol(E).

Remark 1. Non-Markovian polynomial jump diffusions exist and can be constructed using the counterexamples
of Kallsen and Kriihner (2016, section 3). This is why we take a semimartingale approach to polynomial jump
diffusions rather than a Markovian approach as in Cuchiero et al. (2012). The semimartingale approach has several
advantages. First, we only have to assume existence but do not require uniqueness of the local martingale
problem (3). Indeed, uniqueness is tantamount to the Markovianity of X;. Furthermore, it is straightforward to
develop a time-inhomogeneous version of our framework, in which a(t, x), b(t, x), and v(t, x, d£) depend explicitly
and not necessarily polynomially on f. Finally, our framework immediately accommodates polynomial jump
diffusions on finite time intervals. Indeed, we did not specify the time set for the stochastic basis and preceding
semimartingales, so rather than [0, o), one can simply understand the time set to be [0, T| for some finite time
horizon T. This flexibility is useful in asset pricing applications, and we make use of it in Section 8.3.

To make the polynomial property of ¢ on E operational, we now introduce a coordinate system on Pol,(E)

for a generic n € N that we use throughout this paper. We define N = dimPol,(E) — 1 and note that 1+ N <

(”;d) with equality if E has a nonempty interior. We fix polynomials /1(x),...,hy(x) on R? such that

{1,h4,...,hn} forms a basis of Pol,(E) and define the vector-valued function
H:R' > RN, H(x) = ((),..., hnGx)". (6)
For each p € Pol,(E), we denote its coordinate vector by € R*N so that
p(x) = (LHx)")p @)

on E. The (1+ N) X (1 + N) matrix representation G of ¢ restricted to Pol,(E) is determined by ¥(1,H")(x) =
(1,H(x)")G on E so that

9p(x) = (L, H(x)")Gp 8)

on E. We now show that E[p(X7) | %] is a polynomial function of X;.

Theorem 1. Assume that ¢4 is polynomial on E. Then, for any p € Pol,(E), the moment formula holds,
Elp(Xr) | #] = (LHEX)T)eT™CF, fort<T.

Theorem 1 implies that Xt has finite .%;-conditional moments of all orders. Note that we do not assume that Xr
has any finite unconditional moments. The following example illustrates this.

Example 2. The generalized autoregressive conditional heteroskedasticity (GARCH) diffusion dX; = «(6 — X;) dt +
V2xkX; dW; for some parameters x, 0 > 0 has a unique ergodic solution on (0, o), which is a polynomial diffusion.
The invariant distribution is an inverse Gamma distribution with shape parameter two and scale parameter 1/06.
Hence, in the stationary case, when X has the invariant distribution, we have E[X;] = 6 and IE[X?] = +00. See
Forman and Serensen (2008, case 4).
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Here is a large class of polynomial jump diffusions extending the GARCH diffusion. Let W; be a standard
m-dimensional Brownian motion and N(du, dt) a Poisson random measure with compensator F(du)dt on U x R,
for some mark space U; see Jacod and Shiryaev (2003, definition I1.1.20). We consider the linear stochastic
differential equation (SDE)

dX; = b(Xy) dt + o(X;) AW, + / O(Xi—, u)(N(du, dt) — F(du)dt), )
u
with drift, volatility, and jump size functions

b(x) = o + éx,ﬂi, o(x) =Ty + ix,-l’,-, O(x, 1) = 6o(u) + i x;0:(ut), (10)
i=1 i=1 i=1

for parameters f; € RY, T; € R, and functions §;: U — R? with /u||6,-(u)||”P(du) <oo for all n>2 for
i=0,...,d. Because of the global Lipschitz continuity of the coefficients, the linear SDE (9) has a unique strong
Ré-valued solution X; for every .#)-measurable initial random variable Xj; see Jacod and Shiryaev (2003,
theorem 111.2.32). It follows by inspection that X; is a polynomial jump diffusion on R? with linear drift b €
Poli(RY), diffusion function a = 00" € Pol,(R?), and jump measure v(x,d&) given by ./]Rd F(&)v(x,dE) =
fu f(6(x, u))F(du) so that

/R”’ EM(-,dE) € Polyy (Rd) for all |a| > 2.

We now derive the matrix representation (8) of ¢ for the linear SDEs (9) and (10) in the univariate case, d = 1
when E C R has nonempty interior. Straightforward calculations show that for any j € {0,...,n},

ng = Z Gi]-x",
i=0
where
(1) Ji; oGy~ (1 + &1(w)) F(du), i<j-3,
LT3 LD [ 50 (w)?(1+ 01 () F(du), i=j-2,
Gy = { o+ U5UToLs + [, 60(0) (1 + 61w = 1)F(du), i=j-1,

B+ 50T 4 (@ 1) 1= jonw)| Fw), 0=,
0, i>].

Hence, the (1+n)x(1+n) upper triangular matrix G = (Gij)og,an represents ¢ restricted to Pol,(E) with
respect to the basis {1,x,...,x"}.

Example 3. A special case of the linear SDEe (9) and (10) is the Lévy-driven SDE

aX; = b(Xf) dt + G(Xt_) st,
where b(x) and o(x) are as in (10), and L; is an m-dimensional Lévy process with E[|[L¢||"] < co for all n > 2; see
Sato (1999, theorem 25.3).

3. Affine Jump Diffusions
Affine jump diffusions have been widely studied and applied in finance; see, for example, Duffie et al. (2003).
We provide a novel approach to affine jump diffusions and show that they constitute examples of polynomial
jump diffusions.

Let ¢ be a jump-diffusion operator on RY of the form (2), and let X; be an E-valued jump-diffusion with
extended generator ¢ for some state space E C R%.

Definition 2. The operator ¢ is called affine on E if there exist complex-valued functions F(u) and R(u) = (Ri(u), ...,
Ry(u))T on iR? such that

Ge'r = (F(u) + R(u)Tx)e”T" (11)

holds for all x € E and u € iR?. In this case, we call X; an affine jump diffusion on E.



Downloaded from informs.org by [216.73.216.139] on 13 July 2026, at 20:17 . For personal use only, al rights reserved.

Filipovic and Larsson: Polynomial Jump-Diffusion Models
76 Stochastic Systems, 2020, vol. 10, no. 1, pp. 71-97, © 2020 The Author(s)

Note that this is a relaxed definition compared with the definition of an affine process in Duffie et al. (2003)
because it is directly given in terms of the pointwise action of ¢ on exponential affine functions. Indeed, the affine
jump diffusion in Example 4 is not an affine process in the sense of Duffie et al. (2003).

In analogy to Lemma 1, the affine property of ¢ on E has a simple characterization in terms of its coefficients
a(x), b(x), and v(x, d&).

Lemma 2. The operator ¢ is affine on E if and only if a(x), b(x), and v(x,d&) are affine of the form
d d d
a(x) = ao + >\ xa;,  b(x) =bo+ > xibi,  v(x,dE) = vo(dE) + > xvi(dé) (12)
i=1 i=1 i=1

on E for some matrices a; € S, vectors b; € R?, and signed measures v(d&) on R? such that vi({0}) = 0 and [, 1]l A
IEIP vil(dE) < o0, i=0,...,d. In this case, the functions F(u) and R(u) in (11) can be chosen to be of the form

F(u) = %uTaou +byu+ /ﬂ (e”Té -1- uTE)VO(dé),
. (13)
Ri(u) = 1uTaiu +blu+ / (e”T‘E -1- uTcS)v,-(dé).
2 RY

It follows from (12) that an affine jump diffusion X; cannot be realized as solutions of linear SDEs (9) and
(10) in general unless diffusion and jump coefficients a(x) = a9 and v(x, d&) = vo(d&) do not depend on x.

From (12) and Lemma 1, we immediately obtain that affine jump diffusions are polynomial on E subject to
being well defined on Pol(E).

Corollary 1. If X; is an affine jump diffusion on E such that & is well defined on Pol(E), then X, is a polynomial jump
diffusion on E.

Affine jump diffusions on E not only satisfy the moment formula in Theorem 1 subject to being well defined
on Pol(E), but their characteristic functions are also analytically tractable.

Theorem 2. Assume that X; is an affine jump diffusion on E. For u € iR? and T > 0, let () and ¥(t) = (Y1 (), ..., a(T))T
be functions that solve the generalized Riccati equations

¢'(1) = F({(1)), $(0)=0,

14
V(0 =REE), $O =1 )

for 0 <7 < T, where F(u) and R(u) are the functions in (13). If
Red(T—t)+ReP(T—-1)"X, <0, fort<T, (15)

then the affine transform formula holds,
IE[e“TXT | %] = P T=DHpT=0"X:  for p < T,
Remark 2. Inequality (15) is a necessary condition for the affine transform formula to hold. Indeed, the affine
transform formula and Jensen’s inequality yield, for u € iR,
exp(Re (T — t) + Re (T — 1) X;) = [E[exp(u" X1)|.Z||< E[|exp(u" X1)||#] = 1.

There exist affine jump diffusions for which the generalized Riccati equation (14) does not admit global
solutions for all u € iR?. The following example illustrates this.

Example 4. Consider the two-point state space E = {0,1} € R and the process X; that jumps from one to zero with
intensity A and is absorbed once it reaches zero. This is a jump diffusion with an extended generator

Gf(x) = Ax(f(x - 1) — f(x)),

which is of the form (2) with a(x) =0, b(x) = Ax, v(x,d&) = Ax6_1(d&) and. Thus, X; is an affine jump diffusion,
and F(u) =0 and R(u) = A(e™ —1). The associated generalized Riccati equation (14) is

¢'(1)=0, ¢(1)= /\(e‘w) - 1). (16)
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We claim that this equation does not have a global solution for the initial condition u = in. We argue by
contradiction and assume that ¥(7) is a global solution of (16). Then W(t) = ¢%(") satisfies the linear equation

V(1) = -AW(r)+ A,  W(0)=-1,

whose unique solution is W(t) = 1 — 2¢77, which becomes zero for © = A~ log2, which is absurd.

The deeper reason behind this fact is that the characteristic function of Xr given X, =1, E[e**T] =
1—e* + e, for u =im and T = A7 log2, becomes zero and, hence, cannot be written as exponential as in
the affine transform formula.

4. Polynomial Transformations
The class of polynomial jump diffusions is shown to be invariant under polynomial transformations after an
extension of the dimension. This allows us to build a large class of polynomial jump diffusions from basic
building blocks, including Brownian motion, Lévy processes, or more general affine processes. This turns out
to be a useful and flexible method for introducing nonlinearities and jumps in all kinds of financial models.
Let X; be a polynomial jump diffusion on E C R? with extended generator ¥. Fix n € N and a basis
{1,h1,...,hn} of Pol,(E) as in (6)-(8). Notice that H : E — H(E) C RY is injective. Indeed, the restriction to E of
any linear monomial x; lies in Pol,(E) and is, therefore, a linear combination of 1,h;(x), ..., hx(x). Thus, there
exist linear polynomials ¢; € Pol;(RN) such that ¢;(H(x)) = x; for all x € E and all i. Define the vector-valued
function

L:RYN SR, LX) = (6(),..., %) (17)
Then L(H(x)) = x for all x € E, and H(L(X)) = X for all X € H(E). We define the pullbacks H* and L* as in (1).

Lemma 3. For every m € N, the pullback H* : Pol,,(H(E)) — Pol,,,(E) is a linear isomorphism with inverse L".

Here is the main result of this section.’

Theorem 3. The process X; = H(X;) is a polynomial jump diffusion on H(E) with extended generator 4 = L*¢H", and for
every m € N, the following diagram commutes:

Pol,,(H(E) x R¢) —2— Pol,,(H(E) x R?)

“’*l T’“’* (18)

17 g V.,

As an immediate application of Theorem 3, we can easily infer the action of 4 on Pol,(H(E)). Let 1 + N =
dim Pol,,(H(E)) = dim Pol,,;;,(E), and extend the basis of Pol,(E) to a basis

{hO = 1/h1r'--/thhN+l/--‘rhﬁ} (19)

of Pol,,(E) for some polynomials iy y1(x), .. ., hg(x) on R?. In view of the commuting diagram (18), this induces
a basis h; = L*h; on Pol,,(H(E)) for i = 0,...,N. Let G be the (1 + N) x (1 + N) matrix representing ¢ on Pol,,,(E)
according to (6)—(8), which can be determined using symbolic calculus applied to ¥/;(x). Then G is the matrix
representing ¢ on Pol,,(H(E)), and Theorem 1 can readily be applied to compute all .%;-conditional moments of
Xr up to order m.

The following example shows that the affine property is not invariant under polynomial transformations.
Example 5. Consider the square-root process dX; = (b + pX;)dt + 0/X; dW;, which is an affine diffusion. The
augmented process X; = (X;, X?) satisfies

Xy = (b + ;ﬁ”) dt + o/ Xy AW,

Xy = ((Zb + %)Xy + 2% ) dt + 20X Xy dW,.
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Although the drift function of X; is affine of the form (12), the diffusion function is not. In view of Lemma 2,
this shows that X; is not affine, although it is polynomial on H(R) for H(x) = (x,x*)" in line with Theorem 3.

5. Polynomial Conditional Lévy Processes

In financial applications, we often encounter the following situation. Let X; be a polynomial jump diffusion X;
on E CRY, and let Y, be an R¢-valued semimartingale for some e € N whose characteristics are functions of X;.
The process Y; could model the excess log returns of assets whose stochastic volatilities and jump charac-
teristics are given in terms of the latent factor process X;. Drawing on Section 4, we develop a polynomial
framework that accommodates a large class of such models. The following example illustrates the kind of
situation we have in mind. We elaborate on this example further, including jumps, in Section 9.

Example 6. For y >0, k0 >0, Xy >0, and Yy, =0, we consider the following model specified under the risk-
neutral measure:

dXt = K(G - Xt) dt + ')/Xt dWU,

1
dYy=-3 X2 dt + X; dWoy,

where Y; models the excess log return of an asset and X; its volatility. In view of Lemma 1 and Example 2, X; is
a polynomial diffusion on E = (0, o). Moreover, the drift and diffusion functions of Y; are both quadratic in X;.
In particular, Lemma 1 shows that the joint process Z; = (X, Y;) is not polynomial on E x R. However, the
augmented process Z; = (H(X;), Y;) with H(x) = (x,x?) is a polynomial diffusion on H(E) X R. Thus, the moment
formula in Theorem 1 can still be used to compute conditional moments of Yr.

Returning to the general discussion, we assume that the joint semimartingale Z; = (X}, Y}) is an E X R°-valued
jump diffusion with extended generator of the form

9f(e) = 5 Tr(ab)VF(@) + bx) Vf() + [, e+ 01=fa) = TVF@) ), (20)

d+e

where we write z = (x,y) for some measurable maps a: R? — S™¢ and b: R? — R%** and a transition kernel
v(x,dC) from R? into R¥* satisfying v(x,{0}) = 0 and /R“’“ Il A ICIPv(x, dC) < oo for all x € RY,
According to the decomposition Z; = (X;,Y:), and, accordingly, C = (&, 1), we write

a(x) = ( aX(x)  aX(x)

aX(x)  a¥(x)) b¥(x)

, b(x) = (bx(x)), v(x,dC) = v(x,d& X dn) (21)

and denote by v¥(x,d&) and vY(x,dn) the marginal measures of v(x,d& X dn) given by
vi(x,A) =v(x, AXR%), v'(x,A) =v(x, R X A). (22)

Then a*(x), bX(x), and v*(x, d&) are the coefficients of the extended generator 4% of X;, which is polynomial on
E by assumption. Note that Y; is a conditional Lévy process in the sense of Cinlar (2003). That is, conditional
on the process X;, the semimartingale Y; has independent increments.

Fix n € N and a basis {1,h1,...,hn} of Pol,(E) as in (6)-(8) for ¥* in lieu of 4. Extending (17), we define the
maps @ : R¥* — RN*¢ and ) : RN** — R4+ by

Pl y) = (H®)y), ¢Ey) =(LE),y)

so that ) o ¢ =id on E X R®. The pullbacks ¢* and ¢ are defined in (1). Here is our first main result of this
section, which extends Example 6.

Theorem 4. Assume that

/ Il v¥ (x, dn) < oo for all x € E and all k > 2. (23)
R(’
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Then the augmented process Z; = (H(Xy), Y;) is a jump diffusion on H(E) X R¢ with extended generator 4 = 9", and
the operators 4 and 4 are well defined on Pol(E x R®) and Pol(H(E) X R?), respectively. Furthermore, the properties

b" € Pol,(E), (24)
@+ [ V) € Polay(E), 25)
RL‘

Y + f EnTv(-,d& x dn) € Polyy,(E), (26)

Rd+e
) EnPu(-,dE x dn) € Poliyng(E), for all |a| +|B| 2 3, (27)

Rd+e
together imply that

Z; is polynomial on H(E) x R®. (28)

Conversely, (28) implies (24), (25), and (27) for a = 0.*

Remark 3. Because ¢* is polynomial on E and thus well defined on Pol(E), condition (23) is equivalent to
/ lICIFv(x, dC) < oo for all x € E and all k > 2.
Rd+e

As an application of Theorem 4, we show how to construct large classes of polynomial jump diffusions by
specifying Y; in terms of the polynomial jump diffusion X; on E.

Corollary 2. Let e = ¢’ +e¢” for some €' ,¢” >0, and consider the maps P: E — R® and Q : E — R with polynomial
components P € Pol,(E) and Q € Pol,_1(E). Then, for

qy, = ( P(Xy)dt )

Q(Xi-) dX;

conditions (23)—(27) in Theorem 4 are satisfied so that Z; = (H(X;), Y1) is a polynomial jump diffusion on H(E) X R¢. For
n > 2, this covers the quadratic covariations d[X;, X;l; = d(X;:X;s) — Xiy-dX;; — Xj;-dX;; and their predictable com-
pensator, TX(x;, x;)(X;) dt, where T* denotes the carré-du-champ operator related to 4% (see Appendix A).

To compute conditional moments of Yr using the moment formula in Theorem 1, we must understand the
structure of Pol,,(H(E) X R) and how ¢ acts on it. To this end, we introduce the subspace V,, C Pol,;,(E x R¢)
defined by

Vi = span{p(x)yﬁ:p € Pol(E), degp < n(m—|B

),

Bl < m} (29)

Extending Lemma 3, we have the following result.

Lemma 4. For every m € N, the pullback ¢* : Pol,,(H(E) X R®) — V,, is a linear isomorphism with inverse {".
Here is our second main result of this section.

Theorem 5. Assume (23). Then either of the following statements is equivalent to (28):

(i) The operator & maps the space V,, to itself for each m € N.

(ii) 9(yP) and T(x*,yP) lie in V,, whenever || < n(m — |B|) and |B| < m, where T denotes the carré-du-champ operator
related to & (see Appendix A).

In either case, for every m € N, the following diagram commutes:
Pol,,(H(E) x R¢) —Z— Pol,,(H(E) x R¢)
-l IG (30)
Vi = Vi

Remark 4. Note that for n = 1 and H(x) = x, we have Z; = Z; and V,, = Pol,,(E X R®), in which case Theorem 5
simply recovers the definition of Z; being polynomial on E x R°.
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As an application of Theorem 5, we can infer the action of ¢ on Pol,,(H(E) x R®). This allows us to compute

conditional moments of Y7 using the moment formula in Theorem 1. Assume (23) and (28). Let 1+ N =
dim Pol,,;;,(E), and extend the basis of Pol,(E) to a basis of Pol,,;,(E) as in (19). This induces a basis of V,, of
the form

vi(x, y) = hj(x)yﬁ, degh; <n(m—|B|), |B|<m, i=0,....M,

where 1+ M = dim V,,. In view of the commuting diagram (30), this induces a basis 7; = ¢*v;, i =0, ..., M, of
Pol,,(H(E) X R°). Let G be the (1 + M) x (1 + M) matrix representing ¢ on V,, according to (6)—(8) with v; in lieu
of h;, which can be determined using symbolic calculus applied to %v;(x,y) for v;(x,y) = h;(x)yP. Then G is the
matrix representing ¥ on Pol,(H(E) X R°), and Theorem 1 can be readily applied to compute all conditional
moments of Zr up to order m.

The following corollary is useful for applications because it helps to reduce the dimension for moment

computations. For example, if we only need the conditional moments of Yir, this does not involve the
remaining components Y for i # 1.

Corollary 3. Assume (23) and (28). Let P : R — R be a linear map for some ¢’ € N. Then Z,, = (X;, PY;) satisfies (23) and
(28) in lieu of Zy = (X;, Y:) with dimension e replaced by e’.

6. Lévy Time Change

The class of polynomial jump diffusions is shown to be invariant under time change by a Lévy subordinator.
Let X; be a polynomial jump diffusion on E C R? with extended generator &. Let Z; be an independent
nondecreasing Lévy process (subordinator) with Lévy measure v#(dC) and drift b > 0 so that its generator is

GF(z) = VF(2) + /0 " (fz+0) — fRAWD).

The law of Z; is denoted by u'(dz). A heuristic argument suggests that the time-changed process X; = Xz, is
again a polynomial jump diffusion on E. Indeed, the moment formula Theorem 1, the independence of X; and

Z;, and the Lévy property of Z; give, for any polynomial f(x) = (1, H(x)") f in Pol,(E),
B|f(Xr) 1 X1| = BELF(X2,)Xz, 21, Z1]X7, | = B (1 H(Xz)T)e%~20F |, |
_ (LH(XZ,)T) /°° ezGuT—t(dz)j‘-’ _ (1,H()~(t)T)e(Tt)GJ?/
0

where the matrix G is given in (37), subject to u'(dz)-integrability conditions. Hence, X, satisfies the moment
formula. However, it turns out to be surprisingly difficult, if not impossible, to prove without any further

assumptions that X, is a jump diffusion.” Assuming Markovianity, we can prove the following result.

Theorem 6. Assume that X, is a Feller process with transition kernel p;(x, dy), the domain of its generator contains CZ°(E),
and the generator coincides with 4 on C=(E). Assume also that the Lévy measure vZ(dC) admits exponential moments,

/oo e“MVA(dQ) < oo, (31)

1

for any A from the set of real parts of eigenvalues of 4 restricted to Pol(E). Then the time-changed process X; = Xz, is a
polynomial jump diffusion on E and a Feller process with transition kernel

pilx, dy) = /0 p(x dy)u' (d2) (32)
with respect to the usual augmentation T of its natural filtration. Its extended generator
Gf(x) = %Tr( A(x)V2f(x)) + b(x)TVf(x)

(33)
v [ (e &) =0 = TV, de)
R4
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is given by

a(x) = b%a(x), (34)

50 = 17000 + [ [ty =yl i), @)

V(x,d&) = b*v(x,d&) + /Ooo Lie0ype(x, x + dEWA(AQ). (36)

The matrix representations G and G of 4 and % on Pol,(E) are related by
C=17G+ / (6 ~id)7(d0) and e = / ¢ (d2). 37)
0 0

Remark 5. It is shown in the proof of Theorem 6 that p;(x, A) and pi(x, x + A) are jointly measurable in (¢, x) €
[0, 00) X E for all measurable A C R with the obvious extension p;(x, A) = p;(x, A N E). Hence, (32) and (36) specify
well-defined transition kernels from R? into R?, defined to be zero for x¢E.

Remark 6. Theorem 1 yields that

fE (v =) el dy) = (1LHE)T) (e —id)M,

where G is the matrix representation of 4 on Pol;(E), and M is the matrix whose ith column is the corre-
sponding vector representation of x; in Pol;(E). In view of (31), it thus follows that (35) specifies a well-defined
first-order polynomial drift function.

Remark 7. Sato (1999, theorem 25.3) states that condition (31) is equivalent to E[e'%] = fom e u!(dz) < oo for all
t > 0. Hence, the integrals in (37) are well defined. If E is compact, then all eigenvalues of ¥ restricted to Pol(E)
have a nonpositive real part such that (31) trivially holds.

The following example shows that the affine property is not invariant with respect to Lévy time change.

Example 7. Consider the Ornstein—Uhlenbeck process dX; = —kX; dt + 0 dW;, which is an affine Feller process with

_ . 2 _ . . .
*tx and variance -(1-e 2ct), Now consider an independent Poisson

normal transition kernel p;(x, dy) with mean e
subordinator Z; with g = 0 and v*(dC) = 6{1;(dC). According to Theorem 6, the Lévy time changed jump diffusion

X; = Xz, is polynomial. But X; is not affine if x # 0. Indeed, straightforward integration shows that
g?eux — /(euy _ eux)pl (x, d]/) — (e(e”"t—l)ux+C(t) _ 1)eux
E

for C(t) = %(1 — e~ %), which is not of the form (11).

Applications of Lévy time-changed Ornstein—Uhlenbeck processes as in Example 7 to commodity de-
rivatives pricing are given in Li and Linetsky (2014).

7. Polynomial Expansions

We study the generic pricing problem in finance, which can be cast as follows. Let X; be a polynomial jump
diffusion on state space E C R. Pricing a possibly path-dependent option boils down to computing the
conditional expectation

I, = E[F(X)|Z4,],

where X = P(X4,, ..., X;,) for some linear map P : R 5 R™ with m < d X n for some time partition 0 <ty <
t; <---<t, and some discounted payoff function F(x) on R". For example, X = (X 4,...,X1,,) may only
depend on the first component of X; so that m = n. In the following, we present a method that extends the
approach in Filipovi¢ et al. (2013).
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We denote by g(dx) the regular conditional distribution of X on R" given .%#,. We let w(dx) be an auxiliary
probability kernel from (Q, %)) to R™ that dominates g(dx) with a likelihood ratio function denoted by ¢(x)
such that

g(dx) = t(x)w(dx). (38)
We define the Hilbert space L2 as the set of (equivalence classes of) measurable real functions f(x) on R™ with
finite L2-norm given by
1A= [ foroia
The corresponding scalar product is (f, 1) = [,. f(x)h(x)w(dx). We assume that L2 contains all polynomials
on R™,

Pol(R™) c L2, (39)

and let qo(x) = 1, 41(x), g2(x), . .. form an orthonormal basis of polynomials spanning the closure Pol(R™) in L2,

We also assume that the likelihood ratio function lies in L%,,

tel?. (40)

As a consequence, its Fourier coefficients
b=, k) = / Ge(x)E(x)w(dx) = E[qx(X)|-F, | (41)
Rm

are given in closed form by iterating the moment formula in Theorem 1.
We finally assume that the discounted payoff function lies in L2,

Fel?. (42)

We denote by F the orthogonal projection of F onto Pol(R") in L2. Elementary functional analysis then gives
that the price approximation I;, = E[F(X) | .%;,] equals

L, = /R F(x)g(dx) = , ), = > Filx, (43)
" k=0
with Fourier coefficients given by
Fi= (Fa), = (R = [ F@wt), (44)

The approximation equals the true price I;, = I, if the projection F equals F in 2. This statement is of more
theoretical than practical interest for two reasons. First, depending on the choice of the auxiliary kernel w(dx),
we have that Pol(R™) is dense in L2 such that F = F holds anyway. Second, in practice, we approximate the
price by truncating the series in (43) at some finite order K,

K
10 = >k, (45)
k=0

such that the pricing error is e = I, — Ig(). Although it is good to know that e®¥) — 0 asymptotically as K — oo
if F=F in L2, the hard work consists in controlling the error e for finite K.
Computation of the approximation Igo can be cast as numerical integration over R",

19 = S, Gy, = R (46)
k=0 R™

for the likelihood ratio approximation

K
(O (x) = D bei(x).
k=0
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Note that the approximation g (dx) = £® (x)w(dx) of the measure g(dx) integrates to one, g (R™) = 1, because
gx is orthogonal to qo =1 in L2, for k > 1. But ¢¥)(dx) is only a signed measure in general.

How do we choose the auxiliary probability kernel w(dx)? Necessarily, w(dx) has to satisfy conditions
(38)-(40) and (42), whereof (40) is arguably the most difficult to verify in practice.6 The following criteria
indicate desirable further properties of w(dx) from a computational point of view:

1. w(dx) admits closed-form .%#,,-conditional moments. Then we obtain the orthonormal polynomials go(x) = 1,
71(x),g2(x), ... in L2, in closed form and without numerical integration. Indeed, we let §o(x) = 1,71 (x), §2(x), . .. be
any basis of Pol(R"). We obtain all scalar products (f, §;),, in terms of the .%, -conditional moments of w(dx).
This allows us to perform an exact Gram-Schmidt orthonormalization, and we obtain an orthonormal basis of
Pol(R™) in L2 in closed form.

2. There exist closed-form formulas for the Fourier coefficients Fi, and no numerical integration is needed
for the computation of Ig(). See, for example, the option pricing in Ackerer et al. (2018) and Ackerer and
Filipovi¢ (2020b). Otherwise, one has to numerically integrate (44) or, equivalently, (46) with respect to w(dx).
This should then at least be amendable by cubature or Monte Carlo methods.

3. w(dx) matches the moments of g(dx) of order n and less, me x*w(dx) = me x*q(dx), for all |a| <n. We
already know this always holds for & = 0 so that ¢y = 1. Then ¢, = me Je(x)g(dx) = me gr(x)w(dx) = (1, k), =0,
for all k> 1 with degg, <n. This can improve the convergence of the approximation (45). A numerically
efficient method for constructing a probability density matching the first » moments in the univariate case,
m =1, is presented by Filipovi¢ and Willems (2019, section 3.2).

8. Polynomial Asset Pricing Models

Building on Section 5, we develop a polynomial framework that accommodates a large class of asset pricing
models. It nests all affine asset pricing models, subject to integrability of jumps. First, we introduce the fi-
nancial market model with excess log returns that are conditional Lévy based on a polynomial jump-diffusion
factor process. Then we discuss option pricing and equivalent measure change and provide closed-form
expressions for the return volatility, vol of vol, and leverage.

8.1. Conditional Lévy Excess Log Returns
We consider a financial market with e primary assets with price processes given as

ftr ds+Y;
Sit=Sipelo T,

where 1, is the risk-free rate, and Y; = (Y1, ..., Ye,) are the excess log return processes with Yy = 0. We let X; be
a polynomial jump diffusion on some state space E C R? such that Z; = (X;,Y;) is a an E X R®-valued jump
diffusion with extended generator ¢ of the form (20). That is, Y; is a conditional Lévy process. We follow the
conventions (21) and (22) and assume that

/ (e -1- m)vy(x, dn) <eo, forallxeE, i=1,..., e (47)

It then follows that the price processes are special semimartingales with the decomposition

das;;
Sit-

= (rr + e(Xy)) dt +dY;, + /]R;g(e”" - 1)(yy(d17,dt) - VY(Xt_,dn)),

where Y¢ denotes the continuous martingale part of Y;, uY(dn,dt) is the integer-valued random measure
associated to the jumps of Y;, and the excess rates of return are given by

€i(x) = b (x) + 1a};(x) + / (e” =1 —niv¥(x,dn).
Re

We have not specified the measure IP yet. For derivatives pricing, we assume that P is a risk-neutral measure so
t

that the discounted price processes e_/o rsdsSi,t are local martingales. This is achieved by setting €;(x) = 0 for all
xe€eEandi=1,...,e In view of Lemma 1, €(x) cannot be zero if Z; = (X;,Y;) is a polynomial jump diffusion,
other than affine, in general. The next result shows how to embed Z; into a higher-dimensional polynomial
jump diffusion such that €;(x) = 0. It follows immediately from Theorem 4, so we omit its proof.
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Lemma 5. Let n € N. Assume that (47) holds and
a’ e Pol,(E),
aXY € P011+n(E)/

/RM E¥(n)v(-, d& x dn) € Polign(E),  for all |a| >0, (48)
for all functions f : R® — R for which the integral is finite. Then one can choose
bf:—i%,—A;@W—l—mﬁyﬁmﬂePdAB,
so that €;(x) = 0 on E and P is a risk-neutral measure, and Z; = (H(X;), Y;) is a polynomial jump diffusion on H(E) X R®.

8.2. Option Pricing

To illustrate how to price options on the primary assets S;;, we now assume that P is a risk-neutral measure.
Consider first a European call option written on asset S;; with strike K and maturity T. Its price at time ¢t = 0 is
given by

T
Ele b (5, - K)*

T\t
ﬁo] = E[(S;‘,oeyi'r — Ke_fﬂ " S)

|

If the risk-free rates r;, are deterministic, the pricing operation reduces to computing expectations of the form
E[(e¥r —c)* | #o], where ¢ is a constant. Pricing path-dependent derivatives boils down to computing con-
ditional expectations of the form E[F(Y,,...,Yis,) | Fol, as discussed in Section 5 for Z; in lieu of X;.

8.3. Equivalent Measure Change

In general, P may be any measure, such as the real-world measure, as long as there exists a locally equivalent
risk-neutral measure Q such that the discounted price processes are Q-local martingales. This is a standard
condition on asset pricing models to be arbitrage-free; see Harrison and Pliska (1981). In case IP is not a risk-
neutral measure, we specify the market price of risk such that X; is a polynomial jump diffusion under the
corresponding risk-neutral measure. Thereto we fix a finite time horizon T and consider equivalent probability
measures Q ~ P under which Z;, t € [0, T], is a jump diffusion with diffusion, drift, and jump coefficients a%(x),
b%(x), and v%(x,dC) given in terms of the P-coefficients a(x), b(x), and v(x,dC) as

a(x) = a%(x),
bx) = B2(x) + a(x)b(x) + /R (- 190 ) vl ), (49)
v(x,dC) = P(x, C) vQ(x, dg),

for some R4*-valued function ¢(x) and real function ¥ (x, C) > 0. Here ¢(x) is the market price of diffusion risk,
and 1(x, ) is the market price of risk of the jump event of size  associated with Z;.” And Q is a risk-neutral

measure if e;-@(x) =0forallxeEand i=1,...,e
In order that the change of measure is well defined, we assume that

&i(L),t €]0,T],is a positive martingale (50)

for

ALy = —(X)TdZE - / (- 1%, 0) (W ) ~ V(X 0y

Rd+e

with Ly = 0, where Z{ is the continuous martingale part of Z;, and yZ (dC, dt) denotes the integer-valued random
measure associated with the jumps of Z;.® Then dQ/dP = &1(L) defines an equivalent probability measure
Q ~ P. We also assume that

T
/0 /R M(IICHZ AT /(X Q) (X, dT)dt < oo. (51)
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Girsanov’s theorem then implies that Z;, t € [0,T], is a jump diffusion with diffusion, drift, and jump co-
efficients a%(x), b%(x), and v@(x,dC) given in (49); see Jacod and Shiryaev (2003, theorem II1.3.24).

In addition to (50) and (51), assume that [, [|IC|[*/1(x, C) v(x,dC) < co for all x € E and all k > 2. Let 9 denote
the generator of Z; under Q so that

G (2) = 9f(z) — d(x)Ta(x)Vf(z) - ‘/RM (fz+0) - f(2)(1 - 1/¢(x, O))v(x, dO).

Because ¢ is well defined on Pol(E x R¢), Lemma A.2 implies that 4 is well defined on Pol(E x R¢). On a case-
by-case basis, it is now straightforward to derive conditions from (49) and Lemma 1 such that X;, t € [0,T], is a
polynomial jump diffusion under Q and such that Lemma 5 applies so that Q is a risk-neutral measure and
Zy = (H(X;),Yy), t €[0,T], is a polynomial jump diffusion on H(E) X R® under Q.

8.4. Volatility, Vol of Vol, and Leverage
The spot variance v;(X;-) of the ith excess log return dY;; is defined as the time derivative of the predictable
compensator of its quadratic variation [Y;, Y;], (modified second characteristic) given by

oi(x) = Ty, y) () = aX(x) + / v (x,dy),

where I' denotes the carré-du-champ operator related to ¢ (see Appendix A).
The volatility of dY;, is defined as the square root of its spot variance vol;(X;-) = y/vi(X;-). The vol of vol is
defined as the square root of the spot variance of the volatility process vol;(X;),

volvol;(X;_) = yI'(vol;, vol;(X;).

The leverage effect refers to the generally negative correlation between dY;; and changes of its spot variance
dvi(X;). It is captured by the time derivative of the predictable compensator of the quadratic covariation
between Y;; and v;(X;),

T(yi, Ui) (Xi-)
Voi(Xe VT (07, 1) (X1
Note that in the presence of jumps, the jump measure v¥(x,dn) and thus the spot variance, volatility, vol of vol,

and the leverage depend on the measure [P so that we distinguish risk-neutral and real-world volatility, vol of
vol, and leverage.’

levi(X;-) =

9. Linear Volatility

We introduce a large class of polynomial asset pricing models based on the linear SDEs (9) and (10), extending
Example 6. Throughout this section, we assume that P is a risk-neutral measure. Let W; be a standard
m-dimensional Brownian motion. Let N(du,dt) be a Poisson random measure with compensator F(du)dt on
U x R, for some mark space U.'° We assume that X; is the E-valued solution of a linear SDE

aX, = bX(X,) dt + oX(X,) AW, + / X (X,—, u)(N(du, dt) — F(du)dt), (52)
u

where drift, volatility, and jump size functions b*(x), *(x), and 6*(x, u) are linear in x of the form (10) for some
state space E C R?. We then specify the excess log returns by

dY; = bY (X)) dt + 0¥ (X)) AW, + / Y (u)(N(du, dt) — F(du)dt), (53)
u

with drift b¥(x) to be determined such that P is a risk-neutral measure. The volatility function is linear,

d
o'(x) =Ty + > xI},
i1
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for parameters I'Y € R, i=0,...,d. Jumps of Y; are captured by the state-independent jump size function
6Y(u) and can be isolated or simultaneous with jumps of X;.'" We assume that the push-forward 6YF(dn) of
F(du) under 6Y(u) satisfies (47),

/ (e‘sfy(”) -1- (SIY(u))F(du) <oco, foralli=1,..., e (54)
u

The resulting coefficients a(x), b(x), and v(x,d& X dn) of the generator of the jump diffusion Z; = (X}, Y;) are
functions of x given by

oXgXT  GXGYT X
a= (GYGXT GYGYT) € Poly(E), b= (by)’

with bX € Poly(E) and
/ F(&, ) v(x,dé x dn) = / f(éX(x, ), 5Y(u)) F(du).
Rd+e u

It follows by inspection that the assumptions of Lemma 5 are met for n = 2. Hence, we can set

bY = —2a) - / (eéf (O 6}/(u))F(du) € Poly(E),
2 u

so that P is a risk-neutral measure as desired, and Z; = (X, Y;) satisfies properties (23)-(27) in Theorem 4 for
n=2.
Here is an example for the specification of the N(du,dt)-driven jumps of (X, Y}).

Example 8. Let U = Uy U Uy U --- U Uy for pairwise disjoint sets U; such that A; = F(U;) < co. Then Nj; = N(U; x
[0, 1)) are independent Poisson processes with intensities A; for j = 0, ..., k. Define the piecewise constant 6% (x, u) =
0 for u €Uy and &6%(x,u) = 6§ + 2%, xféfj( for ue U, j=1,...,k for some parameters &f, 6,?].‘ € RY. Then the
N(du, dt)-driven jump term in (52) reads

k

/ &8 (Xi—, u)(N(du, dt) — F(du)dt) = > (50 + Zd] X85
u i=1

=1

(AN — Ajdt).

The N(du,dt)-driven jump term in (53) accordingly is of the form

/ t / 5Y (1) (N(du, ds) — E(du)ds) = Zk}(
0 u

0 0
> SHM iy )~ E|H] ]Ajt),
]:

ieN

where 6Y(u) is any jump size function on U satisfying (54), H](»i) are mutually independent R°-valued random
variables, independent of the Poisson processes Ny, ..., Ni; and the Brownian motion W; and such that 2%

has distribution given by the push forward of F(u)/A; under the restriction 6Y|uf, that is, E[ f(H](,i))] =
/u f(6Y(u)F(du)/Aj, fori € Nand j=0,..., k. Note that Ny, drives isolated jumps of Y;. By contrast, Nj; drives
]

isolated jumps of X; if H]@ =0 for some j=1,...,k

Examples of linear diffusion volatility models include the extended Stein-Stein model (Stein and Stein 1991,
Schobel and Zhu 1999) and the extended Hull-White model (Hull and White 1987, Lions and Musiela 2007),
which are discussed in detail in Ackerer and Filipovi¢ (2020b).

10. Conclusion

We have developed a mathematical framework for polynomial jump diffusions in a relaxed semimartingale
context as opposed to a Markovian setup based on the pointwise action of the extended generator on
polynomials only. We have established various features, including the moment formula and the invariance
with respect to polynomial transformations and Lévy time change. We have also revisited affine jump
diffusions, which are nested in the polynomial class, in that relaxed context. We have then constructed a large
class of novel asset pricing models based on polynomial jump diffusions and presented a generic method for
option pricing. Our results provide the basis for new asset pricing models. Several extensions are possible and
left for future research. This includes discrete time and time-inhomogeneous polynomial jump diffusions.
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Appendix A. Carré-du-Champ Operator
Let X; be a jump diffusion with extended generator & on R of the form (2). An object closely related to ¢ is the carré-du-
champ operator, which is a bilinear operator I' given by

I(f,8)(x) = 9(fg)(x) - f(x)9g(x) - g(x)9f (x) (A1)

for any C? functions f(x) and g(x) on R such that
/ (h(x + &) — h(x))*v(x,d&) < co, for all x € R for I =fq
Rd
Using the product rule, one can express I'(f,g) in terms of a(x) and v(x,d&) as

I(f,8)(x) = Vf(x) a(x)Vg(x) + /R (fOe4 O = f)(8(x + &) = g()v(x, dS). (A2)

In particular, I'(f,f) > 0. Just as the extended generator captures the drift of a process f(X;), the carré-du-champ operator
gives information about the quadratic variation of f(X;).

Lemma A.1. The predictable compensator of the quadratic covariation [ f(X), g(X)]; is given by

[ g

for any C? functions f(x) and g(x) on R? such that
t
L1+ 0~ A0l + ) = (XX, de) s < o (A3)
Proof. In view of Jacod and Shiryaev (2003, theorem 1.4.52) and the fact that d(X¢, X°), = a(X;)dt, we have

[ F(X),g(X)],= /0 VA TaX)VE(X) ds + ST FX0) - (X)) (8(Xe) — g(Xo)):

s<t

The result now follows from (A.2) and Jacod and Shiryaev (2003, theorem I1.1.8). O

With the help of the carré-du-champ operator, we can qualify the property of ¢ being well defined on Pol(E) for some
state space E C R4,

Lemma A.2. Assume that 9 is well defined on Pol(E). Let f € Pol(R?) with f(x) = 0 on E. Then a(x)Vf(x) = 0 and /]Rd (fx+ &) -
F(x)*v(x,dE) =0 on E.

Proof. We have f(x)* = 0 on E, so that (A.1) implies T(f,f)(x) = 0 on E. Because a(x) € $¢, the lemma follows from identity
(A2). O

Appendix B. Polynomial Transformations of Jump Diffusions

We let X; be an E-valued jump diffusion with extended generator ¢ of the form (2) for some state space E C R?. We show
that an invertible polynomial transformation of X; is again a jump diffusion, subject to technical conditions, and we
identify its extended generator.

Lemma B.1. Let ¢ : RY — R be a polynomial map that admits a measurable inverse on E in the sense that there exists a measurable map
P : RF — R? such that 1 o ¢ = id on E. Assume that 4 is well defined on Pol(E); that is, (4) and (5) hold. Assume also that the process

X; = (X;) is a special semimartingale. Then X, is a jump diffusion with extended generator G = WG, which is well defined on
Pol(p(E))."” It is of the form

Gf(x) = %Tr(ﬁ(%)vzf(f)) +B®) V() + / ( fE+E) —fF) - ETVf(y))v(y, dz),

Rk
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where writing X = @(x) and @,(x) for the ith component of ¢(x),
3(®) = Vo, (a()V,(x)T,
bi®) = Gp,(v),
(¥, A) = /Rk 1a(p(x + &) — p(x))v(x, dE).

Proof. Because X; is a special semimartingale, Kallsen (2006, proposition 3) in conjunction with a direct calculation shows that it
is a jump diffusion with extended generator ¥ = y*%¢" of the stated form. In particular, the jump measure satisfies

/ eIl v(, dE) = / lp(e + &) — I vz, d5),  where T = p(x),
RK R4

which is finite for every X € ¢(E) because of (4) and because ¢(x) is polynomial. Finally, if f € Pol(R¥) vanishes on ¢(E), then
@'f € Pol(R?) vanishes on E; therefore, ¥¢f also vanishes on E in view of (5), and hence, f vanishes on ¢(E). Thus, ¢ is well
defined on Pol(p(E)). O

Appendix C. Locally Absolutely Continuous Measure Change
We sketch a situation that may occur in applications for the choice of an auxiliary probability kernel w(dx) satisfying
assumption (40).

Let Q be a probability measure that is equivalent to P on each .#; with Radon—-Nikodym density D;. We define w(dx) as
the Q-regular conditional distribution of X given .%; . Then (38) holds with likelihood ratio function given by the Q-regular
conditional distribution of Dy, /Dy, given % V o(X),

Dy
ud c p X =
Dto | Z to X

() = EQ[ , 1)

where we set Dy, /D;, =0 if Dy, = 0. Indeed, let f(x) be a bounded measurable function on R™. Taking conditional ex-
pectation gives

Dy,
Dy,

3”70] = ]E@[f(X)

[ sgtan) = x| ) !

=Eq [E@ [f (X) I;Z’

Fiy V o(X)

‘yto],

o[ 00|z = [ ),

which proves the claim (C.1).
The likelihood ratio function satisfies the estimate

2

/ CxPw(dx) = Bg ZovoX)| |7, <
RH[

(%)1 32] (€2)

fo

Dy
Fo | 2t
@[Dto

The bound in (C.2) is sharp to the extent that Dy, /D;, could be %} V o(X)-measurable such that we have equality in
(C.2). The estimate (C.2) can be useful for verifying assumption (40).

In practice, we could approximate w(dx), the Q-regular conditional distribution of X given .%; by simulating X; under Q.
Specifically, we would estimate the Fourier coefficients

Fi = Bo| g OF(X)| 7, | (€3)

in (44) by (nested) Monte Carlo methods. This addresses property (ii). If we further assume that X; is a polynomial jump
diffusion with respect to Q, then w(dx) admits closed-form .%; -conditional moments as indicated in property (i).

Appendix D. Proofs

This appendix contains the proofs of the lemmas and theorems in the main text.

D.1. Proof of Theorem 1
The proof of Theorem 1 builds on the following four lemmas.

Lemma D.1. The local martingale property (3) holds for any C? function f(x) on R? satisfying

t
V= / / [f(Xs + &) = f(X) = ETVFXOv(Xs, dE) ds < co. (O
0 JRY
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Proof. Property (D.1) states that V, is in ./} . The lemma now follows from Jacod and Shiryaev (2003, theorem ii.1.8 and proof
of theorem 11.2.42). 0O

For the rest of this section, we assume that ¢ is polynomial on E, and we let f € Pol,(E). Then the process

M =x) -0 - [ " (x,) ds
0

is well defined.
Lemma D.2. M{ is a local martingale.

Proof. In view of Lemma D.1, it is enough to show that (D.1) holds. But W(x, &) = f(x + &) — f(x) — £ETVf(x) is a linear com-
bination of monomials x#&” with 2 < |y| < n. Hence, |W(x, &)| < C(x)(|I][* + I|€])*") for some polynomial C(x). Now (D.1) follows
from Lemma 1. O

Lemma D.3. For any k € N, there is a finite constant C such that

E[1 +[IX|*

Fo

< (1+IX0l*) e, t20.

Proof. We recall the argument in Cuchiero et al. (2012, theorem 2.10) or Filipovi¢ and Larsson (2016, lemma B.1). Let
fx)=1+ [lx||*, and let C be a finite constant such that |%9f (x)| < Cf(x) on E. Such a constant exists by the polynomial property

of 4. Let0 < Ty < T, < --- be alocalizing sequence for the local martingale M{ (see Lemma D.2) such that ||X;|| < m for t < T),.
Then

Fo

tAT),
/ 9f(Xs)ds
0

IE[ F(Xonr,) yo] — f(Xo)+E

<f(Xo) +C /O 'E[ F(Xorr,) %] ds.

Gronwall’s inequality and Fatou’s lemma now yield the result. O
Lemma D.4. For any finite c, the process M{ Lyxoli<cy s @ martingale.

Proof. Let ¢ be a finite number. Then Ntf :M{ 1gx<cy is @ local martingale by Lemma D.2 with quadratic variation
[N/, N/, = [f(X), f(X)]i1(xo)<c)- We claim that its predictable compensator is given by

<Nf, Nf>t = /Ot T(f,f)(Xs) ds1x,j<c)-

Indeed, in view of Lemma A.1, the claim follows as soon as (A.3) holds for g = f. But W(x, &) = (f(x + &) — f(x))* is a linear
combination of monomials x#&Y with 2 < |y| < 2n. Hence, |W(x, &)| < C(x)([I€]I* + [|I€][*") for some polynomial C(x), and (A.3)
follows from Lemma 1.

By (A.1), T(f,f)(x) is a polynomial on E. Combining this with Lemma D.3, we infer that E[(N/, N/},] < oo for all t > 0, and
hence, N[ is a square-integrable martingale. O

We now prove Theorem 1. Fix a finite ¢ and t>0. By Lemma D.4, the row vector-valued function F(T) =
E[(llH(XT)T)l{HXDHSC} | #,] satisfies for T >t

T T
F(T) = (1, HX) ") gy e) + / E[(1, HT) (X e | 71| ds = F(8) + / F(s)G ds.
t t
Hence, E[(1, HX1)") | Z1yx < = F(T) = (1, H(X:)")eT 61 x <. Theorem 1 now follows by letting ¢ T co.
D.2. Proof of Lemma 2

We first assume that 0 € E and that the affine span of E is all of R".
Assume that ¢ is affine. Straightforward calculations show that

@' = (1 uTa(x)u +b(x)"u + / (e”Tg -1- uTé)v(x, dE))e“T"
2 R4
so that, by virtue of the assumed relation (11), we obtain
F(u) +R(u)"x = %uTa(x)u +b(x) u + / (e"T‘g -1- uTE)v(x, dé), forall x € E,u € iR". (D.2)
R4

We claim that F(u) and R(u) are of the form (13). Because 0 € E, this is clear for F(u), setting ay = a(0), by = b(0), and
vo(d&) = v(0,dE). Next, because the affine span of E is all of RY, there exist numbers Ay,...,A; with Zzzl Ax =1 and points
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xt,...,x" € E such that Aqx! +---+ Azx? = ¢;, the first canonical unit vector. Evaluating both sides of (D.2) at x = Xk,

multiplying by Ay, summing over k, and using the form of F(u), it follows that R;(u) is of the form (13) with
d d d
m=> Aa (xk) —a,  b=>) )\kb(xk) —b,  n@dd=> /\kv(xk, dé) — vo(de).
k=1 k=1 k=1

The same argument shows that Ra(u),...,R4(u) are also of the form (13).

It remains to prove (12). Given F(u) and R(u) just obtained, it is clear that taking a(x), b(x), v(x,d&) and as in (12) is
consistent with (D.2). Furthermore, for each fixed x € E, knowing the right-hand side of (D.2) for all u € iR? uniquely
determines a(x), b(x), and v(x, d&); see Jacod and Shiryaev (2003, lemma II.2.44). Thus (12) is, in fact, the only possibility,
completing the proof of the forward direction.

For the converse, assume that a(x), b(x), and v(x,d&) are of the form (12). A calculation then shows that ¢ satisfies (11)
with F(u) and R(u) given by (13) and thus is affine.

In the general case, in which either 0 ¢ E or the affine span of E is not R?, we apply an invertible affine transformation
T : R — R such that 0 € T(E) and the affine span of T(E) is R* x {0} for some d’ < d. In these new coordinates, we set the
corresponding a;, b;, and v;(d&) to zero for i > d’ and then transform back by Tl O

D.3. Proof of Theorem 2
Define the function f(t,x) = exp(¢(T —t) + (T —t)Tx) and the complex-valued process M; = f(t, X;). Then (15) yields
|M;| < 1. Moreover, a calculation using (14) yields

dif(t,x) +¥9f(t,x) =0, 0<t<T, x€E,

where ¢ acts on the real and imaginary parts of f(¢,-) separately. Thus, M, is a martingale on [0, T] with Mr = exp(u™ X7).
The affine transform formula is now just the equality M; = E[My | .%,]. O

D.4. Proof of Lemma 3
The proof of Lemma 3 builds on the following lemma.

Lemma D.5. Any polynomial p € Pol,,(E) is of the form p(x) = f(H(x)) for some f € Pol,,(H(E)).

Proof. It suffices to consider monomials p(x) = x* with |a| < mn. It follows by inspection that & = a1 + - - - + a4 for some multi-
indices a; € Ng with |a;| < n. Thus, x* = f;(H(x)) on E for some linear polynomial f; € Pol;(RY) for each i. We deduce that

pe) = [ |2 = f(HR) onE,
i=1

where f(X) = [T, fi(X) is of degree at most m. O

We now prove Lemma 3. If a function f:RY — R vanishes on H(E), then H*f(x) = f(H(x)) vanishes on E. Thus, H* is well
defined as a map from Pol(H(E)) to Pol(E), and it is linear with inverse L*. It is clear that H* maps Pol,,(H(E)) to Pol,,(E) for
each m € N. To see that L* maps p € Pol,,(E) to an element of Pol,(H(E)), observe that p(x) = f(H(x)) for some f €
Pol,,(H(E)) by Lemma D.5 so that L*p(X) = f(H(L(x))) = f(X). This proves Lemma 3. O

D.5. Proof of Theorem 3

Because X; is a special semimartingale by Lemma D.2, Lemma B.1 implies that X, is an H(E)-valued jump diffusion with
extended generator & = L*¢H*, which is well defined on Pol(H(E)). Lemma 3 implies that & is polynomial on H(E), and the
diagram (18) commutes. This completes the proof of Theorem 3.

D.6. Proof of Theorem 4
The proof of Theorem 4 builds on the following lemma.

Lemma D.6. Assume (23). Then the augmented process Z; = (H(X}),Y;) is a jump diffusion on H(E) x R with extended generator
G = *Yp*, and the operators ¢ and G are well defined on Pol(E x R®) and Pol(H(E) x R?), respectively.

Proof. We first prove that ¢ is well defined on Pol(E X R®). Because of (23), we only need to verify (5). Let f(x,y) be a
polynomial that vanishes on E x R¢. Collecting the monomials in y yields the representation

fxy) = > pploy?
B
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for finitely many polynomials pg(x) on R. For each fixed x € E, f(x, y) is the zero polynomial on R’, and hence, pg(x) = 0 for all .
Thus, we may suppose f(x,y) = p(x)q(y), where p(x) vanishes on E and g(y) = y*. One has

4 (pq)(x,y) = p)%a(x,y) +a(y)9p(x,y) + T(p,q)(x,y).

The first term is zero for any x € E. So is the second term because ¥p(x, y) = 9*p(x) and ¥* is well defined on Pol(E). For the
third term, note that the carré-du-champ operator is bilinear and positive semidefinite and, hence, satisfies the Cauchy—Schwarz
inequality. That is,

IT(p, ) (x, v) < T(p, p) (x, ¥) T(q,9) (x, )-

But I'(p, p)(x,y) = TX(p, p)(x) = 0 because ¥ is well defined on Pol(E). Thus, 4(pq)(x,y) = 0 on E x R¢, and we deduce that ¢ is
well defined on Pol(E X R?).

Next, because H(X;) is a special semimartingale by Lemma D.2 and because Y} is a special semimartingale by assumption, Z; is
also a special semimartingale. Therefore, because ¥ is well defined on Pol(E X R?), it follows from Lemma B.1 that Z; is a jump
diffusion with extended generator ¥ = %", which is well defined on Pol(H(E) X R). O

We now prove Theorem 4. Because of Lemma D.6, it remains to prove that (24)—(27) together imply (28) and, conversely,
that (28) implies (24), (25), and (27) for & = 0. To do this, we make use of Theorem 5.

We first assume that (24)—(27) hold and prove property (i) in Theorem 5. Fix m € N, and consider any monomial f(z) =
f(x,y) = x*yP with |a| < n(m - |B]) and |B| < m, which then lies in V,,. It suffices to show that ¥f again lies in V,,. Let a%(x),
7%XY(x), and a¥(x) denote the modified second characteristics of ¢, that is,

(x) = a¥(x) + / EETVX (v, d&), 7'(x) =a"(x) + / " v(x,dé x dn),
R4 Ri+e
() = (x) + / EnTv(x,d& x dn).
Rd+e

Furthermore, write V. f(x,y) for the first d components of Vf(x,y) and similarly for V, f(x,y), V2 f(x,y), Viy f(x,y), and
V7, f(x,y). We then get

Gf(x,y) = %Tr(ﬁx(x)V§xf(x, y)) +Tr (Exy(x)Viyf(x, y)) + %Tr (Ey(x)ijf(x, y)) (D.3)
+ b5 (0) Ve f(x,y) + 0 () TV, f(x, ) (D.4)
+ /R N (f (z+0) —f(2) - C"Vf(2) - %CTVZf(z)C)v(x, do). (D.5)

Consider first (D.3). Because V2 f(x,y) = y#V?(x*), and because ¥* is polynomial, the first term in (D.3) is of degree at
most |a| in x and |B| in y and, thus, lies in V,,. Next, Viy f(x,y) is of degree at most |a| — 1 in x and |B] — 1 in y, which, together
with (26), implies that the second term in (D.3) is of degree at most n+1+|a| —1=n+|a| in x and || — 1 in y. This term
therefore also lies in V,,. Finally, Vﬁy f(x,y) is of degree at most |a| in x and |B] — 2 in y, which, together with (25), implies
that the third term in (D.3) is of degree at most 21 + |a| in x and |B| — 2 in y. Again, this yields membership in V.

Consider now (D.4). Because V,f(x,y) = y#V(x*), and because ¥* is polynomial, the first term in (D.4) is of degree at
most |a| in x and |B| in ¥ and, thus, lies in V,,. Similarly, as before, the second term also lies in V), because of (24).

Consider finally (D.5). It follows from the multibinomial theorem that the expression in parentheses is a linear
combination of monomials x7y?£¢n” with |y| + |€| < ||, 6] + [v] < |B|, and |€] + [v] > 3. Thus, (D.5) is a linear combination of
expressions of the form

xy° ENVv(x, dE x dn).
Rdﬂ*

Because of (27), these expressions are polynomial of degree at most |p|+|e| +nfv| in x and [0] in y. Because
[yl + |el + njv] + nld| < |a| + n|p| < nm, it follows that (D.5) lies in V,,. This completes the proof of property (i) in Theorem 5,
showing that (28) holds.

Conversely, assume that that (28) holds, so property (ii) in Theorem 5 holds as well. Because 4(yf) € Vg, the identity

g(yﬁ) = %Tr(ﬁy(x)viy (yﬁ)) + bY(x)Tvy (yﬁ)
+ /RW ((y +n)f—yf - nrv(yﬁ) - %,]Tvz (yﬁ))v(x, d& x dn)

applied with B =¢; yields b} € V;, which gives (24). Taking § = ¢; + ¢j, we similarly obtain E}; € V,, which gives (25). By
considering |B| > 3, we obtain (27) for a =0. O
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D.7. Proof of Corollary 2
The process Z; = (X, Y}) is given by

ax; ; 0 id
az,=| PXydt |= K(Xt,)d(X ), where K(x) = [P(x) 0 ]
Q(X-)dX; ! 0 Q)

Its differential characteristics can then be computed using Kallsen (2006, proposition 2). One finds that they are de-
terministic functions a(x), b(x), and v(x,d() of X;, where

a¥(x) 0 aX)QM)T

QW) 0 QWK (WQM)T
b9 = KG9 )

V(x, A) = /}R R (K(x) ( g ))vx(x, do).

In particular, we have

" _ n/2 n/2 "
Lo vt do = [ (WIF+10weR)" v de) < (1+1QWIF)"™ [ el v*(xde) < oo

for all x € E and all n > 2, where ||Q(x)|| denotes the operator norm of Q(x). Thus, (23) holds.
Next, (24) holds because the components of b(x) are polynomials of degree at most n. To verify (25)—(27), we first observe
the identity

‘/Rmf(é)g(n',n”)v(x, d& xdn' xdn’) = /]Rdf(é)g(o, Q)EWX (x,dé), (D.7)

where we write 17 = (', ") for a generic vector in R® = R“*". Let f(£) = x* and ¢(n) = n¥ = n’f'"F", where we decompose
B =(B,B") according to the decomposition 1 = (7', n"). Because g(0, Q(x)s&) = s!¥"g(0, Q(x)&) for any s € R, it follows that

8(0,Qe) = > ne

y:lyl=IB"1
for some polynomials r,,(x). Because the left-hand side vanishes if g # 0, we take r,(x) = 0 in this case. Moreover, because
the components of Q(x) are of degree at most n — 1, the degree of g(0, Q(x)&), regarded as a polynomial in x, is at most
(n=1p7 +---+(n—-1)py, = (n—1)|B"|. This is, therefore, also an upper bound on the degrees of the polynomials r,(x).
These observations readily yield (27). To see this, we write

Enfy(xdexdn) = > 1) /]Rd £V X (x, dx). (D.8)

Rd+e y: |}":|ﬁ”‘

Either ' # 0, in which case the right-hand side of (D.8) vanishes, or ' = 0, hence, |”| = |B|, and thus, the right-hand side
of (D.8) is a polynomial of degree at most (n — 1)|B| + | + y| = |a| + n|B|, provided that |a@ + y| = |a| + |B| > 3. Consequently,
(27) holds.

Finally, (25) and (26) follow in a similar manner. For i € {1,...,d} and je {¢' +1,...,¢ +¢”}, we apply (D.6) and (D.7)
with f(£) = & and g(n) = 7; to get

d
e+ [ sl de xan) =Zq,>ef,k<x)(uik(x>+ / (siékvX(x,da),
]Rd+ﬂ k=1 Rd

which is a polynomial of degree at most n—1+2=1+n. If instead j€ {1,...,¢'}, then the left-hand side vanishes. It
follows that (26) holds. Property (25) is proved similarly. This completes the proof of the corollary. O

D.8. Proof of Lemma 4
Similarly, as in the proof of Lemma 3, the pullback maps ¢* and ¢ are well defined as operators

Pol(H(E) x R°) — Pol(E x R®) and Pol(E X R) — Pol(H(E) x R°).



Downloaded from informs.org by [216.73.216.139] on 13 July 2026, at 20:17 . For personal use only, al rights reserved.

Filipovi¢ and Larsson: Polynomial Jump-Diffusion Models
Stochastic Systems, 2020, vol. 10, no. 1, pp. 71-97, © 2020 The Author(s) 93

Viewed with these domain and range spaces, ¢* and ¢* are each other’s inverses. It is clear that ¢* is a linear map. We
show that it maps Pol,,(H(E) X R®) to V,,, and for this, it suffices to consider monomials f(%,y) = ¥*y#, where |a| + |B] < m.
One then has

N
P'f(x,y) =px)y?, where p(x) =] [hi(x)".
i=1

Because degh; < n for all i, and because |a| < m — |B), it follows that degp < n(m — |B|), showing that ¢*f € V,,, as claimed.
Injectivity of ¢* follows from the identity 1* o ¢* =id on Pol,,(H(E) X R®). To see that ¢* maps Pol,,(H(E) X R¢) sur-
jectively to V,, let p(x)y# with degp < n(m —|B|) and |B| < m be an element of V,,. Lemma D.5 implies that p(x) = f(H(x)) for
some polynomial f € Pol,,_j5(H(E)). Thus, p(x)y = ¢*g(x,y), where g(%,y) = f(X)y* is of degree at most m — |B| + |B| = m and,
thus, lies in Pol,,(H(E) x R¢). Because any element of V,, is a linear combination of polynomials p(x)yf as before, this proves
surjectivity. 0O
D.9. Proof of Theorem 5

We now prove Theorem 5. Because of Lemma D.6, Z; is a jump diffusion on H(E) X R® with extended generator 4 = ¥ %¢",
which is well defined on Pol(H(E) x R¢). Thus, property (28) is, by definition, equivalent to

¢ maps Pol,,(H(E) X R®) to itself for each m € N. (D.9)

The equivalence (D.9) < (i) follows from Lemma 4 and the expression ¥ = ¢»'%¢", which show that in the diagram (30)
each horizontal arrow holds if and only the other one does. In particular, the diagram commutes if either condition holds.
It remains to prove (ii) & (i). By definition of the carré-du-champ operator, we have the identity

ff(x"‘yﬁ) = yPg(x*) + x"‘%(yﬂ) + l"(x"‘,yﬁ).

Moreover, if |a] < n(m —|B|) and |B| < m, then yPZ(x*) = yPGX(x*) € V,, because ¥* is polynomial. Hence, (i) is equivalent
to

x*4(yP) + T (x*,yf) € V,, whenever |a| < n(m — |B|) and |B| < m. (D.10)

It suffices to argue that (D.10) is equivalent to (ii). To this end, first observe that

),

Indeed, 4(yf) € Vg is a linear combination of monomials of the form x’y® with |y| < n(|| —8]) and [5| < |B|. Thus,
x*9(yP) is a linear combination of monomials of the form x**Vy? with |a + y| = |a| + |y| < n(m — |B]) + n(|B| - |8]) = n(m — |6])
and therefore lies in V,,. This proves (D.11).

Assume that (ii) holds. By taking & = 0, we see that 4(yf) € Vg for all B, which, in view of (D.11) and (ii), implies that
(D.10) holds. Conversely, assume that (D.10) holds. Because T'(1,y#) = 0, it follows that ¥(yf) € Vg for all B, and hence, in
view of (D.11), that x*%(y¥) € V,, whenever |a| <n(m—|B|) and |B| <m. Another application of (D.10) then yields
T(x*,yP) € V,,, and we deduce that (ii) holds. O

xag(yﬁ) € V,, whenever |a| < n(m _

<m, and 9(yf) € Vig. (D.11)

D.10. Proof of Corollary 3

Lemma D.1 implies that Z, = (X;, PY;) is a special semimartingale. We infer that Z, = (X;, PY;) is an E X R -valued jump
diffusion with extended generator ¢ of the form (20). Indeed, this follows from a straightforward modification of Lemma B.1
applied to the linear map ¢(x,y) = (x, Py), observing that P does not need to be invertible to back out the state x from
(x, Py). It follows by inspection that Z] = (X;, PY;) satisfies (23) and, by Lemma B.1 in conjunction with Lemma 1 applied to
(H(X), PYy), property (28) with e replaced by ¢’ as claimed. O

D.11. Proof of Theorem 6
The proof of Theorem 6 builds on the following two lemmas.

Lemma D.7. Let ¢ be polynomial on E. Then ¢f(x) is locally bounded on E for every f € Ck(RY) satisfying the growth condition | f(x)| <
o(1 + ||x][F) on RE for some real ¢ and integer k > 2.

Proof. Write

950 = Tlao V) + b Vi + >y L [ e ey
2<'“'<" ! (D.12)

+ [ s, de),
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where

g, &) =flx+& - > (9“£§x) & (D.13)

|ar|<k—1

By Lemma 1 and the C¥ smoothness of f(x), the first three terms on the right-hand side of (D.12) are locally bounded in x on E.
We now bound the remaining term in (D.12). For ||{]| > 1, the assumed polynomial bound on f(x) along with the crude
inequality 1+ [Jx + &|IF < [IE]F25(1 + [|x|[*) and (D.13) yield

|g(x,a>|s||a||k(czk(1+||x||k)+ )y "’j;ﬂ) el > 1.
|ar|<k—1 :

Next, Taylor’s theorem with the remainder in integral form yields

g(x, &) = Z 5‘* / (1= 1% (x + t&)dt,

Jaf=k ¥

and hence

1
max|df(x+ &), llEll < 1.

algl<1

lgx, Ol < llellf >3 —

laf=k

Combining these two bounds gives [g(x, &)| < [|£]FM(x), where M(x) is a continuous function because of the C¥ smoothness
of f(x). Consequently,

/ Ig(x, O)v(x, d€) < M(x) / eIy, de),
]Rd ]Rd

which is locally bounded in x on E by Lemma 1. O

Lemma D.8. Let & be polynomial on E. Then, for every f € C*(R?), there exists a sequence of functions f, € C=°(R?) such that f, — f
and 9f, — 9f locally uniformly on E.

Proof. Define f,(x) to be f(x) multiplied by a smooth cutoff function that is equal to one on B, = {x € R?:||x|| < n}. Then f,, — f
locally uniformly. For n > m and x € B,,, we have

(91,09~ 970 < [ [+ €)= flr-+ Ot )
= / [fulx + &) = f(x + O yeyonompv(x, dE)

”f” / lelPv(, dc).

—m)?

By Lemma 1, the right-hand side is locally bounded in x on E. Hence, ¥f, — ¢f uniformly on EN B, for all m. O

We now prove Theorem 6. We first prove the statement in Remark 5. Because of the Feller property, for any f € Co (R,
we know that /E f(y)ps(x,dy) is jointly continuous in (t,x) € [0, ) X E. A monotone class argument now yields the claim for
pi(x, A). For pi(x,x + A), we observe that

pi(x,x+ A) = / 1a(y — x)pi(x, dy).
E
Because 14(y — x) is jointly measurable in (x,y), the claim follows also for p:(x,x + A). Hence, f?f (x) is well defined by

(33)-(36) for any bounded C? function f(x) on R%.
We next claim that

GF(x) = V() + / / — F0)pe (v, dy)A(dC) (D.14)

for all f € Pol(E). Indeed, for any polynomial f(x) = (1, H(x)") f in Pol,(E), Theorem 1 yields

[0 £y = (0 HE) e = i) . (D.15)
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Hence, the right-hand side of (D.14) is well defined because of (31) for all x € E. Moreover, by (33)-(36), we infer that
Df(x) = VGf(x) + / / (v — ) VF@pe (x, dy)vA (D)

(D.16)
/ / — ) — (v = 1) VFCO) Ly (6, Ay (D),

which proves (D.14).
We next claim that the jump-diffusion operator

9 is polynomial on E. (D.17)

First, we have

/ el T, d) = / el V(i de) + / f ly = 21" pe(x, dyvA(dD) < oo
R R4 0 R4

for all x € E and all n > 2. Indeed, the first term on the right-hand side is finite because of (4). The second term is also finite.
This follows from (D.15) for f(y) = |ly — x||" and (31) for even n > 2. Second, E?f(x) =0 on E for any f € Pol(R?) with f(x) =
on E. This follows from (5) and (D.14). Hence, & is well defined on Pol(E). Finally, the polynomial property of ¢, (D.14),

and (D.15) again imply that % maps Pol,(E) to itself for each n € N, which proves (D.17).

Now let G and G be the matrix representations of ¢ and ¢ on Pol,(E). The first equation in (37) then follows from (D.14)
and (D.15). The right-hand side of the second equation equals M(t) = E[e”C], which is well defined by Remark 7. Because
of the Lévy property of Z;, we have that M(t +s) = M(t)M(s). Hence, M(t) = exp(tM(0)), where M(0) = ¥%e*°|,_, = G. This
proves (37).

It remains to verify that Xt is a jump diffusion with respect to /t and that its extended generator is q. By Jacod and
Shiryaev (2003, theorem 11.2.42), it suffices to prove that the process

M =f(%) -£(%o) - [ (%)

is well defined and a local martingale for every f € C*(R?). We do this in three steps.
First, Phillips’ theorem (Sato 1999, theorem 32.1) shows that p;(x,dy) given in (32) is a Feller transition kernel, and the
domain of its generator contains C*°(E) on which it coincides with the operator

Ff(x) = b9f(x) + /O ) [E (F(v) —fG)pe (x, dy)vA(do). (D.18)

Here the integral with respect to v4(dC) is understood as the Bochner integral of the Cy(E)-valued map > u;, where
ug(x) = fE( fy) — f(0))pc(x, dy); see Sato (1999, comment after theorem 32.1). In particular, when evaluated at a point x € E,
this integral coincides with the Lebesgue integral with respect to vZ(dC) of the R-valued function (+— fE( fy) —f(0)pc(x, dy),
which is thus well defined and finite. In view of Remark 6, therefore, (D.16) and, thus, (D.14) also hold for all f € CX(E). We
conclude that

Gf(x) = Zf(x) on E for all feC™(E). (D.19)

Second, an argument based on Revuz and Yor (1999, proposition II1.1.4) shows that X; is a Markov process with respect
to its natural filtration .70 = 0(X;, s < ) with transition kernel 7;(x, dy). Because of the Feller property, this also holds with
respect to the usual right-continuous augmentation F, of F9; ;; see Revuz and Yor (1999, proposition III.2.10). Therefore, by

Revuz and Yor (1999, proposition VIL.1.6) and (D.19), it follows that Mf is a martingale for every f € C®°(R%).
Third, let f € Cm(Rd) In view of (D.17) and Lemma D.7, ?J”f (x) is locally bounded on E, whence the process Mf is well

defined. Furthermore, Lemma D.8 yields a sequence of functions f, € C®(R?) such that f, — f and G, — Gf locally
uniformly on E. Therefore, defining the stopping times T,, = inf{t > 0: IX;|| > m}, we have

M, = Mg, | < |F(Xinr,) = f(Xinr, ) = £ (o) +£(%o) |+ _max |7 () - G|

xeE, ||x||<m

The right-hand side is bounded and converges to zero as n — oo, which yields M{AIT - M{ .1, in L'. Because each M{” is

a martingale, it follows that Mtf is a local martingale as required. This finishes the proof of Theorem 6. O
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Endnotes

"The special semimartingale property of X; implies that

/ *(ua(xan I+ [ IEIP A fellvXs da))dsm
0 S S Rd 57 ’

and its semimartingale characteristics (B, C,v) associated with the identity truncation function h(&) = & are given by B; = fot b(Xs)ds,
C = f[;a(Xs)ds, and v(X;-,dé)dt; see Jacod and Shiryaev (2003, proposition 11.2.29). In particular, X; — B; is a local martingale.

2 Property (5) always holds when E has a nonempty interior. An example of a diffusion operator that is not well defined on Pol(E) can be found in
Filipovi¢ and Larsson (2016, section 2).

®This result was derived in collaboration with Sergio Pulido and is applied in Filipovié¢ et al. (2019).

*We conjecture that properties (26) and (27) are not necessary for (28) to hold in general. However, we have not found a counterexample.
STtis straightforward to prove that )~(, is a semimartingale, but it is not clear that its jump characteristic is a function of the current state only as
required for jump diffusions. What is more, the drift and jump characteristics in (35) and (36) are given in terms of the Markov transition kernel
of X;.

®In Appendix C, we sketch a situation that one may encounter in applications.

"If the continuous martingale part of Z; is of the form dZ¢ = o(X;) dW; for some Brownian motion W; and a(x) = o(x)a(x)T, then o(X:)T¢(X;) is the
market price of risk of W;.

8 This assumption entails that ¢(x) and ¢(x, C) > 0 are measurable and such that

[ ooraxogcd+ [1 [ (1= VITHOGD) X d0t < oo,

so that L, t € [0,T], is a well defined local martingale; see Jacod and Shiryaev (2003, theorem II.1.33d).
9Some authors restrict to the diffusive component of dY;; for the definitions of spot variance, volatility, vol of vol, and leverage, which are the
same under both measures.

®The Poisson random measure N(du,dt) and the Brownian motion W; are automatically independent; see Ikeda and Watanabe (1989,
theorem 11.6.3).

" State-dependent jumps of Y; that are simultaneous with jumps of X; would violate the structural condition (48).
2The pullback is defined in (1).
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